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Executive Summary
Optimization models attempt to express, in mathematical terms, the goal of solving a prob-

lem in the “best” way. That might mean running a business to maximize profit, minimize loss,
maximize efficiency, or minimize risk. It might mean designing a bridge to minimize weight or max-
imize strength. It might mean selecting a flight plan for an aircraft to minimize time or fuel use.
The desire to solve a problem in an optimal way is so common that optimization models arise
in almost every area of application. They have even been used to explain the laws of nature, as
in Fermat’s derivation of the law of refraction for light. Optimization models have been used for
centuries, since their purpose is so appealing. In recent times they have come to be essential,
as businesses become larger and more complicated, and as engineering designs become more
ambitious. In many circumstances it is no longer possible, or economically feasible, for decisions
to be made without the aid of such models. In a large, multinational corporation, for example,
a minor percentage improvement in operations might lead to a multimillion dollar increase in
profit, but achieving this improvement might require analyzing all divisions of the corporation,
a gargantuan task. Likewise, it would be virtually impossible to design a new computer chip
involving millions of transistors without the aid of such models

In portfolio optimization, for example, we seek the best way to invest some capital in a set
of n assets. The variable represents the investment in the th asset, so the vector describes the
overall portfolio allocation across the set of assets. The constraints might represent a limit on
the budget (i.e., a limit on the total amount to be invested), the requirement that investments
are nonnegative (assuming short positions are not allowed), and a minimum acceptable value
of expected return for the whole portfolio. The objective or cost function might be a measure
of the overall risk or variance of the portfolio return. In this case, the optimization problem
corresponds to choosing a portfolio allocation that minimizes risk, among all possible allocations
that meet the firm requirements.

Another example is device sizing in electronic design, which is the task of choosing the width
and length of each device in an electronic circuit. Here the variables represent the widths and
lengths of the devices. The constraints represent a variety of engineering requirements, such
as limits on the device sizes imposed by the manufacturing process, timing requirements that
ensure that the circuit can operate reliably at a specified speed, and a limit on the total area of
the circuit. A common objective in a device sizing problem is the total power consumed by the
circuit. The optimization problem is to find the device sizes that satisfy the design requirements
(on manufacturability, timing, and area) and are most power efficient. In data fitting, the task
is to find a model, from a family of potential models, that best fits some observed data and
prior information. Here the variables are the parameters in the model, and the constraints can
represent prior information or required limits on the parameters (such as nonnegativity). The
objective function might be a measure of misfit or prediction error between the observed data
and the values predicted by the model, or a statistical measure of the unlikeliness or implausibility
of the parameter values. The optimization problem is to find the model parameter values that
are consistent with the prior information, and give the smallest misfit or prediction error with
the observed data (or, in a statistical framework, are most likely). An amazing variety of practical
problems involving decision making (or system design, analysis, and operation) can be cast in
the form of a mathematical optimization problem, or some variation such as a multicriterion
optimization problem. Indeed, mathematical optimization has become an important tool in many
areas. It is widely used in engineering, in electronic design automation, automatic control systems,
and optimal design problems arising in civil, chemical, mechanical, and aerospace engineering.
Optimization is used for problems arising in network design and operation, finance, supply chain



4

management, scheduling, and many other areas. The list of applications is still steadily expanding.
For most of these applications, mathematical optimization is used as an aid to a human decision
maker, system designer, or system operator, who supervises the process, checks the results, and
modifies the problem (or the solution approach) when necessary. This human decision maker
also carries out any actions suggested by the optimization problem, e.g., buying or selling assets
to achieve the optimal portfolio.

Consider a traffic system with several cities and many roads connecting them. Suppose that
the technical conditions (capacity and quality of roads, etc.) are established. Assume that we
know the demands for transportation of some kind of materials or goods between each pair of
two cities. The system is well functioning if all these demands are satisfied. The aim of the owner
of the network is to keep the system well functioning. The users (drivers, passengers, etc.) do
not behave blindly. To go from A to B they will choose one of the roads leading them from A
to B with the minimum cost. This natural law is known as the user-optimizing principle or the
Wardrop principle. The traffic flow satisfying demands and this law is said to be an equilibrium
flow of the network. By using this principle, in most of the cases, the owner can compute or
estimate the traffic flow on every road. The owner can affect on the network, for example, by
requiring high fees from the users of the good roads to force them to use also some roads of
lower quality. In this way, a new equilibrium flow, which is more suitable in the opinion of the
owner, can be reached.

In the theory of stability and sensitivity analysis for optimization-related problems Hölder
continuity of solutions plays an important role although there may be less works in the literature
devoted to this property than to semicontinuity, continuity, Lipschitz continuity and (generalized)
differentiability. The Lipschitz continuity of a function is more satisfactory than the continuity,
since a Lipschitz function changes its values at a linear rate with respect to the change of its
variables and of course is also continuous. On the other hand, Lipschitz continuity is close
to differentiability by the well-known Rademacher theorem, which says that a locally Lipschitz
functions on a finite dimensional space is Fréchet differentiable almost everywhere. Local Hölder
continuity of degree is weaker than local Lipschitz continuity but stronger than continuity. How-
ever, as we will see in general the solution set of a quasiequilibrium problem is only Hölder
continuous of degree α < 1 although the data of the problem are Lipschitz continuous. For
variational inequalities, Yen established sufficient conditions for the solution to be unique and
Hölder continuous in Hilbert spaces. The subtle technique used there is with a heavy recourse
to properties of metric projections in Hilbert spaces and linearity of the canonical pair involved in
the variational inequality setting. Subsequently, this result is successfully generalized to various
extends for equilibrium problems in metric spaces, These works constitute also a considerable
contribution to the stability study for equilibrium problems, since this research field is rather new.
Beside them we observe only which are devoted to various kinds of semicontinuity of solution
sets. It is known that equilibrium problems were proposed in as a generalization of variational
inequalities and optimization problems and include also many optimization-related problems
like the fixed-point and coincidence-point problems, the complementarity problem, the traffic
equilibria, the Nash equilibrium. However, in variational inequalities and equilibrium problems,
the constraint sets are fixed and hence these mathematical models cannot be employed for
problem settings in a number of practical situations. This was first observed by Bensoussan
where the authors considered random impulse control problems and needed to use constraint
sets depending on the state variables. Formulating these problems similarly as variational in-
equalities led to quasivariational inequalities. Nevertheless, the constraint set of the considered
quasivariational inequality expresses the fulfillment of the travel demands in the traffic network
and hence bears intrinsic linearity. Also, the quasivariational inequality possesses a linear nature
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due to the canonical pairinvolved in the problem setting. The sophisticated reasoning in Ait
Mansour,M., Scrimali’results, based on these specific features of the quasivariational inequality
under consideration, cannot be adapted when dealing with the generalized problem which is the
parametric equilibrium problem.



บทคัดยอ
ในงานวิจัยนี้ เราไดแนะนำการวางปญหาที่ดีแลวสำหรับปญหาผนวกเชิงกึ่งแปรผันแบบทั่วไป (QVIP) นอกจากนั้น
แลวเรายังไดแนะนำการวางปญหาที่ดีแลวสำหรับปญหาผนวกเชิงกึ่งแปรผันวางนัยทั่วไป และศึกษาถึงคุณลักษณะ
ของการวางปญหาที่ดีแลว ภายใตเงื่อนไขที่เหมาะสมบางอยางเราไดพิสูจนวา การวางปญหาที่ดีแลวสมมูลกับการ
มีอยูจริงของผลเฉลยเดียว ในสวนของบทประยุกต เราไดศึกษาการวางปญหาที่ดีแลวสำหรับสำหรับปญหาผนวก
เชิงกึ่งแปรผันอิงตัวแปรเสริม ปญหากึ่งเชิงดุยภาพ

Abstract
In this project, we aim to suggest the new concept of well-posedness for the general para-

metric quasivariational inclusion problems (QVIP, for short). The corresponding concepts of well-
posedness in the generalized sense are also introduced and investigated for (QVIP). Some metric
characterizations of well-posedness for (QVIP) are given. We prove that under suiable conditions,
the well-posedness is equivalent to the existence of uniqueness of solutions. As applications,
we obtain immediately some results of well-posedness for the parametric quasivariational in-
clusion problems, parametric vector quasiequilibrium problems and parametric quasiequilibrium
problems.
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Chapter 1
Main Results

1.1 On the Hölder Continuity of Solution Maps to Parametric
Generalized Vector Quasi-Equilibrium Problems via Non-
linear Scalarization

The generalized vector quasi-equilibrium problem is an unified model of several problems,
namely, generalized vector quasi-variational inequalities, vector quasi-optimization problems,
traffic network problems, fixed point and coincidence point problems, etc, see, for example
[40, 41] and the references therein. It is well known that stability analysis of solution mapping
for equilibrium problems is an important topic in optimization theory and applications. Stability
may be understood as lower or upper semicontinuity, continuity, and Lipschitz or Hölder conti-
nuity. There have been many papers to discuss the stability of solution mapping for equilibrium
problems when they are perturbed by parameters (also known the parametric (generalized) equi-
librium problems). Last decade, many authors have intensively studied the sufficient conditions
of upper (lower) semicontinuity of various solution mappings for parametric (generalized) equi-
librium problems, see [42, 43, 44, 45, 46, 47, 48]. Let’s begin now, Yen [49] obtained the Hölder
continuity of the unique solution of a classic perturbed variational inequality by the metric pro-
jection method. Mansour and Riahi [50] proved the Hölder continuity of the unique solution for
a parametric equilibrium problem under the concepts of strong monotonicity and Hölder conti-
nuity. Bianchi and Pini [51] introduced the concept of strong pseudomonotonicity and got the
Hölder continuity of the unique solution of a parametric equilibrium problem. Anh and Khanh
[52] generalized the main results of [12] to two classes of perturbed generalized equilibrium prob-
lems with set-valued mappings. Anh and Khanh [53] further discussed uniqueness and Hölder
continuity of the solutions for perturbed equilibrium problems with set-valued mappings. Anh
and Khanh [54] extended the results of [53] to the case of perturbed quasi-equilibrium problems
with set-valued mappings and obtained the Hölder continuity of the unique solutions. Li et al.
[55] introduced an assumption, which is weaker than the corresponding ones of [52], and estab-
lished the Hölder continuity of the set-valued solution mappings for two classes of parametric
generalized vector quasi-equilibrium problems in general metric spaces.

Among many approaches for dealing with the lower semicontinuity, continuity and Hölder
continuity of the solution mapping for a parametric vector equilibrium problem in general metric
spaces, the scalarization method is of considerable interest. The classical scalarization method
using linear functionals has been already used for studying the lower semicontinuity of the so-
lution mapping [57, 58, 59] and the Hölder continuity of the solution mapping to parametric
vector equilibrium problems. Wang et al. [61] established the lower semicontinuity and upper

1
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semicontinuity of the solution set to a parametric generalized strong vector equilibrium problem
by using a scalarization method and a density result. Recently, by using this method, Peng estab-
lished the sufficient conditions for the Hölder continuity of the solution mapping to a parametric
generalized vector quasi-equilibrium problem with set-valued mappings.

On the other hand, a useful approach for analyzing a vector optimization problem is to reduce
it to a scalar optimization problem. Nonlinear scalarization functions play an important role in this
reduction in the context of nonconvex vector optimization problems. The nonlinear scalarization
function ξq commonly known as the Gerstewitz function in the theory of vector optimization,
have been also used to studying the lower semicontinuity of the set-valued solution mapping to
a parametric vector variational inequality [65]. Using this method, Bianchi and Pini [66] obtained
the Hölder continuity of the single-valued solution mapping to a parametric vector equilibrium
problem. Recently, Chen and Li studied Hölder continuity of the solution mapping for both set-
valued and single-valued cases to parametric vector equilibrium problems. The key role in their
paper is globally Lipschitz property of the Gerstewitz function. Very recently, by using the idea in
Peng and Chen’results obtained Hölder continuity of the unique solution to a parametric vector
quasi-equilibrium problem based on nonlinear scalarization approach, under three different kinds
of monotonicity hypotheses. It is natural to raise and give an answer to the following question :
Question : Can one establish the Hölder continuity of a solution mapping to the parametric
generalized vector quasi-equilibrium problem with set-valued mappings, by using a nonlinear
scalarization method ?

Motivated and inspired by Peng and Chen and researches going on this direction, the aim of
this paper is to give positive answers to the above question. We first establish the sufficient condi-
tions which guarantee the Hölder continuity of a solution mapping to the parametric generalized
vector quasi-equilibrium problem with set-valued mappings, by using a nonlinear scalarization
method. We further study several kinds of the monotonicity conditions to obtain the Hölder
continuity of the solution mapping. The main results of this paper are different from correspond-
ing results in Peng and Chen’ results. These results are improve the corresponding ones in recent
literature.

Throughout the paper, unless otherwise specified, we denote by ∥ · ∥ and d(., .) the norm
and the metric on a normed space and a metric space, respectively. A closed ball with centre
0 ∈ X and radius δ > 0 is denoted by B(0, δ). We always consider X , Λ, M as metric spaces,
and Y as a linear normed space with its topological dual space Y ∗. For any y∗ ∈ Y ∗, we define
∥y∗∥ := sup{∥⟨y∗, y⟩∥ : ∥y∥ = 1}, where ⟨y∗, y⟩ denotes the value of y∗ at y. Let C ⊂ Y be
a pointed, closed and convex cone with int C ≠ ∅, where intC stands for the interior of C . Let

C∗ := {y∗ ∈ Y ∗ : ⟨y∗, y⟩ ≥ 0, ∀y ∈ C}

be the dual cone of C . Since int C ̸= ∅, the dual cone C∗ of C has a weak* compact base. Let
e ∈ int C . Then,

B∗
e := {y∗ ∈ C∗ : ⟨y∗, e⟩ = 1}

is a weak* compact base of C∗. Clearly, Cq is a weak∗-compact base of C∗, that is, Cq is convex
and weak∗-compact such that 0 /∈ Cq and C∗ =

∪
t≥0 tC

q .
Let q ∈ int C , the nonlinear scalarization function [?, ?] ξq : Y → R is defined by

ξq = min{t ∈ R : y ∈ tq − C}.

It is well known that ξq is a continuous, positively homogeneous, subadditive and convex function
on Y, and it is monotone (that is, y2 − y1 ∈ C ⇒ ξq(y1) ≤ ξq(y2)) and strictly monotone
(that is, y2 − y1 ∈ − int C ⇒ ξq(y1) < ξq(y2)) (see [?, ?]). In case, Y = Rl , C = Rl

+ and
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q = (1, 1, . . . , 1) ∈ int Rl
+, the nonlinear scalarization function can be expressed in the following

equivalent form [?, Corollary 1.46]:

ξq(y) = max
1≤i≤l

{yi}, ∀y = (y1, y2, . . . , yl) ∈ Rl. (1.1.1)

Lemma 1. For any fixed q ∈ int C , y ∈ Y and r ∈ R,
1. ξq < r ⇔ y ∈ rq − int C (that is, ξq(y) ≥ r ⇔ y /∈ rq − int C);
2. ξq(y) ≤ r ⇔ y ∈ rq − C ;
3. ξq(y) = r ⇔ y ∈ rq − ∂C , where ∂C denotes the boundary of C ;
4. ξq(rq) = r.
The property (i) of Lemma 1 plays an essential role in scalarization. From the definition of

ξq , property (iv) in Lemma 1 could be strengthened as

ξq(y + rq) = ξq(y) + r, ∀y ∈ Y, r ∈ R. (1.1.2)

For any q ∈ int C , the set Cq defined by

Cq := {y∗ ∈ C∗ : ⟨y∗, q⟩ = 1}

is a weak∗-compact set of Y ∗ (see [19, Lemma 5.1]). The following equivalent form of ξq can be
deduced from [?, Corollary 2.1] or [?, Proposition 2.2] ([?, Proposition 1.53]).
Proposition 2. Let q ∈ intC . Then for y ∈ Y , ξq(y) = max

y∗∈Cq
⟨y∗, y⟩.

Proposition 3. ξq is Lipschitz on Y , and its Lipschitz constant is

L := sup
y∗∈Cq

∥y∗∥ ∈
[

1

∥q∥
,+∞

)
.

The following example can be found in [?, Example 2.1].
Example 4. 1. If Y = R and C = R+, then the Lipschitz constant of ξq is L = 1

q
(q > 0).

Indeed, |ξq(x)− ξq(y)| = 1
q
|x− y|, for all x, y ∈ R.

2. If Y = R2 and C =
{
(y1, y2) ∈ R2 : 1

4
y1 ≤ y2 ≤ 2y1

}. Take q = (2, 3) ∈ intC , then,

Cq := {(y1, y2) ∈ R : 2y1 + 3y2 = 1, y1 ∈ [−0.1, 2]},

and the Lipschitz constant is L = supy∗∈Cq ∥y∗∥ = ∥(−2, 1)∥ =
√
5. Hence,

|ξq(y)− ξq(y
′)| ≤

√
5∥y − y′∥, ∀y, y′ ∈ R2.

Now we recall some basic definitions and their properties which will be used in the sequel.
Definition 5 (Classical Notion). Let l ≥ 0 and α > 0. A set-valued mapping G : Λ → 2X is said
to be l.α-Hölder continuous at λ0 on a neighborhood N(λ0) of λ0 if and only if

G(λ1) ⊆ G(λ2) + lBX(0, d
α(λ1, λ2)), ∀λ1, λ2 ∈ N(λ0). (1.1.3)
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WhenX is a normed space, we say that the vector-valued mapping g : Λ → X is l.α-Hölder
continuous at λ0 on a neighborhood N(λ0) of λ0 iff,

∥g(λ1)− g(λ2)∥ ≤ ldα(λ1, λ2), ∀λ1, λ2 ∈ N(λ0).

Definition 6. Let l1, l2 ≥ 0 and α1, α2 > 0. A set-valued mapping G : X × Λ → 2X is said to
be (l1.α1, l2.α2)-Hölder continuous at x0, λ0 on a neighborhood N(x0) and N(λ0) of x0 and λ0
if and only if

G(x1, λ1) ⊆ G(x2, λ2)+(l1d
α1
X (x1, x2) + l2d

α2
Λ (λ1, λ2))BX(0, 1), ∀x1, x2 ∈ N(x0), ∀λ1, λ2 ∈ N(λ0).

(1.1.4)

By using a nonlinear scalarization technique, we present the sufficient conditions for Hölder
continuity of the solution mapping for a parametric generalized vector quasi-equilibrium problem.

Let N(λ0) ⊂ Λ and N(µ0) ⊂ M be neighborhoods of λ0 and µ0, respectively, and K :
X × Λ → 2X and F : X ×X ×M → 2Y be set-valued mappings. For each λ ∈ N(λ0) and
µ ∈ N(µ0), we consider the following parametric generalized vector quasi-equilibrium problem
(PGVQEP):
Find x0 ∈ K(x0, λ) such that

F (x0, y, µ) ⊂ Y \(− int C), ∀y ∈ K(x0, λ). (1.1.5)

For each λ ∈ N(λ0) and µ ∈ N(µ0), let

E(λ) := {x ∈ X|x ∈ K(x, λ)}.

The weak solution set of (1.1.5) is denoted by

SW (λ, µ) := {x ∈ E(λ) : F (x, y, µ) ⊂ Y \(− int C), ∀y ∈ K(x, λ)}.

For each λ ∈ N(λ0), µ ∈ N(µ0) and fixed q ∈ int C , the ξq-solution set of (1.1.5) is denoted
by

S(ξq, λ, µ) :=

{
x ∈ E(λ) : inf

z∈F (x,y,µ)
ξq(z) ≥ 0, ∀y ∈ K(x, λ)

}
.

We first establish the following lemmas which will be used in the sequel.

Lemma 7. For each λ ∈ N(λ0), µ ∈ N(µ0) and fixed q ∈ int C ,

SW (λ, µ) = S(ξq, λ, µ).

Proof. Let λ ∈ N(λ0), µ ∈ N(µ0) and fixed q ∈ int C . For any x ∈ SW (λ, µ), we have

x ∈ E(λ) and F (x, y, µ) ⊂ Y \(− int C), ∀y ∈ K(x, λ).

Therefore, for each y ∈ K(x, λ) and each z ∈ F (x, y, µ), we have

z /∈ − int C = 0q − int C.

By Lemma 1 (i), we conclude that ξq(z) ≥ 0. Since z is arbitrary, we have

inf
z∈F (x,y,µ)

ξq(z) ≥ 0, for all y ∈ K(x, λ),
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which gives that SW (λ, µ) ⊆ S(ξq, λ, µ).
On the other hand, for each x ∈ S(ξq, λ, µ), we have that

x ∈ E(λ) and inf
z∈F (x,y,µ)

ξq(z) ≥ 0, ∀y ∈ K(x, λ). (1.1.6)

Thus, for each y ∈ K(x, λ) and each z ∈ F (x, y, µ), we have that ξq(z) ≥ 0. By Lemma 1 (i),
we can obtain z /∈ − int C . Therefore, we have z ∈ Y \(− int C), which implies that

x ∈ E(λ) and F (x, y, µ) ⊂ Y \(− int C), ∀y ∈ K(x, λ).

Hence, S(ξq, λ, µ) ⊆ SW (λ, µ). The proof is completed. □

Lemma 8. Suppose that N(λ0) and N(µ0) are the given neighbourhoods of λ0 and µ0, respec-
tively.

1. If for each x, y ∈ E(N(λ0)), F (x, y, ·) is m1.γ1-Hölder continuous at µ0 ∈ M , then for
any fixed q ∈ int C , the function

ψξq(x, y, ·) = inf
z∈F (x,y,·)

ξq(z)

is Lm1.γ1-Hölder continuous at µ0.
2. If for each x ∈ E(N(λ0)) and µ ∈ N(E(µ0)), F (x, ·, µ) is m2.γ2-Hölder continuous on
E(N(λ0)), then for any fixed q ∈ int C , the function

ψξq(x, ·, µ) = inf
z∈F (x,·,µ)

ξq(z)

is Lm2.γ2-Hölder continuous on E(N(λ0)).
Proof. (a) Let x, y ∈ E(N(λ0)). The m1.γ1-Hölder continuity of F (x, y, ·) implies that there
exists a neighbourhood N(µ0) of µ0 such that for all µ1, µ2 ∈ N(µ0),

F (x, y, µ1) ⊂ F (x, y, µ2) +m1d
γ1
M(µ1, µ2)BY .

So, for any z1 ∈ F (x, y, µ1), there exist z2 ∈ F (x, y, µ2) and e ∈ BY such that

z1 = z2 +m1d
γ1
M(µ1, µ2)e.

By using Proposition 3, we obtain

|ξq(z1)− ξq(z2)| ≤ L∥z1 − z2∥
= Lm1d

γ1
M(µ1, µ2)∥e∥

≤ Lm1d
γ1
M(µ1, µ2), (1.1.7)

which gives that
−Lm1d

γ1(µ1, µ2) ≤ ξq(z1)− ξq(z2).

Since z1 is arbitrary and ξq(z2) ≥ inf
z∈F (x,y,µ2)

ξq(z), we have

−Lm1d
γ1
M(µ1, µ2) ≤ inf

z∈F (x,y,µ1)
ξq(z)− inf

z∈F (x,y,µ2)
ξq(z).
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Applying the symmetry between µ1 and µ2, we arrive that

−Lm1d
γ1
M(µ1, µ2) ≤ inf

z∈F (x,y,µ2)
ξq(z)− inf

z∈F (x,y,µ1)
ξq(z).

It follows from the last two inequalities that

|ψξq(x, y, µ1)− ψξq(x, y, µ2)| ≤ Lm1d
γ1
M(µ1, µ2), ∀µ1, µ2 ∈ N(µ0).

Therefore, we conclude that ψξq(x, y, ·) = infz∈F (x,y,·) ξq(z) is Lm1.γ1-Hölder continuous at µ0.
(b) It follows by the similar argument as in Part (a). The proof is completed. □

Now, by using the nonlinear scalarization technique, we propose some sufficient conditions
for Hölder continuity of the solution mapping for (PGVQEP).
Theorem 9. For each fixed q ∈ int C , let S(ξq, λ, µ) be nonempty in a neighbourhoodN(λ0)×
N(µ0) of (λ0, µ0) ∈ Λ×M . Assume that the following conditions hold.

1. K(·, ·) is (l1.α1, l2.α2)-Hölder continuous on E(N(λ0))×N(λ0);
2. For each x, y ∈ E(N(λ0)), F (x, y, ·) is m1.γ1-Hölder continuous at µ0 ∈M ;
3. For each x ∈ E(N(λ0)) and µ ∈ N(µ0), F (x, ·, µ) is m2.γ2-Hölder continuous on
E(N(λ0));

4. F (·, ·, µ) is h.β-Hölder strongly monotone with respect to ξq , that is, there exist constants
h > 0, β > 0 such that for every x, y ∈ E(N(λ0)), x ̸= y,

hdβX(x, y) ≤ d

(
inf

z∈F (x,y,µ)
ξq(z),R+

)
+ d

(
inf

z∈F (y,x,µ)
ξq(z),R+

)
;

5. β = α1γ2, h > 2m2Ll
γ1
1 , where L := supλ∈Cq ∥λ∥ ∈

[
1

∥q∥ ,+∞
)
is the Lipschitz constant

of ξq on Y .
Then, for every (λ, µ) ∈ N(λ0)×N(µ0), the solution x(λ, µ) of (PVQGEP) is unique, and x(λ, µ)
as a function of λ and µ satisfies the Hölder condition: for all (λ1, µ1), (λ2, µ2) ∈ N(λ0)×N(µ0)

dX(x(λ1, µ1), x(λ2, µ2)) ≤
(

2m2Ll
γ2
2

h− 2m2Ll
γ1
1

) 1
β

d
α2γ2/β
Λ (λ1, λ2)+

(
m1L

h− 2m2Ll
γ1
1

) 1
β

d
γ1/β
M (µ1, µ2),

where x(λi, µi) ∈ SW (λi, µi), i = 1, 2.
Proof. Let (λ1, µ1), (λ2, µ2) ∈ N(λ0)×N(µ0). The proof is divided to the following three steps
based on the fact that

dX(x(λ1, µ1), x(λ2, µ2)) ≤ dX(x(λ1, µ1), x(λ1, µ2)) + dX(x(λ1, µ2), x(λ2, µ2)).

where x(λi, µi) ∈ SW (λi, µi), i = 1, 2.
Step 1: We prove that

d1 := dX(x(λ1, µ1), x(λ1, µ2)) ≤
(

m1L

h− 2m2Ll
γ1
1

) 1
β

d
γ1/β
M (µ1, µ2), (1.1.8)
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for all x(λ1, µ1) ∈ SW (λ1, µ1) and x(λ1, µ2) ∈ SW (λ1, µ2).
If x(λ1, µ1) = x(λ1, µ2), then we are done. So, we assume that x(λ1, µ1) ̸= x(λ1, µ2). Since

x(λ1, µ1) ∈ K(x(λ1, µ1), λ1) and x(λ1, µ2) ∈ K(x(λ1, µ2), λ1), by the l1.α1-Hölder continuity
of K(·, λ1), there exist x1 ∈ K(x(λ1, µ1), λ1) and x2 ∈ K(x(λ1, µ2), λ1) such that

dX(x(λ1, µ1), x2) ≤ l1d
α1
X (x(λ1, µ1), x(λ1, µ2)) = l1d

α1
1 , (1.1.9)

and
dX(x(λ1, µ2), x1) ≤ l1d

α1
X (x(λ1, µ1), x(λ1, µ2)) = l1d

α1
1 . (1.1.10)

Since x(λ1, µ1) ∈ SW (λ1, µ1) and x(λ1, µ2) ∈ SW (λ1, µ2), by Lemma 7, we obtain

ψξq(x(λ1, µ1), x1, µ1) := inf
z∈F (x(λ1,µ1),x1,µ1)

ξq(z) ≥ 0 (1.1.11)

and
ψξq(x(λ1, µ2), x2, µ2) := inf

z∈F (x(λ1,µ2),x2,µ2)
ξq(z) ≥ 0. (1.1.12)

By the virtue of (iv), we have

hdβ1 = hdβX(x(λ1, µ1), x(λ1, µ2))

≤ d(ψξq(x(λ1, µ1), x(λ1, µ2), µ1),R+) + d(ψξq(x(λ1, µ2), x(λ1, µ1), µ1),R+).

By combining (1.1.11) and (1.1.12) with the last inequality, we have

hdβ1 ≤ |ψξq(x(λ1, µ1), x(λ1, µ2), µ1)− ψξq(x(λ1, µ1), x1, µ1)|
+|ψξq(x(λ1, µ2), x(λ1, µ1), µ1)− ψξq(x(λ1, µ2), x2, µ2)|

≤ |ψξq(x(λ1, µ1), x(λ1, µ2), µ1)− ψξq(x(λ1, µ1), x1, µ1)|
+|ψξq(x(λ1, µ2), x(λ1, µ1), µ1)− ψξq(x(λ1, µ2), x(λ1, µ1), µ2)|
+|ψξq(x(λ1, µ2), x(λ1, µ1), µ2)− ψξq(x(λ1, µ2), x2, µ2)|

≤ Lm2d
γ2
X (x(λ1, µ2), x1) + Lm1d

γ1
M(µ1, µ2) + Lm2d

γ2
X (x(λ1, µ1), x2)

≤ Lm2l
γ2
1 d

α1γ2
X (x(λ1, µ1), x(λ1, µ2)) + Lm1d

γ1
M(µ1, µ2) + Lm2l

γ2
1 d

α1γ2
X (x(λ1, µ1), x(λ1, µ2))

= 2Lm2l
γ2
1 d

α1γ2
X (x(λ1, µ1), x(λ1, µ2)) + Lm1d

γ1
M(µ1, µ2). (1.1.13)

Whence, the assumption (iv) implies that

dX(x(λ1, µ1), x(λ1, µ2)) ≤
(

Lm1

h− Lm2l
γ2
1

) 1
β

d
γ1/β
M (µ1, µ2).

Step 2: We prove that

d2 := dX(x(λ1, µ2), x(λ2, µ2)) ≤
(

2Lm2l
γ2
2

h− 2Lm2l
γ1
1

) 1
β

d
α2γ2/β
Λ (λ1, λ2), (1.1.14)

for all x(λ1, µ2) ∈ SW (λ1, µ2) and x(λ2, µ2) ∈ SW (λ2, µ2).
If x(λ1, µ2) = x(λ2, µ2), then we are done. So, we assume that x(λ1, µ2) ̸= x(λ2, µ2).

Since x(λ1, µ2) ∈ K(x(λ1, µ2), λ1) and x(λ2, µ2) ∈ K(x(λ2, µ2), λ2), by the l2.α2-Hölder
continuity of K(x(λ1, µ2), ·) and K(x(λ2, µ2), ·), there exist x′1 ∈ K(x(λ2, µ2), λ1) and x′2 ∈
K(x(λ1, µ2), λ2) such that

dX(x(λ1, µ2), x
′
2) ≤ l2d

α2
Λ (λ1, λ2) (1.1.15)
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and
dX(x(λ2, µ2), x

′
1) ≤ l2d

α2
Λ (λ1, λ2). (1.1.16)

Again, by the Hölder continuity ofK(·, ·), there exist x′′1 ∈ K(x(λ1, µ2), λ1) and x′′2 ∈ K(x(λ2, µ2), λ2)
such that

dX(x
′
1, x

′′
1) ≤ l1d

α1
X (x(λ1, µ2), x(λ2, µ2)) = l1d

α1
2 , (1.1.17)

and
dX(x

′
2, x

′′
2) ≤ l1d

α1
X (x(λ1, µ2), x(λ2, µ2)) = l1d

α1
2 . (1.1.18)

Since x(λ1, µ2) ∈ SW (λ1, µ2) and x(λ2, µ2) ∈ SW (λ2, µ2), by Lemma 7, we obtain the follow-
ing

ψξq(x(λ1, µ2), x
′′
1, µ2) := inf

z∈F (x(λ1,µ2),x′′
1 ,µ2)

ξq(z) ≥ 0, (1.1.19)

and
ψξq(x(λ2, µ2), x

′′
2, µ2) := inf

z∈F (x(λ2,µ2),x′′
2 ,µ2)

ξq(z) ≥ 0. (1.1.20)

By virtue of (iv), we have

hdβ2 = hdβX(x(λ1, µ2), x(λ2, µ2))

≤ d(ψξq(x(λ1, µ2), x(λ2, µ2), µ2),R+) + d(ψξq(x(λ2, µ2), x(λ1, µ2), µ2),R+).

By combining (1.1.19) and (1.1.20) with the last inequality, we have

hdβ2 ≤ |ψξq(x(λ1, µ2), x(λ2, µ2), µ2)− ψξq(x(λ1, µ2), x
′′
1, µ2)|

+|ψξq(x(λ2, µ2), x(λ1, µ2), µ2)− ψξq(x(λ2, µ2), x
′′
2, µ2)|

≤ |ψξq(x(λ1, µ2), x(λ2, µ2), µ2)− ψξq(x(λ1, µ2), x
′
1, µ2)|

+|ψξq(x(λ1, µ2), x
′
1, µ2)− ψξq(x(λ1, µ2), x

′′
1, µ2)|

|ψξq(x(λ2, µ2), x(λ1, µ2), µ2)− ψξq(x(λ2, µ2), x
′
2, µ2)|

+|ψξq(x(λ2, µ2), x
′
2, µ2)− ψξq(x(λ2, µ2), x

′′
2, µ2)|

≤ Lm2d
γ2
X (x(λ2, µ2), x

′
1) + Lm2d

γ2
X (x′1, x

′′
1) + Lm2d

γ2
X (x(λ1, µ2), x

′
2, ) + Lm2d

γ2
X (x′2, x

′′
2).(1.1.21)

By virtue of (1.1.15), (1.1.16), (1.1.17) and (1.1.18), we get

hdβX(x(λ1, µ2), x(λ2, µ2)) ≤ Lm2l
γ2
2 d

α2γ2
Λ (λ1, λ2) + Lm2l

γ2
1 d

α1γ2
X (x(λ1, µ2), x(λ2, µ2)) + Lm2l

γ2
2 d

α2γ2
Λ (λ1, λ2)

+Lm2l
γ2
1 d

α1γ2
X (x(λ1, µ2), x(λ2, µ2))

= 2Lm2l
γ2
2 d

α2γ2
Λ (λ1, λ2) + 2Lm2l

γ2
1 d

α1γ2
X (x(λ1, µ2), x(λ2, µ2)). (1.1.22)

Whence, condition (v) implies that

dβX(x(λ1, µ2), x(λ2, µ2)) ≤
(

2Lm2l
γ2
2

h− 2Lm2l
γ2
1

) 1
β

dα2γ2
Λ (λ1, λ2).

Step 3: Let x(λ1, µ1) ∈ SW (λ1, µ1) and x(λ2, µ2) ∈ SW (λ2, µ2). It follows from (1.1.8) and
(1.1.14) that

d(x(λ1, µ1), x(λ2, µ2) ≤ d(x(λ1, µ1), x(λ1, µ2) + d(x(λ1, µ2), x(λ2, µ2)

≤
(

m1L

h− 2m2Ll
γ1
1

) 1
β

d
γ1/β
M (µ1, µ2) +

(
2Lm2l

γ2
2

h− 2Lm2l
γ1
1

) 1
β

d
α2γ2/β
Λ (λ1, λ2).
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Thus,
ρ(SW (λ1, µ1), SW (λ2, µ2))

= sup
x(λ1,µ1)∈SW (λ1,µ1),x(λ2,µ2)∈SW (λ2,µ2)

dX(x(λ1, µ1), x(λ2, µ2)

≤
(

m1L

h− 2m2Ll
γ1
1

) 1
β

d
γ1/β
M (µ1, µ2) +

(
2Lm2l

γ2
2

h− 2Lm2l
γ1
1

) 1
β

d
α2γ2/β
Λ (λ1, λ2).

Taking λ2 = λ1 and µ2 = µ1, we see the diameter of S(λ1, µ1) is 0, that is, this set is a singleton
{x(λ1, µ1)}. This implies that the (PGVQEP) has a unique solution in a neighborhood of (λ0, µ0).
The proof is completed. □
Definition 10. Let F : X × X ×M → 2Y be a set-valued mapping. A set-valued mapping
F (·, ·, µ) 7→ 2Y is said to be

1. h.β-Hölder strongly monotone with respect to ξq if there exist q ∈ intC and h > 0, β > 0
such that for every x, y ∈ E(N(λ)) with x ̸= y,

inf
z∈F (x,y,µ)

ξq(z) + inf
z∈F (y,x,µ)

ξq(z) + hdβX(x, y) ≤ 0;

2. h.β-Hölder strongly pseudomonotone with respect to q ∈ intC and h > 0, β > 0 such
that for every x, y ∈ E(N(λ0)) with x ̸= y,

z /∈ −intC, ∃z ∈ F (x, y, µ) ⇒ z′ + hdβX(x, y)q ∈ −C, ∃z′ ∈ F (y, x, µ).

3. quasimonotone on E(N(λ0)) if ∀x, y ∈ E(N(λ0)) with x ̸= y,
z ∈ −intC, ∃z ∈ F (x, y, µ) ⇒ z′ /∈ −intC, ∃z′ ∈ F (y, x, µ).

The following proposition provides the relation among monotonicity conditions defined above.
Proposition 11. 1. (A) ⇒ (iv)

2. (B) and (C) ⇒ (iv).
Proof. (i) From the definition of (A), we have

hdβX(x, y) ≤ − inf
z∈F (x,y,µ)

ξq(z)− inf
z∈F (y,x,µ)

ξq(z)

≤ d

(
inf

z∈F (x,y,µ)
ξq(z),R+

)
+ d

(
inf

z∈F (y,x,µ)
ξq(z),R+

)
.

(ii) Assume that F satisfies definition (B) and (C). We consider in two case.
Case 1. z /∈ −int C, ∃z ∈ F (x, y, µ), then there exists z′ ∈ F (y, x, µ) such that z′ +

hdβX(x, y)q ∈ −C . From Lemma 1, we have
ξq(z

′) + hdβX(x, y) = ξq(z
′ + hdβX(x, y)q) ≤ 0,

which implies that inf
z∈F (y,x,µ)

ξq(z) ≤ ξq(z
′) ≤ −hdβX(x, y). Hence,

hdβX(x, y) ≤ − inf
z∈F (y,x,µ)

ξq(z) ≤ d

(
inf

z∈F (x,y,µ)
ξq(z),R+

)
+ d

(
inf

z∈F (y,x,µ)
ξq(z),R+

)
.

Case 2. z ∈ −int C, ∃z ∈ F (x, y, µ), then there exists z′ ∈ F (y, x, µ) such that z /∈ −intC .
By the similar argument as in the previous case, we have desired result. □
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Remark 12. The converse of Proposition 11 does not hold in generally, even in the special case
X = Y = R and C = R+. See, for example, Examples 1.1 and 1.2 in [53]. Therefore, Theorem
9 still holds when condition (iv) is replaced by condition (A) or (B) and (C). We can immediately
obtain the following two theorems.
Theorem 13. Theorem 9 still holds when the condition (iv) is replaced by condition (A).
Theorem 14. Theorem 9 still holds when the condition (iv) is replaced by conditions (B) and (C).

Let f : X × X ×M → Y be a vector-valued mapping. Then (PGVQEP) becomes to the
following parametric vector quasi-equilibrium problem (PVQEP):
Find x0 ∈ K(x0, λ) such that

f(x0, y, µ) /∈ −int C, ∀y ∈ K(x0, λ). (1.1.23)

Remark 15. In the case of vector-valued mapping, condition (iv) in Theorem 9 and condition
(ii′′) are coincide. Also, condition (A) and (B) and (C) are the same as condition (ii) and (ii′) in [?],
respectively. It is obvious that Theorem 9, 13 and 14 extend Theorem 3.3, 3.1 and 3.2 in [?],
respectively, in the case that the vector-valued mapping f(·, ·, ·) is extended to set-valued one.

1.1.1 Applications
Since the parametric generalized vector quasi-equilibrium problem (PGVQEP) contains as special
cases many optimization-related problems, including quasi-variational inequalities, traffic equilib-
rium problems, quasi-optimization problems, fixed point and coincidence-point problems, com-
plementarity problems, vector optimization, Nash equilibria, etc., we can derive from Theorem
9 directs consequence for such special cases. We discuss now only some applications of our
results.

Quasi-variational inequalities
In this section, we assume that X is normed space. Let K : X × Λ ⇒ X and T : X ×M ⇒
B∗(X,Y ) be set-valued mappings, where B∗(X,Y ) denotes the space of all bounded linear
mappings of X into Y . Setting F (x, y, µ) = ⟨T (x, µ), y − x⟩ :=

∪
t∈T (x,µ)⟨t, y − x⟩ in (1.1.5),

we obtain parametric generalized vector quasi-variational inequalities (PGVQVI) in the case of
set-valued mappings as follows:

Find x0 ∈ K(x0, λ) such that ⟨T (x0, µ), y − x0⟩ ⊆ Y \ − int C, ∀y ∈ K(x0, λ). (1.1.24)

For each λ ∈ N(λ0) and µ ∈ N(µ0), let

E(λ) := {x ∈ X : x ∈ K(x, λ)}.

The solution set of (1.1.24) is denoted by

SV
QV I(λ, µ) := {x ∈ E(λ) : ⟨T (x, µ), y − x⟩ ⊆ Y \ − int C, ∀y ∈ K(x, λ)}.

For each λ ∈ N(λ0), µ ∈ N(µ0) and fixed q ∈ int C , the ξq-solution set of (1.1.24) is

SV
QV I(ξq, λ, µ) :=

{
x ∈ E(λ) : inf

z∈⟨T (x,µ),y−x⟩
ξq(z) ≥ 0, ∀y ∈ K(x, λ)

}
.



1.1. ON THE HÖLDER CONTINUITY OF SOLUTION 11

Theorem 16. Assume that for each fixed q ∈ int C , SV
QV I(ξq, λ, µ) is nonempty in a neighbour-

hoodN(λ0)×N(µ0) of the consider point (λ0, µ0) ∈ Λ×M . Assume further that the following
conditions hold.

1. K(·, ·) is (l1 · α1, l2 · α2)-Hölder continuous on E(N(λ0))×N(λ0);

2. For each x ∈ E(N(λ0)), T (x, ·) is m3 · γ3-Hölder continuous at µ0 ∈M ;

3. T (·, ·) is bounded in x ∈ E(N(λ0)), and E(N(λ0)) is bounded;

4. T (·, µ) is h.β-Hölder strongly monotone with respect to ξq , i.e., there exist constants
h > 0, β > 0, such that for every x, y ∈ E(N(λ0)) : x ̸= y,

h∥x− y∥β ≤ d

(
inf

z∈⟨T (x,µ),y−x⟩
ξq(z),R+

)
+ d

(
inf

z∈⟨T (y,µ),x−y⟩
ξq(z),R+

)
;

5. β = α1, h > 2MLlγ11 , where L := supλ∈Cq ∥λ∥ ∈
[

1
∥q∥ ,+∞

)
is the Lipschitz constant

of ξq on Y .

Then for every (λ, µ) ∈ N(λ0) × N(µ0), the solution of (PGVQVI) is unique, x(λ, µ), and this
function satisfies the Hölder condition: for all (λ1, µ1), (λ2, µ2) ∈ N(λ0)×N(µ0)

dX(x(λ1, µ1), x(λ2, µ2)) ≤
(

2MLl2
h− 2MLlγ31

) 1
β

d
α2/β
λ (λ1, λ2)+

(
Nm3L

h− 2MLlγ31

) 1
β

d
γ3/β
M (µ1, µ2),

where x(λi, µi) ∈ SQV I(λi, µi), i = 1, 2.

Proof. We verify all assumptions of Theorem 9 is fulfilled. First, (i′), (iv′) and (v′) are the same
(i), (iv) and (v) in Theorem 9. We need only to verify conditions (ii) and (iii). Taking M, M̃ > 0
such that

∥T (x, µ)∥ ≤M, ∀(x, µ) ∈ E(N(λ0))×N(µ0),

and
∥x− y∥ ≤ M̃, ∀x, y ∈ E(N(λ0)).

We put m1 = M̃m3 and γ1 = γ3. For any fixed x, y ∈ E(N(λ0)) by assumption (ii′), we have

T (x, µ1) ⊆ T (x, µ2) +m3d
γ3(µ1, µ2)BB∗(X,Y ), ∀µ1, µ2 ∈ N(µ0).

Then,

⟨T (x, µ1), y − x⟩ ⊆
⟨
T (x, µ2) +m3d

γ3(µ1, µ2)BB∗(X,Y ), y − x
⟩

= ⟨T (x, µ2), y − x⟩+ ⟨m3d
γ3(µ1, µ2)BB∗(X,Y ), y − x⟩

= ⟨T (x, µ2), y − x⟩+m3d
γ3(µ1, µ2)⟨BB∗(X,Y ), y − x⟩

= ⟨T (x, µ2), y − x⟩+m3d
γ3(µ1, µ2)

∪
g∈BB∗(X,Y )

⟨g, y − x⟩

⊆ ⟨T (x, µ2), y − x⟩+m3d
γ3(µ1, µ2)M̃BY .

Hence
⟨T (x, µ1), y − x⟩ ⊆ ⟨T (x, µ2), y − x⟩+m1d

γ1(µ1, µ2)M̃BY .
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Also, we put m2 =M and γ2 = 1. We need to show that

⟨T (x, µ), y1 − x⟩ ⊆ ⟨T (x, µ), y2 − x⟩+ M̃∥y1 − y2∥BY .

For each fixed x ∈ E(N(λ0)) and µ ∈ N(µ0),

⟨T (x, µ), y1 − x⟩ =
∪

t∈T (x,µ)

⟨t, y1 − x⟩

=
∪

t∈T (x,µ)

⟨t, y1 − x+ y2 − y2⟩

=
∪

t∈T (x,µ)

⟨t, y2 − x⟩+
∪

t∈T (x,µ)

⟨t, y1 − y2⟩

⊆ ⟨T (x, µ), y − x⟩+M∥y1 − y2∥BY .

Hence, the condition (iii) is verified, and so we obtain the result. □

For (PGVQVI), If we put Y = R, C = [0,+∞), then (1.1.24) becomes to the following
parametric generalized quasi-variational inequality problem in the case of scalar valued one:

Find x0 ∈ K(x0, λ) such that ⟨t, y − x0⟩ ≥ 0, ∀y ∈ K(x0, λ), ∀t ∈ T (x0, µ). (1.1.25)

For each λ ∈ N(λ0) and µ ∈ N(µ0), let

E(λ) := {x ∈ X : x ∈ K(x, λ)}.

The solution set of (1.1.25) is denoted by

SS
QV I(λ, µ) := {x ∈ E(λ) : ⟨t, y − x⟩ ≥ 0, ∀y ∈ K(x, λ), ∀t ∈ T (x, µ)}.

For each λ ∈ N(λ0), µ ∈ N(µ0) and fixed 1 ∈ int C , the ξq-solution set of (1.1.24) is

SS
QV I(ξ1, λ, µ) :=

{
x ∈ E(λ) : inf

z∈⟨T (x,µ),y−x⟩
ξ1(z) ≥ 0, ∀y ∈ K(x, λ)

}
.

It follows from Lemma 1 that SS
QV I(ξ1, λ, µ) coincides with SS

QV I(λ, µ).
Corollary 17. Assume that SS

QV I(λ, µ) is nonempty in a neighbourhood N(λ0)×N(µ0) of the
consider point (λ0, µ0) ∈ Λ×M . Assume further that the conditions (i′)-(iii′) and (v′) in Corollary
16 hold. Replace (iv′) by (iv′′).
(iv′′) T (·, µ) is h.β-Hölder strongly monotone, i.e., there exist constants h > 0, β > 0, such

that for every x, y ∈ E(N(λ0)) : x ̸= y,

⟨u− v, x− y⟩ ≥ h∥x− y∥β, ∀u ∈ T (x),∀v ∈ T (y).

Then for every (λ, µ) ∈ N(λ0) × N(µ0), the solution of (PGVQVI) is unique, x(λ, µ), and this
function satisfies the Hölder condition: for all (λ1, µ1), (λ2, µ2) ∈ N(λ0)×N(µ0)

dX(x(λ1, µ1), x(λ2, µ2)) ≤
(

2Ml2
h− 2Mlγ31

) 1
β

d
α2/β
λ (λ1, λ2) +

(
Nm3

h− 2Mlγ31

) 1
β

d
γ3/β
M (µ1, µ2),

where x(λi, µi) ∈ SS
QV I(λi, µi), i = 1, 2.
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Proof. It is not hard to show that (iv′′) implies (iv′). Indeed, for any x, y ∈ E(N(λ0)) with
x ̸= y,

h∥x− y∥β ≤ ⟨u− v, x− y⟩
= ⟨u, x− y⟩+ ⟨v, y − x⟩
≤ sup

u∈T (x)

⟨u, x− y⟩+ sup
v∈T (y)

⟨v, y − x⟩

= sup
u∈T (x)

−⟨u, y − x⟩+ sup
v∈T (y)

−⟨v, x− y⟩

= − inf
u∈T (x)

⟨u, y − x⟩ − inf
v∈T (y)

⟨v, x− y⟩

≤ d

(
inf

u∈T (x)
⟨u, y − x⟩,R+

)
+ d

(
inf

v∈T (y)
⟨v, x− y⟩,R+

)
.

Therefore, (iv′) is satisfied □
Remark 18. Corollary 17 extends Corollary 3.1 in [?], since the mapping T is a multivalued
mapping.

1.1.2 Traffic equilibrium problems
The foundation of the study of traffic network problems goes back to Wardrop [?], who stated the
basic equilibrium principle in 1952. Over the past decades, a large number of efforts have been
devoted to the study of traffic assignment models, with emphasis on efficiency, and optimality,
in order to improve practicability, reduce gas emissions, and contribute to the welfare of the
community. The variational inequality approach to such problems begins with the seminal work
of Smith [?], who proved that the user-optimized equilibrium can be expressed in terms of a
variational inequality. Thus, the possibility of exploiting the powerful tools of variational analysis
has led to deal with a large variety of models, reaching valuable theoretical results and providing
applications in practical situations. In this paper, we are concerned with a class of equilibrium
problems which can be studied in the framework of quasi-variational inequalities, see [?, ?].

Let a set N of nodes, a set L of links, a set W := (W1, . . . ,Wl) of origin-destination
pairs (O/D pairs for short) be given. Assume that there are rj ≥ 1 paths connecting the pairs
Wj, j = 1, . . . , l, whose set is denoted by Pj . Set m := r1 + · · ·+ rl; i.e., there are in whole m
paths in the traffic network. Let F := (F1, . . . , Fm) stand for the path flow vector. Assume that
the travel cost of the path Rs, s = 1, . . . ,m, is a set Ts(F ) ⊂ R+. So, we have a multifunction
T : Rm

+ ⇒ Rm
+ with T (F ) := (T1(F ), . . . , Tm(F )). Let the capacity restriction be

F ∈ A := {F ∈ Rm
+ : Fs ≤ Γs, s = 1, . . . ,m},

where Γs are given real numbers. Extending the Wardrop definition to the case of multivalued
costs, we propose the following definition.
A path flow vector H is said to be a weak equilibrium flow vector if
∀Wj, ∀Rq ∈ Pj, Rs ∈ Pj, there exists t ∈ T (H) such that tq < ts ⇒ Hq = Γq or Hs = 0,

(1.1.26)
where j = 1, . . . , l and q, s ∈ {1, . . . ,m} are among rj indices corresponding to Pj .
A path flow vector H is said to be a strong equilibrium flow vector if

∀Wj, ∀Rq ∈ Pj, Rs ∈ Pj, for all t ∈ T (H) such that tq < ts ⇒ Hq = Γq or Hs = 0.
(1.1.27)
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Suppose the travel demand ρj of the O/D pair Wj, j = 1, . . . , l, depends on the weak(or
strong) equilibrium problem flow H . So, considering all the O/D pairs, we have a mapping
ρ : Rm

+ → Rl
+. We use the Kronecker notation

ϕjs =

{
1 if s ∈ Pj,

0 if s /∈ Pj.

Then, the matrix
ϕ = {ϕjs}, j = 1, . . . , l, s = 1, . . . ,m,

is called an O/D pair/path incidence matrix. The path flow vectors meeting the travel demands
are called the feasible path flow vectors and form the constraint set, for a given weak(or strong)
equilibrium flow H ,

K(H, λ) := {F ∈ A : ϕF = ρ(H,λ)}.
Assume further that the path costs are also perturbed, i.e., depend on a perturbation param-

eter µ of a metric space M : Ts(F, µ), s = 1, . . . ,m.
Our traffic equilibrium problem is equivalent to a quasi-variational inequality as follows (see

[?]).
Lemma 19. A path vector flow H ∈ K(H, λ) is a weak equilibrium flow if and only if it is a
solution of the following quasi-variational inequality:

find H ∈ K(H,λ) such that there exists t ∈ T (H, λ) satisfying , ⟨t, F−H⟩ ≥ 0, ∀F ∈ K(H, λ).

Lemma 20. A path vector flow H ∈ K(H, λ) is a strong equilibrium flow if and only if it is a
solution of the following quasi-variational inequality:

find H ∈ K(H, λ) such that for all t ∈ T (H, λ) satisfying , ⟨t, F −H⟩ ≥ 0, ∀F ∈ K(H, λ).

Corollary 21. Assume that solutions of the traffic network equilibrium problem exist and all
assumptions of Corollary 17 are satisfied. Then, in a neighborhood of (λ0, µ0), the solution is
unique and satisfies the same Hölder condition as in Corollary 17.

1.1.3 Quasioptimization Problem
For the normed linear space Y and pointed, closed and convex cone C with nonempty interior,
we denote the ordering induced by C as follows:

x ≤ y iff y − x ∈ C;

x < y iff y − x ∈ int C.

The ordering≥ and> are defined similarly. Let g : X×M → Y be a vector valued mapping. For
each (λ, µ) ∈ Λ ×M , consider the problem of parametric quasi-optimization problem (PQOP)
finding x0 ∈ K(x0, λ) such that

g(x0, µ) = min
y∈K(x0,λ)

g(y, µ). (1.1.28)

Since the constraint set depends on the minimizer x0, this is a quasi-optimization problem. Setting
f(x, y, µ) = g(y, µ)− g(x, µ), (PVQEP) becomes a special case of (PQOP).

The following results are derived from Theorem 14 (Theorem 9 cannot be applied since
f(x, y, µ) + f(y, x, µ) = 0, ∀x, y ∈ A and µ ∈M ).
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Theorem 22. For (PQOP), assume that the solution exists in a neighbourhood N(λ0)×N(µ0)
of the consider point (λ0, µ0) ∈ Λ×M . Assume further that the following conditions hold.

1. K(·, ·) is (l1 · α1, l2 · α2)-Hölder continuous on E(N(λ0))×N(λ0);
2. For each x, y ∈ E(N(λ0)), F (x, y, ·) is m1 · γ1-Hölder continuous at µ0 ∈M ;
3. For each x ∈ E(N(λ0)) and µ ∈ N(µ0), F (x, ·, µ) is m2 · γ2-Hölder continuous on
E(N(λ0));

4. F (·, ·, µ) is h.β-Hölder strongly monotone with respect to ξq , i.e., there exist constants
h > 0, β > 0, such that for every x, y ∈ E(N(λ0)) : x ̸= y,

hdβX(x, y) ≤ d

(
inf

z∈F (x,y,µ)
ξq(z),R+

)
+ d

(
inf

z∈F (y,x,µ)
ξq(z),R+

)
;

5. β = α1γ2, h > 2m2Ll
γ1
1 , where L := supλ∈Cq ∥λ∥ ∈

[
1

∥q∥ ,+∞
)
is the Lipschitz constant

of ξq on Y .
Then for every (λ, µ) ∈ N(λ0) × N(µ0), the solution of (PVQGEP) is unique, x(λ, µ), and this
function satisfies the Hölder condition: for all (λ1, µ1), (λ2, µ2) ∈ N(λ0)×N(µ0)

dX(x(λ1, µ1), x(λ2, µ2)) ≤
(

2m2Ll
γ2
2

h− 2m2Ll
γ1
1

) 1
β

d
α2γ2/β
Λ (λ1, λ2)+

(
m1L

h− 2m2Ll
γ1
1

) 1
β

d
γ1/β
M (µ1, µ2),

where x(λi, µi) ∈ SW (λi, µi), i = 1, 2.

1.2 Lower semicontinuity of approximate solution mappings
for parametric generalized vector equilibrium problems

The vector equilibrium problem is a unified model of several problems, for example, the vector
optimization problem, the vector variational inequality problem, the vector complementarity
problem and the vector saddle point problem. In the literature, existence results for various types
of vector equilibrium problems have been investigated intensively, e.g., see [79, 80, 81, 82] and the
references therein. The stability analysis of the solution mappings for VEP is an important topic in
vector equilibrium theory. Recently, the semicontinuity, especially the lower semicontinuity, of
solution mappings to parametric vector equilibrium problems has been studied in the literature,
such as [83, 84, 85, 86, 90, 91, 93, 96, 94, 97, 98, 99]. In the mentioned results, the lower
semicontinuity of solution mapping to parametric generalized strong vector equilibrium problems
are established under the the assumptions of monotonicity and compactness. Very recently, Han
and Gong [95] studied the lower semicontinuity of solution mapping to parametric generalized
strong vector equilibrium problems without the assumptions of monotonicity and compactness.

On the other hand, exact solutions of the problems may not exist in many practical problems
because the data of the problems are not sufficiently “regular”. Moreover, these mathematical
models are solved usually by numerical methods which produce approximations to the exact
solutions. So it is impossible to obtain an exact solution of many practical problems. Nat-
urally, investigating approximate solutions of parametric equilibrium problems is of interest in
both practical applications and computations. Anh and Khanh [87] considered two kinds of ap-
proximate solution mappings to parametric generalized vector quasiequilibrium problems and
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established the sufficient conditions for their Hausdorff semicontinuity (or Berge semicontinuity).
Among many approaches for dealing with the lower semicontinuity and continuity of solution
mappings for parametric vector variational inequalities and parametric vector equilibrium prob-
lems, the scalarization method is of considerable interest. By using a scalarization method, Li and
Li [101] discussed the Berge lower semicontinuity and Berge continuity of a approximate solution
mapping for a parametric vector equilibrium problem.

Motivated by the work reported in [87, 101, 95], this paper aims to establish the efficient
conditions for the lower semicontinuity of an approximate solution mapping for a parametric
generalized vector equilibrium problem involving set-valued mappings. By using a scalarization
method, we obtain the lower semicontinuity of an approximate solution mapping for a such
problem without the assumptions of monotonicity and compactness.

Throughout this paper, let X and Y be real Hausdorff topological vector spaces, and let
Z be a real topological space. We also assume that C is a pointed closed convex cone in
Y with its interior int C ̸= ∅. Let Y ∗ be the topological dual space of Y . Let C∗ := {ξ ∈
Y ∗ : ⟨ξ, y⟩ ≥ 0,∀y ∈ C} be the dual cone of C , where ⟨ξ, y⟩ denotes the value of ξ at y.
Since int C ̸= ∅, the dual cone C∗ of C has a weak* compact base. Let e ∈ int C . Then,
B∗

e := {ξ ∈ C∗ : ⟨ξ, e⟩ = 1} is a weak* compact base of C∗.
Suppose that K is a nonemmpty subset of X and F : K × K → 2Y \{∅} is a set-valued

mapping. We consider the following generalized vector equilibrium problem (GVEP) of finding
x0 ∈ K such that

F (x0, y) ⊂ Y \ − int C , ∀y ∈ K. (1.2.1)
When the set K and the mapping F are perturbed by a parameter µ which varies over a set M
of Z , we consider the following parametric generalized vector equilibrium problem (PGVEP) of
finding x0 ∈ K(µ) such that

F (x0, y, µ) ⊂ Y \ − int C , ∀y ∈ K(µ), (1.2.2)

where K :M → 2X\{∅} is a set-valued mapping, F : B ×B ×M ⊂ X ×X × Z → 2Y \{∅}
is a set-valued mapping with K(M) =

∪
µ∈M K(µ) ⊂ B. For each ε > 0, and µ ∈ M , the

approximate solution set of (PGVEP) is defined by

S̃(ε, µ) := {x ∈ K(µ) : F (x, y, µ) + εe ⊂ Y \ − int C, ∀y ∈ K(µ)},

where e ∈ int C . For each ξ ∈ B∗
e and (ε, µ) ∈ R+ × M , by S̃ξ(ε, µ) we denote the ξ-

approximate solution set of (PGVEP), i.e.,

S̃ξ(ε, µ) :=

{
x ∈ K(µ) : inf

z∈F (x,y,µ)
ξ(z) + ε ≥ 0, ∀y ∈ K(µ)

}
.

Definition 23. Let D be a nonempty convex subset of X . A set-valued mapping G : X → 2Y

is said to be :

1. C-convex on D if, for any x1, x2 ∈ D and for any t ∈ [0, 1], we have

tG(x1) + (1− t)G(x2) ⊆ G(tx1 + (1− t)x2) + C.

2. C-concave on D if, for any x1, x2 ∈ D and for any t ∈ [0, 1], we have

G(tx1 + (1− t)x2) ⊆ tG(x1) + (1− t)G(x2) + C.
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Definition 24. [95] Let M and M1 be topological vector spaces. Let D be a nonempty subset
of M . A set-valued mapping G : M → 2M1 is said to be uniformly continuous on D if,
for any neighborhood V of 0 ∈ M1, there exists a neighborhood U0 of 0 ∈ M such that
G(x1) ⊆ G(x2) + V for any x1, x2 ∈ D with x1 − x2 ∈ U0.
Definition 25. [88] LetM andM1 be topological vector spaces. A set-valued mappingG :M →
2M1 is said to be:

(i) Hausdorff upper semicontinuous (H-u.s.c) at u0 ∈ M if, for any neighborhood V of 0 ∈
M1, there exists a neighborhood U(u0) of u0 such that

G(u) ⊆ G(u0) + V, for every u ∈ U(u0).

(ii) Lower semicontinuous (l.s.c) at u0 ∈ M if, for any x ∈ G(u0) and any neighborhood V
of x, there exists a neighborhood U(u0) of u0 such that

G(u) ∩ V ̸= ∅, for every u ∈ U(u0).

The following lemma plays an important role in the proof of the lower semicontinuity of the
solution mapping S̃(·, ·).
Lemma 26. [89, Theorem 2] The union Γ =

∪
i∈I Γi of a family of l.s.c set-valued mappings Γi

from a topological space X into a topological space Y is also an l.s.c set-valued mapping from
X into Y , where I is an index set.

1.2.1 Lower semicontinuity of the approximate solution mapping for (PGVEP)
In this section, we establish the lower semicontinuity of the approximate solution mapping for
(PGVEP) at the considered point (ε0, µ0) ∈ R+ ×M with ε0 > 0.

Firstly, using the same argument as in the proof given in [100] Lemma 3.1, we can prove the
following useful result.
Lemma 27. For each ε > 0, µ ∈M , if for each x ∈ K(µ), F (x,K(µ), µ) + C is a convex set,
then

S̃(ε, µ) =
∪

ξ∈C∗\{0}

S̃ξ(ε, µ) =
∪
ξ∈B∗

e

S̃ξ(ε, µ).

Proof. For any x ∈
∪

ξ∈C∗\{0} S̃ξ(ε, µ), there exists ξ′ ∈ C∗\{0} such that x ∈ S̃ξ′(ε, µ). Thus,
we can obtain that x ∈ K(µ) and infz∈F (x,y,µ) ξ

′(z) + ε ≥ 0,∀y ∈ K(µ). Then, for each
y ∈ K(µ) and z ∈ F (x, y, µ), ξ′(z) + ε ≥ 0, which arrives that z /∈ −intC. It then follows that,
for each z ∈ F (x, y, µ),

F (x, y, µ) + εe ⊆ Y \ − intC, ∀y ∈ K(µ).

which gives that x ∈ S̃(ε, µ). Hence, ∪ξ∈C∗\{0} S̃ξ(ε, µ) ⊆ S̃(ε, µ). Conversely, let x ∈ S̃(ε, µ)

be arbitrary. Then x ∈ K(µ) and F (x, y, µ) + εe ⊆ Y \ − intC, ∀y ∈ K(µ). Thus, we have

F (x,K(µ), µ) ∩ (−intC) = ∅,

and hence,
(F (x,K(µ), µ) + C) ∩ (−intC) = ∅.
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Because F (x,K(µ), µ)+C is a convex set, by the well-known Edidelheit’s separation theorem
(see[92], Theorem 3.16), there exists a continuous linear functional ξ ∈ Y ∗\{0} and a real
number γ such that

ξ(ĉ) < γ ≤ ξ(z + c),

for all z ∈ (F (x,K(µ), µ), c ∈ C and ĉ ∈ −intC. Since C is a cone, we have ξ(ĉ) ≤ 0
for all ĉ ∈ −intC. Thus, ξ(ĉ) ≥ 0 for all ĉ ∈ C, that is, ξ ∈ C∗. Moreover, it follows from
c ∈ C, ĉ ∈ −intC and the continuity of ξ that ξ(z) + ε ≥ 0 for all z ∈ F (x,K(µ), µ). Thus,
for all y ∈ K(µ), we have infz∈F (x,y,µ)ξ(z) + ε ≥ 0, i.e., x ∈ S̃ξ(ε, µ) ⊆

∪
ξ∈C∗\{0} S̃ξ(ε, µ).

□

Theorem 28. We assume that for any given ξ ∈ B∗
e , there exists δ > 0 such that the ξ-

approximate solution set S̃ξ(·, ·) exists in [ε0, δ) × N(µ0), where N(µ0) is a neighborhood of
µ0. Assume further that the following conditions are satisfied :

1. K(µ0) is nonempty convex;

2. K is H-u.s.c at µ0 and l.s.c at µ0;

3. for any y ∈ K(µ0), F (·, y, µ0) is C-concave on K(µ0);

4. F (·, ·, ·) is uniformly continuous on K(M)×K(M)×N(µ0).

Then, the ξ-approximate solution mapping S̃ξ : [ε0, δ)×N(µ0) → 2X is l.s.c at (ε0, µ0).

Proof. Suppose to the contrary that S̃ξ(·, ·) is not l.s.c at (ε0, µ0), then there exist x0 ∈ S̃ξ(ε0, µ0)
and a neighborhood W0 of 0X ∈ X , for any neighborhoods J(ε0) and U(µ0) of ε0 and µ0,
respectively, there exist ε′ ∈ J(ε0)∩[ε0, δ) and µ′ ∈ U(µ0) such that (x0+W0)∩S̃ξ(ε

′, µ′) = ∅.
In particular, there exist sequences {εn} ↓ ε0 and {µn} → µ0 such that

(x0 +W0) ∩ S̃ξ(εn, µn) = ∅, ∀n ∈ N. (1.2.3)

For the above W0, there exists a neighborhood W1 of 0X ∈ X such that

W1 +W1 ⊆ W0. (1.2.4)

We define a ξ-set-valued mapping Hξ : [0, δ) → 2X by

Hξ(ε) = {x ∈ K(µ0) : inf
z∈F (x,y,µ0)

ξ(z) + ε+ ε0 ≥ 0, ∀y ∈ K(µ0)}, ε ∈ [0, δ).

Notice thatHξ(0) = S̃ξ(ε0, µ0) ̸= ∅. Next, we claim thatHξ is l.s.c at 0. Suppose to the contrary
that Hξ is not l.s.c at 0, then there exist x̄ ∈ Hξ(0) and a neighborhood O0 of 0X ∈ X , for any
neighborhood U of 0, there exists ε ∈ U such that (x̄ + O0) ∩Hξ(ε) = ∅. In particular, there
exists a nonnegative sequence {ε′n} ↓ 0 such that

(x̄+O0) ∩Hξ(ε
′
n) = ∅, ∀n ∈ N. (1.2.5)

Since Hξ(0) ̸= ∅, we choose x∗ ∈ Hξ(0). Since ε′n → 0, there exists ε′n0
such that

ε0
ε0 + ε′n0

x̄+
ε′n0

ε0 + ε′n0

x∗ = x̄+
ε′n0

ε0 + ε′n0

(x∗ − x̄) ∈ x̄+O0. (1.2.6)
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We claim that ε0
ε0+ε′n0

x̄+
ε′n0

ε0+ε′n0

x∗ ∈ Hξ(ε
′
n0
). In fact, since x̄ ∈ Hξ(0) and x∗ ∈ Hξ(0), for any

y ∈ K(µ0), we have inft∈F (x̄,y,µ0) ξ(t)+ ε0 ≥ 0 and infk∈F (x∗,y,µ0) ξ(k)+ ε0 ≥ 0. Then, for any
u ∈ F (x̄, y, µ0)

ε0
ε0 + ε′n0

ξ(u) +
ε0

ε0 + ε′n0

ε0 ≥ 0, (1.2.7)

and for any v ∈ F (x∗, y, µ0)

ε′n0

ε0 + ε′n0

ξ(v) +
ε′n0

ε0 + ε′n0

ε0 ≥ 0. (1.2.8)

By the C-concavity of F (·, y, µ0), we have that

F

(
ε0

ε0 + ε′n0

x̄+
ε′n0

ε0 + ε′n0

x∗, y, µ0

)
⊆ ε0
ε0 + ε′n0

F (x̄, y, µ0) +
ε′n0

ε0 + ε′n0

F (x∗, y, µ0) + C.

It follows that, for any w ∈ F

(
ε0

ε0 + ε′n0

x̄+
ε′n0

ε0 + ε′n0

x∗, y, µ0

)
, there exist z̄ ∈ F (x̄, y, µ0),

z∗ ∈ F (x∗, y, µ0) and c′ ∈ C such that w =
ε0

ε0 + ε′n0

z̄ +
ε′n0

ε0 + ε′n0

z∗ + c′. It follows from

linearlity of ξ that ξ(w)− ε0
ε0 + ε′n0

ξ(z̄)−
ε′n0

ε0 + ε′n0

ξ(z∗) = ξ(c′) ≥ 0, which gives that ξ(w) ≥
ε0

ε0 + ε′n0

ξ(z̄) +
ε′n0

ε0 + ε′n0

ξ(z∗). For all w ∈ F

(
ε0

ε0 + ε′n0

x̄+
ε′n0

ε0 + ε′n0

x∗, y, µ0

)
, by (1.2.7) and

(1.2.8), we have,

ξ(w) ≥ − ε0
ε0 + ε′n0

ε0 −
ε′n0

ε0 + ε′n0

ε0 = − ε0
ε0 + ε′n0

(ε′n0
+ ε0) ≥ −(ε′n0

+ ε0).

This implies that inf
z∈F

(
ε0

ε0+ε′n0
x̄+

ε′n0
ε0+ε′n0

x∗,y,µ0

) ξ(z)+ε′n0
+ε0 ≥ 0, that is ε0

ε0+ε′n0

x̄+
ε′n0

ε0+ε′n0

x∗ ∈

Hξ(ε
′
n0
). By (1.2.6), we get that ε0

ε0+ε′n0

x̄+
ε′n0

ε0+ε′n0

x∗ ∈ (x̄+O0)∩Hξ(ε
′
n0
),which contradicts (1.2.5).

Therefore,Hξ is l.s.c at 0. SinceHξ is l.s.c at 0, for above x0 ∈ S̃ξ(ε0, µ0) = Hξ(0) and for above
W1, there exists a balanced neighborhood V0 of 0 such that (x0 +W1)∩Hξ(ε) ̸= ∅, ∀ε ∈ V0.
In particular, from {εn} ↓ ε0, there exits N0 ∈ N such that (x0 +W1) ∩Hξ(εN0 − ε0) ̸= ∅. Let
x′ ∈ (x0 +W1) ∩Hξ(εN0 − ε0).

For any ε̄ > 0, since e ∈ intC , there exists δ0 > 0 such that

δ0BY + ε̄e ⊆ C. (1.2.9)

Since F (·, ·, ·) is uniformly continuous onK(M)×K(M)×N(µ0) , for above δ0BY , there exists
a neighborhood V1 of 0 ∈ B, a neighborhood U1 of 0 ∈ B and a neighborhood N1 of 0 ∈ M ,
for any (x1, y1, µ1), (x2, y2, µ2) ∈ K(M) ×K(M) × N(µ0) with x1 − x2 ∈ V1, y1 − y2 ∈ U1

and µ1 − µ2 ∈ N1, we have

F (x1, y1, µ1) ⊆ δ0BY + F (x2, y2, µ2). (1.2.10)

Since K is H-u.s.c. at µ0, for above U1, there exists a neighborhood U1(µ0) of µ0 such that

K(µ) ⊆ K(µ0) + U1, ∀µ ∈ U1(µ0). (1.2.11)
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We see that x′ ∈ K(µ0). SinceK is l.s.c. at µ0, for V1∩W1, there exists a neighborhood U2(µ0)
of µ0 such that

(x′ + V1 ∩W1) ∩K(µ) ̸= ∅, ∀µ ∈ U2(µ0). (1.2.12)
It follows from µn → µ0 that there exists a positive integer N ′

0 ≥ N0 such that µN ′
0
∈ U1(µ0) ∩

U2(µ0) ∩ U(µ0) ∩ (µ0 +N1). Noting that (1.2.11) and (1.2.12), we obtain

K(µN ′
0
) ⊆ K(µ0) + U1, (1.2.13)

and
(x′ + V1 ∩W1) ∩K(µN ′

0
) ̸= ∅. (1.2.14)

By (1.2.14), we choose
x′′ ∈ (x′ + V1 ∩W1) ∩K(µN ′

0
). (1.2.15)

Next, we prove that x′′ ∈ S̃ξ(εN ′
0
, µN ′

0
). For any y′ ∈ K(µN ′

0
), by (1.2.13), there exists y0 ∈

K(µ0) such that y′ − y0 ∈ U1. It follows from (1.2.15) that x′′ − x′ ∈ V1. Noting that µN ′
0
∈

U(µ0) ∩ (µ0 +N1) and (1.2.10), we have

F (x′′, y′, µN ′
0
) ⊆ δ0BY + F (x′, y0, µ0).

By (1.2.9), we have
F (x′′, y′, µN ′

0
) ⊆ C − ε̄e+ F (x′, y0, µ0). (1.2.16)

Hence, for any y ∈ K(µN ′
0
) and z′′ ∈ F (x′′, y′, µN ′

0
), there exist c′′ ∈ C and z′ ∈ F (x′, y, µ0)

such that
z′′ = c′′ − ε̄e+ z′.

It follows from the linearity of ξ that ξ(z′′)+ ε̄ ≥ ξ(z′) for all ε̄ > 0. This leads to ξ(z′′) ≥ ξ(z′).
Thus

ξ(z′′) + εN ′
0
≥ ξ(z′) + εN ′

0
= ξ(z′) + (εN ′

0
− ε0) + ε0 ≥ 0.

Hence x′′ ∈ S̃ξ(εN ′
0
, µN ′

0
). Also, since x′ ∈ (x0 +W1) and by (1.2.4) and (1.2.15), we have

x′′ ∈ x′ + V1 ∩W1 ⊆ x0 +W1 +W1 ⊆ x0 +W0.

This mean that (x0 +W0) ∩ S̃ξ(εN ′
0
, µN ′

0
) ̸= ∅, which contradicts with (1.2.3). This completes

the proof. □

Theorem 29. We assume that for any given ξ ∈ B∗
e , there exists δ > 0 such that the ap-

proximate solution set S̃ξ(·, ·) exists in [ε0, δ) × N(µ0). Suppose that the conditions (i)-(iv) as
in Theorem 1 are satisfied. Assume further that for each x ∈ K(µ0), F (x,K(µ0), µ0) + C is
a convex set. Then, the approximate solution mapping S̃ : [ε0, δ) × N(µ0) → 2X is l.s.c at
(ε0, µ0).

Proof. Since F (x,K(µ0), µ0)+C is a convex set for each x ∈ K(µ0), by virtue of Lemma 27, it
holds that S̃(ε0, µ0) =

∪
ξ∈B∗

e
S̃ξ(ε0, µ0). It follows from Theorem 1 that for each ξ ∈ B∗

e , S̃ξ(·, ·)
is l.s.c at (ε0, µ0). Thus, in view of Lemma 26, we obtain that S̃(·, ·) is l.s.c at (ε0, µ0). □

The following example illustrates all of the assumptions in Theorem 29.



1.3. WELL-POSEDNESS BY PERTURBATIONS 21

Example 30. Let Y = R2, C = R2
+ := {(x1, x2) ∈ R2 : x1 ≥ 0, x2 ≥ 0} and Z = X = R.

Let B (
0, 1

2

) be the closed ball of radius 1/2 in R2. Let B = [−2, 2], M = [−1, 1] and the
set-valued mapping F : B ×B ×M → 2Y be defined by

F (x, y, µ) = (w(x, y, µ), v(x, y, µ)) +B (0, 1/2) ,

wherew(x, y, µ) := y2(2µ−1)+x(y−x+1)−3y+2 and v(x, y, µ) := y2(2µ−1)−x2+2xy+3.
Define a set-valued mappingK :M → 2X , for all µ ∈M , byK(µ) := [−2+µ, 2+µ]∩ [−2, 2].
We choose e = (1, 1) ∈ intC, ε0 = 2.5, µ0 = 0 and ξ = (1, 0). We can see that B∗

(1,1) =

{(x1, x2) : x1 + x2 = 1, x1, x2 ≥ 0} and 1 ∈ S̃(1,0)(ε0, 0). Further, for any µ ∈ (−1, 1) there
exists ε ∈ [2.5, 4.5) such that 1 ∈ S̃(1,0)(ε, µ). Hence, S̃(1,0)(·, ·) exists in [2.5, 4.5) × [−1, 1].
It is easy to observe that for any y ∈ K(0), F (·, y, 0) is C-concave on K(0). Clearly, the
condition (ii) is true. It is obvious that K(M) = [−2, 2]. Let N(µ0) = [−1, 1], we can see that
F (·, ·, ·) is uniformly continuous on K(M) × K(M) × N(µ0). Finally, we can check that for
each x ∈ [−2, 2], F (x, [−2, 2], 0) + C is a convex set. Applying Theorem 29, we obtain that S̃
is l.s.c at (2.5, 0). □

The following example illustrate that the concavity of F cannot be dropped.
Example 31. Let Y = R2, C = R2

+ and Z = X = R. Let B = [−2, 2], M = [−1, 1] and the
set-valued mapping F : B ×B ×M → 2Y be defined by

F (x, y, µ) = [µx(x− y)− 0.5, 2]× {x(x− y)− 0.5}.
Define a set-valued mapping K : M → 2X , for all µ ∈ M , by K(µ) := [0, 1]. We choose
e = (1, 1) ∈ intC, ε0 = 0.5, µ0 = 0. Then, all assumption of Theorem 29 are satisfied except
(iii). Indeed, taking y = 1, x1 = 0, x2 = 1 and t = 0.5, we have

(−2.5,−0.25) = (−0.5,−0.75)− 0.5(2,−0.5)− 0.5(2,−0.5)

∈ [−0.5, 2]× {−0.75} − 0.5 ([−0.5, 2]× {−0.5})
−0.5 ([−0.5, 2]× {−0.5})

∈ F (0.5(0) + 0.5(1), 1, 0)− 0.5F (0, 1, 0)− 0.5F (1, 1, 0)

= F (0.5, 1, 0)− 0.5F (0, 1, 0)− 0.5F (1, 1, 0),

but (−2.5,−0.25) /∈ C . The direct computation shows that

S̃(ε0, µ) =


{0, 1}, if µ ∈ (0, 1],

[0, 1], if µ = 0,

{0}, if µ ∈ [−1, 0).

(1.2.17)

Clearly, we see that S̃(·, ·) is even not l.s.c at (ε0, µ0), since F (·, y, µ0) is not C-concave on
K(µ0).

1.3 Well-posedness by perturbations for the hemivariational
inequality governed by a multi-valued map perturbed
with a nonlinear term

It is well known that the well-posedness is very important for both optimization theory and
numerical methods of optimization problems, which guarantees that, for approximating solution



22 CHAPTER 1. CHAPTER 1 : MAIN RESULTS

sequences, there is a subsequence which converges to a solution. The study of well-posedness
originates from Tikhonov [137], which means the existence and uniqueness of the solution and
convergence of each minimizing sequence to the solution. Levitin-Polyak [122] introduced a new
notion of well-posedness that strengthened Tykhonov’s concept as it required the convergence
to the optimal solution of each sequence belonging to a larger set of minimizing sequences.

Another important notion of well-posedness for a minimization problem is the well-posedness
by perturbations or extended well-posedness due to Zolezzi [142, 143]. The notion of well-
posedness by perturbations establishes a form of continuous dependence of the solutions upon
a parameter. There are many other notions of well-posedness in optimization problems. For
more details, see, e.g., [142, 143, 103, 107, 112, 116, 119, 128, 133, 138, 140]. Meanwhile, the
concept of well-posedness has been generalized to other varia- tional problems such as vari-
ational inequalities [106, 111, 113, 114, 125, 126, 127, 128], saddle point problems [104], Nash
equilibrium problems [127, 129, 130, 131, 132, 134], equilibrium problems [115], inclusion prob-
lems [123, 124] ,and fixed point problems [123, 124, 141]

Lucchetti and Patrone [128] introduced the notion of well-posedness for variational inequali-
ties and proved some related results by means of Ekeland’s variational principle. From then on,
many papers have been devoted to the extensions of well-posedness of minimization problems
to various variational inequalities. Lignola and Morgan [126] generalized the notion of well-
posedness by perturbations to a variational inequality and established the equivalence between
the well-posedness by perturbations of a variational inequality and the well-posedness by per-
turbations of the corresponding minimization problem. Lignola and Morgan [127] investigated the
concepts of α-well-posedness for variational inequalities. Del Prete et al. [111] further proved
that the α-well-posedness of variational inequalities is closely related to the well-posedness of
minimization problems. Recently, Fang et al. [117] generalized the notions of well-posedness
and α-well-posedness to a mixed variational inequality. In the setting of Hilbert spaces, Fang
et al. [117] proved that under suitable conditions the well-posedness of a mixed variational in-
equality is equivalent to the existence and uniqueness of its solution. They also showed that the
well-posedness of a mixed variational inequality has close links with the well-posedness of the
corresponding inclusion problem and corresponding fixed point problem in the setting of Hilbert
spaces. Very recently, Fang et al. [116] generalized the notion of well-posedness by perturbations
to a mixed variational inequality in Banach spaces. In the setting of Banach spaces, they estab-
lished some metric characterizations, and showed that the well-posedness by perturbations of a
mixed variational inequality is closely related to the well-posedness by perturbations of the cor-
responding inclusion problem and corresponding fixed point problem. They also derived some
conditions under which the well-posedness by perturbations of the mixed variational inequality
is equivalent to the existence and uniqueness of its solution.

On the other hand, the notion of hemivariational inequality was introduced by Panagiotopou-
los [135, 136] at the beginning of the 1980s as a variational formulation for several classes of
mechanical problems with nonsmooth and nonconvex energy super-potentials. In the case
of convex super-potentials, hemivariational inequalities reduce to variational inequalities which
were studied earlier by many authors (see e.g. Fichera [118] or Hartman and Stampacchia [120]).
Wangkeeree and Preechasilp [139] also introduced and studied some existence results for the
hemivariational inequality governed by a multi-valued map perturbed with a nonlinear term
in reflexive Banach spaces. Recently Ceng et al. [105] considered an extension of the notion
of well-posedness by perturbations, introduced by Zolezzi for a minimization problem, to a
class of variational-hemivariational inequalities with perturbations in Banach spaces. Under very
mild conditions, they established some metric characterizations for the well-posed variational-
hemivariational inequality, and proved that the well-posedness by perturbations of a variational
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hemivariational inequality is closely related to the well-posedness by perturbations of the cor-
responding inclusion problem. Furthermore, in the setting of finite-dimensional spaces they also
derived some conditions under which the variational-hemivariational inequality is strongly gen-
eralized well-posed-like by perturbations.

The aim of this paper is to introduce the new notion of well-posedness by perturbations
to the hemivariational inequality governed by a multi-valued map perturbed with a nonlinear
term (HVIMN) in Banach spaces. Under very suitable conditions, we establish some metric char-
acterizations for the well-posed (HVIMN). In the setting of finite-dimensional spaces, the strongly
generalized well-posedness by perturbations for (HVIMN) are established. The example illustrat-
ing main results is established. Our results are new and improve recent existing ones in the
literature.

Let K be a nonempty, closed and convex subset of a real reflexive Banach space E with
its dual E∗, F : K ⇒ 2E

∗ a multivalued mapping. Let Ω be a bounded open set in RN ,
T : E → Lq(Ω;Rk) a linear continuous mapping, where 1 < q <∞, k ≥ 1 and j : Ω×Rk → R
a function. We shall denote û := Tu, j◦(x, y;h) denotes the Clarke’s generalized directional
derivative of a locally Lipschitz mapping j(x, ·) at the point y ∈ Rk with respect to direction
h ∈ Rk, where x ∈ Ω.

For the given bifunction f : K × K → [−∞,+∞] imposed the condition that the set
D1(f) = {u ∈ K : f(u, v) ̸= −∞, ∀v ∈ K} is nonempty, Wangkeeree and Preechasilp [139]
introduced and studied the existence of a solution for the following hemivariational inequality
governed by a multi-valued map perturbed with a nonlinear term

(HVIMN)


Find u ∈ D1(f) and u∗ ∈ F (u) such that
⟨u∗, v − u⟩+ f(u, v) +

∫
Ω
j◦(x, û(x); v̂(x)− û(x))dx ≥ 0,

∀v ∈ K.
(1.3.1)

Now, let us consider some special cases of the problem (1.3.1). If f(u, v) = ϕ(v) − ϕ(u),
where ϕ : X → R ∪ {+∞} is a proper, convex and lower semicontinuous function such that
Kϕ = K ∩ domϕ ̸= ∅, then D1(f) = Kϕ and (1.3.1) is reduced to the following variational-
hemivariational inequality problem: Find u ∈ Kϕ such that

⟨u∗, v − u⟩+ ϕ(v)− ϕ(u) +

∫
Ω

j(x, û(x); v̂(x)− û(x))dx ≥ 0, ∀v ∈ K. (1.3.2)

The problem (1.3.2) was studied by Costea and Lupu [109] by assuming that F is monotone and
lower hemicontinuous and several existence results were obtained. Furthermore, if F ≡ 0 and
f(u, v) = Λ(u, v)− ⟨g∗, v − u⟩, where Λ : K ×K → R and g∗ ∈ X∗, then (1.3.1) reduces to
the problem: Find u ∈ K such that

Λ(u, v) +

∫
Ω

j(x, û(x); v̂(x)− û(x))dx ≥ ⟨g∗, v − u⟩, ∀v ∈ K. (1.3.3)

The problem (1.3.3) was studied by Costea and Radulescu [110] and it was called nonlinear
hemivariational inequality (see also Andrei and Costea [102] for some applications of nonlinear
hemivariational inequalities to Nonsmooth Mechanics).

Now, suppose that L is a parametric normed space, P ⊂ L is a closed ball with positive
radius p∗ ∈ P is a fixed point. Let F̃ : P ×K → 2E

∗ be multivalued mapping. Let T̃ : P ×E →
Lp(Ω;Rk) be a linear continuous mapping, where 1 < p <∞, k ≥ 1 and j̃ : P ×Ω×Rk → R
a function. We denote j̃◦p(x, y;h) denotes the Clarke’s generalized directional derivative of a
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locally Lipschitz mapping j̃(p, x, ·) at the point y ∈ Rk with respect to direction h ∈ Rk. For
the given bifunction f̃ : P ×K ×K → [−∞,+∞], we assume the condition

D̃1(f̃) = {u ∈ K|f̃(p∗, u, v) ̸= −∞,∀v ∈ K} ≠ ∅.

The perturbed problem of the HVIMN (1.3.1) is given by

(HVIMNp∗)


Find u ∈ D̃1(f̃) and u∗ ∈ F̃ (p∗, u) such that
⟨u∗, v − u⟩+ f̃(p∗, u, v) +

∫
Ω
j̃◦p∗(x, û(x); v̂(x)− û(x))dx ≥ 0,

∀v ∈ K.

(1.3.4)

Let ∂̄j : E → 2E
∗ \ {0} denote the Clarke’s generalized gradient of locally Lipschitz functional

j (see [108]). That is

∂̄j(x) = {ξ ∈ E∗ : ⟨ξ, v⟩ ≤ j0(x, y),∀y ∈ E}.

The following useful results can be found in [108].

Proposition 32. Let X be a Banach space, x, y ∈ X and J be a locally Lipschitz functional
defined on X. Then

(i) The function y 7→ j◦(x, y) is finite, positively homogeneous, subadditive and then convex
on X;

(ii) j◦(x, y) is upper semicontinuous as a function of (x, y), as a function of y alone, is
Lipschitz continuous on X;

(iii) j◦(x,−y) = (−j)◦(x, y);

(iv) ∂̄j(x) is a nonempty, convex, bounded, weak*-compact subset of X∗;

(v) For every y ∈ X, one has

j◦(x, y) = max{⟨ξ, y⟩ : ξ ∈ ∂̄j(x)}.

Definition 33. The set-valued map F is said to be

1. upper semicontinuous (usc) at x ∈ dom F if for any open set U satisfying F (x) ⊂ U,
there exists a δ > 0 such that F (y) ⊂ U, for every y ∈ B(x, δ);

2. lower semicontinuous (lsc) at x ∈ dom F if for any open set U satisfying F (x) ∩ U ̸= ∅,
there exists a δ > 0 such that F (y) ∩ U ̸= ∅, for every y ∈ B(x, δ);

3. closed at x ∈ dom F if for each sequence {xn} in X converging to x and {yn} in Y
converging to y such that yn ∈ F (xn), we have y ∈ F (x).

If S ⊆ X, then F is said to be usc (lsc, closed respectively) on the set S if F is usc (lsc,
closed respectively) at every x ∈ dom F ∩ S.

Remark 34. An equivalent formulation of Definition 33(ii) is as follows: F is said to be lsc at x ∈
dom F if for each sequence {xn} in dom F converging to x and for any y ∈ F (x), there exists
a sequence {yn} in F (xn) converging to y.
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Definition 35. (see [121]) Let S be a nonempty subset of X. The measure, say µ, of noncom-
pactness for the set S is defined by

µ(S) := inf{ε > 0 : S ⊂ ∪n
i=1Si, diam|Si| < ε, i = 1, 2, . . . , n, for some integer n ≥ 1},

where diam|Si| means the diameter of set Si.

Definition 36. (see[121]) Let A,B be nonempty subsets of X. The Hausdorff metric H(·, ·)
between A and B is defined by

H(A,B) = max{e(A,B), e(B,A)},

where e(A,B) := supa∈A d(a,B) with d(a,B) = infb∈B ∥a− b∥.

Let {An} be a sequence of nonempty subsets of X. We say that An converges to A in the
sense of Hausdorff metric if H(An, A) → 0. It is easy to see that e(An, A) → 0 if and only if
d(an, A) → 0 for all section an ∈ An. For more details on this topic, we refer the readers to
[121].

1.4 Well-posedness by perturbations and metric characteri-
zations

In this section, we generalize the concepts of well-posedness by perturbations to the variation-
alhemivariational inequality and establish their metric characterizations. In the sequel we always
denote by → and ⇀ the strong convergence and weak convergence, respectively. Let α ≥ 0
be a fixed number.
Definition 37. Let {pn} ⊂ P be such that pn → p∗. A sequence {un} ⊂ E is called an α-
approximating sequence corresponding to {pn} for HVIMN (1.3.1) if there exist a sequence {εn}
of nonnegative numbers with εn → 0, u∗n ∈ F̃ (pn, un) such that un ∈ D̃1(f̃), and

⟨u∗n, v − un⟩+ f̃(pn, un, v) +

∫
Ω

j̃◦pn(x, ûn(x); v̂(x)− ûn(x))dx

≥ −α
2
∥v − un∥2 − εn, ∀v ∈ K.

for each n ≥ 1. Whenever α = 0, we say that {un} is an approximating sequence corresponding
to {pn} for HVIMN (1.3.1). Clearly, every α2−approximating sequence corresponding to {pn} is
α1−approximating sequence corresponding to {pn} whenever α1 > α2 ≥ 0.

Definition 38. We say that HVIMN (1.3.1) is strongly (resp., weakly) α−well-posed by perturbations
if

(i) HVIMN (1.3.1) has a unique solution
(ii) for any {pn} ⊂ P with pn → p∗, every α−approximating sequence corresponding to {pn}

converges strongly (resp., weakly) to the unique solution.
In the sequel, strong (resp., weak) 0−well-posedness by perturbations is always called as

strong (resp., weak) well-posedness by perturbations. If α1 > α2 ≥ 0, then strong (resp., weak)
α1−well-posedness by perturbations implies strong (resp., weak) α2−well-posedness by pertur-
bations.
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Definition 39. We say that HVIMN (1.3.1) is strongly (resp., weakly) generalized α−well-posed by
perturbations if

(i) HVIMN (1.3.1) has a nonempty solution set S
(ii) for any {pn} ⊂ P with pn → p∗, every α−approximating sequence corresponding to {pn}

has some subsequence which converges strongly (resp., weakly) to some point of S
In the sequel, strong (resp., weak) generalized 0−well-posedness by perturbations is always

called as strong (resp., weak) generalized well-posedness by perturbations.
If α1 > α2 ≥ 0, then strong (resp., weak) generalized α1−well-posedness by perturbations

implies strong (resp., weak) generalized α2−well-posedness by perturbations.
To derive the metric characterizations of α-well-posedness by perturbations, we consider the

following approximating solution set of HVIMN (1.3.1):

Ωα(ε) =
∪

p∈B(p∗,ε)

{u ∈ D̃1(f̃), u
∗ ∈ F̃ (p, u) : ⟨u∗, v − u⟩+ f̃(p, u, v)

+

∫
Ω

j̃◦p(x, û(x); v̂(x)− û(x))dx ≥ −α
2
∥v − u∥2 − ε,∀v ∈ K.}

when B(p∗, ε) denotes the closed ball centered at p∗ with radius ε. In this section, we assume
that ū is a fixed solution of HVIMN (1.3.1). Define

θ(ε) = sup{∥u− ū∥ : u ∈ Ωα(ε)}, ∀ε ≥ 0.

It is easy to see that θ(ε) is the radius of the smallest closed ball centered at ū containing
Ωα(ε). Now, we give a metric characterization of strong α-well-posedness by perturbations by
considering the behavior of θ(ε) when ε→ 0.

Theorem 40. HVIMN (1.3.1) is strongly α−well-posed by perturbations if and only if θ(ε) → 0
as ε→ 0.

Proof. Assume that HVIMN (1.3.1) is strongly α−well-posed by perturbations. Then ū ∈ E is the
unique solution of HVIMN (1.3.1). Suppose to the contrary that θ(ε) ̸→ 0 as ε → 0. There exist
δ > 0 and 0 < εn → 0 such that

θ(εn) > δ > 0.

By the definition of θ, there exists un ∈ Ωα(εn) such that
∥un − ū∥ > δ. (1.4.1)

Since un ∈ Ωα(εn), there exist pn ∈ B(p∗, εn), u
∗
n ∈ F̃ (pn, un) such that

⟨u∗n, v − un⟩+ f̃(pn, un, v) +

∫
Ω

j̃◦pn(x, ûn(x); v̂(x)− ûn(x))dx ≥ −α
2
∥v − un∥2 − ε,

for all v ∈ K and n ≥ 1. Since pn ∈ B(p∗, εn), we have pn → p∗. Then {un} is an α
approximating sequence corresponding to {pn} for HVIMN (1.3.1). Since HVIMN (1.3.1) is strongly
α−well-posed by perturbations, we can get that ∥un − ū∥ → 0, which leads to a contradiction
with (1.4.1).

Conversely, suppose that θ(ε) → 0 as ε → 0. Then ū ∈ E is the unique solution of HVIMN
(1.3.1). Indeed, if û is another solution of HVIMN (1.3.1) with û ̸= ū, then by definition,

θ(ε) ≥ ∥ū− û∥ > 0, ∀ε ≥ 0,
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a contradiction. Let pn ∈ P be such that pn → p∗ and let {un} be an α−approximating
sequence corresponding to {pn} for HVIMN (1.3.1). Then there exist 0 < εn → 0, u∗n ∈ F̃ (pn, un)
such that un ∈ D̃1(f̃) and

⟨u∗n, v − un⟩+ f̃(pn, un, v) +

∫
Ω

j̃◦pn(x, ûn(x); v̂(x)− ûn(x))dx

≥ −α
2
∥v − un∥2 − εn,

for all v ∈ K and n ≥ 1. Take δn = ∥pn − p∗∥ and ε′n = max{δn, εn}. It is easy to verify that
un ∈ Ωα(ε

′
n) with ε′n → 0. Put

tn = ∥un − ū∥,
by definition of θ, we can get that

θ(ε′n) ≥ tn = ∥un − ū∥.

Since θ(ε′n) → 0, we have ∥un− ū∥ → 0 as n→ ∞. So, HVIMN (1.3.1) is strongly α−well-posed
by perturbations. □

Now, we give an example to illustrate Theorem 40.
Example 41. Let E = R, P = [−1, 1], K = R, p∗ = 0, α = 2, F̃ (p, u) = {2u}, j̃ =

0, f̃(p, u, v) = (1 − (p2+1)2

4
)u2 for all p ∈ P, u, v ∈ K. Clearly u = 0 is a solution of HVIMN

(1.3.1). For any ε > 0, it follows that

Ωp
α(ε) = {u ∈ D̃1(f̃), u

∗ ∈ F̃ (p) : ⟨u∗, v − u⟩+ u2 − (p2 + 1)2

4
u2 ≥ −(v − u)2 − ε, ∀v ∈ K}

= {u ∈ R : 2u(v − u) + u2 − (p2 + 1)2

4
u2 ≥ −(v − u)2 − ε, ∀v ∈ R}

= {u ∈ R : −u2 + 2uv − (p2 + 1)2

3
u2 ≥ −(v − u)2 − ε, ∀v ∈ R}

= {u ∈ R : v2 − (v − u)2 − (p2 + 1)2

4
u2 ≥ −(v − u)2 − ε, ∀v ∈ R}

= {u ∈ R : −v2 + (p2 + 1)2

4
u2 ≤ +ε, ∀v ∈ R}

=
[
− 2

√
ε

p2 + 1
,
2
√
ε

p2 + 1

]
.

Therefore,
Ωα(ε) =

∪
p∈B(0,ε)

Ωp
α(ε) =

[
− 2

√
ε, 2

√
ε
]
,

for sufficiently small ε > 0. By trivial computation, we have
θ(ε) = sup{u− u∗ : u ∈ Ωα(ε)} = 2

√
ε→ 0 as ε→ 0.

By Theorem 40, HVIMN (1.3.1) is 2-well-posed by perturbations
To derive a characterization of strong generalized α−well-posedness by perturbations, we

need another function q which is defined by
q(ε) = e(Ωα(ε), S), ∀ε ≥ 0,

where S is the solution set of HVIMN (1.3.1) and e is defined as in definition 36.
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Theorem 42. HVIMN (1.3.1) is strongly generalized α−well-posed by perturbations if and only
if S is nonempty compact and q(ε) → 0 as ε→ 0.

Proof. Assume that HVIMN (1.3.1) is strongly generalized α−well-posed by perturbations. Clearly,
S is nonempty. Let {un} be any sequence in S and {pn} ⊂ P be such that pn = p∗. Then {un}
is an α-approximating sequence corresponding to {pn} for HVIMN (1.3.1). Since HVIMN (1.3.1) is
strongly generalized α−well-posed by perturbations, we have {un} has a subsequence which
converges strongly to some point of S. Thus S is compact. Next, we suppose that q(ε) ̸→ 0 as
ε→ 0, then there exist l > 0, 0 < εn → 0 and un ∈ Ωα(εn) such that

un ̸∈ S +B(0, l), ∀n ≥ 1. (1.4.2)

Since un ∈ Ωα(εn), there exist pn ∈ B(p∗, ε), u∗n ∈ F̃ (pn, un) such that un ∈ D̃1(f̃) and

⟨u∗n, v − un⟩+ f̃(pn, un, v) +

∫
Ω

j̃◦pn(x, ûn(x); v̂(x)− ûn(x))dx ≥ −α
2
∥v − un∥2 − ε,

for all v ∈ K and n ≥ 1. Since pn ∈ B(p∗, εn), we have pn → p∗. Then {un} is an α ap-
proximating sequence corresponding to {pn} for HVIMN (1.3.1). Since HVIMN (1.3.1) is strongly
generalized α−well-posed by perturbations, there exists a subsequence {unk

} of {un} converg-
ing strongly to some point of S, which leads to a contradiction with (1.4.2) and so q(ε) → 0 as
ε→ 0.

Conversely, we assume that S is nonempty compact and q(ε) → 0 as ε→ 0. Let {pn} ⊂ P
be such that pn → p∗ and let {un} be an α−approximating sequence corresponding to {pn}.
Take ε′n = max{εn, ∥pn − p∗∥}. Thus ε′n → 0 and xn ∈ Ωα(ε

′
n). It follows that

d(un, S) ≥ e(Ωα(ε
′
n), S) = q(ε′n) → 0.

Since S is compact, there exists ūn ∈ S such that

∥un − ūn∥ = d(xn, S) → 0.

Again from the compactness of S, {ūn} has a subsequence {ūnk
} which converges to ū. Thus

HVIMN (1.3.1) is strongly generalized α−well-posed by perturbations. □

The following example is shown for illustrating the metric characterizations in Theorem
42.

Example 43. Let E = R, P = [−1, 1], K = R, p∗ = 0, α = 2, F̃ (p, u) = {2u}, j̃ =

0, f̃(p, u, v) = (1 − (p2+1)2

4
)u2 for all p ∈ P, u, v ∈ K. It is easy to see that u = 0 is a

solution of HVIMN (1.3.1). Repeating the same argument as in Example 41, we obtain that

Ωα(ε) =
∪

p∈B(0,ε)

Ωp
α(ε) =

[
− 2

√
ε, 2

√
ε
]
,

for sufficiently small ϵ > 0. By trivial computation, we have

q(ϵ) = e(Ωα(ϵ), S) = sup
u(ϵ)∈Ωα(ϵ)

d(u(ϵ), S) → 0 as ϵ→ 0.

By Theorem 42, HVIMN (1.3.1) is strongly generalized α−well-posed by perturbations.
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The strong generalized α-well-posedness by perturbations can be also characterized by the
behavior of the noncompactness measure µ(Ωα(ϵ)).

Theorem 44. Let L be finite-dimensional, j̃◦p(x, y) be upper semicontinuous as a functional of
(p, x, y) ∈ P × E × E and f is convex. Let F̃ is closed on P × K and f̃ be continuous on
P ×K ×K. Then HVIMN (1.3.1) is strongly generalized α−well-posed by perturbations if and
only if Ωα(ε) ̸= ∅,∀ε > 0 and µ(Ωα(ε)) → 0 as ε→ 0.

Proof. First, we will prove that Ωα(ε) is closed for all ε ≥ 0. Let {un} ⊂ Ωα(ε) with un → ū.
Then there exist pn ∈ B(p∗, ε), u∗n ∈ F̃ (pn, un) such that un ∈ D̃1(f̃) and

⟨u∗n, v − un⟩+ f̃(pn, un, v) +

∫
Ω

j̃◦pn(x, ûn(x); v̂(x)− ûn(x))dx ≥ −α
2
∥v − un∥2 − ε,(1.4.3)

for all v ∈ K and n ≥ 1. Without loss of generality, we may assume that pn → p̄ ∈ B(p∗, ε)
because L is finite dimensional. Since j̃p(x, y) is upper semicontinuous as a functional of
(p, x, y) ∈ P × E × E. Hence it follows from (1.4.3) and the continuity of f̃ that

⟨u∗, v − ū⟩+ f̃(p̄, ū, v) +

∫
Ω

j̃◦p̄(x, ûn(x); v̂(x)− ûn(x))dx

≥ lim sup
n→∞

⟨u∗n, v − un⟩+ f̃(pn, un, v) +

∫
Ω

j̃◦pn(x, ûn(x); v̂(x)− ûn(x))dx

≥ lim sup
n→∞

−α
2
∥v − un∥2 − ε,

= −α
2
∥v − ū∥2 − ε ∀v ∈ K.

Thus ū ∈ Ωα(ε). Hence Ωα(ε) is closed.
Next, we show that

S =
∩
ε>0

Ωα(ε). (1.4.4)

It is easy to see that S ⊆ ∩ε>0Ωα(ε). Thus, we show that ∩ε>0Ωα(ε) ⊆ S. Let ū ∈ ∩ε>0Ωα(ε).
Let {εn} be a sequence of positive real numbers such that εn → 0. Thus

ū ∈ Ωα(εn)

and so there exist pn ∈ B(p∗, εn) and u∗ ∈ F̃ (pn, ū) such that ū ∈ D̃1(f̃) and

⟨u∗, v − ū⟩+ f̃(pn, ū, v) +

∫
Ω

j̃◦pn(x, ˆ̄u(x); v̂(x)− ˆ̄u(x))dx ≥ −α
2
∥v − ū∥2 − εn, (1.4.5)

for all v ∈ K and n ≥ 1. It is easy to verify that pn → p∗. Taking limit as n → ∞, we can get
that

⟨u∗, v − ū⟩+ f(ū, v) +

∫
Ω

j◦(x, ˆ̄u(x); v̂(x)− ˆ̄u(x))dx

= ⟨u∗, v − ū⟩+ f̃(p∗, ū, v) +

∫
Ω

j̃◦p∗(x, ˆ̄u(x); v̂(x)− ˆ̄u(x))dx

≥ −α
2
∥v − ū∥2, ∀v ∈ K (1.4.6)
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Since F̃ is closed on P × K , we have u∗ ∈ F (ū) and for any z ∈ K and t ∈ (0, 1), letting
v = ū+ t(z − ū) in (1.4.6), we can get from T is linear, f is convex and definition of j◦ that

t⟨u∗, z − ū⟩+ tf(ū, z) +

∫
Ω

j◦(x, ˆ̄u(x); v̂(x)− ˆ̄u(x))dx

≥ t⟨u∗, z − ū⟩+ f(ū, ū+ t(z − ū)) +

∫
Ω

j◦(x, ˆ̄u(x); ẑ(x)− ˆ̄u(x))dx

≥ −αt
2

2
∥z − ū∥2.

This implies that

⟨u∗, z − ū⟩+ tf(ū, z) +

∫
Ω

j◦(x, ˆ̄u(x); v̂(x)− ˆ̄u(x))dx ≥ −αt
2
∥z − ū∥2 ∀z ∈ K.

As t→ 0 in the last inequality, we get

⟨u∗, z − ū⟩+ tf(ū, z) +

∫
Ω

j◦(x, ˆ̄u(x); v̂(x)− ˆ̄u(x))dx ≥ 0 ∀z ∈ K.

Hence ū ∈ S and thus (1.4.4) is proved. Next, we suppose that HVIMN (1.3.1) is strongly general-
ized α−well-posed by perturbations. By Theorem 42, we can get that S is nonempty compact
and q(ε) → 0. Since S ⊂ Ωα(ε) for all ε > 0, we have

Ωα(ε) ̸= ∅, ∀ε > 0.

We observe that for each ε > 0,

H(Ωα(ε), S) = max{e(Ωα(ε), S), e(S,Ωα(ε))} = e(Ωα(ε), S).

By the compactness of S, we have

µ(Ωα(ε)) ≤ 2H(Ωα(ε), S) = 2q(ε) → 0.

Conversely, we suppose that Ωα(ε) ̸= ∅, ∀ε > 0 and µ(Ωα(ε)) → 0 as ε → 0. Since Ωα(·),
by the Kuratowski theorem, we can get from (1.4.4) that

q(ε) = H(Ωα(ε), S) → 0 as ε→ 0

and S is nonempty compact. Hence HVIMN (1.3.1) is strongly generalized α−well-posed by
perturbations by Theorem 42. □
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The following example is given for illustrating the measure in Theorem 44.
Example 45. Let E = R, P = [−1, 1], K = R, p∗ = 0, α = 2, F̃ (p, u) = {2u}, j̃ =

0, f̃(p, u, v) = (1 − (p2+1)2

4
)u2 for all p ∈ P, u, v ∈ K. It is easy to see that u = 0 is a

solution of HVIMN (1.3.1). Repeating the same argument as in Example 41, we obtain that

Ωα(ε) =
∪

p∈B(0,ε)

Ωp
α(ε) =

[
− 2

√
ε, 2

√
ε
]
.

We will show that µ(Ωα(ϵ)) = 0 for each ϵ > 0. Let ϵ > 0. Consider

µ(Ωα(ϵ)) = inf{λ > 0 : [−2
√
ϵ, 2

√
ϵ] ⊆

n∪
k=1

[ak, bk], with diam[ak, bk] < λ,∀i = 1, . . . , n, ∃n ∈ N}.

For every λ > 0, we can find n ∈ N with a1 = −2
√
ϵ, bn = 2

√
ϵ such that

[−2
√
ϵ, 2

√
ϵ] ⊆

n∪
k=1

[ak, bk] and diam[ak, bk] < λ.

This implies that µ(Ωα(ϵ)) = 0 for each ϵ > 0. Then HVIMN (1.3.1) is strongly generalized
α−well-posed by perturbations.
Remark 46. Any solution of HVIMN (1.3.1) is a solution of the α problem: find u ∈ D1(f) and
u∗ ∈ F (u) such that

⟨u∗, v − u⟩+ f(u, v) +

∫
Ω

j◦(x, û(x); v̂(x)− û(x))dx ≥ −α
2
∥y − x∥2, ∀v ∈ K,

but the converse is not true in general. To show this, let K = R,

F (u) = {u}, f(u, v) = 2u2 − v and j = 0,

for all u, v ∈ K. It is easy to see that the solution set of HVIMN (1.3.1) is empty and u∗ = u = 0
is the unique solution of the corresponding α problem with α = 2.

1.5 Levitin-Polyak Well-posedness for Lexicographic Vector Equi-
librium Problems

Equilibrium problems first considered by Blum and Oettli [151] have been playing an important
role in optimization theory with many striking applications particularly in transportation, mechan-
ics, economics, etc. Equilibrium models incorporate many other important problems such as:
optimization problems, variational inequalities, complementarity problems, saddlepoint/mini-
max problems, and fixed points. Equilibrium problems with scalar and vector objective functions
have been widely studied. The crucial issue of solvability (the existence of solutions) has attracted
the most considerable attention of researchers, see, e.g., [157, 161, 164, 183].

On the other hand, well-posedness plays an important role in the stability analysis and
numerical methods for optimization theory and applications. Since any algorithm can gener-
ate only an approximating solution sequence which is meaningful only if the problem is well-
posed under consideration. The first and oldest well-posedness is Hadamard well-posedness
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[163], which means existence, uniqueness and continuous dependence of the optimal solution
and optimal value from perturbed data. The second is Tikhonov well-posedness [184], which
means the existence and uniqueness of the solution and convergence of each minimizing se-
quence to the solution. Well-posedness properties have been intensively studied and the two
classical well-posedness notions have been extended and blended. For parametric problems,
well-posedness is closely related to stability. Up to now, there have been many works dealing
with well-posedness of optimization-related problems as mathematical programming [182, 165],
constrained minimization [155, ?, ?, 160] variational inequalities [155, 153, 159, 173, 185], Nash
equilibria [185, 177], and equilibrium problems [160, 145, 167]. A fundamental requirement in
Tykhonov well-posedness is that every minimizing sequence is from within the feasible region.
However, in several numerical methods such as exterior penalty methods and augmented La-
grangian methods, the minimizing sequence generated may not be feasible. Taking this into
account, Levitin and Polyak [171] introduced another notion of well-posedness which does not
necessarily require the feasibility of the minimizing sequence. However, it requires the distance
of the minimizing sequence from the feasible set to approach to zero eventually. Since then,
many authors investigated the well-posedness and well-posedness in the gener- alized sense for
optimization, variational inequalities and equilibrium problems. The study of Levitin-Polyak type
well-posedness for scalar convex optimization probiems with functional constraints was initiated
by Konsulova and Revalski [169]. In 1981, Lucchetti and Patrone [176] introduced and studied
the well-posedness for variational inequalities, which is a generalization of the Tykhonov well-
posedness of minimization problems. Long et al. [174] introduced and studied four types of
Levitin-Polyak well-posedness of equilibrium problems with abstract set constraints and func-
tional constraints. Li and Li [172] introduced and researched two types of Levitin-Polyak well-
posedness of vector equilibrium problems with abstract set constraints. Peng et al. [179] intro-
duced and studied four types of Levitin-Polyak well-posedness of vector equilibrium problems
with abstract set constraints and functional constraints. Peng, Wu and Wang [180] introduced sev-
eral types of Levitin-Polyak well-posedness for a generalized vector quasi-equilibrium problem
with functional constraints and abstract set constraints. Chen, Wan and Cho [154] studied the
Levitin-Polyak well-posedness by perturbations for a class of general systems of set-valued vec-
tor quasi-equilibrium problems in Hausdorff topological vector spaces. Very recently Lalitha and
Bhatia [170] studied the LP well-posedness for a parametric quasivariational inequality problem
of the Minty type.

With regard to vector equilibrium problems, most of existing results correspond to the case
when the order is induced by a closed convex cone in a vector space. Thus, they cannot be
applied to lexicographic cones, which are neither closed nor open. These cones have been exten-
sively investigated in the framework of vector optimization, see, e.g., [146, 149, 150, 152, 158, 162,
168, 166]. For instance, Konnov and Ali [168] studied sequential problems, especially exploiting
its relation with regularization methods. Bianchi et al. in [149] analyzed lexicographic equilib-
rium problems on a topological Hausdorff vector space, and their relationship with some other
vector equilibrium problems. They obtained the existence results for the tangled lexicographic
problem via the study of a related sequential problem. However, for equilibrium problems, the
main emphasis has been on the issue of solvability/existence. To the best of the knowledge,
very recently, Anh et al. in [146] studied the Tikhonov well-posedness for lexicographic vector
equilibrium problems in metric spaces and gave the sufficient conditions for a family of such
problems to be well-posed and uniquely well-posed at the considered point. Furthermore, they
derived several results on well-posedness for a class of variational inequalities.

In this paper, we first introduce the new notions of Levitin-Polyak(LP) well-posedness and
LP well-posedness in the generalized sense for the Lexicographic vector equilibrium problems.
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Then, we establish some sufficient conditions for this problems to be LP well-posedness at
the reference point. Furthermore, we give numerous examples to explain that all the imposed
assumptions are very relaxed and cannot be dropped.

The layout of the paper is as follows. In Sect. 2, we introduce the notions of LP well-
posedness and LP well-posedness in the generalized sense for the Lexicographic vector equilib-
rium problems. In Sect. 3, we establish some sufficient conditions for this problems to be LP
well-posedness at the reference point. Section 4 is devoted to LP well-posedness in the gen-
eralized sense for the Lexicographic vector equilibrium problems. Some concluding remarks are
included in the end of this paper.

We first recall the concept of lexicographic cone in finite dimensional spaces and models of
equilibrium problems with the order induced by such a cone. The lexicographic cone of Rn,
denoted Cl , is the collection of zero and all vectors in Rn with the first nonzero coordinate
being positive, i.e.,

Cl := {0} ∪ {x ∈ Rn|∃i ∈ {1, 2, . . . , n} : xi > 0 and xj = 0, ∀j < i}.

This cone is convex and pointed, and induces the total order as follow:
x ≥l y ⇔ x− y ∈ Cl.

We also observe that it is neither closed nor open. Indeed, when comparing with the cone
C1 := {x ∈ Rn|x1 ≥ 0}, we see that intC1 ⊊ Cl ⊊ C1, while

intCl = intC1 and clCl = C1.

Throughout this paper, if not other specified,X be a metric space and Λ denote the metric space.
Let X0 ⊂ X be nonempty and closed sets . Let f := (f1, f2, . . . , fn) : X ×X × Λ → Rn be
vector-valued function and K : Λ → 2X being a closed valued map. The lexicographic vector
quasiequilibrium problem consists of, for each λ ∈ Λ,

(LEPλ) finding x̄ ∈ K(λ) such that
f(x̄, y, λ) ≥l 0 ,∀y ∈ K(λ).

Instead of writing {(LEPλ)|λ ∈ Λ} for the family of lexicographic vector equilibrium problem, i.e.,
the lexicographic parametric problem, we will simply write (LEP) in the sequel. Let S : Λ → 2X

be the solution map of (LEP); that is, for each λ ∈ Λ,
S(λ̄) := {x ∈ K(λ̄)|f(x, y, λ̄) ≥l 0, ∀y ∈ K(λ̄)}. (1.5.1)

Following the lines of investigating ε-solutions to vector optimization problems initiated by Lori-
dan [175], we consider, for each λ ∈ Λ and each ε ∈ [0,∞), the following approximate problem:

( LEPλ,ε) find x̄ ∈ K(λ) such that
d(x̄,K(λ)) ≤ ϵ and f(x̄, y, λ) + εe ≥l 0, ∀y ∈ K(λ),

where e := (0, 0, . . . , 0︸ ︷︷ ︸
n−1

, 1) ∈ Rn. The solution set of (LEPλ,ε) is denoted by S̃(λ, ε); that is the

set valued-map S̃ : Λ× R → 2X is defined by
S̃(λ, ε) = {x ∈ X|d(x,K(λ)) ≤ ϵ and f(x, y, λ) + εe ≥l 0, ∀y ∈ K(λ)}, (1.5.2)

for all (λ, ε) ∈ Λ× R.
Now we introduce the concept of LP well-posedness for LEP. For this purpose, we require

the the following notions of an LP approximating sequence.
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Definition 47. Let {λn} be a sequence in Λ such that λn → λ̄. A sequence {xn} is said to
be an LP approximating sequence for LEP with respect to {λn} if there is a sequence {ϵn} in
(0,∞) satisfying ϵn → 0 as n→ ∞, such that

1. d(xn, K(λn)) ≤ ϵn, for all n ∈ N;

2. f(xn, yn, λn) + ϵne ≥l 0, ∀yn ∈ K(λn).

Definition 48. The problem (LEP) is LP well-posed at λ̄ if

1. there exists a unique solution x̄ of LEP;

2. for any sequence {λn} converging to λ̄, every LP approximating sequence {xn} with re-
spect to {λn} converges to x̄.

Definition 49. [147] Let Q : X ⇒ Y be a set-valued mapping between metric spaces

1. Q is upper semicontinuous (usc) at x̄ if for any open set U ⊇ Q(x̄), there is a neighbor-
hood N of x̄ such that Q(N) ⊆ U .

2. Q is lower semicontinuous (lsc) at x̄ if for any open subset U of Y with Q(x̄) ∩ U ̸= ∅,
there is a neighborhood N of x̄ such that Q(x) ∩ U ̸= ∅ for all x ∈ N .

3. Q is closed at x̄ if for any sequences xk → x̄ and yk → ȳ with yk ∈ Q(xk), it holds
ȳ ∈ Q(x̄).

Lemma 50. [147]

1. IfQ is usc at x̄ andQ(x̄) is compact, then for any sequence xn → x̄, every sequence {yn}
with yn ∈ Q(xn) has a subsequence converging to some point in Q(x̄). If, in addition,
Q(x̄) = {ȳ} is a singleton, then such a sequence {yn} must converge to ȳ.

2. Q is lsc at x̄ if and only if for any sequence xn → x̄ and any point y ∈ Q(x̄), there is a
sequence {yn} with yn ∈ Q(xn) converging to y.

Definition 51. [146, 144] Let g be an extended real-valued function on a metric space X and ε
be a real number.

1. g is upper ε-level closed at x̄ ∈ X if for any sequence xn → x̄,

[g(xn) ≥ ε, ∀n] ⇒ [g(x̄) ≥ ε].

2. g is strongly upper ε-level closed at x̄ ∈ X if for any sequences xn → x̄ and
{vn} ⊂ [0,∞) converging to 0,

[g(xn) + vn ≥ ε, ∀n] ⇒ [g(x̄) ≥ ε].

Let A,B be two subsets of metric space X. The Hausdorff distance between A and B is
defined as follows

H(A,B) = max{H∗(A,B), H∗(B,A)},

where H∗(A,B) = supa∈A d(a,B), and d(x,A) = infy∈A d(x, y).
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1.6 LP well-posedness for Lexicographic vector Equilibrium
Problems

In this section, we shall give some neccessary and/or sufficient conditions for (LEP) to be LP
well-posed at the reference point λ̄ ∈ Λ. To simplify the presentation, in the sequel, the results
will be formulated for the case n = 2. For any two positive numbers α, ϵ, the solution set of
approximation solutions for the problem (LEPλ,ε) is denoted by

Γ(λ̄, α, ϵ) =
∪

λ∈B(λ̄,α)∩Λ

{x ∈ X|d(x,K(λ)) ≤ ϵ and f(x, y, λ) + εe ≥l 0, ∀y ∈ K(λ)},

(1.6.1)
where B(λ̄, α) denote the closed ball centered at λ̄ with radius α. The set-valued mapping
Z : Λ×X → 2X next defined will play an important role our analysis

Z(λ, x) =

{
{z ∈ K(λ)|f1(x, z, λ) = 0} if (λ, x) ∈ gr Z1;
X otherwise,

where Z1 : Λ → 2X denotes the solution mapping of the scalar equilibrium problem determined
by the real-valued function f1 :

Z1(λ) = {x ∈ K(λ)|f1(x, y, λ) ≥ 0, ∀y ∈ K(λ)}.

Then (1.6.1) is equivalent to
Γ(λ̄, α, ϵ)

=
∪

λ∈B(λ̄,α)∩Λ

{x ∈ X|d(x,K(λ)) ≤ ϵ, f1(x, y, λ) ≥ 0,∀y ∈ K(λ) and f2(x, z, λ)+ϵ ≥ 0,∀z ∈ Z(λ, x)}

=
∪

λ∈B(λ̄,α)∩Λ

S̃(λ, ε),

where S̃ is the solution map for (LEPλ,ε) defined by (1.5.2). For the solution map S : Λ → 2X

of (LEP), in general, we observe that

Γ(λ̄, 0, 0) = S(λ̄) and S(λ̄) ⊆ Γ(λ̄, α, ϵ), ∀α, ϵ > 0,

and hence
S(λ̄) ⊆

∩
α,ϵ>0

Γ(λ̄, α, ϵ).

Next, we provide the sufficient conditions for the two sets to coincide.
Proposition 52. Suppose that the following conditions are satisfied :

1. K is closed and lsc on Λ;
2. Z is lsc on Λ×X;

3. f1 is upper 0-level closed on X ×X × Λ;

4. f2 is strongly upper 0-level closed on X ×X × Λ;

then ∩
α,ϵ>0

Γ(λ̄, α, ϵ) = S(λ̄).
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Proof. Let x̄ ∈
∩

α,ϵ>0 Γ(λ̄, α, ϵ), then without loss of generality, there exist sequences αn >

0, ϵn > 0 with αn → 0, ϵn → 0, such that x̄ ∈ Γ(λ̄, αn, ϵn). Hence, it follows that there exists a
sequence λn ∈ B(λ̄, αn) ∩ Λ, such that, for all n ∈ N,

d(x̄,K(λn)) ≤ ϵn, (1.6.2)

and

f1(x̄, y, λn) ≥ 0, ∀y ∈ K(λn) and f2(x̄, z, λn) + ϵn ≥ 0, ∀z ∈ Z(λn, x̄). (1.6.3)

Since K(λ̄) is a closed set in X , it follows from (1.6.2) that we can choose xn ∈ K(λn), such
that

d(x̄, xn) ≤ ϵn, ∀n ∈ N. (1.6.4)
Thus xn → x̄ as n → ∞. Clearly λn → λ̄ as n → ∞ and also as K is closed at λ̄, it follows
that x̄ ∈ K(λ̄). As K is lsc at λ̄ and λn → λ̄ for any y ∈ K(λ̄) there exists yn ∈ K(λn) such
that yn → y. Also Z is lsc at (λ̄, x̄) and (λn, xn) → (λ̄, x̄), it is clear that for any z ∈ Z(λ̄, x̄)
there exists a sequence zn ∈ Z(λn, xn) such that zn → z. This implies by assumption (iii),(iv),
and (1.6.3) that f1(x̄, y, λ̄) ≥ 0, f2(x̄, z, λ̄) ≥ 0 and hence, x̄ ∈ S(λ̄). □

Theorem 1. Suppose that the conditions (i)-(iv) in Proposition 52 are satisfied. Then (LEP) is
LP well-posed at λ̄ ∈ Λ if and only if Γ(λ̄, α, ϵ) ̸= ∅,∀α, ϵ > 0 and diam Γ(λ̄, α, ϵ) →
0 as (α, ϵ) → (0, 0).

Proof. Suppose that the problem (LEP) is LP well-posed. Hence, it has a unique solution x̄ ∈
S(λ̄) and hence Γ(λ̄, α, ϵ) ̸= ∅,∀α, ϵ > 0 as S(λ̄) ⊆ Γ(λ̄, α, ϵ). Suppose on the contrary that
diam Γ(λ̄, α, ϵ) ↛ 0 as (α, ϵ) → (0, 0). Then there are positive numbers r,m and sequences
{αn}, {ϵn} in (0,∞) with (αn, ϵn) → (0, 0) and xn, x′n ∈ Γ(λ̄, αn, ϵn) such that

d(xn, x
′
n) > r, ∀n ≥ m. (1.6.5)

By xn, x′n ∈ Γ(λ̄, αn, ϵn), there exist λn, λ′n ∈ B(λ̄, αn) ∩ Λ such that

d(xn, K(λn)) ≤ ϵn,

f1(xn, y, λn) ≥ 0, ∀y ∈ K(λn) and f2(xn, z, λn) + εn ≥ 0, ∀z ∈ Z(λn, xn) (1.6.6)
and

d(x′n, K(λ′n)) ≤ ϵn,

f1(x
′
n, y, λ

′
n) ≥ 0, ∀y ∈ K(λ′n), f2(x

′
n, z, λ

′
n) + εn ≥ 0, ∀z ∈ Z(λ′n, xn). (1.6.7)

The sequence {xn} and {x′n} are LP approximating sequences for (LEP) corresponding to se-
quences λn → λ̄ and λ′n → λ̄′, respectively. Since (LEP) is LP well-posed, we have that {xn}
and {x′n} converse to the unique solution x̄, which arrives a contradiction to (1.6.5). Hence,
diam Γ(λ̄, α, ϵ) → 0 as (α, ϵ) → (0, 0).

Conversely, let {λn} be a sequence in Λ converging to λ̄ and {xn} be a LP approximating
sequence with respect to {λn}. Then there exists a sequence {ϵn} in (0,∞) with ϵn → 0 as
n→ ∞ such that

d(xn, K(λn)) ≤ ϵn,

f1(xn, y, λn) ≥ 0, ∀y ∈ K(λn) and f2(xn, z, λn) + εn ≥ 0, ∀z ∈ Z(λn, xn). (1.6.8)
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If we choose αn = d(λn, λ̄), then αn → 0 and xn ∈ Γ(λ̄, αn, ϵn). Since diam Γ(λ̄, αn, ϵn) → 0
as n → ∞, it follows that {xn} is a Cauchy sequence in X and hence it converges to x̄ ∈ X .
For each positive integer n, K(λn) is compact. Thus, there exists x′n ∈ K(λn) such that

d(xn, x
′
n) ≤ ϵn, for all n ∈ N,

which implies that x′n → x̄. Since K is closed at λ̄, it follows that x̄ ∈ K(λ̄). Suppose on the
contrary x̄ /∈ S(λ̄), that is, there exist ȳ ∈ K(λ̄) and z̄ ∈ Z(λ̄, x̄) such that

f1(x̄, ȳ, λ̄) < 0 or f2(x̄, z̄, λ̄) + ϵ < 0. (1.6.9)

Since K is lsc at λ̄ and λn → λ̄, it is clear that for any y ∈ K(λ̄) there exists a sequence
yn ∈ K(λn) such that yn → ȳ. Again, since Z is lsc at (λ̄, x̄) and (λn, xn) → (λ̄, x̄) there exists
a sequence zn ∈ Z(λn, xn) such that zn → z̄. Hence, we obtain by assumption (iv), (v) and
(1.6.8) that,

f1(x̄, ȳ, λ̄) ≥ 0 and f2(x̄, z̄, λ̄) ≥ 0.

This yields a contradiction to (1.6.9). Hence, we conclude that x̄ ∈ S(λ̄).
Finally, we will show that x̄ is the only solution of (LEP). Let x∗ be another point in S(λ̄)

(x∗ ̸= x̄). It is clear that they both belong to Γ(λ̄, α, ϵ) for any α, ϵ > 0. Then, it follows that

0 ≤ d(x̄, x∗) ≤ diam Γ(λ̄, α, ϵ) ↓ 0 as (α, ϵ) ↓ (0, 0).

This is impossible and, therefore, we are done. The proof is completed. □

The following examples show that none of the assumptions in Theorem 1 can be dropped.
Example 53. (Lower semicontinuity of K) Let X = Λ = [0, 2] and K and f be defined by

K(λ) =

{
[0, 1] if λ ̸= 0;
[0, 2] if λ = 0,

f(x, y, λ) = (x− y, λ).

One can check that K is closed but not lsc at λ̄ = 0 and

S(λ) = Z1(λ) =

{
{1} if λ ̸= 0;
{2} if λ = 0,

Z(λ, x) = {x}, ∀(λ, x) ∈ gr Z1.

Thus, assumption (iii)-(v) hold true. However, (LEP) is not LP well-posed at λ̄. Indeed, let λn := 1
n

and xn := 1 + 1
2n

for all n ∈ N. Then, {xn} is an LP approximating sequence of (LEPλ̄)
corresponding to {λn} with ϵn := 1

n
, while xn → 1 /∈ S(0).

Example 54. (Closedness of K) Let X = Λ = [−2, 2], K(λ) = (0, 1] (continuous), and a
function f := (f1, f2) : X ×X × Λ → R2 be defined by, for all x, y ∈ X and λ ∈ Λ,

f(x, y, λ) = (x− y

2
,
1

2
− x).

It can be calculated that

Z(λ, x) =


{1} if x = 1

2
;

∅ if x ∈ (1
2
, 1];

X otherwise.
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Then, we can conclude that

Γ(λ, α, ϵ) =
[1
2
,
1

2
+ min{ε, 3

2
}
]

and
diam Γ(λ, α, ε) → 0 as (α, ε) → (0, 0).

One can check that,
S(λ) =

{1

2

}
.

We observe that (LEP) is not LP well-posed. Indeed, put λn := 1
n
, xn := 1 + εn

n
for all n ∈ N.

Then, {xn} is an LP approximating sequence of (LEPλ̄) corresponding to {λn} with ϵn := 1
n
, while

xn → 1 /∈ S(λ).
Example 55. (Lower semicontinuity of Z) Let X = Λ = [0, 1], K(λ) = [0, 1] (continuous and
closed), λ̄ = 0 and f(x, y, λ) = (λx(x− y), y − x). One can check that

Z1(λ) =

{
[0, 1] if λ = 0;
{0, 1} if λ ̸= 0.

and, for each (λ, x) ∈ gr Z1,

Z(λ, x) =

{
[0, 1] if λ = 0 or x = 0;
{1} if λ ̸= 0 and x ̸= 0.

Z is not lsc at (0, 1). Indeed, taking λn := 1
2n

and xn := 1 + 1
n

for all n ∈ N, we have
(λn, xn) → (0, 1) and Z(λn, xn) = {1} for all n, while Z(0, 1) = [0, 1]. Assumption (iv) and (v)
are obviously satisfied. By calculating the solution mapping S explicitly as follows:

S(λ) =

{
{0} if λ = 0;
{0, 1} if λ ̸= 0.

We observe that (LEP) is not LP well-posed at λ̄. Indeed, let λn := 1
2n

and xn := 1 + 1
n

for all
n ∈ N. Then, {xn} is an approximating sequence of (LEPλ̄) corresponding to {λn} with ϵn := 1

n
,

while xn → 1 /∈ S(0).
Example 56. (Upper 0-level closedness of f1) Let X = Λ = [0, 1], K(λ) = [0, 1] (continuous
and closed), λ̄ = 0 and

f(x, y, λ) =

{
(x− y, λ) if λ = 0;
(y − x, λ) if λ ̸= 0.

One can check that
S(λ) = Z1(λ) =

{
{1} if λ = 0;
{0} if λ ̸= 0.

Z(λ, x) = {x}, ∀(λ, x) ∈ gr Z1.

Hence, all the assumption except number (iv) hold true. However, (LEP) is not LP well-posed
at λ̄. Indeed, take sequences λn := 1

n+1
and xn := 0 for all n ∈ N. Then, {xn} is an LP

approximating sequence of (LEPλ̄) corresponding to {λn} with ϵn := 1
n
, while xn → 0 /∈ S(0).

Finally, we show that assumption 4 is not satisfied. Indeed, take {xn} and {λn} as above
and {yn := 1}, we have (xn, yn, λn) → (0, 1, 0) and f1(xn, yn, λn) = 1 > 0 for all n, while
f1(0, 1, 0) = −1 < 0.
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Example 57. (Strongly upper 0-level closedness of f2) Let X,Λ, K be as in Example 56 and

f(x, y, λ) =

{
(0, x− y) if λ = 0;
(0, x(x− y)) if λ ̸= 0.

One can check that
Z1(λ) = Z(λ, x) = [0, 1], ∀x, λ ∈ [0, 1],

S(λ) =

{
{1} if λ = 0;
{0, 1} if λ ̸= 0.

Thus, all the assumptions of Theorem 1 except (v) are satisfied. However, (LEP) is not LP well-
posed at λ̄. Indeed, take sequences λn := 1

n+1
and xn := 0 for all n ∈ N. Then, {xn} is an

LP approximating sequence of (LEPλ̄) corresponding to {λn}, while xn → 0 /∈ S(0). Finally, we
show that assumption (iv) is not satisfied. Indeed, take sequences xn := 0, yn := 1, λn := 1

n+1

and ϵn := 1
n

for all n ∈ N, we have (xn, yn, λn, ϵn) → (0, 1, 0, 0) and f2(xn, yn, λn) + ϵn > 0
for all n, while f2(0, 1, 0).
Corollary 58. If the conditions of the previous theorem hold then (LEP) is LP well-posed if and
only if S(λ̄) ̸= ∅ and

diam Γ(λ̄, α, ϵ) → 0 as (α, ϵ) → (0, 0).

Then (LEP) is LP well-posed if and only if Γ(λ̄, α, ϵ) ̸= ∅, ∀α, ϵ > 0 and diam Γ(λ̄, α, ϵ) →
0 as (α, ϵ) → (0, 0).

Theorem 2. Suppose that the conditions (i)-(iv) in Proposition 52 are satisfied. Then (LEP) is LP
well-posed if and only if it has a unique solution.
Proof. By the definition, we know that LP well-posedness for (LEP) implies it has a unique solution.
For the converse, suppose that the problem (LEP) has a unique solution x′. Let {λn} be a
sequence in Λ converging to λ̄ and {xn} an LP approximating sequence with respect to {λn}.
Then, there exists a sequence {ϵn} in (0,∞) with ϵn → 0, as n→ ∞, such that

d(xn, K(λn)) ≤ ϵn, for all n ∈ N, (1.6.10)

and

f1(xn, y, λn) ≥ 0, ∀y ∈ K(λn), f2(xn, z, λn) + ϵn ≥ 0, ∀z ∈ Z(λn, xn). (1.6.11)

By (1.6.10) and the closedness of K(λn) in X , for each positive integer n, we can choose x′n ∈
K(λn) such that

d(xn, x
′
n) ≤ ϵn. (1.6.12)

Since X is a compact set, the sequence {x′n} has a subsequence {x′nk
} which converges to a

point x̄ ∈ X . Using (1.6.12), we conclude that the corresponding subsequence {xnk
} of {xn}

converges to x̄. Again as K is closed at λ̄, it follows that x̄ ∈ K(λ̄). Proceeding along the
lines of converse part in the proof of Theorem 1, we can show that x̄ ∈ S(λ̄). Consequently,
x̄ coincides with x′(x̄ = x′). Again, by the uniqueness of the solution, it is obvious that every
possible subsequence converges to the unique solution x′ and hence the whole sequence {xn}
converges to x′, thus yielding the LP well-posedness of (LEP). □

To weaken the assumption of LP well-posednes in Theorem 1, we are going to use the notions
of measures of noncompactness in a metric space X .
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Definition 59. Let M be a nonempty subset of a metric space X .
(i) The Kuratowski measure of M is

µ(M) = inf
{
ε > 0|M ⊆

n∪
k=1

Mk and diam Mk ≤ ε, k = 1, . . . , n, ∃n ∈ N
}
.

(ii) The Hausdorff measure of M is

η(M) = inf
{
ε > 0|M ⊆

n∪
k=1

B(xk, ε), xk ∈ X, for some n ∈ N
}
.

(iii) The Istr�tescu measure of M is

ι(M) = inf
{
ε > 0|M have no infinite ε− discrete subset

}
.

Daneš [156] obtained the following inequalities:

η(M) ≤ ι(M) ≤ µ(M) ≤ 2η(M). (1.6.13)

The measures µ, η and ι share many common properties and we will use γ in the sequel to
denote either one of them. γ is a regular measure (see [148, 181]), i.e., it enjoys the following
properties.
Lemma 60. Let M be a nonempty subset of a metric space X .

1. γ(M) = +∞ if and only if the set M is unbounded;
2. γ(M) = γ(clM);

3. from γ(M) = 0 it follows that M is totally bounded set;
4. if X is a complete space and if {An} is a sequence of closed subsets of X such that
An+1 ⊆ An for each n ∈ N and limn→+∞ γ(An) = 0, thenK :=

∩
n∈NAn is a nonempty

compact set and limn→+∞H(An, K) = 0, where H is the Hausdorff metric;
5. from M ⊆ N it follows that γ(M) ≤ γ(N).

In terms of a measure γ ∈ {µ, η, ι} of noncompactness, we have the following result.
Theorem 3. Let X and Λ be metric spaces.

1. If LEP is LP well-posed at λ̄, then γ(Γ(λ̄, α, ε)) ↓ 0 as (α, ε) ↓ (0, 0) .
2. Conversely, suppose that S(λ̄) has a unique point and γ(Γ(λ̄, α, ε)) ↓ 0 as (α, ε) ↓ (0, 0),

and the following conditions hold
(a) X is complete and Λ is compact or a finite dimensional normed space;
(b) K is continuous, closed and compact-valued on Λ;
(c) Z is lsc on Λ×X;

(d) f1 is upper 0-level closed on X ×X × Λ;

(e) f2 is upper b-level closed on X ×X × Λ for every negative b close to zero.
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Then LEP is LP well-posed at λ̄.

Proof. By the relationship (1.6.13) the proof is similar for the three mentioned measures of non-
compactness. We discuss only the case γ = µ, the Kuratowski measure.

(i) Suppose that (LEP) be LP-well posed at λ̄.
Applying Proposition 62, we can conclude that S(λ̄) is compact, and hence µ(S(λ̄)) = 0.

Let ϵ > 0 and assume that

S(λ̄) ⊆
n∪

k=1

Mk with diamMk ≤ ϵ for all k = 1, . . . , n.

We set
Nk = {y ∈ X|d(y,Mk) ≤ H(Γ(λ̄, α, ϵ), S(λ̄))}

and want to show that Γ(λ̄, α, ϵ) ⊆ ∪n
k=1Nk. For any x ∈ Γ(λ̄, α, ϵ), we have

d(x, S(λ̄)) ≤ H(Γ(λ̄, α, ϵ), S(λ̄)).

Due to S(λ̄) ⊆ ∪n
k=1Mk, one has

d(x,
n∪

k=1

Mk) ≤ H(Γ(λ̄, α, ϵ), S(λ̄)).

Then, there exists k̄ ∈ {1, 2, . . . , n} such that

d(x,Mk̄) ≤ H(Γ(λ̄, α, ϵ), S(λ̄)),

i.e., x ∈ Nk̄. Thus, Γ(λ̄, α, ϵ) ⊆ ∪n
k=1Nk. Because µ(S(λ̄)) = 0 and

diamNk = diamMk + 2H(Γ(λ̄, α, ϵ), S(λ̄)) ≤ ϵ+ 2H(Γ(λ̄, α, ϵ), S(λ̄)),

it holds
µ(Γ(λ̄, α, ϵ)) ≤ 2H(Γ(λ̄, α, ϵ), S(λ̄)).

Note that H(Γ(λ̄, α, ϵ), S(λ̄)) = H∗(Γ(λ̄, α, ϵ), S(λ̄)) since S(λ̄) ⊆ Γ(λ̄, α, ϵ) for all α, ϵ > 0.
Now, we claim that H(Γ(λ̄, α, ϵ), S(λ̄)) ↓ 0 as α, ϵ ↓ 0 and . Indeed, if otherwise, we can
assume that there exist r > 0 and sequences αn, ϵn ↓ 0, and {xn} with xn ∈ Γ(λ̄, αn, ϵn) such
that

d(xn, S(x̄)) ≥ r, ∀n. (1.6.14)
Since {xn} is an approximating sequence of (LEPλ̄) corresponding to some {λn} with λn ∈
B(λ̄, αn) ∩ Λ, it has a subsequence {xnk

} converging to some x ∈ S(λ̄), which gives a contra-
diction with (1.6.14). Therefore, we conclude that µ(Γ(λ̄, α, ϵ)) as ξ ↓ 0 and ε ↓ 0.

(ii) Suppose that µ(Γ(λ̄, α, ϵ)) → 0 as (α, ϵ) → (0, 0) First, we show that Γ(λ̄, α, ϵ) is closed
for any α, ϵ > 0. Let {xn} ⊆ Γ(λ̄, α, ϵ), with xn → x̄. Then for each n ∈ N, there exists
λn ∈ B(λ̄, α) ∩ Λ such that

d(xn, K(λn)) ≤ ϵ

and

f1(xn, y, λn) ≥ 0, ∀y ∈ K(λn) and f2(xn, z, λn) + ϵ ≥ 0, ∀z ∈ Z(λn, xn), for all n ∈ N.
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By the assumption of Λ, this implies that B(λ̄, α) is compact. We can assume {λn} converges to
some λ ∈ B(λ̄, α)∩Λ. First, we claim that d(x̄,K(λ)) ≤ ϵ. SinceK(λn) is compact, there exists
x′n ∈ K(λn) such that d(xn, x′n) ≤ ϵ for all n ∈ N. By the upper continuity and compactness
of K , there exists a subsequence {x′nj

} of {x′n} such that x′nj
→ x′ ∈ K(λ). Consequently,

d(x̄,K(λ)) ≤ d(x̄, x′) = lim
n→∞

d(xn, x
′
n) ≤ ϵ. (1.6.15)

For each y ∈ K(λ), the lower semicontinuity of K at λ, there exists a sequence {yn} ⊆ K(λn)
such that yn → y. It follows from the upper 0-level closedness of f1 that

f1(x̄, y, λ) ≥ 0;

that is
f1(x̄, y, λ) ≥ 0, ∀y ∈ K(λ). (1.6.16)

Next, we show that
f2(x̄, z, λ) + ϵ ≥ 0, ∀z ∈ Z(λ, x̄). (1.6.17)

Suppose to the contrary that there exists z̄ ∈ Z(λ, x̄) such that

f2(x̄, z̄, λ) + ϵ < 0.

Since Z is lower semicontinuous at (λ, x̄), we have for all n, there is zn ∈ Z(λn, xn) such that
zn → z̄ as n→ ∞. It follows from the upper (−ϵ)-level closedness f2 at (x̄, z̄, λ) that

f2(xn, zn, λn) < −ϵ

when n is sufficiently large which leads to a contradiction. By (1.6.15), (1.6.16) and (1.6.17), we
can conclude that x̄ ∈ S̃(λ, ϵ), and so x̄ ∈ Γ(λ̄, α, ϵ). Therefore Γ(λ̄, α, ϵ) is closed for any
α, ϵ > 0. Now we show that

S(λ̄) =
∩

α,ϵ>0

Γ(λ̄, α, ϵ).

It is clear that, S(λ̄) ⊆ ∩
α,ϵ>0 Γ(λ̄, α, ϵ). Next, we first check that, for each ε > 0,∩

α>0

Γ(λ̄, α, ϵ) ⊆ S̃(λ̄, ϵ).

For any x ∈
∩

α>0 Γ(λ̄, α, ϵ). Then for each {αn} ↓ 0, there exists a sequence {λn} with
λn ∈ B(λ̄, αn) ∩ Λ such that x ∈ S̃(λn, ϵ) for all n ∈ N, which gives that

d(x,K(λn)) ≤ ϵ,

f1(x, y, λn) ≥ 0, ∀y ∈ K(λn), and f2(x, z, λn) + ϵ ≥ 0, ∀z ∈ Z(λn, x).

Since K(λn) is compact , we can choose xn ∈ K(λn) such that

d(x, xn) ≤ ϵ, ∀n ∈ N.

By the upper continuity and compactness of K , there exists a subsequence {xnj
} of {xn} such

that xnj
→ x′ ∈ K(λ), which arrives that

d(x,K(λ̄)) ≤ d(x, x′) = lim
n→∞

d(x, xn) ≤ ϵ. (1.6.18)
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By assumptions on K and f1 again, we have x ∈ Z1(λ̄); that is

f1(x, y, λ̄) ≥ 0. (1.6.19)

Next, for each z ∈ Z(λ̄, x), there exists zn ∈ Z(λn, x) such that zn → z since Z is lsc at (λ̄, x).
As x ∈ S̃(λn, ϵ), it holds

f2(x, zn, λn) + ϵ ≥ 0, ∀n ∈ N.

Since f2 is upper -ϵ-level closed at (x, z, λ̄), we have

f2(x, z, λ̄) + ϵ ≥ 0. (1.6.20)

From (1.6.18)-(1.6.20), we get that x ∈ S̃(λ̄, ϵ). We obtain that ∩α>0 Γ(λ̄, α, ϵ) ⊆ S̃(λ̄, ϵ) for
every ε > 0. Consequently, ∩

α,ϵ>0

Γ(λ̄, α, ϵ) ⊆
∩
ϵ>0

S̃(λ̄, ϵ) = S(λ̄).

Therefore, we obtain that S(λ̄) =
∩

α,ϵ>0 Γ(λ̄, α, ϵ). Further, since µ(Γ(λ̄, α, ϵ)) → 0 as
(α, ϵ) → (0, 0). Applying Lemma 60 (iv), we get that S(λ̄) is compact andH(Γ(λ̄, α, ϵ), S(λ̄)) −→
0 as (α, ϵ) → (0, 0).

Finally, we prove that LEP is LP well-posedness. Indeed, let {xn} be an LP-approximating
sequence of (LEPλ̄) corresponding to some λn −→ λ̄. Then there exists a sequence {ϵn} in
(0,∞) with ϵn → 0 as n→ ∞ such that

d(xn, K(λn)) ≤ ϵn,

f1(xn, y, λn) ≥ 0, ∀y ∈ K(λn) and f2(xn, z, λn) + εn ≥ 0, ∀z ∈ Z(λn, xn). (1.6.21)
If we choose αn = d(λn, λ̄), then αn → 0 and xn ∈ Γ(λ̄, αn, ϵn). We see that

d(xn, S(λ̄)) ≤ H(Γ(λ̄, αn, ϵn), S(λ̄)) −→ 0 as n→ ∞.

Hence, there exist a sequence {x̄n} in S(λ̄) such that d(xn, x̄n) → 0 as n → ∞. By the
compactness of S(λ̄), there is a subsequence {x̄nj

} of {x̄n} converging to a point x̄ in S(λ̄).
Consequently, the corresponding subsequence {xnj

} of {xn} converses to x̄. Hence, LEP is LP
well-posedness. The proof is completed.

1.7 LP well-posedness in the generalized sense
In many practical situations, the problem (LEP) may not always possess a unique solution. Hence,
in this section, we introduce a generalization of LP well-posedness for (LEP).
Definition 61. The problem (LEP) is said to be LP well-posed in the generalized sense at λ̄ if

1. the solution set S(λ̄) is nonempty;
2. for any sequence {λn} converging to λ̄, every LP approximating sequence {xn} with re-

spect to {λn} has a subsequence converging to some point of S(λ̄).
Proposition 62. If (LEP) is LP well-posed in the generalized sense at λ̄, then its solution set S(λ̄)
is a nonempty compact set.
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Proof. Let {xn} be any sequence in S(λ̄). Then, of course, it is an LP approximating sequence
with respect to sequences λn := λ̄ and ϵn := 1

n
, for every n ∈ N. The generalized LP well-

posedness of (LEP) ensures the existence of a subsequence {xnk
} of {xn} converging to a point of

in S(λ̄). Therefore, we conclude that S(λ̄) is a nonempty compact set. The proof is completed.
□

Next, we present a metric characterization for the generalized LP well-posedness of (LEP) in
terms of the upper semicontinuity of the approximate solution set.
Theorem 4. (LEP) is LP well-posed in the generalized sense if and only if S(λ̄) is a nonempty,
compact set and Γ(λ̄, ·, ·) is usc at (α, ϵ) := (0, 0).
Proof. Suppose that (LEP) is LP well-posed in the generalized sense. Therefore, S(λ̄) ̸= ∅ and
further on using Proposition 62, we have S(λ̄) is compact. Next, we assume, on the contrary, that
Γ(λ̄, α, ϵ) is not usc at (0, 0). Consequently, there exist an open set U containing Γ(λ̄, 0, 0) =
S(λ̄) and positive sequences {αn} and {ϵn} satisfying αn → 0 and ϵn → 0 such that

Γ(λ̄, αn, ϵn) ⊊ U, for all n ∈ N.

Thus, there exists a sequence {xn} in Γ(λ̄, αn, ϵn)\S(λ̄). Therefore, of course, {xn} is an LP
approximating sequence for (LEP), such that none of its subsequence converges to a point of
S(λ̄), which is a contradiction.

Conversely, let {λn} be a sequence in Λ converging to λ̄ and {xn} be an LP approximating
sequence with respect to {λn}. If we choose a sequence αn = d(λn, λ̄) then αn → 0 and
xn ∈ Γ(λ̄, αn, ϵn). As Γ(λ̄, α, ϵ) is usc at (α, ϵ) = (0, 0) and S(λ̄) ̸= ∅, it follows that for every
δ > 0,Γ(λ̄, δn, ϵn) ⊂ S(λ̄) + B(0, δ) for n sufficiently large. Thus xn ∈ S(λ̄) + B(0, δ), for n
sufficiently large and hence there exists a sequence x̄n ∈ S(λ̄), such that

d(xn, x̄n) ≤ δ. (1.7.1)

Since S(λ̄) is compact, there exists a subsequence {x̄nk
} of {x̄n} converging to x̄ ∈ S(λ̄). Using

(1.7.1), we conclude that the corresponding subsequence {xnk
} of {xn} converges to x̄ ∈ S(λ̄).

□

The following result illustrates the fact that LP well-posedness in the generalized sense of
LEP ensures the stability, in terms of the upper semi-continuity of the solution set S.
Theorem 5. If (LEP) is LP well-posed in the generalized sense, then the solution mapping S is
usc at λ̄.
Proof. Suppose on the contrary, S is not usc at λ̄. Then there exists an open set U containning
S(λ̄) such that for every sequence λn → λ̄, there exists xn ∈ S(λn) such that xn /∈ U , for every
n. Since λn → λ̄, {xn} is an LP approximating sequence for (LEP) and none of its subsequnces
converge to a point of S(λ̄), hence we have a contradiction to the fact that (LEP) is LP well-posed
in the generalized sence. □
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Abstract
In this paper, by using a nonlinear scalarization technique, we obtain sufficient
conditions for Hölder continuity of the solution mapping for a parametric generalized
vector quasi-equilibrium problem with set-valued mappings. The results are different
from the recent ones in the literature.

Keywords: parametric generalized vector quasi-equilibrium problem; solution
mapping; Hölder continuity; nonlinear scalarization

1 Introduction
The generalized vector quasi-equilibrium problem is a unified model of several problems,
namely generalized vector quasi-variational inequalities, vector quasi-optimization prob-
lems, traffic network problems, fixed point and coincidence point problems, etc. (see, for
example, [, ] and the references therein). It is well known that the stability analysis of a
solution mapping for equilibrium problems is an important topic in optimization theory
and applications. Stability may be understood as lower or upper semicontinuity, conti-
nuity, and Lipschitz or Hölder continuity. There have been many papers to discuss the
stability of solution mapping for equilibrium problems when they are perturbed by pa-
rameters (also known the parametric (generalized) equilibrium problems). Last decade,
many authors intensively studied the sufficient conditions of upper (lower) semicontinuity
of various solution mappings for parametric (generalized) equilibrium problems, see [–
]. Let us begin now, Yen [] obtained the Hölder continuity of the unique solution of a
classic perturbed variational inequality by the metric projection method. Mansour and Ri-
ahi [] proved the Hölder continuity of the unique solution for a parametric equilibrium
problem under the concepts of strong monotonicity and Hölder continuity. Bianchi and
Pini [] introduced the concept of strong pseudomonotonicity and got the Hölder con-
tinuity of the unique solution of a parametric equilibrium problem. Anh and Khanh []
generalized the main results of [] to two classes of perturbed generalized equilibrium
problems with set-valued mappings. Anh and Khanh [] further discussed the uniqueness
and Hölder continuity of the solutions for perturbed equilibrium problems with set-valued

©2014 Wangkeeree and Preechasilp; licensee Springer. This is an Open Access article distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and re-
production in any medium, provided the original work is properly cited.
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mappings. Anh and Khanh [] extended the results of [] to the case of perturbed quasi-
equilibrium problems with set-valued mappings and obtained the Hölder continuity of the
unique solutions. Li et al. [] introduced an assumption, which is weaker than the corre-
sponding ones of [, ], and established the Hölder continuity of the set-valued solution
mappings for two classes of parametric generalized vector quasi-equilibrium problems in
general metric spaces. Li et al. [] extended the results of [] to perturbed generalized
vector quasi-equilibrium problems.

Among many approaches for dealing with the lower semicontinuity, continuity and
Hölder continuity of the solution mapping for a parametric vector equilibrium problem in
general metric spaces, the scalarization method is of considerable interest. The classical
scalarization method using linear functionals has been already used for studying the lower
semicontinuity of the solution mapping [–] and the Hölder continuity [] of the solu-
tion mapping to parametric vector equilibrium problems. Wang et al. [] established the
lower semicontinuity and upper semicontinuity of the solution set to a parametric gener-
alized strong vector equilibrium problem by using a scalarization method and a density
result. Recently, by using this method, Peng [] established the sufficient conditions for
the Hölder continuity of the solution mapping to a parametric generalized vector quasi-
equilibrium problem with set-valued mappings.

On the other hand, a useful approach for analyzing a vector optimization problem is
to reduce it to a scalar optimization problem. Nonlinear scalarization functions play an
important role in this reduction in the context of nonconvex vector optimization prob-
lems. The nonlinear scalarization function ξq, commonly known as the Gerstewitz func-
tion in the theory of vector optimization [, ], has been also used to study the lower
semicontinuity of the set-valued solution mapping to a parametric vector variational in-
equality []. Using this method, Bianchi and Pini [] obtained the Hölder continuity of
the single-valued solution mapping to a parametric vector equilibrium problem. Recently,
Chen and Li [] studied Hölder continuity of the solution mapping for both set-valued
and single-valued cases to parametric vector equilibrium problems. The key role in their
paper is a globally Lipschitz property of the Gerstewitz function. Very recently, by us-
ing the idea in [], Chen [] obtained Hölder continuity of the unique solution to a
parametric vector quasi-equilibrium problem based on nonlinear scalarization approach
under three different kinds of monotonicity hypotheses. It is natural to raise and give an
answer to the following question.

Question Can one establish the Hölder continuity of a solution mapping to the para-
metric generalized vector quasi-equilibrium problem with set-valued mappings by using
a nonlinear scalarization method?

Motivated and inspired by Peng [] and Chen [] and research going on in this direc-
tion, in this paper we aim to give positive answers to the above question. We first establish
the sufficient conditions which guarantee the Hölder continuity of a solution mapping to
the parametric generalized vector quasi-equilibrium problem with set-valued mappings
by using a nonlinear scalarization method. We further study several kinds of the mono-
tonicity conditions to obtain the Hölder continuity of the solution mapping. The main
results of this paper are different from the corresponding results in Peng [] and Chen
[]. These results improve the corresponding ones in recent literature.
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The structure of the paper is as follows. Section  presents the parametric generalized
vector quasi-equilibrium problem and materials used in the rest of this paper. We estab-
lish, in Section , a sufficient condition for the Hölder continuity of the solution mapping
to a parametric generalized vector quasi-equilibrium problem.

2 Preliminaries
Throughout the paper, unless otherwise specified, we denote by ∥ · ∥ and d(·, ·) the norm
and the metric on a normed space and a metric space, respectively. A closed ball with
center  ∈ X and radius δ >  is denoted by B(, δ). We always consider X, #, M as metric
spaces, and Y as a linear normed space with its topological dual space Y ∗. For any y∗ ∈ Y ∗,
we define ∥y∗∥ := sup{∥⟨y∗, y⟩∥ : ∥y∥ = }, where ⟨y∗, y⟩ denotes the value of y∗ at y. Let
C ⊂ Y be a pointed, closed and convex cone with int C ≠ ∅, where int C stands for the
interior of C. Let

C∗ :=
{

y∗ ∈ Y ∗ :
〈
y∗, y

〉
≥ ,∀y ∈ C

}

be the dual cone of C. Since int C ≠ ∅, the dual cone C∗ of C has a weak* compact base.
Let e ∈ int C. Then

B∗
e :=

{
y∗ ∈ C∗ :

〈
y∗, e

〉
= 

}

is a weak*-compact base of C∗. Clearly, Cq is a weak∗-compact base of C∗, that is, Cq is
convex and weak∗-compact such that  /∈ Cq and C∗ = ⋃

t≥ tCq.
Let q ∈ int C, the nonlinear scalarization function [, ] ξq : Y → R is defined by

ξq = min{t ∈ R : y ∈ tq – C}.

It is well known that ξq is a continuous, positively homogeneous, subadditive and con-
vex function on Y , and it is monotone (that is, y – y ∈ C ⇒ ξq(y) ≤ ξq(y)) and strictly
monotone (that is, y – y ∈ – int C ⇒ ξq(y) < ξq(y)) (see [, ]). In case, Y = Rl , C = Rl

+
and q = (, , . . . , ) ∈ int Rl

+, the nonlinear scalarization function can be expressed in the
following equivalent form [, Corollary .]:

ξq(y) = max
≤i≤l

{yi}, ∀y = (y, y, . . . , yl) ∈ Rl. ()

Lemma . [, Proposition .] For any fixed q ∈ int C, y ∈ Y and r ∈ R,
(i) ξq < r ⇔ y ∈ rq – int C (that is, ξq(y) ≥ r ⇔ y /∈ rq – int C);

(ii) ξq(y) ≤ r ⇔ y ∈ rq – C;
(iii) ξq(y) = r ⇔ y ∈ rq – ∂C, where ∂C denotes the boundary of C;
(iv) ξq(rq) = r.

The property (i) of Lemma . plays an essential role in scalarization. From the definition
of ξq, property (iv) in Lemma . could be strengthened as

ξq(y + rq) = ξq(y) + r, ∀y ∈ Y , r ∈ R. ()
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For any q ∈ int C, the set Cq defined by

Cq :=
{

y∗ ∈ C∗ :
〈
y∗, q

〉
= 

}

is a weak∗-compact set of Y ∗ (see [, Lemma .]). The following equivalent form of ξq
can be deduced from [, Corollary .] or [, Proposition .] ([, Proposition .]).

Proposition . [, Proposition .] Let q ∈ int C. Then, for y ∈ Y ,

ξq(y) = max
y∗∈Cq

〈
y∗, y

〉
.

Proposition . [, Proposition .] ξq is Lipschitz on Y , and its Lipschitz constant is

L := sup
y∗∈Cq

∥∥y∗∥∥ ∈
[ 

∥q∥ , +∞
)

.

The following example can be found in [, Example .].

Example .
(i) If Y = R and C = R+, then the Lipschitz constant of ξq is L = 

q (q > ). Indeed,
|ξq(x) – ξq(y)| = 

q |x – y| for all x, y ∈ R.
(ii) If Y = R and C = {(y, y) ∈ R : 

 y ≤ y ≤ y}. Take q = (, ) ∈ int C, then

Cq :=
{

(y, y) ∈ R : y + y = , y ∈ [–., ]
}

,

and the Lipschitz constant is L = supy∗∈Cq ∥y∗∥ = ∥(–, )∥ =
√

. Hence,
∣∣ξq(y) – ξq

(
y′)∣∣ ≤

√

∥∥y – y′∥∥, ∀y, y′ ∈ R.

Now we recall some basic definitions and their properties which will be used in the
sequel.

Definition . (Classical notion) Let l ≥  and α > . A set-valued mapping G : # → X

is said to be l · α-Hölder continuous at λ on a neighborhood N(λ) of λ if and only if

G(λ) ⊆ G(λ) + lBX
(
, dα(λ,λ)

)
, ∀λ,λ ∈ N(λ). ()

When X is a normed space, we say that the vector-valued mapping g : # → X is l · α-
Hölder continuous at λ on a neighborhood N(λ) of λ iff

∥∥g(λ) – g(λ)
∥∥ ≤ ldα(λ,λ), ∀λ,λ ∈ N(λ). ()

Definition . Let l, l ≥  and α,α > . A set-valued mapping G : X × # → X is said
to be (l · α, l · α)-Hölder continuous at x, λ on neighborhoods N(x) and N(λ) of x
and λ if and only if

G(x,λ) ⊆ G(x,λ) +
(
ldα

X (x, x) + ldα
# (λ,λ)

)
BX(, ) ()

for all x, x ∈ N(x), ∀λ,λ ∈ N(λ).
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3 Main results
By using a nonlinear scalarization technique, we present the sufficient conditions for
Hölder continuity of the solution mapping for a parametric generalized vector quasi-
equilibrium problem.

Let N(λ) ⊂ # and N(µ) ⊂ M be neighborhoods of λ and µ, respectively, and let
K : X ×# → X and F : X × X × M → Y be set-valued mappings. For each λ ∈ N(λ) and
µ ∈ N(µ), we consider the following parametric generalized vector quasi-equilibrium
problem (PGVQEP):

Find x ∈ K (x,λ) such that

F(x, y,µ) ⊂ Y\(– int C), ∀y ∈ K (x,λ). ()

For each λ ∈ N(λ) and µ ∈ N(µ), let

E(λ) :=
{

x ∈ X|x ∈ K (x,λ)
}

.

The weak solution set of () is denoted by

SW (λ,µ) :=
{

x ∈ E(λ) : F(x, y,µ) ⊂ Y\(– int C),∀y ∈ K (x,λ)
}

.

For each λ ∈ N(λ), µ ∈ N(µ) and fixed q ∈ int C, the ξq-solution set of () is denoted by

S(ξq,λ,µ) :=
{

x ∈ E(λ) : inf
z∈F(x,y,µ)

ξq(z) ≥ ,∀y ∈ K (x,λ)
}

.

We first establish the following lemmas which will be used in the sequel.

Lemma . For each λ ∈ N(λ), µ ∈ N(µ) and fixed q ∈ int C,

SW (λ,µ) = S(ξq,λ,µ).

Proof Let λ ∈ N(λ), µ ∈ N(µ) and fixed q ∈ int C. For any x ∈ SW (λ,µ), we have

x ∈ E(λ) and F(x, y,µ) ⊂ Y\(– int C), ∀y ∈ K (x,λ).

Therefore, for each y ∈ K (x,λ) and each z ∈ F(x, y,µ), we have

z /∈ – int C = q– int C.

By Lemma .(i), we conclude that ξq(z) ≥ . Since z is arbitrary, we have

inf
z∈F(x,y,µ)

ξq(z) ≥  for all y ∈ K (x,λ),

which gives that SW (λ,µ) ⊆ S(ξq,λ,µ).
On the other hand, for each x ∈ S(ξq,λ,µ), we have that

x ∈ E(λ) and inf
z∈F(x,y,µ)

ξq(z) ≥ , ∀y ∈ K (x,λ). ()
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Thus, for each y ∈ K (x,λ) and each z ∈ F(x, y,µ), we have that ξq(z) ≥ . By Lemma .(i),
we can obtain z /∈ – int C. Therefore, we have z ∈ Y\(– int C), which implies that

x ∈ E(λ) and F(x, y,µ) ⊂ Y\(– int C), ∀y ∈ K (x,λ).

Hence, S(ξq,λ,µ) ⊆ SW (λ,µ). The proof is completed. !

Lemma . Suppose that N(λ) and N(µ) are the given neighborhoods of λ and µ,
respectively.

(a) If for each x, y ∈ E(N(λ)), F(x, y, ·) is m · γ-Hölder continuous at µ ∈ M, then for
any fixed q ∈ int C, the function

ψξq (x, y, ·) = inf
z∈F(x,y,·)

ξq(z)

is Lm · γ-Hölder continuous at µ.
(b) If for each x ∈ E(N(λ)) and µ ∈ N(E(µ)), F(x, ·,µ) is m · γ-Hölder continuous on

E(N(λ)), then for any fixed q ∈ int C, the function

ψξq (x, ·,µ) = inf
z∈F(x,·,µ)

ξq(z)

is Lm · γ-Hölder continuous on E(N(λ)).

Proof (a) Let x, y ∈ E(N(λ)). The m · γ-Hölder continuity of F(x, y, ·) implies that there
exists a neighborhood N(µ) of µ such that for all µ,µ ∈ N(µ),

F(x, y,µ) ⊂ F(x, y,µ) + mdγ
M(µ,µ)BY .

So, for any z ∈ F(x, y,µ), there exist z ∈ F(x, y,µ) and e ∈ BY such that

z = z + mdγ
M(µ,µ)e.

By using Proposition ., we obtain

∣∣ξq(z) – ξq(z)
∣∣ ≤ L∥z – z∥

= Lmdγ
M(µ,µ)∥e∥

≤ Lmdγ
M(µ,µ), ()

which gives that

–Lmdγ (µ,µ) ≤ ξq(z) – ξq(z).

Since z is arbitrary and ξq(z) ≥ infz∈F(x,y,µ) ξq(z), we have

–Lmdγ
M(µ,µ) ≤ inf

z∈F(x,y,µ)
ξq(z) – inf

z∈F(x,y,µ)
ξq(z).
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Applying the symmetry between µ and µ, we arrive at

–Lmdγ
M(µ,µ) ≤ inf

z∈F(x,y,µ)
ξq(z) – inf

z∈F(x,y,µ)
ξq(z).

It follows from the last two inequalities that

∣∣ψξq (x, y,µ) – ψξq (x, y,µ)
∣∣ ≤ Lmdγ

M(µ,µ), ∀µ,µ ∈ N(µ).

Therefore, we conclude that ψξq (x, y, ·) = infz∈F(x,y,·) ξq(z) is Lm · γ-Hölder continuous
at µ.

(b) It follows by a similar argument as in part (a). The proof is completed. !

Now, by using the nonlinear scalarization technique, we propose some sufficient condi-
tions for Hölder continuity of the solution mapping for (PGVQEP).

Theorem . For each fixed q ∈ int C, let S(ξq,λ,µ) be nonempty in a neighborhood
N(λ) × N(µ) of (λ,µ) ∈ # × M. Assume that the following conditions hold.

(i) K (·, ·) is (l · α, l · α)-Hölder continuous on E(N(λ)) × N(λ);
(ii) For each x, y ∈ E(N(λ)), F(x, y, ·) is m · γ-Hölder continuous at µ ∈ M;

(iii) For each x ∈ E(N(λ)) and µ ∈ N(µ), F(x, ·,µ) is m · γ-Hölder continuous on
E(N(λ));

(iv) F(·, ·,µ) is h · β-Hölder strongly monotone with respect to ξq, that is, there exist
constants h > , β >  such that for every x, y ∈ E(N(λ)), x ≠ y,

hdβ
X(x, y) ≤ d

(
inf

z∈F(x,y,µ)
ξq(z), R+

)
+ d

(
inf

z∈F(y,x,µ)
ξq(z), R+

)
;

(v) β = αγ, h > mLlγ
 , where L := supλ∈Cq ∥λ∥ ∈ [ 

∥q∥ , +∞) is the Lipschitz constant
of ξq on Y .

Then, for every (λ,µ) ∈ N(λ) × N(µ), the solution x(λ,µ) of (PVQGEP) is unique, and
x(λ,µ) as a function of λ and µ satisfies the Hölder condition: for all (λ,µ), (λ,µ) ∈
N(λ) × N(µ),

dX
(
x(λ,µ), x(λ,µ)

)
≤

( mLlγ


h – mLlγ


) 
β

dαγ/β
# (λ,λ)

+
( mL

h – mLlγ


) 
β

dγ/β
M (µ,µ),

where x(λi,µi) ∈ SW (λi,µi), i = , .

Proof Let (λ,µ), (λ,µ) ∈ N(λ) × N(µ). The proof is divided into the following three
steps based on the fact that

dX
(
x(λ,µ), x(λ,µ)

)
≤ dX

(
x(λ,µ), x(λ,µ)

)
+ dX

(
x(λ,µ), x(λ,µ)

)
,

where x(λi,µi) ∈ SW (λi,µi), i = , .
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Step : We prove that

d := dX
(
x(λ,µ), x(λ,µ)

)
≤

( mL
h – mLlγ



) 
β

dγ/β
M (µ,µ) ()

for all x(λ,µ) ∈ SW (λ,µ) and x(λ,µ) ∈ SW (λ,µ).
If x(λ,µ) = x(λ,µ), then we are done. So, we assume that x(λ,µ) ≠ x(λ,µ). Since

x(λ,µ) ∈ K (x(λ,µ),λ) and x(λ,µ) ∈ K (x(λ,µ),λ), by the l · α-Hölder continuity
of K (·,λ), there exist x ∈ K (x(λ,µ),λ) and x ∈ K (x(λ,µ),λ) such that

dX
(
x(λ,µ), x

)
≤ ldα

X
(
x(λ,µ), x(λ,µ)

)
= ldα

 ()

and

dX
(
x(λ,µ), x

)
≤ ldα

X
(
x(λ,µ), x(λ,µ)

)
= ldα

 . ()

Since x(λ,µ) ∈ SW (λ,µ) and x(λ,µ) ∈ SW (λ,µ), by Lemma ., we obtain

ψξq
(
x(λ,µ), x,µ

)
:= inf

z∈F(x(λ ,µ),x ,µ)
ξq(z) ≥  ()

and

ψξq
(
x(λ,µ), x,µ

)
:= inf

z∈F(x(λ ,µ),x ,µ)
ξq(z) ≥ . ()

By virtue of (iv), we have

hdβ
 = hdβ

X
(
x(λ,µ), x(λ,µ)

)

≤ d
(
ψξq

(
x(λ,µ), x(λ,µ),µ

)
, R+

)
+ d

(
ψξq

(
x(λ,µ), x(λ,µ),µ

)
, R+

)
.

By combining () and () with the last inequality, we have

hdβ
 ≤

∣∣ψξq
(
x(λ,µ), x(λ,µ),µ

)
– ψξq

(
x(λ,µ), x,µ

)∣∣

+
∣∣ψξq

(
x(λ,µ), x(λ,µ),µ

)
– ψξq

(
x(λ,µ), x,µ

)∣∣

≤
∣∣ψξq

(
x(λ,µ), x(λ,µ),µ

)
– ψξq

(
x(λ,µ), x,µ

)∣∣

+
∣∣ψξq

(
x(λ,µ), x(λ,µ),µ

)
– ψξq

(
x(λ,µ), x(λ,µ),µ

)∣∣

+
∣∣ψξq

(
x(λ,µ), x(λ,µ),µ

)
– ψξq

(
x(λ,µ), x,µ

)∣∣

≤ Lmdγ
X

(
x(λ,µ), x

)
+ Lmdγ

M(µ,µ) + Lmdγ
X

(
x(λ,µ), x

)

≤ Lmlγ
 dαγ

X
(
x(λ,µ), x(λ,µ)

)

+ Lmdγ
M(µ,µ) + Lmlγ

 dαγ
X

(
x(λ,µ), x(λ,µ)

)

= Lmlγ
 dαγ

X
(
x(λ,µ), x(λ,µ)

)
+ Lmdγ

M(µ,µ). ()
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Whence, assumption (iv) implies that

dX
(
x(λ,µ), x(λ,µ)

)
≤

( Lm
h – Lmlγ



) 
β

dγ/β
M (µ,µ).

Step : We prove that

d := dX
(
x(λ,µ), x(λ,µ)

)
≤

( Lmlγ


h – Lmlγ


) 
β

dαγ/β
# (λ,λ) ()

for all x(λ,µ) ∈ SW (λ,µ) and x(λ,µ) ∈ SW (λ,µ).
If x(λ,µ) = x(λ,µ), then we are done. So, we assume that x(λ,µ) ≠ x(λ,µ).

Since x(λ,µ) ∈ K (x(λ,µ),λ) and x(λ,µ) ∈ K (x(λ,µ),λ), by the l · α-Hölder
continuity of K (x(λ,µ), ·) and K (x(λ,µ), ·), there exist x′

 ∈ K (x(λ,µ),λ) and x′
 ∈

K (x(λ,µ),λ) such that

dX
(
x(λ,µ), x′


)
≤ ldα

# (λ,λ) ()

and

dX
(
x(λ,µ), x′


)
≤ ldα

# (λ,λ). ()

Again, by the Hölder continuity of K (·, ·), there exist x′′
 ∈ K (x(λ,µ),λ) and x′′

 ∈
K (x(λ,µ),λ) such that

dX
(
x′

, x′′

)
≤ ldα

X
(
x(λ,µ), x(λ,µ)

)
= ldα

 ()

and

dX
(
x′

, x′′

)
≤ ldα

X
(
x(λ,µ), x(λ,µ)

)
= ldα

 . ()

Since x(λ,µ) ∈ SW (λ,µ) and x(λ,µ) ∈ SW (λ,µ), by Lemma ., we obtain the fol-
lowing:

ψξq
(
x(λ,µ), x′′

 ,µ
)

:= inf
z∈F(x(λ ,µ),x′′

 ,µ)
ξq(z) ≥  ()

and

ψξq
(
x(λ,µ), x′′

 ,µ
)

:= inf
z∈F(x(λ ,µ),x′′

 ,µ)
ξq(z) ≥ . ()

By virtue of (iv), we have

hdβ
 = hdβ

X
(
x(λ,µ), x(λ,µ)

)

≤ d
(
ψξq

(
x(λ,µ), x(λ,µ),µ

)
, R+

)
+ d

(
ψξq

(
x(λ,µ), x(λ,µ),µ

)
, R+

)
.
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By combining () and () with the last inequality, we have

hdβ
 ≤

∣∣ψξq
(
x(λ,µ), x(λ,µ),µ

)
– ψξq

(
x(λ,µ), x′′

 ,µ
)∣∣

+
∣∣ψξq

(
x(λ,µ), x(λ,µ),µ

)
– ψξq

(
x(λ,µ), x′′

 ,µ
)∣∣

≤
∣∣ψξq

(
x(λ,µ), x(λ,µ),µ

)
– ψξq

(
x(λ,µ), x′

,µ
)∣∣

+
∣∣ψξq

(
x(λ,µ), x′

,µ
)

– ψξq
(
x(λ,µ), x′′

 ,µ
)∣∣

+
∣∣ψξq

(
x(λ,µ), x(λ,µ),µ

)
– ψξq

(
x(λ,µ), x′

,µ
)∣∣

+
∣∣ψξq

(
x(λ,µ), x′

,µ
)

– ψξq
(
x(λ,µ), x′′

 ,µ
)∣∣

≤ Lmdγ
X

(
x(λ,µ), x′


)

+ Lmdγ
X

(
x′

, x′′

)

+ Lmdγ
X

(
x(λ,µ), x′

,
)

+ Lmdγ
X

(
x′

, x′′

)
. ()

By virtue of (), (), () and (), we get

hdβ
X
(
x(λ,µ), x(λ,µ)

)

≤ Lmlγ
 dαγ

# (λ,λ) + Lmlγ
 dαγ

X
(
x(λ,µ), x(λ,µ)

)

+ Lmlγ
 dαγ

# (λ,λ) + Lmlγ
 dαγ

X
(
x(λ,µ), x(λ,µ)

)

= Lmlγ
 dαγ

# (λ,λ) + Lmlγ
 dαγ

X
(
x(λ,µ), x(λ,µ)

)
. ()

Whence, condition (v) implies that

dβ
X
(
x(λ,µ), x(λ,µ)

)
≤

( Lmlγ


h – Lmlγ


) 
β

dαγ
# (λ,λ).

Step : Let x(λ,µ) ∈ SW (λ,µ) and x(λ,µ) ∈ SW (λ,µ). It follows from () and ()
that

d
(
x(λ,µ), x(λ,µ)

)

≤ d
(
x(λ,µ), x(λ,µ)

)
+ d

(
x(λ,µ), x(λ,µ)

)

≤
( mL

h – mLlγ


) 
β

dγ/β
M (µ,µ) +

( Lmlγ


h – Lmlγ


) 
β

dαγ/β
# (λ,λ).

Thus,

ρ
(
SW (λ,µ), SW (λ,µ)

)

= sup
x(λ ,µ)∈SW (λ ,µ),x(λ ,µ)∈SW (λ ,µ)

dX
(
x(λ,µ), x(λ,µ)

)

≤
( mL

h – mLlγ


) 
β

dγ/β
M (µ,µ) +

( Lmlγ


h – Lmlγ


) 
β

dαγ/β
# (λ,λ).

Taking λ = λ and µ = µ, we see that the diameter of S(λ,µ) is , that is, this set is a
singleton {x(λ,µ)}. This implies that the (PGVQEP) has a unique solution in a neighbor-
hood of (λ,µ). The proof is completed. !
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Definition . Let F : X × X × M → Y be a set-valued mapping. A set-valued mapping
F(·, ·,µ) 4→ Y is said to be

(A) h · β-Hölder strongly monotone with respect to ξq if there exist q ∈ int C and h > ,
β >  such that for every x, y ∈ E(N(λ)) with x ≠ y,

inf
z∈F(x,y,µ)

ξq(z) + inf
z∈F(y,x,µ)

ξq(z) + hdβ
X(x, y) ≤ ;

(B) h · β-Hölder strongly pseudomonotone with respect to q ∈ int C and h > , β >  such
that for every x, y ∈ E(N(λ)) with x ≠ y,

z /∈ – int C, ∃z ∈ F(x, y,µ) ⇒ z′ + hdβ
X(x, y)q ∈ –C, ∃z′ ∈ F(y, x,µ).

(C) quasi-monotone on E(N(λ)) if ∀x, y ∈ E(N(λ)) with x ≠ y,

z ∈ – int C, ∃z ∈ F(x, y,µ) ⇒ z′ /∈ – int C, ∃z′ ∈ F(y, x,µ).

The following proposition provides the relation among monotonicity conditions defined
above.

Proposition .
(i) (A) ⇒ (iv).

(ii) (B) and (C) ⇒ (iv).

Proof (i) From the definition of (A), we have

hdβ
X(x, y) ≤ – inf

z∈F(x,y,µ)
ξq(z) – inf

z∈F(y,x,µ)
ξq(z)

≤ d
(

inf
z∈F(x,y,µ)

ξq(z), R+
)

+ d
(

inf
z∈F(y,x,µ)

ξq(z), R+
)

.

(ii) Assume that F satisfies definitions (B) and (C). We consider two cases.
Case . z /∈ – int C, ∃z ∈ F(x, y,µ), then there exists z′ ∈ F(y, x,µ) such that z′ +

hdβ
X(x, y)q ∈ –C. From Lemma ., we have

ξq
(
z′) + hdβ

X(x, y) = ξq
(
z′ + hdβ

X(x, y)q
)
≤ ,

which implies that infz∈F(y,x,µ) ξq(z) ≤ ξq(z′) ≤ –hdβ
X(x, y). Hence,

hdβ
X(x, y) ≤ – inf

z∈F(y,x,µ)
ξq(z) ≤ d

(
inf

z∈F(x,y,µ)
ξq(z), R+

)
+ d

(
inf

z∈F(y,x,µ)
ξq(z), R+

)
.

Case . z ∈ – int C, ∃z ∈ F(x, y,µ), then there exists z′ ∈ F(y, x,µ) such that z /∈ – int C. By
a similar argument as in the previous case, we have the desired result. !

Remark . The converse of Proposition . does not hold in general, even in the special
case X = Y = R and C = R+. See, for example, Examples . and . in []. Therefore,
Theorem . still holds when condition (iv) is replaced by condition (A) or conditions (B)
and (C). We can immediately obtain the following two theorems.

Theorem . Theorem . still holds when condition (iv) is replaced by condition (A).
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Theorem . Theorem . still holds when condition (iv) is replaced by conditions (B)
and (C).

Let f : X × X × M → Y be a vector-valued mapping. Then (PGVQEP) becomes the
following parametric vector quasi-equilibrium problem (PVQEP):

Find x ∈ K (x,λ) such that

f (x, y,µ) /∈ – int C, ∀y ∈ K (x,λ). ()

Remark . In the case of a vector-valued mapping, condition (iv) in Theorem . and
condition (ii′′) coincide. Also, condition (A) and conditions (B) and (C) are the same as
conditions (ii) and (ii′) in [], respectively. It is obvious that Theorems ., . and .
extend Theorems ., . and . in [], respectively, in the case that the vector-valued
mapping f (·, ·, ·) is extended to a set-valued one.

4 Applications
Since the parametric generalized vector quasi-equilibrium problem (PGVQEP) contains
as special cases many optimization-related problems, including quasi-variational inequal-
ities, traffic equilibrium problems, quasi-optimization problems, fixed point and coinci-
dence point problems, complementarity problems, vector optimization, Nash equilibria,
etc., we can derive from Theorem . a direct consequence for such special cases. We
discuss now only some applications of our results.

4.1 Quasi-variational inequalities
In this section, we assume that X is a normed space. Let K : X × # ⇒ X and T : X × M ⇒
B∗(X, Y ) be set-valued mappings, where B∗(X, Y ) denotes the space of all bounded linear
mappings of X into Y . Setting F(x, y,µ) = ⟨T(x,µ), y – x⟩ := ⋃

t∈T(x,µ)⟨t, y – x⟩ in (), we
obtain parametric generalized vector quasi-variational inequalities (PGVQVI) in the case
of set-valued mappings as follows:

Find x ∈ K (x,λ) such that
〈
T(x,µ), y – x

〉
⊆ Y\ – int C, ∀y ∈ K (x,λ). ()

For each λ ∈ N(λ) and µ ∈ N(µ), let

E(λ) :=
{

x ∈ X : x ∈ K (x,λ)
}

.

The solution set of () is denoted by

SV
QVI(λ,µ) :=

{
x ∈ E(λ) :

〈
T(x,µ), y – x

〉
⊆ Y\ – int C,∀y ∈ K (x,λ)

}
.

For each λ ∈ N(λ), µ ∈ N(µ) and fixed q ∈ int C, the ξq-solution set of () is

SV
QVI(ξq,λ,µ) :=

{
x ∈ E(λ) : inf

z∈⟨T(x,µ),y–x⟩
ξq(z) ≥ ,∀y ∈ K (x,λ)

}
.

Theorem . Assume that for each fixed q ∈ int C, SV
QVI(ξq,λ,µ) is nonempty in a neigh-

borhood N(λ) × N(µ) of the considered point (λ,µ) ∈ # × M. Assume further that the
following conditions hold.
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(i′) K (·, ·) is (l · α, l · α)-Hölder continuous on E(N(λ)) × N(λ);
(ii′) For each x ∈ E(N(λ)), T(x, ·) is m · γ-Hölder continuous at µ ∈ M;
(iii′) T(·, ·) is bounded in x ∈ E(N(λ)), and E(N(λ)) is bounded;
(iv′) T(·,µ) is h · β-Hölder strongly monotone with respect to ξq , i.e., there exist constants

h > , β >  such that for every x, y ∈ E(N(λ)): x ≠ y,

h∥x – y∥β ≤ d
(

inf
z∈⟨T(x,µ),y–x⟩

ξq(z), R+
)

+ d
(

inf
z∈⟨T(y,µ),x–y⟩

ξq(z), R+
)

;

(v′) β = α, h > MLlγ
 , where L := supλ∈Cq ∥λ∥ ∈ [ 

∥q∥ , +∞) is the Lipschitz constant of ξq
on Y .

Then, for every (λ,µ) ∈ N(λ) × N(µ), the solution of (PGVQVI) is unique, x(λ,µ), and
this function satisfies the Hölder condition: for all (λ,µ), (λ,µ) ∈ N(λ) × N(µ),

dX
(
x(λ,µ), x(λ,µ)

)
≤

( MLl
h – MLlγ



) 
β

dα/β
λ (λ,λ)

+
( NmL

h – MLlγ


) 
β

dγ/β
M (µ,µ),

where x(λi,µi) ∈ SQVI(λi,µi), i = , .

Proof We verify that all the assumptions of Theorem . are fulfilled. First, (i′), (iv′) and
(v′) are the same as (i), (iv) and (v) in Theorem .. We need only to verify conditions (ii)
and (iii). Taking M, M̃ >  such that

∥∥T(x,µ)
∥∥ ≤ M, ∀(x,µ) ∈ E

(
N(λ)

)
× N(µ)

and

∥x – y∥ ≤ M̃, ∀x, y ∈ E
(
N(λ)

)
.

We put m = M̃m and γ = γ. For any fixed x, y ∈ E(N(λ)), by assumption (ii′), we have

T(x,µ) ⊆ T(x,µ) + mdγ (µ,µ)BB∗(X,Y ), ∀µ,µ ∈ N(µ).

Then

〈
T(x,µ), y – x

〉
⊆

〈
T(x,µ) + mdγ (µ,µ)BB∗(X,Y ), y – x

〉

=
〈
T(x,µ), y – x

〉
+

〈
mdγ (µ,µ)BB∗(X,Y ), y – x

〉

=
〈
T(x,µ), y – x

〉
+ mdγ (µ,µ)⟨BB∗(X,Y ), y – x⟩

=
〈
T(x,µ), y – x

〉
+ mdγ (µ,µ)

⋃

g∈BB∗(X,Y )

⟨g, y – x⟩

⊆
〈
T(x,µ), y – x

〉
+ mdγ (µ,µ)M̃BY .
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Hence

〈
T(x,µ), y – x

〉
⊆

〈
T(x,µ), y – x

〉
+ mdγ (µ,µ)M̃BY .

Also, we put m = M and γ = . We need to show that

〈
T(x,µ), y – x

〉
⊆

〈
T(x,µ), y – x

〉
+ M̃∥y – y∥BY .

For each fixed x ∈ E(N(λ)) and µ ∈ N(µ),

〈
T(x,µ), y – x

〉
=

⋃

t∈T(x,µ)
⟨t, y – x⟩

=
⋃

t∈T(x,µ)
⟨t, y – x + y – y⟩

=
⋃

t∈T(x,µ)
⟨t, y – x⟩ +

⋃

t∈T(x,µ)
⟨t, y – y⟩

⊆
〈
T(x,µ), y – x

〉
+ M∥y – y∥BY .

Hence, condition (iii) is verified, and so we obtain the result. !

For (PGVQVI), if we put Y = R, C = [, +∞), then () becomes the following paramet-
ric generalized quasi-variational inequality problem in the case of scalar-valued one:

Find x ∈ K (x,λ) such that ⟨t, y – x⟩ ≥ , ∀y ∈ K (x,λ),∀t ∈ T(x,µ). ()

For each λ ∈ N(λ) and µ ∈ N(µ), let

E(λ) :=
{

x ∈ X : x ∈ K (x,λ)
}

.

The solution set of () is denoted by

SS
QVI(λ,µ) :=

{
x ∈ E(λ) : ⟨t, y – x⟩ ≥ ,∀y ∈ K (x,λ),∀t ∈ T(x,µ)

}
.

For each λ ∈ N(λ), µ ∈ N(µ) and fixed  ∈ int C, the ξq-solution set of () is

SS
QVI(ξ,λ,µ) :=

{
x ∈ E(λ) : inf

z∈⟨T(x,µ),y–x⟩
ξ(z) ≥ ,∀y ∈ K (x,λ)

}
.

It follows from Lemma . that SS
QVI(ξ,λ,µ) coincides with SS

QVI(λ,µ).

Corollary . Assume that SS
QVI(λ,µ) is nonempty in a neighborhood N(λ) × N(µ) of

the considered point (λ,µ) ∈ # × M. Assume further that conditions (i′)-(iii′) and (v′) in
Corollary . hold. Replace (iv′) by (iv′′).

(iv′′) T(·,µ) is h · β-Hölder strongly monotone, i.e., there exist constants h > , β > , such
that for every x, y ∈ E(N(λ)): x ≠ y,

⟨u – v, x – y⟩ ≥ h∥x – y∥β , ∀u ∈ T(x),∀v ∈ T(y).
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Then, for every (λ,µ) ∈ N(λ) × N(µ), the solution of (PGVQVI) is unique, x(λ,µ), and
this function satisfies the Hölder condition: for all (λ,µ), (λ,µ) ∈ N(λ) × N(µ),

dX
(
x(λ,µ), x(λ,µ)

)
≤

( Ml
h – Mlγ



) 
β

dα/β
λ (λ,λ) +

( Nm
h – Mlγ



) 
β

dγ/β
M (µ,µ),

where x(λi,µi) ∈ SS
QVI(λi,µi), i = , .

Proof It is not hard to show that (iv′′) implies (iv′). Indeed, for any x, y ∈ E(N(λ)) with
x ≠ y,

h∥x – y∥β ≤ ⟨u – v, x – y⟩

= ⟨u, x – y⟩ + ⟨v, y – x⟩

≤ sup
u∈T(x)

⟨u, x – y⟩ + sup
v∈T(y)

⟨v, y – x⟩

= sup
u∈T(x)

–⟨u, y – x⟩ + sup
v∈T(y)

–⟨v, x – y⟩

= – inf
u∈T(x)

⟨u, y – x⟩ – inf
v∈T(y)

⟨v, x – y⟩

≤ d
(

inf
u∈T(x)

⟨u, y – x⟩, R+
)

+ d
(

inf
v∈T(y)

⟨v, x – y⟩, R+
)

.

Therefore, (iv′) is satisfied. !

Remark . Corollary . extends Corollary . in [] since the mapping T is a multi-
valued mapping.

4.2 Traffic equilibrium problems
The foundation of the study of traffic network problems goes back to Wardrop [], who
stated the basic equilibrium principle in . Over the past decades, a large number of
efforts have been devoted to the study of traffic assignment models, with emphasis on
efficiency and optimality, in order to improve practicability, reduce gas emissions and
contribute to the welfare of the community. The variational inequality approach to such
problems begins with the seminal work of Smith [] who proved that the user-optimized
equilibrium can be expressed in terms of a variational inequality. Thus, the possibility of
exploiting the powerful tools of variational analysis has led to dealing with a large variety
of models, reaching valuable theoretical results and providing applications in practical sit-
uations. In this paper, we are concerned with a class of equilibrium problems which can
be studied in the framework of quasi-variational inequalities, see [, ].

Let a set N of nodes, a set L of links, a set W := (W, . . . , Wl) of origin-destination pairs
(O/D pairs for short) be given. Assume that there are rj ≥  paths connecting the pairs Wj,
j = , . . . , l, whose set is denoted by Pj. Set m := r + · · · + rl ; i.e., there are in whole m paths
in the traffic network. Let F := (F, . . . , Fm) stand for the path flow vector. Assume that the
travel cost of the path Rs, s = , . . . , m, is a set Ts(F) ⊂ R+. So, we have a multifunction
T : Rm

+ ⇒ Rm
+ with T(F) := (T(F), . . . , Tm(F)). Let the capacity restriction be

F ∈ A :=
{

F ∈ Rm
+ : Fs ≤ +s, s = , . . . , m

}
,
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where +s are given real numbers. Extending the Wardrop definition to the case of multi-
valued costs, we propose the following definition.

A path flow vector H is said to be a weak equilibrium flow vector if

∀Wj,∀Rq ∈ Pj, Rs ∈ Pj, there exists t ∈ T(H) such that

tq < ts ⇒ Hq = +q or Hs = , ()

where j = , . . . , l and q, s ∈ {, . . . , m} are among rj indices corresponding to Pj.
A path flow vector H is said to be a strong equilibrium flow vector if

∀Wj,∀Rq ∈ Pj, Rs ∈ Pj, for all t ∈ T(H) such that tq < ts ⇒ Hq = +q or Hs = . ()

Suppose that the travel demand ρj of the O/D pair Wj, j = , . . . , l, depends on the weak (or
strong) equilibrium problem flow H . So, considering all the O/D pairs, we have a mapping
ρ : Rm

+ → Rl
+. We use the Kronecker notation

φjs =

⎧
⎨

⎩
 if s ∈ Pj,
 if s /∈ Pj.

Then the matrix

φ = {φjs}, j = , . . . , l, s = , . . . , m,

is called an O/D pair/path incidence matrix. The path flow vectors meeting the travel
demands are called the feasible path flow vectors and form the constraint set, for a given
weak (or strong) equilibrium flow H ,

K (H ,λ) :=
{

F ∈ A : φF = ρ(H ,λ)
}

.

Assume further that the path costs are also perturbed, i.e., depend on a perturbation
parameter µ of a metric space M: Ts(F ,µ), s = , . . . , m.

Our traffic equilibrium problem is equivalent to a quasi-variational inequality as follows
(see []).

Lemma . A path vector flow H ∈ K (H ,λ) is a weak equilibrium flow if and only if it is
a solution of the following quasi-variational inequality:

Find H ∈ K (H ,λ) such that there exists t ∈ T(H ,λ) satisfying ⟨t, F – H⟩ ≥ ,

∀F ∈ K (H ,λ).

Lemma . A path vector flow H ∈ K (H ,λ) is a strong equilibrium flow if and only if it is
a solution of the following quasi-variational inequality:

Find H ∈ K (H ,λ) such that for all t ∈ T(H ,λ) it satisfies ⟨t, F – H⟩ ≥ ,

∀F ∈ K (H ,λ).
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Corollary . Assume that solutions of the traffic network equilibrium problem exist and
all the assumptions of Corollary . are satisfied. Then, in a neighborhood of (λ,µ), the
solution is unique and satisfies the same Hölder condition as in Corollary ..

4.3 Quasi-optimization problem
For the normed linear space Y and pointed, closed and convex cone C with nonempty
interior, we denote the ordering induced by C as follows:

x ≤ y iff y – x ∈ C;

x < y iff y – x ∈ int C.

The orderings ≥ and > are defined similarly. Let g : X × M → Y be a vector-valued map-
ping. For each (λ,µ) ∈ # × M, consider the problem of parametric quasi-optimization
problem (PQOP) finding x ∈ K (x,λ) such that

g(x,µ) = min
y∈K (x ,λ)

g(y,µ). ()

Since the constraint set depends on the minimizer x, this is a quasi-optimization problem.
Setting f (x, y,µ) = g(y,µ) – g(x,µ), (PVQEP) becomes a special case of (PQOP).

The following results are derived from Theorem . (Theorem . cannot be applied
since f (x, y,µ) + f (y, x,µ) = , ∀x, y ∈ A and µ ∈ M).

Theorem . For (PQOP), assume that the solution exists in a neighborhood N(λ) ×
N(µ) of the considered point (λ,µ) ∈ # × M. Assume further that the following condi-
tions hold.

(i) K (·, ·) is (l · α, l · α)-Hölder continuous on E(N(λ)) × N(λ);
(ii) For each x, y ∈ E(N(λ)), F(x, y, ·) is m · γ-Hölder continuous at µ ∈ M;

(iii) For each x ∈ E(N(λ)) and µ ∈ N(µ), F(x, ·,µ) is m · γ-Hölder continuous on
E(N(λ));

(iv) F(·, ·,µ) is h · β-Hölder strongly monotone with respect to ξq, i.e., there exist
constants h > , β >  such that for every x, y ∈ E(N(λ)): x ≠ y,

hdβ
X(x, y) ≤ d

(
inf

z∈F(x,y,µ)
ξq(z), R+

)
+ d

(
inf

z∈F(y,x,µ)
ξq(z), R+

)
;

(v) β = αγ, h > mLlγ
 , where L := supλ∈Cq ∥λ∥ ∈ [ 

∥q∥ , +∞) is the Lipschitz constant
of ξq on Y .

Then, for every (λ,µ) ∈ N(λ) × N(µ), the solution of (PVQGEP) is unique, x(λ,µ), and
this function satisfies the Hölder condition:

for all (λ,µ), (λ,µ) ∈ N(λ) × N(µ),

dX
(
x(λ,µ), x(λ,µ)

)
≤

( mLlγ


h – mLlγ


) 
β

dαγ/β
# (λ,λ)

+
( mL

h – mLlγ


) 
β

dγ/β
M (µ,µ),

where x(λi,µi) ∈ SW (λi,µi), i = , .
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5 Conclusions
In this paper, by using a nonlinear scalarization technique, we obtain sufficient condi-
tions for Hölder continuity of the solution mapping for a parametric generalized vector
quasi-equilibrium problem in the case where the mapping F is a general set-valued one.
As applications, we derived this Hölder continuity for some quasi-variational inequalities,
traffic network problems and quasi-optimization problems.
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Abstract
In this paper, we obtain sufficient conditions for the lower semicontinuity of an
approximate solution mapping for a parametric generalized vector equilibrium
problem involving set-valued mappings. By using a scalarization method, we obtain
the lower semicontinuity of an approximate solution mapping for such a problem
without the assumptions of monotonicity and compactness.

Keywords: lower semicontinuity; approximate solution mapping; parametric
generalized vector equilibrium problems; scalarization method

1 Introduction
The vector equilibrium problem is a unified model of several problems, for example, the
vector optimization problem, the vector variational inequality problem, the vector com-
plementarity problem and the vector saddle point problem. In the literature, existence re-
sults for various types of vector equilibrium problems have been investigated intensively,
e.g., see [–] and the references therein. The stability analysis of the solution mappings
for VEP is an important topic in vector equilibrium theory. Recently, the semicontinuity,
especially the lower semicontinuity, of solution mappings to parametric vector equilib-
rium problems has been studied in the literature, see [–]. In the mentioned results, the
lower semicontinuity of solution mappings to parametric generalized strong vector equi-
librium problems is established under the assumptions of monotonicity and compactness.
Very recently, Han and Gong [] studied the lower semicontinuity of solution mappings
to parametric generalized strong vector equilibrium problems without the assumptions
of monotonicity and compactness.

On the other hand, exact solutions of the problems may not exist in many practical prob-
lems because the data of the problems are not sufficiently ‘regular’. Moreover, these math-
ematical models are solved usually by numerical methods which produce approximations
to the exact solutions. So it is impossible to obtain an exact solution of many practical
problems. Naturally, investigating approximate solutions of parametric equilibrium prob-
lems is of interest in both practical applications and computations. Anh and Khanh []
considered two kinds of approximate solution mappings to parametric generalized vector
quasiequilibrium problems and established the sufficient conditions for their Hausdorff
semicontinuity (or Berge semicontinuity). Among many approaches for dealing with the

©2014 Wangkeeree et al.; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.
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lower semicontinuity and continuity of solution mappings for parametric vector varia-
tional inequalities and parametric vector equilibrium problems, the scalarization method
is of considerable interest. By using a scalarization method, Li and Li [] discussed the
Berge lower semicontinuity and Berge continuity of an approximate solution mapping for
a parametric vector equilibrium problem.

Motivated by the work reported in [–], in this paper we aim to establish efficient
conditions for the lower semicontinuity of an approximate solution mapping for a para-
metric generalized vector equilibrium problem involving set-valued mappings. By using
a scalarization method, we obtain the lower semicontinuity of an approximate solution
mapping for such a problem without the assumptions of monotonicity and compactness.

2 Preliminaries
Throughout this paper, let X and Y be real Hausdorff topological vector spaces, and let Z
be a real topological space. We also assume that C is a pointed closed convex cone in Y with
its interior int C ≠ ∅. Let Y ∗ be the topological dual space of Y . Let C∗ := {ξ ∈ Y ∗ : ⟨ξ , y⟩ ≥
,∀y ∈ C} be the dual cone of C, where ⟨ξ , y⟩ denotes the value of ξ at y. Since int C ≠ ∅, the
dual cone C∗ of C has a weak∗ compact base. Let e ∈ int C. Then B∗

e := {ξ ∈ C∗ : ⟨ξ , e⟩ = }
is a weak∗ compact base of C∗.

Suppose that K is a nonempty subset of X and F : K × K → Y \{∅} is a set-valued map-
ping. We consider the following generalized vector equilibrium problem (GVEP) of find-
ing x ∈ K such that

F(x, y) ⊂ Y\ – int C, ∀y ∈ K . (.)

When the set K and the mapping F are perturbed by a parameter µ which varies over a
set M of Z, we consider the following parametric generalized vector equilibrium problem
(PGVEP) of finding x ∈ K (µ) such that

F(x, y,µ) ⊂ Y\ – int C, ∀y ∈ K (µ), (.)

where K : M → X\{∅} is a set-valued mapping, F : B × B × M ⊂ X × X × Z → Y \{∅}
is a set-valued mapping with K (M) = ⋃

µ∈M K (µ) ⊂ B. For each ε >  and µ ∈ M, the
approximate solution set of (PGVEP) is defined by

S̃(ε,µ) :=
{

x ∈ K (µ) : F(x, y,µ) + εe ⊂ Y\ – int C,∀y ∈ K (µ)
}

,

where e ∈ int C. For each ξ ∈ B∗
e and (ε,µ) ∈ R+ × M, by S̃ξ (ε,µ) we denote the ξ -ap-

proximate solution set of (PGVEP), i.e.,

S̃ξ (ε,µ) :=
{

x ∈ K (µ) : inf
z∈F(x,y,µ)

ξ (z) + ε ≥ ,∀y ∈ K (µ)
}

.

Definition . Let D be a nonempty convex subset of X. A set-valued mapping G : X →
Y is said to be:

(i) C-convex on D if, for any x, x ∈ D and for any t ∈ [, ], we have

tG(x) + ( – t)G(x) ⊆ G
(
tx + ( – t)x

)
+ C.
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(ii) C-concave on D if, for any x, x ∈ D and for any t ∈ [, ], we have

G
(
tx + ( – t)x

)
⊆ tG(x) + ( – t)G(x) + C.

Definition . [] Let M and M be topological vector spaces. Let D be a nonempty
subset of M. A set-valued mapping G : M → M is said to be uniformly continuous on D
if, for any neighborhood V of  ∈ M, there exists a neighborhood U of  ∈ M such that
G(x) ⊆ G(x) + V for any x, x ∈ D with x – x ∈ U.

Definition . [] Let M and M be topological vector spaces. A set-valued mapping
G : M → M is said to be:

(i) Hausdorff upper semicontinuous (H-u.s.c.) at u ∈ M if, for any neighborhood V of
 ∈ M, there exists a neighborhood U(u) of u such that

G(u) ⊆ G(u) + V for every u ∈ U(u).

(ii) Lower semicontinuous (l.s.c.) at u ∈ M if, for any x ∈ G(u) and any neighborhood
V of x, there exists a neighborhood U(u) of u such that

G(u) ∩ V ≠ ∅ for every u ∈ U(u).

The following lemma plays an important role in the proof of the lower semicontinuity
of the solution mapping S̃(·, ·).

Lemma . [, Theorem ] The union # = ⋃
i∈I #i of a family of l.s.c. set-valued mappings

#i from a topological space X into a topological space Y is also an l.s.c. set-valued mapping
from X into Y , where I is an index set.

3 Lower semicontinuity of the approximate solution mapping for (PGVEP)
In this section, we establish the lower semicontinuity of the approximate solution mapping
for (PGVEP) at the considered point (ε,µ) ∈ R+ × M with ε > .

Firstly, using the same argument as in the proof given in [, Lemma .], we can prove
the following useful result.

Lemma . For each ε > , µ ∈ M, if for each x ∈ K (µ), F(x, K (µ),µ) + C is a convex set,
then

S̃(ε,µ) =
⋃

ξ∈C∗\{}
S̃ξ (ε,µ) =

⋃

ξ∈B∗e

S̃ξ (ε,µ).

Proof For any x ∈ ⋃
ξ∈C∗\{} S̃ξ (ε,µ), there exists ξ ′ ∈ C∗\{} such that x ∈ S̃ξ ′ (ε,µ). Thus,

we can obtain that x ∈ K (µ) and infz∈F(x,y,µ) ξ ′(z) + ε ≥ , ∀y ∈ K (µ). Then, for each y ∈
K (µ) and z ∈ F(x, y,µ), ξ ′(z) + ε ≥ , which arrives at z /∈ – int C. It then follows that, for
each z ∈ F(x, y,µ),

F(x, y,µ) + εe ⊆ Y\ – int C, ∀y ∈ K (µ),
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which gives that x ∈ S̃(ε,µ). Hence, ⋃ξ∈C∗\{} S̃ξ (ε,µ) ⊆ S̃(ε,µ). Conversely, let x ∈ S̃(ε,µ)
be arbitrary. Then x ∈ K (µ) and F(x, y,µ) + εe ⊆ Y\ – int C, ∀y ∈ K (µ). Thus, we have

F
(
x, K (µ),µ

)
∩ (– int C) = ∅,

and hence

(
F
(
x, K (µ),µ

)
+ C

)
∩ (– int C) = ∅.

Because F(x, K (µ),µ)+C is a convex set, by the well-known Edidelheit separation theorem
(see [], Theorem .), there exist a continuous linear functional ξ ∈ Y ∗\{} and a real
number γ such that

ξ (ĉ) < γ ≤ ξ (z + c)

for all z ∈ F(x, K (µ),µ), c ∈ C and ĉ ∈ – int C. Since C is a cone, we have ξ (ĉ) ≤  for all
ĉ ∈ – int C. Thus, ξ (ĉ) ≥  for all ĉ ∈ C, that is, ξ ∈ C∗. Moreover, it follows from c ∈ C,
ĉ ∈ – int C and the continuity of ξ that ξ (z) + ε ≥  for all z ∈ F(x, K (µ),µ). Thus, for all
y ∈ K (µ), we have infz∈F(x,y,µ) ξ (z) + ε ≥ , i.e., x ∈ S̃ξ (ε,µ) ⊆ ⋃

ξ∈C∗\{} S̃ξ (ε,µ). !

Theorem . We assume that for any given ξ ∈ B∗
e , there exists δ >  such that the ξ -ap-

proximate solution set S̃ξ (·, ·) exists in [ε, δ)×N(µ), where N(µ) is a neighborhood of µ.
Assume further that the following conditions are satisfied:

(i) K (µ) is nonempty convex;
(ii) K is H-u.s.c. at µ and l.s.c. at µ;

(iii) for any y ∈ K (µ), F(·, y,µ) is C-concave on K (µ);
(iv) F(·, ·, ·) is uniformly continuous on K (M) × K (M) × N(µ).

Then the ξ -approximate solution mapping S̃ξ : [ε, δ) × N(µ) → X is l.s.c. at (ε,µ).

Proof Suppose to the contrary that S̃ξ (·, ·) is not l.s.c. at (ε,µ), then there exist x ∈
S̃ξ (ε,µ) and a neighborhood W of X ∈ X. For any neighborhoods J(ε) and U(µ) of
ε and µ, respectively, there exist ε′ ∈ J(ε) ∩ [ε, δ) and µ′ ∈ U(µ) such that (x + W) ∩
S̃ξ (ε′,µ′) = ∅. In particular, there exist sequences {εn} ↓ ε and {µn} → µ such that

(x + W) ∩ S̃ξ (εn,µn) = ∅, ∀n ∈ N. (.)

For the above W, there exists a neighborhood W of X ∈ X such that

W + W ⊆ W. (.)

We define a ξ -set-valued mapping Hξ : [, δ) → X by

Hξ (ε) =
{

x ∈ K (µ) : inf
z∈F(x,y,µ)

ξ (z) + ε + ε ≥ ,∀y ∈ K (µ)
}

, ε ∈ [, δ).

Notice that Hξ () = S̃ξ (ε,µ) ≠ ∅. Next, we claim that Hξ is l.s.c. at . Suppose to the
contrary that Hξ is not l.s.c. at , then there exist x̄ ∈ Hξ () and a neighborhood O of
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X ∈ X. For any neighborhood U of , there exists ε ∈ U such that (x̄ + O) ∩ Hξ (ε) = ∅. In
particular, there exists a nonnegative sequence {ε′

n} ↓  such that

(x̄ + O) ∩ Hξ

(
ε′

n
)

= ∅, ∀n ∈ N. (.)

Since Hξ () ≠ ∅, we choose x∗ ∈ Hξ (). Since ε′
n → , there exists ε′

n such that

ε
ε + ε′

n
x̄ +

ε′
n

ε + ε′
n

x∗ = x̄ +
ε′

n
ε + ε′

n

(
x∗ – x̄

)
∈ x̄ + O. (.)

We claim that ε
ε+ε′n

x̄ + ε′n
ε+ε′n

x∗ ∈ Hξ (ε′
n ). In fact, since x̄ ∈ Hξ () and x∗ ∈ Hξ (), for any

y ∈ K (µ), we have inft∈F(x̄,y,µ) ξ (t) + ε ≥  and infk∈F(x∗ ,y,µ) ξ (k) + ε ≥ . Then, for any
u ∈ F(x̄, y,µ),

ε
ε + ε′

n
ξ (u) + ε

ε + ε′
n

ε ≥ , (.)

and for any v ∈ F(x∗, y,µ),

ε′
n

ε + ε′
n

ξ (v) +
ε′

n
ε + ε′

n
ε ≥ . (.)

By the C-concavity of F(·, y,µ), we have that

F
(

ε
ε + ε′

n
x̄ +

ε′
n

ε + ε′
n

x∗, y,µ

)
⊆ ε

ε + ε′
n

F(x̄, y,µ) +
ε′

n
ε + ε′

n
F
(
x∗, y,µ

)
+ C.

It follows that, for any w ∈ F( ε
ε+ε′n

x̄ + ε′n
ε+ε′n

x∗, y,µ), there exist z̄ ∈ F(x̄, y,µ), z∗ ∈
F(x∗, y,µ) and c′ ∈ C such that w = ε

ε+ε′n
z̄ + ε′n

ε+ε′n
z∗ + c′. It follows from the linearity

of ξ that ξ (w) – ε
ε+ε′n

ξ (z̄) – ε′n
ε+ε′n

ξ (z∗) = ξ (c′) ≥ , which gives that ξ (w) ≥ ε
ε+ε′n

ξ (z̄) +
ε′n

ε+ε′n
ξ (z∗). For all w ∈ F( ε

ε+ε′n
x̄ + ε′n

ε+ε′n
x∗, y,µ), by (.) and (.), we have

ξ (w) ≥ – ε
ε + ε′

n
ε –

ε′
n

ε + ε′
n

ε = – ε
ε + ε′

n

(
ε′

n + ε
)
≥ –

(
ε′

n + ε
)
.

This implies that inf
z∈F( ε

ε+ε′n
x̄+

ε′n
ε+ε′n

x∗ ,y,µ)
ξ (z) + ε′

n + ε ≥ , that is, ε
ε+ε′n

x̄ + ε′n
ε+ε′n

x∗ ∈

Hξ (ε′
n ). By (.), we get that ε

ε+ε′n
x̄ + ε′n

ε+ε′n
x∗ ∈ (x̄ + O) ∩ Hξ (ε′

n ), which contra-
dicts (.). Therefore, Hξ is l.s.c. at . Since Hξ is l.s.c. at , for above x ∈ S̃ξ (ε,µ) =
Hξ () and for above W, there exists a balanced neighborhood V of  such that (x +
W) ∩ Hξ (ε) ≠ ∅, ∀ε ∈ V. In particular, from {εn} ↓ ε, there exits N ∈ N such that
(x + W) ∩ Hξ (εN – ε) ≠ ∅. Let x′ ∈ (x + W) ∩ Hξ (εN – ε).

For any ε̄ > , since e ∈ int C, there exists δ >  such that

δBY + ε̄e ⊆ C. (.)
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Since F(·, ·, ·) is uniformly continuous on K (M) × K (M) × N(µ), for above δBY , there
exists a neighborhood V of  ∈ B, a neighborhood U of  ∈ B and a neighborhood N of
 ∈ M, for any (x, y,µ), (x, y,µ) ∈ K (M)×K (M)×N(µ) with x –x ∈ V, y –y ∈ U
and µ – µ ∈ N, we have

F(x, y,µ) ⊆ δBY + F(x, y,µ). (.)

Since K is H-u.s.c. at µ, for above U, there exists a neighborhood U(µ) of µ such that

K (µ) ⊆ K (µ) + U, ∀µ ∈ U(µ). (.)

We see that x′ ∈ K (µ). Since K is l.s.c. at µ, for V ∩ W, there exists a neighborhood
U(µ) of µ such that

(
x′ + V ∩ W

)
∩ K (µ) ≠ ∅, ∀µ ∈ U(µ). (.)

It follows from µn → µ that there exists a positive integer N ′
 ≥ N such that µN ′


∈

U(µ) ∩ U(µ) ∩ U(µ) ∩ (µ + N). Noting that (.) and (.), we obtain

K (µN ′

) ⊆ K (µ) + U (.)

and

(
x′ + V ∩ W

)
∩ K (µN ′


) ≠ ∅. (.)

By (.), we choose

x′′ ∈
(
x′ + V ∩ W

)
∩ K (µN ′


). (.)

Next, we prove that x′′ ∈ S̃ξ (εN ′

,µN ′


). For any y′ ∈ K (µN ′


), by (.), there exists y ∈ K (µ)

such that y′ – y ∈ U. It follows from (.) that x′′ – x′ ∈ V. Noting that µN ′

∈ U(µ) ∩

(µ + N) and (.), we have

F
(
x′′, y′,µN ′



)
⊆ δBY + F

(
x′, y,µ

)
.

By (.), we have

F
(
x′′, y′,µN ′



)
⊆ C – ε̄e + F

(
x′, y,µ

)
. (.)

Hence, for any y ∈ K (µN ′

) and z′′ ∈ F(x′′, y′,µN ′


), there exist c′′ ∈ C and z′ ∈ F(x′, y,µ)

such that

z′′ = c′′ – ε̄e + z′.

It follows from the linearity of ξ that ξ (z′′)+ ε̄ ≥ ξ (z′) for all ε̄ > . This leads to ξ (z′′) ≥ ξ (z′).
Thus

ξ
(
z′′) + εN ′


≥ ξ

(
z′) + εN ′


= ξ

(
z′) + (εN ′


– ε) + ε ≥ .
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Hence x′′ ∈ S̃ξ (εN ′

,µN ′


). Also, since x′ ∈ (x + W) and by (.) and (.), we have

x′′ ∈ x′ + V ∩ W ⊆ x + W + W ⊆ x + W.

This means that (x + W) ∩ S̃ξ (εN ′

,µN ′


) ≠ ∅, which contradicts (.). This completes the

proof. !

Theorem . We assume that for any given ξ ∈ B∗
e , there exists δ >  such that the ap-

proximate solution set S̃ξ (·, ·) exists in [ε, δ) × N(µ). Suppose that conditions (i)-(iv) as
in Theorem . are satisfied. Assume further that for each x ∈ K (µ), F(x, K (µ),µ) + C
is a convex set. Then the approximate solution mapping S̃ : [ε, δ) × N(µ) → X is l.s.c. at
(ε,µ).

Proof Since F(x, K (µ),µ) + C is a convex set for each x ∈ K (µ), by virtue of Lemma .,
it holds that S̃(ε,µ) = ⋃

ξ∈B∗e S̃ξ (ε,µ). It follows from Theorem . that for each ξ ∈
B∗

e , S̃ξ (·, ·) is l.s.c. at (ε,µ). Thus, in view of Lemma ., we obtain that S̃(·, ·) is l.s.c. at
(ε,µ). !

The following example illustrates all of the assumptions in Theorem ..

Example . Let Y = R, C = R
+ := {(x, x) ∈ R : x ≥ , x ≥ } and Z = X = R. Let

B(, 
 ) be the closed ball of radius / in R. Let B = [–, ], M = [–, ] and the set-valued

mapping F : B × B × M → Y be defined by

F(x, y,µ) =
(
w(x, y,µ), v(x, y,µ)

)
+ B(, /),

where w(x, y,µ) := y(µ – ) + x(y – x + ) – y +  and v(x, y,µ) := y(µ – ) – x + xy + .
Define a set-valued mapping K : M → X for all µ ∈ M, by K (µ) := [– +µ,  +µ]∩ [–, ].
We choose e = (, ) ∈ int C, ε = ., µ =  and ξ = (, ). We can see that B∗

(,) =
{(x, x) : x + x = , x, x ≥ } and  ∈ S̃(,)(ε, ). Further, for any µ ∈ (–, ), there ex-
ists ε ∈ [., .) such that  ∈ S̃(,)(ε,µ). Hence, S̃(,)(·, ·) exists in [., .) × [–, ]. It
is easy to observe that for any y ∈ K (), F(·, y, ) is C-concave on K (). Clearly, condi-
tion (ii) is true. It is obvious that K (M) = [–, ]. Let N(µ) = [–, ], we can see that F(·, ·, ·)
is uniformly continuous on K (M) × K (M) × N(µ). Finally, we can check that for each
x ∈ [–, ], F(x, [–, ], ) + C is a convex set. Applying Theorem ., we obtain that S̃ is
l.s.c. at (., ).

The following example illustrates that the concavity of F cannot be dropped.

Example . Let Y = R, C = R
+ and Z = X = R. Let B = [–, ], M = [–, ] and the set-

valued mapping F : B × B × M → Y be defined by

F(x, y,µ) =
[
µx(x – y) – ., 

]
×

{
x(x – y) – .

}
.

Define a set-valued mapping K : M → X for all µ ∈ M, by K (µ) := [, ]. We choose
e = (, ) ∈ int C, ε = ., µ = . Then, all the assumptions of Theorem . are satisfied
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except (iii). Indeed, taking y = , x = , x =  and t = ., we have

(–., –.) = (–., –.) – .(, –.) – .(, –.)

∈ [–., ] × {–.} – .
(
[–., ] × {–.}

)

– .
(
[–., ] × {–.}

)

∈ F
(
.() + .(), , 

)
– .F(, , ) – .F(, , )

= F(., , ) – .F(, , ) – .F(, , ),

but (–., –.) /∈ C. The direct computation shows that

S̃(ε,µ) =

⎧
⎪⎪⎨

⎪⎪⎩

{, } if µ ∈ (, ],
[, ] if µ = ,
{} if µ ∈ [–, ).

(.)

Clearly, we see that S̃(·, ·) is even not l.s.c. at (ε,µ) since F(·, y,µ) is not C-concave on
K (µ).
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Abstract
This paper is mainly concerned with the upper semicontinuity, closedness, and the
lower semicontinuity of the set-valued solution mapping for a parametric
lexicographic equilibrium problem where both two constraint maps and the
objective bifunction depend on both the decision variable and the parameters. The
sufficient conditions for the upper semicontinuity, closedness, and the lower
semicontinuity of the solution map are established. Many examples are provided to
ensure the essentialness of the imposed assumptions.

Keywords: parametric generalized lexicographic quasiequilibrium problem; upper
semicontinuity; closedness and lower semicontinuity

1 Introduction
Equilibrium problems first considered by Blum and Oettli [] have been playing an impor-
tant role in optimization theory with many striking applications particularly in transporta-
tion, mechanics, economics, etc. Equilibrium models incorporate many other important
problems such as: optimization problems, variational inequalities, complementarity prob-
lems, saddlepoint/minimax problems, and fixed points. Equilibrium problems with scalar
and vector objective functions have been widely studied. The crucial issue of solvability
(the existence of solutions) has attracted most considerable attention of researchers; see,
e.g., [–].

With regard to vector equilibrium problems, most of the existing results correspond to
the case when the order is induced by a closed convex cone in a vector space. Thus, they
cannot be applied to lexicographic cones, which are neither closed nor open. These cones
have been extensively investigated in the framework of vector optimization; see, e.g., [–
]. For instance, Konnov and Ali [] studied sequential problems, especially exploiting its
relation with regularization methods. Bianchi et al. in [] analyzed lexicographic equilib-
rium problems on a topological Hausdorff vector space, and their relationship with some
other vector equilibrium problems. They obtained the existence results for the tangled
lexicographic problem via the study of a related sequential problem.

As a unified model of vector optimization problems, vector variational inequality prob-
lems, variational inclusion problems and vector complementarity problems, vector equi-
librium problems have been intensively studied. The stability analysis of the solution map-

© 2016 Wangkeeree et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.
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ping for these problems is an important topic in vector optimization theory. Recently,
a great deal of research has been devoted to the semicontinuity of the solution mapping
for a parametric vector equilibrium problem. Based on the assumption of the (strong) C-
inclusion property of a function, Anh and Khanh [] obtained the upper and lower semi-
continuity of the solution set map of parametric multivalued (strong) vector quasiequilib-
rium problems. Anh and Khanh [] obtained the semicontinuity of a class of parametric
quasiequilibrium problems by a generalized concavity assumption and a closedness of the
level set of functions. Wangkeeree et al. [] established the continuity of the efficient
solution mappings to a parametric generalized strong vector equilibrium problem involv-
ing a set-valued mapping under the Holder relation assumption. Recently, Wangkeeree et
al. [] obtained the sufficient conditions for the lower semicontinuity of an approximate
solution mapping for a parametric generalized vector equilibrium problem involving set-
valued mappings. By using a scalarization method, they obtained the lower semicontinuity
of an approximate solution mapping for such a problem without the assumptions of mono-
tonicity and compactness. For other qualitative stability results on parametric generalized
vector equilibrium problems, see [–] and the references therein.

It is well known that partial order plays an important role in vector optimization theory.
The vector optimization problems in the previous references are studied in the partial or-
der induced by a closed or open cone. But in some situations, the cone is neither open nor
closed, such as the lexicographic cone. On the other hand, since the lexicographic order
induced by the lexicographic cone is a total order, it can refine the optimal solution points
to make it smaller in the theory of vector optimization. Thus, it is valuable to investigate
the vector optimization problems in the lexicographic order. To the best of our knowledge,
the first lower stability results of the solution set map based on the density of the solution
set mapping for a parametric lexicographic vector equilibrium problem have been estab-
lished by Shi-miao et al. []. Recently, Anh et al. [] established the sufficient conditions
for the upper semicontinuity, closedness, and continuity of the solution maps for a para-
metric lexicographic equilibrium problem. However, to the best of our knowledge, there is
no work to study the stability analysis for a parametric lexicographic equilibrium problem
where both two constraint maps and the objective bifunction depend on both the decision
variable and the parameters. We observe that quasiequilibrium models are the important
general models including as special cases quasivariational inequalities, complementarity
problems, vector minimization problems, Nash equilibria, fixed-point and coincidence-
point problems, traffic networks, etc. A quasioptimization problem is more general than
an optimization one as constraint sets depend on the decision variable as well.

Motivated by the mentioned works, this paper is devoted to the study of closedness up-
per and lower of the solution map for a parametric lexicographic equilibrium problem
where both two constraint maps and the objective bifunction depend on both the deci-
sion variable and the parameters. The sufficient conditions for the upper semicontinuity,
closedness, and the lower semicontinuity of the solution map are established. Many ex-
amples are provided to ensure the essentialness of the imposed assumptions.

The paper is organized as follows. In Section , we first introduce the parametric lexico-
graphic equilibrium problem where both two constraint maps and the objective bifunction
depend on both the decision variable and the parameters, and we recall some basic defini-
tions on semicontinuity of set-valued maps. Section  establishes the sufficient conditions
for the upper semicontinuity and closedness of the solution map. Many examples are pro-
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vided to ensure the essentialness of the imposed assumptions. Section  establishes the
sufficient conditions for the lower semicontinuity of the solution map. Furthermore, we
give also many examples ensuring the essentialness of the imposed assumptions.

2 Preliminaries
Throughout this paper, if not otherwise specified, let X and ! be Hausdorff topological
vector spaces. Let A ⊆ X be nonempty. Let K, K : A × ! → X be two multivalued con-
straint maps and f := (f, f, . . . , fn) : A × A × ! → Rn a vector-valued function where, for
each i ∈ In := {, , . . . , n}, fi : A × A ×! → R is a real valued function. We assume that, for
every x ∈ X and i ∈ In, fi(x, x,λ) = , i.e., fi is an equilibrium function. Set R = (–∞, +∞),
R+ = [, +∞), R– = –R+ and R̄ := R ∪ {+∞}. For a subset A of X, int A, cl A and bd A stand
for the interior, closure, and boundary of A, respectively. For any given α ∈ R, the upper
α-level set and the lower α-level set of the function f : X → R̄ are denoted, respectively, by

lev≥α f :=
{

x ∈ X|f (x) ≥ α
}

and

lev≤α f :=
{

x ∈ X|f (x) ≤ α
}

.

Recall that the lexicographic cone of Rn, denoted by CL, is defined as

CL := {} ∪
{

x ∈ Rn|∃i ∈ In : xi > ,∀j < i, xj = 
}

.

We observe that it is neither closed nor open. Indeed, when comparing with the cone
C := {x ∈ Rn|x ≥ }, we have

int C ! CL ! C, int CL = int C and cl CL = C.

However, it is worth noticing that the lexicographic cone is convex, pointed, and total
(‘total’ means that CL ∪ (–CL) = Rn). The lexicographic order, ≥L, in CL is defined by

x ≥L y ⇐⇒ x – y ∈ CL.

This is a total (called also linear) order, i.e., any pair of elements is comparable. In [],
it was shown that, for a fixed orthogonal base, the lexicographic order is the unique total
order. We will see later that this causes difficulties in studies of many topics related to
ordering cones.

Next, we shall introduce and study a problem where both the two constraint maps and
the bifunction depend on parameters. For a given λ ∈ !, the parametric generalized lexi-
cographic quasiequilibrium problem, denoted by GLQEPλ, is

(GLQEPλ)
{

finding x̄ ∈ K(x̄,λ) such that, for all y ∈ K(x̄,λ),
f (x̄, y,λ) ≥L .
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Remark . When K = K := K : ! → X , the (GLQEPλ) collapses to the lexicographic
vector quasiequilibrium problem (LEPλ): for each λ ∈ !,

(LEPλ)
{

finding x̄ ∈ K(λ) such that
f (x̄, y,λ) ≥L ,∀y ∈ K(λ).

The stability analysis of the set-valued solution mapping for (LEPλ) are studied in Anh et
al. [] and Shi-miao et al. [].

Let the set-valued mappings E : ! → X and Sf : ! → X be defined by

E(λ) =
{

x ∈ A : x ∈ K(x,λ)
}

and

Sf (λ) =
{

x ∈ E(λ) : f(x, y,λ) ≥ ,∀y ∈ K(x,λ)
}

.

Furthermore, let a mapping Z : Sf (λ) × ! → X be given by

Z(x,λ) :=
{

y ∈ K(x,λ) | f(x, y,λ) = 
}

.

For the sake of simplicity, we consider the case n = , since the general case is similar. Then
GLQEPλ collapses to: find x̄ ∈ K(x̄,λ) such that

⎧
⎨

⎩
f(x̄, y,λ) ≥ , ∀y ∈ K(x̄,λ),
f(x̄, z,λ) ≥ , ∀z ∈ Z(x̄,λ).

Thus, GLQEPλ can be rewritten as

find x̄ ∈ Sf (λ) such that f(x̄, y,λ) ≥ , for all y ∈ Z(x̄,λ). (.)

The solution mapping for GLQEPλ is denoted by Sf . We denote the whole family of prob-
lems, say of GLQEPλ, for λ ∈ !, by (GLQEPλ)λ∈!. We first observe some basic facts
about lexicographic equilibrium problems. The lexicographic cone CL contains clearly all
pointed closed and convex cones C included in the closed half space {x ∈ Rn : x ≥ }.
Then, for an ordering cone C, we consider some kinds of parametric equilibrium prob-
lems: the parametric generalized quasiequilibrium problem [], denoted by GQEPλ, is

(GQEPλ)
{

finding x̄ ∈ K(x̄,λ) such that, for all y ∈ K(x̄,λ),
f (x̄, y,λ) ∈ C.

The solution mapping for GQEPλ is denoted by SGQEP . Therefore, for any pointed closed
and convex cones C included in the closed half space {x ∈ Rn : x ≥ }, we can get the
following fact: SGQEP ⊆ CL. Hence, the existence results of solutions for GLQEP can be
obtained by the nonemptiness of SGQEP . Next, we need to recall some well-known defini-
tions.
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Definition . [] Let {An} be a sequence of subsets of X. Then
(i) the upper limit or outer limit of the sequence {An} is a subset of X given by

lim sup
n→∞

An =
{

x ∈ X
∣∣ lim inf

n→∞
dist(x, An) = 

}
;

(ii) the lower limit or inner limit of the sequence {An} is a subset of X given by

lim inf
n→∞

An =
{

x ∈ X
∣∣ lim

n→∞
dist(x, An) = 

}
;

(iii) if lim supn→∞ An = lim infn→∞ An, then we say that the limit of {An} exist and

lim
n→∞

An = lim sup
n→∞

An = lim inf
n→∞

An.

Consequently, we have the following result.

Proposition . Let {An} be a sequence of subsets of X. Then
(i) lim supn→∞ An = {x ∈ A|xnk ∈ Ank : xnk → x};

(ii) lim infn→∞ An = {x ∈ A|xn ∈ An : xn → x}.

Definition . [] Let X and Y be Hausdorff topological vector spaces and S : X → Y

a given set-valued map.
(i) S is said to be upper semicontinuous (usc, for short) at x ∈ X iff for any open set

V ⊂ Y , where S(x) ⊂ V , there exists a neighborhood U ⊂ X of x such that

S(x) ⊂ V , ∀x ∈ U .

The map S(·) is said to be u.s.c. on X if it is u.s.c. at every x ∈ X .
(ii) S is said to be lower semicontinuous (lsc, for short) at x ∈ X iff for any open set

V ⊂ Y such that S(x) ∩ V ≠ ∅, there exists a neighborhood U ⊂ X of x such that

S(x) ∩ V ≠ ∅, ∀x ∈ U .

The map S(·) is said to be l.s.c. on X if S(·) is l.s.c. at every x ∈ X .
(iii) S is said to be closed at x if from (xn, yn) in the graph

gr S := {(x, y) ∈ X × Y | y ∈ S(x)} of S and tends to (x, y) it follows that
(x, y) ∈ gr S.

We will often use the well-known fact: if S(x) is compact, then S is usc at x if and only if
for any sequence {xn} in X converging to x and yn ∈ Q(xn), there is a subsequence of {yn}
converging to a point y ∈ Q(x). Next we give equivalent forms of the lower semicontinuity
of S.

For a set-valued map Q : X → Y between two linear spaces, Q is called concave [] on
a convex subset A ⊆ X if, for each x, x ∈ A and t ∈ [, ],

Q
(
( – t)x + tx

)
⊆ tQ(x) + ( – t)Q(x).



Wangkeeree et al. Journal of Inequalities and Applications  ( 2016)  2016:44 Page 6 of 14

Lemma . Let S : X → Y be a given set-valued map. The following are equivalent:
(i) S is lsc at x;

(ii) if {xn} is any sequence such that xn → x and V ⊂ Y an open subset such that
S(x) ∩ V ≠ ∅, then

∃N ≥  : S(xn) ∩ V ≠ ∅, ∀n ≥ N ;

(iii) if {xn} is a sequence such that xn → x and y ∈ S(x) arbitrary, then there is a
sequence {yn} with yn ∈ S(xn) such that yn → y as n → ∞.

From Proposition . and Lemma . we can obtain the following lemma immediately.

Lemma . Let S : X → Y be a given set-valued map. Then S is lsc at x iff for any se-
quence {xn} ⊆ X converging to x,

S(x) ⊂ lim inf
n→∞

S(xn).

The following relaxed continuity properties are also needed and can be found in [].

Definition . ([]) Let X be a topological space and g : X → R̄ be a function on X.
(i) g is said to be (sequentially) upper pseudocontinuous at x ∈ X if for any sequence

{xn} in X converging to x and for each x ∈ X such that g(x) > g(x),

g(x) > lim sup
n→∞

g(xn).

(ii) g is called (sequentially) lower pseudocontinuous at x ∈ X if for any sequence {xn}
in X converging to x and for each x ∈ X such that g(x) < g(x),

g(x) < lim inf
n→∞

g(xn).

(iii) g is pseudocontinuous at x ∈ X if it is both lower and upper pseudocontinuous at
this point.

The class of the pseudocontinuous functions strictly contains that of the semicontinuous
functions as shown by the following.

Example . The function g : R → R defined by

g(x) =

⎧
⎪⎪⎨

⎪⎪⎩

, if x > ,
, if x = ,
–, if x < ,

is pseudocontinuous, but neither upper nor lower semicontinuous at .

Lemma . ([]) Let X be a topological space. Then g : X → R is pseudocontinuous in X
if and only if, for all sequences {xn} and {yn} in X such that xn → x and yn → y as n → ∞
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and g(y) < g(x),

lim sup
n→∞

g(yn) < lim inf
n→∞

g(xn).

The following important definition can be found in [].

Definition . Let g : X × Z → R and $ ⊂ R, where int$ ≠ ∅. g is called generalized
$-concave in a convex set A ⊂ Z, if for each x ∈ X and z, z ∈ A satisfying g(x, z) ∈ $ and
g(x, z) ∈ int$, it follows that, for all t ∈ (, ),

g
(
x, ( – t)z + tz

)
∈ int$.

3 The upper semicontinuouity and closedness of Sf

In this section, we discuss the upper semicontinuity and closedness of the solution map-
ping Sf . Since there have been a number of contributions to existence issues, focusing
on stability we always assume that Sf (λ) and Sf (λ) are nonempty for all λ in a neighbor-
hood of the considered point λ̄. First of all, we shall establish the upper semicontinuity
and closedness of the solution mapping Sf .

Lemma . For (GLQEPλ)λ∈! assume that
(i) E is usc at λ̄ and E(λ̄) is compact;

(ii) K is lsc in K(A,!) × {λ̄};
(iii) lev≥ fi(·, ·, λ̄) is closed in K(A,!) × K(A,!) × {λ̄} for i = , .

Then the solution map Sf is both usc and closed at λ̄.

Proof We first prove that the solution map Sf is usc at λ̄. Suppose on the contrary that
there exists an open set U ⊇ Sf (λ̄) such that for any neighborhood N(λ̄) of λ̄, there exists
λ ∈ N(λ̄) such that Sf (λ) " U . In particular, for each n ∈ N, there exist sequences {λn} ⊆ !

converging to λ̄ and {xn} ⊆ Sf (λn) ⊆ E(λn) with xn /∈ U . By the upper semicontinuity of E
and the compactness of E(λ̄), one can assume that xn → x, for some x ∈ E(λ̄). Next, we
claim that x ∈ Sf (λ̄). Again suppose on the contrary that there exists y ∈ K(x, λ̄) such
that f(x, y, λ̄) < . The lower semicontinuity of K at (x, λ̄), by Lemma ., implies that
there exists a sequence {yn} in K(xn,λn) such that yn → y as n → ∞. For each n ∈ N,
since xn ∈ Sf (λn), we have

f(xn, yn,λn) ≥ .

It follows from the closedness of lev≥ fi(·, ·, λ̄) that f(x, y, λ̄) ≥ , which leads to a con-
tradiction. Therefore, x ∈ Sf (λ̄) ⊆ U , again a contradiction, since xn /∈ U for all n. Thus,
Sf is usc at λ̄.

Next, we prove that Sf is closed at λ̄. We suppose on the contrary that Sf is not closed
at λ̄, i.e., there a sequence {λn} converging to λ̄ and {xn} ⊆ Sf (λn) with xn → x but x /∈
Sf (λ̄). The same argument as above ensures that x ∈ Sf (λ̄), which gives a contradiction.
Therefore, we can conclude that Sf is closed at λ̄. !

Now, we are in the position to discuss the upper semicontinuity and closedness of the
solution mapping Sf .
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Theorem . For (GLQEPλ)λ∈! assume that
(i) E is usc at λ̄ and E(λ̄) is compact;

(ii) K is lsc in K(A,!) × {λ̄};
(iii) lev≥ fi(·, ·, λ̄) is closed in K(A,!) × K(A,!) × {λ̄} for i = , ;
(iv) Z is lsc in Sf (λ̄) × {λ̄}.

Then the solution map Sf is both usc and closed at λ̄.

Proof We first claim that the solution map Sf is usc at λ̄. Suppose there exist an open set
U ⊇ Sf (λ̄), {λn} → λ̄, and {xn} ⊆ Sf (λn) such that xn /∈ U for all n. By the upper semicon-
tinuity of Sf at λ̄ and the compactness of Sf (λ̄), without loss of generality we can assume
that xn → x as n → ∞ for some x ∈ Sf (λ̄). If x /∈ Sf (λ̄), there exists y ∈ Z(x, λ̄) such
that f(x, y, λ̄) < . The lower semicontinuity of Z in turn yields yn ∈ Z(xn,λn) tending
to y. Notice that for each n ∈ N, f(xn, yn,λn) ≥ . This together with the closedness of
lev≥ f(·, ·, λ̄) in K(A,!) × K(A,!) × {λ̄} implies that f(x, y, λ̄) ≥ , which gives a con-
tradiction. If x ∈ Sf (λ̄) ⊆ U , one has another contradiction, since xn /∈ U for all n. Thus,
Sf is usc at λ̄.

Now we prove that Sf is closed at λ̄. Suppose on the contrary that there exists a se-
quence {(λn, xn)} converging to (λ̄, x) with xn ∈ Sf (λn) but x /∈ Sf (λ̄). Then f(x, y, λ̄) < 
for some y ∈ Z(x, λ̄). Due to the lower semicontinuity of Z, there is yn ∈ Z(xn,λn) such
that yn → y. Since xn ∈ Sf (λn), f(xn, yn,λn) ≥ . By the closedness of the set lev≥ f,
f(x, y, λ̄) ≥ , which is impossible since f(x, y, λ̄) < . Therefore, Sf is closed at λ̄. !

Corollary . For GLQEP, suppose that the conditions (i), (ii), and (iv) given in Theo-
rem . are satisfied. Further, for each i = , , assume that fi is upper pseudocontinuous
in K(A,!) × K(A,!) × {λ̄}. Then the solution map Sf is both usc and closed at λ̄.

Proof It is suffice to derive the condition (iii) that given in Theorem .. For i = , ,
suppose {(xn, yn,λn)} is any sequence in lev≥ fi(·, ·, λ̄) such that (xn, yn,λn) → (x̄, ȳ, λ̄) as
n → ∞. Assume that on the contrary that (x̄, ȳ, λ̄) /∈ lev≥ fi(·, ·, λ̄), which implies that
fi(x̄, ȳ, λ̄) <  = fi(x̄, x̄, λ̄). The upper pseudocontinuity of fi at (x̄, ȳ, λ̄) implies that

 = fi(x̄, x̄, λ̄) > lim sup
n→∞

fi(xn, yn,λn) ≥ ,

which gives a contradiction. Hence, we can conclude that (x̄, ȳ, λ̄) ∈ lev≥ fi(·, ·, λ̄). Now,
the closedness of lev≥ fi(·, ·, λ̄) is proved. Applying Theorem ., we get the desired result.

!

The following examples show that all assumptions imposed in Theorem . are very
essential and cannot be relaxed.

Example . (The upper semicontinuity and compactness in (i) are crucial) Let A = X =
R, ! = [, ], λ̄ = . Define the mappings K, K, and f by

K(x,λ) = (λ,  + λ] and K(x,λ) = (, ]

and

f (x, y,λ) =
(
x(x – y)( + λ), λ+xyx(x – y)

)
.
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Then we have

E() = (, ] and E(λ) = (λ,  + λ], ∀λ ∈ (, ].

Hence, E() is not compact and E is not usc. Indeed, we choose an open set U := (, /) ⊇
E() = (, ]. We observe that, for any ε > , we can choose λ′ = –ε/ ∈ N(, ε) such that

E
(
λ′) = (–ε/, ε/] " U .

Clearly, the conditions (ii) and (iii) are all satisfied. Easy calculations yield

Sf (λ) =

⎧
⎨

⎩
(, ], if λ = ,
(λ,  + λ], if λ ≠ ,

and Z(x,λ) = {x}. Hence, assumption (iv) is satisfied. Direct computations give

Sf (λ) =

⎧
⎨

⎩
(, ], if λ = ,
(λ,  + λ], if λ ≠ .

It is evident that Sf is neither usc nor closed at λ̄ = . This is caused by the fact that E is
neither upper semicontinuous nor compact-valued at λ̄ = .

Example . (The lower semicontinuity of K in K(A,!)×{λ̄} is essential) Let A = X = R,
! = [, ], λ̄ = . Define the mappings K, K, and f by

K(x,λ) = K(x,λ) =

⎧
⎨

⎩
[–, ], if λ = ,
[ – 

 , ], if λ ≠ ,

and

f (x, y,λ) =
(
( + λ)(y – x), λy(y – x)

)
.

Then we have

E(λ) =

⎧
⎨

⎩
[–, ], if λ = ,
[ – 

 , ], if λ ≠ ,

which shows that E is usc at  and E() is compact, that is, (i) is satisfied. Clearly, the
condition (iii) in Theorem . is satisfied. Furthermore, easy calculations yield

Sf (λ) =

⎧
⎨

⎩
{–}, if λ = ,
{– 

 }, if λ ≠ ,

and Z(x,λ) = {x}, which is lsc in Sf (λ̄) × {λ̄}. Direct calculation gives

Sf (λ) =

⎧
⎨

⎩
{–}, if λ = ,
{– 

 }, if λ ≠ .
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It is evident that Sf is neither usc nor closed at λ̄ = . This is caused by the fact that K is
not lsc at λ̄ = . Indeed, we observe that (, ) ∈ K(A,!) × {} and {( 

n , 
n )} → (, ). We

choose y := – ∈ K(, ) = [–, ] such that there is not any sequence {yn} in K( 
n , 

n ) =
[– 

 , ] converging to y.

Example . (The lower semicontinuity of Z in Sf (λ̄) × {λ̄} are crucial) Let A = X = R,
! = [, ], λ̄ = . Define the mappings K, K, and f by

K(x,λ) = K(x,λ) = [, ]

and

f (x, y,λ) =
(
λ(x – y), λy(y – x)

)
.

Hence Conditions (i), (ii), and (iii) clearly hold. By direct calculations, we can get

Sf (λ) =

⎧
⎨

⎩
[, ], if λ = ,
{}, if λ ≠ ,

Z(x,λ) =

⎧
⎨

⎩
[, ], if λ = ,
{x}, if λ ≠ .

Hence Z is not lsc in [, ] × {}. Further

Sf (λ) =

⎧
⎨

⎩
{}, if λ = ,
{}, if λ ≠ .

It is evident that Sf is neither usc nor closed at λ̄ = .

4 The lower semicontinuouity of Sf

For investigation the lower semicontinuity of the solution mapping Sf , as an auxiliary
problem we consider, for a given λ ∈ !, an auxiliary parametric generalized lexicographic
quasiequilibrium problem, denoted by AGLQEPλ:

(AGLQEPλ)
{

finding x̄ ∈ K(x̄,λ) such that
f(x̄, y,λ) > , for all y ∈ K(x̄,λ).

Let the set-valued mappings E : ! → X and SAGQEP : ! → X be defined by

E(λ) =
{

x ∈ A : x ∈ K(x,λ)
}

,

and the solution mapping for AGLQEPλ is denoted by SAGLQEP(λ), i.e.

SAGQEP(λ) =
{

x ∈ E(λ) : f(x, y,λ) > ,∀y ∈ K(x,λ)
}

.

First, we establish the lower semicontinuity of the solution mapping SAGQEP .
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Lemma . For AGLQEP, assume that the following conditions are satisfied:
(i) E is lsc at λ̄;

(ii) K is usc and compact-valued in K(A,!) × {λ̄};
(iii) lev≤ f(·, ·, λ̄) is closed in K(A,!) × K(A,!) × {λ̄}.

Then the solution map SAGQEP is lsc at λ̄.

Proof Suppose to the contrary that SAGQEP is not lsc at λ̄, i.e., there a sequence {λn} ⊆ !

with λn → λ̄ and there exists x̄ ∈ SAGQEP(λ̄) ⊆ E(λ̄) such that,

for all sequence {yn} ⊆ SAGQEP(λn) ⊆ E(λn), yn # x̄. (.)

Since E is lsc at λ̄, there exists a sequence {xn} in E(λn) with xn → x̄ as n → ∞. It follows
from (.) that there exists {xnk } of {xn} such that xnk /∈ SAGQEP (λnk ) for all k ∈ N. This
implies that there ynk ∈ K(xnk ,λnk ) satisfying

f(xnk , ynk ,λnk ) ≤ , for each k ∈ N.

As K is usc at (x̄, λ̄) and K(x̄, λ̄) is compact, there exists ȳ ∈ K(x̄, λ̄) such that

ynk → ȳ as k → ∞ (taking a subsequence if necessary).

It follows from the closedness of lev≤ f(·, ·, λ̄) that f(x̄, ȳ, λ̄) ≤ , which is impossible since
x̄ ∈ SAGQEP(λ̄). The proof is completed. !

Now, we establish the lower semicontinuity of the solution mapping Sf .

Theorem . For (GLQEP) let the following conditions be satisfied:
(i) E is lsc at λ̄ and E(λ̄) is convex;

(ii) K(·, λ̄) is usc and compact-valued in K(A,!) × {λ̄}; K(·, λ̄) is concave in E(λ̄);
(iii) lev≤ f(·, ·, λ̄) is closed in K(A,!) × K(A,!) × {λ̄};
(iv) f(·, ·, λ̄) is generalized R+-concave in E(λ̄) × K(A, λ̄).

Then the solution map Sf is lsc at λ̄.

Proof First, we notice that Sf (λ̄) ⊆ cl SAGLQEP(λ̄). Indeed, let x̄ ∈ Sf (λ̄) be arbitrary. For any
x̄A ∈ SAGLQEP(λ̄) and t ∈ (, ), define xt = ( – t)x̄ + tx̄A. Clearly, xt → x̄ as t ↓  and by the
virtue of the convexity of E(λ̄), xt ∈ K(xt , λ̄). Further, for all y ∈ K(xt , λ̄), the concavity
of K(·, λ̄) implies that there exist ȳ ∈ K(x̄, λ̄) and ȳA ∈ K(x̄A, λ̄) such that y = ( – t)ȳ +
tȳA. It is clear that f(x̄, ȳ, λ̄) ≥  and f(x̄A, ȳA, λ̄) > . It follows from the generalized R+-
concavity of f(·, ·, λ̄) that f(xt , y, λ̄) > , i.e., xt ∈ SAGQEP(λ̄). Therefore, we conclude that x̄ ∈
cl SAGQEP(λ̄), which shows that Sf (λ̄) ⊆ cl SAGQEP(λ̄). Next, for any sequence {λn} satisfying
λn → λ̄ as n → ∞, by the lower semicontinuity of SAGQEP at λ̄ given in Lemma ., we have

Sf (λ̄) ⊆ cl SAGQEP(λ̄) ⊆ cl lim inf
n→∞

SAGQEP(λn) ⊆ cl lim inf
n→∞

Sf (λn),

which gives the lower semicontinuity of Sf at λ̄ since Lemma .. The proof is com-
pleted. !
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Corollary . For GLQEP, suppose that the conditions (i), (ii), and (iv) given in Theo-
rem . are satisfied. Further, assume that f is lower pseudocontinuous in K(A,!) ×
K(A,!) × {λ̄}. Then the solution map Sf is lsc at λ̄.

Proof It is suffice to derive the condition (iii) that imposed in Theorem .. Let {(xn, yn,λn)}
be any sequence in lev≤ f(·, ·, λ̄) such that (xn, yn,λn) → (x̄, ȳ, λ̄) as n → ∞. Assume that on
the contrary that (x̄, ȳ, λ̄) /∈ lev≤ f, which implies that f(x̄, ȳ, λ̄) >  = f(x̄, x̄, λ̄). It follows
from the lower pseudocontinuity of f at (x̄, ȳ, λ̄) that

 = f(x̄, x̄, λ̄) < lim inf
n→∞

f(xn, yn,λn) ≤ ,

which gives a contradiction. Hence, we can conclude that (x̄, ȳ, λ̄) ∈ lev≤ f. Now, the
closedness of lev≤ f(·, ·, λ̄) is proved. Applying Theorem . we obtain the desired re-
sult. !

The following example illustrates that the lower semicontinuity assumption for the set
E cannot be relaxed in Theorem ..

Example . (The lower semicontinuity of E at λ̄ is crucial) Let A = X = R, ! = [, ],
λ̄ = . Define the mappings K, K, and f by

K(x,λ) =

⎧
⎨

⎩
[–, ], if λ = ,
[ – , ] ∪ {}, if λ ≠ ,

K(x,λ) = [–, ],

and

f (x, y,λ) =
(
( + λ)(x – y), λy(x – y)

)
.

Hence conditions (ii)-(iv) clearly hold. However, E is not lsc at λ̄ = . Indeed, we choose
a sequence {/n} ⊆ ! such that /n →  and / ∈ E() = [–, ]. We can see that, for all
sequences {yn} ⊆ E(/n) := [–, ] ∪ {}, yn # / as n → ∞. By direct calculations, we can
get

SAGQEP(λ) = Sf (λ) =

⎧
⎨

⎩
(, ], if λ = ,
{}, if λ ≠ .

Hence Sf is not lsc at λ̄ = , indeed, we choose λn = 
n →  and 

 ∈ Sf () but we cannot
find a sequence in Sf ( 

n ) which converges to 
 .

The next example indicates the essential role of the upper semicontinuity assumption
for the set K in Theorem ..

Example . (The upper semicontinuity of K is crucial) Let A = X = R, ! = [, ], λ̄ = .
Define the mappings K, K, and f by

K(x,λ) = [, ], K(x,λ) =

⎧
⎨

⎩
{– 

 } ∪ [, ], if λ = ,
[ – 

 , 
 ], if λ ≠ ,
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and

f (x, y,λ) = (x + y, x – y).

It is clear that the upper semicontinuity of K is not satisfied. Indeed, for each n ∈ N, we
choose

(xn,λn) =
( 

n , 
n

)
and yn = – 

 ∈ K(xn,λn).

It is obvious that there is not any subsequence of {yn} converging to an element in {– 
 } ∪

[, ] := K(, ). However, all conditions (i), (iii)-(v) of Theorem . are satisfied. By direct
calculations, we have

SAGQEP(λ) = Sf (λ) =

⎧
⎨

⎩
( 

 , ], if λ = ,
( 

 , ], if λ ≠ .

Hence Sf is not lsc at λ̄ = . The cause is that (ii) is not fulfilled.

5 Conclusion
We presented the upper semicontinuity, closedness, and the lower semicontinuity of the
set-valued solution mapping for a parametric lexicographic equilibrium problem where
both two constraint maps and the objective bifunction depend on both the decision vari-
able and the parameters. The sufficient conditions for the upper semicontinuity, closed-
ness, and the lower semicontinuity of the solution map are established. Many examples
are provided to ensure the essentialness of the imposed assumptions.
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Abstract

We introduce the notions of Levitin-Polyak(LP) well-posedness and LP well-posedness in the generalized
sense for the Lexicographic vector equilibrium problems. Then, we establish some sufficient conditions
for Lexicographic vector equilibrium problems to be LP well-posedness at the reference point. Numerous
examples are provided to explain that all the assumptions we impose are very relaxed and cannot be dropped.
The results in this paper unify, generalize and extend some known results in the literature.
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1. Introduction and Preliminaries

Equilibrium problems first considered by Blum and Oettli [8] have been playing an important role in
optimization theory with many striking applications particularly in transportation, mechanics, economics,
etc. Equilibrium models incorporate many other important problems such as: optimization problems,
variational inequalities, complementarity problems, saddlepoint/minimax problems, and fixed points. Equi-
librium problems with scalar and vector objective functions have been widely studied. The crucial issue of
solvability (the existence of solutions) has attracted the most considerable attention of researchers, see, e.g.,
[14, 18, 21, 40].

On the other hand, well-posedness plays an important role in the stability analysis and numerical meth-
ods for optimization theory and applications. Since any algorithm can generate only an approximating
solution sequence which is meaningful only if the problem is well-posed under consideration. The first and
oldest well-posedness is Hadamard well-posedness [20], which means existence, uniqueness and continuous
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dependence of the optimal solution and optimal value from perturbed data. The second is Tikhonov well-
posedness [41], which means the existence and uniqueness of the solution and convergence of each minimizing
sequence to the solution. Well-posedness properties have been intensively studied and the two classical well-
posedness notions have been extended and blended. For parametric problems, well-posedness is closely
related to stability. Up to now, there have been many works dealing with well-posedness of optimization-
related problems as mathematical programming [39, 22], constrained minimization [12, 44, 43, 17] variational
inequalities [12, 10, 16, 30, 42], Nash equilibria [42, 34], and equilibrium problems [17, 2, 24]. A fundamental
requirement in Tykhonov well-posedness is that every minimizing sequence is from within the feasible re-
gion. However, in several numerical methods such as exterior penalty methods and augmented Lagrangian
methods, the minimizing sequence generated may not be feasible. Taking this into account, Levitin and
Polyak [28] introduced another notion of well-posedness which does not necessarily require the feasibility of
the minimizing sequence. However, it requires the distance of the minimizing sequence from the feasible set
to approach to zero eventually. Since then, many authors investigated the well-posedness and well-posedness
in the gener- alized sense for optimization, variational inequalities and equilibrium problems. The study
of Levitin-Polyak type well-posedness for scalar convex optimization probiems with functional constraints
was initiated by Konsulova and Revalski [26]. In 1981, Lucchetti and Patrone [33] introduced and studied
the well-posedness for variational inequalities, which is a generalization of the Tykhonov well-posedness of
minimization problems. Long et al. [31] introduced and studied four types of Levitin-Polyak well-posedness
of equilibrium problems with abstract set constraints and functional constraints. Li and Li [29] introduced
and researched two types of Levitin-Polyak well-posedness of vector equilibrium problems with abstract set
constraints. Peng et al. [36] introduced and studied four types of Levitin-Polyak well-posedness of vector
equilibrium problems with abstract set constraints and functional constraints. Peng, Wu and Wang [37] in-
troduced several types of Levitin-Polyak well-posedness for a generalized vector quasi-equilibrium problem
with functional constraints and abstract set constraints. Chen, Wan and Cho [11] studied the Levitin-Polyak
well-posedness by perturbations for a class of general systems of set-valued vector quasi-equilibrium problems
in Hausdorff topological vector spaces. Very recently Lalitha and Bhatia [27] studied the LP well-posedness
for a parametric quasivariational inequality problem of the Minty type.

With regard to vector equilibrium problems, most of existing results correspond to the case when the
order is induced by a closed convex cone in a vector space. Thus, they cannot be applied to lexicographic
cones, which are neither closed nor open. These cones have been extensively investigated in the framework of
vector optimization, see, e.g., [3, 6, 7, 9, 15, 19, 25, 23]. For instance, Konnov and Ali [25] studied sequential
problems, especially exploiting its relation with regularization methods. Bianchi et al. in [6] analyzed
lexicographic equilibrium problems on a topological Hausdorff vector space, and their relationship with
some other vector equilibrium problems. They obtained the existence results for the tangled lexicographic
problem via the study of a related sequential problem. However, for equilibrium problems, the main emphasis
has been on the issue of solvability/existence. To the best of the knowledge, very recently, Anh et al. in
[3] studied the Tikhonov well-posedness for lexicographic vector equilibrium problems in metric spaces and
gave the sufficient conditions for a family of such problems to be well-posed and uniquely well-posed at
the considered point. Furthermore, they derived several results on well-posedness for a class of variational
inequalities.

In this paper, we first introduce the new notions of Levitin-Polyak(LP) well-posedness and LP well-
posedness in the generalized sense for the Lexicographic vector equilibrium problems. Then, we establish
some sufficient conditions for this problems to be LP well-posedness at the reference point. Furthermore,
we give numerous examples to explain that all the imposed assumptions are very relaxed and cannot be
dropped.

The layout of the paper is as follows. In Sect. 2, we introduce the notions of LP well-posedness and
LP well-posedness in the generalized sense for the Lexicographic vector equilibrium problems. In Sect. 3,
we establish some sufficient conditions for this problems to be LP well-posedness at the reference point.
Section 4 is devoted to LP well-posedness in the generalized sense for the Lexicographic vector equilibrium
problems. Some concluding remarks are included in the end of this paper.
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We first recall the concept of lexicographic cone in finite dimensional spaces and models of equilibrium
problems with the order induced by such a cone. The lexicographic cone of Rn, denoted Cl , is the collection
of zero and all vectors in Rn with the first nonzero coordinate being positive, i.e.,

Cl := {0} ∪ {x ∈ Rn|∃i ∈ {1, 2, . . . , n} : xi > 0 and xj = 0, ∀j < i}.

This cone is convex and pointed, and induces the total order as follow:

x ≥l y ⇔ x− y ∈ Cl.

We also observe that it is neither closed nor open. Indeed, when comparing with the cone C1 := {x ∈
Rn|x1 ≥ 0}, we see that intC1 ! Cl ! C1, while

intCl = intC1 and clCl = C1.

Throughout this paper, if not other specified, X be a metric space and Λ denote the metric space. Let
X0 ⊂ X be nonempty and closed sets . Let f := (f1, f2, . . . , fn) : X×X×Λ → Rn be vector-valued function
and K : Λ → 2X being a closed valued map. The lexicographic vector quasiequilibrium problem consists of,
for each λ ∈ Λ,

(LEPλ) finding x̄ ∈ K(λ) such that

f(x̄, y,λ) ≥l 0 , ∀y ∈ K(λ).

Instead of writing {(LEPλ)|λ ∈ Λ} for the family of lexicographic vector equilibrium problem, i.e., the
lexicographic parametric problem, we will simply write (LEP) in the sequel. Let S : Λ → 2X be the solution
map of (LEP); that is, for each λ ∈ Λ,

S(λ̄) := {x ∈ K(λ̄)|f(x, y, λ̄) ≥l 0, ∀y ∈ K(λ̄)}. (1.1)

Following the lines of investigating ε-solutions to vector optimization problems initiated by Loridan [32], we
consider, for each λ ∈ Λ and each ε ∈ [0,∞), the following approximate problem:

( LEPλ,ε) find x̄ ∈ K(λ) such that

d(x̄,K(λ)) ≤ ϵ and f(x̄, y,λ) + εe ≥l 0, ∀y ∈ K(λ),

where e := (0, 0, . . . , 0︸ ︷︷ ︸
n−1

, 1) ∈ Rn. The solution set of (LEPλ,ε) is denoted by S̃(λ, ε); that is the set valued-map

S̃ : Λ× R → 2X is defined by

S̃(λ, ε) = {x ∈ X|d(x,K(λ)) ≤ ϵ and f(x, y,λ) + εe ≥l 0, ∀y ∈ K(λ)}, (1.2)

for all (λ, ε) ∈ Λ× R.
Now we introduce the concept of LP well-posedness for LEP. For this purpose, we require the the

following notions of an LP approximating sequence.

Definition 1.1. Let {λn} be a sequence in Λ such that λn → λ̄. A sequence {xn} is said to be an LP
approximating sequence for LEP with respect to {λn} if there is a sequence {ϵn} in (0,∞) satisfying ϵn → 0
as n → ∞, such that

(i) d(xn,K(λn)) ≤ ϵn, for all n ∈ N;

(ii) f(xn, yn,λn) + ϵne ≥l 0, ∀yn ∈ K(λn).

Definition 1.2. The problem (LEP) is LP well-posed at λ̄ if

(i) there exists a unique solution x̄ of LEP;
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(ii) for any sequence {λn} converging to λ̄, every LP approximating sequence {xn} with respect to {λn}
converges to x̄.

Definition 1.3. [4] Let Q : X ⇒ Y be a set-valued mapping between metric spaces

(i) Q is upper semicontinuous (usc) at x̄ if for any open set U ⊇ Q(x̄), there is a neighborhood N of x̄
such that Q(N) ⊆ U .

(ii) Q is lower semicontinuous (lsc) at x̄ if for any open subset U of Y with Q(x̄) ∩ U ̸= ∅, there is a
neighborhood N of x̄ such that Q(x) ∩ U ̸= ∅ for all x ∈ N .

(iii) Q is closed at x̄ if for any sequences xk → x̄ and yk → ȳ with yk ∈ Q(xk), it holds ȳ ∈ Q(x̄).

Lemma 1.4. [4]

(i) If Q is usc at x̄ and Q(x̄) is compact, then for any sequence xn → x̄, every sequence {yn} with
yn ∈ Q(xn) has a subsequence converging to some point in Q(x̄). If, in addition, Q(x̄) = {ȳ} is a
singleton, then such a sequence {yn} must converge to ȳ.

(ii) Q is lsc at x̄ if and only if for any sequence xn → x̄ and any point y ∈ Q(x̄), there is a sequence {yn}
with yn ∈ Q(xn) converging to y.

Definition 1.5. [3, 1] Let g be an extended real-valued function on a metric space X and ε be a real
number.

(i) g is upper ε-level closed at x̄ ∈ X if for any sequence xn → x̄,

[g(xn) ≥ ε, ∀n] ⇒ [g(x̄) ≥ ε].

(ii) g is strongly upper ε-level closed at x̄ ∈ X if for any sequences xn → x̄ and {vn} ⊂ [0,∞)
converging to 0,

[g(xn) + vn ≥ ε, ∀n] ⇒ [g(x̄) ≥ ε].

Let A,B be two subsets of metric space X. The Hausdorff distance between A and B is defined as follows

H(A,B) = max{H∗(A,B), H∗(B,A)},

where H∗(A,B) = supa∈A d(a,B), and d(x,A) = infy∈A d(x, y).

2. LP well-posedness for Lexicographic vector Equilibrium Problems

In this section, we shall give some neccessary and/or sufficient conditions for (LEP) to be LP well-posed
at the reference point λ̄ ∈ Λ. To simplify the presentation, in the sequel, the results will be formulated
for the case n = 2. For any two positive numbers α, ϵ, the solution set of approximation solutions for the
problem (LEPλ,ε) is denoted by

Γ(λ̄,α, ϵ) =
⋃

λ∈B(λ̄,α)∩Λ

{x ∈ X|d(x,K(λ)) ≤ ϵ and f(x, y,λ) + εe ≥l 0, ∀y ∈ K(λ)}, (2.1)

where B(λ̄,α) denote the closed ball centered at λ̄ with radius α. The set-valued mapping Z : Λ×X → 2X

next defined will play an important role our analysis

Z(λ, x) =

{
{z ∈ K(λ)|f1(x, z,λ) = 0} if (λ, x) ∈ gr Z1;
X otherwise,

where Z1 : Λ → 2X denotes the solution mapping of the scalar equilibrium problem determined by the
real-valued function f1 :

Z1(λ) = {x ∈ K(λ)|f1(x, y,λ) ≥ 0, ∀y ∈ K(λ)}.
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Then (2.1) is equivalent to
Γ(λ̄,α, ϵ)

=
⋃

λ∈B(λ̄,α)∩Λ

{x ∈ X|d(x,K(λ)) ≤ ϵ, f1(x, y,λ) ≥ 0, ∀y ∈ K(λ) and f2(x, z,λ) + ϵ ≥ 0, ∀z ∈ Z(λ, x)}

=
⋃

λ∈B(λ̄,α)∩Λ

S̃(λ, ε),

where S̃ is the solution map for (LEPλ,ε) defined by (1.2). For the solution map S : Λ → 2X of (LEP), in
general, we observe that

Γ(λ̄, 0, 0) = S(λ̄) and S(λ̄) ⊆ Γ(λ̄,α, ϵ), ∀α, ϵ > 0,

and hence
S(λ̄) ⊆

⋂

α,ϵ>0

Γ(λ̄,α, ϵ).

Next, we provide the sufficient conditions for the two sets to coincide.

Proposition 2.1. Suppose that the following conditions are satisfied :

(i) K is closed and lsc on Λ;

(ii) Z is lsc on Λ×X;

(iii) f1 is upper 0-level closed on X ×X × Λ;

(iv) f2 is strongly upper 0-level closed on X ×X × Λ;

then ⋂

α,ϵ>0

Γ(λ̄,α, ϵ) = S(λ̄).

Proof. Let x̄ ∈
⋂

α,ϵ>0 Γ(λ̄,α, ϵ), then without loss of generality, there exist sequences αn > 0, ϵn > 0 with

αn → 0, ϵn → 0, such that x̄ ∈ Γ(λ̄,αn, ϵn). Hence, it follows that there exists a sequence λn ∈ B(λ̄,αn)∩Λ,
such that, for all n ∈ N,

d(x̄,K(λn)) ≤ ϵn, (2.2)

and
f1(x̄, y,λn) ≥ 0, ∀y ∈ K(λn) and f2(x̄, z,λn) + ϵn ≥ 0, ∀z ∈ Z(λn, x̄). (2.3)

Since K(λ̄) is a closed set in X, it follows from (2.2) that we can choose xn ∈ K(λn), such that

d(x̄, xn) ≤ ϵn, ∀n ∈ N. (2.4)

Thus xn → x̄ as n → ∞. Clearly λn → λ̄ as n → ∞ and also as K is closed at λ̄, it follows that x̄ ∈ K(λ̄).
As K is lsc at λ̄ and λn → λ̄ for any y ∈ K(λ̄) there exists yn ∈ K(λn) such that yn → y. Also Z is lsc at
(λ̄, x̄) and (λn, xn) → (λ̄, x̄), it is clear that for any z ∈ Z(λ̄, x̄) there exists a sequence zn ∈ Z(λn, xn) such
that zn → z. This implies by assumption (iii),(iv), and (2.3) that f1(x̄, y, λ̄) ≥ 0, f2(x̄, z, λ̄) ≥ 0 and hence,
x̄ ∈ S(λ̄). "

Theorem 2.2. Suppose that the conditions (i)-(iv) in Proposition 2.1 are satisfied. Then (LEP) is LP
well-posed at λ̄ ∈ Λ if and only if Γ(λ̄,α, ϵ) ̸= ∅, ∀α, ϵ > 0 and diam Γ(λ̄,α, ϵ) → 0 as (α, ϵ) → (0, 0).
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Proof. Suppose that the problem (LEP) is LP well-posed. Hence, it has a unique solution x̄ ∈ S(λ̄) and
hence Γ(λ̄,α, ϵ) ̸= ∅, ∀α, ϵ > 0 as S(λ̄) ⊆ Γ(λ̄,α, ϵ). Suppose on the contrary that diam Γ(λ̄,α, ϵ) " 0 as
(α, ϵ) → (0, 0). Then there are positive numbers r,m and sequences {αn}, {ϵn} in (0,∞) with (αn, ϵn) →
(0, 0) and xn, x′n ∈ Γ(λ̄,αn, ϵn) such that

d(xn, x
′
n) > r, ∀n ≥ m. (2.5)

By xn, x′n ∈ Γ(λ̄,αn, ϵn), there exist λn,λ′
n ∈ B(λ̄,αn) ∩ Λ such that

d(xn,K(λn)) ≤ ϵn,

f1(xn, y,λn) ≥ 0, ∀y ∈ K(λn) and f2(xn, z,λn) + εn ≥ 0, ∀z ∈ Z(λn, xn) (2.6)

and
d(x′n,K(λ′

n)) ≤ ϵn,

f1(x
′
n, y,λ

′
n) ≥ 0, ∀y ∈ K(λ′

n), f2(x
′
n, z,λ

′
n) + εn ≥ 0, ∀z ∈ Z(λ′

n, xn). (2.7)

The sequence {xn} and {x′n} are LP approximating sequences for (LEP) corresponding to sequences λn → λ̄
and λ′

n → λ̄′, respectively. Since (LEP) is LP well-posed, we have that {xn} and {x′n} converse to the unique
solution x̄, which arrives a contradiction to (2.5). Hence, diam Γ(λ̄,α, ϵ) → 0 as (α, ϵ) → (0, 0).

Conversely, let {λn} be a sequence in Λ converging to λ̄ and {xn} be a LP approximating sequence with
respect to {λn}. Then there exists a sequence {ϵn} in (0,∞) with ϵn → 0 as n → ∞ such that

d(xn,K(λn)) ≤ ϵn,

f1(xn, y,λn) ≥ 0, ∀y ∈ K(λn) and f2(xn, z,λn) + εn ≥ 0, ∀z ∈ Z(λn, xn). (2.8)

If we choose αn = d(λn, λ̄), then αn → 0 and xn ∈ Γ(λ̄,αn, ϵn). Since diam Γ(λ̄,αn, ϵn) → 0 as n → ∞, it
follows that {xn} is a Cauchy sequence in X and hence it converges to x̄ ∈ X. For each positive integer n,
K(λn) is compact. Thus, there exists x′n ∈ K(λn) such that

d(xn, x
′
n) ≤ ϵn, for all n ∈ N,

which implies that x′n → x̄. Since K is closed at λ̄, it follows that x̄ ∈ K(λ̄). Suppose on the contrary
x̄ /∈ S(λ̄), that is, there exist ȳ ∈ K(λ̄) and z̄ ∈ Z(λ̄, x̄) such that

f1(x̄, ȳ, λ̄) < 0 or f2(x̄, z̄, λ̄) + ϵ < 0. (2.9)

Since K is lsc at λ̄ and λn → λ̄, it is clear that for any y ∈ K(λ̄) there exists a sequence yn ∈ K(λn) such
that yn → ȳ. Again, since Z is lsc at (λ̄, x̄) and (λn, xn) → (λ̄, x̄) there exists a sequence zn ∈ Z(λn, xn)
such that zn → z̄. Hence, we obtain by assumption (iv), (v) and (2.8) that,

f1(x̄, ȳ, λ̄) ≥ 0 and f2(x̄, z̄, λ̄) ≥ 0.

This yields a contradiction to (2.9). Hence, we conclude that x̄ ∈ S(λ̄).
Finally, we will show that x̄ is the only solution of (LEP). Let x∗ be another point in S(λ̄) (x∗ ̸= x̄). It

is clear that they both belong to Γ(λ̄,α, ϵ) for any α, ϵ > 0. Then, it follows that

0 ≤ d(x̄, x∗) ≤ diam Γ(λ̄,α, ϵ) ↓ 0 as (α, ϵ) ↓ (0, 0).

This is impossible and, therefore, we are done. The proof is completed. "

The following examples show that none of the assumptions in Theorem 2.2 can be dropped.
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Example 2.3. (Lower semicontinuity of K) Let X = Λ = [0, 2] and K and f be defined by

K(λ) =

{
[0, 1] if λ ̸= 0;
[0, 2] if λ = 0,

f(x, y,λ) = (x− y,λ).

One can check that K is closed but not lsc at λ̄ = 0 and

S(λ) = Z1(λ) =

{
{1} if λ ̸= 0;
{2} if λ = 0,

Z(λ, x) = {x}, ∀(λ, x) ∈ gr Z1.

Thus, assumption (iii)-(v) hold true. However, (LEP) is not LP well-posed at λ̄. Indeed, let λn := 1
n and

xn := 1 + 1
2n for all n ∈ N. Then, {xn} is an LP approximating sequence of (LEPλ̄) corresponding to {λn}

with ϵn := 1
n , while xn → 1 /∈ S(0).

Example 2.4. (Closedness of K) Let X = Λ = [−2, 2], K(λ) = (0, 1] (continuous), and a function
f := (f1, f2) : X ×X × Λ → R2 be defined by, for all x, y ∈ X and λ ∈ Λ,

f(x, y,λ) = (x− y

2
,
1

2
− x).

It can be calculated that

Z(λ, x) =

⎧
⎨

⎩

{1} if x = 1
2 ;

∅ if x ∈ (12 , 1];
X otherwise.

Then, we can conclude that

Γ(λ,α, ϵ) =
[1
2
,
1

2
+ min{ε, 3

2
}
]

and
diam Γ(λ,α, ε) → 0 as (α, ε) → (0, 0).

One can check that,

S(λ) =
{1

2

}
.

We observe that (LEP) is not LP well-posed. Indeed, put λn := 1
n , xn := 1 + εn

n for all n ∈ N. Then, {xn}
is an LP approximating sequence of (LEPλ̄) corresponding to {λn} with ϵn := 1

n , while xn → 1 /∈ S(λ).

Example 2.5. (Lower semicontinuity of Z) Let X = Λ = [0, 1], K(λ) = [0, 1] (continuous and closed),
λ̄ = 0 and f(x, y,λ) = (λx(x− y), y − x). One can check that

Z1(λ) =

{
[0, 1] if λ = 0;
{0, 1} if λ ̸= 0.

and, for each (λ, x) ∈ gr Z1,

Z(λ, x) =

{
[0, 1] if λ = 0 or x = 0;
{1} if λ ̸= 0 and x ̸= 0.

Z is not lsc at (0, 1). Indeed, taking λn := 1
2n and xn := 1 + 1

n for all n ∈ N, we have (λn, xn) → (0, 1)
and Z(λn, xn) = {1} for all n, while Z(0, 1) = [0, 1]. Assumption (iv) and (v) are obviously satisfied. By
calculating the solution mapping S explicitly as follows:

S(λ) =

{
{0} if λ = 0;
{0, 1} if λ ̸= 0.

We observe that (LEP) is not LP well-posed at λ̄. Indeed, let λn := 1
2n and xn := 1+ 1

n for all n ∈ N. Then,
{xn} is an approximating sequence of (LEPλ̄) corresponding to {λn} with ϵn := 1

n , while xn → 1 /∈ S(0).
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Example 2.6. (Upper 0-level closedness of f1) Let X = Λ = [0, 1], K(λ) = [0, 1] (continuous and
closed), λ̄ = 0 and

f(x, y,λ) =

{
(x− y,λ) if λ = 0;
(y − x,λ) if λ ̸= 0.

One can check that

S(λ) = Z1(λ) =

{
{1} if λ = 0;
{0} if λ ̸= 0.

Z(λ, x) = {x}, ∀(λ, x) ∈ gr Z1.

Hence, all the assumption except number (iv) hold true. However, (LEP) is not LP well-posed at λ̄. Indeed,
take sequences λn := 1

n+1 and xn := 0 for all n ∈ N. Then, {xn} is an LP approximating sequence of (LEPλ̄)

corresponding to {λn} with ϵn := 1
n , while xn → 0 /∈ S(0).

Finally, we show that assumption 4 is not satisfied. Indeed, take {xn} and {λn} as above and {yn := 1},
we have (xn, yn,λn) → (0, 1, 0) and f1(xn, yn,λn) = 1 > 0 for all n, while f1(0, 1, 0) = −1 < 0.

Example 2.7. (Strongly upper 0-level closedness of f2) Let X,Λ,K be as in Example 2.6 and

f(x, y,λ) =

{
(0, x− y) if λ = 0;
(0, x(x− y)) if λ ̸= 0.

One can check that
Z1(λ) = Z(λ, x) = [0, 1], ∀x,λ ∈ [0, 1],

S(λ) =

{
{1} if λ = 0;
{0, 1} if λ ̸= 0.

Thus, all the assumptions of Theorem 2.2 except (v) are satisfied. However, (LEP) is not LP well-posed
at λ̄. Indeed, take sequences λn := 1

n+1 and xn := 0 for all n ∈ N. Then, {xn} is an LP approximating
sequence of (LEPλ̄) corresponding to {λn}, while xn → 0 /∈ S(0). Finally, we show that assumption (iv)
is not satisfied. Indeed, take sequences xn := 0, yn := 1,λn := 1

n+1 and ϵn := 1
n for all n ∈ N, we have

(xn, yn,λn, ϵn) → (0, 1, 0, 0) and f2(xn, yn,λn) + ϵn > 0 for all n, while f2(0, 1, 0).

Corollary 2.8. If the conditions of the previous theorem hold then (LEP) is LP well-posed if and only if
S(λ̄) ̸= ∅ and

diam Γ(λ̄,α, ϵ) → 0 as (α, ϵ) → (0, 0).

Then (LEP) is LP well-posed if and only if Γ(λ̄,α, ϵ) ̸= ∅, ∀α, ϵ > 0 and diam Γ(λ̄,α, ϵ) → 0 as (α, ϵ) →
(0, 0).

Theorem 2.9. Suppose that the conditions (i)-(iv) in Proposition 2.1 are satisfied. Then (LEP) is LP
well-posed if and only if it has a unique solution.

Proof. By the definition, we know that LP well-posedness for (LEP) implies it has a unique solution. For the
converse, suppose that the problem (LEP) has a unique solution x′. Let {λn} be a sequence in Λ converging
to λ̄ and {xn} an LP approximating sequence with respect to {λn}. Then, there exists a sequence {ϵn} in
(0,∞) with ϵn → 0, as n → ∞, such that

d(xn,K(λn)) ≤ ϵn, for all n ∈ N, (2.10)

and
f1(xn, y,λn) ≥ 0, ∀y ∈ K(λn), f2(xn, z,λn) + ϵn ≥ 0, ∀z ∈ Z(λn, xn). (2.11)

By (2.10) and the closedness of K(λn) in X, for each positive integer n, we can choose x′n ∈ K(λn) such
that

d(xn, x
′
n) ≤ ϵn. (2.12)
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Since X is a compact set, the sequence {x′n} has a subsequence {x′nk
} which converges to a point x̄ ∈ X.

Using (2.12), we conclude that the corresponding subsequence {xnk} of {xn} converges to x̄. Again as K is
closed at λ̄, it follows that x̄ ∈ K(λ̄). Proceeding along the lines of converse part in the proof of Theorem
2.2, we can show that x̄ ∈ S(λ̄). Consequently, x̄ coincides with x′(x̄ = x′). Again, by the uniqueness of
the solution, it is obvious that every possible subsequence converges to the unique solution x′ and hence the
whole sequence {xn} converges to x′, thus yielding the LP well-posedness of (LEP). "

To weaken the assumption of LP well-posednes in Theorem 2.2, we are going to use the notions of
measures of noncompactness in a metric space X.

Definition 2.10. Let M be a nonempty subset of a metric space X.
(i) The Kuratowski measure of M is

µ(M) = inf
{
ε > 0|M ⊆

n⋃

k=1

Mk and diam Mk ≤ ε, k = 1, . . . , n, ∃n ∈ N
}
.

(ii) The Hausdorff measure of M is

η(M) = inf
{
ε > 0|M ⊆

n⋃

k=1

B(xk, ε), xk ∈ X, for some n ∈ N
}
.

(iii) The Istrǎtescu measure of M is

ι(M) = inf
{
ε > 0|M have no infinite ε− discrete subset

}
.

Daneš [13] obtained the following inequalities:

η(M) ≤ ι(M) ≤ µ(M) ≤ 2η(M). (2.13)

The measures µ, η and ι share many common properties and we will use γ in the sequel to denote either one
of them. γ is a regular measure (see [5, 38]), i.e., it enjoys the following properties.

Lemma 2.11. Let M be a nonempty subset of a metric space X.

(i) γ(M) = +∞ if and only if the set M is unbounded;

(ii) γ(M) = γ(clM);

(iii) from γ(M) = 0 it follows that M is totally bounded set;

(iv) if X is a complete space and if {An} is a sequence of closed subsets of X such that An+1 ⊆ An

for each n ∈ N and limn→+∞ γ(An) = 0, then K :=
⋂

n∈N An is a nonempty compact set and
limn→+∞H(An,K) = 0, where H is the Hausdorff metric;

(v) from M ⊆ N it follows that γ(M) ≤ γ(N).

In terms of a measure γ ∈ {µ, η, ι} of noncompactness, we have the following result.

Theorem 2.12. Let X and Λ be metric spaces.

(i) If LEP is LP well-posed at λ̄, then γ(Γ(λ̄,α, ε)) ↓ 0 as (α, ε) ↓ (0, 0) .

(ii) Conversely, suppose that S(λ̄) has a unique point and γ(Γ(λ̄,α, ε)) ↓ 0 as (α, ε) ↓ (0, 0), and the
following conditions hold

(a) X is complete and Λ is compact or a finite dimensional normed space;
(b) K is continuous, closed and compact-valued on Λ;
(c) Z is lsc on Λ×X;
(d) f1 is upper 0-level closed on X ×X × Λ;
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(e) f2 is upper b-level closed on X ×X × Λ for every negative b close to zero.

Then LEP is LP well-posed at λ̄.

Proof. By the relationship (2.13) the proof is similar for the three mentioned measures of noncompactness.
We discuss only the case γ = µ, the Kuratowski measure.

(i) Suppose that (LEP) be LP-well posed at λ̄.
Applying Proposition 3.2, we can conclude that S(λ̄) is compact, and hence µ(S(λ̄)) = 0. Let ϵ > 0 and

assume that

S(λ̄) ⊆
n⋃

k=1

Mk with diamMk ≤ ϵ for all k = 1, . . . , n.

We set
Nk = {y ∈ X|d(y,Mk) ≤ H(Γ(λ̄,α, ϵ), S(λ̄))}

and want to show that Γ(λ̄,α, ϵ) ⊆
⋃n

k=1Nk. For any x ∈ Γ(λ̄,α, ϵ), we have

d(x, S(λ̄)) ≤ H(Γ(λ̄,α, ϵ), S(λ̄)).

Due to S(λ̄) ⊆
⋃n

k=1Mk, one has

d(x,
n⋃

k=1

Mk) ≤ H(Γ(λ̄,α, ϵ), S(λ̄)).

Then, there exists k̄ ∈ {1, 2, . . . , n} such that

d(x,Mk̄) ≤ H(Γ(λ̄,α, ϵ), S(λ̄)),

i.e., x ∈ Nk̄. Thus, Γ(λ̄,α, ϵ) ⊆
⋃n

k=1Nk. Because µ(S(λ̄)) = 0 and

diamNk = diamMk + 2H(Γ(λ̄,α, ϵ), S(λ̄)) ≤ ϵ+ 2H(Γ(λ̄,α, ϵ), S(λ̄)),

it holds
µ(Γ(λ̄,α, ϵ)) ≤ 2H(Γ(λ̄,α, ϵ), S(λ̄)).

Note that H(Γ(λ̄,α, ϵ), S(λ̄)) = H∗(Γ(λ̄,α, ϵ), S(λ̄)) since S(λ̄) ⊆ Γ(λ̄,α, ϵ) for all α, ϵ > 0. Now, we claim
that H(Γ(λ̄,α, ϵ), S(λ̄)) ↓ 0 as α, ϵ ↓ 0 and . Indeed, if otherwise, we can assume that there exist r > 0 and
sequences αn, ϵn ↓ 0, and {xn} with xn ∈ Γ(λ̄,αn, ϵn) such that

d(xn, S(x̄)) ≥ r, ∀n. (2.14)

Since {xn} is an approximating sequence of (LEPλ̄) corresponding to some {λn} with λn ∈ B(λ̄,αn)∩Λ, it
has a subsequence {xnk} converging to some x ∈ S(λ̄), which gives a contradiction with (2.14). Therefore,
we conclude that µ(Γ(λ̄,α, ϵ)) as ξ ↓ 0 and ε ↓ 0.

(ii) Suppose that µ(Γ(λ̄,α, ϵ)) → 0 as (α, ϵ) → (0, 0) First, we show that Γ(λ̄,α, ϵ) is closed for any
α, ϵ > 0. Let {xn} ⊆ Γ(λ̄,α, ϵ), with xn → x̄. Then for each n ∈ N, there exists λn ∈ B(λ̄,α) ∩ Λ such that

d(xn,K(λn)) ≤ ϵ

and
f1(xn, y,λn) ≥ 0, ∀y ∈ K(λn) and f2(xn, z,λn) + ϵ ≥ 0, ∀z ∈ Z(λn, xn), for all n ∈ N.

By the assumption of Λ, this implies that B(λ̄,α) is compact. We can assume {λn} converges to some
λ ∈ B(λ̄,α)∩Λ. First, we claim that d(x̄,K(λ)) ≤ ϵ. Since K(λn) is compact, there exists x′n ∈ K(λn) such
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that d(xn, x′n) ≤ ϵ for all n ∈ N. By the upper continuity and compactness of K, there exists a subsequence
{x′nj

} of {x′n} such that x′nj
→ x′ ∈ K(λ). Consequently,

d(x̄,K(λ)) ≤ d(x̄, x′) = lim
n→∞

d(xn, x
′
n) ≤ ϵ. (2.15)

For each y ∈ K(λ), the lower semicontinuity of K at λ, there exists a sequence {yn} ⊆ K(λn) such that
yn → y. It follows from the upper 0-level closedness of f1 that

f1(x̄, y,λ) ≥ 0;

that is
f1(x̄, y,λ) ≥ 0, ∀y ∈ K(λ). (2.16)

Next, we show that
f2(x̄, z,λ) + ϵ ≥ 0, ∀z ∈ Z(λ, x̄). (2.17)

Suppose to the contrary that there exists z̄ ∈ Z(λ, x̄) such that

f2(x̄, z̄,λ) + ϵ < 0.

Since Z is lower semicontinuous at (λ, x̄), we have for all n, there is zn ∈ Z(λn, xn) such that zn → z̄ as
n → ∞. It follows from the upper (−ϵ)-level closedness f2 at (x̄, z̄,λ) that

f2(xn, zn,λn) < −ϵ

when n is sufficiently large which leads to a contradiction. By (2.15), (2.16) and (2.17), we can conclude
that x̄ ∈ S̃(λ, ϵ), and so x̄ ∈ Γ(λ̄,α, ϵ). Therefore Γ(λ̄,α, ϵ) is closed for any α, ϵ > 0. Now we show that

S(λ̄) =
⋂

α,ϵ>0

Γ(λ̄,α, ϵ).

It is clear that, S(λ̄) ⊆
⋂

α,ϵ>0 Γ(λ̄,α, ϵ). Next, we first check that, for each ε > 0,

⋂

α>0

Γ(λ̄,α, ϵ) ⊆ S̃(λ̄, ϵ).

For any x ∈
⋂

α>0 Γ(λ̄,α, ϵ). Then for each {αn} ↓ 0, there exists a sequence {λn} with λn ∈ B(λ̄,αn) ∩ Λ

such that x ∈ S̃(λn, ϵ) for all n ∈ N, which gives that

d(x,K(λn)) ≤ ϵ,

f1(x, y,λn) ≥ 0, ∀y ∈ K(λn), and f2(x, z,λn) + ϵ ≥ 0, ∀z ∈ Z(λn, x).

Since K(λn) is compact , we can choose xn ∈ K(λn) such that

d(x, xn) ≤ ϵ, ∀n ∈ N.

By the upper continuity and compactness of K, there exists a subsequence {xnj} of {xn} such that xnj →
x′ ∈ K(λ), which arrives that

d(x,K(λ̄)) ≤ d(x, x′) = lim
n→∞

d(x, xn) ≤ ϵ. (2.18)

By assumptions on K and f1 again, we have x ∈ Z1(λ̄); that is

f1(x, y, λ̄) ≥ 0. (2.19)
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Next, for each z ∈ Z(λ̄, x), there exists zn ∈ Z(λn, x) such that zn → z since Z is lsc at (λ̄, x). As
x ∈ S̃(λn, ϵ), it holds

f2(x, zn,λn) + ϵ ≥ 0, ∀n ∈ N.

Since f2 is upper -ϵ-level closed at (x, z, λ̄), we have

f2(x, z, λ̄) + ϵ ≥ 0. (2.20)

From (2.18)-(2.20), we get that x ∈ S̃(λ̄, ϵ). We obtain that
⋂

α>0 Γ(λ̄,α, ϵ) ⊆ S̃(λ̄, ϵ) for every ε > 0.
Consequently, ⋂

α,ϵ>0

Γ(λ̄,α, ϵ) ⊆
⋂

ϵ>0

S̃(λ̄, ϵ) = S(λ̄).

Therefore, we obtain that S(λ̄) =
⋂

α,ϵ>0 Γ(λ̄,α, ϵ). Further, since µ(Γ(λ̄,α, ϵ)) → 0 as (α, ϵ) → (0, 0).

Applying Lemma 2.11 (iv), we get that S(λ̄) is compact and H(Γ(λ̄,α, ϵ), S(λ̄)) −→ 0 as (α, ϵ) → (0, 0).
Finally, we prove that LEP is LP well-posedness. Indeed, let {xn} be an LP-approximating sequence

of (LEPλ̄) corresponding to some λn −→ λ̄. Then there exists a sequence {ϵn} in (0,∞) with ϵn → 0 as
n → ∞ such that

d(xn,K(λn)) ≤ ϵn,

f1(xn, y,λn) ≥ 0, ∀y ∈ K(λn) and f2(xn, z,λn) + εn ≥ 0, ∀z ∈ Z(λn, xn). (2.21)

If we choose αn = d(λn, λ̄), then αn → 0 and xn ∈ Γ(λ̄,αn, ϵn). We see that

d(xn, S(λ̄)) ≤ H(Γ(λ̄,αn, ϵn), S(λ̄)) −→ 0 as n → ∞.

Hence, there exist a sequence {x̄n} in S(λ̄) such that d(xn, x̄n) → 0 as n → ∞. By the compactness of S(λ̄),
there is a subsequence {x̄nj} of {x̄n} converging to a point x̄ in S(λ̄). Consequently, the corresponding
subsequence {xnj} of {xn} converses to x̄. Hence, LEP is LP well-posedness. The proof is completed.

3. LP well-posedness in the generalized sense

In many practical situations, the problem (LEP) may not always possess a unique solution. Hence, in
this section, we introduce a generalization of LP well-posedness for (LEP).

Definition 3.1. The problem (LEP) is said to be LP well-posed in the generalized sense at λ̄ if

(i) the solution set S(λ̄) is nonempty;

(ii) for any sequence {λn} converging to λ̄, every LP approximating sequence {xn} with respect to {λn}
has a subsequence converging to some point of S(λ̄).

Proposition 3.2. If (LEP) is LP well-posed in the generalized sense at λ̄, then its solution set S(λ̄) is a
nonempty compact set.

Proof. Let {xn} be any sequence in S(λ̄). Then, of course, it is an LP approximating sequence with respect
to sequences λn := λ̄ and ϵn := 1

n , for every n ∈ N. The generalized LP well-posedness of (LEP) ensures
the existence of a subsequence {xnk} of {xn} converging to a point of in S(λ̄). Therefore, we conclude that
S(λ̄) is a nonempty compact set. The proof is completed. "

Next, we present a metric characterization for the generalized LP well-posedness of (LEP) in terms of
the upper semicontinuity of the approximate solution set.

Theorem 3.3. (LEP) is LP well-posed in the generalized sense if and only if S(λ̄) is a nonempty, compact
set and Γ(λ̄, ·, ·) is usc at (α, ϵ) := (0, 0).
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Proof. Suppose that (LEP) is LP well-posed in the generalized sense. Therefore, S(λ̄) ̸= ∅ and further on
using Proposition 3.2, we have S(λ̄) is compact. Next, we assume, on the contrary, that Γ(λ̄,α, ϵ) is not usc
at (0, 0). Consequently, there exist an open set U containing Γ(λ̄, 0, 0) = S(λ̄) and positive sequences {αn}
and {ϵn} satisfying αn → 0 and ϵn → 0 such that

Γ(λ̄,αn, ϵn) ! U, for all n ∈ N.

Thus, there exists a sequence {xn} in Γ(λ̄,αn, ϵn)\S(λ̄). Therefore, of course, {xn} is an LP approximating
sequence for (LEP), such that none of its subsequence converges to a point of S(λ̄), which is a contradiction.

Conversely, let {λn} be a sequence in Λ converging to λ̄ and {xn} be an LP approximating sequence
with respect to {λn}. If we choose a sequence αn = d(λn, λ̄) then αn → 0 and xn ∈ Γ(λ̄,αn, ϵn). As
Γ(λ̄,α, ϵ) is usc at (α, ϵ) = (0, 0) and S(λ̄) ̸= ∅, it follows that for every δ > 0,Γ(λ̄, δn, ϵn) ⊂ S(λ̄) + B(0, δ)
for n sufficiently large. Thus xn ∈ S(λ̄) +B(0, δ), for n sufficiently large and hence there exists a sequence
x̄n ∈ S(λ̄), such that

d(xn, x̄n) ≤ δ. (3.1)

Since S(λ̄) is compact, there exists a subsequence {x̄nk} of {x̄n} converging to x̄ ∈ S(λ̄). Using (3.1), we
conclude that the corresponding subsequence {xnk} of {xn} converges to x̄ ∈ S(λ̄). "

The following result illustrates the fact that LP well-posedness in the generalized sense of LEP ensures
the stability, in terms of the upper semi-continuity of the solution set S.

Theorem 3.4. If (LEP) is LP well-posed in the generalized sense, then the solution mapping S is usc at λ̄.

Proof. Suppose on the contrary, S is not usc at λ̄. Then there exists an open set U containning S(λ̄) such
that for every sequence λn → λ̄, there exists xn ∈ S(λn) such that xn /∈ U , for every n. Since λn → λ̄, {xn}
is an LP approximating sequence for (LEP) and none of its subsequnces converge to a point of S(λ̄), hence
we have a contradiction to the fact that (LEP) is LP well-posed in the generalized sence. "
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