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Abstract
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Department of Mathematics, Faculty of Science, Khon Kaen University
E-mail Address: kitnak@kku.ac.th (Kittikorn Nakprasit)
Project Period: July 1, 2015 - June 30, 2017

This project investigates two parameters in graph colorings, namely, equitable vertex k-
arboricity and game coloring number. The first para meters are used in the studies of equitable
colorings and decomposition of graphs. Z. Guo, H. Zhao, Y. Mao found the exact values of
equitable vertex 2-arboricity of balanced complete tripartite graphs except when the size of each
partite is divisible by 20. This project finds a ge neralization of their results. More precisely, the
project finds the exact values of equitable vertex 2-arboricity for all complete bipartite graphs
and tripartite graphs.

The second parameter is of much interest in study of game coloring. There are many
researches finding some bounds for game coloring numbers of planar graphs with various
girths. For upper bounds, the planar graphs with girths 4, 5, 6, and at least 8 are studied. For
lower bounds, the planar graphs with girths 4 and 5 are studied. This project finds the exact
values for game coloring numbers of the game coloring numbers of planar graphs with girth 7

and 8.

Keywords: vertex k-arboricity, complete bipartite graphs, co mplete tripartite graphs, game

coloring numbers, planar graphs, girth
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CHAPTER 1

Executive Summary

Graph coloring is one of the oldest and the most studied topics in graph
theory. The wealth of its researches and applications can be referred from the
outstanding monograph by Jensen and Toft. The origin of the topic may be
dated back to 1852 from De Morgans letter to Hamilton about the observation
of the number of colors need to color the map of England. The formal version of
this question can be posed as follows: What is the least number of colors needed
to color the map in the plane? The Four Color Problem (FCP) was presented
formally by Kempe in 1879. However, the answer had eluded mathematicians for
many years until 1976, when Appel and Haken demonstrated a proof of the FCP.
The proof relies on a lot of computation by computer. Presently, the fundamental
proof of the FCP is not known.

Coloring map in the FCP is equivalent to coloring the vertices of a cer-
tain planar graph. Graph colorings can be applied to graphs in general which
can be classified into various classes. Furthermore, edges of graphs also can be
colored. The problem of edge-coloring appeared in 1880. More general, colorings
of graphs can be defined on various objects of graph e.g. vertices, edges, faces
or combinations of these objects. Additionally, many rules are applied to graph

colorings resulting in numerous types of graph colorings.

Not only that the topic of graph coloring has a long history, but it also
has various applications in a real-world situations e.g. resource management, se-
quencing, time tabling, and schedule problems. Since there are numerous types
of graph colorings, we can apply certain type of coloring to an appropriate sit-
uation. This project investigates two parameters in graph colorings, namely,
equitable vertex k-arboricity and game coloring number. The first parameters
are used in the studies of equitable colorings and decomposition of graphs. Z.
Guo, H. Zhao, Y. Mao found the exact values of equitable vertex 2-arboricity of
balanced complete tripartite graphs except when the size of each partite is divis-

ible by 20. This project finds a generalization of their results. More precisely,



the project finds the exact values of equitable vertex 2-arboricity for all complete
bipartite graphs and tripartite graphs.

The second parameter is of much interest in study of game coloring. There
are many researches finding some bounds for game coloring numbers of planar
graphs with various girths. For upper bounds, the planar graphs with girths 4, 5,
6, and at least 8 are studied. For lower bounds, the planar graphs with girths 4
and 5 are studied. This project finds the exact values for game coloring numbers
of the game coloring numbers of planar graphs with girth 7 and 8.

The first result is published in Information Processing Letters 117 (2017)
4044 with impact factor 0.546. The second result in in the process of the revise

under review for Graphs and Combinatorics with impact factor 0.441.



CHAPTER 2
Main Results

2.1 The strong equitable vertex 2-arboricity of com-

plete bipartite and tripartite graphs

Wu, Zhang, and Li introduced a (g, r)-tree-coloring of a graph G which is a ¢-
coloring of vertices of G such that the subgraph induced by each color class is
a forest of maximum degree at most r. A (g, 00)-tree-coloring of a graph G is a
g-coloring of G such that the subgraph induced by each color class is a forest.
An equitable (q,r)-tree-coloring of a graph G is a (q,r)-tree-coloring such that
the sizes of any two color classes differ by at most one. Thus, the result of Fan,
Kierstead, Liu, Molla, Wu, and Zhang can be restated that every graph with
maximum degree A has an equitable (A, 1)-tree-coloring.

Let the strong equitable vertex k-arboricity, denoted by va; (G), be the
minimum p such that G has an equitable (g, r)-tree-coloring for every ¢ > p. Wu,
Zhang, and Li proved that val (G) < 3 for each planar graph G with girth at
least 5 and va3 (G) < 3 for each planar graph G with girth at least 6 and for
each outerplanar graph. Moreover, they gave a sharp upper bound for vay (K, )
in general case. They commented that finding the strong equitable 1-arboricity
for every K, , seems not to be an easy task.

Z. Guo, H. Zhao, Y. Mao found the exact values of vas (K, ) for each
n except when n is divisible by 20. In this project, we find the exact value for

each vag (K., ) and vag (Kjmn)-

Lemma 2.1.1. Let m+n = 4b+c where b is a nonnegative integer and 0 < ¢ < 3. If
Ky.n has an equitable (b, 2)-tree-coloring, then vas (Kp,,) = p(b : m,n), otherwise
vaz (Kpmn) = b+ 1.

Theorem 2.1.2. va; (K1) = va; (Ki2) = 1 and vas (K 3) = vas (Ka9) = 2. If
m +n = 4b + ¢ where b is a positive integer and 0 < ¢ < 3, then we have the

following.



(1) For ¢ = 0, if there are positive integers h and k such that (m,n) = (4h,4k),
then vaz (Km.) = p(b: m,n), otherwise vay (Kp,n) = b+ 1.

(2) For c = 1, if there are positive integers h and k such that (m,n) = (4h+1,4k)
or (4h,4k + 1), then vas (Ky,,) = p(b: m,n), otherwise vay (K, ,) =b+ 1.

(3) For ¢ = 2, if there are positive integers h and k such that (m,n) = (4(h +
1) +2,4k), (4h + 1,4k + 1), or (4h,4(k + 1) + 2), then vas (K, ,) = p(b: m,n),
otherwise vaz (K, ) = b+ 1.

(4) For ¢ = 3, if (m,n) = (5,6) or there are positive integers h and k such that
(m,n) = (4(h +2) + 3,4k), (4(h + 1) + 2,4k + 1), (4h + 1,4(k + 1) + 2), or
(4h,4(k +2) + 3), then vaz (K, ) = p(b: m,n), otherwise vaz (K, ,) = b+ 1.

Lemma 2.1.3. Let [ +m +n = 4b+ ¢ where b is a positive integer. If ¢ < 2, then
K yn has an equitable (t,2)-tree-coloring for eacht > b+ 1. If ¢ = 3, then K, ,,
has an equitable (t,2)-tree-coloring for each t > b+ 2.

Lemma 2.1.4. Assume that [ +m + n = 4b + ¢ where b is a positive integer and
0 <c¢<2 If Ky has an equitable (b, 2)-tree-coloring, then vas (K mn) = p(b:

l,m,n), otherwise vas (K mn) = b+ 1.

Theorem 2.1.5. If | +m +n = 4b+ ¢ where b is a positive integer and 0 < ¢ < 2,
then we have the following.

(1) For ¢ = 0, if there are positive integers j, h, and k such that (I,m,n) =
(47,4h,4k), then vas (Kjmn,) = p(b: 1, m,n), otherwise vaz (Kimn») = b+ 1.

(2) For ¢ = 1, if there are positive integers j, h, and k such that (I,m,n) =
(47+1,4h,4k), (45, 4h+1,4k), or (47,4h,4k+1), then vasy (K mn) = p(b: l,m,n),
otherwise vaz (K mn,) = b+ 1.

(3) For ¢ = 2, if there are positive integers j, h, and k such that (I,m,n) =
(4(5 + 1) + 2,4h,4k), (47,4(h + 1) + 2,4k), (47,4h, 4(k + 1) + 2), (4 + 1,4h +
1,4k), (45 +1,4h,4k+1), or (4j,4h+1,4k+ 1), then vay (K mn) = p(b: l,m,n),
otherwise vagy (K mn) = b+ 1.

Definition 2.1.6. We say that (I, m,n) satisfies ”Condition A” if there are positive
integers j, h, and k such that (I,m,n) = (47,4h,4k — 1), (45,4h — 1,4k), (45 —
1,4h,4k), (4j,4h —2,4k —3), (4j,4h — 3,4k —2), (47 — 2,4h,4k —3), (4j — 2,4h —
3,4k), (4j — 3,4h, 4k — 2), or (45 — 3,4h — 2,4k).

Lemma 2.1.7. Let [ + m 4+ n = 4b + 3 where b is a nonnegative integer. We
have K . has an equitable (b+1,2)-tree-coloring if and only if (I, m,n) satisfies

condition A.



Definition 2.1.8. We say that (I, m,n) satisfies ”Condition B” if there are positive
integers j, h, and k such that (I,m,n) = (4(j + 2) + 3,4h,4k), (45,4(h + 2) +
3,4k), (45,4h, 4(k +2) + 3, (4(j + 1) + 2,4h + 1,4k),(4(j + 1) + 2,4h, 4k + 1),
(47 + 1,4(h + 1) + 2,4k), (47 + 1,4h,4(k + 1) + 2), (45,4(h + 1) + 2,4k + 1),
(45,4h + 1,4(k+ 1)+ 2), or (45 + 1,4h + 1,4k + 1).

Lemma 2.1.9. Assume that | +m +n = 4b+ 3 where b is a positive integer. We
have K, has an equitable (b,2)-tree-coloring if and only if (I,m,n) satisfies
Condition B.

Lemma 2.1.10. Let [ +m+n = 4b+ 3 where b is a positive integer. We have the
following.

(1) Kimn has no equitable (b+1, 2)-tree-coloring if and only if vas (K mn) = b+2.
(2) Assume that K, , has an equitable (b+1, 2)-tree-coloring. If Kj, ,, has an eg-
uttable (b, 2)-tree-coloring, then vaz (Kjm,) = p(b: 1,m,n), otherwise vaz (Kjm.n)
b+ 1.

Theorem 2.1.11. vas (K;1,1) = 2. Assume that | +m +n = 4b + 3 where b is a
positive integer. Then we have the following.

(1) If (I, m,n) does not satisfy Condition A, then vaz (Kjm,) = b+ 2.

(11) If (I,m,n) satisfies Condition A but does not satisfy Condition B, then
vaz (Kjmn) = b+ 1.

(1i1) If (I,m,n) satisfies Condition A and Condition B, then vay (K mn,) = p(b:

l,m,n).

2.2 The game coloring number of planar graphs with
a specific girth

Let G be a simple graph with a vertex set V(G) and an edge set F(G). The
coloring game is a two-person game described as follows. Two players, say Alice
and Bob, with Alice playing first, alternatively colors an uncolored vertex in G
with the color from the color set C' so that any two adjacent vertices have distinct
colors. Alice wins if all vertices are colored. The game chromatic number of G,
denoted by x,4(G), is the least cardinality of C' in which Alice has a strategy to win
the game. The game chromatic number was formally introduced by Bodlaender.

The marking game is also a two-person game. Two players, say Alice

and Bob, with Alice playing first alternatively marks an unmarked vertex of G



until all vertices are marked. Let b(v) be the number of neighbors of v that are
marked before v is marked. The game coloring number of G, denoted by coly(G),
is the least s in which Alice has a strategy to keep b(v) +1 < s for each vertex v.

The game coloring number was formally introduced by Zhu as a tool to
study the game chromatic number. It is easy to see that x,(G) < coly(G). Most
of the best known upper bounds for game chromatic numbers of graphs in various
families are obtained from the upper bounds of game coloring numbers.

Let H be a family of graphs. The game chromatic number and the
game coloring number of H are defined as xg(H) = max{x,(G) : G € H}
and coly(H) := max{coly(G) : G € H}.

The game coloring numbers of various families of graphs, especially planar
graphs, are widely studied. Let F denote the family of forests, Z; denote the
family of interval graphs with clique number k, Q denote the family of outerplanar
graphs, PT denote the family of partial k-trees, and P denote the family of
planar graphs. It is proved by Faigle et al. that x,(F) = coly(F) = 4, by
Faigle et al. and Kierstead and Yang that col,(Z;) = 3k — 2, by Guan and Zhu
and Kierstead and Yang that col,(Q) = 7, and by Zhu and Wu and Zhu that
coly(PTy) = 3k + 2 for k > 2.

Combining a lower bound from and an upper bound from gives 11 <
colg(P) < 17. Let Py be the family of planar graphs of girth at least k. It is
proved by Sekiguchi that coly(Ps) < 13, by He et al. that coly(Ps) < 8, by
Kleitman that coly(Ps) < 6, by Wang and Zhang that coly(Ps) < 5, and by
Borodin et al. that coly(G) <9 if G is a quadrangle-free planar graph. For lower
bounds, it was proved by Sekiguchi that coly(Ps) > 7 and colg(P5) > 6.

In this project, we show that col,(P7) < 5. This result extends a result
about the coloring number by Wang and Zhang. We also show that this bound
is sharp by constructing a graph G where G € Py for each £ < 8 such that
colg(G) = 5. As a consequence, coly(Py) =5 for k =7,8.

Theorem 2.2.1. If G is a planar graph with girth at least 7, then coly(G) < 5.

Theorem 2.2.2. For 3 < k < 8, there is a planar graph G with girth k such that
coly(G) = 5. As a consequence, colg(Py) > 5.

Corollary 2.2.3. col,(Gx) =5 for k=17,8.
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vay (Kimn)-

A (q, r)-tree-coloring of a graph G is a g-coloring of vertices of G such that the subgraph
induced by each color class is a forest of maximum degree at most r. An equitable
(g, r)-tree-coloring of a graph G is a (q,r)-tree-coloring such that the sizes of any two
color classes differ by at most one. Let the strong equitable vertex r-arboricity of G, denoted
by va; (G), be the minimum p such that G has an equitable (g, r)-tree-coloring for every

Z. Guo, H. Zhao, Y. Mao [4] found the exact values of va5 (Knnn) for each n except
when n is divisible by 20. In this paper, we find the exact value for each va5 (Km ) and

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Throughout this paper, all graphs are finite, undirected,
and simple. We use V(G) and E(G), respectively, to de-
note the vertex set and the edge set of a graph G. For
a complete bipartite graph Kp, where m <n, we let
X ={x1,...,Xm} and Y ={y1,..., yn} be the partite sets
of Ky n. For a complete tripartite graph K, where [ <
m <n, we have X = {xq,...,x}, Y ={y1,...,¥m}, and
Z ={z1,...,2n}, to be the partite sets of K .

An equitable k-coloring of a graph is a proper vertex
k-coloring such that the sizes of every two color classes
differ by at most 1.

It is known [5] that determining if a planar graph with
maximum degree 4 is 3-colorable is NP-complete. For a
given n-vertex planar graph G with maximum degree 4,
let G’ be the graph obtained from G by adding 2n isolated
vertices. Then G has a 3-coloring if and only if G’ has an
equitable 3-coloring. Thus, finding the minimum number

* Corresponding author.
E-mail addresses: kmaneeruk@hotmail.com (K.M. Nakprasit),
kitnak@hotmail.com (K. Nakprasit).

http://dx.doi.org/10.1016/j.ipl.2016.08.007
0020-0190/© 2016 Elsevier B.V. All rights reserved.

of colors needed to color a graph equitably, even for a pla-
nar graph, is an NP-complete problem.

Hajnal and Szemerédi [6] settled a conjecture of Erdds
by proving that every graph G with maximum degree at
most A has an equitable k-coloring for every k > 1+ A.
This result is now known as Hajnal and Szemerédi The-
orem. Later, Kierstead and Kostochka [7] gave a simpler
proof of Hajnal and Szemerédi Theorem. The bound of the
Hajnal-Szemerédi theorem is sharp, but it can be improved
for some important classes of graphs. In fact, Chen, Lih,
and Wu [1] put forth the following conjecture.

Conjecture 1. Every connected graph G with maximum degree
A > 2 has an equitable coloring with A colors, except when G
is a complete graph or an odd cycle or A is odd and G = Ka a.

Lih and Wu [10] proved the conjecture for bipartite
graphs. Meyer [11] proved that every forest with maxi-
mum degree A has an equitable k-coloring for each k >
1 + [A/2]. This result implies the conjecture holds for
forests. Yap and Zhang [16] proved that the conjecture
holds for outerplanar graphs. Later Kostochka [8] improved
the result by proving that every outerplanar graph with
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maximum degree A has an equitable k-coloring for each
k>=1+TA/2].

In [18], Zhang and Yap essentially proved that the con-
jecture holds for planar graphs with maximum degree at
least 13. Later Nakprasit [12] extended the result to all pla-
nar graphs with maximum degree at least 9. Some related
results are about planar graphs without some restricted cy-
cles [9,13,19].

Moreover, the conjecture has been confirmed for other
classes of graphs, such as graphs with degree at most 3 |1,
2| and series-parallel graphs [17].

In contrast with ordinary coloring, a graph may have an
equitable k-coloring but has no equitable (k + 1)-coloring.
For example, K77 has an equitable k-coloring for k =
2,4,6 and k > 8, but has no equitable k-coloring for k =
3,5 and 7. This leads to the definition of the equitable chro-
matic threshold which is the minimum p such that G has
an equitable g-coloring for every q > p.

In [3], Fan, Kierstead, Liu, Molla, Wu, and Zhang con-
sidered an equitable relaxed coloring. They proved that
every graph with maximum degree A has an equitable
A-coloring, such that each color class induces a forest with
maximum degree at most one.

On the basis of the aforementioned research, Wu,
Zhang, and Li [15] introduced a (q,r)-tree-coloring of a
graph G which is a g-coloring of vertices of G such
that the subgraph induced by each color class is a for-
est of maximum degree at most r. A (q, oo)-tree-coloring
of a graph G is a g-coloring of G such that the sub-
graph induced by each color class is a forest. An equitable
(q, r)-tree-coloring of a graph G is a (q,r)-tree-coloring
such that the sizes of any two color classes differ by at
most one. Thus, the result of Fan, Kierstead, Liu, Molla,
Wu, and Zhang can be restated that every graph with max-
imum degree A has an equitable (A, 1)-tree-coloring.

Let the strong equitable vertex k-arboricity, denoted by
va=(G), be the minimum p such that G has an equitable
(g, r)-tree-coloring for every q > p. Wu, Zhang, and Li [15]
proved that vaZ (G) < 3 for each planar graph G with girth
at least 5 and va3 (G) < 3 for each planar graph G with
girth at least 6 and for each outerplanar graph. Moreover,
they gave a sharp upper bound for vay (Kyyn) in general
case. They commented that finding the strong equitable
1-arboricity for every K, , seems not to be an easy task.

In [4], Z. Guo, H. Zhao, Y. Mao found the exact values of
vas (Knnn) for each n except when n is divisible by 20. In
this paper, we find the exact value for each va5 (Km,n) and
vas (K m,n).

In Section 2, we introduce lemmas which are useful
for finding va3 (Km,) in Section 3 and va3 (Kjm ) in Sec-
tion 4.

2. Useful lemmas

We introduce the notion of p(q:ni,...,n,) which can
be computed in linear-time.

Definition 1. Assume that G = Kj,, . has an equitable
g-coloring, and d is the minimum value greater than
L(n1 + --- +ng)/q] such that (i) there are distinct i and
j in which n; and n; are not divisible by d, or (ii) there

is nj with n;j/|nj/d] > d + 1. Define p(q:nq,...,ng) =
m1/d] + -+ [ng/d].

Theorem 1.[14] Assume that G = Ky, ... n, has an equitable
g-coloring. Then p(q : nq, ..., n) is the minimum p such that
G is equitable r-colorable for each r satisfying p <r <q.

Lemma 2. Let G be a complete multipartite graph with n ver-
tices. If the size of a color class from a (q, 2)-tree-coloring of G
is at least 4, then the color class is independent. Consequently,
each equitable (q, 2)-tree-coloring of G such thatn/q > 4 is a
proper equitable coloring.

Proof. Suppose to the contrary that a color class C of size
k > 4 is not an independent set. Then C induces K; y_1 or
a graph with a cycle, a contradiction. The remaining of the
Lemma follows immediately. O

Lemma 3. Let G = Ky, .. n, and N =nq +- - - +n. Assume that
G has an equitable q-coloring where N/(q — 1) > 4 and G has
an equitable (r, 2)-tree-coloring for each r > q. Then va3 (G) =
p(q:nq, ..., ng).

Proof. Let p = p(q:ni,...,n,). From the definition of p
and the condition of g, the graph G has an equitable
(r, 1)-tree-coloring for each r > p. To complete the proof,
it suffices to show that G has no equitable (p — 1, 2)-tree-
coloring. Suppose to the contrary that G has an equitable
(p—1, 2)-tree-coloring. Since p—1 < q—1, each color class
has size at least N/(p—1) > N/(q@—1) > 4. Lemma 2 yields
that G has a proper equitable (p — 1)-coloring. But this
contradicts to Theorem 1. O

Let G = Kipn or Kjmn. We introduce an algorithm to
construct a (q, 2)-tree-coloring of G. The first key idea is
that we arrange vertices of G in a way that vertices in the
same partite set are consecutively ordered. Then we parti-
tion V(G) in a way that each of g partitioned sets (color
classes) contains k or k + 1 consecutive vertices (where
k =1IV(G)|/q]) from the arrangement. By this method,
there are at most one non-independent color class in Kp n,
and at most two non-independent color classes in Kjp n.

The second key idea is that we want each non-
independent color class to have size at most 3. The final
key idea is that we want vertices in each non-independent
color class to come from exactly two partite sets. To
achieve this objective for any K;; , except K1 1,1, we have
vertices in the partite set Z (a largest partite set) in the
middle of the arrangement.

If a coloring satisfies all of these three key ideas, then
each non-independent color class induces a tree of max-
imum degree at most 2. If the sizes of any two color
classes differ by at most one, then we have an equitable
(g, 2)-tree-coloring. Now we summarize a desired algo-
rithm to obtain an equitable (g, 2)-tree-coloring as follows.

Definition 2 (Algorithm A). Let N=|V(G)| and k= [N/q] <
3. Assume q > N/4 for G = Kjyn and q > (N + 1)/4 for
G=Kimn-
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Arrange vertices of G in a way that vertices in the same
partite set are consecutively ordered. Partition V(G) in a
way that each of q equitable partitioned sets (color classes)
contains k or k + 1 consecutive vertices from the arrange-
ment. Furthermore, if we need to have a color class span
two partite sets, we always use a class of size at most 3.

3. va; (Km,n)

Lemma 4. Let m +n = 4b + ¢ where b is a nonnegative integer
and 0 < ¢ < 3. Then Ky, n has an equitable (t, 2)-tree-coloring
foreacht>b+1.

Proof. let m+n=4b +c=rk + s(k + 1) where r is a
positive integer, s and k are nonnegative integers. First,
consider the case r+s=b+ 1. Then k <3. If k < 2,
then each color class from Algorithm A is an independent
set or induces K, or Kj . Thus, we obtain an equitable
(b + 1, 2)-tree-coloring.

Now, we assume k = 3. Consequently, c =0, 1, 2, or 3. If
c=0thenr=4,s=b—-3,and b>3.Ifc=1, thenr=3,
s=b—2,and b>2.If c=2,thenr=2, s=b—1, and
b>1.If c=3,thenr=1 and s =b.

We show that Algorithm A yields an equitable (b +
1, 2)-tree-coloring. By Algorithm A, a non-independent
color class (if exists) consists of three vertices from two
partite sets. Then each color class is independent set or
induces Kj . Thus we obtain an equitable (b + 1, 2)-tree-
coloring.

Finally, consider the case that r +s > b + 2. Again we
have (i) k <2 or (ii) k=3 and r > 2. Similar to the case of
r+s=>b+1, we can use Algorithm A to obtain an equitable
(r + s, 2)-tree-coloring. This completes the proof. O

Lemma 5. Let m 4+ n = 4b + ¢ where b is a nonnegative inte-
gerand 0 < c < 3.If K n has an equitable (b, 2)-tree-coloring,
then vas (Kmn) = p(b : m, n), otherwise vasy (K n) =b + 1.

Proof. From Lemma 4, Ky, has an equitable (t,2)-tree-
coloring for each t > b+ 1.

If Kmn has no equitable (b,2)-tree-coloring, then
vas (Km,n) = b+ 1 by definition of vaZ (K n).

Assume Ky, , has an equitable (b, 2)-tree-coloring. Then
each color class has size at least 4. By Lemma 2, such eq-
uitable (b, 2)-tree-coloring is a proper equitable b-coloring.
Thus va3 (Kmn) = p(b:m,n) by Lemma 3. O

Theorem 6. va3 (K11) = va5 (K1 2) = 1 and va5(Ky3) =
vaz (K22) = 2. If m +n = 4b + ¢ where b is a positive inte-
ger and 0 < ¢ < 3, then we have the following.

(1) For ¢ = O, if there are positive integers h and k such that
(m,n) = (4h, 4k), then va5 (Kmn) = p(b : m,n), other-
wise va (Kmn) =b + 1.

(2) For c = 1, if there are positive integers h and k such that
(m,n) = (4h + 1, 4k) or (4h, 4k + 1), then va5 (Kmn) =
p(b:m,n), otherwise vas (Kimn) =b + 1.

(3) For ¢ = 2, if there are positive integers h and k such
that (m,n) = (4th + 1) + 2,4k), (4h + 1,4k + 1), or
(4h, 4(k + 1) + 2), then va3 (Kmn) = p(b : m, n), other-
wise vay (Kmn) =b+1.

(4) For c =3, if (m,n) = (5, 6) or there are positive integers h
and k such that (m,n) = (4th + 2) + 3,4k), (4(h+ 1) +
2,4k+1), (4h+1,4(k+1)+2), or (4h, 4(k+2)+3), then
vaz (Km,n) = p(b :m, n), otherwise va5 (Km.n) =b + 1.

Proof. It is easy to see that vay (K11) =va; (K1) =1
and va3(Kq3) = va5(Kz2) = 2. Now consider the part
m+n =4b + c where b is a positive integer and 0 <c < 3.
Since (m+n)/b >4, Lemma 2 yields that Kp, , has an eq-
uitable (b, 2)-tree-coloring if and only if Kp , has a proper
equitable b-coloring. Thus each color class from an equi-
table (b, 2)-tree-coloring of Km, is an independent set.
Moreover, each color class is in X or Y.

Case 1: ¢ = 0. An equitable (b, 2)-tree-coloring of K n
yields b color classes of size 4. This can happen if and only
if there are positive integers h and k such that (m,n) =
(4h, 4k).

Case 2: ¢ = 1. An equitable (b, 2)-tree-coloring of Ky n
yields b — 1 color classes of size 4 and 1 color class of
size 5. This can happen if and only if there are positive
integers h and k such that (m,n) = (4h+1, 4k) or (4h, 4k +
1).

Case 3: c=2.

Subcase 3.1: b =1. Then m 4+ n = 6. One can see that
vas (Km,n) = 2.

Subcase 3.2: b > 2. An equitable (b, 2)-tree-coloring of
Km.n yields b — 2 color classes of size 4 and 2 color classes
of size 5. This can happen if and only if there are positive
integers h and k such that (m,n) = (4(h+1) + 2, 4k), (4h +
1,4k + 1), or (4h,4(k + 1) + 2).

Case 4: c=3.

Subcase 4.1: b =1. Then m +n = 7. One can see that
vag (Kmn) =2=b+1.

Subcase 4.2: b = 2. Then m +n =11. Lemma 4 yields
that Km, has an equitable (g, 2)-tree-coloring for every
q > b+ 1=3. On the other hand, an equitable (b, 2)-tree-
coloring (that is an equitable (2, 2)-tree-coloring) of Ky n
yields 1 color class of size 5 and 1 color class of size 6. By
Lemma 2, each color class is independent. This can happen
if and only if (m,n) = (5, 6).

Subcase 4.3: b > 3. An equitable (b, 2)-tree-coloring of
Km.n has b —3 color classes of size 4 and 3 color classes of
size 5. By Lemma 2, each color class is independent. This
can happen if and only if there are positive integers h and
k such that (m,n) = (4(h+2) +3,4k), (4th+ 1) + 2,4k +
1), (4h +1,4(k + 1) + 2), or (4h, 4(k + 2) + 3).

Combining these facts with Lemma 5, we complete the
proof. O

4. va; (Ki,m,n)

Lemma 7. Let | + m + n = 4b + ¢ where b is a positive inte-
ger. If c <2, then K| i, has an equitable (t, 2)-tree-coloring for
eacht > b+ 1.1If c = 3, then K , has an equitable (t, 2)-tree-
coloring for each t > b + 2.

Proof. For c <2, the proof is similar to that of Lemma 4.
Now we assume c=3. Let [+ m+n=4b+3 =rk+s(k +
1) where r is a positive integer, s and k are nonnegative
integers. First consider the case r+s=b+2. Then (i) k <2



K.M. Nakprasit, K. Nakprasit / Information Processing Letters 117 (2017) 40-44 43

or (ii) r=5,s=b—3, k=3 and b > 3. Again we can use
Algorithm A to obtain an equitable (b + 2, 2)-tree-coloring.

Finally, consider the case that r +s> b+ 3. Then (i) k <
2 or (ii) k=3 and r > 5. Again we can use Algorithm A to
obtain an equitable (r + s, 2)-tree-coloring. This completes
the proof. O

Lemma 8.Assume that | + m +n =4b + ¢ where b is a
positive integer and 0 < ¢ < 2. If K;m.n has an equitable
(b, 2)-tree-coloring, then vaz (Kimn) = p(b : I, m,n), other-
wise va; (Kijmn) =b+1.

Proof. From Lemma 7, K, has an equitable (t, 2)-tree-
coloring for each t > b+ 1. By definition of va3 (Kim n), we
have K; m , has no equitable (b, 2)-tree-coloring if and only
if vaz (Kymn) =b+1.

Assume K;;,n, has an equitable (b, 2)-tree-coloring.
Then each color class has size at least 4. By Lemma 2,
such equitable (b, 2)-tree-coloring is a proper equitable
b-coloring. Thus va5 (Kj;m.n) = p(b:1,m,n) by Lemma 3.

Assume Kjn , has no equitable (b, 2)-tree-coloring. Us-
ing Lemma 8, we have va3 (Kimn) =b+ 1. This completes
the proof. O

Theorem 9. If| + m 4+ n = 4b + c where b is a positive integer
and 0 < ¢ < 2, then we have the following.

(1) For c =0, if there are positive integers j, h, and k such that
(I, m,n) = (4j, 4h, 4k), then va5 (K;m n) = p(b : 1, m,n),
otherwise vas (Kjmn) =b + 1.

(2) For c =1, if there are positive integers j, h, and k such that
(I,m,n) = (4j + 1, 4h, 4k), (4j,4h + 1, 4k), or (4], 4h,
4k + 1), then va5 (Kimn) = p(b : I,m,n), otherwise
vay (Kjmn) =b+1.

(3) For ¢ = 2, if there are positive integers j, h, and k such
that (,m,n) = (4(j + 1) + 2, 4h, 4k), (4j,4h + 1) +
2,4k), (4, 4h, 4k + 1)+ 2), (4] + 1,4h + 1, 4k), (4) +
1,4h, 4k +1), 0or (4j,4h+ 1,4k + 1), then vas (Kym n) =
p(b:1,m,n), otherwise va5 (K ;mn) =b + 1.

Proof. Since (I4+m+n)/b >4, Lemma 2 yields that Kj ;5
has an equitable (b, 2)-tree-coloring if and only if Kim,
has a proper equitable b-coloring. Thus each color class
from an equitable (b, 2)-tree-coloring of Kj, , is an inde-
pendent set.

Case 1: ¢ =0. An equitable (b, 2)-tree-coloring of K n
yields b color classes of size 4. By Lemma 2, each color
class is independent. That is each color class is in a par-
tite set. This can happen if and only if there are positive
integers j, h, and k such that (I, m,n) = (4], 4h, 4k).

Case 2: ¢ = 1. An equitable (b, 2)-tree-coloring of Kj ; n
yields b — 1 color classes of size 4 and 1 color class
of size 5. By Lemma 2, each color class is independent.
That is each color class is in a partite set. This can hap-
pen if and only if there are positive integers j, h, and
k such that (I, m,n) = (4j + 1, 4h, 4k), (4j,4h + 1, 4k), or
(4j, 4h, 4k 4+ 1).

Case 3: c=2.

Subcase 3.1: b= 1. Then | +m+n = 6. One can see that
vay (Kimn) = 2.

Subcase 3.2: b > 2. An equitable (b, 2)-tree-coloring of
Kimn vields b — 2 color classes of size 4 and 2 color
classes of size 5. By Lemma 2, each color class is inde-
pendent. That is each color class is in a partite set. This
can happen if and only if there are positive integers j, h,
and k such that (I, m,n) = (4(j + 1) + 2, 4h, 4k), (4j,4(h +
1) +2,4k), (4j,4h,4(k+1)+2),(4j +1,4h + 1, 4k), (4] +
1,4h,4k + 1), or (4j,4h + 1,4k +1).

Combining these facts with Lemma 8, we complete the
proof. O

Definition 3. We say that (I, m, n) satisfies “Condition A” if
there are positive integers j, h, and k such that (I, m,n) =
(4j,4h, 4k — 1), (4j,4h — 1, 4k), (4j — 1, 4h, 4k), (4], 4h —
2,4k — 3),(4j,4h — 3,4k — 2),(4j — 2,4h,4k — 3), (4] —
2,4h — 3,4k), (4j — 3,4h, 4k — 2), or (4j — 3, 4h — 2, 4k).

Lemma 10. Let [ + m + n = 4b + 3 where b is a nonnegative
integer. We have K| m n has an equitable (b+ 1, 2)-tree-coloring
if and only if (I, m, n) satisfies condition A.

Proof. Consider an equitable (b + 1, 2)-tree-coloring of G.
Then there are b color classes of size 4 and 1 color class
of size 3. Lemma 2 yields that each color class of size 4 is
independent. By definition of a (g, 2)-tree-coloring, a color
class of size 3, say C, is an independent set or C induces
K1 3.

The case that C is an independent set can happen if
and only if there are positive integers j, h, and k such
that (I, m,n) = (4j,4h,4k — 1), (4j,4h — 1,4k), or (4j —
1, 4h, 4k).

The case that C induces Kj > can happen if and only if
one element of C is in one partite set and two other ele-
ments are in a different partite set. Thus the case that C
induces K1 can happen if and only if there are positive
integers j, h, and k such that (4j,4h — 2, 4k — 3), (4, 4h —
3,4k — 2),(4j — 2,4h, 4k — 3), (4j — 2,4h — 3,4k), (4] —
3,4h,4k — 2), or (4j — 3,4h — 2,4k). This completes the
proof. O

Definition 4. We say that (I, m, n) satisfies “Condition B” if
there are positive integers j, h, and k such that (I, m,n) =
(4(j + 2) + 3,4h, 4k), (4j,4(h + 2) + 3, 4k), (4j,4h, 4(k +
2)+3,4(+ 1)+ 2,4h + 1,4k), (4(j + 1) + 2,4h, 4k +
1),4j+1,4th+1)+2,4k),(4j+1,4h,4(k+ 1) +2), (4],
4h+1)+2,4k+1),(4j,4h + 1,4k +1) + 2), or (4j +
1,4h+ 1,4k +1).

Lemma 11. Assume that [+m+n = 4b+3 where b is a positive
integer. We have K| m , has an equitable (b, 2)-tree-coloring if
and only if (I, m, n) satisfies Condition B.

Proof. For b =1 or 2, one can check that G does not
have an equitable (b, 2)-tree-coloring and (I, m, n) does not
satisfy Condition B. Now assume b > 3. Consider an equi-
table (b, 2)-tree-coloring of G. Then there are (b — 3) color
classes of size 4 and 3 color classes of size 5. Lemma 2
yields that each color class is independent. This can hap-
pen if and only if (I, m, n) satisfies Condition B. O



44 K.M. Nakprasit, K. Nakprasit / Information Processing Letters 117 (2017) 40-44

Lemma 12. Let [+ m +n = 4b + 3 where b is a positive integer.
We have the following.

(1) Kim.n has no equitable (b + 1, 2)-tree-coloring if and only
ifvas (Kjmn) =b+2.

(2) Assume that Kjmn has an equitable (b + 1,2)-tree-
coloring. If Kimp has an equitable (b,2)-tree-coloring,
then vas (Kymn) = p(b : 1, m, n), otherwise vaz (K n) =
b+1.

Proof. From Lemma 7, K;;;,» has an equitable (t, 2)-tree-
coloring for each t > b + 2. By definition of va3 (Kjmn),
Kim.n has no equitable (b 4 1, 2)-tree-coloring if and only
if vas (Kjmn) =b+2.

Now assume that K ,, , has an equitable (b+1, 2)-tree-
coloring. Thus K, has an equitable (¢, 2)-tree-coloring
for each t > b + 1. If K;;nn has no equitable (b, 2)-tree-
coloring, then va5 (K;mn) =b + 1 by the definition. Con-
sider the case that K;,, has an equitable (b, 2)-tree-
coloring. Then each color class has size at least 4. Lemma 2
yields that such a coloring is a proper equitable b-coloring.
Lemma 3 yields va3 (Kjmn) =p(b:l,m,n). O

Theorem 13. va5 (K1,1,1) = 2. Assume thatl+m+n=4b+3
where b is a positive integer. Then we have the following.

(i) If (I, m, n) does not satisfy Condition A, then vas (Kj m n) =
b+2.
(ii) If (I, m, n) satisfies Condition A but does not satisfy Condi-
tion B, then vas (Kjmn) =b + 1.
(iii) If (I, m,n) satisfies Condition A and Condition B, then
vas (Kymp) =pb:1,m,n).

Proof. It is easy to see that vas (Kq,1,1) = 2. Now consider
the part [ +m + n = 4b + 3 with a positive integer b. Us-
ing Lemmas 10 and 12 (1), we have (i). Using Lemmas 10,
11, and 12 (2), we have (ii) and (iii). This completes the
proof. O

Corollary 14. Let t be a nonnegative integer. Let d be the min-
imum integer greater than 4 such that 4t is not divisible by d,
then vas (Kat at,4r) = 374t /d].

Moreover, va5 (Kat11,4¢+1,4t41) = vay (Kaey2,4t42,4t42) =
3t +2 and va5 (Katy3,4¢43,4t43) =3t + 3.

Proof. Using Definition 1 and Theorem 9 (1), we have the
desired result for va3 (Kae,a¢,4¢)-

Using Theorem 13, we have va3 (Kaey1,4t41,4641)
3t + 2. Using Theorem 9, we have va5 (Kari2,4¢42,4t42) =
3t +2 and va3 (Kgey3,4t43,4043) =3t +3. O
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Abstract

Let coly(G) be the game coloring number of a given graph G. Define the game coloring
number of a family of graphs H as coly(H) := max{coly(G) : G € H}. Let P, be the family
of planar graphs of girth at least k. We show that coly(P7) < 5. This result extends a result
about the coloring number by Wang and Zhang [10] (coly(Ps) < 5). We also show that these
bounds are sharp by constructing a graph G where G € P, > 5 for each k < 8 such that
coly(G) = 5. As a consequence, coly(Py) =5 for k =7,8.

1 Introduction

Let G be a simple graph with a vertex set V(G) and an edge set E(G). The coloring game is
a two-person game described as follows. Two players, say Alice and Bob, with Alice playing
first alternatively colors an uncolored vertex in GG with the color from the color set C' so that
any two adjacent vertices have distinct colors. Alice wins if all vertices are colored. The
game chromatic number of G, denoted by x,(G), is the least cardinality of C' in which Alice
has a strategy to win the game. The game chromatic number was formally introduced by
Bodlaender [1].

The marking game is also a two-person game. Two players, say Alice and Bob, with
Alice playing first alternatively marks an unmarked vertex of G' until all vertices are marked.
Let b(v) be the number of neighbors of v that are marked before v is marked. The game
coloring number of G, denoted by colg(G), is the least s in which Alice has a strategy to
obtain b(v) 4+ 1 to be at most s for each vertex v.

The game coloring number was formally introduced by Zhu [12] as a tool to study the
game chromatic number. It is easy to see that x,(G) < coly(G). The best known upper
bounds for game chromatic numbers of graphs in various families are obtained from the
upper bounds of game coloring numbers.

*



Let H be a family of graphs. The game chromatic number and the game coloring number
of H are defined as xg(H) := max{x,(G) : G € H} and coly(H) := max{coly(G) : G € H}.

The game coloring numbers of various families of graphs, especially planar graphs, are
widely studied. Let F denote the family of forests, Z; denote the family of interval graphs
with clique number k, @ denote the family of outerplanar graphs, P7T denote the family of
partial k-trees, and P denote the family of planar graphs. It is proved by Faigle et al. [3] that
Xg(F) = coly(F) = 4, by Faigle et al. [3] and Kierstead and Yang [7] that coly(Zy) = 3k — 2,
by Guan and Zhu [4] and Kierstead and Yang [7] that coly(Q) = 7, and by Zhu [13] and Wu
and Zhu [11] that coly(PTy) = 3k + 2 for k > 2.

Combining a lower bound from [11] and an upper bound from [14] gives 11 < coly(P) <
17. Let Py be the family of planar graphs of girth at least k. It is proved by Sekiguchi [9]
that colg(P,) < 13, by He et al. [5] that coly(P5) < 8, by Kleitman [8] that coly(Ps) < 6,
by Wang and Zhang [10] that coly(Ps) < 5, and by Borodin et al. [2] that coly(G) < 9 if
G is a quadrangle-free planar graph. For lower bounds, it was proved by Sekiguchi [9] that
colg(Py) > 7 and coly(P5) > 6.

In this paper, we show that coly(P7) < 5. This result extends a result about the coloring
number by Wang and Zhang [10]. We also show that these bounds are sharp by constructing
a graph G where G € P, > 5 for each k < 8 such that coly(G) = 5. As a consequence,
colg(Py) =5 for k =7,8.

2 Upper bounds for the game coloring number of pla-
nar graphs with girth at least 7

For a graph G, let II(G) be the set of linear orderings of V(G). The digraph G, with respect
to L € II(G) is obtained from G by orienting an edge uv in G with v >, v into an arc (u,v).

For a vertex u, we denote the set of neighbors of u in G by Ng(u), the set of out-
neighbors of u in G, by NgL(u), and the set of in-neighbors of u in G by Ng, (u). Let
o (u) = |No(u)|. 45, (u) = NG, ()], and d, (u) == | NG, (u)]|.

We define Vg (u) == {v € V(Gr) : v <y u} and Vg (u) := {v € V(GL) : v > u}.
Moreover, N¢ [u] := N§ (u) U {u}, Ng, [u] := Ng, (u) U {u}, Vg [u] :== V{ (u) U {u}, and
Vi, lu] := Vg, (u) U{u}. The subscripts maybe omitted if G or G, is clear from the context.

In [6], Kierstead introduces the activation strategy which gives the bound for col,(G) as
follows.

Definition 1 For a given graph G, we say that M is a matching from A to B if M covers
all vertices in A and each edge in M joins a vertex in A and a vertex in B — A.

For a vertex u in G, we define m(u, L, G) to be the size of a largest Z such that Z C
N~ [u] with a partition Z = X UY and there exist matchings M from X C N~ [u] to V*(u)
and N from'Y C N~ (u) to V*[u].

Let

r(u, L, G) := df, (u) + m(u, L, G),
r(L,G) = urenvazé)r(u, L,G),

r(G) ;== min r(L,G).

LET(G)
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Theorem 1 (Kierstead [6]) coly(G) < 1+ r(G).
Now we are ready to prove the following theorem.
Theorem 2 If G is a planar graph with girth at least 7, then colg(G) < 5.

Proof. Fix a planar graph embedding of G. It suffices to construct a linear ordering L
such that r(L, (G)) < 4 as follows. Initially, we have a set of chosen vertices C' := () and a
set of unchosen vertices U := V(G). At each stage of the construction, we choose a vertex
u € U, and replace U by U = {u} and C' by C' = C' U {u}. Define a linear order L by u <, v
if we choose v before w.

It is well known that for a planar graph G with girth at least 4, there exists a vertex u
with degree at most 3. If C' is empty, then choose a vertex of degree at most 3 as u. Suppose
that C' is not empty. Let H be the graph obtained from G by
(i) deleting all edges between vertices in C,

(ii) deleting each vertex x € C such that |[Ng(xz) NU| < 3,
(iii) if z € C and |Ng(x) NU| = 2, then we add an edge between two vertices in Ng(z) N U,
(iv) if z € C and |Ng(z) NU| = 3, then we add two new edges between three vertices in
Ng(xz) N U to form a path.
Clearly, H is a planar graph. Since the girth of GG is at least 7, a new edge in H joins two
vertices that are not adjacent in G and the girth of H is at least 4. Note that each v € C
has dg(v) > 4. Thus there is a vertex v € U with dy(u) < 3. Choose such u.
Let
S:={velU:u e E(G)},

S":={velU:w € E(H)— E(G)},
A:={x € C:ux € F(H) and dy(x) > 4}.

Let 0,0’, and « be the cardinalities of S, S’, and A, respectively.

Then
dy(u) =0 +0 +a<3.

Consider a set Z C N~ [u| with |Z| = m(u, L,G) such that there exists a partition
Z = X UY and there exist matchings M from X C N~ [u] to V*(u) and N from Y C N~ (u)
to VFTu]. Let Zy:=ZNA,Zy=7Z0{xeC:dy(x) <3}, and Z3 = ZN{a}. Then the sets
Z; for 1 = 1,2, 3 are mutually disjoint but some sets maybe empty.

Clearly, d* (u) = o and m(u, L, G) = | Z1|+|Za|+| Z3|. We aim show that | Z;|+|Za|+| Z3] <
a+ o’ + 1. From definitions, |Z;| < a and |Z3| < 1. It remains to show that |Z;| < o’.

Define B(M) := {v € V*(u) : 3z € Z, such that xzv € M} and B(N) := {v € VT (u) :
Jv € Zy such that yv € N}. Assume furthermore that M is a matchings from X to V' (u)
with maximum |B(M)| and N is matching from Y to V*[u] with maximum |B(N)|. First,
we claim that B(M) U B(N) C S’. Suppose to the contrary that there is w € B(M) — 5.
Let zw € M. Note that w ¢ S, otherwise uwzu is C3 in G, a contradiction. By construction,
there is v € S’ such that w and v are neighbors or 2. We have M U{xv} —{zw} is a matching
from X to V*(u), otherwise there is 2'v € M implying uxva'u is C; in G, a contradiction.
But |[B(M U{zv} — {zw})| = B(M) + 1 which contradicts the maximality of | B(M)|. Thus
B(M) C S’. Similarly, B(N) C S".



Suppose to the contrary that there is v € B(M) N B(N). This means there is zv € M
and yv € N. But then uxvyu is Cy in G, a contradiction. Altogether, we have |Z5| =
|B(M)| +|B(N)| < || = o',

Thus r(u, L,G) = d*(u) + m(u, L,G) < 0 + a+ o'+ 1 < 4. Hence col,(G) < 5. O

3 Lower bounds for the game coloring number of pla-
nar graphs with girth at most 8

Theorem 3 For 3 < k < 8, there is a planar graph G with girth k such that coly(G) = 5.
As a consequence, coly(Py) > 5.

Proof. Let H; be a hexagon (a cycle of length 6). We construct H,, (n > 2) from H,_;
by adding 6(n — 1) hexagon around H,,_;.

@,

Figure 1: H; and H,

We construct G,, from H,, as follows. For each v € V(H,), we add a vertex a, and an
edge between a, and v. Furthermore, we subdivide each horizontal edge of H,,. The resulting
graph G, is a planar graph with girth 8.

Figure 2: G (we omit the vertices of A)

Let

A:={a, € V(H,) v e V(H,)},



B:=V(G,) — (V(H,) UA),
Vi :={v € V(H,) : v is not incident to the unbounded face of H,},
Vo :={v € V(H,) : v is incident to the unbounded face of H,}.

Then we have

|B| = 3n* —n,
V7| = 6n* — 12n + 6,
|Vo| = 12n — 6.

First, Bob marks all the vertices of B and V. Note that |B|+ |Vo|+1 < V7| forn > 9. Tt
follows that when all the vertices of B and V, are marked, there are at least two vertices of V;
are unmarked. Consider Bob’s turn immediately after all the vertices of BU Vy are marked.

Suppose vy, Vg, ..., v; are all unmarked vertices in V;. Bob can force all a,,,ay,, ..., a, to
be marked before all vy, vs,...,v; are marked. Thus the last unmarked vertex, say v, in V;
satisfies b(v) + 1 = 5. Therefore coly(G,,) > 5. Since A(G,,) = 4, we have coly(G,,) = 5.

For k < 8, one can see that coly(G, U C)) = 5. It follows that coly(Py) > 5. O

Corollary 4 coly(Gy) =5 fork=17,8.

Proof. From Theorems 2, 3, and the fact that coly(Ps) < 5 [10], Corollary 4 follows. O
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