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 โครงการวิจัยนี้เปนการศึกษาคําตอบโฮโลกราฟกภายในขอบเขตของทฤษฎีเกจซูเปอรกราวติี้ใน

กาลอวกาศสี ่หา หกและเจ็ดมิติ โดยเกจซูเปอรกราวติีท้ี่พิจาณาในโครงการน้ีคือทฤษฎีเกจซูเปอรกราวิตี้

สี่มิติที่มีจํานวนซูเปอรซิมเมทรี N=3,4 และเกจซูเปอรกราวิตีท้ี่คูควบกับสนามสสารในหา หก และเจ็ดมิติ

โดยมีซูเปอรซิมเมทรีครึ่งหนึ่งของคาสูงสุด ในสี่มิต ิ นอกจากคนพบสุญญากาศแอนติ-เดอ ซิตเตอร 

(AdS) แบบใหมแลว ยังคนพบคําตอบของการโฟลว RG โฮโลกราฟกและคําตอบเจนัสชุดใหมอีกดวย 

คําตอบทีไ่ดบางแบบมีตนกําเนิดในมิติทีสู่งกวาจึงสามารถยกระดับขึ้นไปยังทฤษฎีสตริงและทฤษฎีเอ็ม

ได ผลลัพธทีไ่ดจะชวยใหเกิดความเขาใจพลวตัของทฤษฎีสนามซูเปอรคอนฟอรมอล (SCFTs) ในสาม

มิติในลิมิตที่มีการคูควบรุนแรงได ทฤษฎีสนามเหลาน้ีอธิบายพลวตัที่พลังงานต่าํของ M2-เบรนซึ่งเปน

องคประกอบพ้ืนฐานของทฤษฎีเอ็มและมีบทบาทสําคญัตอการศึกษาหลุมดําเชิงจุลภาคภายในอวกาศ 

AdS4 ที่เปนหัวขอวิจัยหลกัในปจจุบัน คําตอบรูปแบบนี้รวมทั้งคําตอบที่อธบิายหลุมดําสถิตและสตริงใน

อวกาศ AdS5 ก็ไดทําการศกึษาโดยใชเกจซูเปอรกราวติี้ N=4 ในหามิติ สวนในหกมิติ ไดทําการศึกษา

เง่ือนไขของการมีสุญญากาศ AdS6 ที่รกัษาซูเปอรซมิเมทรีและยังแสดงใหเห็นวาสุญญากาศดังกลาวไม

มีสนามมอดูไลที่ไมทําลายซูเปอรซิมเมทรี และในเจ็ดมิติ ไดศึกษาคําตอบโดเมนวอลลที่มีสนามสาม-

ฟอรมเพ่ิมขึ้นมา คําตอบทีไ่ดอธิบายความบกพรองคอนฟอรมอลสองมิติภายในทฤษฎี N=(1,0) SCFTs 

ในหกมิติ รวมทั้งคําตอบที่ไดบางแบบยังสามารถยกระดับขึ้นไปยังทฤษฎีเอ็มไดอีกดวย 

 

คําหลัก: Gauged supergravity, String/M-theory, AdS/CFT correspondence, Gauge/gravity 

correspondence 
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 The project concerns with the studies of holographic solutions within the framework of 

gauged supergravities in four, five, six and seven dimensions. The gauged supergravities under 

consideration are four-dimensional theories with N=3,4 supersymmetries and matter-coupled 

half-maximal gauged supergravities in five, six and seven dimensions. In four dimensions, in 

addition to new supersymmetric anti-de Sitter (AdS) vacuum, novel classes of holographic RG 

flows and Janus solutions are found. Some of these solutions have known higher-dimensional 

origins and can accordingly be uplifted to string/M-theory. The uplifted solutions would give 

more insight to dynamics of the dual superconformal field theories (SCFTs) in three dimensions 

at strongly coupled limits. These theories describe low energy dynamics of M2-brane, a 

fundamental ingredient of M-theory, and recently play an important role in microscopic study of 

black hole in AdS4 space. Similar solutions including static black holes and strings in AdS5 

space are obtained within N=4 gauged supergravity in five dimensions. In six dimensions, 

general conditions for the existence of supersymmetric AdS6 vacua are derived. Furthermore, it 

is shown that these vacua have no moduli preserving all supersymmetry. Finally, in seven 

dimensions, domain wall solutions with a non-vanishing three-form field are given. These 

solutions describe surface defects in N=(1,0) SCFTs in six dimensions, and some of them can 

be uplifted to M-theory. 
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1. Introduction to the research problem and its significance 

It is wildly accepted that superstring theory, or string theory for short, is the best 

candidate for a theory of quantum gravity. In the past fifty years, string theory has provided 

many insightful explanations to a number of unsolved problems in theoretical high energy 

physics such as black hole entropy and the Big Bang, the origin of our universe. At the 

beginning, there are five seemingly different superstring theories. But it has been shown that all 

of the five superstring theories are related to each other and to a unified eleven-dimensional 

theory, called M-theory, by a number of dualities. 

At low energy, an energy scale much lower than the Planck scale at which the strength 

of gravity is comparable to other interactions, both string and M-theories can be successfully 

described by supergravity theories. Supergravity is an extension of Einstein general relativity by 

incorporating supersymmetry, the symmetry of exchanging bosons and fermions. It is presently 

known that string/M-theory has ten and eleven-dimensional supergravities as effective theories 

at low energy. Furthermore, in order to obtain a sensible physical theory in four-dimensional 

space-time, six or seven extra dimensions need to be compactified in a tiny volume. This will 

result in an effective lower dimensional theory. It has been shown that these effective theories 

take the form of supergravity and gauged supergravity theories. The latter is a gauged version 

of the former in the sense that some part of the global symmetry of the supergravity theory is 

promoted to a local or gauge symmetry. This procedure introduces non-abelian gauge 

symmetry to a supergravity theory. The resulting gauged theories possess many new features 

including the possibility of vacua different from Minkowski space-time. 

An extremely important consequence of string theory is the so-called AdS/CFT 

correspondence, a duality relation between string theory on a particular space containing anti-

de Sitter (AdS) space and a conformal field theory (CFT) on the boundary of the AdS space. At 

low energy, this reduces to a correspondence between a supergravity theory and a conformal 

field theory. This is a kind of strong-weak duality in which a weakly coupled gravity theory is 

dual to a strongly coupled field theory which is usually a gauge theory and vice versa. The 

correspondence is a direct consequence from the study of D-brane dynamics. In some sense, 

this is a correspondence between closed and open strings. Therefore, the AdS/CFT 

correspondence is expected to give some insight to the strong coupling limit of many interesting 
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gauge theories and the structure behind string/M-theory. In this respect, AdS spaces in different 

space-time dimensions are essential. It turns out that many gauged supergravities can 

accommodate vacua precisely of this type.  

The original AdS/CFT correspondence has been extended through a number of different 

directions. One of these is the extension to non-conformal field theories. This is of particular 

interest since all of the gauge theories in the standard model of particle physics are not 

conformally symmetric. The result is called non-AdS/non-CFT or in a more common term 

gauge/gravity correspondence. Gravity backgrounds which are dual to this type of gauge 

theories are domain walls. Another interesting class of solutions is Janus solutions dual to 

interface CFTs which are useful in condensed matter physics as well. Solutions of these types 

also arise naturally in various types of gauged supergravities in the form of half-maximally 

supersymmetric vacuum solutions.  

All of these facts express clearly that gauged supergravities play a very important role in 

understanding string/M-theory as well as gauge theories. It turns out that working in lower 

dimensions is much more convenient. Therefore, many interesting results are firstly obtained in 

lower dimensional gauged supergravities. To interpret the results in string/M-theory context, an 

embedding of these results is needed. This can be done by using a consistent reduction ansatz 

from ten or eleven dimensions to lower dimensions. Constructing the reduction ansatz is 

normally a highly non-trivial task, and presently only some particular cases of maximal gauged 

supergravities are known. In the case of half-maximal gauged supergravities, very little is known 

about their solutions and their embedding in higher dimensions. A reduced number of 

supersymmetry makes it more difficult to explicitly find the corresponding reduction ansatz since 

in this case supersymmetry allows for the coupling to an arbitrary number of matter fields. 

2. Objectives 

1. To study gauge/gravity correspondence within half-maximal gauged supergravities in 4, 5, 6 

and 7 dimensions and to identify possible higher dimensional origins within string/M-theory.  

2. To apply the results in extracting useful consequences in dual field theories and give some 

interpretations of the results in terms of brane configurations in string/M-theory. 

3. Methodology 
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The procedure for finding holographic solutions is generally given by the following steps. 

1. Analyze the structure of gauged supergravity under consideration. 

2. Compute the scalar potential and look for possible AdS critical points.  

3. Set up the corresponding BPS equations by setting fermionic supersymmetry 

transformations to zero. This step in general involves imposing certain projection 

conditions on the Killing spinors. These conditions in effect reduce the original number 

of supersymmetry. 

4. Solve the resulting BPS equations to obtain the solutions of interest such as holographic 

RG flows and Janus solutions dual respectively to RG flows and interfaces in the dual 

field theories. 

5. Check whether the BPS solutions satisfy the second-order field equations. 

6. If the gauged supergravity has known higher dimensional origin, apply the reduction 

ansatz to uplift the BPS solutions to string/M-theory. 

7. Look for implications of the holographic solutions in the dual SCFT.   

4. Outcomes 

A large number of new results have been obtained from this project. It is more convenient to 

report on these results separately in various space-time dimensions. 

1. Four-dimensional gauged supergravities: 

In N=3 gauged supergravity with SO(3)xSU(3) gauge group, the first holographic 

study of this gauged supergravity has been performed in this project. Two AdS4 critical 

points preserving the full N=3 supersymmetry have been identified. One of these critical 

points is the expected trivial critical point with all scalars vanishing and SO(3)xSU(3) 

symmetry. The other one is a new non-trivial critical point with only SO(3)xU(1) 

symmetry. The full scalar masses and holographic RG flows interpolating between these 

critical points have been given. These solutions describe RG flows between N=3 three-

dimensional SCFTs dual to the aforementioned AdS4 critical points. A number of 

supersymmetric AdS2xΣ2 solutions have also been found. These describe RG flows 

across dimensions from N=3 SCFTs in three dimensions to one-dimensional conformal 

field theory or conformal quantum mechanics. The solutions also have an interpretation 

in terms of supersymmetric black holes in AdS4 space. 
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In N=4 gauged supergravity, various gauge groups have been considered. The 

first gauge group is SO(3)x(T3,T3) arising from a truncation of eleven-dimensional 

supergravity on a tri-sasakian manifold. The resulting gauged supergravity admits two 

supersymmetric AdS4 critical points with N=3 and N=1 supersymmetries. Holographic 

RG flows from these critical points to non-conformal field theories in the IR have been 

studied. In addition, a class of supersymmetric N=1 Janus solutions have also been 

given. All of these solutions can be uplifted to M-theory. The corresponding solutions in 

eleven dimensions have also been considered. The study has continued to find 

AdS2xΣ2 solutions arising as near horizon geometries of AdS4 back holes. These 

provide a new class of AdS2xΣ2 solutions with known M-theory origin and should be 

useful in the context of black hole physics. 

 For N=4 gauged supergravities arising from type II string theories, 

ISO(3)xISO(3) and ISO(3)xU(1)6 gauge groups have been considered. These gauge 

groups are obtained respectively from type IIB and type IIA string theories compactified 

on an orbifold T6/Z2xZ2. RG flows and Janus solutions preserving different numbers of 

supersymmetries have been found within these gauged supergravities.  

However, solutions in all these non-semisimple gauge groups have a limited 

structure in a sense that there are only a few supersymmetric AdS4 critical points. The 

research project then moved on to consider semisimple gauge groups SO(4)xSO(4), 

SO(4),SO(3,1) and SO(3,1)xSO(3,1). For these gauge groups, there are many 

supersymmetric N=4 AdS4 critical points with different residual symmetries and various 

possibilities of RG flows between them. In addition, many of these solutions can be 

obtained analytically and hence very useful in all interesting applications.         

2. Five-dimensional gauged supergravity: 

A similar study has been performed in N=4 gauged supergravity in five 

dimensions coupled to five vector multiplets with gauge groups U(1)xSU(2)xSU(2), 

U(1)xSO(3,1) and U(1)xSL(3,R). This gauged supergravity was previously less studied 

in the holographic context. Holographic RG flows and a large class of half-

supersymmetric black strings in AdS5 with AdS3xΣ2 horizons have been found. The 

study has also been extended to more general solutions with ¼ -supersymmetry 
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including static black holes in AdS5. All of these solutions have not appeared in 

previous literatures.     

3. Six-dimensional gauged supergravity: 

Supersymmetric AdS6 vacua are rare. The only possibility is AdS6 vacua 

preserving sixteen supercharges. These can be found using half-maximal N=(1,1) 

gauged supergravity, known as F(4) gauged supergravity. In this research project, 

general conditions for the existence of supersymmetric AdS6 vacua with all 

supersymmetry unbroken have been derived including the general form of gauge groups 

admitting these AdS6 critical points. These gauge groups take the form of G1xG2 

subgroup of the global symmetry group SO(4,n) with G1 and G2 being subgroups of 

SO(3,m) and SO(1,m-n), respectively. It has also been shown that these AdS6 vacua do 

not have moduli, deformations by massless scalars preserving all supersymmetry. 

These vacua are then isolated points in the scalar field space. This implies that the dual 

six-dimensional SCFTs do not have marginal deformations preserving all 

supersymmetry in agreement with the field theory results.   

4. Seven-dimensional gauged supergravity: 

The last part of the results in this project arises from a study of matter-coupled 

N=2 gauged supergravity in seven dimensions. The study extends usual domain wall 

solutions, with only scalar fields non-vanishing, to include the three-form field in the N=2 

supergravity multiplet. An analytic solution of this type has been obtained, and for 

particular values of gauge coupling constants, the solution can be uplifted to eleven-

dimensions. This solution takes the form of an AdS3-sliced domain wall and describes a 

conformal surface defect in the dual N=(1,0) SCFT. It has also been shown that 

supersymmetric solutions with non-vanishing gauge fields and a three-form field do not 

exist.    

5. Conclusions and discussions 

A number of new holographic solutions of various types such as domain walls, 

RG flows and Janus solutions in different space-time dimensions are discovered in this 

research project. Many of these solutions have known higher dimensional origins and 

can be uplifted or embedded in string/M-theory. The results of this project enlarge 
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known holographic solutions to a large extent. In addition, some gauged supergravities 

considered in this project have never been considered before namely, N=3,4 gauged 

supergravities in four dimensions and N=4 gauged supergravity in five dimensions 

coupled to vector multiplets. 

Although many results have been discovered, there are many research 

directions to pursue. Examples of these are finding AdS2xΣ2 solutions in N=4 gauged 

supergravity in four dimensions with both electric and magnetic vector fields turned on. 

These will give a new class of supersymmetric dyonic AdS4 black holes. There are 

some gauged supergravity theories that have not been investigated in the context of 

holography such as N=5,6 gauged supergravity in four dimensions and N=6 gauged 

supergravity in five dimensions. Maximal gauged supergravity in seven dimensions and 

various gauged supergravities in three dimensions also deserve further study. Hopefully, 

all of these issues and the related ones will be addressed in another research project. 
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Abstract We study four-dimensional N = 4 gauged super-
gravity coupled to six vector multiplets with semisimple
gauge groups SO(4) × SO(4), SO(3, 1) × SO(3, 1) and
SO(4)× SO(3, 1). All of these gauge groups are dyonically
embedded in the global symmetry group SO(6, 6) via its
maximal subgroup SO(3, 3)×SO(3, 3). For SO(4)×SO(4)

gauge group, there are four N = 4 supersymmetric AdS4

vacua with SO(4)×SO(4), SO(4)×SO(3), SO(3)×SO(4)

and SO(3) × SO(3) symmetries, respectively. These AdS4

vacua correspond to N = 4 SCFTs in three dimensions
with SO(4) R-symmetry and different flavor symmetries.
We explicitly compute the full scalar mass spectra at all
these vacua. Holographic RG flows interpolating between
these conformal fixed points are also given. The solutions
describe supersymmetric deformations of N = 4 SCFTs by
relevant operators of dimensions � = 1, 2. A number of
these solutions can be found analytically although some of
them can only be obtained numerically. These results pro-
vide a rich and novel class of N = 4 fixed points in three-
dimensional Chern–Simons-Matter theories and possible RG
flows between them in the framework of N = 4 gauged
supergravity in four dimensions. Similar studies are carried
out for non-compact gauge groups, but the SO(4) × SO(4)

gauge group exhibits a much richer structure.

1 Introduction

The study of holographic RG flows is one of the most inter-
esting results from the celebrated AdS/CFT correspondence
since its original proposal in [1]. The solutions take the form
of domain walls interpolating between AdS vacua, for RG
flows between two conformal fixed points, or between an
AdS vacuum and a singular geometry, for RG flows from a

a e-mail: parinya.ka@hotmail.com
b e-mail: keima.tham@gmail.com

conformal fixed point to a non-conformal field theory. Many
of these fixed points are described by superconformal field
theories (SCFTs) which are also believed to give some insight
into the dynamics of various branes in string/M-theory.

Rather than finding holographic RG flow solutions directly
in string/M-theory, a convenient and effective way to find
these solutions is to look for domain wall solutions in lower
dimensional gauged supergravities. In some cases, the result-
ing solutions can be uplifted to interesting brane configura-
tions within string/M-theory, see for example [2–4]. Apart
from rendering the computation simpler, working in lower
dimensional gauged supergravities also has an advantage of
being independent of higher dimensional embedding. Results
obtained within this framework are applicable in any models
described by the same effective gauged supergravity regard-
less of their higher dimensional origins.

Many results along this direction have been found in
maximally gauged supergravities, see for examples [5–13].
A number of RG flow solutions in half-maximally gauged
supergravities in various dimensions have, on the other hand,
been studied only recently in [14–21], see also [22,23] for
earlier results. In this paper, we will give holographic RG flow
solutions within N = 4 gauged supergravity in four dimen-
sions. Solutions in the case of non-semisimple gauge groups
with known higher dimensional origins have already been
considered in [19,20]. This non-semisimple gauging, how-
ever, turns out to have a very restricted number of supersym-
metric AdS4 vacua. In this work, we will consider semisim-
ple gauging of N = 4 supergravity similar to the study in
other dimensions. Although some general properties of AdS4

vacua and RG flows have been pointed out recently in [18],
to the best of our knowledge, a detailed analysis and explicit
RG flow solutions in N = 4 gauged supergravity have not
previously appeared.

Gaugings of N = 4 supergravity coupled to an arbitrary
number n of vector multiplets have been studied and classi-
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fied for a long time [24–26], and the embedding tensor for-
malism which includes all possible deformations of N = 4
supergravity has been given in [27]. For the case of n < 6,
the relation between the resulting N = 4 supergravity and
ten-dimensional supergravity is not known. Therefore, we
will consider only the case of n ≥ 6 which is capable of
embedding in ten dimensions. Furthermore, we are particu-
larly interested in N = 4 gauged supergravity coupled to six
vector multiplets to simplify the computation. In this case,
possible gauge groups are embedded in the global symme-
try group SL(2,R) × SO(6, 6). From a general result of
[28], the existence of N = 4 supersymmetric AdS4 vacua
requires that the gauge group is purely embedded in the
SO(6, 6) factor. Furthermore, the gauge group must con-
tain an SO(3) × SO(3) subgroup with one of the SO(3)

factors embedded electrically and the other one embedded
magnetically.

We will consider gauge groups in the form of a simple
product G1 × G2 in which one of the two factors is embed-
ded electrically in SO(3, 3) ⊂ SO(6, 6) while the other is
embedded magnetically in the other SO(3, 3) subgroup of
SO(6, 6). Taking the above criterions for having supersym-
metric AdS4 vacua into account, we will study the case of
G1,G2 = SO(4) and SO(3, 1). There are then three differ-
ent product gauge groups to be considered, SO(4)× SO(4),
SO(3, 1) × SO(3, 1) and SO(4) × SO(3, 1). We will iden-
tify possible supersymmetric AdS4 vacua and supersymmet-
ric RG flows interpolating between these vacua. These solu-
tions should describe RG flows in the dual N = 4 Chern–
Simons-Matter (CSM) theories driven by relevant operators
dual to the scalar fields of the N = 4 gauged supergravity.
As shown in [29], some of the N = 4 CSM theories can be
obtained from a non-chiral orbifold of the ABJM theory [30].
Other classes of N = 4 CSM theories are also known, see
[31,32] for example. These theories play an important role
in describing the dynamics of M2-branes on various back-
grounds. The solutions obtained in this paper should also
be useful in this context via the AdS/CFT correspondence.
It should also be emphasized that all gauge groups consid-
ered here are currently not known to have higher dimensional
origins. Therefore, the corresponding holographic duality in
this case is still not firmly established.

The paper is organized as follow. In Sect. 2, we review
N = 4 gauged supergravity coupled to vector multiplets
in the embedding tensor formalism. This sets up the frame-
work we will use throughout the paper and collects rele-
vant formulae and notations used in subsequent sections. In
Sect. 3, N = 4 gauged supergravity with SO(4) × SO(4)

gauge group is constructed, and the scalar potential for scalars
which are singlets under SO(4)inv ⊂ SO(4)×SO(4) is com-
puted. We will identify possible supersymmetric AdS4 vacua
and compute the full scalar mass spectra at these vacua. The
section ends with supersymmetric RG flow solutions interpo-

lating between AdS4 vacua and RG flows to non-conformal
field theories. A similar study is performed in Sects. 4 and 5
for non-compact SO(3, 1)×SO(3, 1) and SO(4)×SO(3, 1)

gauge groups. Conclusions and comments on the results will
be given in Sect. 6. An appendix containing the convention
on ’t Hooft matrices is included at the end of the paper.

2 N = 4 gauged supergravity coupled to vector
multiplets

To set up our framework, we give a brief review of four-
dimensional N = 4 gauged supergravity. We mainly give rel-
evant information and necessary formulae to find supersym-
metric AdS4 vacua and domain wall solutions. More details
on the construction can be found in [27].

N = 4 supergravity can couple to an arbitrary number n
of vector multiplets. The supergravity multiplet consists of

the graviton eμ̂
μ, four gravitini ψ i

μ, six vectors Am
μ , four spin-

1
2 fields χ i and one complex scalar τ containing the dilaton
φ and the axion χ . The complex scalar can be parametrized
by SL(2,R)/SO(2) coset. Each vector multiplet contains a
vector field Aμ, four gaugini λi and six scalars φm . Similar to
the dilaton and the axion in the gravity multiplet, the 6n scalar
fields can be parametrized by SO(6, n)/SO(6) × SO(n)

coset.
Throughout the paper, space-time and tangent space

indices are denoted respectively by μ, ν, . . . = 0, 1, 2, 3 and
μ̂, ν̂, . . . = 0, 1, 2, 3. The SO(6) ∼ SU (4) R-symmetry
indices will be described by m, n = 1, . . . , 6 for the SO(6)

vector representation and i, j = 1, 2, 3, 4 for the SO(6)

spinor or SU (4) fundamental representation. The n vector
multiplets will be labeled by indices a, b = 1, . . . , n. All
fields in the vector multiplets accordingly carry an additional
index in the form of (Aa

μ, λia, φma).
Fermionic fields and the supersymmetry parameters trans-

forming in the fundamental representation of SU (4)R ∼
SO(6)R R-symmetry are subject to the chirality projections

γ5ψ
i
μ = ψ i

μ, γ5χ
i = −χ i , γ5λ

i = λi (1)

while the fields transforming in the anti-fundamental repre-
sentation of SU (4)R satisfy

γ5ψμi = −ψμi , γ5χi = χi , γ5λi = −λi . (2)

Gaugings of the matter-coupled N = 4 supergravity
can be described by two components of the embedding
tensor ξαM and fαMN P with α = (+,−) and M, N =
(m, a) = 1, . . . , n + 6 denoting fundamental representa-
tions of SL(2,R) and SO(6, n), respectively. Under the full
SL(2,R) × SO(6, n) duality symmetry, the electric vec-
tor fields A+M = (Am

μ, Aa
μ), appearing in the ungauged

123
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Lagrangian, together with their magnetic dual A−M form
a doublet under SL(2,R) denoted by AαM . A general gauge
group is embedded in both SL(2,R) and SO(6, n), and the
magnetic vector fields can also participate in the gauging.
However, each magnetic vector field must be accompanied
by an auxiliary two-form field in order to remove the extra
degrees of freedom.

From the analysis of supersymmetric AdS4 vacua in [28],
see also [25,26], purely electric gaugings do not admit AdS4

vacua unless an SL(2,R) phase is included [25]. The latter
is however incorporated in the magnetic component f−MN P

[27]. Therefore, only gaugings involving both electric and
magnetic vector fields, or dyonic gaugings, lead to AdS4

vacua. Furthermore, the existence of maximally supersym-
metric AdS4 vacua requires ξαM = 0. Accordingly, we will
from now on restrict ourselves to the case of dyonic gaugings
and ξαM = 0.

With ξαM = 0, the gauge covariant derivative can be
written as

Dμ = ∇μ − gAαM
μ f N P

αM tN P (3)

where ∇μ is the usual space-time covariant derivative includ-
ing the spin connection. tMN are SO(6, n) generators in the
fundamental representation and can be chosen as

(tMN )
Q

P = 2δ
Q
[MηN ]P . (4)

ηMN = diag(−1,−1,−1,−1,−1,−1, 1, . . . , 1) is the
SO(6, n) invariant tensor, and g is the gauge coupling con-
stant that can be absorbed in the embedding tensor fαMN P .
For a product gauge group consisting of many simple sub-
groups, there can be as many independent coupling constants
as the simple groups within the product. Note also that with
the component ξαM = 0, the gauge group is embedded solely
in SO(6, n).

To define a consistent gauging, the embedding tensor has
to satisfy a set of quadratic constraints

fαR[MN f R
βPQ] = 0, εαβ fαMNR f R

βPQ = 0. (5)

as well as the linear or representation constraint fαMN P =
fα[MN P].

The scalar coset SL(2,R)/SO(2) can be described by the
coset representative Vα . We will choose the explicit form of
Vα as follow

Vα = e
φ
2

(
χ − ie−φ

1

)
. (6)

For the SO(6, n)/SO(6) × SO(n) coset, we intro-
duce a coset representative V A

M transforming under global

SO(6, n) and local SO(6) × SO(n) by left and right multi-
plications, respectively. By splitting the index A = (m, a),
we can write the coset representative as

V A
M = (V m

M ,V a
M ). (7)

Being an element of SO(6, n), the matrix V A
M satisfies the

relation

ηMN = −V m
M V m

N + V a
M V a

N . (8)

In addition, we can parametrize the SO(6, n)/SO(6) ×
SO(n) coset in term of a symmetric matrix

MMN = V m
M V m

N + V a
M V a

N (9)

which is manifestly SO(6) × SO(n) invariant.
In this paper, we are mainly interested in supersymmetric

solutions with only the metric and scalars non-vanishing.
The bosonic Lagrangian with vector and auxiliary two-form
fields vanishing can be written as

e−1L = 1

2
R+ 1

16
∂μMMN ∂μMMN − 1

4(Imτ)2 ∂μτ∂μτ ∗−V

(10)

where e is the vielbein determinant. The scalar potential
is given in terms of the scalar coset representative and the
embedding tensor by

V = g2

16

[
fαMN P fβQRSM

αβ

[
1

3
MMQMNRMPS

+
(

2

3
ηMQ − MMQ

)
ηN RηPS

]

− 4

9
fαMN P fβQRSε

αβMMNPQRS
]

(11)

where MMN is the inverse of MMN , and MMNPQRS is
obtained from

MMNPQRS = εmnpqrsV m
M V n

N V p
P V q

Q V r
R V s

S (12)

with indices raised by ηMN . Similar to MMN , Mαβ is the
inverse of a symmetric 2 × 2 matrix Mαβ defined by

Mαβ = Re(VαV∗
β). (13)

Fermionic supersymmetry transformations are given by

δψ i
μ = 2Dμεi − 2

3
gAi j

1 γμε j , (14)

δχ i = iεαβVαDμVβγ μεi − 4

3
igAi j

2 ε j , (15)

δλia = 2iV M
a DμV i j

M γ με j + 2igA i
2aj ε j . (16)

123
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The fermion shift matrices, also appearing in fermionic mass-
like terms of the gauged Lagrangian, are given by

Ai j
1 = εαβ(Vα)∗V M

kl V ik
N V jl

P f N P
βM ,

Ai j
2 = εαβVαV M

kl V ik
N V jl

P f N P
βM ,

A j
2ai = εαβVαVM

aVN
ikV jk

P f P
βMN (17)

where V i j
M is defined in terms of the ’t Hooft symbols Gi j

m

and V m
M as

V i j
M = 1

2
V m
M Gi j

m . (18)

Similarly, the inverse elements VM
i j can be written as

VM
i j = −1

2
VM

m(Gi j
m )∗. (19)

Gi j
m convert an index m in the vector representation of SO(6)

into an anti-symmetric pair of indices [i j] in the SU (4) fun-
damental representation. They satisfy the relations

Gmi j = −(Gi j
m )∗ = −1

2
εi jklG

kl
m . (20)

The explicit form of these matrices can be found in the
appendix.

The scalar potential can also be written in terms of the
fermion shift matrices A1 and A2 as

V = −1

3
Ai j

1 A1i j + 1

9
Ai j

2 A2i j + 1

2
A j

2ai A i
2a j . (21)

Together with the fermionic supersymmetry transformations,
it then follows that unbroken supersymmetry corresponds to
an eigenvalue of Ai j

1 , α, satisfying V0 = −α2

3 where V0 is
the value of the scalar potential at the vacuum or the cosmo-
logical constant.

3 Supersymmetric AdS4 vacua and holographic RG
flows in SO(4)× SO(4) gauged supergravity

We are interested in gauge groups that can be embedded in
SO(3, 3) × SO(3, 3) ⊂ SO(6, 6). These gauge groups take
the form of a product G1 × G2 with G1,G2 ⊂ SO(3, 3)

being six-dimensional. Semisimple groups of dimension six
that can be embedded in SO(3, 3) are SO(4), SO(3, 1) and
SO(2, 2). The embedding tensors for these gauge groups
are given in [33]. Since gauge groups involving SO(2, 2)

factors do not give rise to AdS4 vacua, we will not consider
these gauge groups in this paper. In this section, we will study
N = 4 gauged supergravity with compact SO(4)×SO(4) ∼
SO(3) × SO(3) × SO(3) × SO(3) gauge group.

3.1 AdS4 vacua

Non-vanishing components of the embedding tensor for
SO(4) × SO(4) gauge group are given by

f+m̂n̂ p̂ = √
2(g1 − g̃1)εm̂n̂ p̂, f+âb̂ĉ = √

2(g1 + g̃1)εâb̂ĉ,

f−m̃ñ p̃ = √
2(g2 − g̃2)εm̃ñ p̃, f−ãb̃c̃ = √

2(g2 + g̃2)εãb̃c̃,

(22)

where we have used the indices M = (m, a) = (m̂, m̃, â, ã)

with m̂ = 1, 2, 3, m̃ = 4, 5, 6, â = 7, 8, 9 and ã =
10, 11, 12. As mentioned before, the first and second SO(4)

factors are embedded electrically and magnetically, respec-
tively.

Non-compact generators of SO(6, 6) are given by

Yma = em,a+6 + ea+6,m (23)

in which the 12 × 12 matrices eMN are defined by

(eMN )PQ = δMPδNQ . (24)

The 36 scalars in SO(6, 6)/SO(6) × SO(6) transform as
(6, 6) under the compact group SO(6) × SO(6). Under the
gauge group SO(4)+ × SO(4)− ∼ SO(3)1+ × SO(3)2+ ×
SO(3)1− × SO(3)2−, these scalars transform as

(6, 6) → (3, 3, 1, 1)+(3, 1, 1, 3)+(1, 3, 3, 1)+(1, 1, 3, 3).

(25)

We will consider scalars which are singlets under the
diagonal subgroup SO(4)inv ∼ [SO(3)1+ × SO(3)2+]D ×
[SO(3)1− × SO(3)2−]D . Under SO(4)inv, the scalars trans-
form as

2(1, 1) + (3, 1) + (1, 3) + (1, 5) + (5, 1) + 2(3, 3). (26)

The two singlets correspond to the following non-compact
generators

Ŷ1 = Y11 + Y22 + Y33, Ŷ2 = Y44 + Y55 + Y66 (27)

in terms of which the coset representative is given by

L = eφ1Ŷ1eφ2Ŷ2 . (28)

Together with the SL(2,R)/SO(2) scalars which are
SO(4) × SO(4) singlets, there are four SO(4)inv singlet
scalars. The scalar potential for these singlets can be com-
puted to
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V = 1

8
e−φ−6φ1−6φ2 [eφ+3φ2 [eφ+3φ2g2

1 + eφ+12φ1+3φ2 g̃2
1

− 3eφ+4φ1+3φ2(2g2
1 + g̃2

1) − 3eφ+8φ1+3φ2(g2
1 + 2g̃2

1)

+ 2e3φ1g1[g2(1 + 3e4φ2) − e2φ2 g̃2(3 + e4φ2)]
+ 6e7φ1g1[g2(1 + 3e4φ2) − e2φ2 g̃2(3 + e4φ2)]
− 6e5φ1 g̃1[g2(1 + 3e4φ2) − e2φ2 g̃2(3 + e4φ2)

− 2e9φ1 g̃1[g2(1 + 3e4φ2) − e2φ2 g̃2(3 + e4φ2)]]
+ e6φ1 [[1 − 3e4φ2(2 + e4φ2)](1 + e2φχ2)g2

2

+ 16g2 g̃2e
6φ2(1 + e2φχ2) + e4φ2 [e2φ(16e2φ2g1g̃1

− 3g̃2
2χ2 − 6g̃2

2e
4φ2χ2 + e8φ2χ2 g̃2

2)

+ (e8φ2 − 6e4φ2 − 3)g̃2
2]]]. (29)

This potential admits a maximally supersymmetric AdS4

critical point with SO(4) × SO(4) symmetry at χ = φ1 =
φ2 = 0 and

φ = ln

∣∣∣∣g2 − g̃2

g1 − g̃1

∣∣∣∣ . (30)

For convenience, we will denote this AdS4 vacuum with
SO(4) × SO(4) symmetry by critical point I.

Without loss of generality, we can shift the dilaton such
that this critical point occurs at φ = 0. For definiteness, we
will choose

g̃2 = g1 + g2 − g̃1. (31)

At this critical point, we find the value of the cosmological
constant and the AdS4 radius

V0 = −6(g1 − g̃1)
2 and L = 1√

2(g̃1 − g1)
(32)

where we have assumed that g̃1 > g1. All scalars have masses
m2L2 = −2. In general, using the relation m2L2 = �(� −
3), we find that these scalars can be dual to operators of
dimensions � = 1 or � = 2. These correspond to mass
terms of scalars (� = 1) or fermions (� = 2) in the dual
three-dimensional SCFTs. Usually, the correct choice is fixed
by supersymmetry as in the case of ABJM theory. However,
in the present case, the identification is not so clear.

Furthermore, the scalar potential in (29) also admits addi-
tional three supersymmetric AdS4 vacua:

• II. This critical point has SO(3)+ × SO(4)− symmetry
with

φ = ln

[
2
√
g1g̃1

g1 + g̃1

]
, φ1 = 1

2
ln

[
g1

g̃1

]
, φ2 = 0,

V0 = −3(g1 + g̃1)(g1 − g̃1)
2√

g1g̃1
,

L = (g1g̃1)
1
4

(g̃1 − g1)
√
g1 + g̃1

. (33)

• III. This critical point has SO(4)+ × SO(3)− symmetry
with

φ = − ln

[
2
√
g2g̃2

g2 + g̃2

]
, φ2 = 1

2
ln

[
g2

g̃2

]
, φ1 = 0,

V0 = −3(g2 + g̃2)(g1 − g̃1)
2√

g2g̃2
,

L = (g2g̃2)
1
4

(g̃1 − g1)
√
g2 + g̃2

. (34)

• IV. This critical point is invariant under a smaller sym-
metry SO(4)inv with

φ = ln

[√
g1g̃1

g2g̃2

g2 + g̃2

g1 + g̃1

]
, φ1 = 1

2
ln

[
g1

g̃1

]
,

φ2 = 1

2
ln

[
g2

g̃2

]
,

V0 = −3(g2 + g̃2)
2(g1 − g̃1)

2

2
√
g1g̃1g2g̃2

,

L =
√

2(g1g̃1g2g̃2)
1
4

(g̃1 − g1)
√

(g1 + g̃1)(g2 + g̃2)
. (35)

We have written the above equations in term of g̃2 for brevity.
All of these critical points preserve the full N = 4 supersym-
metry and correspond to N = 4 SCFTs in three dimensions.
Scalar masses at these critical points are given in Tables 1, 2
and 3.

It should also be noted that three massless scalars at crit-
ical points II and III are Goldstone bosons corresponding to
the symmetry breaking SO(4)+ × SO(4)− → SO(3)+ ×
SO(4)− and SO(4)+ × SO(4)− → SO(4)+ × SO(3)−.

Table 1 Scalar masses at the N = 4 supersymmetric AdS4 critical
point with SO(3)+ × SO(4)− symmetry and the corresponding dimen-
sions of the dual operators

Scalar field representations m2L2 �

(1, 1, 1) −2×2 1, 2

(1, 1, 1) 4 4

(3, 1, 1) 0×3 3

(1, 3, 3) 0×9 3

(5, 1, 1) −2×5 1, 2

(3, 1, 3) + (3, 3, 1) −2×18 1, 2

123



626 Page 6 of 16 Eur. Phys. J. C (2018) 78 :626

Table 2 Scalar masses at the N = 4 supersymmetric AdS4 critical
point with SO(4)+ × SO(3)− symmetry and the corresponding dimen-
sions of the dual operators

Scalar field representations m2L2 �

(1, 1, 1) −2×2 1, 2

(1, 1, 1) 4 4

(1, 1, 3) 0×3 3

(3, 3, 1) 0×9 3

(1, 1, 5) −2×5 1, 2

(1, 3, 3) + (3, 1, 3) −2×18 1, 2

Table 3 Scalar masses at the N = 4 supersymmetric AdS4 critical
point with SO(3)× SO(3) ∼ SO(4)inv symmetry and the correspond-
ing dimensions of the dual operators

Scalar field representations m2L2 �

(1, 1) −2×2 1, 2

(1, 1) 4×2 4

(1, 5) + (5, 1) −2×10 1, 2

(1, 3) + (3, 1) 0×6 3

(3, 3) 0×18 3

These scalars live in representations (3, 1, 1) and (1, 1, 3),
respectively. Similarly, for critical point IV, six of the mass-
less scalars in the representation (1, 3)+(3, 1) are Goldstone
bosons of the symmetry breaking SO(4)+ × SO(4)− →
SO(4)inv. The remaining massless scalars correspond to
marginal deformations in the SCFTs dual to these AdS4

vacua. These deformations necessarily break some amount
of supersymmetry since the N = 4 AdS4 vacua have no mod-
uli preserving N = 4 supersymmetry [28]. It should also be
noted that the vacuum structure of this gauged supergravity
is very similar to two copies of SO(3) × SO(3) ∼ SO(4)

N = 3 gauged supergravity considered in [34].

3.2 Holographic RG flows between N = 4 SCFTs

We now consider holographic RG flow solutions interpolat-
ing between supersymmetric AdS4 vacua previously identi-
fied. To find supersymmetric flow solutions, we begin with
the metric ansatz

ds2 = e2A(r)dx2
1,2 + dr2 (36)

where dx2
1,2 is the flat Minkowski metric in three dimensions.

For spinor conventions, we will use the Majorana rep-
resentation with all γ μ real and γ5 purely imaginary. This
choice implies that εi is a complex conjugate of εi . All scalar
fields will be functions of only the radial coordinate r in order
to preserve Poincaré symmetry in three dimensions. The BPS

conditions coming from setting δχ i = 0 and δλia = 0 require
the following projection

γr̂ε
i = ei�εi . (37)

It follows from the δψμi = 0 conditions for μ = 0, 1, 2,
that

A′ = ±W, ei� = ±W
W

(38)

where W = |W|, and ′ denotes the r -derivative. The super-
potential W is defined by

W = 2

3
α (39)

where α is the eigenvalue of Ai j
1 corresponding to the unbro-

ken supersymmetry. The detailed analysis leading to Eq. (38)
can be found, for example, in [34].

For SO(4)inv singlet scalars, the tensor Ai j
1 takes the form

of a diagonal matrix

Ai j
1 = 3

2
Wδi j (40)

with the superpotential given by

W = 1

4
√

2
e− φ

2 −3φ1−3φ2
[
3i g̃1e

φ+2φ1+3φ2 + i g̃1e
φ+6φ1+3φ2

+ e3φ1(i + eφχ)
[
g2(1 + 3e4φ) − g̃2e

2φ2(3 + e4φ2)
]

− ig1e
φ+3φ2 − 3ig1e

φ+4φ1+3φ2
]
. (41)

The variation of λia leads to the following BPS equations

φ′
1 = − i

2
√

2
ei�e

φ
2 −3φ1(e4φ1 − 1)(e2φ1 g̃1 − g1), (42)

φ′
2 = − 1

2
√

2
ei�e− φ

2 −3φ2(e4φ2 − 1)(e2φ2 g̃2 − g2)(e
φχ − i).

(43)

Consistency of the first condition implies that the phase ei�

is purely imaginary, ei� = ±i . With this choice, the second
condition requires that χ = 0. This is also consistent with
the variation of the dilatini χ i . Furthermore, with χ = 0, the
superpotential (41) is purely imaginary in agreement with
the spinor phase ei� in Eq. (38).

We will choose a definite sign in order to identify the
SO(4) × SO(4) critical point with the limit r → ∞. The
BPS equations for φ, φ1 and φ2 can then be written as

φ′ = −4
∂W

∂φ
, φ′

1 = −2

3

∂W

∂φ1
, φ′

2 = −2

3

∂W

∂φ2
(44)

123
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together with the A′ equation

A′ = W. (45)

Explicitly, these equations read

φ′
1 = − 1

2
√

2
e

φ
2 −3φ1(e4φ1 − 1)(e2φ1 g̃1 − g1), (46)

φ′
2 = 1

2
√

2
e− φ

2 −3φ2(e4φ2 − 1)(e2φ2 g̃2 − g2), (47)

φ′ = − 1

2
√

2
e− φ

2 −3φ1−3φ2

×
[
3g̃1e

φ+2φ1+3φ2 − g1e
φ+3φ2 − 3g1e

φ+4φ1+3φ2

+ g̃1e
φ+6φ1+3φ2 + e3φ1

×
[
g̃2e

2φ2(3 + e4φ2) − g2(1 + 3e4φ2)
]]

, (48)

A′ = 1

4
√

2
e− φ

2 −3φ1−3φ2

×
[
3g̃1e

φ+2φ1+3φ2 − g1e
φ+3φ2 − 3g1e

φ+4φ1+3φ2

+ g̃1e
φ+6φ1+3φ2 + e3φ1

×
[
g2(1 + 3e4φ2) − g̃2e

2φ2(3 + e4φ2)
]]

(49)

The scalar potential can be written in term of the real super-
potential W as

V = 4

(
∂W

∂φ

)2

+ 2

3

(
∂W

∂φ1

)2

+ 2

3

(
∂W

∂φ2

)2

− 3W 2. (50)

It can be verified that the above BPS equations are compatible
with the second-order field equations. It should be noted that
the consistency between BPS equations and field equations
also requires χ = 0.

We now consider various possible RG flows interpolating
between the N = 4 supersymmetric fixed points. Some of
these flows can be obtained analytically, but the others require
some sort of numerical analysis. Near the SO(4) × SO(4)

critical point as r → ∞, the BPS equations give

φ, φ1, φ2 ∼ e
− r

LI (51)

in agreement with the fact that all these scalars are dual to
operators of dimensions � = 1, 2. L I is the AdS4 radius at
critical point I.

We begin with the flow between critical points I and II.
In this case, we can consistently set φ2 = 0. By considering
φ and A as functions of φ1, we can combine the above BPS
equations into

dφ

dφ1
= − g1(1 + 3e4φ1 ) + e2φ1 [4(g2 − g̃2)eφ1−φ − g̃1(e4φ1 + 3)]

(e4φ1 − 1)(g̃1e2φ1 − g1)

(52)
d A

dφ1
= g1(1 + 3e4φ1 ) − e2φ1 [4(g2 − g̃2)eφ1−φ + g̃1(3 + e4φ1 )]

2(e4φ1 − 1)(g̃1e2φ1 − g1)
.

(53)

The first equation can be solved by

φ = ln

[
g2 − g̃2 + C1(e4φ1 − 1)

g̃1e3φ1 − g1eφ1

]
. (54)

The integration constantC1 will be chosen such that the solu-
tion interpolates between φ = 0 at the SO(4) × SO(4) crit-

ical point and φ = ln

[√
g1 g̃1

g1+g̃1

]
at the SO(3)+ × SO(4)−

critical point. This is achieved by choosing C1 = g̃2
1(g2−g̃2)

g̃2
1−g2

1
,

and the solution for φ is given by

φ = ln

[
(g2 − g̃2)(g1 + g̃1e2φ1)e−φ1

g̃2
1 − g2

1

]
. (55)

With this solution, Eq. (53) can be solved by

A = φ1

2
− ln(1−e4φ1)+ ln(g1 − g̃1e

2φ1)+ 1

2
ln(g1 + g̃1e

2φ1)

(56)

where an irrelevant additive integration constant has been
removed.

By changing to a new radial coordinate r̃ defined by dr̃
dr =

e
φ
2 , Eq. (46) becomes

dφ1

dr̃
= − 1

2
√

2
e−3φ1(e4φ1 − 1)(g̃1e

2φ1 − g1) (57)

whose solution is given by

(g2
1 − g̃2

1)r̃√
2

= (g1 − g̃1) tan−1 eφ1 − (g1 + g̃1) tanh−1 eφ1

+ 2
√
g1g̃1 tanh−1

[√
g̃1

g1
eφ1

]
. (58)

Near critical point II, the operator dual to φ1 becomes irrel-
evant with dimension � = 4, but the operator dual to the
dilaton φ is still relevant with dimensions � = 1, 2. This
can be seen by looking at the behavior of scalars near critical
point II

φ ∼ e
− r

LII and φ1 ∼ e
r
LII (59)

as r → −∞.

123



626 Page 8 of 16 Eur. Phys. J. C (2018) 78 :626

We can then consider a flow from critical point II to critical
point IV. Along this flow, we have φ1 = 1

2 ln g1
g̃1

, and a similar
analysis gives the solution

φ = ln

[
2
√
g1g̃1(g2 + g̃2)e2φ2

(g1 + g̃1)(g2 + g̃2e2φ2)

]
, (60)

A = φ2

2
− ln(1 − e4φ2) + ln(g̃2e

2φ2 − g2)

+ 1

2
ln(g2 + g̃2e

2φ2). (61)

Along this flow, the running of φ2 is described by

(g1 − g̃1)(g2 + g̃2)√
2

r̄

= (g̃1 − g1) tan−1 eφ2 − (g2 + g̃2) tanh−1 eφ2

+ 2
√
g2g̃2 tanh−1

[
eφ2

√
g̃2

g2

]
(62)

with r̄ defined by dr̄
dr = e− φ

2 .
Similarly, the flows between critical points I and III and

between critical points III and IV are given respectively by

φ1 = 0, (63)

φ = ln

[
eφ2(g2 + g̃2)

g2 + e2φ2 g̃2

]
, (64)

A = φ2

2
− ln(1 − e4φ2) + ln(e2φ2 g̃2 − g2)

+ 1

2
ln(g2 + g̃2e

2φ2) (65)

and

φ2 = 1

2
ln

[
g2

g̃2

]
, (66)

φ = ln

[
e−φ1(g2 + g̃2)(g1 + g̃1e2φ1)

2(g1 + g̃1)
√
g2g̃2

]
, (67)

A = φ1

2
− ln(1 − e4φ1) + ln(g1 − e2φ1 g̃1)

+ 1

2
ln(g1 + g̃1e

2φ1) (68)

In these cases, the r -dependent of φ1 and φ2 can be obtained
in the same way as Eqs. (58) and (62).

For a direct flow from critical point I to critical point IV, a
numerical solution is needed. This solution is given in Fig. 1.
More generally, a flow from critical point I to critical point II
and finally to critical point IV can also be found. This solution
is given in Fig. 2 and describes a cascade of RG flows with
smaller flavor symmetry along the flow.

3.3 RG flows to N = 4 non-conformal theory

A consistent truncation of the above N = 4 SO(4)× SO(4)

gauged supergravity is obtained by setting φ1 = φ2 = 0.

In this case, only scalars in the gravity multiplet are present.
As previously mentioned, the axion χ cannot be turned on
simultaneously with φ1 and φ2.

For φ1 = φ2 = 0, the superpotential is complex and given
by

W = 1√
2
e− φ

2
[
(g2 − g̃2)χe

φ − i(g̃2 − g2 + eφ(g1 − g̃1))
]
.

(69)

With g̃2 = g1 + g2 − g̃1, the scalar potential takes a simpler
form

V = 4

(
∂W

∂φ

)2

+ 4e−2φ

(
∂W

∂χ

)2

− 3W 2

= −(g1 − g̃1)
2e−φ[1 + 4eφ + e2φ(1 + χ2)] (70)

which has only one AdS4 critical point at φ = χ = 0. This
is critical point I of the previous subsection.

The BPS equations in this truncation are given by

φ′ = −4
∂W

∂φ
= −

√
2(g̃1 − g1)[e2φ(1 + χ2) − 1]√

(1 + eφ)2 + e2φχ2
, (71)

χ ′ = −4e−2φ ∂W

∂χ
= − 2

√
2(g̃1 − g1)e− φ

2 χ√
(1 + eφ)2 + e2φχ2

, (72)

A′ = W = 1√
2
(g̃1 − g1)e

− φ
2

√
(1 + eφ)2 + e2φχ2. (73)

Near the AdS4 critical point, we find

φ ∼ χ ∼ e
− r

LI (74)

implying that φ and χ correspond to relevant operators of
dimensions � = 1, 2.

By considering φ and A as functions of χ , we can combine
the BPS equations into

dφ

dχ
= e2φ(1 + χ2) − 1

2χ
, (75)

d A

dχ
= −1 + 2eφ + e2φ(1 + χ2)

4χ
(76)

which can be solved by

φ = −1

2
ln(1 − 2Cχ − χ2), (77)

A = − ln χ + 1

2
ln[1 − Cχ +

√
1 − 2Cχ − χ2]

+ 1

4
ln(1 − 2Cχ − χ2) (78)

in which an additive integration constant for A has been
neglected. It should also be noted that we must keep the
constant C �= 0 in order to obtain the correct behavior near
the AdS4 critical point as given in Eq. (74).
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(a) Solution for φ1 (b) Solution for φ2

(c) Solution for φ (d) Solution for A

Fig. 1 An RG flow between critical points I and IV with g1 = 1, g̃1 = g̃2 = 2 and g2 = 3

(a) Solution for φ1 (b) Solution for φ2

(c) Solutionfor φ (d) Solution for A

Fig. 2 An RG flow from critical point I to critical point II and continue to critical point IV with g1 = 1, g̃1 = g̃2 = 2 and g2 = 3

123
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Fig. 3 Solutions for χ with g1 = 1, g̃1 = 2 and χ0 = √
1 + C2 − C

for C = 1 (red), C = 5 (green) and C = 10 (blue)

Finally, we can substitute the φ solution in (77) in Eq. (72)
and in principle solve for χ as a function of r . However, we
are not able to solve for χ analytically. We then look for
numerical solutions. From Eq. (77), we see that φ → 0 as
χ → 0. This limit, as usual, corresponds to the AdS4 critical
point. We can also see that φ is singular at χ0 for which
1 − 2Cχ0 − χ2

0 = 0 or

χ0 = −C ±
√

1 + C2. (79)

This implies that φ flows from the value φ = 0 at the critical
point to a singular value φ → ∞ while χ flows between the
values χ = 0 and χ = χ0. Examples of solutions for χ is
shown in Fig. 3.

Near the singularity φ → ∞ and χ → χ0, we find that

χ − χ0 ∼ r4, φ ∼ − ln r2, A ∼ ln r. (80)

This gives the metric

ds2 = r2dx2
1,2 + dr2. (81)

From the scalar potential (70), we find V → −∞ for any
value of χ0. Therefore, the singularity is physical according
to the criterion of [35]. We then conclude that the solution
describes an RG flow from the N = 4 SCFT in the UV to
a non-conformal field theory in the IR corresponding to the
above singularity. The deformations break conformal sym-
metry but preserve the SO(4) flavor symmetry and N = 4
Poincaré supersymmetry in three dimensions.

4 N = 4 SO(3, 1)× SO(3, 1) gauged supergravity

In this section, we consider non-compact gauge group
SO(3, 1) × SO(3, 1) with the embedding tensor

f+123 = f+189 = f+729 = − f+783 = 1√
2
(g1 − g̃1),

f+789 = f+183 = f+723 = − f+129 = 1√
2
(g1 + g̃1),

f−456 = f−4,11,12 = f−10,5,12 = − f−10,11,6

= 1√
2
(g2 − g̃2),

f−10,11,12 = f−4,11,6 = f−10,5,6 = − f−45,12

= 1√
2
(g2 + g̃2). (82)

We now repeat the analysis performed in the previous section.

4.1 Supersymmetric AdS4 vacuum

We will parametrize the SO(6, 6)/SO(6) × SO(6) coset by
using scalars that are SO(3)×SO(3) ⊂ SO(3, 1)×SO(3, 1)

invariant. From the embedding of SO(3, 1) in SO(3, 3),
there are two SO(3) × SO(3) singlets corresponding to the
non-compact generators

Ỹ1 = Y11 + Y22 − Y33, Ỹ2 = Y44 + Y55 − Y66. (83)

The coset representative can be parametrized as

L = eφ1Ỹ1eφ2Ỹ2 . (84)

In this case, the scalar potential is given by

V = 1

8
e−φ−6φ1−6φ2

[
2g2e

φ+3φ1+9φ2

× (e6φ1g1 − 3g1e
2φ1 − g̃1 + 3g̃1e

4φ1)

− 6g2e
φ+3φ1+5φ2(g1e

6φ1 − 3g1e
2φ1 − g̃1 + 3g̃1e

4φ1)

+ 6g̃2e
φ+3φ1+7φ2(3g̃1e

4φ1 − 3g1e
2φ1 + g1e

6φ1 − g̃1)

− 2g̃2e
φ+3φ1+3φ2(g1e

6φ1 − 3g1e
2φ1 − g̃1 + 3g̃1e

4φ1)

+ 3e6φ1+4φ2 [e4φ2(2g2
2 − g̃2

2)(1 + χ2e2φ)

− 3(g2
2 − 2g̃2

2)(1 + χ2e2φ)]
+ g2

2e
6φ1+6φ2(1 + χ2e2φ) + g̃2

2e
6φ1(1 + χ2e2φ)

+ e6φ2
[
3(2g2

1 − g̃2
1)e2φ+8φ1

+ 16e6φ1 [g2g̃2 + e2φ(g1g̃1 + g2g̃2χ
2)]

+ g2
1e

2φ+12φ1 g̃2
1e

2φ − 3(g2
1 − 2g̃2

1)eφ+4φ1
]]

. (85)

This potential admits only one supersymmetric AdS4 crit-
ical point at

φ = 1

2
ln

[
g1g̃1(g2

2 + g̃2
2)2(g2

1 + g̃2
1)2

g2g̃2

]
, χ = 0,

φ1 = 1

2
ln

[
− g̃1

g1

]
, φ2 = 1

2
ln

[
− g̃2

g2

]
. (86)
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Table 4 Scalar masses at the N = 4 supersymmetric AdS4 critical
point with SO(3)×SO(3) symmetry and the corresponding dimensions
of the dual operators for SO(3, 1) × SO(3, 1) gauge group

Scalar field representations m2L2 �

(1, 1) −2×2 1, 2

(1, 1) 4×2 4

(1, 5) + (5, 1) −2×10 1, 2

(1, 3) + (3, 1) 0×6 3

(3, 3) 0×18 3

This critical point preserves N = 4 supersymmetry and
SO(3) × SO(3) symmetry. The latter is the maximal com-
pact subgroup of SO(3, 1)×SO(3, 1) gauge group. Without
loss of generality, we can shift the scalars such that the criti-
cal point occurs at φ = φ1 = φ2 = 0. This can be achieved
by setting

g̃1 = −g1, g̃2 = −g2, g2 = −g1. (87)

With these values, the cosmological constant and AdS4

radius are given by

V0 = −6g2
1 and L2 = 1

2g2
1

. (88)

It should be noted that the choice g̃1 = −g1, g̃2 = −g2 and
g2 = g1 makes the critical point at φ = φ1 = φ2 = χ = 0 a
dS4 with V0 = 2g2

1.
At the N = 4 AdS4 critical point, the gauge group

SO(3, 1) × SO(3, 1) is broken down to its maximal com-
pact subgroup SO(3) × SO(3). All scalar masses at this
critical point are given in Table 4. The two singlet represen-
tations (1, 1) corresponding to φ1 and φ2 are dual to irrelevant
operators of dimensions � = 4, and six massless scalars in
representation (1, 3) + (3, 1) are Goldstone bosons.

4.2 RG flows without vector multiplet scalars

Since there is only one supersymmetric AdS4 critical point,
there is no supersymmetric RG flow between the dual SCFTs.
In this case, we instead consider RG flows from the SCFT
dual to the N = 4 AdS4 vacuum with SO(3)× SO(3) sym-
metry. We begin with a simple truncation to scalar fields in
the supergravity multiplet obtained by setting φ1 = φ2 = 0.
Within this truncation, the superpotential is given by

W = 3i

2
√

2
g1e

− φ
2 [1 + eφ(1 − iχ)] (89)

in term of which the scalar potential can be written as

V = 16

9

(
∂W

∂φ

)2

+ 16

9
e−2φ

(
∂W

∂χ

)2

− 4

3
W 2

= −g2
1e

−φ[1 + 4eφ + e2φ(1 + χ2)]. (90)

The flow equations obtained from δχ i = 0 conditions are
given by

φ′ = −8

3

∂W

∂φ
= −

√
2g1e− φ

2 [e2φ(1 + χ2) − 1]√
(1 + eφ)2 + e2φχ2

, (91)

χ ′ = −8

3
e−2φ ∂W

∂χ
= − 2

√
2g1e− φ

2 χ√
(1 + eφ)2 + e2φχ2

. (92)

The BPS conditions from δλia = 0 are, of course, identically
satisfied by setting φ1 = φ2 = 0.

The flow equation for the metric function is simply given
by

A′ = W = 3

2
√

2
g1e

− φ
2

√
(1 + eφ)2 + e2φχ2. (93)

Near the AdS4 critical point, we find

φ ∼ χ ∼ e−√
2g1r ∼ e− r

L (94)

as expected for the dual operators of dimensions � = 1, 2.
Apart from some numerical factors involving gauge cou-

pling constants, the structure of the resulting BPS equations
are very similar to the SO(4) × SO(4) case. We therefore
only give the solution without going into any details here

φ = −1

2
ln(1 − χ2 − 2Cχ), (95)

A = −3

2
ln χ + 3

8
ln(1 − 2Cχ − χ2)

+ 3

4
ln(1 − Cχ +

√
1 − 2Cχ − χ2). (96)

As in the SO(4) × SO(4) case, we are able to solve for
χ only numerically. An example of solutions for χ is shown
in Fig. 4. From the figure, it can be readily seen that, along
the flow, χ interpolates between χ = 0 and χ0 = −C ±√

1 + C2. The φ solution, on the other hand, interpolates
between φ = 0 and φ → ∞ as can be seen from the solution
(95). The singularity φ → ∞ also gives rise to V → −∞ for
any value of χ0. Therefore, the singularity is physical, and
the solution describes an RG flow from the N = 4 SCFT in
the UV with SO(3) × SO(3) symmetry to a non-conformal
field theory in the IR corresponding to this singularity.

4.3 RG flows with vector multiplet scalars

We now consider solutions with non-vanishing vector mul-
tiplet scalars. In this case, we need to set χ = 0 in order to
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Fig. 4 Solution for χ with χ0 = √
1 + C2 −C for C = 5 and g1 = 1

in SO(3, 1) × SO(3, 1) gauging

make the solutions of the BPS equations solve the second-
order field equations as in the case of SO(4)× SO(4) gaug-
ing. The corresponding BPS equations are given by

φ′
1 = √

2g1e
φ
2 cosh(2φ1) sinh φ1, (97)

φ′
2 = √

2g1e
− φ

2 cosh(2φ2) sinh φ2, (98)

φ′ = √
2g1e

− φ
2 [eφ cosh φ1(cosh(2φ1) − 2)

− cosh φ2(cosh(2φ2) − 2)], (99)

A′ = 1√
2
g1e

− φ
2 [eφ cosh φ1(cosh(2φ1) − 2)

+ cosh φ2(cosh(2φ2) − 2)]. (100)

With suitable boundary conditions, these equations can be
solved numerically as in the previous cases. We will, how-
ever, look at particular truncations for which analytic solu-
tions can be found. These solutions should be more interest-
ing and more useful than the numerical ones in many aspects.

The first truncation is obtained by setting φ2 = φ1 and φ =
0. It can be easily verified that this is a consistent truncation.
The relevant BPS equations read

φ′
1 = √

2g1 cosh(2φ1) sinh φ1, (101)

A′ = √
2g1 cosh φ1[cosh(2φ1) − 2] (102)

which have a solution

2g1r = ln

[
1 − √

2 cosh φ1

1 + √
2 cosh φ1

]
− 2

√
2 tanh−1 eφ1 , (103)

A = ln(1 + e4φ1) − ln(1 − e2φ1) − φ1. (104)

The solution for φ1 is clearly seen to be singular at a finite
value of r .

Recall that φ1 and φ2 are dual to irrelevant operators, we
expect that in this case, the N = 4 SCFT should appear in
the IR. Near the singularity, we find

φ1 ∼ ±1

3
ln

[
C − 3g1r

2
√

2

]
and A ∼ −1

3
ln

[
C − 3g1r

2
√

2

]

(105)

for a constantC . It can be verified that, in this limit, the scalar
potential blows up as V → ∞. Therefore, the singularity is
unphysical.

Another truncation is obtained by setting φ2 = 0 which
gives rise to the BPS equations

φ′
1 = √

2g1e
φ
2 cosh(2φ1) sinh φ1, (106)

φ′ = √
2g1e

− φ
2 (1 + eφ cosh φ1)[cosh(2φ1) − 2], (107)

A′ = 1√
2
g1e

− φ
2 [eφ cosh φ1(cosh(2φ1) − 2) − 1]. (108)

An analytic solution to these equations is given by

φ = ln

[
cosh φ1 − 1

2
C cosh(2φ1)cschφ1

]
, (109)

√
2g1r̃ = ln[C − tanh(2φ1)], (110)

A = ln[cosh(2φ1)] − 1

2
ln(sinh φ1)

− 1

2
ln[C cosh(2φ1) − sinh(2φ1)] (111)

where the coordinate r̃ is defined via dr̃
dr = e− φ

2 . It should be
noted that to give the correct behavior for φ and φ1 near the
AdS4 critical point, we need C �= 0.

The solution is singular at a finite value of r̃ . Near this
singularity, we find

φ1 ∼ ±1

4
ln

∣∣∣√2g1r̃ − C̃
∣∣∣ (112)

where C̃ is a constant. The behavior of φ and A depends on
the value of C .

We begin with the case φ1 → ∞. For C = 2, we find
from the explicit solution that

φ ∼ −φ1 ∼ 1

4
ln

∣∣∣√2g1r̃ − C̃
∣∣∣ ,

A ∼ φ1 ∼ −1

4
ln

∣∣∣√2g1r̃ − C̃
∣∣∣ . (113)

For C �= 2, we find

φ ∼ φ1 ∼ −1

4
ln

∣∣∣√2g1r̃ − C̃
∣∣∣ ,

A ∼ φ1 ∼ −1

4
ln

∣∣∣√2g1r̃ − C̃
∣∣∣ . (114)

Both of these singularities lead to V → ∞ and hence are
unphysical.

We now move to another possibility with φ1 → −∞. In
this case, we find

φ ∼ φ1 ∼ 1

4
ln

∣∣∣√2g1r̃ − C̃
∣∣∣ ,
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A ∼ −φ1 ∼ −1

4
ln

∣∣∣√2g1r̃ − C̃
∣∣∣ (115)

for C = −2 and

φ ∼ −φ1 ∼ −1

4
ln

∣∣∣√2g1r̃ − C̃
∣∣∣ ,

A ∼ −φ1 ∼ −1

4
ln

∣∣∣√2g1r̃ − C̃
∣∣∣ (116)

for C �= −2. These behaviors also give V → ∞. Therefore,
we conclude that the solutions in this particular truncation do
not holographically describe RG flows from N = 4 SCFT.

A similar analysis shows that the truncation with φ1 = 0
also leads to unphysical singularities. It would be interest-
ing to uplift these solutions to ten or eleven dimensions and
determine whether these singularities are resolved.

5 N = 4 SO(4)× SO(3, 1) gauged supergravity

In this section, we consider a gauge group with one compact
and one non-compact factors of the form SO(4)× SO(3, 1).
All the procedures are essentially the same, so we will not
present much detail here. The SO(4) and SO(3, 1) are elec-
trically and magnetically embedded in SO(3, 3)×SO(3, 3),
respectively. The corresponding embedding tensor is given
by

f+123 = √
2(g1 − g̃1), f+789 = √

2(g1 + g̃1),

f−456 = f−4,11,12 = f−10,5,12 = − f−10,11,6

= 1√
2
(g2 − g̃2),

f−10,11,12 = f−4,11,6 = f−10,5,6 = − f−45,12

= 1√
2
(g2 + g̃2). (117)

5.1 Supersymmetric AdS4 vacua

We consider scalar fields invariant under SO(4)inv ⊂
SO(4) × SO(3) ⊂ SO(4) × SO(3, 1). The corresponding
coset representative for the SO(6, 6)/SO(6) × SO(6) coset
is now given by

L = eφ1Ŷ eφ2Ỹ2 (118)

where Ŷ1 and Ỹ2 are defined in (27) and (83), respectively.
The scalar potential turns out to be

V = 1

8
e−φ−6φ1−6φ2 [(g1 + g2)

2e2φ+12φ1+6φ2

− 3(3g2
1 + 2g1g2 + g2

2)e2φ+4φ1+6φ2

+ e6φ1 [g2
2(1 + e2φχ2)(1 + e4φ2)3

+ 16e6φ2 [e2φ(g2
1 + g1g2 − g2

2χ2) − g2
2]]

+ 8g2e
φ+3φ1+6φ2 [g1(e

2φ1 − 1)3

Table 5 Scalar masses at the N = 4 supersymmetric AdS4 critical
point with SO(4)×SO(3) symmetry and the corresponding dimensions
of the dual operators for SO(4) × SO(3, 1) gauge group

Scalar field representations m2L2 �

(1, 1, 1) −2×2 1, 2

(1, 1, 1) 4 4

(1, 1, 3) 0×3 3

(3, 3, 1) 0×9 3

(1, 1, 5) −2×5 1, 2

(1, 3, 3) + (3, 1, 3) −2×18 1, 2

+ g2e
2φ1(3 + e4φ1)] cosh φ2

×[cosh(2φ2) − 2] − 3(3g2
1 + 4g1g2 + 2g2

2)

× e2φ+8φ1+6φ2 + g2
1e

2φ+6φ2 ] (119)

where we have imposed the following relations

g̃1 = g1 + g2 and g̃2 = −g2 (120)

in order to have an N = 4 supersymmetric AdS4 critical
point with SO(4) × SO(3) symmetry at φ1 = φ2 = φ =
χ = 0.

There are two supersymmetric AdS4 vacua with N = 4
supersymmetry:

• The first critical point is a trivial one with SO(4)×SO(3)

symmetry at

φ = χ = φ1 = φ2 = 0, V0 = −6g2
2 . (121)

• A non-trivial supersymmetric critical point is given by

φ2 = χ = 0, φ1 = 1

2
ln

[
g1

g1 + g2

]
,

φ = 1

2
ln

[
4g1(g1 + g2)

(2g1 + g2)2

]
, V0 = −3g2

2(2g1 + g2)√
g1(g1 + g2)

.

(122)

This critical point is invariant under a smaller symmetry
SO(3) × SO(3).

Scalar masses at these two critical points are given in Tables 5
and 6. It can be seen that the mass spectra are very similar
to critical points III and IV in the case of SO(4) × SO(4)

gauge group.

5.2 Holographic RG flow

In this section, we will give a supersymmetric RG flow solu-
tion interpolating between the two AdS4 vacua identified
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Table 6 Scalar masses at the N = 4 supersymmetric AdS4 critical
point with SO(3)×SO(3) symmetry and the corresponding dimensions
of the dual operators for SO(4) × SO(3, 1) gauge group

Scalar field representations m2L2 �

(1, 1) −2×2 1, 2

(1, 1) 4×2 4

(1, 5) + (5, 1) −2×10 1, 2

(1, 3) + (3, 1) 0×6 3

(3, 3) 0×18 3

above. As in the previous cases, turning on vector multi-
plet scalars requires the vanishing of the axion χ . Since we
are only interested in the solution interpolating between two
AdS4 vacua, we will accordingly set χ = 0 from now on.

With χ = 0, the superpotential is given by

W = i

4
√

2
e− φ

2 −3φ1−3φ2
[
g1e

φ+3φ2 + 3g1e
φ+4φ1+3φ2

− 3(g1 + g2)e
φ+2φ1+3φ2

+ g2e
3φ1(1 + e2φ2)(1 − 4e2φ2 + e4φ2)

− (g1 + g2)e
φ+6φ1+3φ2

]
(123)

in term of which the scalar potential can be written as

V = 4

(
∂W

∂φ

)2

+ 2

3

(
∂W

∂φ1

)2

+ 2

3

(
∂W

∂φ2

)2

− 3W 2. (124)

The BPS equations read

φ′
1 = −2

3

∂W

∂φ1

= − 1

2
√

2
e

φ
2 −3φ1(e4φ1 − 1)(e2φ1(g1 + g2) − g1), (125)

φ′
2 = −2

3

∂W

∂φ2

= 1

2
√

2
g2e

− φ
2 −3φ1(e2φ2 − 1)(e4φ1 + 1), (126)

φ′ = −4
∂W

∂φ

= − 1

2
√

2
e− φ

2 −3φ1
[
4g2e

3φ1 cosh φ2[cosh(2φ2) − 2]

+ eφ
[
[(e2φ1 − 1)3g1 + e2φ1(3 + e4φ1)g2]

]]
, (127)

A′ = 1

4

√
2e− φ

2 −3φ1
[
eφ[(e2φ1 − 1)3g1 + e2φ1(3 + e4φ1)g2]

− 4g2e
3φ1 cosh φ2[cosh(2φ2) − 2]

]
. (128)

Since φ2 = 0 at both critical points, we can consistently
truncate φ2 out. Note also that φ2 is dual to an irrelevant oper-
ator of dimension � = 4 as can be seen from the linearized
BPS equations which give

φ ∼ φ1 ∼ e− r
L , φ2 ∼ e

r
L . (129)

With φ2 = 0, we find an RG flow solution driven by φ and
φ1 as follow

g2(2g1 + g2)r̃ = √
2g2 tan−1 eφ1 + √

2(2g1 + g2) tanh−1 eφ1

− 2
√

2g1(g1 + g2) tanh−1

[
eφ1

√
g1 + g2

g1

]
, (130)

φ = ln

[
e−φ1g1 + eφ1 (g1 + g2)

2g1 + g2

]
, (131)

A = 1

2
φ1 − ln(1 − e4φ1) + ln[(e2φ1 − 1)g1

+ e2φ1g2] + 1

2
ln[g1 + (g1 + g2)e2φ1 ] (132)

where the coordinate r̃ is related to r by the relation dr̃
dr = e

φ
2 .

This solution preserves N = 4 supersymmetry in three
dimensions and describes an RG flow from N = 4 SCFT in
the UV with SO(4) × SO(3) symmetry to another N = 4
SCFT in the IR with SO(3) × SO(3) symmetry at which
the operator dual to φ1 is irrelevant. Although the number
of supersymmetry is unchanged, the flavor symmetry SO(3)

in the UV is broken by the operator dual to φ1. We can also
truncate out the vector multiplet scalars and study supersym-
metric RG flows to non-conformal field theories as in the
previous cases. However, we will not consider this trunca-
tion since it leads to similar structure as in the previous two
gauge groups.

6 Conclusions and discussions

We have studied dyonic gaugings of N = 4 supergravity cou-
pled to six vector multiplets with compact and non-compact
gauge groups SO(4) × SO(4), SO(3, 1) × SO(3, 1) and
SO(4) × SO(3, 1). We have identified a number of super-
symmetric N = 4 AdS4 vacua within these gauged super-
gravities and studied several RG flows interpolating between
these vacua. The solutions describe supersymmetric defor-
mations of the dual N = 4 SCFTs with different flavor sym-
metries in three dimensions. These deformations are driven
by relevant operators of dimensions � = 1, 2 which deform
the UV SCFTs to other SCFTs or to non-conformal field
theories in the IR.

For SO(4)×SO(4) gauge group, there are four supersym-
metric AdS4 vacua with SO(4) × SO(4), SO(4) × SO(3),
SO(3)× SO(4) and SO(4) symmetries. These vacua should
correspond to N = 4 conformal fixed points of N = 4
CSM theories with SO(4), SO(3) and no flavor symmetries,
respectively. We have found various RG flows interpolating
between these critical points including RG flows connecting
three critical points or a cascade of RG flows. These should
be useful in holographic studies of N = 4 CSM theories.
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In the case of non-compact SO(3, 1) × SO(3, 1) gauge
group, we have found only one supersymmetric AdS4 vac-
uum with SO(3)×SO(3) symmetry. We have given a number
of RG flow solutions describing supersymmetric deforma-
tions of the dual N = 4 SCFT to N = 4 non-conformal field
theories. The solutions with only scalar fields from the grav-
ity multiplet non-vanishing give rise to physical singularities.
Flows with vector multiplet scalars turned on, however, lead
to physically unacceptable singularities. The mixed gauge
group SO(4) × SO(3, 1) also exhibits similar structure of
vacua and RG flows with two supersymmetric AdS4 critical
points.

Given our solutions, it is interesting to identify their higher
dimensional origins in ten or eleven dimensions. Along this
line, the result of [36,37] on S3 × S3 compactifications could
be a useful starting point for the SO(4)×SO(4) gauge group.
The uplifted solutions would be desirable for a full holo-
graphic study of N = 4 CSM theories. This should provide
an analogue of the recent uplifts of the GPPZ flow describing
a massive deformation of N = 4 SYM [38,39]. The embed-
ding of the non-compact gauge groups SO(3, 1)× SO(3, 1)

and SO(4) × SO(3, 1) would also be worth considering.
Another direction is to find interpretations of the solutions

given here in the dual N = 4 CSM theories with differ-
ent flavor symmetries similar to the recent study in [18] for
AdS5/CFT4 correspondence. The results found here is also
in line with [18]. In particular, scalars in the gravity multi-
plet are dual to relevant operators at all critical points. These
operators are in the same multiplet as the energy-momentum
tensor. Another result is the exclusion between the operators
dual to the axion and vector multiplet scalars which cannot
be turned on simultaneously as required by supersymmetry
in the gravity solutions. It would be interesting to find an
analogous result on the field theory side.

A generalization of the present results to include more
active scalars with smaller residual symmetries could provide
more general holographic RG flow solutions in particular
flows that break some amount of supersymmetry. We have
indeed performed a partial analysis for SO(3)inv scalars. In
this case, there are six singlets. It seems to be possible to
have solutions that break supersymmetry from N = 4 to
N = 1, but the scalar potential takes a highly complicated
form. Therefore, we refrain from presenting it here. Solutions
from other gauge groups more general than those considered
here also deserve investigations. Finally, finding other types
of solutions such as supersymmetric Janus and flows across
dimensions to AdS2 ×�2, with �2 being a Riemann surface,
would also be useful in the holographic study of defect SCFTs
and black hole physics. Recent works along this line include
[20,40–45].
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Appendix A: Useful formulae

To convert an SO(6) vector index m to a pair of anti-
symmetric SU (4) fundamental indices [i j], we use the fol-
lowing ’t Hooft symbols

Gi j
1 =

⎡
⎢⎢⎣

0 i 0 0
−i 0 0 0
0 0 0 −i
0 0 i 0

⎤
⎥⎥⎦ , Gi j

2 =

⎡
⎢⎢⎣

0 0 i 0
0 0 0 i
−i 0 0 0
0 −i 0 0

⎤
⎥⎥⎦ ,

Gi j
3 =

⎡
⎢⎢⎣

0 0 0 i
0 0 −i 0
0 i 0 0
−i 0 0 0

⎤
⎥⎥⎦ , Gi j

4 =

⎡
⎢⎢⎣

0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

⎤
⎥⎥⎦ ,

Gi j
5 =

⎡
⎢⎢⎣

0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0

⎤
⎥⎥⎦ , Gi j

6 =

⎡
⎢⎢⎣

0 0 0 −1
0 0 −1 0
0 1 0 0
1 0 0 0

⎤
⎥⎥⎦ . (133)

These matrices satisfy the relation

Gmi j = −1

2
εi jklG

kl
m = −(Gi j

m )∗. (134)
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Abstract We holographically study supersymmetric defor-
mations of N = 3 and N = 1 superconformal field
theories in three dimensions using four-dimensional N =
4 gauged supergravity coupled to three-vector multiplets
with non-semisimple SO(3) � (T3, T̂3) gauge group. This
gauged supergravity can be obtained from a truncation of
11-dimensional supergravity on a tri-Sasakian manifold and
admits both N = 1, 3 supersymmetric and stable non-
supersymmetric AdS4 critical points. We analyze the BPS
equations for SO(3) singlet scalars in detail and study possi-
ble supersymmetric solutions. A number of RG flows to non-
conformal field theories and half-supersymmetric domain
walls are found, and many of them can be given analyti-
cally. Apart from these “flat” domain walls, we also con-
sider AdS3-sliced domain wall solutions describing two-
dimensional conformal defects with N = (1, 0) supersym-
metry within the dual N = 1 field theory while this type of
solutions does not exist in the N = 3 case.

1 Introduction

In recent years, superconformal field theories (SCFTs)
in three dimensions have attracted much attention in the
context of the AdS/CFT correspondence [1]. Apart from
being effective world-volume theories of M2-branes [2,3],
three-dimensional gauge theories and their conformal fixed
points have also interesting applications in condensed matter
physics [4–6].

Along this line, four-dimensional gauged supergravities
have been a very useful tool in various holographic stud-
ies including the holographic Renormalization Group (RG)
flows and conformal defects of co-dimension one. The former
can be described holographically by domain walls interpo-
lating between two AdS vacua or between an AdS vacuum
in one limit and a domain wall in the other limit; see for

a e-mail: parinya.ka@hotmail.com

example [7–9]. These two classes of solutions correspond,
respectively, to RG flows between conformal fixed points
and flows to non-conformal field theories. These solutions
are called “flat” or Minkowski-sliced domain walls. The con-
formal defects on the other hand can be described in the
holographic context by AdS-sliced domain walls [10–16].

A number of holographic RG flows within four-dimen-
sional gauged supergravities have been studied; see for exam-
ple [17–21] and [22–24] for more recent results. Some of
these solutions can be uplifted to 11 dimensions result-
ing in many interesting geometric interpretations such as a
polarization of M2-branes into M5-branes in [25]. On the
other hand, supersymmetric Janus solutions in four dimen-
sions have been studied recently in the maximal N = 8,
SO(8) gauged supergravity in [26]. Some of these solu-
tions have been uplifted to 11 dimensions via a consistent
S7 reduction in [25]. In the context of lower supersym-
metry, a number of supersymmetric Janus solutions within
N = 3, SU (2) × SU (3) gauged supergravity have been
explored in [27]. This gauged supergravity is expected to
describe the lowest Kaluza–Klein modes of a compactifi-
cation of M-theory on a tri-Sasakian manifold N 010 [28].
The gauge group SU (2) × SU (3) is an isometry of N 010,
and the two factors are identified with the N = 3 SO(3)R
R-symmetry and SU (3) flavor symmetry in the dual SCFT,
respectively.

The complete spectrum of this compactification has been
carried out in [29], and the structure of the supermultiplets
has been given in [30]. Furthermore, the dual SCFT to this
compactification has been proposed in [31]. It has also been
discovered in [31] and further investigated in [32] that all
compactifications of M-theory giving rise to N = 3 super-
symmetric AdS4 backgrounds contain a universal massive
spin- 3

2 multiplet. All components of this multiplet arise only
from constant harmonics. The truncation keeping only the
lowest Kaluza–Klein modes and this massive multiplet is
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accordingly expected to be consistent. The resulting theory
is expected to be N = 4 gauged supergravity with N = 4
supersymmetry broken to N = 3 at the vacuum. The dual
composite operators to this long, massive, gravitino multiplet
have also been proposed in [31,32].

Up to now, only the complete truncation of 11-dimensional
supergravity on a generic tri-Sasakian manifold has been car-
ried out in [33] in which all the fields which are singlet under
the flavor SU (3) symmetry have been kept. The enhance-
ment by the Betti vector multiplet, which is also an SU (3)

singlet, in the compactification on N 010 has also been pointed
out. This is due to a non-trivial cohomology of degree two
in N 010 giving rise to an additional massless vector multi-
plet.

This tri-Sasakian truncation results in N = 4 gauged
supergravity coupled to three-vector multiplets. The theory
admits two supersymmetric AdS4 solutions with unbroken
SO(3)R R-symmetry and N = 3, 1 supersymmetries. These
solutions correspond to compactifications on N 010 and its
squashed version, respectively. A possible candidate for the
N = 3 SCFT dual to the N = 3 solution is given in [31],
but there is a puzzle with this SCFT as regards the baryonic
spectrum; see the discussion in [34] and [35]. For the N = 1
case, the situation is less clear. In particular, the N = 1 SCFT
dual to the squashed N = 1, AdS4 × N 010 solution has not
previously appeared although the N = 1 SCFT dual to the
squashed S7 compactification has been given in [36]. In this
paper, we will analyze the BPS equations for SO(3)R invari-
ant scalar fields and investigate possible deformations of the
dual N = 3 and N = 1 SCFTs within the framework of
four-dimensional gauged supergravity.

We will mainly consider supersymmetric deformations
in the forms of RG flows to non-conformal field theories
and two-dimensional defects described by Janus solutions.
Regarding to the N 010 compactification, a number of holo-
graphic RG flows and Janus solutions within the framework
of N = 3 gauged supergravity have already been studied
in [27,37], but these solutions currently cannot be uplifted
to 11 dimensions due to the lack of the complete consistent
truncation keeping all lowest Kaluza–Klein modes including
the SU (3) non-singlet ones.

The paper is organized as follows. In Sect. 2, we review
N = 4 gauged supergravity coupled to three-vector mul-
tiplets and the tri-Sasakian truncation of 11-dimensional
supergravity to this N = 4 gauged supergravity. The analysis
of BPS equations for SO(3)R singlet scalars will also be car-
ried out. These are relevant for finding supersymmetric RG
flow and Janus solutions in Sects. 3 and 4. We will also explic-
itly give the uplift of some solutions to 11 dimensions and
finally give some conclusions and comments on the results
in Sect. 5. In the two appendices, we give an explicit form
of the relevant field equations and some of the complicated
BPS equations.

2 N = 4 gauged supergravity and tri-Sasakian
truncation of 11-dimensional supergravity

In this section, we briefly review N = 4 gauged super-
gravity in the embedding tensor formalism to set up the
framework for finding supersymmetric solutions. Further
details of the construction can be found in [38] on which
this review is mainly based. We will also give basic informa-
tion and relevant formulas of the tri-Sasakian truncation of
11-dimensional supergravity to N = 4 gauged supergravity
with SO(3) � (T3, T̂3) gauge group. This is the strategy we
will follow in order to uplift four-dimensional solutions to
11 dimensions.

2.1 N = 4 gauged supergravity coupled to three-vector
multiplets

We now consider the half-maximal N = 4 supergravity in
four dimensions. The supergravity multiplet consists of the

graviton eμ̂
μ, four gravitini ψ i

μ, six vectors Am
μ , four spin-

1
2 fields χ i and one complex scalar τ . The complex scalar,
or equivalently two real scalars, can be parametrized by the
SL(2, R)/SO(2) coset.

In this half-maximal supersymmetry, the supergravity
multiplet can couple to an arbitrary number n of vector
multiplets although we will later set n = 3. Each mul-
tiplet contains a vector field Aμ, four gaugini λi and six
scalars φm . The scalar fields can be parametrized by the
SO(6, n)/SO(6)× SO(n) coset. Before moving to possible
gaugings of this matter-coupled supergravity, we will first
give some details as regards various indices used throughout
this paper.

Space-time and tangent space indices are denoted respec-
tively by μ, ν, . . . = 0, 1, 2, 3 and μ̂, ν̂, . . . = 0, 1, 2, 3. The
SO(6) ∼ SU (4) R-symmetry indices will be described by
m, n = 1, . . . , 6 for the SO(6) vector representation and
i, j = 1, 2, 3, 4 for the SO(6) spinor or SU (4) fundamen-
tal representations. The n vector multiplets will be labeled
by indices a, b = 1, . . . , n. Therefore, all the fields in the
vector multiplets will carry an additional index in the form
of (Aa

μ, λia, φma). All fermionic fields and the supersymme-
try parameters transform in the fundamental representation
of SU (4)R ∼ SO(6)R R-symmetry and are subject to the
chirality projections

γ5ψ
i
μ = ψ i

μ, γ5χ
i = −χ i , γ5λ

i = λi . (1)

Similarly, for the corresponding fields transforming in the
anti-fundamental representation of SU (4)R , we have

γ5ψμi = −ψμi , γ5χi = χi , γ5λi = −λi . (2)

123
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Gaugings of the matter-coupled N = 4 supergravity can
be efficiently described by using the embedding tensor 	.
This constant tensor encodes the information as regards the
embedding of any gauge group G0 in the global or dual-
ity symmetry SL(2, R) × SO(6, n) in a covariant way. It
has been shown in [38] that there are two components of
the embedding tensor ξαM and fαMN P with α = (+,−)

and M, N = (m, a) = 1, . . . , n + 6 denoting fundamental
representations of SL(2, R) and SO(6, n), respectively. The
electric vector fields A+M = (Am

μ, Aa
μ), appearing in the

ungauged Lagrangian, and their magnetic dual A−M form a
doublet under SL(2, R) denoted by AαM .

In general, a subgroup of both SL(2, R) and SO(6, n)

can be gauged, and the magnetic vector fields can also par-
ticipate in the gauging. In particular, it has been shown in
[39], see also [40], that purely electric gaugings do not admit
AdS4 vacua. In this paper, we will only consider gaugings
involving both electric and magnetic vector fields in order to
obtain AdS4 vacua relevant for applications in the AdS/CFT
correspondence.

The full covariant derivative can be written as

Dμ = ∇μ − gAαM
μ 	 N P

αM tN P + gAM(α
μ εβ)γ ξγ Mtαβ (3)

where ∇μ is the usual space-time covariant derivative. tMN

and tαβ are SO(6, n) and SL(2, R) generators which can be
chosen as

(tMN )
Q

P = 2δ
Q
[MηN ]P , (tαβ) δ

γ = 2δδ
(αεβ)γ (4)

with εαβ = −εβα and ε+− = 1. ηMN = diag(−1,−1,−1,

−1,−1,−1, 1, . . . , 1) is the SO(6, n) invariant tensor, and
g is the gauge coupling constant that can be absorbed in the
embedding tensor 	. The embedding tensor appearing in the
above equation can be written in terms of ξαM and fαMN P

as

θαMN P = fαMN P − ξα[NηP]M . (5)

In the following discussions, we will only consider solutions
with only the metric and scalars non-vanishing. Therefore,
we will set all of the vector fields to zero from now on.

We now consider explicit parametrization of the scalar
coset manifold SL(2, R)/SO(2) × SO(6, n)/SO(6)

× SO(n). The first factor can be described by a coset repre-
sentative

Vα = 1√
Imτ

(
τ

1

)
(6)

or equivalently by a symmetric matrix

Mαβ = Re(VαV∗
β) = 1

Imτ

( |τ |2 Reτ
Reτ 1

)
. (7)

Note that Im(VαV∗
β) = εαβ . The complex scalar τ can in turn

be written in terms of the dilaton φ and the axion χ as

τ = χ + ieφ. (8)

For the SO(6, n)/SO(6) × SO(n) factor, we introduce
the coset representative V A

M transforming by a left and right
multiplication under SO(6, n) and SO(6) × SO(n), respec-
tively. We will split the SO(6) × SO(n) index A = (m, a)

and write the coset representative as V A
M = (V m

M ,V a
M ).

Being an element of SO(6, n), the matrix V A
M satisfies the

relation

ηMN = −V m
M V m

N + V a
M V a

N . (9)

As in the SL(2, R)/SO(2) factor, we can parametrize the
SO(6, n)/SO(6) × SO(n) coset in terms of a symmetric
matrix

MMN = V m
M V m

N + V a
M V a

N . (10)

We are now in a position to give the bosonic Lagrangian
with the vector fields and auxiliary two-form fields vanishing,

e−1L = 1

2
R+ 1

16
∂μMMN ∂μMMN − 1

4(Imτ)2 ∂μτ∂μτ ∗−V

(11)

where e is the vielbein determinant. The scalar potential is
given by

V = g2

16

[
fαMNP fβQRSM

αβ

[
1

3
MMQMNRMPS

+
(

2

3
ηMQ − MMQ

)
ηN RηPS

]

−4

9
fαMNP fβQRSε

αβMMNPQRS + 3ξM
α ξ N

β MαβMMN

]

(12)

where MMN is the inverse of MMN , and MMNPQRS is
defined by

MMNPQRS = εmnpqrsV m
M V n

N V p
P V q

Q V r
R V s

S (13)

with indices raised by ηMN .
The gauge group we will consider here is a non-

semisimple group SO(3) � (T3, T̂3) ⊂ SO(6, 3) described
by the non-vanishing component fαMN P of the embedding
tensor. We will then set ξαM = 0 in the following discus-
sion. The embedding of this SO(3) � (T3, T̂3) gauge group
is described by the following components of the embedding
tensor:

123
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f+I J,K+6 = − f+I+3,J+6,K+6

= −2
√

2εI J K , I, J, K = 1, 2, 3,

f+I+6,J+6,K+6 = 6
√

2kεI J K , f−I,J+6,K+6 = −4εI J K .

(14)

The constant k is related to the four-form flux along the
four-dimensional space-time; see Eq. (30) below. This gauge
group arises from a truncation of 11-dimensional supergrav-
ity on a tri-Sasakian manifold [33]. It should be noted that
both electric and magnetic components participate in the
gauging, f±MN P �= 0, since purely electric gaugings do not
lead to AdS4 vacua as mentioned above.

We should also remark that the identification of this gauge
group and other computations in [33] have been done in the
off-diagonal ηMN

ηMN =
⎛
⎝−I3 03 03

03 03 I3

03 I3 03

⎞
⎠ (15)

where 03 and I3 denote 3 × 3 zero and identity matrices,
respectively. Accordingly, in computing MMNPQRS in (13)
and some parts of the supersymmetry transformations given
below, V m

M and V a
M must be projected to the negative and

positive eigenvalue subspaces of ηMN , respectively.
By transforming to a purely electric frame, the gauge alge-

bra will be more transparent. We will not explicitly give this
transformation here since we will mainly work in the above
electric-magnetic frame. However, for completeness, we will
discuss the structure of the gauge algebra here; see [33] for
more details. The SO(3) part is the diagonal subgroup of
SO(3) × SO(3) × SO(3) ⊂ SO(6) × SO(3) ⊂ SO(6, 3).
The six generators of T3 and T̂3 transform as 3 + 3 under
SO(3). T3 generators commute with each other while T̂3

generators close on to T3 generators.
We now turn to another important ingredient of the N = 4

gauged supergravity namely the supersymmetry transforma-
tions of fermionic fields. These are given by

δψ i
μ = 2Dμεi − 2

3
gAi j

1 γμε j , (16)

δχ i = iεαβVαDμVβγ μεi − 4

3
igAi j

2 ε j , (17)

δλia = 2iV M
a DμV i j

M γ με j + 2igA i
2aj ε j . (18)

The fermion shift matrices are defined by

Ai j
1 = εαβ(Vα)∗V M

kl V ik
N V jl

P f N P
βM ,

Ai j
2 = εαβVαV M

kl V ik
N V jl

P f N P
βM ,

A j
2ai = εαβVαVM

aVN
ikV jk

P f P
βMN (19)

where V i j
M is defined in terms of the ’t Hooft symbols Gi j

m

and V m
M as

V i j
M = 1

2
V m
M Gi j

m , (20)

and similarly for its inverse,

VM
i j = −1

2
V m
M (Gi j

m )∗. (21)

The Gi j
m satisfy the relations

Gmi j = (Gi j
m )∗ = 1

2
εi jklG

kl
m . (22)

The explicit form of these matrices can be found for example
in [39]. Note that we use the convention about the (anti) self-
duality of Gmi j opposite to that of [39]. It should also be
noted that the scalar potential can be written in terms of A1

and A2 tensors as

V = −1

3
Ai j

1 A1i j + 1

9
Ai j

2 A2i j + 1

2
A j

2ai A i
2a j . (23)

2.2 N = 4 gauged supergravity from 11 dimensions

Four-dimensional N = 4 gauged supergravity coupled to
three-vector multiplets with SO(3) � (T3, T̂3) gauge group
has been obtained from a truncation of 11-dimensional super-
gravity on a generic tri-Sasakian manifold in [33]. In this sec-
tion, we review the relevant formulas involving the reduction
ansatz which will be useful for uplifting four-dimensional
solutions in the next sections. In particular, we will set all of
the vector fields to zero as well as the auxiliary two-form and
magnetic vector fields.

The 11-dimensional metric can be written as

ds2
11 = e2ϕds2

4 + e2Uds2(BQK) + gI Jη
IηJ . (24)

The three-dimensional internal metric gI J can be written in
terms of the vielbein as

g = QT Q. (25)

For convenience, as in [33], we will parametrize the matrix
Q in terms of a product of a diagonal matrix V and an SO(3)

matrix O as

Q = V O, V = diag(eV1 , eV2 , eV3). (26)

The scalar ϕ is chosen in such a way that the four-dimensional
Einstein–Hilbert term is obtained

ϕ = −1

2
(4U + V1 + V2 + V3). (27)
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Finally, BQK denotes a four-dimensional quaternionic Kahler
manifold.

The three-form field and its four-form field strength are
given, respectively, by

C3 = c3 + cI Jη
I ∧ J I + 1

6
χεI J KηI ∧ ηJ ∧ ηK (28)

and

G4 = H4 + 4Trc vol(QK) + 1

6
εI J K dχ ∧ ηIηJηK

+ dcI J ∧ ηI ∧ J J εI J L [(χ + Trc)δLK − 2c(LK )]
× ηI ∧ ηJ ∧ J K (29)

where H4 = dc3, cI J is a 3 × 3 matrix and Trc = δ I J cI J . In
the present case, the H4 will be given by

H4 = −6ke4ϕ−V1−V2−V3−4Uvol4 (30)

where vol4 is the volume form of the four-dimensional metric
ds2

4 . The volume form of BQK, vol(QK), can be written in
terms of the two-forms J I as

vol(QK) = 1

6
J I ∧ J I . (31)

For the N 010 tri-Sasakian manifold, we can take a simple
description in terms of a coset manifold SU (3)/U (1). This
is enough for our propose although the full SU (3) × SU (2)

isometry is not manifest; see [41] for another description.
Using the standard Gell-Mann matrices, we can choose the
SU (3) geneartors to be − i

2λα , α = 1, . . . , 8. The coset and
U (1) generators can be chosen to be

Ki = − i

2
(λ1, λ2, λ3, λ4, λ5, λ6, λ7), H = − i

√
3

2
λ8.

(32)

The vielbein on N 010 can eventually be obtained from the
decomposition of the Maurer–Cartan one-form

L−1dL = ei Ki + ωH (33)

where L is the coset representative for SU (3)/U (1). ω is the
corresponding U (1) connection.

Following [33], we will use the tri-Sasakian structures of
the form

ηI = 1

2
(e1, e2, e3),

J I = 1

8
(e4 ∧ e5 − e3 ∧ e6,−e3 ∧ e5

−e4 ∧ e6, e5 ∧ e6 − e3 ∧ e4). (34)

From these, we find the metric on BQK to be

ds2(BQK) = 1

256

[
(e3)2 + (e4)2 + (e5)2 + (e6)2] (35)

with the volume form given by

vol(QK) = 1

6
J I ∧ J I = − 1

64
e3 ∧ e4 ∧ e5 ∧ e6. (36)

In the remaining parts of this paper, we will not need the
explicit form of ds2(BQK) and ηI ’s since we will not consider
the deformations of these metrics. Therefore, we will leave
these as generic expressions.

2.3 BPS equations for SO(3) invariant scalars

We now give an explicit parametrization of the SL(2, R)/

SO(2)×SO(6, 3)/SO(6)×SO(3) coset and relevant infor-
mation for setting up the BPS equations corresponding to
SO(3) singlet scalars.

Since we will study both RG flows and Janus solutions,
and the former can formally be obtained as a limit of the
latter, we will first construct the BPS equations for finding
supersymmetric Janus solutions and take an appropriate limit
to find the BPS equations for RG flow solutions. The metric
ansatz takes the form of an AdS3-sliced domain wall,

ds2 = e2A(r)(e 2ξ
� dx2

1,1 + dξ2) + dr2. (37)

As can be clearly seen, this metric becomes a flat domain
wall used in the study of holographic RG flows in the limit
� → ∞. The vielbein components can be chosen to be

eμ̂ = eA+ ξ
� dxμ, eξ̂ = eAdξ, er̂ = dr. (38)

The non-vanishing spin connections of this metric are then
given by

ω
ξ̂

r̂
= A′eξ̂ , ω

μ̂

ξ̂
= 1

�
e−Aeμ̂, ω

μ̂

r̂
= A′eμ̂ (39)

where ′ denotes the r -derivative. For the moment, indices
μ, ν will take values 0, 1, and hatted indices are the tangent
space indices.

In this paper, we are only interested in SO(3) singlet
scalars. These scalar fields depend only on the radial coor-
dinate r . There are four SO(3) singlets corresponding to
two scalars from SL(2, R)/SO(2) and another two from
SO(6, 3)/SO(6) × SO(3) according to the branching of
SO(6, 3) → SO(3) × SO(3) × SO(3) → SO(3)diag

(6, 3) → (3, 1, 3) + (1, 3, 3) → 2 × (1 + 3 + 5). (40)
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Following [33], we parametrize the SO(6, 3)/SO(6) ×
SO(3) coset representative by

V = exp

⎛
⎝ 03

√
2ZI3 03

03 03 03√
2ZI3 03 03

⎞
⎠

×
⎛
⎝ I3 03 03

03 e−2U−V1I3 03

03 03 e2U+V1I3

⎞
⎠ . (41)

Note that SO(3) invariance requires cI J to be proportional
to the identity, cI J = √

2ZδI J , and V1 = V2 = V3.
The SL(2, R)/SO(2) scalars are given by

τ = χ + ie3V1 . (42)

For convenience, we will define another scalar,

U1 = 2U + V1. (43)

This also gives a diagonal scalar kinetic term

1

16
∂μMMN ∂μMMN − 1

4(Imτ)2 ∂μτ∂μτ ∗

= −3

2
U ′

1
2 − 9

4
V ′

1
2 − 1

4
e−6V1χ ′2 − 3

2
e−2U1 Z ′2. (44)

In order to setup the BPS equations corresponding to
δχ i = 0 and δλia = 0, a projector involving γr is needed.
Since the procedure is essentially the same as in [26,27], we
will only repeat the relevant formulas. Following [26], we
will use Majorana representation in which all gamma matri-
ces γμ are real, and γ5 = iγ0̂γ1̂γξ̂

γr̂ is purely imaginary. In
the chiral notation, we have, for example,

εi = 1

2
(1 + γ5)ε

i
M , εi = 1

2
(1 − γ5)ε

i
M (45)

where εM is a four-component Majorana spinor. From all
this, it follows that εi = (εi )∗.

Accordingly, the γr -projector can be written as

γ r̂εi = ei�εi (46)

or equivalently

γ r̂εi = e−i�εi . (47)

The analysis of δψ i
μ = 0 equations leads to the following γ

ξ̂

projection:

γ
ξ̂
εi = iκei�εi (48)

see [26] for more detail. The constant κ satisfying κ2 = 1
determines the chirality of the unbroken supercharges on the

two-dimensional defect. Up to a phase, the full Killing spinor
can be written as

εi = e
A
2 + ξ

2�
+i �

2 ε(0)i (49)

with the constant spinors ε(0)i satisfying

γr̂ε
(0)i = ε

(0)
i and γ

ξ̂
ε
(0)
i = iκε(0)i . (50)

The integrabitity conditions of δψ i
0̂,1̂

= 0 equations give

A′2 + 1

�2 e
−2A = |W|2 (51)

whereW is the “superpotential” given by the eigenvalue α of
the Ai j

1 tensor corresponding to the unbroken supersymmetry

W = 2

3
α. (52)

The cosmological constant at AdS4 critical points is given in
terms of α by the relation V0 = − 4

3α2.
Finally, we note the expression for the phase ei� in terms

of W

ei� = A′

W
+ iκ

�

e−A

W
. (53)

and ei� = W
A′ + iκ

�
e−A

. (54)

for real and complex W , respectively. These relations can be
obtained by considering the gravitino variations in each case;
see [27] for more detail.

For the RG flows, the corresponding BPS equations can
be found by formally taking the limit � → ∞. We simply
find

A′ = ±W and ei� = W
W

. (55)

where W = |W| is call the “real superpotential”. The γ
ξ̂

projector drops out, and there is no chirality restriction on
the preserved supercharges.

We now give the scalar potential for SO(3) singlet scalars

V = 3e−6U1−3V1
[
2e2U1+6V1 + 12e6V1 Z2 − e4U1 − 8e3(U1+V1)

+2e2U1(χ + Z)2 + 3(k − 2χ Z − Z2)2]. (56)

As pointed out in [33], this is the scalar potential of the trun-
cated N = 1 supergravity in which only SO(3) singlet fields
are retained.

The scalar field equations can be obtained by using this
potential in the effective Lagrangian

Lscalar = e3A
[

1

16
∂μMMN ∂μMMN − 1

4(Imτ)2 ∂μτ∂μτ ∗ − V

]
.

(57)
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Note that the scalar field equations are the same for both the
RG flows and the Janus solutions since scalars do not depend
on the ξ coordinate. This is the reason we can take

√−g to

be just e3A not e3A+2 ξ
� . The explicit form of these equations

and Einstein equations will be given in Appendix A.
As shown in [33], the above potential admits a num-

ber of AdS4 critical points both supersymmetric and non-
supersymmetric. In this paper, we will only consider the fol-
lowing supersymmetric AdS4 vacua:

I : U1 = 3V1 = 1

2
ln |k|, V0 = −12|k|− 3

2 (58)

II : U1 = ln 5 + 1

2
ln

|k|
15

, V1 = 1

6
ln

|k|
15

,

V0 = −12|k|− 3
2

√
37

55
(59)

with χ = Z = 0. The cosmological constant V0 is related to
the AdS4 radius by

L2 = − 3

V0
. (60)

Within the N = 4 gauged supergravity, critical point I with
k > 0 gives N = 3 supersymmetric AdS4 vacuum while
k < 0 solution gives a non-supersymmetric skew-whiffle
solution as will be shown in the next section. Similarly, crit-
ical point II with k < 0 and k > 0 corresponds, respectively,
to weak G2 N = 1 AdS4 and non-supersymmetric skew-
whiffle solutions. In particular, the N = 1 critical point cor-
responds to a squashed version of N 010 manifold. It is also
useful to note the two metrics here

N = 3 : ds2
11 = |k|− 7

6
(
e

2r
L3 dx2

1,2 + dr2)
+|k| 1

3

[
ds2(BQK) + ηIηI

]
, (61)

N = 1 : ds2
11 = 1

25

( |k|
15

)− 7
6 (

e
2r
L1 dx2

1,2 + dr2)

+5

( |k|
15

) 1
3
[

ds2(BQK) + 1

5
ηIηI

]
(62)

where the AdS4 radii are given by L3 = 1
2 |k| 3

4 and L1 =
5

5
4

2(3)
7
4
|k| 3

4 .

Before carrying out the analysis of BPS equations, we
briefly discuss the dual SCFTs to these critical points. The
SCFT dual to the N = 3 critical point has been proposed
in [31]. At low energy, this is an SU (N ) × SU (N ) gauge
theory of interacting three hypermultiplets transforming in
a triplet of the SU (3) flavor symmetry. Each hypermultiplet
transforms as a bifundamental under the SU (N ) × SU (N )

gauge group and as a doublet of the SU (2)R ∼ SO(3)R
R-symmetry. In terms of the N = 2 superfields, these hyper-
multiplets can be written as

Ui
α = (ui ,−v̄i ) and Viα = −εαβŪ

β
i = (vi , ūi ) (63)

where i = 1, 2, 3 and α = 1, 2.
From the Kaluza–Klein spectrum given in [29,30], the

massless graviton multiplet corresponds to the usual stress-
energy tensor multiplet, including the SO(3)R R-symmetry
current, in the dual N = 3 SCFT. There are also nine mass-
less vector multiplets transforming in the adjoint and singlet
(Betti multiplet) representations of SU (3). These correspond
to the following operator:

�i
j =

1√
2

Tr(UiŪ j +V̄ i Vj ) − 1

3
√

2
δijTr(UkŪk + V̄ kVk),

(64)

� = 1√
2

Tr(UiŪi + V̄ i Vi ) (65)

which are the conserved currents of the flavor SU (3) and the
baryonic U (1) global symmetries, respectively.

In [31]; see also [32], the operator dual to the massive grav-
itino multiplet, which is of particular interest in the present
work, has also been proposed. The corresponding operator
is given by the SO(3)R singlet composite superfield

SH = Tr(	+
�	0

�	−
�) (66)

where 	� is the field strength superfield. The components
(	+

�,	0
�,	−

�) are denoted in the N = 2 language by
(Y, �,−Y †) together with derivative terms. The explicit
form of these can be found in [31]. Upon expanding in powers
of the superspace coordinates (θ±, θ0), we obtain the com-
posite operators dual to the various component fields within
the massive gravitino multiplet. For example, the scalar oper-
ator of dimension 6 corresponding to the breathing mode of
the N 010 manifold is given by the N = 3 supersymmetriza-
tion of the operator

ελμνερστ FλμFνρFστ . (67)

It should be noted that this operator is the highest component
of the supermultiplet with six factors of the (θ±, θ0) coordi-
nates. The deformation corresponding to this operator is then
expected to preserve supersymmetry.

It has been pointed out in [33] that the SCFT dual to the
N = 1 critical point on the other hand should be identified
with the N = 1 SCFT arising from the squashed seven-
sphere given in [36]. This is due to a similar spectrum within
the truncation of [33] and that of the squashed seven-sphere.
However, very little is known about N = 1 SCFT in three
dimensions apart from holographic descriptions.
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3 N = 3 supersymmetric solutions

We now look at the resulting BPS equations and their solu-
tions. By using the coset representative (41), we find that Ai j

1
tensor is diagonal

Ai j
1 = diag(α1, α3, α3, α3). (68)

The two eigenvalues α1 and α3 correspond to Killing spinors
ε1 and ε2,3,4 and give rise to the superpotentials

W1 = 3

2
e− 3

2 (2U1+V1)
[
e2U1 + 2eU1+3V1 + k − 2χ Z − Z2

+2i
[
eU1χ + (eU1 + e3V1)Z

]]
, (69)

W3 = −1

2
e− 3

2 (2U1+V1)
[
5e2U1 +2eU1+3V1 −3k+6χ Z + 3Z2

+2i
[
eU1(χ + Z) − 3e3V1 Z

]]
. (70)

In this section, we will consider only W3 corresponding to
unbroken N = 3 supersymmetry and leave the analysis of
W1 to the next section.

3.1 Flow to N = 3 non-conformal field theory

The analysis of δλia = 0 equations along ε2,3,4 requiresU1 =
3V1 and χ = 2Z . However, we need to further set χ = Z = 0
in the BPS equations in order to satisfy the field equations.
With all these requirements, we end up with the N = 3 BPS
equations

V ′
1 = e− 21

2 V1(e6V1 − k), (71)

A′ = 1

2
e− 21

2 V1(7e6V1 − 3k). (72)

From these equations, we find an N = 3 AdS4 critical point

V1 = 1

6
ln k, A′ = 2

k
3
4

= 1

L3
. (73)

We also see that there is no critical point for k < 0. This
is in agreement with the fact that the solutions with k < 0
break all supersymmetry as mentioned before. In Eqs. (71)
and (72), we have chosen a definite sign choice to obtain the
correct behavior near the critical point

V1 ∼ e
3r
L3 . (74)

This is consistent with the fact that V1 is dual to an irrelevant
operator of dimension six. We then see that the dual N = 3
SCFT appears in the IR.

It can be checked that these equations satisfy the scalar
field equations and Einstein equations. In this case, the super-
potential is real

W3 = W3 = 1

2
e− 21

2 V1(7e6V1 − 3k), (75)

and the scalar potential can be written as

V = 4

189

(
∂W3

∂V1

)
− 3W 2

3 ,

= 9k2e−21V1 − 21e−9V1 . (76)

For non-vanishing pseudoscalars χ and Z and U1 �= 3V1,
N = 3 supersymmetry is broken, and the scalar potential
cannot be written in terms of the real superpotential W3. It
should also be noted that the vanishing of χ and Z rules out
any supersymmetric Janus solutions since the corresponding
BPS equations cannot be consistent for finite �. This is similar
to the results of [26] and [27] in which pseudoscalars are
required for supersymmetric Janus solutions to exist.

We now return to a supersymmetric RG flow solution. The
BPS equations given above have a simple solution

A = 3

2
V1 + 1

3
ln(e6V1 − k), (77)

V1 = −1

6
ln

[
1 − e6kr̃+C

k

]
(78)

where the new radial coordinate r̃ is related to r by dr̃
dr =

e− 21
2 V1 . As r̃ ∼ r → −∞, we find V1 ∼ e6kr̃ ∼ e

3r
L .

As usual in flows to non-conformal field theories, there is
a singularity at r̃ ∼ − C

6k which gives V1 → ∞. Near this
singularity, we find

V1 ∼ −1

6
ln(6kr̃+C) and A ∼ 7

2
V1 ∼ − 7

12
ln(6kr̃+C).

(79)

In this limit, the scalar potential vanishes. This implies that
the singularity is physical according to the criterion of [42].

We can also see this by looking at the 11-dimensional
metric and considering the criterion of [43]. In the present
case, we have U = V1 and

ds2
11 = e−7V1 ds2

4 + e2V1(ds2(BQK) + ηIηI )

= dx2
1,2 + (6kr̃ + C)−

7
3 dr̃2

+(6kr̃ + C)−
1
3 [ds2(BQK) + ηIηI ],

G4 = −6kdx0 ∧ dx1 ∧ dx2 ∧ dr̃ . (80)

By changing to a new coordinate R via the relation dR =
(6kr̃ + C)− 7

6 dr̃ , we can write the metric as

ds2
11 = dx2

1,2 + dR2 + (kR)2[ds2(BQK) + ηIηI ] (81)

Near the singularity, we then see that the metric component
g00 is bounded, g(11)

00 = −e2A−7V1 → −1. Therefore, the
singularity is also physical by the criterion of [43]. This solu-
tion should be identified with the flow from E1,2 ×HK , HK
being a Hyper-Kahler manifold, to AdS4 × N 010 studied in
[44] by using another approach.
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It should also be noted that when k = 0, AdS4 critical
points do not exist. In this case, the gauged supergravity,
however, admits an N = 3 supersymmetric domain wall
vacuum. This solution preserves only six supercharges due
to the γr projection and accordingly is a half-BPS solution.
By setting k = 0 in the BPS equations, we can find a simple
domain wall solution

V1 = 2

9
ln

9r

2
, A = 7

9
ln

9r

2
(82)

where, for convenience, we have set the associated integra-
tion constants to zero by shifting the coordinates. This solu-
tion can be readily lifted to 11 dimensions in which the metric
is given by

ds2
11 = dx2

1,2 +
(

9r

2

)− 14
9

dr2 +
(

9r

2

) 4
9

ds2(BQK) + ηIηI ,

(83)

= dx2
1,2 + dR2 + R2(ds2(BQK) + ηIηI ) (84)

where we have defined a new coordinate R = ( 9r
2

) 2
9 . In this

case, the four-form field vanishes.
As a final comment on the N = 3 solution, we can also

give a geometric interpretation of the condition U1 = 3V1.
Recall that U1 = 3V1 means U = V1, we find that only the
breathing mode is consistent with N = 3 supersymmetry. As
mentioned previously, the breathing mode corresponds to an
operator which is the highest component of the supermulti-
plet and hence does not break supersymmetry. On the other
hand, the squashing mode corresponding to the scalar V1−U ,
dual to a dimension-4 operator, breaks all of the supersym-
metry. Non-supersymmetric RG flows between N = (3, 0)

and N = (0, 1) supersymmetric AdS4 critical points driven
by this scalar have been studied in [45]; see also [46]. The
dual operator driving the flow has also been proposed in [45].

4 N = 1 supersymmetric solutions

In this section, we will carry out a similar analysis for the
case of unbroken N = 1 supersymmetry corresponding to
the Killing spinor ε1. The real superpotential is given by

W1 = 3

2
e−3U1− 3

2 V1

×
√

[2χeU1 +2Z(eU1 +e3V1 )]2+[e2U1 +2eU1+3V1 +k−2χ Z−Z2]2

(85)

in terms of which the scalar potential can be written as

V = −2Gαβ ∂W1

∂φα

∂W1

∂φβ
− 3W 2

1 (86)

where φα = (U1, V1, Z , χ) and Gαβ is the inverse of the
metric in the scalar kinetic terms given in (44). We now look
at the BPS equations and possible supersymmetric solutions.

4.1 RG flow solutions

We begin with an RG flow solution with only U1 and V1

scalars non-vanishing. These correspond to the breathing and
squashing modes of N 010. It can be checked that keeping
only U1 and V1 is consistent with the BPS equations and the
corresponding field equations. From 11-dimensional point
of view, this corresponds to pure metric modes since the
pseudoscalars Z and χ appear in the internal components
of the four-form field strength. A non-supersymmetric flow
between this N = 1 AdS4 and the skew-whiffle N = 3 AdS4

has already been studied in [45,46].
In this work, we will study a supersymmetric flow to a

non-conformal field theory. The BPS equations in this case
are given by

U ′
1 = e− 3

2 (2U1+V1)(e2U1 + 4eU1+3V1 + 3k), (87)

V ′
1 = e− 3

2 (2U1+V1)(e2U1 − 2eU1+3V1 + k), (88)

A′ = 3

2
e− 3

2 (2U1+V1)(e2U1 + 2eU1+3V1 + k). (89)

From these equations, we clearly see that there is only one
AdS4 critical point given by the N = 1 critical point II in
Sect. 2, and there exists a critical point only for k < 0 as
previously remarked.

Near this N = 1 critical point, we find an asymptotic
behavior

3V1 −U1 ∼ e− 5r
3L , 2U1 + V1 ∼ e

3r
L (90)

corresponding to relevant and irrelevant operators of dimen-
sions � = 5

3 , 4
3 and � = 6, respectively.

We begin with a simple case in which the relevant defor-
mation is further truncated out. This can be achieved by set-
ting V1 = U1

3 − 1
3 ln 5. By taking appropriate combinations,

we find new BPS equations

3V ′
1 −U ′

1 = 2e−2U1− 3
2 V1(eU1 − 5e3V1), (91)

2U ′
1 + V ′

1 = e− 3
2 V1−3U1(3e2U1 + 6eU1+3V1 + 7k) (92)

from which we immediately see that the above truncation is
consistent. Under this truncation, the remaining BPS equa-
tions become

U ′
1 = 3√

5
e− 7

2U1(3e2U1 + 5k), (93)

A′ = 3

2
√

5
e− 7

2U1(7e2U1 + 5k). (94)
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By changing to a new radial coordinate r̃ , defined by dr̃
dr =

e− 7
2U1 , as in the N = 3 case, we obtain the solution

U1 = −1

2
ln

[
e−6

√
5kr̃ − 3

5k

]
,

A = 1

2
U1 + 1

3
ln(6e2U1 + 10k), (95)

where we have absorbed all integration constants by shift-
ing r̃ and rescaling dx2

1,2 coordinates. It should also be
remembered that in this case k < 0. The singularity at
6
√

5kr̃ → − ln 3 is physical by the criteria of both [42]
and [43]. In this case, we find, as 6

√
5kr̃ → − ln 3,

V → 0, g(11)
00 → −5

1
3 . (96)

We identify this solution with the flow from E1,2 × Spin(7)

to AdS4 × S̃7 where S̃7 is the squashed seven-sphere with a
weak G2 holonomy.

To solve Eqs. (91) and (92) in the presence of both types
of deformations, we introduce new scalar fields defined by

Ṽ = 3V1 −U1 and Ũ = 2U1 + V1 (97)

in terms of which the BPS equations become

Ṽ ′ = e− 2
7 Ṽ− 9

14 Ũ (2 − 10eṼ ), (98)

Ũ ′ = e− 3
2 Ũ

(
3e− 2

7 (Ṽ−2Ũ ) + 6e
5
7 Ṽ+ 6

7 Ũ + 7k
)
, (99)

A′ = 3

2
e− 2

7 Ṽ− 3
2 Ũ

(
2eṼ+ 6

7 Ũ + e
6
7 Ũ + ke

2
7 Ṽ

)
. (100)

We then define a new coordinate ρ via the relation

dρ

dr
= e− 2

7 Ṽ− 9
14 Ũ . (101)

An analytic solution to the above equations can subsequently
be obtained

Ṽ = − ln(5 + C1e
2ρ),

Ũ = 7

3
ρ + 7

6
ln

[
− 3k(5 + C1e

−2ρ)
5
7

×(5 + C1e
−2ρ)

18
35

[
3k(5)

1
5 2F1

(
4

5
,

4

5
,

9

5
,−C1

5
e−2ρ

)

−162

7
(3

3
5 )C1C2e

8
5 ρ

]]
,

A = 6

7
ρ + 3

14
Ũ + 6

35
ln[8C1 + 40e2ρ] (102)

where 2F1 is the hypergeometric function.
We now consider the asymptotic behavior of this RG flow

to N = 1 non-conformal field theories. Near the singularity
at ρ = 1

2 ln
( − C1

5

)
, we find that

Ṽ = − ln(5 + C1e
−2ρ) → ∞,

Ũ ∼ 3

5
ln(C1 + 5e2ρ) → −∞,

A ∼ 3

10
ln(C1 + 5e2ρ). (103)

Although the scalar potential diverges near this singularity,
the 11-dimensional metric gives g(11)

00 ∼ constant. The sin-
gularity is then physical and the solution describes an RG
flow between the dual N = 1 SCFT and a non-conformal
N = 1 field theory. Near this singularity, the corresponding
11-dimensional solution is given by

ds2
11 = dx2

1,2 + dρ2

(C1 + 5e2ρ)
2
5

+(C1 + 5e2ρ)
3
5 ds2(BQK) + (C1 + 5e2ρ)−

2
5 ηIηI ,

(104)

G4 = −6k(C1 + 5e2ρ)−
8
35 dx0 ∧ dx1 ∧ dx2 ∧ ρ (105)

where we have absorbed a constant in the dx2
1,2 coordinates.

We then move to more complicated RG flows involving
the SO(3)R singlet pseudoscalars. In this case, the flows
will involve the internal components of the four-form field
strength. Before considering possible solutions, we give an
explicit form of the uplift formulas for the metric and the
four-form with non-vanishing Z and χ :

ds2
11 = e−(2U1+V1)ds2

4 + eU1−V1 ds2(BQK) + e2V1ηI ηI ,

G4 = −6ke−6U1−3V1 vol4+12Zvol(QK)+χ ′dr ∧ η1 ∧ η2∧η3

+ (χ + Z)εI J K ηI ∧ ηJ ∧ J K + Z ′dr ∧ ηI ∧ J I .

(106)

The N = 1 BPS equations with four non-vanishing scalars
are given by

U ′
1 = −2

3

∂W1

∂U1
, V ′

1 = −4

9

∂W1

∂V1
,

Z ′ = −2

3
e2U1

∂W1

∂Z
, χ ′ = −4e6V1

∂W1

∂χ
, A′ = W1

(107)

where the superpotential W1 is given in (85). The explicit
form of these equations can be found in Appendix B.

We will begin with the solutions near the N = 1 AdS4

critical point. Near this critical point with r → ∞, we find
that

3V1 −U1 ∼ e
− 5r

3L1 , 2U1 + V1 ∼ e
3r
L1 ,

χ + 6

5
Z ∼ e

− 5r
L1 , χ − Z

5
∼ e

− r
3L1 . (108)

From these, we see thatU1 and V1 are combinations of a rele-
vant and an irrelevant operators of dimensions � = 5

3 , 4
3 and

� = 6 as in the previous case while Z and χ are combina-
tions of a relevant and an irrelevant operators of dimensions
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� = 8
3 and � = 5, respectively. These are consistent with

the scalar masses given in [33].
Even with pseudoscalars turned on, there is a consistent

truncation keeping only irrelevant scalars. This truncation is
given by

V1 = 1

3
U1 − 1

3
ln 5 and Z = 5χ. (109)

Within this truncation, the BPS equations become

U ′
1 = e− 7

2U1

√
5W̃

[
63e4U1 + 150ke2U1 + 75k2

+5250χ2(e2U1 − k) + 91875χ4], (110)

χ ′ = −12χe− 3
2U1

(
7e2U1 − 5k + 175χ2

)
√

5W̃
, (111)

A′ = 3e− 7
2U1

2
√

5
W̃ (112)

where

W̃ =
√

(7e2U1 + 5k)2 + 350χ2(7e2U1 − 5k) + 30625χ4.

(113)

In this case, the BPS equations cannot be completely solved
analytically. However, the solution can be implicitly given
by defining a new scalar field F via the relation F = e2U1 in
terms of which the BPS equations read

dχ

dr
= − 12χ(175χ2 + 7F − 5k)√

5F
3
4
√

49F2+25(k−35χ2)2+70F(k+35χ2)
,

(114)

dF

dχ
= −21F2 + 50F(k + 35χ2) + 25(k − 35χ2)2

2χ(7F + 175χ2 − 5k)
, (115)

dA

dχ
= −49F2 + 70F(k + 35χ2) + 25(k − 35χ2)2

8χF(7F + 175χ2 − 5k)
(116)

where in the last two equations we have taken χ as an inde-
pendent variable by combining F ′ and A′ equations with χ ′
equation, respectively. By solving Eq. (115), we can deter-
mine F(χ) implicitly from the following solution:

Cχ = 2
2
5 7

1
5 [5(k35χ2) + 7F]2F1

(
1

2
,

4

5
,

3

2
,

[
5(k + 35χ2) + 7F

]2

3500kχ2

)

−175(5
2
5 )χ2

[
49F2 + 70F(k + 35χ2) + 25(k − 35χ2)2

kχ2

] 1
5

.

(117)

In principle, F(χ) can be substituted in Eqs. (114) and (116)
to determine χ(r) and A(χ).

We now look for asymptotic behavior for large values of
scalar fields. At large χ , we find that

U1 = 1

2
ln F ∼ 1

2
ln

C

χ
3
2

, χ ∼ C ′r− 8
9 (118)

where for convenience we have shifted the coordinate r such
that the singularity is present at r = 0. In genral, χ(r → 0)

can be∞or−∞depending on the sign of the constantC ′. For
definiteness, we will take C ′ > 0 in the present discussion.
This behavior give the metric warped factor

A ∼ 7

9
ln r. (119)

Near the singularity, we find that the scalar potential diverges
but g(11)

00 becomes constant. We then conclude that the singu-
larity is physical by the criterion of [43]. For completeness,
we give an example of numerical solutions with k = −1 in
Fig. 1.

Note that we have identified the N = 1 AdS4 critical point
at χ = 0 and U1 = 0.22541, for k = −1, with the IR SCFT
at r = −∞. The numerical solution also gives a singularity
consistent with the above analysis namely the divergence of
scalars and the potential as well as the constancy of g(11)

00 . The
11-dimensional solution near the singularity can be obtained
as follows:

ds2
11 = dx2

1,2 + dR2 +
(

2R

3

)2 [
ds2(BQK) + 1

5
ηIηI

]
,

G4 = −6k

(
2R

9

) 7
2

dx0 ∧ dx1 ∧ dx2 ∧ dr

+ 60

(
2R

9

)−4

vol(BQK)

+6

(
2R

9

)−4

εI J KηI ∧ ηJ ∧ J K −
(

2

9

)− 17
2

×R−5dR ∧ η1 ∧ η2 ∧ η3

−5

(
2

9

)− 17
2

R−5dR ∧ ηI ∧ J I (120)

where we have defined a new coordinate R = 9
2r

2
9 .

We now look at the most general flow solution with all four
scalars turned on. The BPS equations are too complicated to
be solved analytically. In any case, numerical solutions can
be obtained by suitable boundary conditions similar to the
previous case. From the asymptotic behavior of these scalars
given in (108), there could be many possible singularities at
the end of the flows due to the presence of various vacuum
expectation values and operator deformations as in the solu-
tions studied in [24]. We will only give an example of these
solutions. This is shown in Fig. 2 in which we take k = −1,
and the N = 1 critical point corresponds to the values of the
scalar fields
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Fig. 1 An RG flow solution from N = 1 non-conformal field theory to N = 1 SCFT with one scalar and one pseudoscalar and k = −1

U1 = 0.25541, V1 = −0.45134, Z = χ = 0. (121)

Near the singularity, we can see that χ ∼ Z → ∞ and
U1 ∼ V1 → −∞. From the BPS equations, we can make an
analysis near this limit resulting in the asymptotic behavior

U1 ∼ 3V1 ∼ 1

2
ln χ− 3

2 , Z ∼ 5χ ∼ r− 8
9 . (122)

Using these expressions or the numerical analysis in Fig. 2,
we can see that the singularity is physical due to the constancy
of g(11)

00 although the scalar potential becomes infinite. The
uplift of this solution can be obtained along the same line as
in the previous case.

4.2 Domain wall solutions

Similar to the N = 3 case, we will consider N = 1 domain
wall solutions to the BPS equations with k = 0. All of the
relevant BPS equations can be obtained from those given
above by setting k = 0, so we will not repeat them here.

In the case of vanishing pseudoscalars, we find a domain
wall solution to Eqs. (98), (99), and (100) with k = 0

Ũ = 3

2
Ṽ − 21

20
ln[105eṼ − 21], A = 1

2
Ũ ,

r =
2e

1
4 Ṽ

[
2+25eṼ −2(1 − 5eṼ )

27
20 2F1

(
1
4 , 7

20 , 5
4 , 5eṼ

)]

3969(21)
7

20 (5eṼ − 1)
27
20

.

(123)

The last equation implicitly gives the scalar Ṽ (r).
With non-vanishing pseudoscalars, we find an analytic

solution only for the subtruncation to irrelevant scalars,
V1 = 1

3U1 − 1
3 ln 5 and Z = 5χ . The solution to Eqs. (110),

(111), and (112) with k = 0 is given by

U1 = 1

2
ln

[
C1

2χ
3
2

− 25χ2

]
,

A = 1

4

(
50χ

7
2 − C1

)
− 7

8
ln χ,

r =
2
√

52
1
4 (C1−50χ

7
2 )+525χ

13
8

(
50χ

7
2 −C1

) 1
4

2F1

(
−1

7 , 1
4 , 6

7 , C1

50χ
7
2

)

54χ
9
8 (C1−50χ

7
2 )

1
4

.

(124)

When uplifted to 11 dimensions, these solutions will pro-
vide domain walls with internal four-form fluxes. All of these
solutions should describe non-conformal N = 1 field theo-
ries in three dimensions according to the DW/QFT corre-
spondence [47,48].

4.3 Janus solutions

In the case of N = 1 supersymmetry, it is possible to have a
supersymmetric Janus solution describing a conformal inter-
face within the three-dimensional N = 1 SCFT. The result-
ing BPS equations for an AdS3-sliced domain wall metric
can be written as
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Fig. 2 An RG flow solution from N = 1 SCFT to N = 1 non-conformal field theory with two scalars and two pseudoscalars and k = −1

U ′
1 = −2

3

A′

W1

∂W1

∂U1
− 2

3
κeU1

(
e−A

�W1

)
∂W1

∂Z
, (125)

Z ′ = −2

3

A′

W1
e2U1

∂W1

∂Z
+ 2

3
κeU1

(
e−A

�W1

)
∂W1

∂U1
, (126)

V ′
1 = −4

9

A′

W1

∂W1

∂V1
− 4

3
κe3V1

(
e−A

�W1

)
∂W1

∂χ
, (127)

χ ′ = −4e6V1
A′

W1

∂W1

∂χ
+ 4

3
κe3V1

(
e−A

�W1

)
∂W1

∂V1
, (128)

A′2 = W 2
1 − e−2A

�2 . (129)

These equations reduce to the RG flow equations in the limit
� → ∞, as expected. They take a very similar form to the
equations studied within the N = 8 and N = 3 gauged super-
gravities in [26,27]. All of these equations satisfy the corre-

sponding second-order field equations. We will not present
the explicit form of these equations here due to their com-
plexity. This can be obtained from the above equations by
taking the superpotential W1 from Eq. (85).

There is, however, a consistent truncation that can be per-
formed by keeping only the irrelevant deformations. It can
be straightforwardly checked that setting V1 = U1

3 − 1
3 ln 5

and Z = 5χ is a consistent truncation for both the above
BPS equations and the corresponding field equations. The
resulting equations are given by

U ′
1 = 2A′

Y
[
21e4U1 + 50ke2U1 + 25k2

+1750χ2(e2U1 − k) + 30,625χ4]

−40κχe−A+U1

�Y (7e2U1 + 175χ2 − 5k), (130)
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χ ′ = −2κe−A+U1

5�Y
[
21e4U1 + 50e2U1 + 25k2

+1750χ2(e2U1 − k) + 30,625χ4]

−8A′χe2U1

Y (7e2U1 + 175χ2 − 5k), (131)

A′2 = 9

20
e−7U1

[
(7eU1 + 5k2)2

+350χ2(7e2U1 − 5k) + 30,625χ4] − e−2A

�2 (132)

where Y is defined by

Y=(7eU1 +5k2)2+350χ2(7e2U1 − 5k)+30625χ4. (133)

Even within this simpler truncation, it is not possible to find
any analytic solutions.

We now return to the BPS equations for all SO(3) singlet
scalars. As in the N = 8 gauged supergravity case, these

BPS equations have a turning point at which A′ = 0. Also,
the regular Janus solution is required to approach the N = 1
AdS4 critical point as r → ±∞. As discussed in [26], for
a given branch of A′ near one of these limits, the first term
in the scalar flow equations dominates. When the solution
moves from the critical point, the second term will make the
solution begin to loop around. At the point when A′ = 0, the
other branch of A′ equation will bring the solution back to
the AdS4 critical point. The solution preserves N = (1, 0) or
N = (0, 1) supersymmetry on the two-dimensional interface
depending on the sign of κ .

However, from an intensive numerical search, we have
not found this type of solutions even starting from A′′ > 0 at
the turning point. All of the solutions we obtain are singular
on both sides of the turning point. Example of these solu-
tions for the two-scalar truncation and all four scalars are
shown, respectively, in Figs. 3 and 4. Note that the singulari-
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Fig. 3 N = 1 Janus solution within a truncation to two irrelevant scalars with k = −1, κ = 1 and � = 1
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Fig. 4 N = 1 Janus solution with all SO(3) singlet scalars and k = −1, κ = 1 and � = 1
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ties appearing at both ends correspond to the non-conformal
phases of the dual N = 1 SCFT studied in the previous
section. These are also physical singularities according to
the criterion of [43]. Therefore, we expect that these singular
solutions might give some physical insight in the dual N = 1
field theories.

5 Conclusions

We have studied N = 4 gauged supergravity in four dimen-
sions with SO(3) � (T3, T̂3) gauge group. This theory is a
consistent truncation of 11-dimensional supergravity on a tri-
Sasakian manifold including massive Kaluza–Klein modes.
The theory admits two supersymmetric AdS4 critical points
with N = 3 and N = 1 supersymmetries and unbroken
SO(3)R R-symmetry. We have fully analyzed the BPS equa-
tions for both cases and checked that they satisfy all the
second-order field equations. This analysis has not been car-
ried out in the truncation given in [33] in which only the struc-
ture of the supermultiplets has been discussed. The result
obtained in this paper is consistent with all the expectations
in [33] and in a sense could be viewed as an extension of
the analysis in [33] to include the fermionic supersymmetry
variations.

We have subsequently used these BPS equations to study
possible sueprsymmetric deformations of the dual three-
dimensional N = 3 and N = 1 SCFTs. These deformations
correspond to turning on scalar composite operators dual to
the massive gravitino multiplet of the gauged supergravity or
their vacuum expectation values. We have studied a number
of RG flows between these SCFTs and non-conformal field
theories in three dimensions. Many of these deformations
lead to various singularities corresponding to possible non-
conformal phases of the dual SCFTs. We have also checked
that all of the new N = 1 flow solutions presented here
flow to physical singularities. Among the various solutions
found in this paper, we have recovered the N = 3 flow from
E1,2 × HK to AdS4 × N 010 and the N = 1 flow from
E1,2 × Spin(7) to AdS4 × S̃7 studied in [44].

The results given here provide additional gravity solutions
to AdS4/CFT3 correspondence and might be useful in many
studies along this line. In addition, we have found a num-
ber of supersymmetric domain wall solutions which might
be useful in the context of DW/QFT correspondence. All of
these solutions can be straightforwardly uplifted to 11 dimen-
sions. The corresponding prescription of the uplift has also
been given. It could be interesting to further study the impli-
cations of these solutions in the dual N = 1 SCFT and N = 1
gauge theory. The interpretation of these solutions in terms
of M-brane geometries when uplifted to 11 dimensions also
deserves further investigation.

Furthermore, we have looked at possible supersymmetric
Janus solutions. In the N = 3 case, this type of solutions
is not possible at least with unbroken SO(3)R symmetry.
This is similar to the five-dimensional Janus solution with
unbroken SO(6) symmetry [12]. There could also be non-
supersymmetric Janus solutions in this case as well. For the
N = 1 case, the supersymmetric Janus solution is possible
numerically. This solution corresponds to a two-dimensional
conformal interface with N = (1, 0) unbroken supersym-
metry. We have given examples of numerical Janus solutions
between N = 1 non-conformal phases of three-dimensional
SCFTs. These solutions might be useful in the context of
interfaced and boundary CFTs [49]. It would be interesting
(if possible) to look for regular Janus solutions interpolating
between N = 1 AdS4 critical points which describe defected
CFTs in three dimensions [50].

We end the paper by pointing out other possible future
work. First of all, it is interesting to consider more gen-
eral solutions with a residual symmetry less than SO(3)R .
From the N = 1 BPS equations studied here, it could
be readily seen that this analysis would be very compli-
cated. Alternatively, we could consider solutions with non-
vanishing gauge fields that interpolate between N = 1, 3
AdS4 solutions to AdS2 × �2 in which �2 is a Riemann
surface. These solutions should correspond to twisted three-
dimensional SCFTs and would be interesting in the study
of black hole physics. Another issue, which should be of
much interest, is to construct a more general and com-
plete truncation of 11-dimensional supergravity on N 010.
The truncation given in [33] has taken into account only
SU (3) singlet fields. This more general truncation could be
used to uplift the RG flows and Janus solutions studied in
[27,37] resulting in new holographic solutions in 11 dimen-
sions. Finally, by taking the Betti multiplet into account, it
would be interesting to study baryon states corresponding
to M5-branes wrapped on supersymmetric 5-cycles of N 010

similar to the study of the four-dimensional gauge theory
in [51].
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Appendix A: Field equations for SO(3)R singlet scalars

In this appendix, we explicitly give the field equations for
all of the four SO(3)R singlet scalars and the corresponding
Einstein equations. Since the equations in the RG flow case
can be obtained from those of the Janus solutions, we will
only give the equations for the Janus solutions.

The scalar equations are given by

U ′′
1 +3A′U ′

1 − e−6U1−3V1
[
2e4U1 +24e3U1+3V1 − 8e2U1+6V1 − 18k2

−4Z2(2e2U1 + 18e6V1 − 9k) − 18Z4 − 8χ2(e2U1 + 9Z2)

−8χ Z(2e2U1 − 9k + 9Z2) − Z ′2e4U1+3V1
] = 0, (134)

V ′′
1 + 3A′V ′

1 − 1

3
e−6U1−6V1

[
6e4U1+3V1 + 12e2U1+9V1 − 18k2e3V1

+12e3V1 Z2(6e6V1 − e2U1 + 3k) − 24χ Ze3V1 (e2U1 − 3k + 3Z2)

−18Z4e3V1 − 12χ2e3V1 (e2U1 + 6Z2) − χ ′2e6U1
] = 0, (135)

χ ′′ + 3A′χ ′ − 6χ ′V ′
1 − 6e−6U1+3V1

[
4e2U1 (χ + Z)

+12Z(Z2 + 2χ Z − k)
] = 0, (136)

Z ′′ + 3A′Z ′ − 2U ′
1Z

′ − 4e−4U1−3V1
[
Z(e2U1 + 6e6V1 − 3k + 3Z2)

+6χ2Z + χ(e2U1 − 3k + 9Z2)
] = 0. (137)

With the metric ansatz (37), the Einstein equations give rise
to the following (dependent) equations:

2A′′ + 3A′2 + e−2A

�2 + 3

2
U ′

1
2 + 9

4
V ′

1
2

+1

4
e−6V1χ ′2 + 3

2
e−2U1 Z ′2 + V = 0, (138)

3A′2 + 3

�2 e
−2A − 3

2
U ′

1
2 − 9

4
V ′

1
2 − 1

4
e−6V1χ ′2

−3

2
e−2U1 Z ′2 + V = 0 (139)

where V is the scalar potential given in (56).

Appendix B: BPS equations for N = 1 supersymmetry

We give the BPS equations for the N = 1 RG flow solutions
here. These equations are given by

U ′
1 = e− 3

2 (2U1+V1)

Q
[
(e2U1 + 2eU1+3V1 + k)

×(e2U1 + 4eU1+3V1 + 3k)

+2Z2(2e2U1 + 6e6V1 + 5eU1+3V1 − 3k)

+4χ2(2e2U1 + 3Z2)

+3Z4 + 4χ Z(2e2U1 + 3Z2 − 3k)
]
, (140)

V ′
1 = e− 3

2 (2U1+V1)

Q
[
(e2U1 + k)2 − 4e2U1+6V1 + 2Z2

×(e2U1 − 2e6V1 − k)

+Z4 + 4χ2(e2U1 + Z2) + 4χ Z(e2U1 + Z2 − k)
]
,

(141)

Z ′ = −2e−U1− 3
2 V1

Q
[
2Ze6V1 + 2ZeU1+3V1 + (χ + Z)

×(e2U1 + 2χ Z + Z2 − k)
]
, (142)

χ ′ = −12e−3U1+ 9
2 V1

Q
[
(2χ + Z)e2U1 + Z(Z2 + 2χ Z − k)

]
(143)

where

Q=
√[

2e3V1 Z+2(χ+Z)eU1
]2+[

e2U1 +2eU1+3V1 +k−Z(2χ+Z)
]2

.

(144)
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Abstract A class of AdS2×�2, with�2 being a two-sphere
or a hyperbolic space, solutions within four-dimensional
N = 4 gauged supergravity coupled to three-vector mul-
tiplets with dyonic gauging is identified. The gauged super-
gravity has a non-semisimple SO(3)�(T3, T̂3) gauge group
and can be obtained from a consistent truncation of 11-
dimensional supergravity on a tri-sasakian manifold. The
maximally symmetric vacua contain AdS4 geometries with
N = 1, 3 supersymmetry corresponding to N = 1 and
N = 3 superconformal field theories (SCFTs) in three
dimensions. We find supersymmetric solutions of the form
AdS2 × �2 preserving two supercharges. These solutions
describe twisted compactifications of the dual N = 1 and
N = 3 SCFTs and should arise as near horizon geometries
of dyonic black holes in asymptotically AdS4 space-time.
Most solutions have hyperbolic horizons although some of
them exhibit spherical horizons. These provide a new class
of AdS2 × �2 geometries with known M-theory origin.

1 Introduction

Apart from giving deep insight to strongly coupled gauge
theories and string/M-theory compactifications in various
dimensions, the AdS/CFT correspondence has been recently
used to explain the entropy of asymptotically AdS4 black
holes [1–3]. In this context, the black hole entropy is com-
puted using topologically twisted index of three-dimensional
superconformal field theories (SCFTs) compactified on a
Riemann surface �2 [4–8]. In the dual gravity solutions,
the black holes interpolate between the asymptotically AdS4

and the near horizon AdS2 × �2 geometries. These can be
interpreted as RG flows from three-dimensional SCFTs in
the form of Chern–Simons–Matter (CSM) theories possibly
with flavor matters to superconformal quantum mechanics
corresponding to the AdS2 geometry.

a e-mail: parinya.ka@hotmail.com

Along this line of research, BPS black hole solutions
in four-dimensional gauged supergravity, in particular near
horizon geometries, with known higher-dimensional origins
are very useful. Most of the solutions have been studied
within N = 2 gauged supergravities [9–15], for recent
results; see [16,17]. Many of these solutions can be uplifted
to string/M-theory since these N = 2 gauged supergravi-
ties can be obtained either from truncations of the maximal
N = 8 gauged supergravity, whose higher-dimensional ori-
gin is known, or direct truncations of M-theory on Sasaki–
Einstein manifolds.

In this work, we give evidence for a new class of BPS black
hole solutions in the half-maximal N = 4 gauged super-
gravity with known higher-dimensional origin by finding a
number of new AdS2 ×�2 solutions. This gauged supergrav-
ity has SO(3) � (T3, T̂3) gauge group and can be obtained
from a compactification of M-theory on a tri-sasakian mani-
fold [18]. Holographic RG flows and supersymmetric Janus
solutions, describing (1 + 1)-dimensional interfaces in the
dual SCFTs have recently appeared in [19]. In the present
paper, we will look for supersymmetric solutions of the form
AdS2 × �2 within this tri-sasakian compactification.

Apart from giving this type of solutions in gauged super-
gravity with more supersymmetry, to the best of the authors’
knowledge, the results are the first example of AdS2 × �2

solutions from the truncation of M-theory on a tri-sasakian
manifold. The truncation given in [18] gives a reduction
ansatz for 11-dimensional supergravity on a generic tri-
sasakian manifold including massive Kaluza–Klein modes.
Among this type of manifolds, N 010 with isometry SU (2)×
SU (3) is of particular interest. In this case, there is a non-
trivial two-form giving rise to an extra vector multiplet; see
[20,21] for the Kaluza–Klein spectrum of AdS4×N 010. This
background, discovered long ago in [22], preserves N = 3
out of the original N = 4 supersymmetry. There is another
supersymmetric AdS4 vacuum with SO(3) symmetry and
N = 1 supersymmetry, the one broken by AdS4 × N 010.
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This vacuum corresponds to AdS4 × Ñ 010 geometry, with
Ñ 010 being a squashed version of N 010.

Not much is known about the dual N = 1 SCFT, but the
dual N = 3 SCFT has been proposed in a number of previous
works [23,24]; see also [25,26]. This SCFT takes the form
of a CSM theory with SU (N ) × SU (N ) gauge group. It is a
theory of interacting three hypermultiplets transforming in a
triplet of the SU (3)flavor symmetry, and each hypermultiplet
transforms as a bifundamental under the SU (N ) × SU (N )

gauge group and as a doublet of the SU (2)R ∼ SO(3)R R-
symmetry. There are also a number of previous works giving
holographic studies of this theory both in 11-dimensional
context and in the effective N = 3 and N = 4 gauged
supergravities [19,27–31]. Solutions given in these works are
holographic RG flows, Janus solutions and supersymmetric
AdS2 × �2 solutions with magnetic charges.

In this work, we consider N = 4 gauged supergravity
constructed in the embedding tensor formalism in [32]. This
construction is the most general supersymmetric gaugins of
N = 4 supergravity in which both the “electric” vector fields,
appearing in the ungauged Lagrangian, and their magnetic
duals can participate. Therefore, magnetic and dyonic gaug-
ings are allowed in this formulation. Furthermore, this for-
mulation contains the “purely electric” gauged N = 4 super-
gravity constructed long time ago in [33] and the non-trivial
SL(2, R) phases of [34,35] as special cases. We will look for
supersymmetric AdS2 × �2 solutions in the N = 4 gauged
supergravity with a dyonic gauging of the non-semisimple
group SO(3) � (T3, T̂3). The solutions are required to pre-
serve SO(2) ⊂ SO(3)R , so only a particular combination
of vector fields corresponding to this SO(2) residual gauge
symmetry appears in the gauge covariant derivative. The
strategy is essentially similar to the wrapped brane solutions
of [36], implementing the twist by canceling the spin con-
nections on �2 by the SO(2) gauge connection.

These AdS2 × �2 solutions should appear as near hori-
zon geometries of supersymmetric black holes in asymptot-
ically AdS4 space-time. Since the N = 4 gauged super-
gravity admits two supersymmetric AdS4 vacua with unbro-
ken SO(3)R symmetry and N = 1, 3 supersymmetries, the
AdS2×�2 solutions should be RG fixed points in one dimen-
sion of the dual N = 1, 3 SCFTs. Although the structure of
the dual N = 1 SCFT is presently not clear, we expect that
there should be RG flows between these twisted N = 1, 3
SCFTs on �2 to one-dimensional superconformal quantum
mechanics dual to the AdS2 × �2 solutions. In this sense,
the entropy of these black holes would possibly be computed
from the topologically twisted indices of the dual N = 1, 3
SCFTs. Furthermore, these solutions should provide a new
class of AdS2 geometries within M-theory.

The paper is organized as follows. In Sect. 2, we review
N = 4 gauged supergravity coupled to vector multiplets and
relevant formulas for uplifting the resulting solutions to 11

dimensions. The analysis of BPS equations for SO(2) ⊂
SO(3)R singlet scalars and Yang–Mills equations, for static
black hole ansatze consistent with the symmetry of �2, will
be carried out in Sect. 3. In Sect. 4, we will explicitly give
AdS2 × �2 solutions to the BPS flow equations. We sepa-
rately consider the N = 1 and N = 3 cases and end the
section with the uplift formulas for embedding the solutions
in 11 dimensions. We finally give some conclusions and com-
ments on the results in Sect. 5. In the appendix, we collect the
convention regarding ‘t Hooft matrices and give the explicit
form of the Yang–Mills and BPS equations.

2 N = 4 gauged supergravity with dyonic gauging

In this section, we review N = 4 gauged supergravity in
the embedding tensor formalism following [32]. We mainly
focus on the bosonic Lagrangian and supersymmetry trans-
formations of fermions which provide basic ingredients for
finding supersymmetric solutions. Since the gauged super-
gravity under consideration is known to arise from a tri-
sasakian truncation of 11-dimensional supergravity, we will
also give relevant formulas which are useful to uplift four-
dimensional solutions to 11 dimensions. The full detail of
this truncation can be found in [18].

2.1 N = 4 gauged supergravity coupled to vector
multiplets

In the half-maximal N = 4 supergravity in four dimen-
sions, the supergravity multiplet consists of the graviton

eμ̂
μ, four gravitini ψ i

μ, six vectors Am
μ , four spin- 1

2 fields
χ i and one complex scalar τ . The complex scalar can be
parametrized by the SL(2, R)/SO(2) coset. The supergrav-
ity multiplet can couple to an arbitrary number n of vector
multiplets containing a vector field Aμ, four gaugini λi and
six scalars φm . The scalar fields can be parametrized by the
SO(6, n)/SO(6) × SO(n) coset.

Space-time and tangent space indices are denoted, respec-
tively, by μ, ν, . . . = 0, 1, 2, 3 and μ̂, ν̂, . . . = 0, 1, 2, 3.
Indices m, n = 1, . . . , 6 and i, j = 1, 2, 3, 4, respec-
tively, describe the vector and spinor representations of the
SO(6)R ∼ SU (4)R R-symmetry or equivalently a second-
rank anti-symmetric tensor and fundamental representations
of SU (4)R . The n vector multiplets are labeled by indices
a, b = 1, . . . , n. All the fields in the vector multiplets
will accordingly carry an additional index in the form of
(Aa

μ, λia, φma).
All fermionic fields and the supersymmetry parameters

transform in the fundamental representation of SU (4)R R-
symmetry with the chirality projections

γ5ψ
i
μ = ψ i

μ, γ5χ
i = −χ i , γ5λ

i = λi . (1)

123
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Similarly, for the fields transforming in the anti-fundamental
representation of SU (4)R , we have

γ5ψμi = −ψμi , γ5χi = χi , γ5λi = −λi . (2)

General gaugings of the matter-coupled N = 4 super-
gravity can be efficiently described by the embedding tensor

, which encodes the information as regards the embed-
ding of any gauge group G0 in the global or duality sym-
metry SL(2, R) × SO(6, n). There are two components of
the embedding tensor ξαM and fαMN P with α = (+,−)

and M, N = (m, a) = 1, . . . , n + 6 denoting fundamen-
tal representations of SL(2, R) and SO(6, n), respectively.
The electric vector fields AM+ = (Am

μ, Aa
μ), appearing in

the ungauged Lagrangian, together with their magnetic dual
AM− form a doublet under SL(2, R). These are denoted col-
lectively by AMα . In general, a subgroup of both SL(2, R)

and SO(6, n) can be gauged, and the magnetic vector fields
can also participate in the gauging. However, in this paper,
we only consider gaugings with only fαMN P non-vanishing.
We then set ξαM to zero from now on. This also considerably
simplifies many formulas given below.

The full covariant derivative can be written as

Dμ = ∇μ − gAMα
μ f N P

αM tN P (3)

where ∇μ is the space-time covariant derivative including the
spin connections. tMN are SO(6, n) generators which can be
chosen as

(tMN )
Q

P = 2δ
Q
[MηN ]P , (4)

with ηMN being the SO(6, n) invariant tensor. The gauge
coupling constant g can be absorbed in the embedding ten-
sor 
. The original gauging considered in [33] only involves
electric vector fields and is called electric gauging. In this
case, only f+MN P are non-vanishing. In the following dis-
cussions, we will consider dyonic gauging involving both
electric and magnetic vector fields. In this case, both AM+
and AM− enter the Lagrangian, and fαMN P with α = ±
are non-vanishing. Consistency requires the presence of two-
form fields when magnetic vector fields are included. In the
present case with ξαM = 0, these two-forms transform as an
anti-symmetric tensor under SO(6, n) and will be denoted
by BMN

μν = B[MN ]
μν . The two-forms modify the gauge field

strengths to

HM± = d AM± − 1

2
ηMQ fαQN P A

Nα ∧ AP±

±1

2
ηMQ f∓QN P B

N P . (5)

Note that for non-vanishing f−MN P the field strengths of
electric vectors HM+ have a contribution from the two-form
fields.

Before moving to the Lagrangian, we explicitly give the
parametrization of the scalar coset manifold SL(2, R)/SO(2)

× SO(6, n)/SO(6) × SO(n). The first factor can be
described by a coset representative

Vα = 1√
Imτ

(
τ

1

)
(6)

or equivalently by a symmetric matrix

Mαβ = Re(VαV∗
β) = 1

Imτ

( |τ |2 Reτ
Reτ 1

)
. (7)

It should also be noted that Im(VαV∗
β) = εαβ . The complex

scalar τ can also be written in terms of the dilaton φ and the
axion χ as

τ = χ + ieφ. (8)

For the SO(6, n)/SO(6)×SO(n) factor, we can introduce
the coset representative V A

M transforming by left and right
multiplications under SO(6, n) and SO(6)×SO(n), respec-
tively. The SO(6)× SO(n) index will be split as A = (m, a)

according to which the coset representative can be written
as V A

M = (V m
M ,V a

M ). As an element of SO(6, n), the
matrix V A

M also satisfies the relation

ηMN = −V m
M V m

N + V a
M V a

N . (9)

As in the SL(2, R)/SO(2) factor, the SO(6, n)/SO(6) ×
SO(n) coset can also be parametrized in term of a symmetric
matrix defined by

MMN = V m
M V m

N + V a
M V a

N . (10)

The bosonic Lagrangian of the N = 4 gauged supergrav-
ity is given by

e−1L = 1

2
R + 1

16
DμMMNDμMMN

− 1

4(Imτ)2 ∂μτ∂μτ ∗ − V

−1

4
Im τMMNHM+

μν HN+μν

−1

8
Re τe−1εμνρσ ηMNHM+

μν HN+
ρσ

−1

2
e−1εμνρσ

[
f−MN P A

M−
μ AN+

ν ∂ρ A
P−
σ

+1

4
fαMNR fβPQSη

RS AMα
μ AN+

ν APβ
ρ AQ−

σ

−1

4
f−MN P B

N P
μν

×
(

2∂ρ A
M−
σ − 1

2
ηMS fαSQR A

Qα
ρ AR−

σ

)

− 1

16
f+MNR f−PQSη

RS BMN
μν BPQ

ρσ

]
(11)
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where e is the vielbein determinant. The scalar potential is
given by

V = g2

16

[
fαMN P fβQRSM

αβ

×
[

1

3
MMQMNRMPS+

(
2

3
ηMQ−MMQ

)
ηN RηPS

]

−4

9
fαMN P fβQRSε

αβMMNPQRS
]

(12)

where MMN is the inverse of MMN , and MMNPQRS is
defined by

MMNPQRS = εmnpqrsV m
M V n

N V p
P V q

Q V r
R V s

S (13)

with indices raised by ηMN . The covariant derivative of MMN

is defined by

DMMN = dMMN + 2APαηQR fαQP(MMN )R . (14)

It should be pointed out here that the magnetic vectors
and the two-forms do not have kinetic terms. They are aux-
iliary fields whose field equations give rise to the duality
relation between two-forms and scalars and the electric-
magnetic duality of AM+ and AM−, respectively. Together
with the Yang–Mills equations obtained from the variation
with respect to AM+, these equations are given by

ηMN ∗ DHN− = −1

4
f+MP

N MNQDMQP , (15)

ηMN ∗ DHN+ = 1

4
f−MP

NMNQDMQP , (16)

HM− = Im τMMNηN P ∗ HP+ − Re τHM+, (17)

where we have used differential form language for later com-
putational convenience. By substituting HM− from (17) in
(15), we obtain the usual Yang–Mills equations for HM+
while Eq. (16) simply gives the relation between the Hodge
dual of the three-form field strength and the scalars due to
the usual Bianchi identity of the gauge field strengths

FM± = d AM± − 1

2
ηMQ fαQN P A

Nα ∧ AP±. (18)

In this paper, we are interested in N = 4 gauged supergravity
coupled to three vector multiplets. The gauge group of inter-
est here is a non-semisimple group SO(3) � (T3, T̂3) ⊂
SO(6, 3) described by the following components of the
embedding tensor:

f+I J,K+6 = − f+I+3,J+6,K+6

= −2
√

2εI J K , I, J, K = 1, 2, 3,

f+I+6,J+6,K+6 = 6
√

2kεI J K ,

f−I,J+6,K+6 = −4εI J K . (19)

The constant k is related to the four-form flux along the four-
dimensional space-time; see Eq. (122).

We should also remark that we follow the convention of
[18] in all of the computations carried out here. In particular,
the SO(6, 3) tensor ηMN is off-diagonal

ηMN =
⎛
⎝−I3 03 03

03 03 I3

03 I3 03

⎞
⎠ (20)

where 03 and I3 denote 3 × 3 zero and identity matrices,
respectively. As a result, the computation of MMNPQRS in
(13) and parts of the supersymmetry transformations given
below which involve V m

M and V a
M must be done with the

projection to the negative and positive eigenvalues of ηMN ,
respectively. This can be achieved by using the projection
matrix

P =
⎛
⎝ 03

√
2 P̃3 03

−P̃3 03 P̃3

P̃3 03 P̃3

⎞
⎠ (21)

where the 3 × 3 matrix P̃3 is given by

P̃3 = 1√
2

⎛
⎝ 0 0 1

0 1 0
1 0 0

⎞
⎠ . (22)

We now turn to the supersymmetry transformations of
fermionic fields. These are given by

δψ i
μ = 2Dμεi − 2

3
gAi j

1 γμε j + i

4
(Vα)∗VM

i jHMα
νρ γ νργμε j ,

(23)

δχ i = iεαβVαDμVβγ μεi − 4

3
igAi j

2 ε j + i

2
VαVM

i jHMα
μν ε j ,

(24)

δλia = 2iV M
a DμV i j

M γ με j + 2igA i
2aj ε j

−1

4
VαVMaHMα

μν γ μνεi . (25)

The fermion shift matrices are defined by

Ai j
1 = εαβ(Vα)∗V M

kl V ik
N V jl

P f N P
βM ,

Ai j
2 = εαβVαV M

kl V ik
N V jl

P f N P
βM ,

A j
2ai = εαβVαVM

aVN
ikV jk

P f P
βMN (26)

where V i j
M is defined in terms of the ‘t Hooft matrices Gi j

m

and V m
M as

V i j
M = 1

2
V m
M Gi j

m (27)

and similarly for its inverse

VM
i j = −1

2
V m
M (Gi j

m )∗ . (28)

Gi j
m satisfy the relations

Gmi j = (Gi j
m )∗ = 1

2
εi jklG

kl
m . (29)
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The explicit form of these matrices is given in the appendix.
It should also be noted that the scalar potential can be written
in terms of A1 and A2 tensors as

V = −1

3
Ai j

1 A1i j + 1

9
Ai j

2 A2i j + 1

2
A j

2ai A i
2a j . (30)

With the explicit form of Vα given in (6) and Eq. (17), it
is straightforward to derive the following identities:

iVαVM
i jHMα

μν γ μν = −(V−)−1VM
i jHM+

μν γ μν(1 − γ5),(31)

iVαVM
aHMα

μν γ μν = −(V−)−1VM
aHM+

μν γ μν(1 + γ5), (32)

i(Vα)∗VM
i jHMα

μν γ μνγρ =(V−)−1VM
i jHM+

μν γ μνγρ(1−γ5).

(33)

In obtaining these results, we have used the following rela-
tions for the SO(6, n) coset representative [33]:

ηMN = −1

2
εi jklVM

i jVN
kl + VM

aVN
a,

VM
aVM

i j = 0,

VM
i jVM

kl = −1

2
(δikδ

j
l − δil δ

j
k ), VM

aVM
b = δab . (34)

These relations are useful in simplifying the BPS equations
resulting from the supersymmetry transformations. Note also
that these relations are slightly different from those given in
[32] due to a different convention on Vα in terms of the scalar
τ . In more detail, Vα used in this paper and in [18] satisfies
V+/V− = τ while Vα used in [32] gives V+/V− = τ ∗. This
results in some sign changes in the above equations compared
to those of [32].

2.2 Uplift formulas to 11 dimensions

As mentioned above, four-dimensional N = 4 gauged super-
gravity coupled to three vector multiplets with SO(3) �

(T3, T̂3) gauge group has been obtained from a truncation
of 11-dimensional supergravity on a tri-sasakian manifold in
[18]. We will briefly review the structure and relevant for-
mulas focusing on the reduction ansatz which will be useful
for embedding four-dimensional solutions. Essentially, we
simply collect some formulas without giving detailed expla-
nations for which we refer the interested reader to [18].

The 11-dimensional metric can be written as

ds2
11 = e2ϕds2

4 + e2Uds2(BQK)

+gI J (η
I + AI

1)(η
J + AJ

1 ) . (35)

The three-dimensional internal metric gI J can be written in
terms of the vielbein as

g = QT Q. (36)

Following [18], we will parametrize the matrix Q in terms
of a product of a diagonal matrix V and an SO(3) matrix O

Q = V O, V = diag(eV1 , eV2 , eV3) . (37)

The scalar ϕ is chosen to be

ϕ = −1

2
(4U + V1 + V2 + V3) (38)

in order to obtain the Einstein frame action in four dimen-
sions. BQK denotes a four-dimensional quaternionic Kähler
manifold whose explicit metric is not needed in the following
discussions.

The ansatz for the four-form field is given by

G4 = H4 + H3I ∧ (η + A1)
I + 1

2
εI J K H̃ I

2 ∧ (η + A1)
J

∧(η + A1)
K + 4Trc vol(QK)H1I J

∧(η + A1)
I ∧ J I + 1

6
εI J K

×dχ ∧ (η + A1)
I ∧ (η + A1)

J ∧ (η + A1)
K

+H2I ∧ J I + εI J L [(χ + Trc)δLK

−2c(LK )](η + A1)
I ∧ (η + A1)

J ∧ J K . (39)

cI J is a 3 × 3 matrix and Trc = δ I J cI J . The volume form of
BQK, vol(QK), can be written in terms of the two-forms J I

as

vol(QK) = 1

6
J I ∧ J I . (40)

Various forms in the above equation are defined by

H4 = dc3 + c2I ∧ F I
2 ,

H3I = Dc2I + εI J K F J
2 ∧ c̃1K ,

H̃2I = Dc̃1I − 2c2I + χF2I ,

H2I = Dc1I + 2c2I + cJ I F
J

2 ,

H1I J = DcI J + 2εI J K (c1K + c̃1K ) (41)

with the SO(3) covariant derivative

DcI1...In = dcI1...In + 2
n∑

l=1

εJ Il K AJ
1 ∧ cI1...K ...In . (42)

The SO(3)R field strengths are defined by

F I
2 = d AI

1 − εI J K AJ
1 ∧ AK

1 . (43)

It is useful to note here that the SL(2, R)/SO(2) scalars are
given by

τ = χ + ieV1+V2+V3 . (44)

Although we will not directly need the explicit form of
ds2(BQK) and ηI ’s in the remaining parts of this paper, it
is useful to give some information on the N 010 tri-sasakian
manifold. N 010 is a 7-manifold with SU (2) × SU (3) isom-
etry. The SU (2) is identified with the R-symmetry of the
dual N = 3 SCFT while SU (3) is the flavor symmetry. A

123
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simple description of N 010 can be obtained in terms of a
coset manifold SU (3)/U (1). With the standard Gell-Mann
matrices, the SU (3) generators can be chosen to be − i

2λα ,
α = 1, . . . , 8. The coset andU (1) generators are accordingly
identified as

Ki = − i

2
(λ1, λ2, λ3, λ4, λ5, λ6, λ7),

H = − i
√

3

2
λ8. (45)

The vielbein on N 010 can eventually be obtained from the
decomposition of the Maurer–Cartan one-form

L−1dL = ei Ki + ωH (46)

where L is the coset representative for SU (3)/U (1), and ω

is the corresponding U (1) connection.
Following [18], we can use the tri-sasakian structures of

the form

ηI = 1

2
(e1, e2, e7),

J I = 1

8
(e4 ∧ e5 − e3 ∧ e6,−e3 ∧ e5 − e4

∧e6, e5 ∧ e6 − e3 ∧ e4). (47)

From these, we find the metric on the quaternionic–Kähler
base BQK to be

ds2(BQK) = 1

256
[(e3)2 + (e4)2 + (e5)2 + (e6)2] (48)

with the volume form given by

vol(QK) = 1

6
J I ∧ J I = − 1

64
e3 ∧ e4 ∧ e5 ∧ e6. (49)

As mentioned before, all of the fields appearing in the reduc-
tion of [18] are SU (3) singlets.

3 BPS flow equations

In this section, we perform the analysis of Yang–Mills equa-
tions and supersymmetry transformations in order to obtain
BPS equations for the flows between AdS4 vacua and possi-
ble AdS2 × �2 geometries. We set all fermions to zero and
truncate the bosonic fields to SO(2) ⊂ SO(3)R singlets.
This SO(2) is generated by

X̂ = X9+ + X6+ + X3− (50)

where the gauge generators are defined by

XMα = − fαMN Pt
N P . (51)

We see that a combination of the electric vectors A9+, A6+
and the magnetic vector A3− becomes the corresponding
SO(2) gauge field.

We are interested in supersymmetric solutions of the form
AdS2 × �2 with �2 = S2, H2. We will then take the ansatz
for the four-dimensional metric to be

ds2
4 = −e2 f (r)dt2 + dr2 + e2g(r)(dθ2 + F(θ)2dφ2) (52)

with

F(θ) = sin θ and F(θ) = sinh θ (53)

for the S2 and H2, respectively. We will also use the param-
eter κ = ±1 to denote the S2 and H2 cases. The functions
f (r), g(r) and all other fields only depend on the radial coor-
dinate r for static solutions. With the obvious vielbein

et̂ = e f dt, er̂ = dr,

eθ̂ = egdθ, eφ̂ = egFdφ, (54)

it is now straightforward to compute the spin connections of
the above metric

ωt̂ r̂ = f ′et̂ , ωθ̂ r̂ = g′eθ̂ ,

ωφ̂r̂ = g′eφ̂ , ωθ̂φ̂ = F ′(θ)

F(θ)
e−geφ̂ . (55)

In the above expressions, we have used the hat to denote
“flat” indices while ′ stands for the r -derivative with the only
exception that F ′(θ) = dF(θ)

dθ
. The ansatz for electric and

magnetic vector fields are given by

AM+ = AM
t dt − pM F ′(θ)dφ, (56)

AM− = ÃM
t dt − eM F ′(θ)dφ (57)

where we have chosen the gauge such that AMα
r = 0. pM and

eM correspond to magnetic and electric charges, respectively.
In the present case, only AMα with M = 3, 6, 9 are relevant.

We finally give the explicit form of the scalar coset repre-
sentative for SO(6, 3)/SO(6)×SO(3). The parametrization
of [18] which is directly related to the higher-dimensional
origin is given by

V = CQ (58)

where the matrices Q and C are defined by

Q =
⎛
⎝ I3 03 03

03 e−2U Q−1 I3

03 03 e2U QT

⎞
⎠ ,

C = exp

⎛
⎝ 03

√
2cT 03

03 03 03√
2c a 03

⎞
⎠ . (59)

For SO(2) invariant scalars, the 3 × 3 matrices c and a are
given by

c =
⎛
⎝ Z1 Z3 0

−Z3 Z1 0
0 0 Z2

⎞
⎠ , a =

⎛
⎝ 0 � 0

−� 0 0
0 0 0

⎞
⎠ (60)
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while Q can be obtained from (37) with V2 = V1 and O
being

O = exp

⎛
⎝ 0 β 0

−β 0 0
0 0 0

⎞
⎠ . (61)

This is a generalization of the coset representative of the
SO(3)R singlet scalars used in [19] in which � = β =
Z3 = 0, Z1 = Z2 and V1 = V2 = V3. In the following,
we will rename the scalars V3 → V2 such that the complex
scalar τ becomes

τ = χ + ie2V1+V2 . (62)

We now give the scalar potential for SO(2) singlet scalars,

V = e−3(4U+2V1+V2)[e4(U+V2)(e4U + 2e4V1)

+9k2 + 4χ2e4U+2V1

−4e6U+4V1+2V2(6 + e2(U−V1)

−e−2(U−V1)) + 24kχ Z1 + 16χ2Z2
1

+8χ Z2e
4U+2V1 − 12kχ Z2

+(16χ2 − 24k)Z1Z2 + 32χ Z2
1 Z2

+4Z2
2e

4U+2V1 + 4χ2Z2
2 + 8χ Z1Z

2
2

+16Z2
1 Z

2
2 − 4χ Z3

2 − 8Z1Z
3
2

+6kZ2
2 + Z4

2 + 2e2V2

[e4U (χ + 2Z1 − Z2)
2 + 2e4V1(2Z1 + Z2)

2]]. (63)

The scalars β, � and Z3 do not appear in the potential. It
can also be checked that setting β = � = Z3 = 0 is a con-
sistent truncation. In fact, β never appears in any equations,
so we can set it to zero. On the other hand, the Yang–Mills
equations, to be given later, demand that � and Z3 must
be constant. Since we are interested in the flow solutions
interpolating between AdS2 × �2 and AdS4 vacua, and at
supersymmetric AdS4 critical points, both � and Z3 vanish.
We then choose Z3 = � = 0.

The kinetic terms for the remaining scalars read

Lkin = −6U ′2 − 2U ′(2V ′
1 + V ′

2) − 2V ′2
1 − V ′

1V
′
2

−1

4
[3V ′2

2 + e−2(2V1+V2)χ ′2 + 4e−2(2U+V1)

×Z ′2
1 + 2e−2(2U+V2)Z ′2

2 ]. (64)

We now redefine the scalars such that the kinetic terms are
diagonal

Ṽ = 2V1 + V2, Ũ1 = 2U + V1, Ũ2 = 2U + V2, (65)

in terms of which we find

Lkin = −1

4
(4Ũ ′2

1 + 2Ũ ′2
2 + Ṽ ′2

+e−2Ṽχ ′2 + 4e−2Ũ1 Z ′2
1 + 2e−2Ũ2 Z ′2

2 ). (66)

These new scalars will also be useful in the analysis of the
BPS equations below.

The above scalar potential admits two supersymmetric
AdS4 vacua with N = 1 and N = 3 supersymmetries [18].
At these vacua the symmetry is enhanced from SO(2) to
SO(3). For convenience, before carry out the analysis of
the Yang–Mills and BPS equations, we review the N = 3
and N = 1 AdS4 critical points in terms of the new scalars
defined above:

N = 3 : Ṽ = Ũ1 = Ũ2 = 1

2
ln k,

V0 = −12|k|− 3
2 , k > 0, (67)

N = 1 : Ũ1 = Ũ2 = ln 5 + 1

2
ln

[
− k

15

]
,

Ṽ = 1

2
ln

[
− k

15

]
,

V0 = −12|k|− 3
2

√
37

55
, k < 0. (68)

V0 is the cosmological constant related to the AdS4 radius
by

L2 = − 3

V0
. (69)

3.1 The analysis of Yang–Mills equations

We now solve the equations of motion for the gauge fields
given in (15)–(17). We should emphasize that, in the reduc-
tion of [18], the magnetic vectors AM− with M = 4, 5, 6 do
not appear in the reduction ansatz. These might arise from
the reduction of the dual internal seven-dimensional metric.
Furthermore, in this reduction, the two-form fields corre-
sponding to these magnetic vectors do not appear.

Although the present analysis involves A6+, we will trun-
cate out the A6− in order to use the reduction ansatz of [18] to
uplift the resulting solutions to 11 dimensions. This amounts
to setting e6 and Ã6

t in (57) to zero. It turns out that this
truncation is consistent provided that the two-form fields are
properly truncated. Therefore, we will set e6 = Ã6

t = 0 in the
following analysis. Note also that the vanishing of A6− does
not mean the covariant field strength H6− vanishes although
the usual gauge field strengthF6− vanishes. This is due to the
fact that H6− gets a contribution from the two-form fields.

In order to consistently remove A6−, we truncate the two-
form fields to only B18 and B78. With the symmetry of
AdS2 × �2 background and a particular choice of tensor
gauge transformations

BMN → BMN + d�MN , (70)

we will take the ansatz for the two-forms to be

B78 = B(r)F(θ)dθ ∧ dφ,
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B18 = B̃(r)F(θ)dθ ∧ dφ. (71)

With the explicit form of the embedding tensor, we can
compute the covariant field strengths

H3+ = A3
t
′
dr ∧ dt + (p3 + 4B)F(θ)dθ ∧ dφ,

H6+ = A6
t
′
dr ∧ dt + (p6 − 4B̃)F(θ)dθ ∧ dφ,

H9+ = A9
t
′
dr ∧ dt + p9F(θ)dθ ∧ dφ,

H3− = Ã3′
t dr ∧ dt + (e3 − 2

√
2B̃)F(θ)dθ ∧ dφ,

H6− = −6
√

2kBF(θ)dθ ∧ dφ,

H9− = Ã9′
t dr ∧ dt + (e9 − 2

√
2B)F(θ)dθ ∧ dφ. (72)

Note the non-vanishing covariant field strengthH6−, as men-
tioned above, due to the contribution from the two-form fields
despite A6− = 0.

Equations arising from (15) and (16) are explicitly given in
the appendix. They can be solved by imposing the following
conditions:

Z ′
3 = 0, �′ = 2Z1Z

′
3 − 2Z3Z

′
1,

B ′F(θ)dr ∧ dθ ∧ dφ = √
2e−4(2U+V1)

×(3k ∗ A9+ + ∗A6+ − √
2 ∗ A3−),

B̃ ′F(θ)dr ∧ dθ ∧ dφ = 4Z1e
−4(2U+V1)

×(3k ∗ A9+ + ∗A6+ − √
2 ∗ A3−). (73)

The first condition implies that Z3 is constant. As men-
tioned above, this allows one to set Z3 = 0. The sec-
ond condition then requires that � is constant. We can
also set � = 0. Together with β = 0, we are left
with only six scalars (U, V1, V2, χ, Z1, Z2) or equivalently
(Ũ1, Ũ2, Ṽ , χ, Z1, Z2).

We move to the last two conditions in (73). First of all, the
dt ∧ dr ∧ dθ component gives

3kp9 + p6 − √
2e3 = 0 (74)

while the dr ∧ dθ ∧ dφ component leads to first-order dif-
ferential equations for B and B̃

B ′ = √
2e−4(2U+V1)+2g− f (3kA9

t + A6
t − √

2Ã3
t ), (75)

B̃ ′ = −4Z1e
−4(2U+V1)+2g− f (3kA9

t + A6
t − √

2Ã3
t ). (76)

After solving all of the Yang–Mills equations and Bianchi
identities, we now consider the duality equation for electric
and magnetic vector fields. These equations whose explicit
form is given in the appendix lead to the relations between
(AM ′

t , ÃM ′
t ) and scalars. We can accordingly express the for-

mer in terms of the latter. These relations are given by

A3′
t = e f −2g−2(U+V1)−3V2 [e4U+2V2

[e3 + √
2e9Z2 − 4BZ2

+χ(p3 + 4B + √
2Z2)]

+Z2
2 [2(e3 + p3χ) + √

2Z2(e9 + p9χ)]
−4Z2B(3k − 2χ Z2 + Z2

2)

−2
√

2B̃(e4U+2V2 + 2Z2χ + 2Z2
2) + √

2p6Z2χ], (77)

A6
t
′ = e f −2g−2(2U+V1)−3V2

[(2√
2B − e9 − p9χ)e8U+4V2 − p6Z2

2χ

−e4U+2V2 Z2[
√

2e3 − 4B̃ + 2e9Z2 + χ(
√

2p3 + 2p9Z2)]
+4B̃ Z2

2(χ + Z2) − Z3
2[√2(e3 + p3χ) + Z2(e9 + p9χ)]

+4
√

2BZ2e
4U+2V2 (Z2−χ)+2

√
2BZ2

2(3k−2χ Z2+Z2
2)],

(78)

A9
t
′ = −e f −2g−2(2U+V1)−3V2

[Z2(
√

2e3 − 4B̃ + e9Z2) − 2
√

2B(3k − 2χ Z2 + Z2
2)

+χ(p6 − 4B̃ + √
2Z2 + p9Z2

2)], (79)

Ã3′
t = e f −2g−2V1−V2

Z2
[−e4V1+2V2 [√2e4U+2V2 p9

+Z2(p
3 + 4B + √

2p9Z2)]
+χ Z2[e3 − 2

√
2B̃ + √

2e9Z2 − 4BZ2

+χ(p3 + 4B + √
2p9Z2)]

+χe4U+2V2 [√2(e9 + p9χ) − 4B]], (80)

Ã9′
t = e f −2g−2V1−V2

Z2
2

[e4(U+V1+V2) p9−e4U+2V1χ(e9−2
√

2B+ p9χ)

−χ Z2[
√

2e3 − 4B̃ + 4
√

2B(χ − Z2) + 2e9Z2

+χ(
√

2p3 + 2p9Z2)]
+e4V1+2V2 Z2(

√
2p3 + 4

√
2B + 2p9Z2)]. (81)

It turns out that only A9
t , A6

t and Ã3
t appear in other equa-

tions, while the remaining ones only appear through their
derivatives. Therefore, these fields can be integrated out.

3.2 BPS equations for SO(2) invariant scalars

We now use the ansatz for all the fields given in the previous
section to set up the BPS equations for finding supersym-
metric solutions. We will use Majorana representation for
the gamma matrices in which all γμ are real, and

γ5 = iγ0̂γr̂γθ̂
γ
φ̂

(82)

is purely imaginary. We then have, for example,

εi = 1

2
(1 + γ5)ε

i
M ,

εi = 1

2
(1 − γ5)ε

i
M (83)

with εiM being four-component Majorana spinors. It follows
that εi = (εi )∗.

We first consider the gravitino transformations. As in other
holographic solutions involving twisted compactifications of
the dual SCFTs, the strategy is to use the gauge connection to
cancel the spin connection on �2. Equations from δψ i

θ̂
= 0

and δψ i
φ̂

= 0 then reduce to the same equation. The gauge

connection enters the covariant derivative of εi through the
composite connection Q j

i . With the SO(2) singlet scalars,
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we find that Q j
i takes the form of

Q j
i = 1

2
Â

⎛
⎜⎜⎝

0 1 0 0
−1 0 0 0
0 0 0 0
0 0 0 0

⎞
⎟⎟⎠ (84)

where Â is given by

Â = √
2e−2(2U+V1)(3k A9+ + A6+

−√
2A3− − 4e4U+2V1 A9+). (85)

From the form of Qi
j , we can see that supersymmetry cor-

responding to ε3,4 is broken for spherical and hyperbolic �2

since we cannot cancel the spin connections along ε3,4. The
N = 4 supersymmetry is then broken to N = 2.

After using the condition (74) in the Q
φ̂i

j components,
the twist is achieved by imposing the projection

γ θ̂φ̂ε î = ε î ĵε
ĵ (86)

provided that we impose the following twist condition:

2
√

2κp9 = 1. (87)

Indices î, ĵ = 1, 2 denote the Killing spinors corresponding
to the unbroken supersymmetry. From Eq. (86), the chirality

condition on ε î implies that

γ 0̂r̂ε î = −iε î ĵε
ĵ . (88)

With these projections, we can write the δψ i
θ̂

= 0 equation,

which is the same as δψ i
φ̂

equation, as

g′γr̂ε î − 2

3
Aî ĵ

1 ε ĵ + i

2
(Vα)∗VM

î ĵ

×(iHMα

0̂r̂
− HMα

θ̂φ̂
)ε ĵ

k̂εk̂ = 0 (89)

where we have multiplied the resulting equation by γ θ̂ . We
further impose the projector

γr̂ε
î = ei�δ î ĵε ĵ (90)

in which ei� is an r -dependent phase. By Eq. (88), this pro-
jector implies

γ0̂ε
î = iei�ε î ĵε ĵ . (91)

It should be noted that there are only two independent pro-
jectors given in (86) and (90). Therefore, the entire flows pre-
serve 1

4 supersymmetry. On the other hand, the AdS2 × �2

vacua is 1
2 supersymmetric since the γr̂ projection is not

needed for constant scalars.
As a next step, we introduce the “superpotential” W and

“central charge” Z defined, respectively, by the eigenvalues
of

2

3
Aî ĵ

1 = Wîδ
î ĵ (92)

and

− i

2
(Vα)∗VM

î ĵ (iHMα

0̂r̂
− HMα

θ̂φ̂
)ε ĵ

k̂ = Zîδ
î k̂ . (93)

It should be emphasized that no summation is implied in the
above two equations.

With all these, we obtain the BPS equation from δψ î
θ̂

= 0
by the equation

ei�g′ − Wi − Zi = 0 (94)

which gives

g′ = |Wi + Zi | and ei� = Wi + Zi

|Wi + Zi | . (95)

Using all of these results, we find that the equation δψ î
0̂

=
0 gives

ei�( f ′ + i Ât e
− f ) − Wi + Zi = 0. (96)

Taking the real and imaginary parts leads to the following
BPS equations:

f ′ = Re[e−i�(Wi − Zi )] (97)

and

Ât = e f Im[e−i�(Wi − Zi )]. (98)

We now come to the equation δψ î
r̂ = 0, which gives the r -

dependence of the Killing spinors. When combined with the

equation δψ î
0̂

= 0, this equation reads

2ε î ′ − f ′ − i Ât e
− f ε î = 0, (99)

which can be solved by

ε î = e
f
2 + i

2

∫
Ât e− f dr ε̃ î . (100)

ε̃ î are constant spinors satisfying the projections

γr̂ ε̃
î = δ î ĵ ε̃ ĵ , γ

θ̂φ̂
ε̃ î = ε î ĵ ε̃

ĵ . (101)

Using the γr̂ projector, we obtain the following BPS equa-
tions from δχ i and δλia :

−ei�εαβVαV ′
βδî ĵ − 4i

3
A ĵ î

2

+iVαVM
îk̂ε k̂ ĵ (iHMα

0̂r̂
+ HMα

θ̂φ̂
) = 0, (102)

Va
MVM

i j ′e−i� + 1

4
VαVMa(HMα

0̂r̂

+iHMα

θ̂φ̂
)δi

î
δ
j

ĵ
ε î ĵ + A2aj

i = 0. (103)

Note that there are four equations from δλia for each value
of a = 1, 2, 3, but δλ

i=3,4
a we do not get any contribution

from the gauge fields. However, the scalars appearing in these
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equations cannot be consistently set to zero since A2aj
i is not

diagonal in i j indices.
It should be pointed out that the N = 3 supersymmetric

AdS4 vacuum corresponds to the Killing spinors ε2,3,4 while
ε1 is the Killing spinor of the N = 1 AdS4 critical point.
In the next section, we will look for possible AdS2 × �2

solutions to the above BPS equations. As mentioned before,
in the twist given above, the supersymmetry corresponding to
ε3,4 is broken. Therefore, the resulting AdS2 × �2 solutions
will preserve only two supercharges or half of the N = 1
supersymmetry corresponding to either ε1 or ε2. We will
analyze these two cases separately.

4 Supersymmetric AdS2 × �2 solutions

In this section, we look for the AdS2 × �2 fixed points of
the above BPS flow equations with constant scalars. These
solutions should correspond to IR fixed points of the RG
flows from twisted compactifications of the dual N = 3 and
N = 1 SCFTs in three dimensions. They also describe near
horizon geometries of BPS black holes arising from M2-
branes wrapped on �2. Before giving the solutions, we first
discuss the conditions for obtaining the AdS2 fixed points.

At the AdS2×�2 geometries, the scalars are constant, and
we can choose the gauge in which AMα

t ∼ 0. Furthermore,
the warped factor g(r) is required to be constant, g′(r) = 0.
Let rh be the position of the horizon, we can summarize the
conditions for AdS2 × �2 solutions and their properties as
follows:

f (rh) = rh
LAdS2

, eg(rh) = L�2 ,

Im[e−i�(Wi − Zi )] = 0,

|Wi + Zi | = 0,
4

3
Aî ĵ

2 = VαVM
îk̂ε k̂ ĵ (iHMα

0̂r̂
+ HMα

θ̂φ̂
),

i

4
VαVMa(−i Ĥ Mα

0̂r̂
+ HMα

θ̂φ̂
)ε î ĵ = −A2a ĵ

î

A2a j̃
î = 0, j̃ = 3, 4, (104)

where LAdS2 and L�2 are, respectively, the radii of AdS2 and
�2. These conditions can be viewed as attractor equations for
the scalars at the black hole horizon.

4.1 Solutions in the N = 3 case

We begin with the N = 3 case. The AdS2 ×�2 solutions will
describe the fixed points of the RG flows from N = 3 SCFTs
dual to the N 010 compactification of 11-dimensional super-
gravity to supersymmetric CFT1’s dual to the AdS2 × �2

geometries. These flows are examples of the twisted com-
pactifications of the N = 3 SCFT on �2.

In this case, the superpotential and central charge are given
in terms of the redefined scalars (Ũ1, Ũ2, Ṽ ) by

W2 = 1

2
e− 1

2 (4Ũ1+2Ũ2+Ṽ )[e2Ũ2 + 4eŨ1+Ũ2 − 2eŨ2+Ṽ + 4eŨ1+Ṽ

−3k + 2i Z2e
Ũ2 + 4i Z2e

Ũ1 − 4i Z1(e
Ũ2 + eṼ + i Z2)

−2i Z2e
Ṽ − Z2

2 + 2χ(2ieŨ1 − ieŨ2 + 2Z1 + Z2)], (105)

Z2 = 1

4
e− 1

2 (4g+2Ũ2+Ṽ )[2e3e
Ũ2 − √

2ie9e
2Ũ2 + 2ie3χ + 2p3χeŨ2

−√
2i p9χ(e2Ũ2 + 3k) − 4

√
2B̃[eŨ2 + eṼ + i(χ + Z2)]

+2ie3Z2 + 2
√

2e9Z2e
Ũ2 + 2i p3χ Z2 + 2

√
2p9χ Z2e

Ũ2

+√
2i(e9 + p9χ)Z2

2 + 4i B(e2Ũ2 − 2eŨ2+Ṽ − 3k)

+4B[2χ(eŨ2 + i Z2) + Z2(e
Ṽ − 2eŨ2 − i Z2)]

+eṼ (2e3 − 3
√

2p9 − √
2p9e2Ũ2 + 2p3Z2 + √

2p9Z2
2)

−2ieŨ2+Ṽ (p3 + √
2p9Z2)] (106)

in which the subscript 2 on W2 and Z2 refers to the super-
potential and central charge associated to the Killing spinor
ε2.

The BPS equations are given by

f ′ = Re[e−i�(W2 − Z2)],
ei� = W2 + Z2

|W2 + Z2| , (107)

g′ = |W2 + Z2|, (108)

ei�Ṽ ′ − ie−Ṽ+i�χ ′

= 1

2

[
e− Ṽ

2 −Ũ2−2Ũ1 [2eŨ2 + 8e2Ũ1 − 6k + Z2(8Z1 − 2Z2)]

−e−2g−2Ũ1+ Ṽ
2 [4e2g + 2e2Ũ1 (p3 + 4B + √

2p9Z2)]
+4χ(2Z1 + Z2)e

− Ṽ
2 −Ũ2−2Ũ1 + √

2e9e
Ũ2−2g− Ṽ

2

]

+1

2
e−2g−Ũ2− Ṽ

2 [√2Z2(4B̃ − e9Z2) − 2e3(χ + Z2) + 4
√

2χ B̃

−4B(e2Ũ2 − 3k + 2χ Z2 − Z2
2) + √

2p9χ(eŨ2 + 3k)

−Z2χ(2p3 + √
2p9Z2)]

− i

2
e−Ũ2− Ṽ

2 [4eŨ2−2Ũ1 (Z2 − 2Z1 − χ) − 4eṼ−2Ũ1 (2Z1 + Z2)

−2eŨ2−2g[Z2(
√

2e9 − 4B − 2
√

2B̃) + χ(p3 + 4B + √
2p9Z2)]

+eṼ−2g[2e3 − 4
√

2B̃ − √
2p9(3k + e2Ũ2 ) − 4

√
2B̃

+Z2(2p
3 + 8B + √

2p9Z2)] − 2eŨ2−2ge3], (109)

e−i�Ũ ′
2 + ie−Ũ2−i�Z ′

2

= 1

2
e−2g−Ũ2−2Ũ1− Ṽ

2 [2e2(g+Ũ2) + √
2ie9e

2(Ũ1+Ũ2) + 6ke2g

−2ie3χe
2Ũ1 + √

2i p9χe2(Ũ1+Ũ2) + 3
√

2ikp9χe2Ũ1

+8i Z2e
2g+Ũ1 − 2ie3Z2e

2Ũ1 − 4χ Z2e
2g − 2i p3χ Z2e

2Ũ1

−8Z1Z2e
2g + 2Z2

2e
2g − √

2ie9Z
2
2e

2Ũ1 − 8χ Z1e
2g

−4i Be2Ũ1 [e2Ũ2 − 3k + Z2(2χ − Z2 − 2ieṼ )] + 8iχe2g+Ũ1

+4
√

2B̃e2Ũ1 (eṼ + iχ + i Z2) − √
2i p9χ Z2

2e
2Ũ1

−4ie2g+Ṽ (2Z1 + Z2) − Z2e
2Ũ1+Ṽ (2p3 + √

2p9Z2)

−eŨ1+Ṽ [8e2g + eŨ1 [2e3 − √
2p9(e2Ũ2 + 3k)]]], (110)
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e−i�Ũ ′
1 − ie−Ũ1−i�Z ′

1

= e−Ũ2−2Ũ1− Ṽ
2 [2eŨ2+Ṽ − e2Ũ2 − 2eŨ1 (eŨ2 + eṼ ) + 3k

−4i Z1(e
Ũ2 + eṼ − i Z2) + 2iχ(eŨ1 − eŨ2 + 2i Z1 + i Z2)

+2i Z2(e
Ũ2 + eŨ1 − eṼ ) + Z2

2 ] (111)

where we have used the relation (74) to express p6 in terms
of p9 and e3.

To obtain the complete flow solutions, we have to solve
these equations together with the two-form equations (75),
(76) and the equations for the gauge fields (77)–(81) as well
as the algebraic constraint given by Eq. (98). These equations
are very complicated even with the numerical technique not
to mention the analytic solutions. In what follows, we will
present only the AdS2 × �2 solutions and will not give the
numerical flow solutions which may be obtained by suitable
boundary conditions. In principle, the horizon is character-
ized by the values of the scalars as functions of the electric
and magnetic charges. However, due to the complexity of the
BPS equations, it is more convenient to solve the horizon con-
ditions for the charges in terms of the scalar fields although
inverting the solutions to express the scalars in terms of the
charges is desirable.

In the present case, although it is straightforward to solve
the above equations for (B, B̃, χ, Z1, p9, p3, e3, e9) in terms
of (Ũ1, Ũ2, Ṽ , Z2), the resulting expressions turn out to be
cumbersome and not very illuminating. Accordingly, we
refrain from giving the general result here but instead present
some solutions with specific values of the parameters. These
are obtained from truncating the full result and represent
some examples of AdS2 ×�2 geometries within the solution
space.

Examples of AdS2 × �2 solutions are as follows:

• We begin with a simple solution with vanishing pseu-
doscalars. In the M-theory point of view, only scalars
coming from the 11-dimensional metric are turned on.
The solution is given by

k = 1

5
, χ = Z1 = Z2 = 0, e9 = 0,

Ṽ = 1

2
ln

[
27

5

]
, Ũ1 = 1

2
ln

[
27

80

]
,

Ũ2 = −1

2
ln

[
5

3

]
, B̃ = 1

20
(5

√
2e3 − 27p9),

g = 1

2
ln

[
−81

80

√
3

10
κp9

]
,

B = − p3

4
, LAdS2 = 3

9
4

32(5)
3
4

. (112)

It is clearly seen that only the hyperbolic horizon (κ =
−1) is possible otherwise g(rh) will become complex.
Therefore, we find that this is an AdS2 × H2 solution.

• We next consider a solution with scalars and pseu-
doscalars turned on. In the 11-dimensional context, the
solution involves scalar fields from both the metric and
the four-form field. This solution is characterized by

k = 1, Z1 = Z2 = Ũ = 0,

Ũ = Ṽ = ln

[
12

7

]
,

p3 = 41e9 + 220p9

41
√

2
, B = −41e9 + 136p9

164
√

2
,

B̃ = e3

2
√

2
− 111

41
p9,

χ = −1

7
, g = 1

2
ln

[
−2

5
2 κp9

√
21

41

]
,

LAdS2 =
√

21

19
. (113)

This solution is also AdS2 × H2.
• As a final example, we consider a solution with more

scalars turned on and hence more general than the previ-
ous two solutions. This solution is given by

Z1 = 0, Z2 = −2
√
k

7
, χ = −

√
k

7
,

Ũ1 = Ũ2 = 1

2
ln k,

p3 = 128, 447k − 104, 895

4, 116
√

2k
p9,

e9 = 32, 723k − 13, 923

4, 116
√

2k
p9,

B̃ = e3

2
√

2
+ 567 − 667k

98
p9,

g = 1

2
ln

[
21(1 − k)

√
kκp9

2
√

2

]
,

Ṽ = ln(2
√
k), B = −25p9

[
3, 809k − 2, 961

16, 464
√

2k

]
,

LAdS2 = k
3
4

3
√

2
. (114)

In this case, the flux parameter k is not fixed, and there
are two types of solutions, AdS2 × S2 and AdS2 × H2,
depending on the value of k. For k > 1, we have an
AdS2 × H2 solution with κ = −1 while the solution
with k < 1 is AdS2 × S2 for which κ = 1.
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4.2 Solutions in the N = 1 case

We now repeat a similar analysis for the N = 1 case in
which the N = 1 AdS4 vacuum arises from the squashed
N 010 manifold. This critical point exists only for k < 0,
and the AdS2 × �2 solutions would be IR fixed points of
the twisted compactifications of the dual N = 1 SCFT. The
superpotential and central charge are given by

W1 = 1

2
e−Ũ2−2Ũ1− Ṽ

2 [e2Ũ2 − 4eŨ1+Ũ2 − 2eṼ (eŨ2 + 2eŨ1)

+4Z1(Z2 − ieŨ2 − ieṼ )

−3k + i Z2(2e
Ũ2 − 4eŨ1 − 2eṼ + i Z2)

+2χ(2Z1 + Z2 − ieŨ2 − 2ieŨ1)], (115)

Z1 = 1

4
e−2g−Ũ2− Ṽ

2

×[2e3(e
Ũ2 + iχ) − √

2ie9e
2Ũ2 + 2p3χeŨ2 − 3

√
2ikp9χ

−√
2i p9χe2Ũ2 − 4

√
2B̃(eŨ2 + eṼ+iχ+i Z2 ) + 2ie3Z2

+2
√

2e9Z2e
Ũ2 + 2i p3χ Z2 + 2

√
2p9χ Z2 + √

2ie9Z
2
2

+√
2i p9χ Z2

2 + 4B[2χ(eŨ2 + i Z2) + i(e2Ũ2 − 2eŨ2+Ṽ − 3k)]
+4BZ2(2e

Ṽ − 2eŨ2 − i Z2) − 2ieŨ2+Ṽ (p3 + √
2p9Z2)

+eṼ (2e3 − 6
√

2p9 − √
2p9e2Ũ2 + 2p3Z2 + √

2p9Z2
2)].

(116)

The procedure is essentially the same, so we will just
present the result of AdS2 × �2 solutions and leave the
explicit form of the corresponding BPS equations to the
appendix. In this case, it turns out to be more difficult to
find the solutions in particular we have not found any solu-
tions without the pseudoscalars turned on. With some effort,
we obtain the following solutions:

• We begin with a simple solution in which all scalars have
the same value as the N = 1 supersymmetric AdS4 vac-
uum

k = −18

11
, Z1 = Z2 = χ = 0,

Ũ1 = Ũ2 = ln 5 − 1

2
ln

[
55

6

]
, Ṽ = −1

2
ln

[
55

6

]
,

B = − p3

4
, B̃ = e3

2
√

2
, e9 = −14p3

5
√

2
,

g = 1

2
ln

[
−10

11

√
15

11
κp9

]
,

LAdS2 = 5
5
4

2
5
4

(
3

1
4

) (
11

3
4

) . (117)

The solution is of the AdS2 × H2 form.

• We now give a more complicated solution

k = −18

11
, Z1 = χ = 0,

Ũ1 = Ṽ = ln

[
7

√
− 3k

319

]
,

p3 =
√

3

638

(
p9

3, 190
√−k

)

(567, 365k − 1, 002, 298),

B =
√

3

638

(
p9

89, 320
√−k

)

(13, 987, 355k − 27, 368, 286),

B̃ = e3

2
√

2
+ 3p9

8, 932
(63, 162 − 32, 267k),

Z2 = −5

√
− 3k

319
,

g = ln

[
7

(
3

638

) 1
4
√

(k − 2)
√−kκp9

]
,

Ũ2 = 1

2
ln

[
−588k

319

]
,

LAdS2 = 21(3
1
4 )

11

√
7

21

(
2

29

) 3
4

. (118)

This solution also gives AdS2 × H2 geometry. To show
that this leads to real solutions, we explicitly give one
example of the possible solutions

Z1 = χ = 0, e9 = 54.35, p3 = −11.56,

Ũ1 = Ṽ = −0.14,

Ũ2 = 0.55, Z2 = −0.62, B = 10.66,

B̃ = −13.77 + 0.35e3,

g = 1.06. (119)

4.3 Uplift formulas

We end this section by giving the uplift formulas for embed-
ding the previously found AdS2 ×�2 solutions in 11 dimen-
sions. We first identify the vector and tensor fields in the
N = 4 gauged supergravity and those obtained from the
dimensional reduction of 11-dimensional supergravity on a
tri-sasakian manifold

A3
1 = √

2A9+, a3
1 = −√

2A6+, c3
1 = A3+,

ã3
1 = −A3−,

c̃3
1 = √

2A9−, a12
2 = √

2B18, c3
2 = B78. (120)

With this identification and the ansatz for the scalars and
vector fields, the 11-dimensional metric and the four-form

123
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field are given by

ds2
11 = e− 1

3 (4Ũ1+2Ũ2+Ṽ )[−e2 f dt2 + dr2

+e2g(dθ2 + F(θ)2dφ2)]
+e

1
3 (2Ũ1+Ũ2−Ṽ )ds2(BQK) + e

2
3 (Ũ1−Ũ2+Ṽ )

×[(η1)2 + (η2)2] + e
2
3 (Ṽ−2Ũ1−2Ũ2)

×(η3 + √
2A9

t dt − √
2p9F ′(θ)dφ)2 (121)

and

G4 = −[6ke−(4Ũ1+2Ũ2+Ṽ )+ f +2g − √
2BA9′

t − √
2B ′A9

t ]
×F(θ)dt ∧ dr ∧ dθ ∧ dφ

+B ′F(θ)dr ∧ dθ ∧ dφ ∧ η3 + dZ1 ∧ (η1 ∧ J 1 + η2

∧J 2)[√2(Ã9′
t + χA9′

t )dr ∧ dt + √
2(e9 + χp9

−√
2B)F(θ)dθ ∧ dφ] ∧ η1 ∧ η2

×[(A3′
t + √

2Z2A9′
t )dr

∧dt + (p3 + √
2p9Z2 + 2B)F(θ)dθ ∧ dφ] ∧ J 3

+2(χ + 2Z1)η
1 ∧ η2 ∧ J 3 + (dZ2 ∧ J 3 + dχ

∧η2 ∧ η2) ∧ (η3 − √
2p9F(θ)dφ)

+2[(A3
t + √

2Ã9
t )dt

−(
√

2e9 + p3)F(θ)dφ + 4(2Z1 + Z2)vol(BQK)

+(χ + Z2)(η
3 + √

2A9
t dt − √

2p9F(θ)dφ)]
∧(η1 ∧ J 2 − η2 ∧ J 1). (122)

5 Conclusions

In this paper, we have found a number of AdS2×�2 solutions
in N = 4 gauged supergravity with SO(3)� (T3, T̂3) gauge
group. The solutions can be uplifted to M-theory since the
N = 4 gauged supergravity is a consistent truncation of 11-
dimensional supergravity on a tri-sasakian manifold. These
AdS2 × �2 gemetries are expected to arise from the near
horizon limit of certain dyonic BPS black holes which can
be identified as holographic RG flows from twisted compact-
ifications of the dual N = 1, 3 SCFTs in the UV to supercon-
formal quantum mechanics corresponding to the AdS2 geom-
etry in the IR. We have found that most of the solutions have
hyperbolic horizons, but some of them have spherical hori-
zons depending on the values of the four-form flux param-
eter. These solutions provide examples of AdS2 geometries
from M-theory compactified on a tri-sasakian manifold such
as N 010 and are hopefully useful in the holographic study
of the N = 1, 3 Chern–Simons–Matter theories in three
dimensions. They should also be useful in the study of black
hole entropy along the line of recent results in [37–39]. In
this aspect, the near horizon solutions given here are enough
although we have not constructed the full black hole solu-
tions, numerically. It would be interesting to compute the

topologically twisted index in the dual N = 1, 3 SCFTs and
compare with the black hole entropy computed from the area
of the horizon A ∼ L2

�2
.

The solutions found here might constitute only a small
number of all possible solutions due to the complexity of
the resulting BPS equations. It could be interesting to look
for more solutions or even to identify all possible black hole
solutions to this N = 4 gauged supergravity similar to the
analysis in N = 2 gauged supergravity. For the case of N 010

manifold, there exists an invariant two-form in addition to
the universal forms on a generic tri-sasakian manifold. This
leads to an additional vector multiplet, called a Betti mul-
tiplet, in N = 4 gauged supergravity. This vector multiplet
corresponds to a baryonic symmetry in the dual SCFTs. Find-
ing a reduction that includes the Betti multiplet and SU (3)

non-singlet fields would be very useful in order to find more
interesting black hole and other holographic solutions. We
leave all these issues for future work.
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Appendix A: Useful formulas

In this appendix, we collect some convention on t’ Hooft
matrices and details on Yang–Mills equations and compli-
cated BPS equations in the N = 1 case.

A.1: ‘t Hooft matrices

In converting SO(6) vector indices m, n to chiral spinor
indices i, j , we use the following ‘t Hooft matrices:

Gi j
1 =

⎡
⎢⎢⎣

0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

⎤
⎥⎥⎦ ,

Gi j
2 =

⎡
⎢⎢⎣

0 0 1 0
0 0 0 −1

−1 0 0 0
0 1 0 0

⎤
⎥⎥⎦ ,
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Gi j
3 =

⎡
⎢⎢⎣

0 0 0 1
0 0 1 0
0 −1 0 0

−1 0 0 0

⎤
⎥⎥⎦ ,

Gi j
4 =

⎡
⎢⎢⎣

0 i 0 0
−i 0 0 0
0 0 0 −i
0 0 i 0

⎤
⎥⎥⎦ ,

Gi j
5 =

⎡
⎢⎢⎣

0 0 i 0
0 0 0 i
−i 0 0 0
0 −i 0 0

⎤
⎥⎥⎦ ,

Gi j
6 =

⎡
⎢⎢⎣

0 0 0 i
0 0 −i 0
0 i 0 0
−i 0 0 0

⎤
⎥⎥⎦ . (123)

A.2: Field equations of gauge fields

In this section, we present the full equations of motion for
the gauge fields AMα . Equation (15) gives

− ∗DH3− = e−4(2U+V1)
[
4Z1(�

′ + 2Z3Z
′
1)

−4e4U+2V1 Z ′
3 − 8Z2

1 Z
′
3

]
dr

−8Z1e
−4(2U+V1)(2A3− − √

2A6+ − 3
√

2k A9+),

(124)
∗DH6− = 3

√
2ke−4(2U+V1)(�′ + 2Z3Z

′
1 − 2Z1Z

′
3)dr

+12ke−4(2U+V1)(3k A9+ + A6+ − √
2A3−), (125)

∗DH9− = √
2ke−4(2U+V1)(�′ + 2Z3Z

′
1 − 2Z1Z

′
3)dr

+4e−4(2U+V1)(3k A9+ + A6+ − √
2A3−) (126)

while Eq. (16) leads to

− ∗DH3+ = 2e−4(2U+V1)(�′ + 2Z3Z
′
1 − 2Z1Z

′
3)dr

+4e−4(2U+V1)(3k A9+ + A6+ − √
2A3−), (127)

∗DH6+ = 4
√

2ke−4(2U+V1)

[e4U+2V1 Z ′
3 + 2Z2

1 Z
′
3 − Z1(�

′ + 2Z3Z
′
1)]dr

−16Z1e
−4(2U+V1)(3k A9+ + A6+ − √

2A3−), (128)
∗DH9+ = 0 (129)

For equations obtained from (17), it is more convenient to
express them in the following combinations:

H9− = e−4U+2V1−V2(Z2
2 ∗ H9+ + ∗H6+

+√
2Z2 ∗ H3+) − χH9+, (130)

Z2
2H9− + H6− + √

2Z2H3− = e4U+2V1+3V2 ∗ H9+

−χ(Z2
2H9+ + H6+ + √

2Z2H3+), (131)√
2Z2H9− + H3− = −χ(

√
2Z2H9+ + H3+)

−e2V1+V2(
√

2Z2 ∗ H9+ + ∗H3+). (132)

A.3: BPS equations for the N = 1 case

In this section, we collect all the relevant BPS equations in
the N = 1 case. These are given by

e−i�Ũ ′
1 + ie−Ũ1−i�Z ′

1

= e−Ũ2−2Ũ1− Ṽ
2 [2eŨ1+Ũ2 − e2Ũ2 + 2eṼ (eŨ2 + eŨ1 ) + 3k

−4i Z1(e
Ũ2 + eṼ − i Z2) − 2iχ(eŨ2 + eŨ1 − 2i Z1 − i Z2)

+Z2[Z2 − 2i(eṼ + eŨ1 − eŨ2 )]], (133)

e−i�Ũ ′
2 + ie−Ũ2−i�Z ′

2

= 1

2
e−2g−Ũ2−2Ũ1− Ṽ

2 [2e2(g+Ũ2) + √
2ie9e

2(Ũ1+Ũ2) + 6ke2g

−2ie3χe
2Ũ1 + √

2i p9χe2(Ũ1+Ũ2) + 3
√

2ikp9χe2Ũ1

−8i Z2e
2g+Ũ1 − 2ie3Z2e

2Ũ1 − 4χ Z2e
2g − 2i p3χ Z2e

2Ũ1

−8Z1Z2e
2g + 2Z2

2e
2g − √

2ie9Z
2
2e

2Ũ1 − √
2i p9χ Z2

2e
2Ũ1

−4i Be2Ũ1 [e2Ũ2 − 3k + Z2(2χ − Z2 − 2ieṼ )] − 8iχe2g+Ũ1

−4ie2g+Ṽ (2Z1 + Z2) + 4
√

2B̃e2Ũ1 [eṼ + i(χ + Z2)]
+eŨ1+Ṽ [8e2g + eŨ1 (

√
2p9(e2Ũ2 + 3k) − 2e3)]

−8χ Z1e
2g − Z2e

2Ũ1+Ṽ (2p3 + √
2p9Z2)], (134)

ei�Ṽ ′ − ie−Ṽ+i�χ ′

= 1

2
e−2g−Ũ2−2Ũ1− Ṽ

2 [2e2(g+Ũ2) − 8e2g+Ũ2+Ũ1 + 2ie3e
Ũ2+2Ũ1

+√
2e9e

2(Ũ1+Ũ2) − 4iχe2g+Ũ2 − 8iχe2g+Ũ1 − 2e3χe
2Ũ1

+2i p3χeŨ2+2Ũ1 + √
2p9χe2(Ũ1+Ũ2) + 3

√
2kp9χe2Ũ1

+4e2g(2χ Z1 + i Z2e
Ũ2 ) − 2Z2e

Ũ1 (4ie2g + e3e
Ũ1 ) − 2Z2

2e
2g

+2
√

2ie9Z2e
Ũ2+2Ũ1 + 4χ Z2e

2g − 2p3χ Z2e
2Ũ1 − 6ke2g

+2
√

2i p9χ Z2e
Ũ2+2Ũ1 + 8Z1Z2e

2g − √
2e9Z

2
2e

2Ũ1

+4
√

2B̃e2Ũ1 [Z2 + χ − i(eŨ2 − eṼ )] − 4Be2Ũ1 (e2Ũ2+Ṽ − 3k)

−4Be2Ũ1 [2i Z2(e
Ũ2 + eṼ ) − Z2

2 + 2χ(Z2 − ieŨ2 )]
+ie2Ũ1+Ṽ [6√

2p9 − 2e3 + √
2p9 − 2p3Z2 − √

2p9Z2
2

+2ieŨ2 (p3 + √
2p9Z2)] + 4e2g+Ṽ [eŨ2 + i(2Z1 + Z2)]

+8e2g+Ũ1+Ṽ − 8i Z1e
2g+Ũ2 − √

2p9χ Z2
2e

2Ũ1 ] (135)

where

ei� = W1 + Z1

|W1 + Z1| . (136)

These equations need to be solved together with the following
equations:

f ′ = Re[e−i�(W1 − Z1)],
g′ = |W1 + Z1|, Ât = e f Im[e−i�(W1 − Z1)] (137)

and the two-form equations (75) and (76).
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Abstract We study holographic RG flow solutions within
four-dimensional N = 4 gauged supergravity obtained from
type IIA and IIB string theories compactified on T 6/Z2 ×Z2

orbifold with gauge, geometric and non-geometric fluxes.
In type IIB non-geometric compactifications, the resulting
gauged supergravity has I SO(3)× I SO(3) gauge group and
admits an N = 4 AdS4 vacuum dual to an N = 4 supercon-
formal field theory (SCFT) in three dimensions. We study
various supersymmetric RG flows from this N = 4 SCFT to
N = 4 and N = 1 non-conformal field theories in the IR.
The flows preserving N = 4 supersymmetry are driven by
relevant operators of dimensions � = 1, 2 or alternatively
by one of these relevant operators, dual to the dilaton, and
irrelevant operators of dimensions � = 4 while the N = 1
flows in addition involve marginal deformations. Most of the
flows can be obtained analytically. We also give examples
of supersymmetric Janus solutions preserving N = 4 and
N = 1 supersymmetries. These solutions should describe
two-dimensional conformal defects within the dual N = 4
SCFT. Geometric compactifications of type IIA theory give
rise to N = 4 gauged supergravity with I SO(3) � U (1)6

gauge group. In this case, the resulting gauged supergravity
admits an N = 1 AdS4 vacuum. We also numerically study
possible N = 1 RG flows to non-conformal field theories in
this case.

1 Introduction

Along the line of research within the context of the AdS/CFT
correspondence, the study of holographic RG flows is of
particular interest since the original proposal in [1]. There
is much work exploring this type of holographic solutions
in various space-time dimensions with different numbers of

a e-mail: parinya.ka@hotmail.com
b e-mail: keima.tham@gmail.com

supersymmetry. In this paper, we will particularly consider
holographic RG flows within three-dimensional superconfor-
mal field theories (SCFTs) using gauged supergravity in four
dimensions. This might give some insight to the dynamics
of strongly coupled SCFTs in three dimensions and related
brane configurations in string/M-theory.

Most of the previously studied holographic RG flows have
been found within the maximal N = 8 gauged supergravities
[2–9]. Many of these solutions describe various deformations
of the N = 8 SCFTs arising from M2-brane world-volume
proposed in [10,11]. Similar study in the case of lower num-
ber of supersymmetry is, however, less known. For example,
a number of RG flow solutions have appeared only recently
in N = 3 and N = 4 gauged supergravities [12–14]. In
this work, we will give more solutions of this type from the
half-maximal N = 4 gauged supergravity.

N = 4 supergravity allows for coupling to an arbi-
trary number of vector multiplets. With n vector multi-
plets, there are 6n + 2 scalars, 2 from gravity and 6n
from vector multiplets, parametrized by SL(2, R)/SO(2) ×
SO(6, n)/SO(6) × SO(n) coset. The N = 4 gauged super-
gravity has been constructed for a long time in [15,16]. Gaug-
ings constructed in [15] are called electric gaugings since
only electric n + 6 vector fields appearing in the ungauged
Lagrangian gauge a subgroup of SO(6, n). These vector
fields transform as a fundamental representation of SO(6, n).
The scalar potential of the resulting gauged supergravity con-
structed in this way does not possess any AdS4 critical points
[17,18]. This is not the case for the construction in [16] in
which non-trivial SL(2, R) phases have been included.

The most general gauging in which both electric vector
fields and their magnetic dual can participate has been con-
structed in [19] using the embedding tensor formalism. A
general gauge group is a subgroup of the full duality group
SL(2, R) × SO(6, n) with the vector fields and their mag-
netic dual transforming as a doublet of SL(2, R). In this
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work, we will consider N = 4 gauged supergravity obtained
from compactifications of type II string theories with various
fluxes given in [20]; for other work along this line, see for
example [21–23].

In [20], the scalar potential arising from flux compactifi-
cations of type IIA and IIB theories on T 6/Z2 × Z2 within
a truncation to SO(3) singlet scalars has been considered,
and some AdS4 critical points together with their properties
have been given. For type IIB non-geometric compactifica-
tion, the vacuum structure is very rich even with only a few
number of fluxes turned on. Among these vacua, there exists
an N = 4 AdS4 critical point dual to an N = 4 SCFT with
SO(3) × SO(3) global symmetry. In addition, the full clas-
sification of vacua from type IIA geometric compactification
has also been given. In this case, there exist a number of
stable non-supersymmetric AdS4 critical points as well as an
N = 1 AdS4 vacuum; see [24] for an N = 1 supersymmetric
AdS4 vacuum in massive type IIA theory.

We are particularly interested in N = 4 and N = 1 AdS4

critical points from these two compactifications. They cor-
respond to N = 4 and N = 1 SCFTs in three dimensions
with global symmetries SO(3)× SO(3) and SO(3), respec-
tively. We will look for possible supersymmetric deforma-
tions within these two SCFTs in the form of RG flows to
non-conformal phases preserving some amount of supersym-
metry. These deformations are described by supersymmetric
domain walls in the N = 4 gauged supergravity. In the case
of N = 1 SCFT arising from massive type IIA theory, non-
supersymmetric RG flows to conformal fixed points in the
IR have been recently found in [25].

For type IIB compactification, we will also consider super-
symmetric Janus solutions describing (1 + 1)-dimensional
conformal interfaces in the N = 4 SCFT. This type of
solutions breaks conformal symmetry in three dimensions
but preserves a smaller conformal symmetry on the lower-
dimensional interface. Similar to the RG flow solutions, there
are only a few examples of these solutions within the context
of four-dimensional gauged supergravities [14,26–28], see
also [29–31] for examples of higher-dimensional solutions.
They also play an important role in the holographic study
of interface and boundary CFTs [32,33]. We will give more
examples of these solutions in N = 4 gauged supergravity
obtained from non-geometric flux compactification.

The paper is organized as follows. In Sect. 2, we review
relevant formulas and introduce some notations for N = 4
gauged supergravity in the embedding tensor formalism. In
Sects. 3 and 4, we give a detailed analysis of supersymmetric
RG flow and Janus solutions obtained from non-geometric
type IIB compactification. Similar study of RG flows from
geometric type IIA compactification will be given in Sect.
5. We finally give some conclusions and comments on the
results in Sect. 6. We have also included an Appendix con-

taining more details on the conventions and the explicit form
of complicated equations.

2 N = 4 gauged supergravity coupled to six vector
multiplets

We first review relevant information and necessary formulas
of four-dimensional N = 4 gauged supergravity which is
the framework we use to find supersymmetric solutions. We
mainly follow the most general gauging of N = 4 supergrav-
ity in the embedding tensor formalism given in [19] in which
more details on the construction can be found. N = 4 super-
symmetry allows for coupling the supergravity multiplet to
an arbitrary number of vector multiplets. We will begin with
a general formulation of N = 4 gauged supergravity with n
vector multiplets and later specify to the case of six vector
multiplets.

In half-maximal N = 4 supergravity, the supergravity

multiplet consists of the graviton eμ̂
μ, four gravitini ψ i

μ, six

vectors Am
μ , four spin- 1

2 fields χ i and one complex scalar τ

consisting of the dilaton φ and the axion χ . The complex
scalar can be parametrized by SL(2, R)/SO(2) coset. The
supergravity multiplet can couple to an arbitrary number n
of vector multiplets, and each vector multiplet contains a
vector field Aμ, four gaugini λi and six scalars φm . Similar
to the dilaton and the axion in the gravity multiplet, the 6n
scalar fields in these vector multiplets can be parametrized
by SO(6, n)/SO(6) × SO(n) coset.

We will use the following convention on various indices
appearing throughout the paper. Space-time and tangent
space indices are denoted, respectively, by μ, ν, . . . =
0, 1, 2, 3 and μ̂, ν̂, . . . = 0, 1, 2, 3. The SO(6) ∼ SU (4) R-
symmetry indices will be described by m, n = 1, . . . , 6 for
the SO(6) vector representation and i, j = 1, 2, 3, 4 for the
SO(6) spinor or SU (4) fundamental representation. The n
vector multiplets will be labeled by indices a, b = 1, . . . , n.
All fields in the vector multiplets then carry an additional
index in the form of (Aa

μ, λia, φma). Fermionic fields and
the supersymmetry parameters transform in the fundamental
representation of SU (4)R ∼ SO(6)R R-symmetry and are
subject to the chirality projections

γ5ψ
i
μ = ψ i

μ, γ5χ
i = −χ i , γ5λ

i = λi . (1)

On the other hand, for the fields transforming in the anti-
fundamental representation of SU (4)R , we have

γ5ψμi = −ψμi , γ5χi = χi , γ5λi = −λi . (2)

Gaugings of the matter-coupled N = 4 supergravity
can be efficiently described by using the embedding ten-
sor. This tensor encodes all the information as regards the
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embedding of any gauge group G0 in the global or dual-
ity symmetry group G = SL(2, R) × SO(6, n) in a G
covariant way. According to the analysis in [19], a gen-
eral gauging can be described by two components of the
embedding tensor ξαM and fαMN P with α = (+,−) and
M, N = (m, a) = 1, . . . , n + 6 denoting fundamental rep-
resentations of SL(2, R) and SO(6, n), respectively. The
electric vector fields A+M = (Am

μ, Aa
μ), appearing in the

ungauged Lagrangian, and their magnetic dual A−M form
a doublet under SL(2, R) denoted by AαM . A particular
electric-magnetic frame in which the SO(2)×SO(6, n) sym-
metry, with SO(2) ⊂ SL(2, R), is manifest in the action can
always be chosen. In this frame, A+M and A−M have charges
+1 and −1 under this SO(2).

In general, a subgroup of both SL(2, R) and SO(6, n) can
be gauged, and the magnetic vector fields can also participate
in the gauging. Furthermore, it has been shown in [17], see
also [18], that purely electric gaugings do not admit AdS4

vacua unless an SL(2, R) phase is included [16]. The latter
is, however, incorporated in the magnetic component f−MN P

[19]. Accordingly, we will consider only gaugings involving
both electric and magnetic vector fields in order to obtain
AdS4 vacua. We will see that gauged supergravities obtained
from type II compactifications are precisely of this form.

The gauge covariant derivative can be written as

Dμ = ∇μ − gAαM
μ � N P

αM tN P + gAM(α
μ εβ)γ ξγ Mtαβ (3)

where ∇μ is the usual space-time covariant derivative includ-
ing the spin connection. tMN and tαβ are SO(6, n) and
SL(2, R) generators which can be chosen as

(tMN )
Q

P = 2δ
Q
[MηN ]P , (tαβ) δ

γ = 2δδ
(αεβ)γ (4)

with εαβ = −εβα and ε+− = 1. ηMN = diag(−1,−1,−1,

−1,−1,−1, 1, . . . , 1) is the SO(6, n) invariant tensor, and
g is the gauge coupling constant that can be absorbed in the
embedding tensor �.

The embedding tensor component �αMN P can be written
in terms of ξαM and fαMN P components as

�αMN P = fαMN P − ξα[NηP]M . (5)

To define a consistent gauging, the embedding tensor has to
satisfy a quadratic constraint. This ensures that the gauge
generators

XαM = �αMN Pt
N P − ξ

β
Mtαβ (6)

form a closed algebra.
In this work, we will consider solutions with only the met-

ric and scalars non-vanishing. In addition, we will consider
gaugings with only fαMN P non-vanishing. Therefore, we

will set all vector fields and ξαM to zero from now on. In
particular, this simplifies the full quadratic constraint to

fαR[MN f R
βPQ] = 0, εαβ fαMNR f R

βPQ = 0. (7)

For electric gaugings, these relations reduce to the usual
Jacobi identity for fMN P = f+MN P as shown in [15,16].

The scalar coset manifold SL(2, R)/SO(2) × SO(6, n)/

SO(6) × SO(n) can be described by the coset representa-
tive (Vα,V A

M ) with A = (m, a). The first factor can be
parametrized by

Vα = 1√
Imτ

(
τ

1

)
(8)

or equivalently by a symmetric 2 × 2 matrix

Mαβ = Re(VαV∗
β) = 1

Imτ

( |τ |2 Reτ
Reτ 1

)
. (9)

Note also that Im(VαV∗
β) = εαβ . The complex scalar τ can

also be written in terms of the dilaton φ and the axion χ as

τ = χ + ieφ. (10)

For the SO(6, n)/SO(6) × SO(n) factor, we introduce
another coset representative V A

M transforming by left and
right multiplications under SO(6, n) and SO(6) × SO(n),
respectively. From the splitting of the index A = (m, a), we
can write the coset representative as V A

M = (V m
M ,V a

M ).
Being an element of SO(6, n), the matrix V A

M satisfies the
relation

ηMN = −V m
M V m

N + V a
M V a

N . (11)

As in the SL(2, R)/SO(2) factor, we can parametrize the
SO(6, n)/SO(6) × SO(n) coset in terms of a symmetric
matrix

MMN = V m
M V m

N + V a
M V a

N . (12)

We are now in a position to give the bosonic Lagrangian
with the vector fields and auxiliary two-form fields vanishing

e−1L = 1

2
R+ 1

16
∂μMMN ∂μMMN − 1

4(Imτ)2 ∂μτ∂μτ ∗−V

(13)

where e is the vielbein determinant. The scalar potential can
be written in terms of scalar coset representatives and the
embedding tensor as

V = g2

16

[
fαMN P fβQRSM

αβ

123
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×
[

1

3
MMQMNRMPS +

(
2

3
ηMQ − MMQ

)
ηN RηPS

]

−4

9
fαMN P fβQRSε

αβMMNPQRS
]

(14)

where MMN is the inverse of MMN , and MMNPQRS is
defined by

MMNPQRS = εmnpqrsV m
M V n

N V p
P V q

Q V r
R V s

S (15)

with indices raised by ηMN .
Before giving an explicit parametrization of the scalar

coset, we give fermionic supersymmetry transformations of
N = 4 gauged supergravity which play an important role in
subsequent analyses. These are given by

δψ i
μ = 2Dμεi − 2

3
gAi j

1 γμε j , (16)

δχ i = iεαβVαDμVβγ μεi − 4

3
igAi j

2 ε j , (17)

δλia = 2iV M
a DμV i j

M γ με j + 2igA i
2aj ε j . (18)

The fermion shift matrices, appearing in fermionic mass-like
terms in the gauged Lagrangian, are defined by

Ai j
1 = εαβ(Vα)∗V M

kl V ik
N V jl

P f N P
βM ,

Ai j
2 = εαβVαV M

kl V ik
N V jl

P f N P
βM ,

A j
2ai = εαβVαVM

aVN
ikV jk

P f P
βMN (19)

where V i j
M is defined in terms of the ’t Hooft symbols Gi j

m

and V m
M as

V i j
M = 1

2
V m
M Gi j

m (20)

and similarly for its inverse

VM
i j = −1

2
VM

m(Gi j
m )∗. (21)

Gi j
m convert an index m in vector representation of SO(6) to

an anti-symmetric pair of indices [i j] in the SU (4) funda-
mental representation. They satisfy the relations

Gmi j = −(Gi j
m )∗ = −1

2
εi jklG

kl
m . (22)

The explicit form of these matrices can be found in the
appendix.

We finally note the expression for the scalar potential writ-
ten in terms of A1 and A2 tensors as

V = −1

3
Ai j

1 A1i j + 1

9
Ai j

2 A2i j + 1

2
A j

2ai A i
2a j . (23)

It follows that unbroken supersymmetry corresponds to an
eigenvalue of Ai j

1 , α, satisfying V0 = −α2

3 where V0 is the
value of the scalar potential at the vacuum, the cosmological
constant.

We now consider the case of n = 6 vector multiplets. Pos-
sible gauge groups are accordingly subgroups of SO(6, 6)

for ξαM = 0. Following [20], we restrict ourselves to
solutions preserving at least SO(3) subgroup of the full
gauge group. The residual SO(3) symmetry is embedded
in SO(6, 6) as a diagonal subgroup of SO(3) × SO(3) ×
SO(3) × SO(3) with the four factors of SO(3) being sub-
groups of SO(6)×SO(6) ⊂ SO(6, 6). The 36 scalars within
SO(6, 6)/SO(6) × SO(6) coset transform as (6, 6) under
SO(6) × SO(6) compact subgroup. The above embedding
of SO(3) × SO(3) in SO(6) is given by

6 → (3, 1) + (1, 3). (24)

This implies that the 36 scalars transform as

(6, 6) → 4 × (1 + 3 + 5) (25)

under the unbroken SO(3) ∼ [SO(3) × SO(3) × SO(3) ×
SO(3)]diag. We see that there are four SO(3) singlets. We
will denote these scalars by (ϕ1, ϕ2, χ1, χ2) as in [20]. In
addition, we will also use the explicit parametrization given
in [20]. This gives the coset representative

V A
M =

(
eT 0
BeT e−1

)
⊗ I3 (26)

where the two 2 × 2 matrices e and B are defined by

e = e
1
2 (ϕ1+ϕ2)

(
1 χ2

0 e−ϕ2

)
, B =

(
0 χ1

−χ1 0

)
. (27)

Explicitly, the SO(6, 6)/SO(6)×SO(6) coset representative
consisting of all SO(3) singlet scalars is given by

VM
A

=

⎛
⎜⎜⎜⎝

e
1
2 (ϕ1+ϕ2) 0 0 0

e
1
2 (ϕ1+ϕ2)χ2 e

1
2 (ϕ1−ϕ2) 0 0

e
1
2 (ϕ1+ϕ2)χ1χ2 e

1
2 (ϕ1−ϕ2)χ1 e− 1

2 (ϕ1+ϕ2) −e
1
2 (ϕ2−ϕ1)χ2

−e
1
2 (ϕ1+ϕ2)χ1 0 0 e

1
2 (ϕ2−ϕ1)

⎞
⎟⎟⎟⎠

⊗I3. (28)

It should also be noted that there are two scalars which are
singlet under SO(3) × SO(3) ⊂ [SO(3) × SO(3)]diag ×
[SO(3) × SO(3)]diag as can be seen by taking the tensor
product of the representation 6 in (24) giving rise to two sin-
glets (1, 1) of SO(3)×SO(3). These two singlets correspond
to ϕ1 and ϕ2.
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Similarly, the SL(2, R)/SO(2) coset representative will
be parametrized by

Vα = eϕg/2
(

χg − ie−ϕg

1

)
. (29)

With all these and the definitionφi = (ϕg, ϕ1, ϕ2, χg, χ1, χ2),
the scalar kinetic terms can be found to be

Lkin = −1

2
Ki j∂μφi∂μφ j

= −1

4
(∂μϕg∂

μϕg

+3∂μϕ1∂
μϕ1 + 3∂μϕ2∂

μϕ2 + e2ϕg∂μχg∂
μχg

+3e2ϕ1∂μχ1∂
μχ1 + 3e2ϕ2∂μχ2∂

μχ2) (30)

where we have defined the scalar metric Ki j , which will play
a role in writing the BPS equations.

The four SO(3) singlet scalars in SO(6, 6)/SO(6) ×
SO(6) correspond to non-compact generators of SO(2, 2) ⊂
SO(6, 6) that commute with the SO(3) symmetry. It is con-
venient to split indices M = (AI ) for A = 1, 2, 3, 4 and
I = 1, 2, 3. This implies that the SO(6, 6) fundamental rep-
resentation decomposes as (4, 3) under SO(2, 2) × SO(3).
In terms of (AI ) indices, the embedding tensor can be written
as

fαMN P = fαAI B JCK = �αABCεI J K (31)

with �αABC = �α(ABC). In particular, the quadratic con-
straints read

εαβ�αAB
C�βDEC = 0, �(αA[BC�β)D]EC = 0. (32)

The SO(6, 6) fundamental indices M, N can also be
decomposed into (m, m̄), m, m̄ = 1, 2, . . . , 6. In connec-
tion with the internal manifold T 6/Z2 × Z2, the index m is
used to label the T 6 coordinates and split into (a, i) such that
a = 1, 3, 5 and i = 2, 4, 6. Similar decomposition is also in
use for m̄ = (ā, ī). All together, indices A, B can be written
as A = (1, 2, 3, 4) = (a, i, ā, ī). Indices I, J = 1, 2, 3 label
the three T 2’s inside T 6 ∼ T 2 × T 2 × T 2.

The SO(6, 6) invariant tensor ηMN and its inverse are
chosen to be

ηMN = ηMN =
(

0 I6

I6 0

)
. (33)

This leads to some extra projections on the negative and pos-
itive eigenvalues of ηMN . For example, in order to compute
MMNPQRS in the scalar potential defined by equation (15),
we need to project the second index of VM

A by using the
projection matrix

R = 1√
2

(−I6 I6

I6 I6

)
. (34)

Finally, we will also set the gauge coupling g = 1
2 as in [20].

3 RG flows from type IIB non-geometric
compactification

We begin with a non-geometric compactification of type IIB
theory on T 6/Z2×Z2. This involves the fluxes of NS and RR
three-form fields (H3, F3) and non-geometric (P, Q) fluxes.
This compactification admits a locally geometric description
although it is non-geometric in nature.

From the result of [20], the effective N = 4 gauged super-
gravity theory is not unique. In this paper, we will only con-
sider the gauged supergravity admitting the maximally super-
symmetric N = 4 AdS4 vacuum. In this case, all the gauge
and non-geometric fluxes lead to the following components
of the embedding tensor:

f−ī j̄ k̄ = �−444 = −λ, f+āb̄c̄ = �+333 = λ,

f−ī j̄ k = �−244 = −λ, f+ab̄c̄ = �+133 = λ (35)

for a constant λ. The first and second lines correspond
to (H3, F3) and (P, Q) fluxes, respectively. As shown in
[20], the gauge group arising from this embedding tensor is
I SO(3) × I SO(3) ∼ [SO(3) � T 3] × [SO(3) � T 3]. This
gauge group is embedded in SO(6, 6) via the SO(3, 3) ×
SO(3, 3) subgroup.

Using this embedding tensor and the explicit form of the
scalar coset representative given in the previous section, we
find the scalar potential

V = 1

32
eϕ1−3ϕ2−ϕgλ2[e2ϕ1 − 3e2ϕ2 + 6eϕ1+2ϕ2+ϕg

− 18e3ϕ2+ϕg − 3e4ϕ2+2ϕg

− 2e2ϕ1+3ϕ2+ϕg (1 + 3χ2
1 ) + 3e2(ϕ1+ϕ2)(χ1 − χ2)

2

− 12e5ϕ2+ϕgχ2
2

+ 3e6ϕ2χ4
2 + e2ϕ1+6ϕ2χ4

2 (χ2 − 3χ1)
2

+ 3e2ϕ1+4ϕ2χ2
2 (χ2 − 2χ1)

2 − 3e2(ϕ2+ϕg)χ2
g

+ 6eϕ1+4ϕ2+ϕg (1 + χ2
2 ) + e2(ϕ1+ϕg)χ2

g

+ 3e2(ϕ1+ϕ2+ϕg)(χ1 − χ2)
2χ2

g

+ 3e6ϕ2+2ϕgχ2
2 (−1 + χ2χg)

2

+ 3e2(ϕ1+2ϕ2+ϕg)(χ1 − 2χ1χ2χg + χ2
2 χg)

2

+ e2(ϕ1+3ϕ2+ϕg)[1 + χ3
2 χg − 3χ1χ2(−1 + χ2χg)]2].

(36)
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Table 1 Scalar masses at the
N = 4 supersymmetric AdS4
critical point with
SO(3) × SO(3) symmetry and
the corresponding dimensions of
the dual operators

Scalar fields m2L2 �

ϕg , χg −2 1, 2

ϕ1, ϕ2 4 4

χ1, χ2 0 3

This potential admits a trivial critical point at which all scalars
vanish. The cosmological constant is given by

V0 = −3

8
λ2. (37)

At this critical point, we find the scalar masses as in Table 1.
In the table, we also give the corresponding dimensions of the

dual operators. The AdS4 radius is given by L = 2
√

2
λ

. Note
that we have used different convention for scalar masses from
that used in [20]. The masses given in Table 1 are obtained
by multiplying the masses given in [20] by 3.

This AdS4 critical point preserves N = 4 supersymme-
try as can be checked from the Ai j

1 tensor. It should also
be emphasized here that this critical point has SO(3) ×
SO(3) symmetry which is the maximal compact subgroup
of I SO(3) × I SO(3) gauge group.

To set up the BPS equations for finding supersymmetric
RG flow solutions, we first give the metric ansatz

ds2 = e2A(r)dx2
1,2 + dr2 (38)

where dx2
1,2 is the flat Minkowski metric in three dimensions.

We will use the Majorana representation for gamma matri-
ces with all γ μ real and γ5 purely imaginary. This choice
implies that εi is a complex conjugate of εi . All scalar fields
will be functions of only the radial coordinate r . To solve the
BPS conditions coming from setting δχ i = 0 and δλia = 0,
we need the following projection:

γr̂ε
i = ei�εi . (39)

From the δψμi = 0 conditions for μ = 0, 1, 2, we find

A′ = ±W, ei� = ±W
W

(40)

where W = |W|, and ′ denotes the r -derivative. These equa-
tions are obtained by solving real and imaginary parts of
δψμi = 0 separately; see for more details [12,27]. The super-
potential W is defined by

W = 1

3
α (41)

where α is the eigenvalue of Ai j
1 corresponding to the unbro-

ken supersymmetry. We will choose a definite sign for the A′

equation and ei� such that the N = 4 critical point identified
with the N = 4 SCFT in the UV corresponds to r → ∞.

For all scalars non-vanishing, the N = 4 supersymmetry
is broken to N = 1 corresponding to the Killing spinor ε1.
The superpotential for this unbroken N = 1 supersymmetry
is given by

W = 1

4
√

2
e

1
2 (ϕ1−3ϕ2−ϕg)[eϕ2 [eϕ2+ϕg (−eϕ1+ϕ2λ

− 3λ(i + eϕ1χ1)(i + eϕ2χ2))

− eϕ1λ(i + eϕ2χ2)
3(i + eϕgχg)

+ 3λ(i + eϕ1χ1)(i + eϕ2χ2)
2(i + eϕgχg)]] (42)

from which we find

W = 1

8
√

2
λe

1
2 (ϕ1−3ϕ2−ϕg)[[(−3eϕ2(−eϕ1 + 2eϕ2

+ e2ϕ2+ϕg )χ2 − eϕ1+3ϕ2χ3
2

+ eϕg (eϕ1 − 3eϕ2)χg + 3e2ϕ2+ϕg

× (−eϕ1 + eϕ2)χ2
2 χg + 3eϕ1+ϕ2χ1(−1

− eϕ2+ϕg + e2ϕ2χ2
2 + 2eϕ2+ϕgχ2χg))

2

+ [eϕ1(−1 + 3e2ϕ2χ2
2 )

− eϕ1+ϕ2+ϕgχ2(−3 + e2ϕ2χ2
2 )χg

+ eϕ2(3 + 3eϕ2+ϕg − eϕ1+2ϕ2+ϕg

− 3e2ϕ2χ2
2 − 6eϕ2+ϕgχ2χg

+ 3eϕ1χ1(−eϕ2(2 + eϕ2+ϕg )χ2

− eϕgχg + e2ϕ2+ϕgχ2
2 χg))]2]] 1

2 . (43)

The scalar potential can be written in terms of W as

V = −2Ki j ∂W

∂φi

∂W

∂φ j
− 3W 2, (44)

and, as usual, the BPS equations from δχ i = 0 and δλia = 0
can be written as

φi ′ = 2Ki j ∂W

∂φ j
. (45)

Ki j is the inverse of the scalar kinetic metric defined in (30).
The explicit form of these equations is rather complicated
and will not be given here. However, they can be found in
the appendix.

It is also straightforward to check that these BPS equations
solve the second order field equations. Furthermore, there
exist a number of interesting subtruncations keeping some
subsets of these SO(3) singlets. We will firstly discuss these
truncations and consider the full SO(3) singlet sector at the
end of this section.
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3.1 RG flows with N = 4 supersymmetry

We begin with RG flow solutions preserving N = 4 super-
symmetry to N = 4 non-conformal field theories in the IR.
The analysis of BPS conditions δψμi = 0, δχ i = 0 and
δλia = 0 shows that there are two possibilities in order to
preserve N = 4 supersymmetry. The first one is to truncate
out ϕ1,2 and χ1,2. The second possibility is to keep only the
three dilatons ϕg and ϕ1,2 by setting χg = χ1,2 = 0.

3.1.1 N = 4 RG flows by relevant deformations

From Table 1, we see that (ϕg, χg) correspond to relevant
deformations by operators of dimensions 1 or 2. The BPS
equations admit a consistent truncation to these two scalars.
By setting ϕ1,2 = χ1,2 = 0, we obtain a set of simple BPS
equations

ϕ′
g = −λe− ϕg

2

2
√

2

(e2ϕg + e2ϕgχ2
g − 1)√

(1 + eϕg )2 + e2ϕgχ2
g

, (46)

χ ′
g = −λe− ϕg

2√
2

χg√
(1 + eϕg )2 + e2ϕgχ2

g

, (47)

A′ = λe− ϕg
2

4
√

2

√
(1 + eϕg )2 + e2ϕgχ2

g . (48)

Since (ϕg, χg) are scalars in SL(2, R)/SO(2), they are
SO(6, 6) singlets and hence SO(3) × SO(3) invariant. All
solutions to these equations then preserve the full SO(3) ×
SO(3) symmetry. Moreover, equations δλia = 0 are identi-
cally satisfied, and it can be checked that N = 4 supersym-
metry is unbroken since equations δχ i = 0 and δψμi = 0
hold for all εi satisfying the γr̂ projector (39). We should
clarify here the convention on the number of supersymme-
try. In four dimensions, the γr̂ projector reduce the number of
supercharges from 16 to 8. The latter corresponds to N = 4
supersymmetry in three dimensions. On the other hand, the
AdS4 vacuum preserves all 16 supercharges corresponding
to N = 4 superconformal symmetry in three dimensions
containing 8 + 8 = 16 supercharges.

We begin with an even simpler solution with χg = 0
which, from the above equations, is clearly a consistent trun-
cation. In this case, we end up with the BPS equations

ϕ′
g = − λ

2
√

2
e− ϕg

2 (eϕg − 1), (49)

A′ = λ

4
√

2
e− ϕg

2 (1 + eϕg ). (50)

The solution to these equations is easily found to be

ϕg = ln[e rλ
2
√

2
+C − 1] − ln[e rλ

2
√

2
+C + 1], (51)

A = ln[e rλ
2
√

2
+C − 1] − rλ

2
√

2
(52)

withC being an integration constant. The additive integration
constant for A has been neglected since it can be absorbed
by scaling dx2

1,2 coordinates. In addition, the constant C can
also be removed by shifting the r coordinate.

At large r , we find, as expected for dual operators of
dimensions � = 1, 2,

ϕg ∼ e
− λr

2
√

2 ∼ e− r
L . (53)

The solution is singular as r → − 2
√

2C
λ

since ϕg → −∞.
Near this singularity, we find

ϕg ∼ A ∼ ln

[
r + 2

√
2C

λ

]
. (54)

The scalar potential is bounded above with V → −∞.
Therefore, the singularity of this solution is physical by the
criterion given in [34]. The solution then describes an RG
flow from the dual N = 4 SCFT to an N = 4 non-conformal
field theory with unbroken SO(3) × SO(3) symmetry. The
metric in the IR is given by

ds2 = (λr + 2
√

2C)2dx2
1,2 + dr2 (55)

where we have absorbed some constants to dx2
1,2 coordinates.

We then consider possible flows solution with χg �= 0. By
introducing a new variable ρ via

dρ

dr
= χg√

1 − Cχg + √
1 − χg(2C + χg)

(56)

we find the following solution to Eqs. (46)–(48):

ϕg = −1

2
ln[1 − 2Cχg − χ2

g ], (57)

A = − ln χg + 1

4
ln[1 − 2Cχg − χ2

g ]

+1

2
ln

[
1 − Cχg +

√
1 − 2Cχg − χ2

g

]
, (58)

ρλ[1 − χg(2C + χg)] 3
4

= 4(2)
1
4 (C + χg −

√
1 + C2)

×
[

1 + C2 + √
1 + C2(C + χg)

1 + C2

] 3
4

×2F1

(
1

4
,

3

4
,

5

4
,
χg + √

1 + C2 − C

2
√

1 + C2

)
(59)

where 2F1 is the hypergeometric function.
The solution interpolates between the N = 4 AdS4 vac-

uum as r → ∞ and a singular geometry at a finite value of r .
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There are two possibilities for the IR singularities. The first
one is given by

χg ∼ χ0, ϕg ∼ −2 ln

[√
2rλ(1 + χ2

0 ) − 4χ0C

8χ0

]
,

A ∼ χ0√
1 + χ0

ln[√2rλ(1 + χ2
0 ) − 4χ0C] (60)

where χ0 is a constant. In this case, we have ϕg → ∞ and
χg → constant as

√
2λr(1 + χ2

0 ) → 4χ0C . It should be
noted here that the constant C in these equations is not the
same as in the full solution given in (57)–(59).

Another possibility is given by

ϕg ∼ 2 ln(
√

2λr + 4C), χg ∼ C̃

4C + √
2λr

,

A ∼ ln(
√

2λr + 4C). (61)

In this case, as
√

2rλ → −4C , we have ϕg → −∞ and
χg → ±∞ depending on the sign of the constant C̃ . Both of
these singularities lead to V → −∞, so they are physical.

3.1.2 N = 4 RG flows by relevant and irrelevant
deformations

We now consider RG flows with N = 4 supersymmetry
with χg = χ1,2 = 0. Recall that ϕ1 and ϕ2 are SO(3) ×
SO(3) singlets, we still have solutions with SO(3)× SO(3)

unbroken along the flows. It should also be noted that the
truncation χ1,2 = 0 is consistent only for χg = 0. This
implies that N = 4 supersymmetry does not allow turning
on the operators dual to χg and ϕ1,2 simultaneously. It would
be interesting to see the implication of this in the dual N = 4
SCFT.

In this case, the BPS equations reduce to

ϕ′
g = λ

4
√

2
e

1
2 (ϕ1−3ϕ2−ϕg)

×(3eϕ2 − eϕ1 − 3e2ϕ2+ϕg + eϕ1+3ϕ2+ϕg ), (62)

ϕ′
1 = λ

4
√

2
(eϕ1 − eϕ2 − e2ϕ2+ϕg + eϕ1+3ϕ2+ϕg ), (63)

ϕ′
2 = λ

4
√

2
(eϕ2 − eϕ1 − e2ϕ2+ϕg + eϕ1+3ϕ2+ϕg ), (64)

A′ = − λ

8
√

2
e

1
2 (ϕ1−3ϕ2−ϕg)

×eϕ1 − 3eϕ2 − 3e2ϕ2+ϕg + eϕ1+3ϕ2+ϕg ). (65)

These equations can be analytically solved by introducing
new variables

ϕ̃1 = ϕ1 − ϕ2, ϕ̃2 = ϕ1 + ϕ2 (66)

in terms of which the BPS equations become

ϕ̃′
1 = λ

2
√

2
e

1
2 (ϕ̃1+ϕg)(eϕ̃1 − 1), (67)

ϕ̃′
2 = λ

2
√

2
e

1
2 (ϕ̃2−ϕg)(eϕ̃2 − 1), (68)

ϕ′
g = λ

4
√

2
e− ϕg

2 (3e
ϕ̃2
2 − e

3
2 ϕ̃2 − 3e

1
2 ϕ̃1+ϕg + e

3
2 ϕ̃1+ϕg ),

(69)

A′ = − λ

8
√

2
e− ϕg

2 (e
3
2 ϕ̃1+ϕg + e

3
2 ϕ̃2 − 3e

ϕ̃2
2 − 3e

1
2 ϕ̃1+ϕg ).

(70)

By combining all of these equations, we find that

dA

dϕ̃1
− 1

2

dϕg

dϕ̃1
= 3 − eϕ̃1

2(eϕ̃1 − 1)
, (71)

dA

dϕ̃2
+ 1

2

dϕg

dϕ̃2
= 3 − eϕ̃2

2(eϕ̃2 − 1)
(72)

which can be solved by the following solution:

ϕg = 3

2
(ϕ̃1 − ϕ̃2) − ln(1 − eϕ̃1) + ln(1 − eϕ̃2), (73)

A = ϕg

2
− 3

2
ϕ̃1 + ln(1 − eϕ̃1). (74)

In this solution, we have fixed the integration constant for ϕg

to zero since at the AdS4 critical point ϕg = ϕ̃1 = ϕ̃2 = 0.
The integration constant for A is irrelevant.

Combining Eqs. (67) and (68), we obtain after substituting
for ϕg

dϕ̃1

dϕ̃2
= e2(ϕ̃1−ϕ̃2) (75)

whose solution is given by

ϕ̃1 = −1

2
ln(e−2ϕ̃2 − C1). (76)

Near the AdS4 critical point, we have ϕ̃1 ∼ ϕ̃2 ∼ 0, which
requires that C1 = 0. This choice leads to ϕ̃2 = ϕ̃1, which
implies ϕ2 = 0 and ϕg = 0. We see that the flow does not
involve ϕg and is driven purely by an irrelevant operator of
dimension 4 dual to ϕ1. In this case, the N = 4 SCFT dual
to the AdS4 vacuum is expected to appear in the IR. Note
also that equation (69) is consistent for ϕg = 0 if and only if
ϕ̃2 = ϕ̃1 as being the case here.

Finally, we can solve Eq. (67) for ϕ̃1(r)

λr

2
√

2
= 2e− ϕ̃1

2 + ln(1 − e− ϕ̃1
2 ) − ln(1 + e− ϕ̃1

2 ) + C. (77)
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The solution is singular as r → 2
√

2C
λ

. Near this singularity,
the solution becomes

ϕ̃1 ∼ ϕ̃2 ∼ −2

3
ln

3

2

[
C − λr

2
√

2

]
,

A ∼ −1

2
ϕ̃1 ∼ 1

3
ln

3

2

[
C − λr

2
√

2

]
. (78)

This singularity leads to V → ∞, so the solution is unphys-
ical.

We end the discussion of this truncation by giving some
comments on possible subtruncations. From Eqs. (67) and
(68), we easily see that setting ϕ̃1 = 0 or ϕ̃2 = 0 is a con-
sistent truncation. This is equivalent to setting ϕ2 = ±ϕ1. In
this case, the solution is found to be

ϕg = ± ln

[
e−ϕ1 − C1e3ϕ1

2 − 2e2ϕ1

]
,

A = −7

2
ϕ1 + 1

2
ln(1 − e2ϕ1) + 1

2
ln(1 − C1e

4ϕ1),

λρ

4
√

2
= e−ϕ1 + 1

2
ln(1 − e−ϕ1) − 1

2
ln(1 + e−ϕ1) + C

(79)

where the new radial coordinate ρ is defined by dρ =
e− ϕg

2 dr .
We see that in this case ϕg is non-trivial along the flow. In

order to make the solution approach the AdS4 critical point
with ϕg ∼ ϕ1 ∼ 0, we need to choose C1 = 1. This gives

ϕg = ± ln cosh ϕ1. (80)

The solution is singular for ρ → 4
√

2C
3λ

with ϕ1 → ∞. In
this limit, we find

ϕg ∼ ±ϕ1 ϕ1 ∼ − ln

[
C − 3λρ

4
√

2

]
,

A ∼ 1

2
ln

[
C − 3λρ

4
√

2

]
. (81)

Both of these singularities lead to V → ∞, so they are also
unphysical.

3.2 RG flows with N = 1 supersymmetry

We now consider a class of RG flow solutions preserving
N = 1 supersymmetry and breaking the SO(3) × SO(3)

to its diagonal subgroup. This is achieved by turning on the
marginal deformations corresponding to χ1 and χ2 to the
solutions. As in the N = 4 case, there is a consistent sub-
truncation to only irrelevant and marginal deformations with
only ϕ1 and χ1 non-vanishing. We will consider this case
first and then look for the most general solutions with all six
SO(3) singlet scalars non-vanishing. It should be noted that

the truncation with only ϕ2 and χ2 non-vanishing is not con-
sistent. This is also an interesting feature to look for in the
dual field theory.

3.2.1 N = 1 RG flows by marginal and irrelevant
deformations

By setting ϕg = χg = ϕ2 = χ2 = 0 in the BPS equations,
we obtain

ϕ′
1 = − λ

2
√

2
e

ϕ1
2

(3 − 4eϕ1 + e2ϕ1 + 9χ2
1 e

2ϕ1)√
(eϕ1 − 3)2 + 9χ2

1 e
2ϕ1

, (82)

χ ′
1 = − 3λ

2
√

2

χ1e
ϕ1
2√

(eϕ1 − 3)2 + 9χ2
1 e

2ϕ1

, (83)

A′ = λ

4
√

2
e

ϕ1
2

√
(eϕ1 − 3)2 + 9χ2

1 e
2ϕ1 . (84)

We are not able to analytically solve these equations in full
generality, so we will look for numerical solutions in this
case.

Note that further truncation to only ϕ1 gives rise to the
following BPS equations:

ϕ′
1 = λ

2
√

2
e

ϕ1
2 (eϕ1 − 1) and A′ = − λ

4
√

2
e

ϕ1
2 (eϕ1 − 3),

(85)

with the solution

A = −3

2
ϕ1 + ln(1 − eϕ1),

λr

2
√

2
= 2e− ϕ1

2 + ln
(

1 − e− ϕ1
2

)
− ln

(
1 + e− ϕ1

2

)
. (86)

This is nothing but the solution of the previous section for
ϕ̃2 = ϕ̃1. Therefore, we will not further discuss this solution.

For non-vanishing χ1, we need to find the solutions numer-
ically. An example of these solutions is given in Fig. 1.

The asymptotic behavior of this solution can be deter-
mined from the BPS equations at large ϕ1 as follows:

χ1 ∼ χ0, ϕ1 ∼ −2

3
ln

(
rλ

√
2 + 18χ2

0 − 4C1

)
,

A ∼ 1

3
ln

(
rλ

√
2 + 18χ2

0 − 4C1

)
(87)

where χ0 is a constant. This singularity leads to V → ∞,
implying that it is unphysical. We have in addition checked
this by a numerical analysis which consistently shows a
diverging scalar potential near the singularity.
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Fig. 1 An N = 1 RG flow with marginal and irrelevant deformations from type IIB compactification

3.2.2 N = 1 RG flows by relevant, marginal and irrelevant
deformations

After considering various consistent truncations, we end this
section by considering N = 1 RG flow solutions with all
six SO(3) singlet scalars turned on. The resulting RG flows
will be driven by all types of possible deformations namely
marginal, irrelevant and relevant. In this case, we need to
use a numerical analysis due to the complexity of the full
set of BPS equations given in the Appendix. Similar to the
analysis of [9], there could be many possible IR singularities
due to the competition between various deformations both
by operators and vacuum expectation values (vev) present
in the UV N = 4 SCFT. Some examples of these solutions
are given in Fig. 2. In the figure, we have given solutions for
three different values of the flux parameter λ for comparison.

From Fig. 2, we see a singularity in the IR end of the
flow while near r → ∞ the flow approaches the UV N = 4
AdS4. The numerical analysis shows that the singularity is
of a bad type according to the criterion of [34] since it leads
to V → ∞.

4 Supersymmetric Janus solutions

In this section, we look at another type of solutions with an
AdS3-sliced domain wall ansatz, obtained by replacing the
flat metric dx2

1,2 by an AdS3 metric of radius �,

ds2 = e2A(r)
(
e

2ξ
� dx2

1,1 + dξ2
)

+ dr2. (88)

The solution, called Janus solution, describes a confor-
mal interface of co-dimension one within the SCFT dual
to the AdS4 critical point. This solution breaks the three-
dimensional conformal symmetry SO(2, 3) to that on the
(1 + 1)-dimensional interface SO(2, 2).

In this case, the resulting BPS equations will get modified
compared to the RG flow case. First of all, the analysis of
δψ i

μ = 0 equations requires an additional γ
ξ̂

projection

γ
ξ̂
εi = iκei�εi (89)

while the γr̂ projector in δχ i = 0 and δλia = 0 equations is
still given by Eq. (39) but with the phase ei� modified to

ei� = W
A′ + iκ

�
e−A

. (90)

Furthermore, the integrability conditions for δψ i
0̂,1̂

= 0 equa-

tions lead to

A′2 + 1

�2 e
−2A = W 2 . (91)

As expected, these two equations reduce to A′ = ±W and
ei� = W

A′ = ±W
W in the limit � → ∞.

The constant κ , with κ2 = 1, imposes the chirality con-
dition on the Killing spinors corresponding to the unbroken
supersymmetry on the (1 + 1)-dimensional interface. The
detailed analysis of these equations can be found for example
in [27]. Unlike the RG flow case, the Killing spinors depend
on both r and ξ coordinates; see for more details [26].

We have seen that the analysis of RG flow solutions with
all six SO(3) singlet scalars turned on involves a very com-
plicated set of BPS equations. Since the BPS equations for
supersymmetric Janus solutions are usually more compli-
cated than those of the RG flows, we will not perform the
full analysis with all SO(3) singlet scalars but truncate the
BPS equations to two consistent truncations, with (ϕg, χg)

and (ϕ1, χ1) non-vanishing. As in other cases studied in
[14,26,27], truncations to only dilatons or scalars without
the axions or pseudoscalars are not consistent with the Janus
BPS equations, or equivalently Janus solutions require non-
trivial pseudoscalars.

4.1 N = 4 Janus solution

We first consider the Janus solution with only the dilaton and
axion in the gravity multiplet non-vanishing. In this case,
the BPS conditions δλia = 0 are automatically satisfied by
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Fig. 2 N = 1 RG flow solutions from type IIB compactification with all SO(3) singlet scalars and λ = 1 (purple), λ = 1.2 (green) and λ = 1.4
(red)

setting ϕ1,2 = χ1,2 = 0. By using the phase (90) in δχ i = 0
equations and separating real and imaginary parts, we obtain
the following BPS equations:

ϕ′
g = −4

A′

W

∂W

∂ϕg
− 4κe−ϕg

e−A

�W

∂W

∂χg

= −2�A′(e2ϕg − 1 + 2χ2
g e

2ϕg ) − 4κeϕg−Aχg

�[(1 + eϕg )2 + χ2
g e

2ϕg ] , (92)

χ ′
g = −4

A′

W
e−2ϕg

∂W

∂χg
+ 4κe−ϕg

e−A

�W

∂W

∂ϕg

= 2κe−A−ϕg (e2ϕg − 1 + χ2
g e

2ϕg ) − 4�χg A′

�[(1 + eϕg )2 + χ2
g e

2ϕg ] , (93)

0 = A′2 + e−2A

�2 − λ2

32
e−ϕg [(1 + eϕg )2 + χ2

g e
2ϕg ] (94)

where we have also included the gravitini equations from
(91). In terms of the superpotential

W = λ

4
√

2
e− ϕg

2

√
(1 + eϕg )2 + χ2

g e
2ϕg , (95)

these equations take a similar form as in the other four-
dimensional Janus solutions in [14,26,27]. These equations
solve all the BPS conditions for any εi , i = 1, 2, 3, 4. There-
fore, any solutions to these equations will preserve N = 4
supersymmetry. We solve these equations numerically with
an example of the solutions given in Fig. 3.

From Fig. 3, we see that the solution interpolates between
N = 4 AdS4 vacua at both r → ±∞. This solution is
then interpreted as a (1+1)-dimensional conformal interface
within the N = 4 SCFT. The interface preserves N = (4, 0)

supersymmetry on the interface due to the sign choice κ = 1,
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Fig. 3 N = 4 Janus solution from type IIB compactification within a truncation to ϕg and χg with κ = λ = 1 and � = 2
√

2

and SO(3)×SO(3) symmetry remains unbroken throughout
the solution.

4.2 N = 1 Janus solution

The truncation keeping only ϕ1 and χ1 is still consistent in
the case of Janus BPS equations. In contrast to the previous
truncation, any solutions to these equations will break N = 4
supersymmetry to N = 1 and preserve only SO(3) diagonal
subgroup of the full SO(3)× SO(3) symmetry of the N = 4
AdS4 vacuum.

The real superpotential for this truncation is given by

W = λ

4
√

2
e

ϕ1
2

√
(eϕ1 − 3)2 + 9χ2

1 e
2ϕ1 (96)

in terms of which the BPS equations can be written as

ϕ′
1 = −4

3

A′

W

∂W

∂ϕ1
− 4

3
κe−ϕ1

e−A

�W

∂W

∂χ1

= 2�A′(4e2ϕ1 − 3 − 9χ2
1 e

2ϕ1 − e2ϕ1) − 12κeϕ1−Aχ1

�[(eϕ1 − 3)2 + 9χ2
1 e

2ϕ1 ] ,

(97)

χ ′
1 = −4

3

A′

W
e−2ϕ1

∂W

∂χ1
+ 4

3
κe−ϕ1

e−A

�W

∂W

∂ϕ1

= 2κe−A−ϕ1(3 − 4eϕ1 + e2ϕ1 + 9χ2
1 e

2ϕ1) − 12�χ1A′

�[(eϕ1 − 3)2 + 9χ2
1 e

2ϕ1 ] ,

(98)

0 = A′2 + e−2A

�2 − λ2

32
eϕ1 [(eϕ1 − 3)2 + 9χ2

1 e
2ϕ1 ]. (99)

Unlike the previous case, an intensive numerical search has
not found any solutions interpolating between AdS4 vacua
in the limits r → ±∞. All of the solutions found here are
singular Janus in the sense that they connect singular domain
walls at two finite values of the radial coordinate. We give an
example of these solutions in Fig. 4.

This solution could be interpreted as a conformal inter-
face between two N = 1 non-conformal phases of the dual
N = 4 SCFT. However, the singularities are of the bad type.

An uplift to type IIB theory would be needed in order to
decide whether the solution is physically acceptable in the
ten-dimensional context.

5 RG flows from type IIA geometric compactification

We now carry out a similar analysis for a geometric compact-
ification of type IIA theory. The procedure is essentially the
same, so we will omit unnecessary details. In this case, the
compactification only involves gauge (H3, F0, F2, F4, F6)

and geometric (ω) fluxes. However, the fluxes are more com-
plicated and lead to many components of the embedding ten-
sor compared to the type IIB case

Hi jk ∼ f−āb̄c̄ = �−333 =
√

6

3
λ,

Faibjck ∼ f+āb̄c̄ = �+333 = −3
√

10

2
λ,

Faibj ∼ f+āb̄k̄ = �+334 =
√

6

2
λ,

Fai ∼ f+ā j̄ k̄ = �+344 =
√

10

6
λ,

F0 ∼ f+ī j̄ k̄ = �+444 = 5
√

6

6
λ,

Habk ∼ f+āb̄k = �+233 =
√

6

3
λ,

ωi j
c ∼ f−āb̄k̄ = �−334 =

√
10

3
λ,

ωka
j = ωbk

i = ωbc
a ∼ f+ā j̄ k = f+ī b̄k

= f+ab̄c̄ = �+234 = �+133 = √
10λ. (100)

In the above equations, we have also given the form field
corresponding to each flux component.

The resulting gauged N = 4 supergravity has a non-
semisimple group I SO(3) �U (1)6 and admits the minimal
N = 1 AdS4 vacuum at which the gauge group is broken
down to SO(3) compact subgroup. The corresponding super-
potential for the unbroken N = 1 supersymmetry is given
by
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Fig. 4 N = 1 Janus solution from type IIB compactification within a truncation to ϕ1 and χ1 with κ = λ = � = 1

W = λ

24
e

1
2 (ϕ1−3ϕ2+ϕg)[2eϕ1+2ϕ2−ϕg

×[3√
5i + e2ϕ2(

√
3 + 3

√
5χ2)](i + χge

ϕg )

−5
√

3eϕ1(i + eϕ2χ2)
3 − 3

√
5eϕ1+ϕ2(i + eϕ2χ2)

2

−9
√

3ieϕ1+2ϕ2

+18
√

5e2ϕ2(i + eϕ1χ1)(i + eϕ2χ2)

+6
√

3ie3ϕ2 + 9
√

5eϕ1+3ϕ2

+6
√

3eϕ1+3ϕ2χ1 − 9
√

3χ2e
ϕ1+3ϕ2 ]. (101)

The scalar potential can be written in terms of W = |W| as

V = −1

2
Ki j ∂W

∂φi

∂W

∂φ j
− 3

4
W 2. (102)

Its explicit form is given in the appendix.
When all scalars vanish, there is an N = 1 AdS4 vacuum

with the cosmological constant

V0 = −λ2. (103)

The six scalars have squared masses as follows:

m2L2 : 0,−2, 4 ± √
6,

1

3
(47 ± √

159). (104)

All of these values are in agreement with [20] after changing
to our convention including a factor of 3.

As in the type IIB case, the BPS equations obtained from
supersymmetry variations can be written as

A′ = W, ϕi ′ = Ki j ∂W

∂φ j
. (105)

However, the resulting equations are much more complicated
than those from type IIB compactification. We will then not
give them in this paper. Furthermore, we have not found any
consistent subtruncation within this set of equations. In the
following, we will only give examples of holographic RG
flows from the N = 1 SCFT dual to the above AdS4 critical
point to non-conformal N = 1 field theories in the IR. These

numerical solutions are shown in Fig. 5 with three different
values of the flux parameter λ as in the IIB case.

As in the IIB case, we have numerically analyzed the scalar
potential near the singularity and found that it leads to V →
∞, which implies the singularity is unphysical.

6 Conclusions and discussions

We have found many supersymmetric RG flows and exam-
ples of Janus solutions in N = 4 gauged supergravities
obtained from flux compactifications of type II string theo-
ries. These solutions describe supersymmetric deformations
and conformal interfaces within the dual N = 4 and N = 1
SCFTs in three dimensions. Many of the flow solutions have
been obtained analytically which should be useful for further
investigation.

In type IIB non-geometric compactification, the gauged
supergravity has I SO(3)× I SO(3) gauge group and admits
an N = 4 AdS4 vacuum dual to an N = 4 SCFT with global
symmetry SO(3) × SO(3). We have found two classes of
supersymmetric RG flows. The first one preserves N = 4
supersymmetry, and the global SO(3) × SO(3) symmetry
is unbroken. This type of solutions can be obtained by turn-
ing on only the dilaton and axion in the gravity multiplet
dual to relevant operators of dimensions � = 1, 2. In this
case, the flows are accordingly driven by relevant operators.
Another possibility for preserving N = 4 supersymmetry
is to truncate out all axions or pseudoscalars. The resulting
RG flows are driven by relevant and irrelevant operators of
dimensions � = 1, 2 and � = 4, respectively. When the
axions in the vector multplets, corresponding to marginal
deformations, are turned on, the flows break N = 4 super-
symmetry to N = 1 and break SO(3)× SO(3) symmetry to
their SO(3) diagonal subgroup. We have given numerically
the flows driven by marginal and irrelevant operators and the
most general deformations in the presence of all types of
deformations, relevant, marginal and irrelevant. It has been
pointed out in [20] that the vacuum structure of type IIB com-
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Fig. 5 N = 1 RG flow solutions from type IIA compactification with λ = 1 (purple), λ = 1.2 (green) and λ = 1.4 (red)

pactification is very rich. The solutions found in this paper
show that the number of supersymmetric deformations of
these vacua is also enormous.

Within this type IIB compactification, we have also given
Janus solutions preserving N = 4 and N = 1 supersym-
metry. These correspond to (1 + 1)-dimensional conformal
interfaces preserving SO(3)× SO(3) and SO(3) symmetry.
For the N = 4 solution, we have given a numerical solution
interpolating between AdS4 vacua on the two sides of the
interface, called regular Janus. This solution gives a holo-
graphic dual of a conformal interface in N = 4 SCFT. For
the N = 1 case, we have not found this type of solutions
but the singular Janus, interpolating between N = 1 non-
conformal phases of the dual N = 4 SCFT. The situation is
very similar to the N = 1 Janus solutions studied in [14].
It would be interesting to have a definite conclusion about
the existence of regular Janus solutions in these two N = 4
gauged supergravities.

In this non-geometric compactification, it is useful to give
some comments about the holographic interpretation of the
results. Due to its non-geometric nature, the stringy origin of
the N = 4 gauged supergravity is presently not well under-
stood. This makes the meaning of the resulting solutions in
terms of RG flows in the dual SCFT unclear. However, work-
ing in four-dimensional gauged supergravity has an obvious
advantage in the sense that the whole formulation of N = 4
gauged supergravity is virtually unchanged for all gaugings
from both geometric and non-geometric compactifications.
Therefore, the approach used here can be carried out for all
other gaugings regardless of their higher-dimensional ori-
gins. On the other hand, the full interpretation of the results
in higher-dimensional contexts calls for further study. Hope-
fully, the results presented here could be useful along this
line of investigations.

We have also carried out the same analysis in a geomet-
ric compactification of type IIA theory resulting in N = 4
gauged supergravity with I SO(3) � U (1)6. The gauged
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supergravity admits an N = 1 AdS4 vacuum dual to an N =
1 SCFT in three dimensions. Due to the lack of further con-
sistent subtruncation, we have numerically found examples
of holographic RG flows to N = 1 non-conformal field the-
ories. Similar to the solutions in the type IIB case, the flows
are driven by relevant, marginal and irrelevant operators in a
more complicated manner. It should be pointed out that the
massless scalars dual to marginal deformations considered in
this paper are not the Goldstone bosons corresponding to the
symmetry breaking I SO(3) × I SO(3) → SO(3) × SO(3)

and I SO(3) � U (1)6 → SO(3). The Goldstone bosons
transform non-trivially under the residual symmetry groups
SO(3) × SO(3) and SO(3) while the massless scalars con-
sidered in the solutions are singlets. Therefore, they are truly
marginal deformations in the N = 1 and N = 4 SCFTs. Note
also that, in the type IIB case, these marginal deformations
break N = 4 supersymmetry in consistent with the fact that
all maximally supersymmetric AdS4 vacua of N = 4 gauged
supergravity have no moduli preserving N = 4 supersym-
metry [35].

There are many possibilities for further investigations.
First of all, it would be interesting to identify the N = 1
and N = 4 SCFTs dual to the N = 1 and N = 4 AdS4

vacua. This should allow us to identify the dual operators
driving the RG flows obtained holographically in this paper.
It could be interesting to look for more general Janus solu-
tions in type IIB compactification with more scalars turned
on and also look for similar solutions in type IIA compact-
ification. Another direction would be to uplift the solutions
found here to ten dimensions. This could be used to identify
the g00 component of the ten-dimensional metric and checked
whether the unphysical singularities by the criterion of [34]
are physical by the criterion of [36]. Finally, it would be of
particular interest to further explore type IIB compactifica-
tion with more general fluxes than those considered in [20].
This could enlarge the solution space of both AdS4 vacua and
their deformations including possible flow solutions between
two AdS4 vacua. We leave these issues for future work.
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Appendix A: Useful formulas

In this appendix, we collect all of the conventions about ’t
Hooft symbols, the scalar potential coming from type IIA

geometric compactification and complicated BPS equations
arising from type IIB non-geometric compactification with
all SO(3) singlet scalars non-vanishing.

A.1: ’t Hooft symbols

To convert an SO(6) vector index m to a pair of anti-
symmetric SU (4) indices [i j], we use the following ’t Hooft
symbols:

Gi j
1 =

⎡
⎢⎢⎣

0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0

⎤
⎥⎥⎦ , Gi j

2 =

⎡
⎢⎢⎣

0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0

⎤
⎥⎥⎦ ,

Gi j
3 =

⎡
⎢⎢⎣

0 0 0 −1
0 0 1 0
0 −1 0 0
1 0 0 0

⎤
⎥⎥⎦ , Gi j

4 =

⎡
⎢⎢⎣

0 −i 0 0
i 0 0 0
0 0 0 −i
0 0 i 0

⎤
⎥⎥⎦ ,

Gi j
5 =

⎡
⎢⎢⎣

0 0 −i 0
0 0 0 i
i 0 0 0
0 −i 0 0

⎤
⎥⎥⎦ , Gi j

6 =

⎡
⎢⎢⎣

0 0 0 −i
0 0 −i 0
0 i 0 0
i 0 0 0

⎤
⎥⎥⎦ . (106)

These matrices satisfy the relation

Gmi j = −1

2
εi jklG

kl
m = −(Gi j

m )∗. (107)

A.2: BPS equations for type IIB compactification

In this section, we give the full BPS equations for the non-
geometric compactification of type IIB theory. These equa-
tions are given by

ϕ′
g = − 1

32W
eϕ1−3ϕ2−ϕgλ2[−e2ϕ1 − 9e2ϕ2

+ 6eϕ1+ϕ2 + e2(ϕ1+3ϕ2+ϕg)

+ 9e4ϕ2+2ϕg − 6eϕ1+5ϕ2+2ϕg

+ 6e3ϕ2+2ϕg (2eϕ1 − 3eϕ2 − e2ϕ1+ϕ2

+ 2eϕ1+2ϕ2)χ2χg + 2e5ϕ2+2ϕg

× (6eϕ1 − 9eϕ2 + e2ϕ1+ϕ2)χ3
2 χg + e2(ϕ1+ϕg)χ2

g

+ 9e2(ϕ2+ϕg)χ2
g − 6eϕ1+ϕ2+2ϕgχ2

g

+ 3e4ϕ2(e2ϕ1 + 3e2ϕ2 − 2eϕ1+ϕ2)χ4
2 (−1

+ e2ϕgχ2
g ) + e2ϕ1+6ϕ2χ6

2 (−1 + e2ϕgχ2
g )

+ 3e2ϕ2χ2
2 (−e2ϕ1 − 6e2ϕ2 + 4eϕ1+ϕ2

+ 3e4ϕ2+2ϕg + e2ϕg (e2ϕ1 + 6e2ϕ2

− 4eϕ1+ϕ2)χ2
g ) + 9e2(ϕ1+ϕ2)χ2

1 (1

+ e2ϕ2χ2
2 )(−1 + e2(ϕ2+ϕg) − 2e2(ϕ2+ϕg)χ2χg

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


455 Page 16 of 18 Eur. Phys. J. C (2017) 77 :455

+ e2ϕgχ2
g + e2ϕ2χ2

2 (−1 + e2ϕgχ2
g ))

− 6e2(ϕ1+ϕ2)χ1(−e2ϕg (−1 + e2ϕ2)χg

+ e4ϕ2+2ϕgχ2
2 χg − e4ϕ2+2ϕgχ4

2 χg

− χ2(1 + e4ϕ2+2ϕg − e2ϕgχ2
g )

+ 2e2ϕ2χ3
2 (−1 + e2ϕgχ2

g ) + e4ϕ2χ5
2 (−1 + e2ϕgχ2

g ))],
(108)

χ ′
g = − 1

16W
eϕ1−3ϕ2−ϕgλ2[3e3ϕ2(2eϕ1 − 3eϕ2

− e2ϕ1+ϕ2 + 2eϕ1+2ϕ2)χ2

+ e5ϕ2(6eϕ1 − 9eϕ2 + e2ϕ1+ϕ2)χ3
2

+ (eϕ1 − 3eϕ2)2χg + 3e2ϕ2(e2ϕ1 + 6e2ϕ2

− 4eϕ1+ϕ2)χ2
2 χg + 3e4ϕ2(e2ϕ1 + 3e2ϕ2

− 2eϕ1+ϕ2)χ4
2 χg + e2ϕ1+6ϕ2χ6

2 χg

+ 9e2(ϕ1+ϕ2)χ2
1 (1 + e2ϕ2χ2

2 )(−e2ϕ2χ2 + χg

+ e2ϕ2χ2
2 χg) − 3e2(ϕ1+ϕ2)χ1(1

− e2ϕ2 + e4ϕ2χ2
2 − e4ϕ2χ4

2 + 2χ2χg

+ 4e2ϕ2χ3
2 χg + 2e4ϕ2χ5

2 χg)], (109)

ϕ′
1 = − 1

32W
eϕ1−3ϕ2−ϕgλ2[e2ϕ1 + 3e2ϕ2

− 4eϕ1+ϕ2 − 4eϕ1+2ϕ2+ϕg + 6e3ϕ2+ϕg

+ e2(ϕ1+3ϕ2+ϕg) + 2e2ϕ1+3ϕ2+ϕg

− 4eϕ1+4ϕ2+ϕg + 3e4ϕ2+2ϕg − 4eϕ1+5ϕ2+2ϕg

+ 2e3ϕ2+2ϕg (4eϕ1 − 3eϕ2 − 3e2ϕ1+ϕ2

+ 4eϕ1+2ϕ2)χ2χg + 2e5ϕ2+2ϕg (4eϕ1

− 3eϕ2 + e2ϕ1+ϕ2)χ3
2 χg + e2(ϕ1+ϕg)χ2

g

+ 3e2(ϕ2+ϕg)χ2
g − 4eϕ1+ϕ2+2ϕgχ2

g

+ e2ϕ1+6ϕ2χ6
2 (1 + e2ϕgχ2

g ) + e2ϕ2χ2
2 (3e2ϕ1

+ 6e2ϕ2 − 8eϕ1+ϕ2 + 6e3ϕ2+ϕg

− 6e2ϕ1+3ϕ2+ϕg + 4eϕ1+4ϕ2+ϕg

+ 3e4ϕ2+2ϕg + e2ϕg (3e2ϕ1 + 6e2ϕ2

− 8eϕ1+ϕ2)χ2
g ) + e4ϕ2χ4

2 (3e2ϕ1 + 3e2ϕ2

− 4eϕ1+ϕ2 + 4eϕ1+2ϕ2+ϕg

+ e2ϕg (3e2ϕ1 + 3e2ϕ2 − 4eϕ1+ϕ2)χ2
g )

+ 9e2(ϕ1+ϕ2)χ2
1 (1 + e2ϕ2χ2

2 )((1 + eϕ2+ϕg )2

− 2e2(ϕ2+ϕg)χ2χg + e2ϕgχ2
g + e2ϕ2χ2

2 (1 + e2ϕgχ2
g ))

− 6e2(ϕ1+ϕ2)χ1(−e2ϕg (−1

+ e2ϕ2)χg + e4ϕ2+2ϕgχ2
2 χg

− e4ϕ2+2ϕgχ4
2 χg + e4ϕ2χ5

2 (1 + e2ϕgχ2
g )

+ 2e2ϕ2χ3
2 (1 + eϕ2+ϕg

+ e2ϕgχ2
g ) + χ2(1 + 2eϕ2+ϕg − 2e3ϕ2+ϕg

− e4ϕ2+2ϕg + e2ϕgχ2
g ))], (110)

ϕ′
2 = − 1

32W
eϕ1−3ϕ2−ϕgλ2[−e2ϕ1 − 3e2ϕ2

+ 4eϕ1+ϕ2 + 2eϕ1+2ϕ2+ϕg

+ e2(ϕ1+3ϕ2+ϕg) − 2eϕ1+4ϕ2+ϕg

+ 3e4ϕ2+2ϕg − 4eϕ1+5ϕ2+2ϕg + 2e4ϕ2+2ϕg (−3

− e2ϕ1 + 4eϕ1+ϕ2)χ2χg

+ 2e5ϕ2+2ϕg (4eϕ1 − 9eϕ2 + e2ϕ1+ϕ2)χ3
2 χg

− e2(ϕ1+ϕg)χ2
g − 3e2(ϕ2+ϕg)χ2

g

+ 4eϕ1+ϕ2+2ϕgχ2
g + e2ϕ1+6ϕ2χ6

2 (1 + e2ϕgχ2
g )

+ e2ϕ2χ2
2 (−e2ϕ1 + 6e2ϕ2 + 12e3ϕ2+ϕg

− 4e2ϕ1+3ϕ2+ϕg + 6eϕ1+4ϕ2+ϕg

+ 9e4ϕ2+2ϕg − e2ϕg (e2ϕ1 − 6e2ϕ2)χ2
g )

+ e4ϕ2χ4
2 (e2ϕ1 + 9e2ϕ2 − 4eϕ1+ϕ2

+ 6eϕ1+2ϕ2+ϕg + e2ϕg (e2ϕ1 + 9e2ϕ2

− 4eϕ1+ϕ2)χ2
g ) − 2e2(ϕ1+ϕ2)χ1(−e2ϕg (1

+ e2ϕ2)χg + 3e4ϕ2+2ϕgχ2
2 χg − 3e4ϕ2+2ϕgχ4

2 χg

+ 3e4ϕ2χ5
2 (1 + e2ϕgχ2

g )

+ 2e2ϕ2χ3
2 (1 + 2eϕ2+ϕg + e2ϕgχ2

g ) − χ2(1 + 4e3ϕ2+ϕg

+ 3e4ϕ2+2ϕg + e2ϕgχ2
g ))

+ 3e2(ϕ1+ϕ2)χ2
1 (−1 + e2(ϕ2+ϕg) − 2e2(ϕ2+ϕg)χ2χg

− 6e4ϕ2+2ϕgχ3
2 χg − e2ϕgχ2

g

+ 3e4ϕ2χ4
2 (1 + e2ϕgχ2

g ) + e2ϕ2χ2
2 (2 + 4eϕ2+ϕg

+ 3e2(ϕ2+ϕg) + 2e2ϕgχ2
g ))], (111)

χ ′
1 = 1

16W
eϕ1−ϕ2−ϕgλ2[−e2ϕg (−1 + e2ϕ2)χg

+ e4ϕ2+2ϕgχ2
2 χg − e4ϕ2+2ϕgχ4

2 χg

+ e4ϕ2χ5
2 (1 + e2ϕgχ2

g ) + 2e2ϕ2χ3
2

× (1 + eϕ2+ϕg + e2ϕgχ2
g ) + χ2(1 + 2eϕ2+ϕg

− 2e3ϕ2+ϕg − e4ϕ2+2ϕg + e2ϕgχ2
g )

− 3χ1(1 + e2ϕ2χ2
2 )((1 + eϕ2+ϕg )2

− 2e2(ϕ2+ϕg)χ2χg + e2ϕgχ2
g

+ e2ϕ2χ2
2 (1 + e2ϕgχ2

g ))], (112)

χ ′
2 = − 1

16W
eϕ1−3ϕ2−ϕgλ2[eϕ2+2ϕg (2eϕ1 − 3eϕ2

− e2ϕ1+ϕ2 + 2eϕ1+2ϕ2)χg

+ e3ϕ2+2ϕg (6eϕ1 − 9eϕ2
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+ e2ϕ1+ϕ2)χ2
2 χg + e2ϕ1+4ϕ2χ5

2 (1 + e2ϕgχ2
g )

+ χ2(e
2ϕ1 + 6e2ϕ2 − 4eϕ1+ϕ2

+ 6e3ϕ2+ϕg − 2e2ϕ1+3ϕ2+ϕg + 2eϕ1+4ϕ2+ϕg

+ 3e4ϕ2+2ϕg + e2ϕg (e2ϕ1 + 6e2ϕ2

− 4eϕ1+ϕ2)χ2
g ) + 2e2ϕ2χ3

2 (e2ϕ1 + 3e2ϕ2

− 2eϕ1+ϕ2 + 2eϕ1+2ϕ2+ϕg + e2ϕg (e2ϕ1

+ 3e2ϕ2 − 2eϕ1+ϕ2)χ2
g ) − e2ϕ1χ1(1

+ 2eϕ2+ϕg − 2e3ϕ2+ϕg − e4ϕ2+2ϕg

+ 2e4ϕ2+2ϕgχ2χg − 4e4ϕ2+2ϕgχ3
2 χg

+ e2ϕgχ2
g + 5e4ϕ2χ4

2 (1 + e2ϕgχ2
g )

+ 6e2ϕ2χ2
2 (1 + eϕ2+ϕg + e2ϕgχ2

g ))

+ 3e2(ϕ1+ϕ2)χ2
1 (−e2ϕgχg − 3e2(ϕ2+ϕg)χ2

2 χg

+ 2e2ϕ2χ3
2 (1 + e2ϕgχ2

g )

+ χ2(2 + 2eϕ2+ϕg + e2(ϕ2+ϕg) + 2e2ϕgχ2
g ))] (113)

where W is given in (43).

A.3: Scalar potential from type IIA compactification

The scalar potential obtained from a geometric compactifi-
cation of type IIA theory is given by

V = 1

192
eϕ1−3ϕ2−ϕgλ2[20e2ϕ1+4ϕ2

+ 25e2(ϕ1+ϕg) − 240eϕ1+4ϕ2+ϕg − 180e4ϕ2+2ϕg

+ 5e2(ϕ1+ϕ2+ϕg)(1 + 2
√

15χ2 + 15χ2
2 )

+ 12e6ϕ2+2ϕg (1 + 2
√

15χ2 + 15χ2
2 )

+ e2ϕ1+6ϕ2(4 + 8
√

15χ2 + 60χ2
2 )

+ e2(ϕ1+2ϕ2+ϕg)[180χ2
1 − 12χ1(3

√
15

+ 5χ2(2 + √
15χ2) − 10χg)

+ 3(9 + 4
√

15χ2 − 4
√

15χg) + 5[4√
15χ3

2

+ 15χ4
2 − 8χ2χg + 4χ2

g + χ2
2 (22 − 4

√
15χg)]]

+ e2(ϕ1+3ϕ2+ϕg)[135

− 54
√

15χ2 + 10
√

15χ5
2

+ 25χ6
2 + 12

√
15χg − 4χ3

2 (3
√

15 + 60χ1 + 20χg)

+ 8χ2(3χ1 + χg)(18 + 3
√

15χ1 + √
15χg)

− 5χ4
2 (−21 + 12

√
15χ1

+ 4
√

15χg) + 4[9χ1(
√

15 + χ1)

+ 6χ1χg + χ2
g ] + χ2

2 [−9 − 40
√

15χg

+ 60[9χ2
1 − 2χ1(

√
15 − 3χg) + χ2

g ]]]]. (114)
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Abstract We study five-dimensional N = 4 gauged super-
gravity coupled to five vector multiplets with compact and
non-compact gauge groups U (1) × SU (2) × SU (2) and
U (1)× SO(3, 1). For U (1)× SU (2)× SU (2) gauge group,
we identify N = 4 AdS5 vacua withU (1)× SU (2)× SU (2)

and U (1) × SU (2)diag symmetries and analytically con-
struct the corresponding holographic RG flow interpolating
between these critical points. The flow describes a defor-
mation of the dual N = 2 SCFT driven by vacuum expecta-
tion values of dimension-two operators. In addition, we study
AdS3 × �2 geometries, for �2 being a two-sphere S2 or a
two-dimensional hyperbolic space H2, dual to twisted com-
pactifications of N = 2 SCFTs with flavor symmetry SU (2).
We find a number of AdS3 × H2 solutions preserving eight
supercharges for different twists from U (1) ×U (1) ×U (1)

and U (1)×U (1)diag gauge fields. We numerically construct
various RG flow solutions interpolating between N = 4
AdS5 critical points and these AdS3 × H2 geometries in the
IR. The solutions can also be interpreted as supersymmet-
ric black strings in asymptotically AdS5 space. These types
of holographic solutions are also studied in non-compact
U (1) × SO(3, 1) gauge group. In this case, only one N = 4
AdS5 vacuum exists, and we give an RG flow solution from
this AdS5 to a singular geometry in the IR corresponding to
an N = 2 non-conformal field theory. An AdS3 × H2 solu-
tion together with an RG flow between this vacuum and the
N = 4 AdS5 are also given.

1 Introduction

AdS5/CFT4 correspondence has attracted much attention
since the first proposal of the AdS/CFT correspondence

a e-mail: hl.dao@u.nus.edu
b e-mail: parinya.ka@hotmail.com

in [1]. Various aspects of the very well-understood duality
between type IIB theory on AdS5 × S5 and N = 4 Super
Yang-Mills (SYM) theory in four dimensions are captured by
N = 8 SO(6) gauged supergravity in five dimensions which
is a consistent truncation of type IIB supergravity on S5 [2].
One aspect of the AdS/CFT correspondence that has been
extensively studied is holographic RG flows. There are many
previous works considering these solutions both in N = 8
five-dimensional gauged supergravity and directly in type
IIB string theory, see for example [3–7].

Results along this direction with less supersymmetry have
also appeared in [8–11]. In this case, gauged supergravi-
ties in five dimensions with N < 8 supersymmetry provide
a very useful framework. In this paper, we consider holo-
graphic RG flows in half-maximal N = 4 gauged super-
gravity coupled to vector multiplets. This gauged super-
gravity has global symmetry SO(1, 1) × SO(5, n), n being
the number of vector multiplets. Gaugings of a subgroup
G0 ⊂ SO(1, 1) × SO(5, n) have been constructed in an
SO(1, 1) × SO(5, n) covariant manner using the embed-
ding tensor formalism in [12], see also [13]. The resulting
solutions should describe RG flows arising from perturbing
N = 2 superconformal field theories (SCFTs) by turning
on some operators or their expectation values. Holographic
solutions describing these N = 2 SCFTs and their defor-
mations are less known compared to the N = 4 SYM. The
results of this paper will give more examples of supersym-
metric RG flow solutions and should hopefully shed some
light on strongly coupled dynamics of N = 2 SCFTs.

We will consider N = 4 gauged supergravity coupled
to five vector multiplets. This N = 4 gauged supergravity
has a possibility of embedding in ten dimensions since the
ungauged supergravity can be obtained via a T 5 reduction
of N = 1 supergravity in ten dimensions similar to N = 4
supergravity in four dimensions coupled to six vector multi-
plets that descends from N = 1 ten-dimensional supergravity
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compactified on a T 6. However, it should be emphasized that
the gaugings considered here have no known higher dimen-
sional origin todate. We mainly focus on domain wall solu-
tions interpolating between N = 4 AdS5 vacua or between
an AdS5 vacuum and a singular domain wall corresponding
to a non-conformal field theory. These types of solutions have
been extensively studied in half-maximal gauged supergravi-
ties in various space-time dimensions, see [10,11,14–21] for
an incomplete list. The solutions involve only the metric and
scalar fields.

We will also study solutions with some vector fields non-
vanishing. These solutions interpolate between the above
mentioned supersymmetric AdS5 vacua and AdS3 × �2

geometries in the IR in which �2 is a two-sphere (S2) or
a two-dimensional hyperbolic space (H2). Holographically,
the resulting solutions describe twisted compactifications of
the dual N = 2 SCFTs to two-dimensional SCFTs as first
studied in [22]. A number of these flows across dimensions
have been found within N = 8 gauged supergravity and its
truncations in [23–27], see also a universal result in [28] and
solutions obtained directly from type IIB theory in [29]. To
the best of our knowledge, solutions of this type have not
appeared before in the framework of N = 4 gauged super-
gravity coupled to vector multiplets, see however [30] for
similar solutions in pure N = 4 gauged supergravity. Our
results should give a generalization of the universal RG flows
across dimensions in [28] by turning on the twists from flavor
symmetries.

In addition, AdS3 ×�2 geometries can arise as near hori-
zon limits of black strings. Therefore, flow solutions interpo-
lating between AdS5 and AdS3 × �2 should describe black
strings in asymptotically AdS5 space. Similar solutions in
N = 2 gauged supergravity have been considered in [31–35].
We will give solutions of this type in N = 4 gauged super-
gravity. The solutions presented here will provide further
examples of supersymmetric AdS5 black strings and might
be useful for both holographic studies of twisted N = 2
SCFTs on �2 and certain dynamical aspects of black strings.

The paper is organized as follow. In Sect. 2, we review
N = 4 gauged supergravity in five dimensions coupled to
vector multiplets using the embedding tensor formalism. In
Sect. 3, a compact U (1) × SU (2) × SU (2) gauge group
is considered. Supersymmetric AdS5 vacua and RG flows
interpolating between them are given. A number of AdS3 ×
H2 solutions will also be given along with numerical RG
flows interpolating between the previously identified AdS5

vacua and these AdS3 ×H2 geometries. In Sect. 4, we repeat
the analysis for a non-compactU (1)×SO(3, 1) gauge group.
An RG flow from N = 2 SCFT dual to a supersymmetric
AdS5 vacuum to a singular geometry dual to a non-conformal
field theory is considered. A supersymmetric AdS3 × H2

geometry and an RG flow between this vacuum and the AdS5

critical point will also be given. We end the paper with some
conclusions and comments in Sect. 5.

2 Five dimensional N = 4 gauged supergravity coupled
to vector multiplets

In this section, we review the structure of five dimensional
N = 4 gauged supergravity coupled to vector multiplets. We
mainly focus on relevant formulae to find supersymmetric
solutions. More details on the construction of N = 4 gauged
supergravity can be found in [12] and [13].

In five dimensions, N = 4 gravity multiplet consists of

the graviton eμ̂
μ, four gravitini ψμi , six vectors A0 and Am

μ ,

four spin- 1
2 fields χi and one real scalar �, the dilaton. Space-

time and tangent space indices are denoted respectively by
μ, ν, . . . = 0, 1, 2, 3, 4 and μ̂, ν̂, . . . = 0, 1, 2, 3, 4. The
SO(5) ∼ USp(4) R-symmetry indices are described by
m, n = 1, . . . , 5 for the SO(5) vector representation and
i, j = 1, 2, 3, 4 for the SO(5) spinor or USp(4) fundamen-
tal representation.

N = 4 supersymmetry allows the gravity multiplet to
couple to an arbitrary number n of vector multiplets. Each
vector multiplet contains a vector field Aμ, four gaugini λi
and five scalars φm . The n vector multiplets will be labeled by
indices a, b = 1, . . . , n. Components fields in the n vector
multiplets are accordingly denoted by (Aa

μ, λai , φ
ma). The

5n scalar fields parametrized the SO(5, n)/SO(5) × SO(n)

coset. Combining the gravity and vector multiplets, we have
6 + n vector fields denoted by AM

μ = (A0
μ, Am

μ, Aa
μ) and

5n + 1 scalars. All fermionic fields are symplectic Majorana
spinors subject to the condition

ξi = 	i jC(ξ̄ j )T (1)

with C and 	i j being the charge conjugation matrix and
USp(4) symplectic form, respectively.

To describe the SO(5, n)/SO(5)×SO(n) coset, we intro-
duce a coset representative V A

M transforming under the
global G = SO(5, n) and the local H = SO(5) × SO(n)

by left and right multiplications, respectively. We use indices
M, N , . . . ,= 1, 2, . . . , 5 + n. The local H indices A, B, . . .

can be split into A = (m, a). We can then write the coset
representative as

V A
M = (V m

M ,V a
M ). (2)

The matrix V A
M , an element of SO(5, n), satisfies the rela-

tion

ηMN = VM
AVN

BηAB = −V m
M V m

N + V a
M V a

N . (3)

ηMN = diag(−1,−1,−1,−1,−1, 1, . . . , 1) is the SO(5, n)

invariant tensor. In addition, the SO(5, n)/SO(5) × SO(n)

coset can also be described in term of a symmetric matrix
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MMN = V m
M V m

N + V a
M V a

N (4)

which is manifestly invariant under the SO(5)×SO(n) local
symmetry.

The full global symmetry of N = 4 supergravity cou-
pled to n vector multiplets is SO(1, 1) × SO(5, n). The
SO(1, 1) ∼ R

+ factor is identified with the coset space
described by the dilaton �. Gaugings can be efficiently
described, in an SO(1, 1) × SO(5, n) covariant manner,
by using the embedding tensor formalism. N = 4 super-
symmetry allows three components of the embedding tensor
ξM , ξMN = ξ [MN ] and fMN P = f[MN P]. The existence
of supersymmetric AdS5 vacua requires ξM = 0, see [36]
for more detail. Since, in this paper, we are only interested
in supersymmetric AdS5 vacua and solutions interpolating
between these vacua or solutions asymptotically approach-
ing AdS5, we will restrict ourselves to the gaugings with
ξM = 0.

With ξM = 0, the gauge group is entirely embedded in
SO(5, n). The gauge generators in the fundamental represen-
tation of SO(5, n) can be written in terms of the SO(5, n)

generators (tMN )P
Q = δ

Q
[MηN ]P as

(XM )N
P = − fM

QR(tQR)N
P = fMN

P and

(X0)N
P = −ξ QR(tQR)N

P = ξN
P . (5)

As a result, the covariant derivative reads

Dμ = ∇μ + AM
μ XM + A0

μX0 (6)

where ∇μ is the usual space-time covariant derivative includ-
ing the spin connection. It should be noted that the definition
of ξMN and fMN P includes the gauge coupling constants.
Furthermore, SO(5, n) indices M, N , . . . are lowered and
raised by ηMN and its inverse ηMN .

In order to define a consistent gauge group, genera-
tors XM = (X0, XM ) must form a closed subalgebra
of SO(5, n). This requires ξMN and fMN P to satisfy the
quadratic constraints

fR[MN fPQ]R = 0 and ξM
Q fQN P = 0. (7)

The first condition is the usual Jacobi identity. From the result
of [36], gauge groups that admit N = 4 supersymmetric
AdS5 vacua are generally of the form U (1) × H0 × H . The
U (1) is gauged by A0

μ while H ⊂ SO(n + 3 − dim H0)

is a compact group gauged by vector fields in the vector
multiplets. H0 is a non-compact group gauged by three of
the graviphotons and dim H0 − 3 vectors from the vector
multiplets. In addition, H0 must contain an SU (2) subgroup.
For simple groups, H0 can be SU (2) ∼ SO(3), SO(3, 1)

and SL(3,R).
The bosonic Lagrangian of a general gauged N = 4 super-

gravity coupled to n vector multiplets can be written as

e−1L = 1

2
R − 1

4
�2MMNHM

μνHNμν − 1

4
�−4H0

μνH0μν

−3

2
�−2Dμ�Dμ� + 1

16
DμMMN DμMMN

−V + e−1Ltop (8)

where e is the vielbein determinant. Ltop is the topological
term which we will not give the explicit form here due to its
complexity. The covariant gauge field strength tensors read

HM
μν = 2∂[μAM

ν] + XNPMAN
μ AP

ν + ZMN BNμν (9)

where

XMN
P = − fMN

P , XM0
0 = 0, X0M

N = −ξM
N ,

ZMN = 1

2
ξMN , Z0M = −ZM0 = 0 . (10)

The two-form fields do not have kinetic terms and satisfy the
first-order field equation

ZMN
[

1

6
√

2
εμνρλσH(3)ρλσ

N − MNPHP
μν

]
= 0 (11)

with H(3) defined by

ZMNH(3)

Nμνρ
= ZMN

[
3D[μBνρ]N + 6dNPQAP[μ

×
(
∂ν A

Q
ρ ] + 1

3
XRSQAR

ν AS
ρ ]

)]
(12)

and d0MN = dMN0 = dM0N = ηMN . These two form fields
arise from vector fields that transform non-trivially under the
U (1) part of the gauge group.

The scalar potential is given by

V = −1

4

[
fMN P fQRS�

−2
(

1

12
MMQMNRMPS

−1

4
MMQηN RηPS +1

6
ηMQηN RηPS

)

+1

4
ξMN ξPQ�4

(
MMPMNQ − ηMPηNQ

)

+
√

2

3
fMN PξQR�MMNPQRS

]
(13)

where MMN is the inverse of MMN , and MMNPQRS is
obtained from

MMNPQR = εmnpqrV m
M V n

N V p
P V q

Q V r
R (14)

by raising the indices with ηMN .
Fermionic supersymmetry transformations are given by

δψμi = Dμεi + i√
6
	i j A

jk
1 γμεk

− i

6

(
	i j�VM

jkHM
νρ −

√
2

4
δki �

−2H0
νρ

) (
γμ

νρ

−4δν
μγ ρ

)
εk, (15)
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δχi = −
√

3

2
i�−1Dμ�γ μεi + √

2Akj
2 εk

− 1

2
√

3

(
�	i jVM

jkHM
μν

+ 1√
2
�−2δki H0

μν

)
γ μνεk, (16)

δλai = i	 jk(VM
aDμVi j

M )γ μεk + √
2	i j A

ak j
2 εk

−1

4
�VM

aHM
μνγ

μνεi . (17)

In the above equations, the fermion shift matrices are defined
by

Ai j
1 = − 1√

6

(√
2�2	klVM

ikVN
jlξMN

+4

3
�−1V ik

MV jl
NV P

kl f
MN

P

)
,

Ai j
2 = 1√

6

(√
2�2	klVM

ikVN
jlξMN

−2

3
�−1V ik

MV jl
NV P

kl f
MN

P

)
,

Aai j
2 = −1

2

(
�2VM

aVN
i jξMN

−√
2�−1	klVM

aVN
ikVP

jl f MN P
)

. (18)

V i j
M is defined in term of VM

m as

VM
i j = 1

2
VM

m�
i j
m (19)

where �
i j
m = 	ik�mk

j and �mi
j are SO(5) gamma matrices.

Similarly, the inverse Vi j
M can be written as

Vi j
M = 1

2
Vm

M (�
i j
m )∗ = 1

2
Vm

M�kl
m	ki	l j . (20)

The covariant derivative on εi is given by

Dμεi = ∂μεi + 1

4
ωab

μ γabεi + Qμi
jε j (21)

where the composite connection is defined by

Qμi
j = Vik

M∂μVM
kj − A0

μξMNVMikVN
kj

−AM
μ Vik

NVk j P fMN P . (22)

Before considering various supersymmetric solutions, we
note here the relation between the scalar potential and the
fermion shift matrices A1 and A2

V = −Ai j
1 A1i j + Ai j

2 A2i j + Aai j
2 Aa

2i j . (23)

Rasing and lowering of indices i, j, . . . by 	i j and 	i j are
also related to complex conjugation for example A1i j =
	ik	 jl Akl

1 = (Ai j
1 )∗.

3 Supersymmetric RG flows in U(1)× SU(2)× SU(2)
gauge group

We begin with a compact gauge group U (1) × SU (2) ×
SU (2). In order to gauge this group, we need to couple the
gravity multiplet to at least three vector multiplets. Compo-
nents of the embedding tensor for this gauge group are given
by

ξMN = g1

(
δM2 δN1 − δM1 δN2

)
, (24)

fm̃+2,ñ+2, p̃+2 = −g2εm̃ñ p̃, m̃, ñ, p̃ = 1, 2, 3, (25)

fabc = g3εabc, a, b, c = 1, 2, 3 (26)

where g1, g2 and g3 are the corresponding coupling constants
for each factor in U (1) × SU (2) × SU (2).

To parametrize the scalar coset SO(5, n)/SO(5)×SO(n),
we introduce a basis for GL(5 + n,R) matrices

(eMN )PQ = δMPδNQ (27)

in terms of which SO(5, n) non-compact generators are
given by

Yma = em,a+5 + ea+5,m , m = 1, 2, . . . , 5, a = 1, 2, . . . , n .

(28)

We will mainly consider the case of n = 5 vector multiplets,
but the results can be straightforwardly extended to the case
of n > 5.

3.1 RG flows between N = 4 supersymmetric AdS5

critical points

We will consider scalar fields that are singlets of U (1) ×
SU (2)diag ⊂ U (1) × SU (2) × SU (2). Under SO(5) ×
SO(5) ⊂ SO(5, 5), the scalars transform as (5, 5). With the
above embedding of the gauge group in SO(5, 5), the scalars
transform under U (1) × SU (2) × SU (2) gauge group as

2 × (1, 1)+2 + 2 × (1, 1)−2 + (1, 3)+2 + (1, 3)−2

+2 × (3, 1)0 + (3, 3)0 (29)

and transform under U (1) × SU (2)diag as

10 + 2 × 1+2 + 2 × 1−2 + 3 × 30 + 3+2 + 3−2 + 50

(30)
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where the subscript denotes the U (1) charges. According to
this decomposition, there is one singlet corresponding to the
following SO(5, 5) non-compact generator

Ys = Y31 + Y42 + Y53 . (31)

Using the coset representative parametrized by

V = eφYs , (32)

we find the scalar potential for φ and � as follow

V = 1

32�2

[
32

√
2g1g2�

3 cosh3 φ − 9(g2
2 + g2

3) cosh(2φ)

−8(g2
2 − g2

3 − 4
√

2g1g3�
3 sinh3 φ − g2g3 sinh3 φ)

+(g2
2 + g2

3) cosh(6φ)
]
. (33)

This potential admits two N = 4 supersymmetric AdS5 crit-
ical points. The first one is given by

φ = 0 and � =
(

− g2√
2g1

) 1
3

. (34)

This critical point is invariant under the full gauge symmetry
U (1) × SU (2) × SU (2) since � is a singlet of the whole
SO(5, 5) global symmetry. Furthermore, we can rescale �,
or equivalently set g2 = −√

2g1 to bring this critical point
located at � = 1. The cosmological constant, the value of
the scalar potential at the critical point, is

V0 = −3g2
1 . (35)

Another supersymmetric critical point is given by

φ = 1

2
ln

[
g3 − g2

g3 + g2

]
and � =

⎛
⎝ g2g3

g1

√
2(g2

3 − g2
2)

⎞
⎠

1
3

.

(36)

This critical point also preserves the full N = 4 supersym-
metry but has only U (1) × SU (2)diag symmetry due to the
non-vanising scalar φ. The cosmological constant for this
critical point is

V0 = −3

(
g1g2

2g
2
3

2(g2
3 − g2

2)

) 2
3

. (37)

This second N = 4 AdS5 critical point has been shown
to exist in [11] when an additional SU (2) dual to a flavor
symmetry of the dual N = 2 SCFT is present.

We now analyze the BPS equations arising from setting
supersymmetry transformations of fermions to zero. We first
define VM

i j with the following explicit choice of SO(5)

gamma matrices �mi
j

�1 = −σ2 ⊗ σ2, �2 = iI2 ⊗ σ1, �3 = I2 ⊗ σ3,

�4 = σ1 ⊗ σ2, �5 = σ3 ⊗ σ2 (38)

where σi , i = 1, 2, 3 are the usual Pauli matrices.
Since we are interested only in solutions with only the

metric and scalars non-vanishing, we will set all the vector
and two-form fields to zero. The metric ansatz is given by
the standard domain wall

ds2 = e2A(r)dx2
1,3 + dr2 (39)

with dx2
1,3 being the metric on four dimensional Minkowski

space. In addition, the scalars � and φ as well as the Killing
spinors εi are functions of only the radial coordinate r .

We begin with the δψμi = 0 conditions for μ = 0, 1, 2, 3
which lead to

A′γrεi + i

√
2

3
	i j A

jk
1 εk = 0 (40)

where ′ denotes the r -derivative. Multiply this equation by
A′γr and iterate, we find

A′2εi + Mi
kMk

jε j = 0 (41)

for Mi
j =

√
2
3	ik A

k j
1 . The above equation has non-

vanishing solutions for εi if Mi
kMk

j ∝ δ
j
i . We will write

Mi
kMk

j = −|W |2δ j
i (42)

where W will be identified with the superpotential. When
substitute this result in Eq. (41), we find

A′ = ±|W | . (43)

On the other hand, Eq. (40) leads to the projection condition
on εi

γrεi = ±i Ii
jε j (44)

where Ii j is defined via

Mi
j = |W |Ii j . (45)

The condition δψr̂ i = 0 gives the usual r -dependent Killing

spinors of the form εi = e
A
2 ε0i for constant spinors ε0i sat-

isfying (44). Using the projector (44) in conditions δχi = 0
and δλai = 0, we can derive the first order flow equations for
� and φ.

For the coset representative in (32), we find the superpo-
tential

W = 1

6
�−1

(√
2g1�

3 − 2g2 cosh3 φ − 2g3 sinh3 φ
)

.

(46)

The matrix Ii j in the γr projection is given by

i Ii
j = (σ2 ⊗ σ3)i

j . (47)

The scalar kinetic term reads

Lkin = −3

2
�−2�′2 − 3

2
φ′2 . (48)
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The scalar potential (33) can be written in term of the super-
potential as

V = 3

2

(
∂W

∂φ

)2

+ 3

2
�2

(
∂W

∂�

)2

− 6W 2 . (49)

By choosing the sign choice such that theU (1)×SU (2)×
SU (2) is identified with r → ∞, the BPS conditions from
δχi and δλai reduce to the following equations

φ′ = −∂W

∂φ
= �−1 cosh φ sinh φ(g2 cosh φ + g3 sinh φ),

(50)

�′ = −�2 ∂W

∂�
= − 1

3

(√
2g1�

3+g2 cosh3 φ+g3 sinh3 φ
)

.

(51)

It can be readily verified that the critical points given in
(34) and (36) are also critical point of W and solve Eqs. (50)
and (51). These critical points are then N = 4 supersymmet-
ric. Together with the A′ equation

A′ = −1

6
�−1(

√
2g1�

3 − 2g2 cosh3 φ − 2g3 sinh3 φ),

(52)

we have the full set of BPS equations to be solved for RG
flows interpolating between the two supersymmetric AdS5

critical points. It can be verified that these BPS equations
imply the second-order field equations.

By treating φ as an independent variable, we can solve for
�(φ) and A(φ) as follow

� = −e
φ
3 (g3 − g3e2φ − g2 − g2e2φ)

1
3[

(e4φ − 1)C − 2
√

2g1

] 1
3

, (53)

A = −1

3
φ+1

2
ln(1 − e4φ)−1

2
ln(g3 − g3e

2φ − g2−g2e
2φ)

−1

6
ln

[
g2(1 − e2φ) − g3(1 + e2φ)

]
. (54)

We have neglected an irrelevant additive integration constant
in A. The constant C will be chosen in such a way that �

approaches the second AdS5 vacuum. This requires C =
− g1(g3+g2)2√

2g2g3
leading to the final form of the solution for �

� =
[ √

2g2g3eφ

g1(g2 − g2e2φ − g3 − g3e2φ)

] 1
3

. (55)

Finally, the solution for φ(r) is given by

g2g3ρ = g3 ln

[
1 − eφ

1 + eφ

]
− 2g2 tan−1 eφ

+2
√
g2

3 − g2
2 tanh−1

[
eφ

√
g3 + g2

g3 − g2

]
(56)

Table 1 Scalar masses at the
N = 4 supersymmetric AdS5
critical point with
U (1) × SU (2) × SU (2)

symmetry and the
corresponding dimensions of the
dual operators

Scalar field
representations

m2L2 �

(1, 1)0 −4 2

(1, 1)±2 −3×4 3

(1, 3)±2 −3×6 3

(3, 1)0 −4×6 2

(3, 3)0 −4×9 2

Table 2 Scalar masses at the
N = 4 supersymmetric AdS5
critical point with
U (1)× SU (2)diag symmetry and
the corresponding dimensions of
the dual operators

Scalar field
representations

m2L2 �

10 −4 2

10 12 6

1±2 −3×4 3

3±2 5×6 5

30 −4×6 2

30 0×3 4

50 0×5 4

where the new radial coordinate ρ is defined by dρ
dr = �−1.

This solution is the same as that obtained in [11] and has
a very similar structure to solutions obtained from half-
maximal gauged supergravities in seven and six dimensions
[14,16].

Near the UV N = 4 critical point, we find

φ ∼ � ∼ e−√
2g1r ∼ e

− 2r
LUV (57)

where the AdS5 radius is given by LUV =
√

− 6
V0

=
√

2
g1

.
This behavior implies that the RG flow dual to this solution
is driven by vacuum expectation values of operators with
dimension � = 2. Near the IR point, we find

φ ∼ e
2r
LIR , � ∼ e

− 2r
LIR (58)

where

L IR =
[

2
5
2 (g2

3 − g2
2)

g1(g2g3)2

] 1
3

. (59)

The operator dual to φ becomes irrelevant in the IR with
dimension � = 6 while the operator dual to � has dimension
� = 2 as in the UV. For completeness, we give masses for
all scalars at both critical points in Tables 1 and 2. In these
tables, the singlets (1, 1)0 and one of the 10 with m2L2 =
−4 in Table 2 corresponds to �. The massless scalars 30 in
Table 2 are Goldstone bosons corresponding to the symmetry
breaking SU (2)×SU (2) → SU (2)diag. The massless scalars
50 are dual to marginal operators in the dual N = 2 SCFT.
It should also be noted that most of the results in this section
have already been found in [11]. However, the full scalar
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mass spectra are new results that have not been studied in
[11].

3.2 Supersymmetric RG flows from N = 2 SCFTs to two
dimensional SCFTs

We now consider another type of solutions namely solutions
interpolating between supersymmetric AdS5 vacua identi-
fied previously and AdS3 × �2 geometries. In the present
consideration, �2 is a two-sphere (S2) or a two-dimensional
hyperbolic space (H2).

We begin with the metric ansatz for the �2 = S2 case

ds2 = e2 f (r)dx2
1,1 + dr2 + e2g(r)(dθ2 + sin2 θdφ2) (60)

where dx2
1,1 is the flat metric in two dimensions. It is useful

to note the components of the spin connection

ωμ̂r̂ = f ′eμ̂, ωθ̂ r̂ = g′eθ̂ ,

ωφ̂r̂ = g′eφ̂ , ωφ̂θ̂ = e−g cot θeφ̂ (61)

with the obvious choice of vielbein

eμ̂ = e f dxμ, er̂ = dr, eθ̂ = egdθ, eφ̂ = eg sin θdφ

(62)

for μ̂ = 0, 1.
To preserve some amount of supersymmetry, we impose

a twist condition by cancelling the spin connection on S2

with some gauge connections. We will consider abelian twists
fromU (1)×U (1)×U (1) ⊂ U (1)× SU (2)× SU (2) and its
U (1) × U (1)diag subgroup. The corresponding gauge fields
are denoted by (A0, A5, A8). Note that turning on A0 and A5

correspond to a twist along the R-symmetry U (1) × SU (2)

of the dual N = 2 SCFTs while a non-vanishing A8 is related
to turning on the gauge field of SU (2) flavor symmetry. The
latter cannot be used as a twist since the Killing spinor is
neutral under this symmetry.

An effect of the twisting procedure is to cancel ωθ̂φ̂ on S2.
The BPS conditions δψi θ̂ = 0 and δψi φ̂ = 0 then lead to the
same BPS equation. In order to achieve this, we consider the
ansatz for the gauge fields

AM=0,5,8 = aM cos θdφ . (63)

We consider two type of solutions with unbroken gauge sym-
metry U (1) ×U (1) ×U (1) and U (1) ×U (1)diag. We begin
with a simpler case of U (1) ×U (1) ×U (1) invariant sector
consisting of four singlet scalars � and ϕi , i = 1, 2, 3. The
latter correspond to the SO(5, 5) non-compact generators
Y53, Y54 and Y55. The coset representative is then given by

V = eϕ1Y53eϕ2Y54eϕ3Y55 . (64)

A straightforward computation gives relevant components of
the covariant derivative on the Killing spinors εi

D
φ̂
εi = · · · + 1

2
e−g cot θ

[
γ
φ̂θ̂

εi − ia0g1(σ2 ⊗ σ3)i
jε j

+ia5g2(σ1 ⊗ σ1)i
jε j

]
. (65)

In order to cancel the spin connection, we need to impose the
conditions

iγ
θ̂φ̂

εi = a0g1(σ2 ⊗ σ3)i
jε j − a5g2(σ1 ⊗ σ1)i

jε j . (66)

Consistency with (iγ
θ̂φ̂

)2 = I4 requires the conditions

(g1a0)
2 + (g2a5)

2 = 1 and g1g2a0a5 = 0 . (67)

The second condition implies, for non-vanishing g1 and g2,
either a0 = 0 or a5 = 0 for which the first condition gives
g2a5 = ±1 or g1a0 = ±1, respectively. These two pos-
sibilities correspond respectively to the α-twist and β-twist
studied in [37], see also a discussion in [28].

For a0 = 0 and g2a5 = ±1, the condition (66) becomes a
projector

iγ
θ̂φ̂

εi = ∓(σ1 ⊗ σ1)i
jε j . (68)

For a5 = 0 and g1a0 = ±1, we find

iγ
θ̂φ̂

εi = ±(σ2 ⊗ σ3)i
jε j . (69)

It should be noted that we can make a definite sign choice for
the twist condition and the γ

θ̂φ̂
projector. The other possiblil-

ity can be obtained by changing the sign of a0 or a5 together
with a sign change in the γ

θ̂φ̂
projector. In the remaining part

of this paper, we will choose the twist conditions and γ
θ̂φ̂

projector with the upper sign.
For the U (1) × U (1)diag sector with the U (1)diag being

a diagonal subgroup of U (1) × U (1) ⊂ SU (2) × SU (2),
we have five singlets from the vector multiplet scalars
corresponding to the following non-compact generators of
SO(5, 5)

Ŷ1 = Y31 + Y42, Ŷ2 = Y53, Ŷ3 = Y32 − Y41,

Ŷ4 = Y54, Ŷ5 = Y55 (70)

giving rise to the coset representative

V = eφ1Ŷ1eφ2Ŷ2eφ3Ŷ3eφ4Ŷ4eφ5Ŷ5 . (71)

The result of the analysis is the same as in the previous case
but with an additional condition imposed on the flux param-
eters a5 and a8

g2a5 = g3a8 (72)

implementing theU (1)diag gauge symmetry. It turns out that,
in both cases, all two-form fields can be consistently set to
zero provided that A1 and A2 vanish.
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For the H2 case, we simply change sin θ to sinh θ in
the metric (60) and take the gauge fields to be AM =
aM cosh θdφ. The twist procedure works as in the S2 case.
However, due to the opposite sign in the covariant field
strengths HM = d AM, the resulting BPS equations for
the two cases are related to each other by a sign change in
the twist parameters aM.

3.2.1 Flow solutions with U (1) ×U (1) ×U (1) symmetry

With the coset representative (64), the scalar potential and
the superpotential are given respectively by

V = −1

2
�−2

(
g2

2−2
√

2g1g2�
3 cosh ϕ1 cosh ϕ2 cosh ϕ3

)
(73)

and

W = 1

6
�−1

(√
2g1�

3 − 2g2 cosh ϕ1 cosh ϕ2 cosh ϕ3)

(74)

The scalar kinetic term reads

Lkin = −3

2
�−2�′2 − 1

2
cosh2 ϕ2 cosh2 ϕ3ϕ

′2
1

−1

2
cosh2 ϕ3ϕ

′2
2 − 1

2
ϕ′2

3 . (75)

The scalar potential can also be written in term of the
superpotential as

V = 3

2
�2

(
∂W

∂�

)2

+ 9

2
cosh−2 ϕ2 cosh−2 ϕ3

(
∂W

∂ϕ1

)2

+9

2
cosh−2 ϕ3

(
∂W

∂ϕ2

)2

+ 9

2

(
∂W

∂ϕ3

)2

− 6W 2 . (76)

It can be easily checked that setting ϕ2 = ϕ3 = 0 is a con-
sistent truncation. Moreover, the result with non-vanishing
ϕ2 and ϕ3 is not significantly different from that with ϕ2 =
ϕ3 = 0. Therefore, we will further simplify the computation
by using this truncation and set ϕ1 = ϕ.

We first consider the case with a0 = 0. By using the γr̂
projection (44) with the matrix Ii j given in (47), we find the
following BPS equations

ϕ′ = 1

2
�−1e−ϕ−2g[g2e

2g(e2ϕ − 1) − κ�2(a5 − a8)

+κ(a5 + a8)e
2ϕ], (77)

�′ = −1

3

[√
2g1�

3

+g2 cosh ϕ − κe−2g�2(a5 cosh ϕ + a8 sinh ϕ)
]
,

(78)

g′ = 1

6
�−1

[√
2g1�

3 − 2g2 cosh ϕ

−κ4e−2g�2(a5 cosh ϕ + a8 sinh ϕ)
]
, (79)

f ′ = 1

6
�−1

[√
2g1�

3

+2κg2 cosh ϕ + 2κe−2g�2(a5 cosh ϕ + a8 sinh ϕ)
]
.

(80)

The sign choices κ = +1 and κ = −1 correspond to �2 =
S2 and �2 = H2, respectively. We will use this convention
throughout the paper.

The AdS3 ×�2 vacua are characterized by the conditions
g′ = ϕ′ = �′ = 0 and f ′ = 1

L AdS3
. It turns out that the

above equations admit any AdS3 solutions only for a8 = 0
and κ = −1. In this case, we find that any constant value of
ϕ leads to an AdS3 × H2 solution of the form

ϕ = ϕ0, � = −
(√

2g2 cosh ϕ0

g1

) 1
3

,

g = 1

6
ln

[
2a5 cosh2 ϕ0

g2
1g2

]
, L AdS3 =

( √
2

g1g2
2 cosh2 ϕ0

) 1
3

(81)

where ϕ0 is a constant. This solution preserves eight super-
charges or N = 4 in three dimensions due to the γ

θ̂φ̂
projec-

tor. On the other hand, the entire flow solution will preserve
only four supercharges due to an additional γr̂ projector.

For ϕ0 = 0, the solution has U (1) ×U (1) × SU (2) sym-
metry due to the vanishing A8 while the solution with ϕ0 
= 0
has smaller symmetry U (1) × U (1) × U (1). The resulting
AdS3 × H2 geometry should be dual to a two dimensional
N = (2, 2) SCFT with SU (2) or U (1) flavor symmetry
depending on the value of ϕ0. An asymptotic analysis near the
AdS3 × H2 critical point shows that ϕ is dual to a marginal
operator in the two-dimensional SCFT. The central charge of
the dual SCFT can also be computed by [38]

c = 3L AdS3

2G3
= 3L AdS3vol(H2)

2G5
e2g0 = 3vol(H2)a

1
3
5√

2g1g2G5

(82)

which is independent of ϕ0. g0 is the value of g(r) at the
AdS3 critical point. For H2 being a genus g > 1 Riemann
surface, we have vol(H2) = 4π(g − 1).

Examples of numerical flow solutions interpolating
between N = 4 supersymmetric AdS5 and N = 4 super-
symmetric AdS3 × H2 with different values of ϕ0 are given
in Fig. 1. The solution with ϕ0 = 0 is effectively the same
as that studied in [28] which is in turn obtained from the
solutions in [30] by turning off the U (1) gauge field. In this
case, the matter multiplets can be decoupled. Solutions with
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(a)

(c) (d)

(b)

Fig. 1 RG flows from N = 4 AdS5 critical point with U (1) × SU (2) × SU (2) symmetry to N = 4 AdS3 × H2 geometries in the IR with g1 = 1
and ϕ0 = 0 (red), ϕ0 = 0.5 (blue) and ϕ0 = 1 (green)

ϕ0 
= 0 are only possible in the matter-coupled gauged super-
gravity and have not previously appeared.

For the case ofa5 = 0, we also find that the BPS conditions
require a8 = 0. The resulting BPS equations read

ϕ′ = g2�
−1 sinh ϕ, (83)

�′ = −
√

2

3
�−1

(
κa0e

−2g + g1�
4
)

− 1

3
g2 cosh ϕ, (84)

g′ = 1

6
�−2

(√
2g1�

4 − 2g2� cosh ϕ − 2κ
√

2a0e
−2g

)
,

(85)

f ′ = 1

6
�−2

(√
2g1�

4 − 2g2� cosh ϕ + √
2κa0e

−2g
)

.

(86)

Note also that the BPS equation for ϕ does not involve a0

since ϕ is neutral under A0. In this case, AdS3 vacua do not
exist. For ϕ′ = g′ = 0, we find a singular behavior of � at a
finite value of r

� ∼ 1√√
2g1r − C

(87)

for some contant C . This has also been pointed out in [28].

3.2.2 Flow solutions with U (1) ×U (1)diag symmetry

In this case, there are five singlet scalars from SO(5, 5)

/SO(5)×SO(5) coset with the coset representative given by
(71). Together with�, there are in total six singlet scalars, and
the computation is much more complicated than the previous
case. We will again make a truncation by setting φ4 = φ5 = 0
in the following analysis. The scalar potential with this trun-
cation is given by

V = 1

16
�−2

[
8
√

2g1(g2 cosh φ2 − g3 sinh φ2) + 4(g2
3 − g2

2)

+g2g3 sinh(2φ2)(2 cosh2(2φ1) cosh(4φ3) + cosh(4φ1) − 3)

+8
√

2g1 cosh(2φ1) cosh(2φ3)�
3(g2 cosh φ2 + g3 sinh φ2)
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+(g2
2 + g2

3) cosh(2φ2)(cosh2(2φ1) cosh2(2φ3) − 1)

−4(g2
2 + g2

3) cosh(2φ1) cosh(2φ3)
]
. (88)

This can be written in term of the superpotential as

V = 3

2
�2

(
∂W

∂�

)2

+ 9

4
cosh−2(2φ3)

(
∂W

∂φ1

)2

+9

2

(
∂W

∂φ2

)2

+ 9

4

(
∂W

∂φ3

)2

− 6W 2 (89)

where the superpotential in this case is given by

W = 1

6
�−1

[√
2g1�

3 − g2 cosh φ2 + g3 sinh φ2

− cosh(2φ1) cosh(2φ3)(g2 cosh φ2 + g3 sinh φ2)
]
.

(90)

It can be verified that this superpotential admits two critical
points given in Eqs. (34) and (36). When φ1 = φ3 = 0,
this is the U (1) ×U (1) ×U (1) invariant sector. For φ3 = 0
and φ1 = φ2, we reobtain the U (1) × SU (2)diag invariant
scalars which admit the second N = 4 AdS5 critical point
with U (1) × SU (2)diag symmetry.

We firstly consider the twist from A0 gauge field. For
a5 = 0, the U (1)diag symmetry also demands a8 = 0. The
BPS equations for φ1, φ2 and φ3 will not depend on the twist
parameter a0 since they are not charged under A0. Therefore,
the only possibility to have AdS3 vacua is to set these scalars
to their values at the two AdS5 critical points. Setting all
φi = 0 for i = 1, 2, 3 dose not lead to any AdS3 solutions
as in the previous case. The other choice namely φ3 = 0

and φ1 = φ2 = 1
2 ln

[
g3−g2
g3+g2

]
does not give rise to any AdS3

vacua either. Therefore, we will not give the explicit form of
the BPS equations in this case.

We now consider the twist from A5 and A8 gauge fields.
In this case, we do find some AdS3 solutions. The BPS equa-
tions read

φ′
1 = 1

2
�−1sech(2φ3) sinh(2φ1)(g2 cosh φ2 + g3 sinh φ2),

(91)

φ′
2 = 1

2
�−1

[
cosh(2φ1) cosh(2φ3)(g3 cosh φ2

+g2 sinh φ2) − g3 sinh φ2 − 2κ�2e−2g(a8 cosh φ2

+a5 sinh φ2) + g2 sinh φ2] , (92)

φ′
3 = 1

2
�−1 cosh(2φ1) sinh(2φ3)(g2 cosh φ2 + g3 sinh φ2),

(93)

�′ = 1

6
[g3 sinh φ2 − cosh(2φ2) cosh(2φ3)(g2 cosh φ2

+g3 sinh φ2) − 2κe−2g�2(a5 cosh φ2

+a8 sinh φ2) − 2
√

2�3 −g2 cosh φ2] , (94)

g′ = 1

6
�−1

[
g3 sinh φ2 − cosh(2φ1) cosh(2φ3)(g2 cosh φ2

+g3 sinh φ2) − g2 cosh φ2 + 4κe−2g�2(a5 cosh φ2

+a8 sinh φ2) +√
2g1�

3
]
, (95)

f ′ = 1

6
�−1

[
g3 sinh φ2 − cosh(2φ1) cosh(2φ3)(g2 cosh φ2

+g3 sinh φ2) − g2 cosh φ2 − 2κe−2g�2(a5 cosh φ2

+a8 sinh φ2) +√
2g1�

3
]

(96)

for which there is a relation g2a5 = g3a8 to be imposed.
We find that these equations admit AdS3 × �2 solutions

only for κ = −1. The AdS3 × H2 solutions are given as
follow.

• I. The simplest solution is obtained by setting φi = 0,
i = 1, 2, 3 and

� = −
(√

2g2

g1

) 1
3

, g = 1

6
ln

[
2a5

g2
1g2

]
,

L AdS3 =
( √

2

g1g2
2

) 1
3

. (97)

• II. One of the AdS3 ×H2 solutions with vector multiplet
scalars non-vanishing is given by

φ1 = φ2 = 1

2
ln

[
g3 − g2

g3 + g2

]
, φ3 = 0,

�3 = −
√

2g2g3

g1

√
g2

3 − g2
2

,

g = 1

6
ln

[
a3

5(g2
3 − g2

2)2

g2
1g2g4

3

]
,

L AdS3 =
(√

2(g2
3 − g2

2)

g1g2
2g

2
3

) 1
3

. (98)

• III. There is another AdS3 × H2 solution located at

φ1 = 0, φ2 = φ3 = 1

2
ln

[
g3 − g2

g3 + g2

]
,

�3 = −
√

2g2g3

g1

√
g2

3 − g2
2

,

g = 1

6
ln

[
2a3

5(g2
3 − g2

2)2

g2
1g2g4

3

]
,

L AdS3 =
(√

2(g2
3 − g2

2)

g1g2
2g

2
3

) 1
3

. (99)
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(a) (b) (c)

Fig. 2 An RG flow between N = 4 AdS5 vacuum with U (1) × SU (2) × SU (2) symmetry and N = 4 AdS3 × H2 vacuum with U (1) ×U (1)diag
symmetry in (97) for g1 = 1

All of these solutions preserve eight supercharges corre-
sponding to N = 4 supersymmetry in three dimensions or
equivalently N = (2, 2) in the dual two dimensional SCFTs.
It should also be noted that critical points II and III appear to
be related by a permutation of φi . However, the solution with
φ2 = 0 does not exist since this also requires φ1 = φ3 = 0
and a8 = a5 = 0.

The next step is to find RG flow solutions interpolating
between N = 4 supersymmetric AdS5 critical points and
the above AdS3 × H2 geometries. We first consider a simple
case of the flow to AdS3 × H2 critical point I with φ1 =
φ2 = φ3 = 0. The BPS equations simplify considerably to

�′ = −1

3

(√
2g1�

3 + g2 − a5e
−2g�2

)
, (100)

g′ = 1

6
�−1

(√
2g1�

3 − 2g2 − 4a5e
−2g�2

)
, (101)

f ′ = 1

6
�−1

(√
2g1�

3 − 2g2 + 2a5e
−2g�2

)
. (102)

We can partially solve these equations analytically and find
a relation between solutions of g and � of the form

2a5g + 4a5 ln � = e2g�−2(g2 + √
2g1�

3). (103)

However, the complete solutions can only be found numeri-
cally. In this case, the solutions reduce to the universal flows
across dimensions considered in [28]. An example of these
solutions is given in Fig. 2.

AdS3 × H2 critical point II is more interesting in the
sense that it can be connected to both of the N = 4 AdS5

vacua. In order to obtain RG flow solutions, we set φ3 = 0
which is a consistent truncation. An example of flows from
AdS5 withU (1)× SU (2)× SU (2) symmetry to AdS3 ×H2

critical point II is given in Fig. 3. With suitable boundary
conditions, we can find a solution that flows from AdS5 with
U (1)×SU (2)×SU (2) symmetry and approaches AdS5 with
U (1)× SU (2)diag symmetry before reaching the AdS3 ×H2

critical point II. A solution of this type is shown in Fig. 4.
Similarly, we can set φ1 = 0 and find a numerical solution

interpolating between AdS5 vacuum with U (1) × SU (2) ×
SU (2) symmetry and AdS3×H2 critical point III. The result

is shown in Fig. 5. We have also verified that all of these
solutions satisfy the corresponding field equations.

4 Supersymmetric RG flows in U(1)× SO(3, 1) gauge
group

In this section, we consider a non-compact gauge group
U (1) × SO(3, 1) with the embedding tensor

ξMN = g1(δ
M
2 δN1 − δM1 δN2 ), (104)

f345 = f378 = − f468 = − f567 = −g2 . (105)

At the vacuum, theU (1)×SO(3, 1) gauge group will be bro-
ken down to it maximal compact subgroup U (1)× SO(3) ⊂
U (1)×SO(3, 1). Under this unbroken symmetry, there is one
scalar singlet from SO(5, 5)/SO(5)×SO(5) corresponding
to the non-compact generator

Y = Y31 + Y42 − Y53 . (106)

With the usual parametrization of the coset representative of
the form

L = eφY , (107)

the scalar potential is given by

V = 1

16
�−2e−6φg2

[(
1+3e4φ−16e6φ+3e8φ+e12φ

)
g2

−4
√

2e3φ
(

1 − 3e2φ − 3e4φ + e6φ
)
g1�

3
]
. (108)

This potential admits only one N = 4 supersymmetric AdS5

vacuum due to the absence of flavor symmetry in the dual
N = 2 SCFT in agreement with the result of [11]. This
critical point is located at

φ = 0 and � = −
(

g2√
2g1

)1/3

. (109)

As in theU (1)×SU (2)×SU (2) gauge group, we can rescale
� such that � = 1 at the AdS5 vacuum. Equivalently, we can
choose the value of g2 to be g2 = −√

2g1. With this choice,
the cosmological constant and AdS5 radius are given by
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(a)

(d) (e)

(b) (c)

Fig. 3 An RG flow from AdS5 critical point with U (1) × SU (2) × SU (2) symmetry to AdS3 × H2 critical point II for g1 = 1 and g3 = 2g1

(a)

(d) (e)

(b) (c)

Fig. 4 An RG flow from AdS5 critical point with U (1) × SU (2) × SU (2) symmetry to AdS5 critical point with U (1) × SU (2)diag symmetry and
finally to AdS3 × H2 critical point II for g1 = 1 and g3 = 2g1
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(a)

(d) (e)

(b) (c)

Fig. 5 An RG flow from AdS5 critical point with U (1) × SU (2) × SU (2) symmetry to AdS3 × H2 critical point III for g1 = 1 and g3 = 2g1

Table 3 Scalar masses at the
N = 4 supersymmetric AdS5
critical point with
U (1) × SO(3) symmetry and
the corresponding dimensions of
the dual operators for the
non-compact U (1) × SO(3, 1)

gauge group

Scalar field
representations

m2L2 �

10 −4 2

10 12 6

1±2 −3×4 3

3±2 5×6 5

30 −4×6 2

30 0×3 4

50 0×5 4

V0 = −3g2
1 and L2 = − 6

V0
= 2

g2
1

. (110)

Scalar masses at this vacuum are given in Table 3. The
spectrum is the same as that of the N = 4 AdS5 with
U (1) × SU (2)diag symmetry in the compact gauge group.
Massless scalars in 30 representation are Goldstone bosons
of the symmetry breaking SO(3, 1) → SO(3).

4.1 BPS equations and holographic RG flow solutions

Since there is only one supersymmetric AdS5 critical point,
supersymmetric RG flows between AdS5 critical points do
not exist. We will look for solution describing a domain wall

with one limit being the AdS5 critical point identified above
and another limit being a singular geometry dual to an N = 2
non-conformal field theory.

With the same procedure as before, the superpotential in
this case reads

W = e−3φ
(
1 − 3e2φ − 3e4φ + e6φ

)
g2 + 2

√
2g1�

3

12�
.

(111)

It can be easily verified that W has only one critical point.
The potential can be written in term of the superpotential as

V = 3

2

[
�2

(
∂W

∂�

)2

+
(

∂W

∂φ

)2
]

− 6W 2 . (112)

The BPS equations for this gauge group are given by

φ′ = −
(

∂W

∂φ

)
= e−3φ

(
e2φ − e4φ + e6φ − 1

)
g2

4�
,

�′ = −�2
(

∂W

∂�

)
= 1

12
e−3φ

×
[
4
√

2e3φg1�
3 −

(
1 − 3e2φ − 3e4φ + e6φ

)
g2

]
,

A′ = W = e−3φ
(
1 − 3e2φ − 3e4φ + e6φ

)
g2 + 2

√
2g1�

3

12�
.

(113)
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By combining these equations, the flow equations for the
warp factor A and the dilaton � can be written as

�′(φ) =
�

[
4
√

2e3φg1�
3 − g2

(
1 − 3e2φ−3e4φ+e6φ

)]
3g2

(
e2φ−e4φ + e6φ − 1

) ,

(114)

A′(φ) = −
(
1 − 3e2φ − 3e4φ + e6φ

)
g2 + 2

√
2e3φg1�

3

3
(
e2φ − e4φ + e6φ − 1

)
g2

.

(115)

The solution for � can be readily obtained

� = −
[
g2

eφ
(
e2φ − 1

)
g2C1(1 + e4φ) − √

2g1

]1/3

. (116)

To make the flow approach the AdS5 critical point, we choose
the constant C1 to be C1 = g1√

2g2
. This leads to

� = −
[ √

2g2 eφ

g1(1 + e2φ)

]1/3

(117)

which clearly gives � = −
(

g2√
2g1

)1/3
for φ = 0.

With the solution for �(φ), the solution for A can be
straightforwardly obtained. The result is

A = 1

6

[
2φ + 3 ln

(
1 − e2φ

)

+ ln
(

1 + e2φ
)

− 3 ln
(

1 + e4φ
)]

. (118)

Finally, by redefining the radial coordinate r to ρ via dρ
dr =

�−1, we find the solution for φ(ρ)

2g2ρ = 2 ln
(
1 − eφ

) − 2 ln
(
1 + eφ

)
+√

2
[
ln

(√
2eφ+e2φ+1

)
− ln

(√
2eφ−e2φ − 1

)]
(119)

where an additive integration constant has been discarded.
As r → ∞, we find

� ∼ e− 2r
L and φ ∼ e

2r
L . (120)

The operator dual to φ is irrelevant as indicated by the value
ofm2L2 = 12 in Table 3. From the solution (119), φ → ±∞
at a finite value of ρ. Explicitly, we find that, as φ → ±∞,

φ ∼ 1

3
ln

[
C + 3g2ρ

4

]
and φ ∼ − ln

[
C − g1ρ

2

]

(121)

for some constant C . In both cases, � → 0 and V → ∞. As
a result, these singularities are unphysical by the criterion of
[39].

4.2 RG flows to AdS3 × �2 geometries

We now restrict ourselves to scalars which are invariant
under SO(2) ⊂ SO(3) ⊂ SO(3, 1) whose generator is
(T5)M

N = f5MN . There are in total five singlets from
SO(5, 5)/SO(5) × SO(5). However, as in the case of
U (1) × SU (2) × SU (2) gauge group, we can truncate this
set to just three singlets corresponding to the following non-
compact generators

Ỹ1 = Y31 + Y42, Ỹ2 = Y32 − Y41, Ỹ3 = Y53 . (122)

The coset representative is given by

L = eφ1Ỹ1eφ2Ỹ2eφ3Ỹ3, (123)

and the potential reads

V = 1

16
�−2

[
g2

2 [cosh(4φ1 − 2φ3) + cosh(4φ1 + 2φ3)

+ cosh(2φ3)
(

6 + 4 cosh(4φ2) sinh2(2φ1)
)]

−16g2
2 + 16�3

√
2g1g2 [cosh φ3

+ cosh(2φ2) sinh(2φ1) sinh(φ3)]] (124)

which admits only a single supersymmetric critical point at
which all vector multiplet scalars vanish.

The metric ansatz is still given by (60). We will con-
sider the twists obtained from turning on U (1) × U (1) ⊂
U (1) × SO(3, 1) gauge fields along �2. These gauge fields
will be denoted by A0 and A5. As in the previous section, the
twists from A0 and A5 cannot be turned on simultaneously.
Furthermore, the A0 twist does not lead to AdS3 × �2 solu-
tions. We will therefore consider only the twist from A5. It
turns out that the two-form fields can also be consistently set
to zero provided that we set the gauge fields A1 = A2 = 0.

With the same ansatz as in (63), together with the projec-
tors (44) and (68), we find the following BPS equations after
using the twist condition g2a5 = 1

f ′ = − 1

24�
e−2φ1−2φ2−φ3−2g

[
e2g

(
1 − e4φ1 + e4φ2

+ 4e2(φ1+φ2) − e4(φ1+φ2) − e2φ3

+ 4e2(φ1+φ2+φ3) + e4φ1+2φ3 − e4φ2+2φ3

+ e4φ1+4φ2+2φ3
)
g2 − 4κa5e

2(φ1+φ2)
(

1 + e2φ3
)

�2

− 4
√

2e2φ1+2φ2+φ3+2gg1�
3
]
, (125)

g′ = − 1

24�
e−2φ1−2φ2−φ3−2g

[
e2g

(
1 − e4φ1 + e4φ2

+ 4e2(φ1+φ2) − e4(φ1+φ2) − e2φ3

+ 4e2(φ1+φ2+φ3) + e4φ1+2φ3 − e4φ2+2φ3

+ e4φ1+4φ2+2φ3
)
g2 + 8κa5e

2(φ1+φ2)
(

1 + e2φ3
)

�2

− 4
√

2e2φ1+2φ2+φ3+2gg1�
3
]
, (126)
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(a) (b) (c)

Fig. 6 An RG flow from N = 4 AdS5 critical point with U (1) × SO(3) symmetry to AdS3 × H2 geometry in the IR from U (1) × SO(3, 1)

gauge group and g1 = 1

�′ = − 1

24
e−2φ1−2φ2−φ3−2g

[
e2g

(
1 − e4φ1 + e4φ2

+ 4e2(φ1+φ2) − e4(φ1+φ2) − e2φ3

+ 4e2(φ1+φ2+φ3) + e4φ1+2φ3 − e4φ2+2φ3

+ e4φ1+4φ2+2φ3
)
g2 − 4κa5e

2(φ1+φ2)
(

1 + e2φ3
)

�2

+ 8
√

2e2φ1+2φ2+φ3+2gg1�
3
]
, (127)

φ′
1 = e−2φ1+2φ2−φ3

(
1 + e4φ1

) (
e2φ3 − 1

)
g2

2
(
1 + e4φ2

)
�

, (128)

φ′
2 = e−2φ1−2φ2−φ3

(
e4φ1 − 1

) (
e4φ2 − 1

) (
e2φ3 − 1

)
g2

8�
,

(129)

φ′
3 = 1

8�
e−2φ1−2φ2−φ3−2g

[
e2g

(
e4φ1 − e4φ2

− 4e2(φ1+φ2) + e4(φ1+φ2) − e2φ3 − 1

+ 4e2(φ1+φ2+φ3) + e4φ1+2φ3 − e4φ2+2φ3

+ e4φ1+4φ2+2φ3
)
g2 + 4κa5e

2(φ1+φ2)
(
e2φ3 − 1

)
�2

]
.

(130)

Unlike the compact gauge group considered in the previous
section, the above equations admit only one AdS3 × H2

solution given by

φ1 = φ2 = φ3 = 0, � = −
(√

2 g2

g1

)1/3

,

g = −1

2
ln

⎡
⎣ 1

a5

(
g2

1g2

2

)1/3
⎤
⎦ , L AdS3 =

( √
2

g1g2
2

)1/3

.

(131)

To find an RG flow solution interpolating between this
AdS3 × H2 and the AdS5 critical point (109), we can con-
sistently set all φi , i = 1, 2, 3, to zero and κ = −1. The

remaining BPS equations read

f ′ = −2g2 + 2a5e−2g�2 − √
2g1�

3

6�
,

g′ = −2g2 − 4a5e−2g�2 − √
2g1�

3

6�
,

�′ = −1

3

(
g2 + a5e

−2g�2 + √
2g1�

3
)

. (132)

A numerical solution to these equations is shown in Fig. 6.
Similar to an analogous solution in the compact gauge group,
this solution is the same as the universal RG flow considered
in [28] since it does not involve scalars from vector multiplets.

5 Conclusions and discussions

We have studied gauged N = 4 supergravity in five dimen-
sions coupled to five vector multiplets with compact and
non-compact gauge groups U (1) × SU (2) × SU (2) and
U (1)× SO(3, 1). For U (1)× SU (2)× SU (2) gauge group,
we have recovered two supersymmetric N = 4 AdS5 vacua
with U (1) × SU (2) × SU (2) and U (1) × SU (2)diag sym-
metries together with the RG flow interpolating between
them found in [11]. However, we have also given the full
mass spectra for scalar fields at both critical points which
have not been studied in [11]. These should be useful in
the holographic context since it provides information about
dimensions of operators dual to the supergravity scalars. For
U (1) × SO(3, 1) gauge group, there is only one N = 4
supersymmetric AdS5 critical point with vanishing vector
multiplet scalars. We have given an RG flow solution from
an N = 2 SCFT dual to this vacuum to a non-conformal field
theory dual to a singular geometry. However, this singular-
ity is unphysical within the framework of N = 4 gauged
supergravity. It would be interesting to embed this solution
in ten or eleven dimensions and further investigate whether
this singularity is resolved or has any physical interpretation
in the context of string/M-theory.
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We have also considered AdS3 × �2 solutions by turning
on gauge fields along �2. We have found that in order to
preserve eight supercharges, the twists from the U (1) factor
in the gauge group and the Cartan U (1) ⊂ SU (2), denoted
by the parameters a0 and a5, cannot be performed simulta-
neously. It should also be noted that for less supersymmetric
solutions, botha0 anda5 can be non-vanishing such as 1

4 -BPS
solutions found in [30] for pure N = 4 gauged supergravity
withU (1)× SU (2) gauge group. It would also be interesting
to look for more general solutions of this type.

For U (1) × SU (2) × SU (2) gauge group, we have iden-
tified a number of AdS3 × H2 solutions preserving eight
supercharges. We have given numerical RG flow solutions
from the two AdS5 vacua to these AdS3 × H2 geometries.
For U (1) × SO(3, 1) gauge group, there is one AdS3 × H2

solution when all scalars from vector multiplets vanish. The
solution preserves eight supercharges similar to the solutions
in the compact gauge group. A numerical RG flow between
this solution and the N = 4 AdS5 vacuum has also been
given. All of these solutions describe twisted compactifica-
tions of N = 2 SCFTs on H2 and should be of interest
in holographic studies of N = 2 SCFTs in four dimen-
sions and in the context of supersymmetric black strings.
It is noteworthy that the space of AdS5 and AdS3 solu-
tions in the compact gauge group is much richer than that
of the non-compact gauge group. This is in line with sim-
ilar studies of half-maximal gauged supergravities in other
dimensions.

There are a number of future works extending our results
presented here. It is interesting to consider flow solutions with
non-vanishing two-form fields similar to the recently found
solutions in seven and six dimensions in [40–42]. These solu-
tions will also give a description of conformal defects in the
dual N = 2 SCFTs. Furthermore, finding Janus solution
within this N = 4 gauged supergravity is also of particular
interest. This can be done by an analysis similar to that ini-
tiated in [43] and [44]. Up to now, this type of solutions has
only appeared in N = 8 and N = 2 gauged supergravities,
see for example [45,46].
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Abstract We study supersymmetric AdS3 ×�2 and AdS2

×�3 solutions, with �2 = S2, H2 and �3 = S3, H3, in five-
dimensional N = 4 gauged supergravity coupled to five vec-
tor multiplets. The gauge groups considered here areU (1)×
SU (2)×SU (2),U (1)×SO(3, 1) andU (1)×SL(3,R). For
U (1) × SU (2) × SU (2) gauge group admitting two super-
symmetric N = 4 AdS5 vacua, we identify a new class of
AdS3 ×�2 and AdS2 × H3 solutions preserving four super-
charges. Holographic RG flows describing twisted compacti-
fications of N = 2 four-dimensional SCFTs dual to the AdS5

vacua to the SCFTs in two and one dimensions dual to these
geometries are numerically given. The solutions can also be
interpreted as supersymmetric black strings and black holes
in asymptotically AdS5 spaces with near horizon geometries
given by AdS3 × �2 and AdS2 × H3, respectively. These
solutions broaden previously known black brane solutions
including half-supersymmetric AdS5 black strings recently
found in N = 4 gauged supergravity. Similar solutions are
also studied in non-compact gauge groups U (1) × SO(3, 1)

and U (1) × SL(3,R).

1 Introduction

Black branes of different spatial dimensions play an impor-
tant role in the develoment of string/M-theory. They lead
to many insightful results such as the construction of gauge
theories in various dimensions and the celebrated AdS/CFT
correspondence [1]. According to the latter, black branes in
asymptotically AdS spaces are of particular interest since
they are dual to RG flows across dimensions from super-
conformal field theories (SCFTs) dual to the asymptotically
AdS spaces to lower-dimensional fixed points dual to the

a e-mail: hl.dao@u.nus.edu
b e-mail: parinya.ka@hotmail.com

near horizon geometries [2]. Recently, a new approach for
computing microscopic entropy of AdS4 balck holes has
been introduced based on twisted partition functions of three-
dimensional SCFTs [3–11]. This has also been applied to
AdS black holes in other dimensions [12–18].

In this paper, we are interested in supersymmetric black
holes and black strings in asymptocally AdS5 spaces from
five-dimensional N = 4 gauged supergravity coupled to vec-
tor multiplets constructed in [19,20] using the embedding
tensor formalism [21–23]. These solutions have near hori-
zon geometries of the forms AdS2 × �3 and AdS3 × �2,
respectively. We will consider �3 in the form of a three-
sphere (S3) and a three-dimensional hyperbolic space (H3).
Similarly, �2 will be given by a two-sphere (S2) and a two-
dimensional hyperbolic space (H2), or a Riemann surface
of genus g > 1. Similar solutions have previously been
found in minimal and maximal gauged supergravities, see for
example [24–32]. This type of solutions has also appeared
in pure N = 4 gauged supergravity in [33], and recently,
half-supersymmetric black strings with hyperbolic horizons
have been found in matter-coupled N = 4 gauged supergrav-
ity with compact U (1) × SU (2) × SU (2) and non-compact
U (1) × SO(3, 1) gauge groups [34].

We will look for more general solutions of AdS5 black
strings with both hyperbolic and spherical horizons and pre-
serving 1

4 of the N = 4 supersymmetry in five dimensions.
The solutions interpolate between N = 4 supersymmetric
AdS5 vacua of the gauged supergravity and near horizon
geometries of the form AdS3 ×�2. In addition, we will look
for supersymmetric black holes interpolating between AdS5

vacua and near horizon geometries AdS2 ×�3. According to
the AdS/CFT correspondence, these solutions describe RG
flows across dimensions from the dual N = 2 SCFTs to
two- and one-dimensional SCFTs in the IR. The IR SCFTs
are obtained via twisted compactifications of N = 2 SCFTs
in four dimensions. Many solutions of this type have been
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found in various space-time dimensions, see [35–47] for an
incomplete list.

We mainly consider N = 4 gauged supergravity coupled
to five vector multiplets with gauge groups entirely embed-
ded in the global symmetry SO(5, 5). We will also restrict
ourselves to gauge groups that lead to supersymmetric AdS5

vacua. These gauge groups have been shown in [48] to take
the form of U (1) × H0 × H with the U (1) gauged by the
graviphoton that is a singlet under USp(4) ∼ SO(5) R-
symmetry. The H ⊂ SO(n + 3 − dim H0) is a compact
group gauged by vector fields in the vector multiplets, and
H0 is a non-compact group gauged by three of the gravipho-
tons and dim H0 − 3 vectors from the vector multiplets. The
remaining two graviphotons in the fundamental represen-
tation of SO(5) are dualized to massive two-form fields.
In addition, H0 must contain an SU (2) subgroup. For the
case of five vector multiplets, possible gauge groups that
admit supersymmetric AdS5 vacua and can be embedded in
SO(5, 5) are U (1)× SU (2)× SU (2), U (1)× SO(3, 1) and
U (1) × SL(3,R). We will look for AdS5 black string and
black hole solutions in all of these gauge groups.

The paper is organized as follow. In Sect. 2, we review
N = 4 gauged supergravity in five dimensions coupled
to vector multiplets using the embedding tensor formalism.
In Sect. 3, we find supersymmetric AdS3 × �2 solutions
preserving four supercharges and give numerical RG flow
solutions interpolating between these geometries and super-
symmetric AdS5 vacua. An AdS2 × H3 solution together
with an RG flow interpolating between AdS5 vacua and this
geometry will also be given. In Sects. 4 and 5, we repeat
the same analysis for non-compact U (1) × SO(3, 1) and
U (1) × SL(3,R) gauge groups. Since the U (1) × SL(3,R)

gauge group has not been studied in [34], we will discuss
its construction and supersymmetric AdS5 vacuum in detail.
The full scalar mass spectrum at this critical point will also be
given. This should be useful in the holographic context since
it contains information on dimensions of operators dual to
supergravity scalars. We end the paper with some conclu-
sions and comments in Sect. 6.

2 Five dimensional N = 4 gauged supergravity coupled
to vector multiplets

In this section, we briefly review the structure of five dimen-
sional N = 4 gauged supergravity coupled to vector mul-
tiplets with the emphasis on formulae relevant for find-
ing supersymmetric solutions. The detailed construction of
N = 4 gauged supergravity can be found in [19,20].

The N = 4 gravity multiplet consists of the gravi-

ton eμ̂
μ, four gravitini ψμi , six vectors A0 and Am

μ , four

spin- 1
2 fields χi and one real scalar �, the dilaton. Space-

time and tangent space indices are denoted respectively by
μ, ν, . . . = 0, 1, 2, 3, 4 and μ̂, ν̂, . . . = 0, 1, 2, 3, 4. The
SO(5) ∼ USp(4) R-symmetry indices are described by
m, n = 1, . . . , 5 for the SO(5) vector representation and
i, j = 1, 2, 3, 4 for the SO(5) spinor or USp(4) fundamen-
tal representation. The gravity multiplet can couple to an
arbitrary number n of vector multiplets. Each vector mul-
tiplet contains a vector field Aμ, four gaugini λi and five
scalars φm . The n vector multiplets will be labeled by indices
a, b = 1, . . . , n, and the components fields within these vec-
tor multiplets will be denoted by (Aa

μ, λai , φ
ma). From both

gravity and vector multiplets, there are in total 6 + n vec-
tor fields which will be denoted by AM

μ = (A0
μ, Am

μ, Aa
μ).

All fermionic fields are described by symplectic Majorana
spinors subject to the following condition

ξi = 	i jC(ξ̄ j )T (1)

with C and 	i j being respectively the charge conjugation
matrix and USp(4) symplectic form.

The 5n scalar fields from the vector multiplets parametrize
the SO(5, n)/SO(5) × SO(n) coset. To describe this coset
manifold, we introduce a coset representative V A

M trans-
forming under the global SO(5, n) and the local SO(5) ×
SO(n) by left and right multiplications, respectively. We use
indices M, N , . . . = 1, 2, . . . , 5 + n for global SO(5, n)

indices. The local SO(5) × SO(n) indices A, B, . . . will be
split into A = (m, a). We can accordingly write the coset
representative as

V A
M = (V m

M ,V a
M ). (2)

The matrix V A
M is an element of SO(5, n) and satisfies the

relation

ηMN = VM
AVN

BηAB = −V m
M V m

N + V a
M V a

N (3)

with ηMN = diag(−1,−1,−1,−1,−1, 1, . . . , 1) being the
SO(5, n) invariant tensor. Equivalently, the SO(5, n)/SO(5)

× SO(n) coset can also be described in term of a symmetric
matrix

MMN = V m
M V m

N + V a
M V a

N (4)

which is manifestly invariant under the SO(5)×SO(n) local
symmetry.

Gaugings promote a given subgroup G0 of the full global
symmetry SO(1, 1)× SO(5, n) of N = 4 supergravity cou-
pled to n vector multiplets to be a local symmetry. These
gaugings are efficiently described by using the embedding
tensor formalism. N = 4 supersymmetry allows three com-
ponents of the embedding tensor ξM , ξMN = ξ [MN ] and
fMN P = f[MN P] [19]. The first component ξM describes the
embedding of the gauge group in the SO(1, 1) ∼ R

+ factor
identified with the coset space parametrized by the dilaton
�. From the result of [48], the existence of N = 4 supersym-
metric AdS5 vacua requires ξM = 0. In this paper, we are
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only interested in solutions that are asymptotically AdS5, so
we will restrict ourselves to the gaugings with ξM = 0.

For ξM = 0, the gauge group is entirely embedded in
SO(5, n) with the gauge generators given by

(XM )N
P = − fM

QR(tQR)N
P = fMN

P and

(X0)N
P = −ξ QR(tQR)N

P = ξN
P . (5)

The matrices (tMN )P
Q = δ

Q
[MηN ]P are SO(5, n) generators

in the fundamental representation. The full covariant deriva-
tive reads

Dμ = ∇μ + AM
μ XM + A0

μX0 (6)

where ∇μ is the usual space-time covariant derivative. We use
the convention that the definition of ξMN and fMN P includes
the gauge coupling constants. Note also that SO(5, n) indices
M, N , . . . are lowered and raised by ηMN and its inverse
ηMN , respectively.

Generators XM = (X0, XM ) of a consistent gauge group
must form a closed subalgebra of SO(5, n). This requires
ξMN and fMN P to satisfy the quadratic constraints, see [19],

fR[MN fPQ]R = 0 and ξM
Q fQN P = 0 . (7)

Gauge groups that admit N = 4 supersymmetric AdS5 vacua
generally take the form of U (1)×H0 ×H , see [48] for more
detail. The U (1) is gauged by A0

μ while H ⊂ SO(n + 3 −
dim H0) is a compact group gauged by vector fields in the
vector multiplets. H0 is a non-compact group gauged by three
of the graviphotons and dim H0 − 3 vectors from the vector
multiplets. H0 must also contain an SU (2) subgroup. For
simple groups, H0 can be SU (2) ∼ SO(3), SO(3, 1) and
SL(3,R).

In the embedding tensor formalism, there are two-form
fields BμνM that are introduced off-shell. These two-form
fields do not have kinetic terms and couple to vector fields via
a topological term. They satisfy a first-order field equation
given by, see [19] for more detail,

ξMN
[

1

6
√

2
εμνρλσH(3)ρλσ

N − MNPHP
μν

]
= 0 (8)

in which M00 = �−4, M0M = 0 and MMN = �2MMN .
The field strength H(3)

M is defined by

ξMNH(3)

μνρN = ξMN
[

3D[μBνρ]N + 6dNPQAP[μ

×
(

∂ν A
Q
ρ] + 1

3
XRSQAR

ν AS
ρ]

)]
(9)

with d0MN = dMN0 = dM0N = ηMN and

XMN
P = − fMN

P , XM0
0 = 0, X0M

N = −ξM
N . (10)

In all of the solutions considered here, the Chern–Simons
term in Eq. (9) vanish due to a particular form of the ansatz
for the gauge fields. In addition, the term MNPHP

μν in Eq.

(8) also vanish provided that the gauge fields A1 and A2

are set to zero. With all these, the two-form fields can be
consistently truncated out. We will accordingly set all the
two-form fields to zero from now on.

The bosonic Lagrangian of a general gauged N = 4 super-
gravity coupled to n vector multiplets can accordingly be
written as

e−1L = 1

2
R − 1

4
�2MMNHM

μνHNμν − 1

4
�−4H0

μνH0μν

−3

2
�−2Dμ�Dμ� + 1

16
DμMMN DμMMN

−V + e−1Ltop (11)

where e is the vielbein determinant. Ltop is the topological
term whose explicit form will not be given here since, given
our ansatz for the gauge fields, it will not play any role in the
present discussion.

With vanishing two-form fields, the covariant gauge field
strength tensors read

HM
μν = 2∂[μAM

ν] + XNPMAN
μ AP

ν . (12)

The scalar potential is given by

V = −1

4

[
fMN P fQRS�

−2
(

1

12
MMQMNRMPS − 1

4
MMQηN RηPS

+1

6
ηMQηN RηPS

)
+ 1

4
ξMN ξPQ�4(MMPMNQ − ηMPηNQ)

+
√

2

3
fMN PξQR�MMNPQRS

]
(13)

where MMN is the inverse of MMN , and MMNPQRS is
obtained from

MMNPQR = εmnpqrV m
M V n

N V p
P V q

Q V r
R (14)

by raising the indices with ηMN .
Supersymmetry transformations of fermionic fields

(ψμi , χi , λ
a
i ) are given by

δψμi = Dμεi + i√
6
	i j A

jk
1 γμεk

− i

6

(
	i j�VM

jkHM
νρ−

√
2

4
δki �−2H0

νρ

)
(γμ

νρ−4δν
μγ ρ)εk ,

(15)

δχi = −
√

3

2
i�−1Dμ�γ μεi + √

2Akj2 εk

− 1

2
√

3

(
�	i jVM

jkHM
μν + 1√

2
�−2δki H0

μν

)
γ μνεk ,

(16)

δλai = i	 jk(VM
aDμVi j M )γ μεk + √

2	i j A
ak j
2 εk

−1

4
�VM

aHM
μνγ μνεi (17)
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in which the fermion shift matrices are defined by

Ai j
1 = − 1√

6

(√
2�2	klVM

ikVN
jlξMN

+4

3
�−1V ik

MV jl
NV P

kl f
MN

P

)
,

Ai j
2 = 1√

6

(√
2�2	klVM

ikVN
jlξMN

−2

3
�−1V ik

MV jl
NV P

kl f
MN

P

)
,

Aai j
2 = −1

2

(
�2VM

aVN
i jξMN

−√
2�−1	klVM

aVN
ikVP

jl f MN P
)

. (18)

In these equations, V i j
M is defined in term of VM

m as

VM
i j = 1

2
VM

m�
i j
m (19)

where �
i j
m = 	ik�mk

j and �mi
j are SO(5) gamma matrices.

Similarly, the inverse element Vi j
M can be written as

Vi j
M = 1

2
Vm

M (�
i j
m )∗ = 1

2
Vm

M�kl
m	ki	l j . (20)

In the subsequent analysis, we use the following explicit
choice of SO(5) gamma matrices �mi

j given by

�1 = −σ2 ⊗ σ2, �2 = iI2 ⊗ σ1, �3 = I2 ⊗ σ3,

�4 = σ1 ⊗ σ2, �5 = σ3 ⊗ σ2 (21)

where σi , i = 1, 2, 3 are the usual Pauli matrices.
The covariant derivative on εi reads

Dμεi = ∂μεi + 1

4
ωab

μ γabεi + Qμi
jε j (22)

where the composite connection is defined by

Qμi
j = Vik

M∂μVM
kj − A0

μξMNVMikVN
kj

−AM
μ Vik

NVk j P fMN P . (23)

In this work, we mainly focus on the case of n = 5 vector
multiplets. To parametrize the scalar coset SO(5, 5)/SO(5)

× SO(5), it is useful to introduce a basis for GL(10,R)

matrices

(eMN )PQ = δMPδNQ (24)

in terms of which SO(5, 5)non-compact generators are given
by

Yma = em,a+5 + ea+5,m, m = 1, 2, . . . , 5,

a = 1, 2, . . . , 5. (25)

3 U(1)× SU(2)× SU(2) gauge group

For a compact U (1) × SU (2) × SU (2) gauge group, com-
ponents of the embedding tensor are given by

ξMN = g1(δ
M
2 δN1 − δM1 δN2 ), (26)

fm̃+2,ñ+2, p̃+2 = −g2εm̃ñ p̃, m̃, ñ, p̃ = 1, 2, 3, (27)

fabc = g3εabc, a, b, c = 1, 2, 3 (28)

where g1, g2 and g3 are the coupling constants for each factor
in U (1) × SU (2) × SU (2).

The scalar potential obtained from truncating the scalars
from vector multiplets to U (1) × SU (2)diag ⊂ U (1) ×
SU (2)×SU (2) singlets has been studied in [34]. There is one
U (1)×SU (2)diag singlet from the SO(5, 5)/SO(5)×SO(5)

coset corresponding to the following SO(5, 5) non-compact
generator

Ys = Y31 + Y42 + Y53. (29)

With the coset representative given by

V = eφYs , (30)

the scalar potential can be computed to be

V = 1

32�2

[
32

√
2g1g2�

3 cosh3 φ − 9(g2
2 + g2

3) cosh(2φ)

−8(g2
2 − g2

3 − 4
√

2g1g3�
3 sinh3 φ − g2g3 sinh3 φ)

+(g2
2 + g2

3) cosh(6φ)
]
. (31)

The potential admits two N = 4 supersymmetric AdS5

critical points given by

i : φ = 0, � = 1, V0 = −3g2
1 (32)

ii : φ = 1

2
ln

[
g3 − g2

g3 + g2

]
, � =

⎛
⎝ g2g3

g1

√
2(g2

3 − g2
2)

⎞
⎠

1
3

,

V0 = −3

(
g1g2

2g
2
3

2(g2
3 − g2

2)

) 2
3

. (33)

In critical point i, we have set g2 = −√
2g1 to make this

critical point occur at � = 1. However, we will keep g2

explicit in most expressions for brevity. Critical point i is
invariant under the full gauge symmetry U (1) × SU (2) ×
SU (2) while critical point ii preserves onlyU (1)×SU (2)diag

symmetry due to the non-vanising scalar φ. V0 denotes the
cosmological constant, the value of the scalar potential at a
critical point.

3.1 Supersymmetric black strings

We now consider vacuum solutions of the form AdS3 × �2

with �2 being S2 or H2. A number of AdS3 × H2 solu-
tions that preserve eight supercharges together with RG flows
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interpolating between them and supersymmetric AdS5 crit-
ical points have already been given in [34]. In this section,
we look for more general solutions that preserve only four
supercharges.

We begin with the metric ansatz for the �2 = S2 case

ds2 = e2 f (r)dx2
1,1 + dr2 + e2g(r)(dθ2 + sin2 θdφ2)

(34)

where dx2
1,1 is the flat metric in two dimensions. For �2 =

H2, the metric is given by

ds2 = e2 f (r)dx2
1,1 + dr2 + e2g(r)(dθ2 + sinh2 θdφ2).

(35)

As r → ∞, the metric becomes locally AdS5 with f (r) ∼
g(r) ∼ r

L AdS5
while the near horizon geometry is character-

ized by the conditions f (r) ∼ r
L AdS3

and constant g(r), or

equivalently g′(r) = 0.
To preserve some amount of supersymmetry, we perform

a twist by cancelling the spin connection along the �2 by
some suitable choice of gauge fields. We will first consider
abelian twists from the U (1) × U (1) × U (1) subgroup of
the U (1) × SU (2) × SU (2) gauge symmetry. The gauge
fields corresponding to this subgroup will be denoted by
(A0, A5, A8). The ansatz for these gauge fields will be cho-
sen as

AM=0,5,8 = aM cos θdφ . (36)

for the S2 case and

AM=0,5,8 = aM cosh θdφ . (37)

for the H2 case.

3.1.1 Solutions with U (1) ×U (1) ×U (1) symmetry

There are three singlets from the SO(5, 5)/SO(5) × SO(5)

coset corresponding to the SO(5, 5) non-compact genera-
tors Y53, Y54 and Y55. However, these can be consistently
truncated to only a single scalar with the coset representative
given by

V = eϕY53 . (38)

We now begin with the analysis for �2 = S2. With the rele-

vant component of the spin connection ωφ̂θ̂ = e−g cot θeφ̂ ,
we find the covariant derivative of εi along the φ̂ direction

D
φ̂
εi = · · · + 1

2
e−g cot θ

[
γ
φ̂θ̂

εi − ia0g1(σ2 ⊗ σ3)i
jε j

+ia5g2(σ1 ⊗ σ1)i
jε j

]
(39)

where · · · refers to the term involving g′ that is not relevant
to the present discussion. Note also that a8 does not appear
in the above equation since A8 is not part of the R-symmetry

under which the gravitini and supersymmetry parameters are
charged.

For half-supersymmetric solutions considered in [34], it
has been shown that the twists from A0 and A5 can not be
performed simultaneously, and there exist only AdS3 × H2

solutions. However, if we allow for an extra projector such
that only 1

4 of the original supersymmetry is unbroken, it
is possible to keep both the twists from A0 and A5 non-
vanishing. To achieve this, we note that

iσ2 ⊗ σ3 = i(σ1 ⊗ σ1)(σ3 ⊗ σ2). (40)

We then impose the following projector to make the two
terms with a0 and a5 in (39) proportional

(σ3 ⊗ σ2)i
jε j = −εi . (41)

To cancel the spin connection, we then impose another pro-
jector

iγ
θ̂φ̂

εi = −(σ1 ⊗ σ1)i
jε j . (42)

and the twist condition

a0g1 + a5g2 = 1. (43)

It should be noted that the condition (43) reduces to that of
[34] for either a0 = 0 or a5 = 0. However, the solutions in
this case preserve only four supercharges, or N = 2 super-
symmetry in three dimensions, due to the additional projector
(41).

To setup the BPS equations, we also need the γr projection
due to the radial dependence of scalars. Following [34], this
projector is given by

γrεi = Ii
jε j (44)

with Ii j defined by

Ii
j = (σ2 ⊗ σ3)i

j . (45)

The covariant field strength tensors for the gauge fields in
(36) can be straightforwardly computed, and the result is

HM = −aM sin θdθ ∧ dφ. (46)

For �2 = H2, the cancellation of the spin connection ωφ̂θ̂ =
e−g coth θeφ̂ is again achieved by the gauge field ansatz (37)
using the conditions (41), (42) and (43). On the other hand,
the covariant field strengths are now given by

HM = aM sinh θdθ ∧ dφ. (47)

which have opposite signs to those of the S2 case. This results
in a sign change of the parameter (a0, a5, a8) in the corre-
sponding BPS equations.

With all these, we obtain the following BPS equations

ϕ′ = 1

2
�−1e−ϕ−2g

[
g2e

2g(e2ϕ − 1)

−κ�2(a5 − a8 − e2ϕ(a5 + a8))
]
, (48)
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(a) (b) (c)

Fig. 1 An RG flow from N = 4 AdS5 critical point with U (1) × SU (2) × SU (2) symmetry to N = 2 AdS3 × S2 geometry in the IR with
U (1) ×U (1) × SU (2) symmetry and g1 = 1, a5 = 1 and a8 = 0

�′ = −1

3
(
√

2g1�
3 + g2 cosh ϕ) + 1

3
�−1e−2g[−√

2κa0

+κ�3(a5 cosh ϕ + a8 sinh ϕ)], (49)

g′ = 1

6
�−2

[√
2g1�

4 − 2
√

2κa0e
−2g − 2g2 cosh ϕ�

−4κ�3e−2g(a5 cosh ϕ + a8 sinh ϕ)
]
, (50)

f ′ = 1

6
�−2

[√
2g1�

4 + √
2κa0e

−2g − 2g2 cosh ϕ�

+2κ�3e−2g(a5 cosh ϕ + a8 sinh ϕ)
]
. (51)

In these equations, κ = 1 and κ = −1 refer to �2 = S2 and
�2 = H2, respectively. It can also be readily verified that
these equations also imply the second order field equations.

We now look for AdS3 solutions from the above BPS
equations. These solutions are characterized by the condi-
tions g′ = ϕ′ = �′ = 0 and f ′ = 1

L AdS3
. We find the

following AdS3 solutions.

• For ϕ = 0, AdS3 solutions only exist for a8 = 0 and are
given by

� = 2
1
6 κ

(a5g1)
1
3

, g = 1

6
ln

(
2a4

5

g2
1

)
,

L AdS3 = 2
7
6 a

2
3
5

g
1
3
1 (1 − κa5g2)

. (52)

This should be identified with similar solutions of pure
N = 4 gauged supergravity found in [33]. Since a8

and ϕ vanish in this case, the AdS3 solution has a
larger symmetry U (1) × U (1) × SU (2). Note also that
unlike half-supersymmetric solutions that exist only for
�2 = H2, both �2 = S2 and �2 = H2 are possible by
appropriately chosen values of a0, a5 and g1, recall that
g2 = −√

2g1.

• For ϕ �= 0, we find a class of solutions

ϕ = 1

2
ln

[
(a5 − a8)(a0g1 − a8g2)

(a5 + a8)(a0g1 + a8g2)

]
,

� =
⎛
⎝

√
2κa0√

(a2
5 − a2

8)(a2
0g

2
1 − a2

8g
2
2)

⎞
⎠

1
3

,

g = 1

6
ln

[
2a2

0(a2
5 − a2

8)

a2
0g

2
1 − a2

8g
2
2

]
,

L AdS3 = 2
7
6 a

1
3
0 (a2

5 − a2
8)

1
3 (a2

0g
2
1 − a2

8g
2
2)

1
3

a0g1(1 − κa5g2) − κg2
2a

2
8

. (53)

Note that when a8 = 0, we recover the AdS3 solutions
in (52). As in the previous solution, it can also be verified
that these AdS3 solutions exist for both �2 = S2 and
�2 = H2.

Examples of numerical solutions interpolating between N =
4 AdS5 vacuum with U (1) × SU (2) × SU (2) symmetry to
these AdS3 × �2 are shown in Figs. 1 and 2. At large r , the
solutions are asymptotically N = 4 supersymmetric AdS5

critical point i given in (32). It should also be noted that the
flow solutions preserve only two supercharges due to the γr
projector imposed along the flow.

3.1.2 Solutions with U (1) ×U (1)diag symmetry

We now move to a set of scalars with smaller unbroken sym-
metry U (1) × U (1)diag with U (1)diag being a diagonal sub-
group of U (1)×U (1) ⊂ SU (2)× SU (2). As pointed out in
[34], there are five singlets from the vector multiplet scalars
but these can be truncated to three scalars corresponding to
the following non-compact generators of SO(5, 5)

Ŷ1 = Y31 + Y42, Ŷ2 = Y53, Ŷ3 = Y32 − Y41. (54)
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(a) (b)

(c) (d)

Fig. 2 An RG flow from N = 4 AdS5 critical point with U (1) × SU (2) × SU (2) symmetry to N = 2 AdS3 × S2 geometry in the IR with
U (1) ×U (1) ×U (1) symmetry and g1 = 1, a5 = 2 and a8 = −1

The coset representative is then given by

V = eφ1Ŷ1eφ2Ŷ2eφ3Ŷ3 . (55)

To implement the U (1)diag gauge symmetry, we impose an
additional condition on the parameters a5 and a8 as follow

g2a5 = g3a8. (56)

We can repeat the previous analysis for the U (1) × U (1) ×
U (1) twists, and the result is the same as in the previous case
with the twist condition (43) and projectors (41), (42) and
(44).

With the same procedure as in the previous case, we obtain
the following BPS equations

φ′
1 = 1

2
�−1sech(2φ3) sinh(2φ1)(g2 cosh φ2 + g3 sinh φ2),

(57)

φ′
2 = 1

2
�−1 cosh(2φ1) cosh(2φ3)(g2 sinh φ2 + g3 cosh φ2)

+1

2
�−1(g2 sinh φ2 − g3 cosh φ2)

+a5κ

g3
e−2g�(g2 cosh φ2 + g3 sinh φ2), (58)

φ′
3 = 1

2
�−1 cosh(2φ1) sinh(2φ3)

×(g2 cosh φ2 + g3 sinh φ2), (59)

�′ = − 1

6g3
�−1e−2g

[
− 2κa5�

3(g3 cosh φ2

+g2 sinh φ2) + 2
√

2κg3a0

+e2gg3�
[
cosh(2φ1) cosh(2φ3)

× (g2 cosh φ2 + g3 sinh φ2)

g2 cosh φ2 − g3 sinh φ2 + 2
√

2g1�
3
]]

, (60)

g′ = 1

6g3
�−2

[
g3�(g3 sinh φ2

−g2 cosh φ2) − 2
√

2κa0g3e
−2g

−� cosh(2φ1) cosh(2φ3)(g2 cosh φ2

+g3 sinh φ2) + √
2g1g3�

4

−4κa5e
−2g�3(g3 cosh φ2 + g2 sinh φ2)

]
, (61)

f ′ = 1

6g3
�−2

[
g3�(g3 sinh φ2

−g2 cosh φ2) + √
2κa0g3e

−2g
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−� cosh(2φ1) cosh(2φ3)(g2 cosh φ2

+g3 sinh φ2) + √
2g1g3�

4

+2κa5e
−2g�3(g3 cosh φ2 + g2 sinh φ2)

]
. (62)

From these equations, we find the following AdS3 × �2

solutions.

• For φ1 = φ3 = 0, there is a family of AdS3 solutions
given by

I : φ2 = 1

2
ln

[
(g2 − g3)(g2

2a5 − a0g1g3)

(g2 + g3)(g2
2a5 + a0g1g3)

]
,

g = 1

6
ln

[
2a2

0a
4
5(g2

3 − g2
2)2

g2
3(a2

0g
2
1g

2
3 − a2

5g
4
2)

]
,

� = −
⎡
⎣

√
2a0g2

3

a5

√
(g2

3 − g2
2)(a2

0g
2
1g

2
3 − a2

5g
4
2)

⎤
⎦

1
3

.

(63)

We refrain from giving the explicit form of LAdS3 at this
vacuum due to its complexity.

• For φ3 = 0, we find

II : φ2 = φ1 = 1

2
ln

[
g3 − g2

g3 + g2

]
,

� =
⎡
⎣

√
2κg3

g1a5

√
g2

3 − g2
2

⎤
⎦

1
3

,

g = 1

6
ln

[
2a4

5(g2
3 − g2

2)2

g2
1g

4
3

]
,

L AdS3 =
[

8
√

2a2
5(g2

3 − g2
2)

g1g2
3(1 − κa5g2)3

] 1
3

. (64)

• Finally, for φ1 = 0, we find

III : φ2 = φ3 = 1

2
ln

[
g3 − g2

g3 + g2

]
,

� =
⎡
⎣

√
2κg3

g1a5

√
g2

3 − g2
2

⎤
⎦

1
3

,

g = 1

6
ln

[
2a4

5(g2
3 − g2

2)2

g2
1g

4
3

]
,

L AdS3 =
[

8
√

2a2
5(g2

3 − g2
2)

g1g2
3(1 − κa5g2)3

] 1
3

. (65)

Unlike the previous case, at large r , we find that solutions
to these BPS equations can be asymptotic to any of the two
N = 4 supersymmetric AdS5 vacua i and ii given in (32) and
(33). Therefore, we can have RG flows from the two AdS5

vacua to any of these AdS3 × �2 solutions. Some examples
of these solutions for �2 = S2 are given in Figs. 3, 4, 5 and 6.

3.2 Supersymmetric black holes

We now move to another type of solutions, supersymmetric
AdS5 black holes. We will consider near horizon geometries
of the form AdS2 × �3 for �3 = S3 and �3 = H3. The
twist procedure is still essential to preserve supersymmetry.
For the S3 case, we take the metric to be

ds2 = −e2 f (r)dt2 + dr2 + e2g(r)

×
[
dψ2 + sin2 ψ(dθ2 + sin2 θdφ2)

]
. (66)

With the following choice of vielbein

et̂ = e f dt, er̂ = dr, eψ̂ = egdψ,

eθ̂ = eg sin ψdθ, eφ̂ = eg sin ψ sin θdφ, (67)

we obtain non-vanishing components of the spin connection

ωt̂
r̂ = f ′et̂ , ωψ̂

r̂ = g′eψ̂ , ωθ̂
r̂ = g′eθ̂ , ωφ̂

r̂ = g′eφ̂ ,

ωφ̂
θ̂

= e−g cot θ

sin ψ
eφ̂ ,

ωφ̂
ψ̂

= e−g cot ψeφ̂ , ωθ̂
ψ̂

= e−g cot ψeθ̂ . (68)

We then turn on gauge fields corresponding to the U (1) ×
SU (2)diag ⊂ U (1) × SU (2) × SU (2) symmetry and con-
sider scalar fields that are singlet under U (1) × SU (2)diag.
Using the coset representative (30), we find components of
the composite connection that involve the gauge fields

Qi
j = − i

2
g1A

0(σ2 ⊗ σ3)i
j + i

2
g2

[
A3(σ2 ⊗ I2)i

j

−A4(σ3 ⊗ σ1)i
j + A5(σ1 ⊗ σ1)i

j
]
. (69)

The components of the spin connection on S3 that need to be

cancelled are ωφ̂
θ̂
, ωφ̂

ψ̂
and ωθ̂

ψ̂
. To impose the twist, we

set A0 = 0 and take the SU (2)diag gauge fields to be

A3 = a3 cos ψdθ, A4 = a4 cos θdφ,

A5 = a5 cos ψ sin θdφ (70)

together with A3+m = g2
g3
Am for m = 3, 4, 5.

By considering the covariant derivative of εi along θ and
φ directions, we find that the twist is achieved by imposing
the following conditions

g2a3 = g2a4 = g2a5 = 1 (71)
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(a) (b)

(c) (d)

Fig. 3 An RG flow from AdS5 critical point with U (1) × SU (2) × SU (2) symmetry to AdS3 × S2 critical point I for g1 = 1, g3 = 2g1 and
a5 = 1

4

and projectors

iγ
θ̂ψ̂

εi = (σ2 ⊗ I2)i
jε j , iγ

θ̂φ̂
εi = (σ3 ⊗ σ1)i

jε j ,

iγ
φ̂ψ̂

εi = (σ1 ⊗ σ1)i
jε j . (72)

Note that the last projector is not independent of the first two.
Therefore, the AdS2 solutions preserve four supercharges
of the original supersymmetry. Condition (71) also implies
a3 = a4 = a5. We will then set a3 = a4 = a5 = a from now
on. Using the definition (12), we find the gauge covariant
field strengths

H3 = −ae−2geψ̂ ∧ eθ̂ , H4 = −ae−2geθ̂ ∧ eφ̂ ,

H5 = −ae−2geψ̂ ∧ eφ̂ (73)

and H3+m = g2
g3
Hm for m = 3, 4, 5.

For �3 = H3, we use the metric ansatz

ds2 = −e2 f dt2 + dr2 + e2g

y2 (dx2 + dy2 + dz2) (74)

with non-vanishing components of the spin connection

ωx̂
r̂ = g′ex̂ , ω ŷ

r̂ = g′eŷ, ωẑ
r̂ = g′eẑ,

ωx̂
ŷ = −e−gex̂ , ωẑ

ŷ = −e−geẑ, ωt̂
r̂ = f ′et̂ (75)

where various components of the vielbein are given by

et̂ = e f dt, er̂ = dr, ex̂ = eg

y
dx,

eŷ = eg

y
dy, eẑ = eg

y
dz. (76)

Since there are only two components, ωx̂
ŷ and ωẑ

ŷ , of the
spin connection to be cancelled in the twisting process, we
turn on the following SU (2) gauge fields

A3 = a

y
dx, A4 = 0, A5 = ã

y
dz (77)

and Am+3 = g2
g3
Am , for m = 3, 4, 5.

Repeating the same analysis as in the S3 case, we find the
twist conditions

g2a = g2ã = 1 (78)
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(a) (b) (c)

(d) (e)

Fig. 4 An RG flow from AdS5 critical point with U (1) × SU (2) × SU (2) symmetry to AdS3 × S2 critical point II for g1 = 1, g3 = 2g1 and
a5 = 1

4

(a)

(d) (e)

(b) (c)

Fig. 5 An RG flow from AdS5 critical point with U (1) × SU (2) × SU (2) symmetry to AdS5 critical point with U (1) × SU (2)diag symmetry and
finally to AdS3 × S2 critical point II for g1 = 1, g3 = 2g1 and a5 = 1

4
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(a) (b) (c)

(d) (e)

Fig. 6 An RG flow from AdS5 critical point with U (1) × SU (2) × SU (2) symmetry to AdS3 × S2 critical point III for g1 = 1, g3 = 2g1 and
a5 = 1

4

and projectors

iγŷ x̂εi = (σ2 ⊗ I2)i
jε j , iγŷ ẑεi = (σ1 ⊗ σ1)i

jε j ,

iγx̂ ẑεi = (σ3 ⊗ σ1)i
jε j . (79)

The last projector is not needed for the twist with A4 = 0. In
addition, it follows from the first two projectors as in the S3

case. The twist condition (78) again implies that ã = a, and
the covariant field strengths in this case are given by

H3 = ae−2gex̂ ∧ eŷ, H4 = ae−2geẑ ∧ ex̂ ,

H5 = ae−2geẑ ∧ eŷ (80)

and Hm+3 = g2
g3
Hm , for m = 3, 4, 5. Note that although

A4 = 0, we have non-vanishing H4 due to the non-abelian
nature of SU (2) field strengths.

With all these ingredients, the following BPS equations
are straightforwardly obtained

φ′ = 1

8g3
�−1e−3φ−2g[g2 − g3 + e2φ(g2 + g3)]

×
[
g3e

2g(e4φ − 1) + 4κae2φ�2
]
, (81)

�′ = −1

3

[
g2 cosh3 φ + g3 sinh3 φ + √

2g1�
3
]

+ κ

g3
ae−2g�2(g3 cosh φ + g2 sinh φ), (82)

g′ = −1

3
�−1(g2 cosh3 φ + g3 sinh3 φ) + 1

3
g1�

2

− κ

g3
ae−2g�(g3 cosh φ + g2 sinh φ), (83)

f ′ = −1

3
�−1(g2 cosh3 φ + g3 sinh3 φ) + 1

3
g1�

2

+ κ

g3
ae−2g�(g3 cosh φ + g2 sinh φ). (84)

As in the AdS3 solutions, κ = 1 and κ = −1 corresponds to
�3 = S3 and �3 = H3, respectively.

It turns out that only κ = −1 leads to an AdS2 solution
given by

φ = 1

2
ln

[
g3 − g2

g3 + g2

]
, � = −

⎡
⎣ 2

√
2g2g3

g1

√
g2

3 − g2
2

⎤
⎦

1
3

,

g = 1

2
ln

⎡
⎣2a(g2

3 − g2
2)

2
3

g
2
3
1 g

1
3
2 g

4
3
3

⎤
⎦ , L AdS2 = (g2

3 − g2
2)

1
3

√
2g

1
3
1 g

2
3
2 g

2
3
3

.

(85)

This solution preserves N = 4 supersymmetry in two
dimensions and U (1) × SU (2)diag symmetry. As r → ∞,
f ∼ g ∼ r , solutions to the above BPS equations are locally
asymptotic to either of the N = 4 AdS5 vacua in (32) and
(33). RG flow solutions interpolating between these AdS5
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(a) (b)

(c) (d)

Fig. 7 An RG flow from AdS5 critical point with U (1) × SU (2) × SU (2) symmetry to AdS2 × H3 critical point for g1 = 1 and g3 = 2g1

vacua and the AdS2 ×H3 solution in (85) are shown in Figs.
7 and 8. In particular, the flow in Fig. 8 connects three critical
points similar to the solution given in the previous section.

We end this section by a comment on the possibility of
turning on the twist from A0 along with those from the
SU (2)diag gauge fields. As in the previous section, if we
impose an additional projector

(I2 ⊗ σ3)i
jε j = −εi , (86)

the projection matrix of the A0 term in the composite connec-
tion (69) will be proportional to that of A3. We will consider
the S3 case for concreteness and take the ansatz for A0 to be

A0 = a0 cos ψdθ (87)

and proceed as in the A0 = 0 case. This results in the pro-
jectors given in (72) and the twist conditions

g2a4 = g2a5 = 1 and g1a0 + g2a3 = 1 . (88)

We can see that at this stage the parameter a3 needs not be
equal to a4 and a5. However, consistency of the BPS equa-
tions from δλai conditions require a3 = a4 = a5 and hence
a0 = 0 by the conditions in (88). This is because A0 does

not appear in δλai variation. The resulting BPS equations then
reduce to those of the previous case with A0 = 0. So, we con-
clude that the A0 twist cannot be turned on along with the
SU (2)diag twists.

4 U(1)× SO(3, 1) gauge group

For non-compactU (1)×SO(3, 1) gauge group, components
of the embedding tensor are given by

ξMN = g1(δ
M
2 δN1 − δM1 δN2 ), (89)

f345 = f378 = − f468 = − f567 = −g2 . (90)

This gauge group has already been studied in [34]. The scalar
potential admits one supersymmetric N = 4 AdS5 vauum at
which all scalars from vector multiplets vanish and � = 1
after choosing g2 = −√

2g1. At the vacuum, the gauge group
is broken down to its maximal compact subgroup U (1) ×
SO(3). A holographic RG flow from this critical point to a
non-conformal field theory in the IR and a flow to AdS3×H2

vacuum preserving eight supercharges have also been studied
in [34]. In this case, AdS3 × S2 solutions do not exist.
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(a) (b)

(c) (d)

Fig. 8 An RG flow from AdS5 critical point with U (1) × SU (2) × SU (2) symmetry to AdS5 critical point with U (1) × SU (2)diag symmetry and
finally to AdS2 × H3 critical point for g1 = 1 and g3 = 2g1

In this section, we will study AdS3 × �2 and AdS2 ×
�3 solutions preserving four supercharges. The analysis is
closely parallel to that performed in the previous section, so
we will give less detail in order to avoid repetition.

4.1 Supersymmetric black strings

We will use the same metric ansatz as in Eqs. (34) and (35)
and consider the twist from U (1) × U (1) gauge fields. The
second U (1) is a subgroup of the SO(3) ⊂ SO(3, 1). There
are in total five scalars that are singlet under thisU (1)×U (1),
but as in the compact U (1) × SU (2) × SU (2) gauge group,
these can be truncated to three singlets corresponding to the
following SO(5, 5) non-compact generators

Ỹ1 = Y31 + Y42, Ỹ2 = Y32 − Y41, Ỹ3 = Y53. (91)

With the embedding tensor (90), the compact SO(3) sym-
metry is generated by X3, X4 and X5 generators.

Using the coset representative of the form

L = eφ1Ỹ1eφ2Ỹ2eφ3Ỹ3 , (92)

we can repeat all the analysis of the previous section by using
the ansatz for the gauge fields

A0 = a0 cos θdφ and A5 = a5 cos θdφ, (93)

for �2 = S2 and

A0 = a0 cosh θdφ and A5 = a5 cosh θdφ, (94)

for �2 = H2. The result is similar to the compact case with
the projectors (41) and (42) and the twist condition (43).

Using the γr projection (44), the BPS equations in this
case read

f ′ = − 1

24�2 e
−2φ1−φ2−2(φ3+g)

[
e2g [

1 − e4φ1

−e2φ2 + e4φ1+2φ2 + e4φ3 + 4e2(φ1+φ3)

− e4(φ1+φ3) + 4e2(φ1+φ2+φ3)

−e2φ2+4φ3 + e4φ1+2φ2+4φ3
]
g2�

−4
√

2κa0e
2φ1+φ2+2φ3 − 4κa5e

2(φ1+φ3)
(
1 + e2φ2

)
�3

−4
√

2e2φ1+φ2+2(φ3+g)g1�
4
]
, (95)
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g′ = 1

24�2 e
−2φ1−φ2−2(φ3+g)

[
− e2g [

1 − e4φ1

−e2φ2 + e4φ1+2φ2 + e4φ3 + 4e2(φ1+φ3)

− e4(φ1+φ3) + 4e2(φ1+φ2+φ3)

−e2φ2+4φ3 + e4φ1+2φ2+4φ3
]
g2�

−8κ
√

2a0e
2φ1+φ2+2φ3 − 8κa5e

2(φ1+φ3)
(
1 + e2φ2

)
�3

+4
√

2e2φ1+φ2+2(φ3+g)g1�
4
]
, (96)

�′ = 1

24�
e−2φ1−φ2−2(φ3+g)

[
− e2g (

1 − e4φ1

−e2φ2 + e4φ1+2φ2 + e4φ3 + 4e2(φ1+φ3)

− e4(φ1+φ3) + 4e2(φ1+φ2+φ3)

−e2φ2+4φ3 + e4φ1+2φ2+4φ3
)
g2�

−8κ
√

2a0e
2φ1+φ2+2φ3 + 4κa5e

2(φ1+φ3)
(
1 + e2φ2

)
�3

−8
√

2e2φ1+φ2+2(φ3+g)g1�
4
]
, (97)

φ′
1 = e−2φ1−φ2+2φ3

(
1 + e4φ1

) (
e2φ2 − 1

)
g2

2
(
1 + e4φ3

)
�

, (98)

φ′
2 = 1

8�
e−2φ1−φ2−2(φ3+g)

[
e2g (

e4φ1 − e2φ2

+e4φ1+2φ2 − e4φ3 − 4e2(φ1+φ3)

+e4(φ1+φ3) − 1 + 4e2(φ1+φ2+φ3)

−e2φ2+4φ3 + e4φ1+2φ2+4φ3
)
g2

+4κa5e
2(φ1+φ3)

(
e2φ2 − 1

)
�2

]
, (99)

φ′
3 = e−2φ1−φ2−2φ3

(
e4φ1 − 1

) (
e2φ2 − 1

) (
e4φ3 − 1

)
g2

8�
.

(100)

This set of equations admits an AdS3 solution given by

φ2 = φ3 = 0, � =
(√

2κ

a5g1

) 1
3

,

g = 1

3
ln

(√
2a2

5

g1

)
, L AdS3 =

(√
2a2

5

g1

) 1
3 2

(1 − κa5g2)
.

(101)

As in the compact case, �2 can be either S2 or H2, depending
on the values of a5, a0, g1 and g2 such that the twist condition
(43) is satisfied. This is in contrast to the half-supersymmetric
solution found in [34] for which only �2 = H2 is
possible.

To find a domain wall interpolating between the AdS5

vacuum to this AdS3 × �2 solution, we further truncate the

BPS equations by setting φi = 0 for i = 1, 2, 3. The resulting
equations are given by

f ′ = 1

6�2 e
−2g

(√
2κa0 − 2e2gg2� + 2κa5�

3 − √
2e2gg1�

4
)

,

(102)

g′ = − 1

6�2 e
−2g

(
2
√

2κa0 + 2e2gg2� + 4κa5�
3 + √

2e2gg1�
4
)

,

(103)

�′ = − 1

3�
e−2g

(√
2κa0 + e2gg2� − κa5�

3 + √
2e2gg1�

4
)

.

(104)

An example of numerical solutions is shown in Fig. 9.

4.2 Supersymmetric black holes

We now consider AdS2 × �3 solutions within this non-
compact gauge group. We will look for solutions with
U (1) × SO(3) ⊂ U (1) × SO(3, 1) symmetry. There is one
U (1) × SO(3) singlet from the SO(5, 5)/SO(5) × SO(5)

coset corresponding to the non-compact generator

Y = Y31 + Y42 − Y53. (105)

The coset representative can be written as

L = eφY . (106)

Using the metric ansatz (66) and (74) together with the gauge
fields (70) and (77), we find that the twist can be implemented
by using the projectors given in (72). Furthermore, the twist
condition also implies that a3 = a4 = a5 = a with g2a = 1,
and the twist from A0 cannot be turned on. The AdS2 × �3

solutions preserve four supercharges.
Using the projector (44), we can derive the following BPS

equations

f ′ = 1

12�

[
e−3φ

(
1 − 3e2φ − 3e4φ + e6φ

)
g2

+6κae−φ−2g
(

1 + e2φ
)

�2 + 2
√

2g1�
3
]
, (107)

g′ = 1

12�

[
e−3φ

(
1 − 3e2φ − 3e4φ + e6φ

)
g2

−6κae−φ−2g
(

1 + e2φ
)

�2 + 2
√

2g1�
3
]
, (108)

�′ = 1

12
e−3φ−2g

[
e2g

(
1 − 3e2φ − 3e4φ

+e6φ
)
g2 + 6κae2φ

(
1 + e2φ

)
�2

−4
√

2e3φ+2gg1�
3
]
, (109)

φ′ = − 1

4�
e−3φ−2g

×
(
e2φ − 1

) (
e2g

(
1 + e4φ

)
g2 − 2κae2φ�2

)
.

(110)
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(a) (b) (c)

Fig. 9 An RG flow solution from supersymmetric AdS5 with U (1) × SO(3) symmetry to AdS3 × S2 geometry in the IR for U (1) × SO(3, 1)

gauge group and g1 = 1, a5 = 1

(a) (b) (c)

Fig. 10 An RG flow solution from AdS5 with U (1) × SO(3) symmetry to AdS2 × H3 geometry in the IR for U (1) × SO(3, 1) gauge group and
g1 = 1

These equations admit one AdS2 × H3 solution given by

φ = 0, � = −√
2

(
g2

g1

) 1
3

g = −1

2
ln

⎡
⎣

(
g2

1g2
) 1

3

2a

⎤
⎦ , L AdS2 = 1

√
2

(
g1g2

2

) 1
3

(111)

while AdS2 × S3 solutions do not exist.
By setting φ = 0, we find a numerical solution to the

above BPS equations as shown in Fig. 10.

5 U(1)× SL(3,R) gauge group

In this section, we consider non-compact U (1) × SL(3,R)

gauge group. This has not been studied in [34], so we will
give more detail about the construction of this gauged super-
gravity and possible supersymmetric AdS5 vacua.

Components of the embedding tensor for this gauge group
are given by

ξMN = g1(δ
M
2 δN1 − δM1 δN2 ), (112)

f345 = f389 = f468 = f497 = f569 = f578 = −g2,

f367 = 2g2, f4,9,10 = f5,8,10 = √
3g2 . (113)

fMN
P can be extracted from SL(3,R) generators

( iλ2
2 ,

iλ5
2 , iλ7

2 , λ1
2 , λ3

2 , λ4
2 , λ6

2 , λ8
2 ) with λi , i = 1, 2, . . . , 8

being the usual Gell–Mann matrices. The compact SO(3) ⊂
SL(3,R) symmetry is generated by X3, X4 and X5.

5.1 Supersymmetric AdS5 vacuum

The SL(3,R) factor is embedded in SO(3, 5) ⊂ SO(5, 5)

such that its adjoint representation is identified with the
fundamental representation of SO(3, 5). The SO(3) ⊂
SL(3,R) is embedded in SL(3,R) such that 3 → 3. Decom-
posing the adjoint representation of SO(3, 5) to SL(3,R)

and SO(3), we find that the 25 scalars transform under
SO(3) ⊂ SL(3,R) as

2(1 × 5) + 3 × 5 = 3 + 3 × 5 + 7. (114)

Unlike the U (1)× SO(3, 1) gauge group, there is no singlet
under the compact SO(3) symmetry. Taking into account
the embedding of the U (1) factor in the gauge group as
described in (112), we find the transformation of the scalars
under U (1) × SO(3)

30 + 50 + 70 + 52 + 5−2 (115)

with the subscript denoting the U (1) charges.
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Table 1 Scalar masses at the N = 4 supersymmetric AdS5 critical
point with U (1)× SO(3) symmetry and the corresponding dimensions
of dual operators for the non-compact U (1) × SL(3,R) gauge group.
The scalars are organized into representations of U (1) × SO(3) with
the singlet corresponding to the dilaton �

Scalar field representations m2L2 �

10 −4 2

30 32 8

50 0 4

70 12 6

5−2 21 7

52 21 7

It can be readily verified by studying the correspond-
ing scalar potential or recalling the result of [48] that this
U (1) × SL(3,R) gauge group admits a supersymmetric
N = 4 AdS5 vacuum at which all scalars from vector multi-
plets vanish with

� = 1 and V0 = −3g2
1 . (116)

We have, as in other gauge groups, set g2 = −√
2g1 to

bring this vacuum to the value of � = 1. All scalar masses
at this vacuum are given in Table 1. Massless scalars in 50

representation are Goldstone bosons corresponding to the
symmetry breaking SL(3,R) → SO(3).

5.2 Supersymmetric black strings

We now consider U (1) × U (1) ⊂ U (1) × SO(3) ⊂
U (1) × SL(3,R) invariant scalars. We will choose the
U (1) ⊂ SO(3) generator to be X5. From the vector mul-
tiplets, there are three singlet scalars corresponding to the
following non-compact generators

Ȳ1 = Y31 − Y44, Ȳ2 = Y41 + Y34, Ȳ3 = √
3Y52 − Y55.

(117)

The coset representative can be written as

L = eφ1Ȳ1eφ2Ȳ2eφ3Ȳ3 (118)

which gives rise to the scalar potential

V = 1

16�2 e
−4(φ2+φ3)g2

[(
3 + 6e4φ2

+3e8φ2 + 3e8φ3 − 32e4(φ2+φ3) + 3e8(φ2+φ3)

+6e4φ2+8φ3
)
g2 − 4

√
2e2(φ2+φ3)

×
(√

3 − 2e2φ2 − √
3e4φ2 − √

3e4φ3

+√
3e4(φ2+φ3) − 2e2φ2+4φ3

)
g1�

3
]
. (119)

Notice that V doesn’t depend on φ1, consistent with the fact
that φ1 is part of the Goldstone bosons in 50 representation.

It can be verified that this potential admits only one super-
symmetric AdS5 critical point at φ1 = φ2 = φ3 = 0 and
� = 1 for g2 = −√

2g1.
We first consider AdS3 × �2 solutions preserving eight

supercharges. We will omit some detail since the same anal-
ysis has been carried out in [34]. By turning on gauge fields
A0 and A5 along �2 and performing the twist in Eq. (39) by
imposing only one projector

iγ
θ̂φ̂

εi = a0g1(σ2 ⊗ σ3)i
jε j − a5g2(σ1 ⊗ σ1)i

jε j , (120)

we find that consistency of this projection condition, namely
(iγ

φ̂θ̂
)2 = I4, implies a0a5 = 0, see [34] for more detail.

Therefore, for half-supersymmetric solutions, the twists from
A0 and A5 cannot be turned on simultaneously. Furthermore,
as shown in [34], see also a similar discussion in [39], the
twist with a5 = 0 does not lead to an AdS3 fixed point. We
will accordingly consider only the case of a0 = 0 and a5 �= 0
which leads to the twist condition a5g2 = 1 and the projector

iγ
θ̂φ̂

εi = −(σ1 ⊗ σ1)i
jε j . (121)

The resulting BPS equations read

f ′ = 1

12�
e−2(φ2+φ3+g)

[
e2g

(√
3 − 2e2φ2

−√
3e4φ2 − √

3e4φ3 + √
3e4(φ2+φ3)

−2e2φ2+4φ3
)
g2 + 2κa5e

2φ2
(

1 + e4φ3
)

�2

+2
√

2e2(φ2+φ3+g)g1�
3
]
, (122)

g′ = 1

12�
e−2(φ2+φ3+g)

[
e2g

(√
3 − 2e2φ2

−√
3e4φ2 − √

3e4φ3 + √
3e4(φ2+φ3)

−2e2φ2+4φ3
)
g2 − 4κa5e

2φ2
(

1 + e4φ3
)

�2

+2
√

2e2(φ2+φ3+g)g1�
3
]
, (123)

�′ = 1

12
e−2(φ2+φ3+g)

[
e2g

(√
3 − 2e2φ2

−√
3e4φ2 − √

3e4φ3 + √
3e4(φ2+φ3)

−2e2φ2+4φ3
)
g2 + 2κa5e

2φ2
(

1 + e4φ3
)

�2

−4
√

2e2(φ2+φ3+g)g1�
3
]
, (124)

φ′
1 = 0 (125)

φ′
2 = −

√
3e−2(φ2+φ3)

(
1 + e4φ2

) (
e4φ3 − 1

)
g2

4�
, (126)

φ′
3 = − 1

8�
e−2(φ2+φ3+g)

[
e2g

(
2e2φ2 − √

3

+√
3e4φ2 − √

3e4φ3 + √
3e4(φ2+φ3)

−2e2φ2+4φ3
)
g2 − 2κa5e

2φ2
(
e4φ3 − 1

)
�2

]
.

(127)
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(a) (b) (c)

Fig. 11 An RG flow solution from AdS5 with U (1) × SO(3) symmetry to N = 4 AdS3 × H2 geometry in the IR for U (1) × SL(3,R) gauge
group and g1 = 1

The Killing spinors εi are subject to the projection conditions
(44) and

iγ
θ̂φ̂

εi = −(σ1 ⊗ σ1)i
jε j . (128)

As in theU (1)× SO(3, 1) gauge group studied in [34], there
is only one supersymmetric AdS3 × H2 critical point given
by

φ1 = φ2 = φ3 = 0, � = −
(√

2 g2

g1

) 1
3

,

g = −1

2
ln

⎡
⎣ 1

a5

(
g2

1g2

2

) 1
3
⎤
⎦ L AdS3 =

( √
2

g1g2
2

) 1
3

.

(129)

This solution is dual to a two-dimensional N = (2, 2) SCFT.
By setting φ1 = φ2 = φ3 = 0, we find a domain wall inter-
polating between this critical point and the supersymmetric
AdS5 as shown in Fig. 11.

We now move to AdS3 × �2 solutions preserving four
supercharges. The analysis follows the same line as in the
previous two gauge groups, so we will be very brief in this
section. By the same analysis as in the previous two gauge
groups, we obtain the following BPS equations

f ′ = 1

12�2 e
−2(φ2+φ3+g)

[
2
√

2κa0e
2(φ2+φ3)

−e2g
(√

3 − 2e2φ2 − √
3e4φ2 − √

3e4φ3

+ √
3e4(φ2+φ3) − 2e2φ2+4φ3

)
g2�

+ 2κa5e
2φ2

(
1 + e4φ3

)
�3

+2
√

2e2(φ2+φ3+g)g1�
4
]
, (130)

g′ = − 1

12�2 e
−2(φ2+φ3+g)

[
4
√

2κa0e
2(φ2+φ3)

+e2g
(√

3 − 2e2φ2 − √
3e4φ2 − √

3e4φ3

+√
3e4(φ2+φ3) − 2e2φ2+4φ3

)
g2�

+4κa5e
2φ2

(
1 + e4φ3

)
�3

−2
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2e2(φ2+φ3+g)g1�
4
]
, (131)

�′ = 1

12�
e−2(φ2+φ3+g)
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−4

√
2κa0e

2(φ2+φ3)

+e2g
(√

3 − 2e2φ2 − √
3e4φ2 − √

3e4φ3

+ √
3e4(φ2+φ3) − 2e2φ2+4φ3

)
g2�

+2κa5e
2φ2

(
1 + e4φ3

)
�3

−4
√

2e2(φ2+φ3+g)g1�
4
]
, (132)

φ′
1 = 0, (133)

φ′
2 = −

√
3e−2(φ2+φ3)

(
1 + e4φ2

) (
e4φ3 − 1

)
g2

4�
, (134)

φ′
3 = − 1

8�
e−2(φ2+φ3+g)

[
e2g

(
2e2φ2 − √

3

+√
3e4φ2 − √

3e4φ3 + √
3e4(φ2+φ3)

−2e2φ2+4φ3
)
g2 − 2κa5e

2φ2
(
e4φ3 − 1

)
�2

]
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(135)

These equations admit one supersymmetric AdS3 ×�2 solu-
tion given by

φ2 = φ3 = 0, � =
(√

2κ

a5g1

) 1
3

,

g = 1

3
ln

(√
2a2

5

g1

)
, L AdS3 =

(√
2a2

5

g1

) 1
3 2

(1 − κa5g2)
,

(136)

and a domain wall interpolating between this critical point
and the supersymmetric AdS5 is shown in Fig. 12. It should
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(a) (b) (c)

Fig. 12 An RG flow solution from AdS5 with U (1) × SO(3) symmetry to N = 2 AdS3 × S2 geometry in the IR for U (1) × SL(3,R) gauge
group and g1 = 1, a5 = 1

also be noted that this AdS3 × �2 solution is the same as in
U (1) × SO(3, 1) gauge group.

5.3 Supersymmetric black holes

We end this section with an analysis of AdS2 × �3 solu-
tions and domain walls connecting these solutions to the
supersymmetric AdS5. In order to preserve supersymmetry,
SO(3) ⊂ SL(3,R) gauge fields must be turned on. How-
ever, in the present case, there is no SO(3) singlet scalar
from the vector multiplets. After using the twist condition
g2a = 1 and projectors in (72) and (79) together with the
ansatz for the gauge fields in (70) and (77), we obtain the
BPS equations

f ′ = − 1

6�

(
2g2 − 6κae−2g�2 − √

2g1�
3
)

, (137)

g′ = − 1

6�

(
2g2 + 6κae−2g�2 − √

2g1�
3
)

, (138)

�′ = −1

3

(
g2 − 3κae−2g�2 + √

2g1�
3
)

. (139)

These equations turn out to be the same as in the SO(3, 1)

case after setting all the scalars from vector multiplets to
zero. A single AdS2 × H3 critical point is again given by
(111).

6 Conclusions and discussions

We have found a new class of supersymmetric black strings
and black holes in asymptotically AdS5 space within N = 4
gauged supergravity in five dimensions coupled to five vec-
tor multiplets with gauge groups U (1) × SU (2) × SU (2),
U (1) × SO(3, 1) and U (1) × SL(3,R). These generalize
the previously known black string solutions preserving eight
supercharges by including more general twists along �2. Fur-
thermore, unlike the half-supersymmetric solutions which
only exhibit hyperbolic horizons, the 1

4 -supersymmetric

black strings can have both S2 and H2 horizons. On the other
hand, the AdS5 black holes only feature H3 horizons.

For U (1) × SU (2) × SU (2) gauge group, we have iden-
tified a number of AdS3 × �2 solutions preserving four
supercharges. The solutions have U (1) × U (1) × U (1) and
U (1) × U (1)diag symmetries and correspond to N = (0, 2)

SCFTs in two dimensions. We have given many examples of
numerical RG flow solutions from the two supersymmetric
AdS5 vacua to these AdS3 × �2 geometries. We have also
found a supersymmetric AdS2 × H3 solution describing the
near horizon geometry of a supersymmetric black hole in
AdS5. For U (1) × SO(3, 1) and U (1) × SL(3,R) gauge
groups, all AdS3 × �2 and AdS2 × H3 solutions exist only
for vanishing scalar fields from vector multiplets and have
the same form for both gauge groups.

It would be interesting to compute twisted partition func-
tions and twisted indices in the dual N = 2 SCFTs com-
pactified on �2 and �3. These should provide a micro-
scopic description for the entropy of the aforementioned
black strings and black holes in AdS5 space. On the other
hand, it is also interesting to find supersymmetric rotating
AdS5 black holes similar to the solutions found in minimal
and maximal gauged supergravities [49,50] or black holes
with horizons in the form of a squashed three-sphere [51–53].
Furthermore, embedding these solutions in string/M-theory
is of particular interest and should give a full holograpic inter-
pretation for the RG flows across dimensions identified here.
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1 Introduction

Supersymmetric anti-de Sitter (AdS) vacua and their moduli spaces of gauged supergrav-

ities are of particular interest in the AdS/CFT correspondence [1]. The AdS vacua corre-

spond to conformal fixed points of the holographically dual field theories while the moduli

spaces describe the conformal manifolds near these fixed points [2, 3]. The latter encode

useful information about the exactly marginal deformations of the corresponding super-

conformal field theories (SCFTs).

AdS backgrounds of gauged supergravities and their moduli spaces have been studied

in various space-time dimensions with different numbers of supercharges. In this paper

we exclusively focus on the half-maximal gauged N = (1, 1) supergravity in six space-

time dimensions (d = 6) and their maximally supersymmetric AdS6 backgrounds.1 This

supergravity is also known as F (4) supergravity and was first constructed in [6]. It is

non-chiral and can be coupled to an arbitrary number n of vector multiplets. Each vector

multiplet contains four scalars and together with the dilaton in the gravity multiplet, they

parametrize the (4n + 1)-dimensional coset manifold R+ × SO(4, n)/SO(4) × SO(n). The

corresponding gauged supergravity was constructed in [7, 8] by extending the pure F (4)

supergravity using the geometric group manifold approach. [7, 8] also showed that for a

gauge group SU(2)R×G and G ⊂ SO(n) a maximally supersymmetric AdS6 vacuum exists

where the full SU(2)R ×G symmetry is realized at the origin of the scalar manifold. This

vacuum could be identified with the near horizon geometry of the D4-D8 brane system [9].

For the case of n = 3 vector multiplets and G = SO(3), another non-trivial AdS6 vacuum

breaking the SU(2)R × SO(3) symmetry to SO(3)diag and preserving the full N = (1, 1)

supersymmetry has been identified in [10].

In this paper we do not specify the gauge group upfront but instead follow the strategy

of [11–15] in that we first determine the general conditions on the parameters of the gauged

1In fact, the N = (1, 1) supergravity is the only gauged supergravity in d = 6 that admits maximally

supersymmetric AdS6 backgrounds [4]. This in turn is consistent with the known classification of the AdS

superalgebras given in [5].
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supergravity such that AdS6 backgrounds which preserve all supercharges can exist. In

half-maximal supergravities it is then possible to also give all possible gauge groups that

can have such vacua. Concretely we find that the gauge group has to be of the form

G′ ×G′′ ⊂ SO(4, n) where G′ ⊂ SO(3,m) and G′′ ⊂ SO(1, n−m). In the AdS6 vacua this

gauge group is broken to its maximal compact subgroup SO(3)×H ′×H ′′ whereH ′ ⊂ SO(m)

and H ′′ ⊂ SO(n −m). The SO(3) ∼ SU(2) factor precisely is the R-symmetry and it is

gauged by three of the four graviphotons. Finally, we derive the necessary conditions for

the existence of a supersymmetric moduli space near these vacua. For the case at hand

we find that no moduli space is possible which is again consistent with the fact that the

holographically dual SCFTs have no supersymmetric exactly marginal deformations.

In the AdS/CFT correspondence, AdS6 vacua are also relevant for studying strongly

coupled five-dimensional SCFTs arising from the dynamics of D4-D8 branes [9, 16]. The

interpretation in terms of AdS6 geometry in [17] inspired various studies considering grav-

ity duals of these SCFTs including a recent generalization to quiver gauge theories in [18].

Finding AdS6 solutions in type II and eleven dimensional supergravities also deserves de-

tailed investigations.2 In this paper, however, we stay in d = 6 throughout the analysis

leaving the higher dimensional origins of these vacua for future work.

The paper is organized as follow. In section 2, we set the stage for our analysis and

recall the relevant features of N = (1, 1) gauged supergravity. The conditions for the

existence of maximally supersymmetric AdS6 vacua are then derived in section 3, and the

analysis of the moduli space is carried out in section 4. We finally end the paper by giving

some conclusions and comments on the results in section 5.

2 N = (1, 1) gauged supergravity in six dimensions

In this section, we briefly review N = (1, 1) gauged supergravity coupled to n vector

multiplets in order to set up the notation for the later analysis. More details on this

gauged supergravity can be found in [7, 8]. We will follow most of the conventions in these

two references.

The possible supermultiplets are the gravitational multiplet and n vector multiplets

given respectively by(
eaµ, ψ

A
µ , A

α
µ, Bµν , χ

A, σ
)

and (Aµ, λA, φ
α)I . (2.1)

The bosonic fields of the supergravity multiplet are given by the graviton eaµ, the dilaton

σ, four graviphotons Aαµ, and a two-form field Bµν while each vector multiplet contains a

vector, Aµ, and four scalars, φα. Two sets of indices α, β, . . . = 0, 1, 2, 3 and I, J, . . . =

1, . . . , n label the n + 4 vector fields. Space-time and tangent space indices are denoted

respectively by µ, ν = 0, . . . , 5 and a, b = 0, . . . , 5. We will also follow the mostly minus

space-time signature (+−−−−−) of [7, 8].

The fermionic fields consist of two gravitini ψAµ , two spin-1
2 fields χA and 2n gaug-

inos λIA. All of these fields and the supersymmetry parameter εA are eight-component

2See [19–22] for recent results along this direction and references therein.
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pseudo-Majorana spinors and transform in the fundamental representation of the SU(2)R ∼
USp(2)R R-symmetry denoted by indices A,B = 1, 2.

The dilaton and the 4n scalars φαI of the vector multiplets span the coset manifold

R+ × SO(4, n)/SO(4)× SO(n) . (2.2)

The second factor can in turn be parametrized by the coset representative LΛ
Σ with

Λ,Σ, . . . = 1, 2, . . . , n + 4. It is convenient to split the indices transforming under the

compact group SO(4) × SO(n) as Λ = (α, I) and further under the SO(3)R × SO(n) as

Λ = (0, r, I) with r, s, . . . = 1, 2, 3. The SO(3)R is identified with the diagonal subgroup of

SO(3)× SO(3) ∼ SO(4). The coset representative can be accordingly decomposed as

LΛ
Σ = (LΛ

α, L
Λ
I) = (LΛ

0, L
Λ
r, L

Λ
I) . (2.3)

Furthermore, all of the n+4 vector fields will be collectively denoted by AΛ
µ = (A0

µ, A
r
µ, A

I
µ).

Being SO(4, n) matrices, the LΛ
Σ satisfy the relation

ηΛΣ = L0
ΛL

0
Σ + Li ΛL

i
Σ − LI ΛL

I
Σ (2.4)

with ηΛΣ = (1, 1, 1, 1,−1,−1, . . . ,−1).

We now turn to the gauged version of this supergravity. The most complete gauged

N = (1, 1) supergravity up to now is given in [7, 8]. As in seven dimensions, the full

SO(4, n) covariant formulation in terms of the embedding tensors has not been worked out

yet although the corresponding components of the embedding tensor have been identified

in [23] using the Kac-Moody approach. In this paper, we will restrict ourselves to the

gauged supergravity constructed in [7, 8].

Gauging is implemented by making a particular subgroup G of SO(4, n) local such that

the adjoint representation of G can be embedded in the fundamental representation, n + 4,

of SO(4, n), and ηΛΣ contains the Cartan-Killing form of the gauge group. Consistency

with supersymmetry requires that the structure constants are totally anti-symmetric, i.e.

fΛΣΠ = f Γ
ΛΣ ηΓΠ = f[ΛΣΠ]. In the embedding tensor formalism, this condition is called the

linear constraint.

The f Γ
ΛΣ appear as structure constants in the gauge algebra

[TΛ, TΣ] = f Γ
ΛΣ TΓ (2.5)

in which TΛ are gauge generators. These structure constants must satisfy the Jacobi

identity

f ∆
[ΣΓ f Π

Λ]∆ = 0 (2.6)

which in the embedding tensor formalism is the so-called quadratic constraint. In general,

this constraint comes from the requirement that the gauge generators, obtained from ap-

propriate projections of the global symmetry generators by the embedding tensor, form a

closed Lie algebra of the corresponding gauge group.

The bosonic Lagrangian with only the metric and scalars non-vanishing reads

e−1L = −1

4
R+ ∂µσ∂

µσ +
1

4
(P I0µ PµI0 + P Irµ PµIr)− V , (2.7)

– 3 –
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where the scalar kinetic term is written in terms of the Maurer-Cartan one-forms

P I0 = (L−1)IΛ(dLΛ
0 + fΛ

ΓΠA
ΓLΠ

0), P Ir = (L−1)IΛ(dLΛ
r + fΛ

ΓΠA
ΓLΠ

r) . (2.8)

The scalar potential V is given by

V = −5

[
1

144
(Aeσ + 6me−3σL00)2 +

1

16
(Bie

σ − 2me−3σL0i)
2

]
+

1

144
(Aeσ − 18me−3σL00)2 +

1

16
(Bie

σ + 6me−3σL0i)
2

+
1

4
(CItCIt + 4DI

tDIt)e
2σ −m2e−6σL0IL

0I

(2.9)

where m is the mass of the two-form in the gravitational multiplet and we abbreviated

A = εrstKrst , Bi = εijkKjk0 ,

C t
I = εtrsKrIs , DIt = K0It ,

(2.10)

with the “dressed” structure constants given by

Krst = fΛΣΠL
Λ
r(L
−1) Σ

s LΠ
t, Krs0 = fΛΣΠL

Λ
r(L
−1) Σ

s LΠ
0,

KrIt = fΛΣΠL
Λ
r(L
−1) Σ

I LΠ
t, K0It = fΛΣΠL

Λ
0(L−1) Σ

I LΠ
t .

(2.11)

The supersymmetry transformations of the fermions which will play an important role

in the following analysis are given by

δψAµ = DµεA + SABγµε
B,

δχA =
i

2
γµ∂µσεA +NABε

B,

δλIA = −iP IriσrAB∂µφiγµεB + iP I0iε
AB∂µφ

iγ7γµεB +M I
ABε

B,

(2.12)

where the fermion-shift matrices are defined as

SAB =
i

24

[
Aeσ + 6me−3σ(L−1)00

]
εAB −

i

8

[
Bte

σ − 2me−3σ(L−1)t0
]
γ7σtAB,

NAB =
1

24

[
Aeσ − 18me−3σ(L−1)00

]
εAB +

1

8

[
Bte

σ + 6me−3σ(L−1)t0
]
γ7σtAB,

M I
AB = (−CIt + 2iγ7DI

t)e
σσtAB − 2me−3σ(L−1)I0γ

7εAB .

(2.13)

In the present convention, the anti-symmetric matrix εAB = −εBA is taken to be ε12 =

ε12 = 1. The σtAB matrices are related to the usual Pauli matrices σtAB by the relation3

σtAB = σtCBεCA . (2.14)

Finally, the chirality matrix γ7 is defined by

γ7 = iγ0γ1γ2γ3γ4γ5 (2.15)

with γ2
7 = −I and γT7 = −γ7.

3Note that σt
AB = σt

(AB).
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3 Maximally supersymmetric AdS6 vacua

We now determine the maximally supersymmetric AdS6 vacua preserving all sixteen su-

percharges. In order to do so, we impose that the following conditions vanish for all

supercharges in the background

〈δψµA〉 = 0 , 〈δχA〉 = 0 , 〈δλIA〉 = 0 . (3.1)

Due to the symmetries of σtAB = σt(AB) and εAB = ε[AB], the linear independence of γ7 and

I and by using (2.12) and (2.13) we infer that the second and third equations imply

〈Aeσ − 18me−3σ(L−1)00〉 = 0, (3.2)

〈e−3σ(L−1)I0〉 = 0, (3.3)

〈Bteσ + 6me−3σ(L−1)t0〉 = 0, (3.4)

〈CIt〉 = 〈DI
t〉 = 0 . (3.5)

From (2.10) we learn that the first condition in (3.5) is equivalent to

εtrsKrIs = 0 . (3.6)

The second condition in (3.5) yields K0It = 0 so that together we have

KrIs = K0It = 0 . (3.7)

Using (2.10) we can rewrite condition (3.2) as

εrstKrst = 18me−4〈σ〉〈(L−1)00〉 (3.8)

which is solved by

Krst = gεrst (3.9)

for an arbitrary SU(2)R gauge coupling g. We can accordingly determine the background

value of the dilaton by inserting (3.9) into (3.8)

e−4〈σ〉〈(L−1)00〉 =
g

3m
. (3.10)

The remaining conditions (3.3) and (3.4) give

〈(L−1)I0〉 = 0, 〈Bt〉 = −6me−4〈σ〉〈(L−1)t0〉 . (3.11)

Using the component-(0I) and -(0i) of the relation (2.4) and the identity L−1 = ηLT η, we

find that L0I = 0 implies L0i = 0 and thus

〈Bt〉 = 0 . (3.12)

Using the definition of Bt given in (2.10) we thus arrive at

Kjk0 = 0 . (3.13)
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By taking the (00)-component of the relation (2.4), we find that L0I = L0i = 0 also implies

L00 = 1. Inserting the results obtained so far into (2.9) we conclude that the background

value of the scalar potential (related to the cosmological constant) in an AdS6 vacuum is

given by

〈V 〉 = −20m2
( g

3m

) 3
2
. (3.14)

We see that AdS vacua do not exist for m = 0 as already pointed out in [7, 8].4 This is very

similar to AdS backgrounds of half-maximal supergravities in seven dimensions [13, 24, 25].

Note also that by shifting the value of 〈σ〉 we can choose g = 3m as in [7, 8].

In order to continue let us recall that we are left with the unconstrained structure

constants

Krst , KrIJ , K0IJ , KIJK , (3.15)

whose choice specify the particular supergravity at hand. We can now use the quadratic

constraint to determine the corresponding gauge groups. These are the gauge groups which

can occur in the supergravities that admit maximally supersymmetric AdS6 vacua. For the

case at hand the quadratic constraint reduces to the usual Jacobi identity given in (2.6).

As a warm up let us first consider the simple situation where KrIJ = K0IJ = KIJK = 0

and we only have Krst non-zero. In this case, equation (2.6) reduces to the Jacobi identity

of an SO(3) algebra with the structure constants Krst = gεrst. We then simply recover the

pure F (4) gauged supergravity with an SU(2) ∼ SO(3) gauge group constructed in [6].

For KrIJ = K0IJ = 0 but KIJK 6= 0, the condition (2.6) gives rise to two separate

Jacobi identities for Krst and KIJK which correspond to two commuting compact groups.

The gauge group is accordingly SO(3) × H with H ⊂ SO(n) and compact. This gauge

group and the resulting AdS6 vacuum together with the dual five-dimensional SCFT have

already been studied in [7, 8].

As a next step let us also take KrIJ 6= 0 but still have K0IJ = 0. In this case the

SO(3)-singlet graviphoton A0 decouples from all other gauge bosons. This is very similar

to the seven-dimensional case studied in [13] where the gauge groups are embedded in

SO(3, n) ⊂ SO(4, n). If one additionally assumes that the gauge group is semi-simple

one can in fact list all possibilities. The Cartan-Killing form of these gauge groups must

be embeddable in the SO(3, n) invariant tensor η = (δrs,−δIJ) which imposes a strong

constraint. Furthermore, the existence of supersymmetric AdS6 vacua requires that the

gauge groups must contain SO(3) as a subgroup. The only possible semisimple gauge

groups are then given by

G̃×H (3.16)

where G̃ = SO(3), SO(3, 1) or SL(3,R) and H ⊂ SO(n+ 3− dim G̃) is a compact group.

We finally consider the most general case with all structure constants in (3.15) non-

zero. Follow a similar analysis in [14] we introduce the gauge generators embedded in

SO(4, n) as

(TΛ) Π
Γ = f Σ∆

Λ (tΣ∆) Π
Γ = f Π

ΛΓ (3.17)

4Recall that m is the mass parameter of the two-form in the gravitational multiplet.
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where (tΣ∆) Π
Γ = δΠ

[Ση∆]Γ are SO(4, n) generators in the vector representation. Splitting

the indies Λ = (0, i, I) decomposes the gauge generators as

(T0) Π
Γ = f Π

0Γ , (Ti)
Π

Γ = f Π
iΓ , (TI)

Π
Γ = f Π

IΓ , (3.18)

which couple to the vector fields A0, Ai and AI , respectively.

It is more convenient to write down the various independent components of the Jacobi

identity. They read

K l
[ij K

m
k]l = 0 , (3.19)

K I
iJ K j

IK +K I
Ki K

j
IJ +K r

JK K j
ri = 0 , (3.20)

K I
iJ K L

IK +K I
Ki K

L
IJ +K I

JK K L
Ii = 0 , (3.21)

K J
0I K K

Jj +K J
Ij K K

J0 = 0 , (3.22)

K K
IJ K L

K0 +K K
0I K L

KJ +K K
J0 K L

KI = 0 , (3.23)

K 0
[IJ K

M
K]0 +K r

[IJ K
M

K]r +K L
[IJ K

M
K]L = 0 . (3.24)

The first two relations (3.19), (3.20) imply that the SO(3) generators Ti have non-vanishing

elements in both SO(3) and SO(n) blocks. We therefore split the indices I, J,K, . . . into

two sets Î , Ĵ , K̂ = 1, . . . ,m and Ĩ , J̃ , K̃ = 1, . . . n −m such that only the Î , Ĵ , K̂ indices

mix with r, s, t indices. Or, in other word, we have KrÎĴ 6= 0 and KrĨJ̃ = 0. With this

convention the SO(3) generators take the form

Ti =


0

K k
ij

K K̂
iĴ

0n−m

 , (3.25)

where 0n indicates an n× n zero matrix.

The relation (3.22) corresponds to [Ti, T0] = 0 and thus T0 and Ti cannot have common

I, J,K indices or equivalently K0Î Ĵ = K0Ĩ Ĵ = 0. This determines the T0 generator to be

T0 =


0

03

0m

K K̃
0J̃

 . (3.26)

Equation (3.21) and the (Î , Ĵ , K̂, M̂) components of relation (3.24) imply that the TÎ
generators are given by

TÎ =


0

03 K K̂
Îr

K r
ÎĴ

K K̂
ÎĴ

0n−m

 . (3.27)

Therefore, the (Ti, TÎ) generators together form a non-compact group G′⊂SO(3,m), m≤n.
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Finally, the relation (3.23) and the (Ĩ , J̃ , K̃, M̃) components of relation (3.24) deter-

mine the structure of TĨ to be

TĨ =


0 K K̃

Ĩ0

03

0m

K 0
Ĩ J̃

K K̃
ĨJ̃

 . (3.28)

These generators together with T0 form another non-compact group G′′ ⊂ SO(1, n −m).

We then conclude that the general gauge group admitting maximally supersymmetric AdS6

vacua take the form

G′ ×G′′ (3.29)

where G′ ⊂ SO(3,m) and G′′ ⊂ SO(1, n −m). In an AdS6 background, the gauge group

is broken to its maximal compact subgroup SO(3) ×H ′ ×H ′′ in which H ′ ⊂ SO(m) and

H ′′ ⊂ SO(n−m).

To confirm this, we inspect the massive vector fields arising from the above symmetry

breaking. Defining AÎ = (L−1)ÎΛA
Λ and AĨ = (L−1)ĨΛA

Λ, we find that various compo-

nents of the Maurer-Cartan one-form P Iα are given by

P Î0 = (L−1)ÎΛdL
Λ

0, P Îr = (L−1)ÎΛdL
Λ
r +K Î

Ĵr
AĴ ,

P Ĩ0 = (L−1)ĨΛdL
Λ

0 +K Ĩ
J̃0
AJ̃ , P Ĩr = (L−1)ĨΛdL

Λ
r . (3.30)

By computing the scalar kinetic terms, we can indeed see that there is precisely one massive

vector field corresponding to each non-compact generators K r
ÎĴ

and K 0
Ĩ J̃

. These massive

vectors correspond to the broken non-compact generators of the full gauge group.

4 Moduli space of supersymmetric AdS6 vacua

In this section, we determine the flat directions of the scalar potential V which preserve

all 16 supercharges. These are the moduli of the AdS6 backgrounds corresponding to

supersymmetric marginal deformations of the five-dimensional superconformal field theories

dual to the AdS6 vacua identified in the previous section.

Similar to the analysis of [12–14], a necessary condition for the existence of these

moduli can be determined by considering possible deformations of the supersymmetry

conditions (3.1) near the AdS6 vacua. By varying the conditions in (3.5), we find

δ(e4σA) = 4〈A〉δσ + e4〈σ〉δA = 0 , (4.1)

δCIt = δDI
t = δBt = 0 . (4.2)

We now introduce a parametization of the variation of the coset representative with respect

to the 4n scalars φαI

δLΛ
α = 〈LΛ

I〉δφαI , δLΛ
I = 〈LΛ

α〉δφαI (4.3)
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and their inverse

δ(L−1)Λ
α = −〈(L−1)Λ

I〉δφαI , δ(L−1)Λ
I = −〈(L−1)Λ

α〉δφαI . (4.4)

Using these relations and the decomposition of indices α = (0, r), we find

δLΛ
0 = 〈LΛ

I〉δφ0I , δLΛ
i = 〈LΛ

I〉δφiI , δLΛ
I = 〈LΛ

0〉δφ0I + 〈LΛ
r〉δφrI (4.5)

and

δ(L−1)Λ
0 = −〈(L−1)Λ

I〉δφ0I , δ(L−1)Λ
i = −〈(L−1)Λ

I〉δφiI ,
δ(L−1)Λ

I = −〈(L−1)Λ
0〉δφ0I − 〈(L−1)Λ

r〉δφrI .
(4.6)

With the help of these relations, we can rewrite the conditions (4.1) and (4.2) as

0 = δ(e4σA) = 4e4〈σ〉〈A〉δσ + 3e4〈σ〉〈CIr〉δφrI , (4.7)

0 = δBt = 〈CIt〉δφ0I + 2εrtk〈DIk〉δφrI , (4.8)

0 = δCIt = 2εtrsK[rIJδφs]J − εtrsKr0sδφ
0I − εtrsKrisδφ

iI , (4.9)

0 = δDI
t = K0Itδφ

0I +K0IJδφ
tJ −K0rtδφ

rI (4.10)

where

K0IJ = fΛΣΠL
Λ
0(L−1) Σ

I LΠ
J , KrIJ = fΛΣΠL

Λ
r(L
−1) Σ

I LΠ
J . (4.11)

Using the AdS6 conditions (3.5), (3.7) and (3.13) obtained in the previous section, we find

δσ = 0, K0Ĩ J̃δφtJ̃ = 0, KrstδφtĨ = 0, 2εrstK[rÎĴδφs]Ĵ +KrstδφtÎ = 0 . (4.12)

From these conditions, we immediately obtain δφtĨ = 0 for Krst 6= 0.

The last equation in (4.12) is similar to the one considered in [12, 13], and it has been

shown in [12] that this equation has general solutions of the form

δφsÎ = KsÎĴλ
Ĵ . (4.13)

The remaining scalars that are not fixed by the above conditions are δφ0Ĩ . We can readily

recognize that δφsÎ and δφ0Ĩ correspond to Goldstone bosons of the symmetry breaking

G′×G′′ → SO(3)×H ′×H ′′, with H ′ ⊂ SO(m) and H ′′ ⊂ SO(n−m) in the AdS6 vacuum.

These massless scalars are eaten by the massive gauge fields mentioned in the previous

section. Thus, all of the flat directions correspond to Goldstone bosons and no moduli

exist. This in turn is consistent with the fact that there are no marginal deformations

preserving all supersymmetry in the dual five-dimensional SCFTs.

5 Conclusions

In this paper, we have analyzed the general conditions for the existence of maximally

supersymmetric AdS6 vacua in the N = (1, 1) half-maximal gauged supergravities in six

dimensions. We have found that three of the graviphotons have to gauge an SU(2)R
R-symmetry while the forth one can be used to gauge a commuting non-compact group.
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The fact that the SU(2)R R-symmetry must be gauged is similar to the results in d = 4, 6, 7.

This is in general a necessary condition for the existence of AdS vacua as shown in [4]. It

is also consistent with the important role played by the corresponding R-symmetry in the

dual field theories [16]. Furthermore, all vacua we have identified have no flat directions

which preserve all supercharges corresponding to the absence of supersymmetric exactly

marginal deformations in the dual five-dimensional SCFTs.

We end the paper by briefly giving some comments on the R+ × SO(4, n) covariant

formulation in term of the embedding tensor. As shown in [23], there are two components

of the embedding tensor given by ξΛ and fΛΣΓ as well as a massive deformation of the

two-form field. The ξΛ is involved in gauging of the R+ factor. Due to many similarities

between the six-dimensional N = (1, 1) gauged supergravity considered here and the N = 2

gauged supergravity in seven dimensions, we expect that the R+ gauging and the massive

deformation could not be turned on simultaneously. Therefore, the existence of maximally

supersymmetric AdS6 vacua would require ξΛ = 0 as shown in [13] for the seven-dimensional

case. It would be of particular interest to explore this issue in particular to construct the

complete gauging of N = (1, 1) supergravity in the embedding tensor formulation.
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