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บทคัดยอ 

 Anisotropic fluid spheres are the solutions to the Einstein field equation. The difference 

between anisotropic fluid and perfect fluid is that the radial pressure in the anisotropic fluid is 

not equal to the transverse pressure, while the pressures are the same in every direction for the 

perfect fluid. One way in which anisotropic fluids are generated is through the presence of 

charge. In this project, we will obtain a new class of charged anisotropic fluid solutions by 

developing solution generating theorems for the charged anisotropic fluid spheres, using 

pressure and density as parameters. We will express these theorems in the form of general 

diagonal coordinates, Gaussian polar coordinates, Synge isothermal coordinates, Buchdahl 

coordinates, generalized Buchdahl coordinates, and isotropic coordinates. Charged anisotropic 

fluid solutions will be classified into seed and non-seed solutions. The regularity conditions at 

the center of the fluid spheres will be investigated. The solutions will be expressed in terms of 



 

 

pressure, while the central red shift and the surface red shift will also be calculated. 

Additionally, the compactness of stars will also be studied. 

 

Keywords : anisotropic fluid, charge, pressure and density, seed and non-seed, 

(คําหลัก)    solution generating theorem 

 

 

วัตถุประสงค 

 1) To develop solution generating theorems for charged anisotropic fluid spheres in 

general diagonal coordinates, Gaussian polar coordinates, Synge isothermal coordinates, 

Buchdahl coordinates, generalized Buchdahl coordinates, and isotropic coordinates, using 

pressure and density as parameters. 

 2) To classify charged anisotropic fluid solutions into seed and non-seed solutions. 

 3) To investigate the regularity conditions at the center of fluid spheres. 

 4) To calculate the central red shift, the surface red shift, and the compactness of stars. 

 5) To compare with observational data. 

 

วิธีดําเนินงานวิจัย 

1) Review related literatures. 

 In Bayin’s work [5], he discussed how anisotropy in stars can exist. For a neutron star, 

the anisotropy occurs as a result of two perfect fluid spheres combining with each other to form 

a neutron star. Generally, a neutron is not stable because it can decay to an electron and a 

proton. Therefore, in a stable neutron star, one of the two perfect fluids is a fluid of neutrons, 

while the other is a fluid of electrons and protons. This anisotropy can increase the neutron star 

mass limit. Furthermore, the surface red-shift can also be explained by the anisotropy. 

 Lattimer and Prakash [18] studied the physics of neutron stars. In general, a neutron 

star is usually referred to as a star with a mass of order 1.5 times the solar mass (M


), and a 

radius of approximately 12 km. Neutron stars are formed by the gravitational collapse of a dead 

star of initial mass greater than 8M


. The maximum mass limit of a neutron star lies between 

1.44M


 and 3M


, while the minimum mass of a stable neutron star is 0.1M


. A neutron star 

consists of five sections; the inner core, the outer core, the crust, the envelope, and the 

atmosphere. Most neutron stars emit photons and are observed as pulsars. 

 Pant, Pradhan, and Singh [7] presented a class of charged anisotropic fluids in the form 

of isotropic coordinates. The presence of charge can be explained by the Einstein-Maxwell 



 

 

equation rather than the usual Einstein field equation. They solved the Einstein-Maxwell 

equation by assuming a seed solution as a particular case of Haji-Boutros [19] and Murad-Pant 

[20]. They found that the radial pressure, the transverse pressure, and the density are 

maximum at the center, and monotonically decrease with the increase in the radial distance. 

Neutron stars and quark stars can be modeled by these solutions. They obtained the maximum 

mass of M = 1.53M


 and radius of R = 11.48 km for a neutron star of the density 2.7 x 10
14

 

g/cm
3
, and the maximum mass of M = 1.16M


 and radius of R = 8.71 km for a strange quark 

star of density 4.6888 x 10
14

 g/cm
3
. 

 Boonserm, Visser, and Weinfurtner [13] developed solution generating theorems for 

perfect fluid spheres. We worked with Schwarzschild (curvature) coordinates in the 

development. We found that these theorems sometimes generate new perfect fluid solutions, 

but sometimes provide the known perfect fluid solutions. We also classified perfect fluid 

solutions into seed and non-seed metrics. 

 We also developed solution generating theorems for the TOV equation [15]. We found 

the conditions under which a physically reasonable solution to the TOV equation can transform 

into a new solution with its physical reasonableness preserved. By physical reasonableness, we 

mean that the pressure and the density of a star are finite and positive at the center of the star. 

 Sulaksono [8] studied the properties of neutron stars with hyperons inside, which are 

influenced by the anisotropic pressure. He found that the anisotropic pressure increases the 

stiffness of the neutron star’s equation of state. This effect can be balanced by the presence of 

hyperons, which softens the equation of state. The maximum mass limit of a neutron star is 

increased by the anisotropic pressure, while the minimum mass limit remains quite unchanged. 

 Maurya et al. [9] found the anisotropic fluid solutions to the Einstein field equation using 

the Herrera et al. algorithm [21]. The spacetime exterior to these anisotropic fluid spheres is the 

Schwarzschild spacetime. Most of these solutions satisfy reality and true physical conditions, 

and can be used as models for neutron stars and pulsars. One of the anisotropic fluid spheres 

has been determined to have a maximum mass of 1.7609M


 and a radius of 16.0780 km, 

while another solution renders the maximum mass as 0.8672M


 and the radius as 3.1274 km. 

 Lastowiecki et al. [22] studied quark matter in a neutron star and derived an equation of 

state for matter in beta equilibrium. They modeled a neutron star using the Nambu–Jona-

Lasinio (NJL) effective model. They found that for neutron stars with mass in the range of 2M


, 

it is possible for deconfined quark matter to exist within the core of the neutron star. 

 Riazi et al. [23] derived the generalized Tolman-Oppenheimer-Volkoff (TOV) equation 

for anisotropic fluid. They solved the generalized TOV equation by assuming a bi-polytropic 



 

 

equation of state, which consists of two terms, one being a linear term and the other being a 

power-law term. The exact solutions are regular at the origin and asymptotically flat. These 

solutions can either have no horizon, one horizon, or two horizons. In the case of two horizons, 

the solutions are similar to the non-extremal Reissner-Nordstrom black holes. 

 In this project, solution generating theorems for charged anisotropic fluid spheres in 

general relativity, in terms of their pressure and density profiles, will be established. We will 

work with general diagonal coordinates, Gaussian polar coordinates, Synge isothermal 

coordinates, Buchdahl coordinates, generalized Buchdahl coordinates, and isotropic 

coordinates. We will classify the charged anisotropic fluid solutions into seed and non-seed 

solutions. We will investigate the regularity conditions at the center of the fluid spheres. The 

central red shift and the surface red shift will also be calculated. Furthermore, the compactness 

of stars will be studied as well. 

 

2) Write down the generalized TOV equation for charged anisotropic spheres. 

 The energy momentum tensor for perfect fluid spheres is 

( )µν µ ν µνρ= + +f f f fT p V V p g . 

The energy momentum tensor for electromagnetic field is 

( )µν µα νβ µν αβ
αβ αβ= −

1

4
eµT F g F g F F . 

The energy momentum tensor for massless scalar field is 

( )µν µ ν µν αβ
α βφ φ φ φ= −; ;

; ;

1

2
sT g g . 

Using the conservation of energy, µν
ν =; 0T , we obtain 

( )
[ ]

ρ π σ φ
σ

+ +  = − − −
− −

3

2

( ) 4

1 2 ( ) / 1 2 ( ) /

φφφ  φ em
σ

πm  ρ π ρdπ E d

dρ ρ m ρ ρ m ρ ρ dρ
. 

This is the generalized TOV equation. 

 

3)-5) Deform a solution to the generalized TOV equation. Derive the conditions under 

which the new solution still satisfies the generalized TOV equation. Establish solution 

generating theorems and classify solutions into seed and non-seed solutions. 

Theorem P3. Let p1(r), p2(r), and m1(r) solve the generalized TOV equation. Then, the 

deformed solutions p(r) = p0(r) + 0 ( )p rδ  and m(r) = m1(r) + 1( )mr δ  also solve the 

generalized TOV equation, where 
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−
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Theorem P4. Let p1(r), p2(r), m1(r), and m2(r) solve the generalized TOV equation. Then, the 

deformed solutions p0(r), 1( )mr %  = m1(r) + 1( )mr δ  and 2 ( )mr %  = m2(r) + 2 ( )mr δ  also solve 

the generalized TOV equation, where 
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r
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−
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ผลการทดลอง 

 In this section, we will show you the effect of charge on density [24]. We develop 

solution generating theorems for charged anisotropy both in terms of the generalized TOV 

equation [25, 26] and in terms of spacetime geometry [27]. We will also show the difference 

between the use of inappropriate coordinates and the use of appropriate coordinates in 

expressing velocity and acceleration of test particles near the Schwarzschild black hole [28]. 

Moreover, we will show that the exponential metric characterize a worm hole [29]. Finally, we 

will show how we can obtain the rigorous bounds on the greybody factors for black holes in 

dRGT massive gravity [30]. 

 

1. The effect of charge on density [24] 

a) Special case: when pf and ρem  is constant and ss  is zero 

 In this case, the generalized TOV equation becomes 

[ ][ ]
[ ]

ρ π σ+ +
= − −

− −

3( ) ( ) 4
0

2 ( ) 2 ( )

f f f em
ρ πm  ρ ρ π E ρ

ρ ρ m ρ ρ m ρ
                    (1.1) 

with 

[ ]2( )
4 ( )f em

dmr
rr

dr
π rr = + .                                    (1.2) 

Solving equation (1.1), we obtain 

[ ]
3

2 ( )
( )

( ) 4
em

f f

f

Errrmr   
r p

mrr   p

σr
p
−

= − −
+

.                              (1.3) 



 

 

Substitution in equation (1.2) gives 

[ ]2

3

2 ( )( )
4

( ) 4
em

f em

f

Errrmr    dmr
r p

drmrr    p

σpr
p

 −
= − − + + 

.                  (1.4) 

By numerically solving equation (1.4) and substituting in equation (1.3), we get the fluid density 

as shown in Figure 1. 

 
Figure 1. The fluid density as a function of radius with emσ  = 1, E = 2, pf = 3, and emρ  = 4. 

 

Figure 1 shows that the fluid density decreases as the radius increases. That is, the fluid dilutes 

away from the center of a charged fluid sphere. 

 

b) The effect between charge and density 

 From equation (1.3) and equation (1.4), the effect of charge on fluid density can be 

investigated. The results are shown in TABLE I. 

Charge density ( emσ ) Fluid density ( fρ ) 

1 0.077 

2 0.089 

3 0.093 

4 0.095 

5 0.097 

Table I. The effect of charge on fluid density with E = 2, pf = 3, and emρ  = 4. 

 

2. Generating theorems for charged anisotropy in general relativity [25, 26] 

 A static and spherically symmetric spacetime can be written as 



 

 

2
2 2 2 2 2

0

0

( )
( )

dr
ds r dt r d

B r
ζ= − + + Ω . 

The Einstein tensors in this spacetime are given by 

ˆˆ 2

4 2 2

2
rr

B r B
G

r

ζ ζ ζ
ζ

′ − +
=  and 

2 2

ˆ ˆ 2

2 2

2

B r B r B r B
G

rθθ

ζ ζ ζ ζ
ζ

′ ′ ′′ ′ ′+ + +
= . 

The condition for being charged fluid sphere is 

ˆ ˆˆˆ 8rrG Gθθ π− = ∆ , 

where ∆  is the difference between the radial pressure and the transverse pressure. This 

condition leads to a first order linear non-homogeneous differential equation  

( ) ( ) ( )ζ ζ ζ ζ ζ π ζ′ ′ ′′ ′+ + − − + + ∆ =2 2 22 2 2 2 16 0rr  B rr  B r . 

Theorem 1. Suppose { }ζ 0 0( ), ( )r B r  represents a charged fluid sphere. Define 

ζ ζ ζ ζ
ζζ ζ ζ ζ

   ′ ′−
∆ =     ′ ′+ +    

∫
2

20 0 0 0
0

00 0 0 0

( ) ( ) ( ) ( )
exp 2

( )( ) ( ) ( )

rrrrr   
r dr

rrrrrr   
. 

Then for all λ , the geometry defined by holding ζ 0 ( )r  fixed and setting 

ζ
λ

= − + + Ω
+ ∆

2
2 2 2 2 2

0

0 0

( )
( ) ( )

dr
ds r dt r d

B rr
 

is also a charged fluid sphere. That is, the mapping of 

{ } { }λ ζ ζ λ ζ+ ∆a1 0 0 0 0 0 0( ) : , , ( )T B B  

takes charged fluid spheres into charged fluid spheres. 

 

Corollary 1. Let { }ζ 0 , aB  and { }ζ 0 , bB  both represent charged fluid spheres, then for all p  

{ }ζ + −0 , (1 )a bpB p B . 

is also a charged fluid sphere. 

 

Theorem 2. Suppose { }ζ 0 0( ), ( )r B r  represents a charged fluid sphere. Define 

σ ε
ζ

= + ∫0 2

0 0

( )
( ) ( )

rdr
Z r

r B r
. 

Then for all σ  and ε , the geometry defined by holding 0 ( )B r  fixed and setting 

ζ= − + + Ω
2

2 2 2 2 2 2

0 0

0

( ) Z ( )
( )

dr
ds rr  dt r d

B r
 

is also a charged fluid sphere. That is, the mapping of 



 

 

{ } ( ){ }σ ε ζ ζ ζa2 0 0 0 0 0 0 0( , ) : , Z , ,T B B B  

takes charged fluid spheres into charged fluid spheres. 

 

Corollary 2. Let { }ζ 0,a B  and { }ζ 0,b B  both represent charged fluid spheres, then for all p 

and q  

{ }ζ ζ+ 0,a bp q B . 

is also a charged fluid sphere. 

 We can classify charged fluid spheres into seed and non- seed metrics based on the 

following definitions. 

Definition (seed metric): Take a metric g and apply theorem 1 or theorem 2 to it. If each of 

the applications supplies us with a new solution, the metric is defined as a seed metric. 

 

Definition (non-seed metric): Take a metric g and apply theorem 1 or theorem 2 to it. If only 

one of the applications supplies us with a new solution, while the other one gives us the same 

metric we started with, the metric is defined as a non-seed metric. 

 

3. Generating perfect fluid sphere in isotropic coordinate [27] 

 The metric of a static, spherically symmetric, perfect fluid sphere in isotropic coordinates 

takes the form 

( )ζ
ζ

= − + + Ω
+

2 2 2 2 2 2

2 2

1
( )

( ) ( )
ds r dt drr  d

r B r
.                     (3.1) 

The condition for a perfect fluid takes the form 

ζ
ζ

′ ′′ ′  −
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 

2

( ) ( ) ( ) /

( ) 2 ( )

r B r B rr

r B r
.                                    (3.2) 

We can rewrite the above equation in the Riccati form as 

′ = + −2 21
( ) ( ) ( ) 2 ( )h r g r h r h r

r
,                                   (3.3) 

where 

 
ζ
ζ

′
=

( )
( )

( )

r
g r

r
 and 

′
=

( )
( )

2 ( )

B r
h r

B r
.                                  (3.4) 

One property of the Riccati equation is that if we know a particular solution, a general solution 

can be derived. Let { }0 0(r), ( )g h r  satisfy equation (3.3). Then 



 

 

′ = + −2 2

0 0 0 0

1
( ) ( ) ( ) 2 ( )h r g r h r h r

r
.                                  (3.5) 

We assume that the general solution takes the form 

= +0

1
( ) ( )

( )
h r h r

z r
 and g(r) = g0(r) + g

*
(r).                             (3.6) 

In order for h(r) to satisfy equation (3.3), z(r) must satisfy 

 ′ + − =  0

1
( ) 4 ( ) ( ) 2z r h r z r

r
.                                    (3.7) 

Similarly, in order for g(r) to satisfy equation (3.3), it must satisfy 

 g(r) = -g0(r).                                                 (3.8) 

That is, if we have { }0 0(r), ( )g h r  representing a perfect fluid sphere, then 

 − + 
 

0 0

1
(r), ( )

( )
g h r

z r
                                         (3.9) 

also represents a perfect fluid sphere. 

 

4. Near horizon of the Schwarzschild black hole. [28] 

 When the anisotropic sphere collapses, a black hole may be formed. The simplest black 

hole in general relativity is a Schwarzschild black hole which can be expressed as 

( )
1

2 2 2 2 2 2 22 2
1 1 sin

−
   = − − + − + +   
   

mm
ds dt drr  d d

rr
θ θ φ . 

Consider the motion of a non-zero rest mass particle starting at rest from spatial infinity and 

then falling into the Schwarzschild black hole. In the Schwarzschild curvature coordinates, 

which are inappropriate ones, the radial coordinate velocity and the radial coordinate 

acceleration are given by 

2 2
1 = − − 

 
&

mm
r

rr
 and 

2

2 6
1 1  = − − −  

  
&&

mmm 
r

rrr 
. 

The radial coordinate velocity and the radial coordinate acceleration for the non-zero rest mass 

particle are plotted as shown in Figures 2 and 3. 

 



 

 

 
Figure 2. The radial coordinate velocity of a non-zero rest mass particle in the Schwarzschild 

geometry for m = 1. In this case, the horizon is located at r = 2. 

 

 
Figure 3. The radial coordinate acceleration of a non-zero rest mass particle in the 

Schwarzschild geometry for m = 1. Again, in this case, the horizon is located at r = 2. 

 

 For a massless particle such as photon, the radial coordinate velocity and the radial 

coordinate acceleration in the Schwarzschild curvature coordinates are given by 

2
1

m
r

r

 = − − 
 

&  and 
2

2
2 1

mm
r

rr

 = − 
 

&& . 



 

 

The radial coordinate velocity and the radial coordinate acceleration for the massless particle 

are plotted as shown in Figures 4 and 5. 

 

 
Figure 4. The radial coordinate velocity of a massless particle in the Schwarzschild geometry 

for m = 1. The horizon is located at r = 2. 

 

 
Figure 5. The radial coordinate acceleration of a massless particle in the Schwarzschild 

geometry for m = 1. Again, the horizon is located at r = 2. 

 

These graphs show that a particle initially at rest from spatial infinity moves with increasing 

speed towards the Schwarzschild black hole. The maximum speed is at r = 6. After that it 



 

 

continues to move but with decreasing speed towards the Schwarzschild black hole and finally 

stop at the horizon. It appears that a particle never crosses the horizon. However, the true 

situation does not occur like this. This behavior results from the use of inappropriate 

coordinates. To clarify this, consider the Painleve–Gullstrand coordinates defined by 

( )2 2 2 2 2 2 22 2
1 2 sin = − − + + + + 

  PG PG

mm
ds dt dt dt drr  d d

rr
θ θ φ . 

In this case, the radial coordinate velocity and the radial coordinate acceleration for a non-zero 

rest mass particle are given by 

2
= −&

m
r

r
 and 

2
= −&&

m
r

r
 

and those for a massless particle are given by 

2
1

m
r

r
= − −&  and 

1 2 2
1

2

mm
r

rrr 

 
= − + 

 
&& . 

These results show that a particle initially at rest from spatial infinity moves with increasing 

speed towards the Schwarzschild black hole until it reaches the singularity. Note that it can 

cross the horizon. 

 

5. The exponential metric [29] 

 The exponential metric can be written as 

( )2 2 / 2 2 / 2 2 2 2 2sin−  = − + + + 
mrmr   ds e dt e drr  d dθ θ φ  

Note that it contains no horizon. Consider the area of the spherical surfaces of constant r 

coordinate 
2 2 /( ) 4= mr A rr  eπ  

With some algebra, we obtain 
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8 ( )= − mr dA r

rm  e
dr

π  

and 
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We see that the area is minimum at r = m. Furthermore, all metric components are finite at r = 

m. This sufficiently shows that the surface r = m is a traversable wormhole throat. 

 To determine the circular orbits, consider the affinely parameterized tangent vector to 

the worldline of a massive or massless particle 
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where ε  = -1 for a massive particle orbit and ε  = 0 for a massless particle orbit. We focus on 

the equatorial plane where θ  = / 2π . The above equation reduce to 
22 2
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The Killing symmetries imply two conserved quantities 
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Then, 
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Therefore, the effective potential for geodesics orbits is 
2

2 / 2 /

2
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For photon (ε  = 0), the effective potential is 
4 / 2
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( )

−

=
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V r
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, 

where L is the angular momentum of photon. The unstable photon sphere is located at r = 2m. 

Note that in the Schwarzschild geometry, the unstable photon sphere is located at r = 3m. For 

a massive particle (ε  = -1), the effective potential is 
2

2 ( / )
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This shows that there are circular orbits for a massive particle at any radius down to r = 2m. 

However, this does not guarantee stability. The stability occurs when L is minimum. Figure 6 

shows the angular momentum (L) varying with the radius. 

 



 

 

 
Figure 6. The graph shows the angular momentum L/m required to establish a circular orbit at 

radius r/m. 

 

From Figure 6, the location of the innermost stable circular orbit is at 

 ( )ISCO 3 5 5.236rmm  = + ≈ , 

whereas it is at rISCO = 6m in the Schwarzschild spacetime. 

 

6. The bounds on the greybody factors for black holes in dRGT massive gravity [30] 

 According to cosmological observations, todays the universe is expanding with 

acceleration. One way to account for the current acceleration of the universe is the assumption 

that gravity has mass called massive gravity. One of the successful theories of massive gravity 

is the dRGT massive gravity. The static and spherically symmetric black hole solution satisfying 

this theory of dRGT massive gravity can be written as 
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The radial part of the Klein-Gordon equation is given by 
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where r* is the tortoise coordinate defined by 
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and the potential produced by the black hole is given by 
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The rigorous bounds on the greybody factors are given by 
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The rigorous bound on the greybody factor depends on the wave frequency ω , the angular 

momentum l , and the horizon radius %Hr  and %
HR . The rigorous bound on the greybody factor 

versus the wave frequency ω  is plotted for different c2 as shown in Figure 7. 

 
 

Figure 7. Dependence of the rigorous bound on the greybody factor on the wave frequency. 
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สรุปและวจิารณผลการทดลอง 

 In this project, we derive the generalized TOV equation and establish generating 

theorems for charged anisotropic fluid spheres in terms of the generalized TOV equation. 

Moreover, the charge density effect on fluid density is also investigated in the case of constant 

pressure. The results show that the fluid density at the surface is less than one at the center. 

Furthermore, the increase in the charge density results in a decrease in the fluid density, to 

keep the pressure constant. 

 Moreover, the solution generating theorems for anisotropy can be constructed in terms 

of the spacetime geometry using the Schwarzschild curvature coordinates. The theorems can 

generate solutions that satisfy anisotropy. 

 Besides generating theorems, we also present a new technique that can generate new 

solution for a perfect fluid sphere. We make use of the property of the Riccati equation; that is, 

if we have a particular solution, the general solution can be obtained. We use the Riccati 

equation as a focus in isotropic coordinates. These coordinates are highly interesting because 

the mathematical expressions are relatively simpler than in Schwarzschild curvature 

coordinates. 

 We will also show the difference between the use of inappropriate coordinates and the 

use of appropriate coordinates in expressing velocity and acceleration of test particles near the 

Schwarzschild black hole. The results show that when using the Schwarzschild curvature 

coordinates, which are inappropriate coordinates, a particle initially at rest from spatial infinity 

moves with increasing speed until it reaches a maximum speed towards the Schwarzschild 

black hole. After that it continues to move but with decreasing speed towards the Schwarzschild 

black hole and finally stops at the horizon. It appears that a particle never crosses the horizon. 

However, the true situation does not occur like this. 

 On the other hand, when using the Painleve–Gullstrand coordinates, the particle moves 

with increasing speed towards the Schwarzschild black hole until it reaches the singularity. Note 

that it can cross the horizon. 

 Moreover, we will show that the exponential metric characterizes a worm hole. The 

results show that the unstable photon sphere is located at r = 2m and there are circular orbits 



 

 

for a massive particle at any radius down to r = 2m. This does not guarantee stability. However, 

there exists the innermost stable circular orbit located at r ISCO = 5.236m. 

 Finally, we will show how we can obtain the rigorous bounds on the greybody factors for 

black holes in dRGT massive gravity. The results show that when the magnitude of c2 

increases, the rigorous bounds on the greybody factor decrease. 
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Abstract In general relativity, greybody factor is a

quantity related to the quantum nature of a black hole.
A high value of greybody factor indicates a high prob-
ability that Hawking radiation can reach infinity. Al-

though general relativity is correct and has been suc-
cessful in describing many phenomena, there are some
questions that general relativity cannot answer. There-

fore, general relativity is often modified to attain an-
swers. One of the modifications is the ‘massive gravity’.
The viable model of the massive gravity theory belongs

to de Rham, Gabadadze and Tolley (dRGT). In this
paper, we calculate the gravitational potential for the
de Sitter black hole and for the dRGT black hole. We

also derive the rigorous bound on the greybody factor
for the de Sitter black hole and the dRGT black hole.
It is found that the structure of potentials determines

how much the rigorous bound on the greybody factor
should be. That is, the higher the potential, the lesser
the bound on the greybody factor will be. Moreover,

we compare the greybody factor derived from the rig-
orous bound with the greybody factor derived from the
matching technique. The result shows that the rigorous

bound is a true lower bound because it is less than the
greybody factor obtained from the matching technique.

Keywords Black hole · dRGT massive gravity ·
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1 Introduction

General relativity was formulated in 1915. It offers pro-
found insights into the concept of gravity. General rel-
ativity has succeeded in describing many gravitational

phenomena such as the gravitational deflection of light,
gravitational radiation, the anomalous perihelion of Mer-
cury, and the behavior of black holes.

According to cosmological observations, todays the

universe is expanding with acceleration [1,2]. There are
a number of cosmological models accounting for this
current acceleration. Among these models, the simplest

one is the Lambda cold dark matter (ΛCDM) model in
which the cosmological constant drives the acceleration
of the universe. The model assumes that general rela-

tivity is the correct theory of gravity on cosmological
scales. Although the ΛCDM model is in excellent agree-
ment with observations, the cosmological constant itself

encounters a theoretical problem that the observational
value of the cosmological constant is much smaller than
the theoretical one. It may be possible that general rel-

ativity may not be the most suitable theory to describe
the universe on a large scale, at least on a scale larger
than the solar system. The dark side of the universe is

evidence that some modifications of general relativity
at a large scale is required [3].

Such modifications should be correct on the largest
scale and then reduce to general relativity on a smaller

scale. One of the candidates for such modifications is
massive gravity. Massive gravity is a theory of gravity in
which a graviton has a mass. The most successful theory

of massive gravity is popularly known by the de Rham-
Gabadadze-Tolley (dRGT) model [4,5]. Because of the
Vainshtein mechanism, adding mass to graviton keeps

physics on a small scale equivalent to general relativity,
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with some small corrections [6]. However, this leads to

the modification of gravity on a larger scale.

Regarding the cosmological solutions in the dRGT

massive gravity theory, even though all the solutions
cannot provide a viable cosmological model, for exam-
ple, the solutions do not admit flat-FLRW metric [7,

8] or the model encounters instabilities [9–11], a class
of solutions can provide a viable cosmological model
[12–14]. The solutions for the dRGT massive gravity

are not only investigated in a cosmological background,
but also in a spherically symmetric background [15].
For spherically symmetric solutions, the black hole so-

lutions have been investigated in both analytical [16–
25] and non-analytical [26,27] forms, depending on the
fiducial metric form. However, they still share the same

property, which is represented as an asymptotic AdS/dS
behavior.

A black hole can emit thermal radiation if the quan-

tum effects are considered. This thermal radiation is
known as Hawking radiation [28]. Hawking radiation
propagates on spacetime, which is curved by the black

hole. The curvature of spacetime acts as a gravitational
potential. Therefore, Hawking radiation is scattered from
this potential. One part of the Hawking radiation is re-

flected back into the black hole, while the other part is
transmitted to spatial infinity. The transmission prob-
ability in this context is also known as the greybody

factor.

There are many methods to calculate the greybody

factor. For example, one can obtain an approximate
greybody factor using the matching technique [29–31].
If the gravitational potential is high enough, one can use

the WKB approximation to derive the greybody factor
[32–34]. Other than approximation, the greybody factor
can also be obtained using the rigorous bound [35–37].

The bound can give a qualitative description of a black
hole.

In this work, we investigate the greybody factor us-
ing the analytical black hole solution in dRGT massive
gravity. In Section 2, the structure of the horizons of

the solution is analyzed in order to generate a suitable
form for the analysis of the properties of the greybody
factor. In Section 3, the properties of the gravitational

potential are investigated for both the de Sitter black
hole and dRGT black hole. The height of their poten-
tials are determined by the parameters of the model. In

Section 4, we derive the rigorous bound on the greybody
factor, and the reflection probability for the de Sitter
black hole and the dRGT black hole. The value of the

rigorous bound on the greybody factor corresponds to
the structure of potentials. In addition, the effects of
the graviton mass, cosmological constant and angular

momentum quantum number on the greybody factors

will also be explored. Finally, concluding remarks are

provided in Section 5.

2 dRGT black hole background

In this section, we will review the main concept of the
dRGT massive gravity theory in the following manner
[18]; the analytical solution of the modified Einstein

equation due to the graviton mass is first presented,
and then the structure of the horizons of the black hole
in the dRGT massive gravity theory is investigated.

The theory of the dRGT massive gravity is a covari-
ant non-linear theory of massive gravity, which is ghost
free in the decoupling limit to all orders. The action of

the dRGT massive gravity model in four-dimensional
spacetime can be expressed as

S =

∫
d4x

√
−g

[
M2

p

2
R[g] +m2

g(L2[g, f ] + α3L3[g, f ]

+α4L4[g, f ])] , (1)

where R is a Ricci scalar corresponding to a physical
metric gµν , m

2
g to the square of the graviton mass, with

Lis representing the interactions of the ith order of the

massive graviton. In particular, those interactions of
the massive graviton are constructed from two kinds
of metrics and can be expressed as follows,

L2[g, f ] =
1

2

(
[K]2 − [K2]

)
, (2)

L3[g, f ] =
1

3!

(
[K]3 − 3[K][K2] + 2[K3]

)
, (3)

L4[g, f ] =
1

4!

(
[K]4 − 6[K]2[K2] + 3[K2]2 + 8[K][K3]

−6[K4]
)
, (4)

where the rectangular brackets denote the traces. The
tensor Kµν is constructed from the physical metric gµν
and the fiducial metric fµν as

Kµ
ν = δµν −

(√
g−1f

)µ
ν
, (5)

where the square roots of those tensors are defined so
that

√
g−1f

µ

ρ

√
g−1f

ρ

ν =
(
g−1f

)µ
ν
. The fiducial metric

is chosen as [16,38,39]

fµν = diag(0, 0, c2, c2 sin2 θ), (6)

where c is a constant. It can be shown in [38] that the
theory of massive gravity with the choice of the singular

fiducial metric such as one in equation (6) is absent of
Boulware-Deser (BD) ghost. The static and spherically
symmetric black hole solution satisfying this theory can

be written as [18]

ds2 = −f(r)dt2 + dr2

f(r)
+ r2dΩ2, (7)
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where

f(r) = 1− 2M

r
+
Λ

3
r2 + γr + ζ, (8)

dΩ2 = dθ2+sin2 θdϕ2, andM is an integration constant

related to the mass of the black hole. The parameters
above can be written in terms of the original parameters
as

Λ = 3m2
g (1 + α+ β) , (9)

γ = −cm2
g (1 + 2α+ 3β) , (10)

ζ = c2m2
g (α+ 3β) , (11)

and

α3 =
α− 1

3
, α4 =

β

4
+

1− α

12
. (12)

This solution contains various kinds of black hole solu-

tions found in literature. If mg = 0, the Schwarzschild
solution is recovered. In the case of c = 0, the solu-
tion reduces to the de Sitter solution for 1 + α+ β < 0

and reduces to the anti-de Sitter solution for 1 + α +
β > 0. Moreover, the global monopole solution can
be obtained by setting 1 + 2α + 3β = 0. Note that

the last term, the constant potential ζ, corresponds to
the global monopole term. A global monopole usually
comes from a topological defect in high energy physics

of the early universe resulting from a gauge-symmetry
breaking [40–42]. However, in this solution, the global
monopole is contributed via the graviton mass. Note

that the linear term γr is a characteristic term of this
solution, distinguished from other solutions found in lit-
erature. Next, we will consider the structure of the hori-

zons of this solution. Since the solution is an asymptot-
ical AdS/dS solution, we first consider the structure of
the AdS/dS solution and then investigate the structure

of the horizons of the solution in the dRGT massive
gravity theory.

2.1 Horizon structure for AdS/dS-like solutions

It is important to note that one can choose c = 0.

This corresponds to trivial solutions since the interact-
ing terms (or graviton mass) become constant, which is
inferred from Kµ

ν = δµν . Therefore, the action in Eq. (1)

becomes the Einstein-Hilbert action with cosmological
constant. In order to investigate the structure of the
horizon, let us first consider a simple case where c = 0.

As a result, the function in the metric solution becomes

f(r) = 1− 2M

r
+
Λ

3
r2. (13)

From this function, one can see that f(r) → −∞ where
r → 0. In order to have two horizons, f must be in-

creased and then decreased where r is increased. This

means that f(r) → −∞ again when r → ∞. Therefore,

in order to obtain two horizons, Λ must be negative.
This corresponds to the de Sitter (dS) spacetime, while
in the case of anti-de Sitter (AdS) spacetime, Λ > 0,

there exists only one horizon. Now let us find the condi-
tions for which there are two horizons for the de Sitter
spacetime, where Λ < 0. If two horizons exist, the max-

imum value of f must be positive. The maximum point
of f can be found by solving f ′ = 0. As a result, the
maximum point is

rm =

(
−3M

Λ

)1/3

. (14)

Substituting this radius into f(r) in Eq. (13), the max-

imum value of f can be written as

f(rm) =

(
−3M

Λ

)1/3

− 3M. (15)

By requiring f(rm) > 0, the condition for having two
horizons can be written as

− 1

9M2
< Λ < 0. (16)

In order to parameterize the solution properly, let us

define a dimensionless parameter as

α2
m = −9ΛM2, (17)

where 0 < α2
m < 1. By using the dimensionless variable

r̄ = r/M , function f can be rewritten as

f(r̄) = 1− 2

r̄
− α2

m

27
r̄2. (18)

In order to find the horizon, one has to solve the cubic

equation;

r̄3 − 27

α2
m

r̄ +
54

α2
m

= 0. (19)

This cubic equation is known as the depressed cubic

equation, and the solution can be expressed as

r̄ =
6

αm
cos

[
1

3
cos−1

(
− αm

)
− 2πk

3

]
, (20)

where k = 0, 1, 2 for the three distinguished solutions.

Since 0 < αm < 1, one can expand the sinusoidal func-
tion and then keep only the significant contributions.
As a result, for k = 2, r̄ is negative, and for k = 1 and

k = 0, the solutions can be respectively approximated
as

r̄1 ∼ 2, r̄2 ∼ 3
√
3

αm
− 1. (21)

Note that these solutions are well approximated when
αm ≪ 1. Actually, this approximation can be real-
ized to satisfy the cosmological solution in which the

universe expands with acceleration, since the observed
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value of Λ is very small compared to the black hole

mass. The behavior of the horizon with various values
of αm is shown in the left panel of Fig. 1.

For the AdS solution, Λ is positive. Therefore, one
can find the solution of the horizon by rewriting αm as
αm = 9ΛM2. By following the same steps from the de

Sitter case, the horizon in the AdS case can be written
as

r̄ =
6

αm
sinh

[
1

3
sinh−1

(
αm

)]
. (22)

As we have discussed above, there exists only one hori-

zon for the AdS solution. This is valid for all values of
αm as show in the right panel of Fig. 1.
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Fig. 1 The left panel shows the horizon structure of the de
Sitter solution for the value of αm as αm = 0.5 (Blue line),
αm = 0.9 (Black line) and αm = 1.1 (Red line). The right
panel shows the horizon structure of the AdS solution for the
value of αm as αm = 0.5 (Blue line), αm = 0.9 (Black line)
and αm = 1.1 (Red line).

2.2 Horizon structure for the dRGT massive gravity

solutions

For the complete massive gravity solution, it is signifi-
cantly difficult and complicated to find the horizon ana-
lytically. One of the conditions for having three horizons

is that Λ > 0. Therefore, we can separate our consider-
ation into two classes; the asymptotic AdS solutions for
Λ > 0 and the asymptotic de Sitter solution for Λ < 0

[43].

For the general solutions of the dRGT massive grav-

ity, the dimension-length parameter c is not set to be
zero. This means that we have to introduce a scale to
the theory. It is useful to work out the solution using

dimensionless variable, r̃ = r/c, and then find out what
scale c would assume. As a result, function f can be
written in terms of a dimensionless variable as

f(r̃) = 1− 2M̃

r̃
+ αg

(
c2r̃

2 − c1r̃ + c0
)
, (23)

where

M̃ =
M

c
, αg = m2

gc
2, c0 = α+ 3β,

c1 = 1 + 2α+ 3β, c2 = 1 + α+ β. (24)

From this equation, it is sufficient to figure out that the
scale of c takes place at M̃ ∼ αg. Therefore, one can

choose the parameter c as

c = rV =

(
M

m2
g

)1/3

. (25)

This radius is well known as the Vainshtein radius [44,

45]. The theory in which r < rV will approach GR,
while the theory in which r > rV , the modification of
GR will be active. The horizons can be found by solving

for the solution of r through the equation

αgc2r̃
3 − αgc1r̃

2 + (αgc0 + 1)r̃ − 2M̃ = 0. (26)

In order to find the conditions for having three horizons
for the AdS case and two horizons for the de Sitter case,
let us consider the extremum points of the function f

using the equation f ′ = 0 or

2αgc2r̃
3 − αgc1r̃

2 − 2M̃ = 0. (27)

This is the cubic equation. We can solve it by chang-
ing the variables to obtain the depressed cubic equation
and then analyze the general solution to find the con-

dition for having two real positive roots for the AdS
case and one real positive root for the de Sitter case.
As a result, one can constrain our consideration to case

c1 = 3(4c22)
1/3. Choosing this condition will guaran-

tee one real positive root for the de Sitter case as r̃dS =
(−2c2)

−1/3 and two real positive roots for the AdS case

as r̃AdS1 = (2c2)
−1/3 and r̃AdS2 = (1 +

√
3)(2c2)

−1/3.
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For the asymptotic de Sitter solutions, f at the ex-

tremum point can be written as

f(r̃dS) = 1 + c0αg −
9√
3
αg (−2c2)

1/3
. (28)

In order to have two horizons, f(r̃dS) > 0. We can
parameterize the parameter c0 such that

c0 =
9√
3

(−2c2)
1/3

βm
− 1

αg
. (29)

Therefore, the condition for having two horizons in the
case of de Sitter-like spacetime is

0 < βm < 1. (30)

By changing the cubic equation into the depressed cubic
equation, one can find the two real positive horizons as
the real roots of the depressed cubic equation as follows

r̃1 =
2

(−2c2)
1/3

[
X1/2 cos

(
1

3
sec−1 Y

)
− 1

]
, (31)

r̃2 =
−2

(−2c2)
1/3

[
X1/2 cos

(
1

3
sec−1 Y +

π

3

)
+ 1

]
, (32)

where

X =
2
√
3

βm
+4 and Y = −

√√
3

βm
+ 2

(
2
√
2βm +

√
6
)

5βm + 3
√
3

.(33)

Our analysis can be checked using the numerical method

as shown in the left panel of Fig. 2. From this figure,
one can see that βm can parameterize the existence of
two horizons.

Now we consider the asymptotic AdS solutions. The
f at the extremum points can be written as

f(r̃AdS1) = 1 + c0αg −
9

2
αg (2c2)

1/3
, (34)

f(r̃AdS2) = 1 + c0αg −
9√
3
αg (2c2)

1/3
. (35)

In order to have three horizons, we must have f(r̃AdS1) >

0 and f(r̃AdS2) < 0. By using the parameter of α0 in
Eq. (29), while changing c2 to −c2, the condition for
having three horizons can be written as

1 < βm <
2√
3
. (36)

By using the same step as done in the asymptotic de

Sitter case, the three real positive horizons for the AdS
case can be written as

r̃1 =
2

(2c2)
1/3

[
1− x1/2 sin

(
1

3
sec−1 y +

π

6

)]
, (37)

r̃2 =
2

(2c2)
1/3

[
1− x1/2 cos

(
1

3
sec−1 y +

π

3

)]
, (38)

r̃3 =
2

(2c2)
1/3

[
1 + x1/2 cos

(
1

3
sec−1 y

)]
. (39)
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Fig. 2 The left panel shows the horizon structure of the
asymptotic de Sitter solution in dRGT massive gravity for
the value of βm as βm = 0.8 (Blue line), βm = 0.9 (Black
line) and βm = 1.1 (Red line). The right panel shows the
horizon structure of the asymptotic AdS solution in dRGT
massive gravity for the value of βm as βm = 0.9 (Blue line),
βm = 1.1 (Black line) and αm = 1.3 (Red line). We set pa-
rameters as M = 1, αg = 1 and c2 = −1 for the asymptotic
de Sitter solution and c2 = 1 for the asymptotic AdS solution.

where

x =
4− 2

√
3

βm
and y =

√
6− 2

√
2βm(

3
√
3− 5βm

)√
− βm√

3−2βm

. (40)

The numerical plot for these horizons is shown in the
right panel of Fig. 2. From this figure, one can see that
the existence of three horizons satisfy the condition 1 <

βm < 2/
√
3 as we have analyzed. In the next section, we

will use the expression for the horizons derived in this
section to analyze the properties of the gravitational

potential and the greybody factor of the black hole.
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3 Equations of motion of massless scalar field

Classically, nothing can escape a black hole when ap-

proaching it. However, when a quantum effect is con-
sidered, the black hole can radiate. This radiation is
known as Hawking radiation. It is a blackbody spec-

trum of temperature

kT =
h̄

4πrs
, (41)

where rs is the Schwarzschild radius. In this paper,

we assume that Hawking radiation is a massless scalar
field. The massless scalar field satisfies the Klein-Gordon
equation

1√
−g

∂µ
(√

−ggµν∂νΦ
)
= 0. (42)

We use the spherical coordinates. The solutions to the

wave equation in spherical coordinates are of the form

Φ(t, r, Ω) = eiωtψ(r)

r
Yℓm(Ω), (43)

where Yℓm(Ω) are spherical harmonics. The Klein- Gor-
don equation becomes

ω2r2

f(r)
+

r

ψ(r)

d

dr

[
r2f(r)

d

dr

(
ψ(r)

r

)]
+

1

Y (Ω)

[
1

sin θ

∂

∂θ

(
sin θ

∂Y (Ω)

∂θ

)]
+

1

sin2 θ

1

Y (Ω)

∂2Y (Ω)

∂ϕ2
= 0. (44)

The angular part satisfies

1

sin θ

∂

∂θ

(
sin θ

∂Y (Ω)

∂θ

)
+

1

sin2 θ

∂2Y (Ω)

∂ϕ2

= −ℓ(ℓ+ 1)Y (Ω), (45)

where ℓ is the angular momentum quantum number.
Therefore, the Klein-Gordon equation (Eq. (44)) is left

with the radial part

d2ψ(r)

dr2∗
+
[
ω2 − V (r)

]
ψ(r) = 0, (46)

where r∗ is the tortoise coordinate defined by

dr∗
dr

=
1

f(r)
(47)

and V (r) is the potential given by

V (r) =
ℓ(ℓ+ 1)f(r)

r2
+
f(r)f ′(r)

r
. (48)

It can be expressed in terms of r̃ as

V (r̃) =
ℓ(ℓ+ 1)f(r̃)

c2r̃2
+
f(r̃)f ′(r̃)

c2r̃
. (49)

Substituting the function f(r̃) from Eq. (23), we obtain

V (r̃) =

[
1− 2M̃

r̃
+ αg

(
c2r̃

2 − c1r̃ + c0
)]

×

[
ℓ(ℓ+ 1)

c2r̃2
+

1

c2r̃

[
2M̃

r̃2
+ αg (2c2r̃ − c1)

]]
.

(50)

From the above equation, we can see that the potential
is high when the angular momentum quantum number
is large. Qualitatively, the leading contribution to the

transmission amplitude comes from the mode ℓ = 0.
Therefore, it is sufficient to qualitatively analyze the
potential for the case of ℓ = 0. When ℓ = 0, the first

term in Eq. 49 vanishes and the second term is pro-
portional to ff ′. Therefore, there are three r̃-intercepts
resulting from f = 0 and f ′ = 0. This behavior signif-

icantly differs from the Schwarzschild case, which has
only one r̃-intercept as shown in the right panel of Fig.
3.
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Fig. 3 The left panel shows the maximum potential for a
de Sitter black hole versus the model parameter αm with
ℓ = 0, ℓ = 1, M̃ = αg = 0.1. The right panel shows the
potential for a de Sitter black hole with different values of c2
compared to the Schwarzschild case; black-dotted line for the
Schwarzschild case, red line for c2 = −1, blue line for c2 = −2
and green line for c2 = −3.
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For the de Sitter case, the potential can be obtained

by setting c1 = c0 = 0. As we have analyzed in Section
2.2, it is convenient to change parameter as αgc2 =
−α2

m/(27M̃
2). For this setting, the potential depends

only on the parameter αm. In the same strategy as the
quantum theory, the shape of the potential controls the
transmission amplitude. Therefore, it is worthwhile to

consider the maximum value of the de Sitter potential
compared to the Schwarzschild potential. As a result,
the de Sitter potential for the ℓ = 0 case can be written

as

c2VdS(r̃) =
1

r̃

(
1− 2M̃

r̃
− α2

m

27M̃2
r̃2

)

×

(
2M̃

r̃2
− 2α2

m

27M̃2
r̃

)
. (51)

By solving r̃max via V ′
dS = 0 and then substituting the

solution back into the above equation, one can find the
maximum value of the potential depending on only two

parameters, M̃ and αm. The expression is significantly
lengthy; we do not present it in the current paper. In
order to see the effect of the graviton mass or the cos-

mological constant, one can fix M̃ and then plot this
expression via αm as shown in the left panel of Fig. 3.
Note that we also show the result for the ℓ = 1 case

in this figure. From this figure, one can see that Vmax

contributed from the de Sitter black hole is always less
than one from the Schwarzschild black hole. Clearly,

the cosmological constant plays a role in reducing the
local maximum of the potential. The explicit form of
the de Sitter potential is plotted with various values of

the cosmological constant as shown in the right panel
of Fig. 3. Note that we used the parameter c2 instead of
α2
m. This is convenient for comparing the results with

one from the case of the dRGT massive gravity. Con-
sequently, it might be expected that the transmission
amplitude due to the de Sitter black hole should be

greater than one in the Schwarzschild black hole. We
will clarify this issue explicitly in the next section.

The dRGT potential for ℓ = 0 can explicitly be

written as

VdRGT(r̃) =
1

c2r̃

[
1− 2M̃

r̃
+ αgc2r̃

2 − 3 3

√
4c22αg r̃

+
3
√
3αg

3
√
−2c2

βm
− 1

]

×

(
2M̃

r̃2
+ 2αgc2r̃ − 3 3

√
4c22αg r̃

)
. (52)

By employing the same strategy as used in the de Sitter
case, we found that the leading term of Vmax is propor-

tional to Vmax ∝ 1/βm. By fixing c2 = −1, we have

illustrated the explicit behavior of the peak of the po-

tential in the left panel of Fig. 4. We can explicitly see
that Vmax increases as βm decreases. Moreover, the de
Sitter potential and the dRGT potential with various

values of βm are plotted as shown in the right panel of
Fig. 4. It shows that both the de Sitter potential and
the dRGT potential increase with radial distance from

the black hole. After that, they decrease with radial dis-
tance to reach the relative lowest point and then turn
to increase again.

0.0 0.2 0.4 0.6 0.8 1.0

0

5

10

15

20

βm

Vmax

dS

βm= 0.5

βm= βmc

βm= 0.7

0.0 0.5 1.0 1.5 2.0 2.5 3.0
-1

0

1

2

3

4

5

r
˜

c
2

V

Fig. 4 The left panel shows the maximum of dRGT potential
with ℓ = 0, M̃ = 0.1, αg = 0.1, c = 1, and c2 = −1. The

right panel shows the dRGT potential with ℓ = 0, M̃ = 0.1,
αg = 0.1, c = 1, and c2 = −1

In [46], the maximum points of the potentials are
not chosen to be equal. We consider this point here.

The equality of the maximum points allows us to draw
conclusions regarding how high the rigorous bounds on
the greybody factors for different types of black holes

are. At the highest point, the derivative of the potential
is zero. For ℓ = 0, we obtain

V ′(r̃) =
1

c2
r̃f(r̃)f ′′(r̃) + r̃[f ′(r̃)]2 − f(r̃)f ′(r̃)

r̃2
. (53)

The solution of V ′(r̃) = 0 is not shown here. We find

that the equality of the peak of the potentials occur at
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βm = 0.565375. Moreover, the effects of parameter c2
are shown in Fig. 5.

-5 -4 -3 -2 -1 0

0

5

10

15

20

c2

Vmax

c2= -0.5

c2= -1

c2= -2

0.0 0.5 1.0 1.5 2.0 2.5 3.0
-2

0

2

4

6

r
˜

c
2

V

Fig. 5 The left panel shows the maximum dRGT potential
with ℓ = 0, M̃ = 0.1, αg = 0.1, c = 1, and βm = 0.565375.

The right panel shows the dRGT potential with ℓ = 0, M̃ =
0.1, αg = 0.1, c = 1, and βm = 0.565375.

To see the effect of the parameter c2 on the poten-
tial, let us fix βm = βmc. The peak of the potential is
plotted as shown in the left panel of Fig. 5. The poten-

tial is also plotted with various values of c2 as shown in
the right panel of Fig. 5. The parameter c2 character-
izes the strength of the graviton mass. Therefore, the

graviton mass will enhance the potential in contrast to
the effect of the cosmological constant in the de Sitter
black hole.

In this section, we explore the behavior of the grav-

itational potential for both the de Sitter black hole and
the dRGT black hole of a massless scalar field. By mak-
ing a comparison with the potential in the Schwarzschild

black hole, we found that the local maximum of the de
Sitter potential is always less than one of the Schwarzs-
child potential. For the dRGT black hole, the local max-

imum of the potential depend on the model param-
eters; βm characterizing the existence of two horizon
(0 < βm < 1) and c2 characterizing the strength of the

graviton mass. In contrast to the de Sitter potential,

we found that the local maximum of the dRGT poten-

tial will be larger than ones for the Schwarzschild and
the de Sitter potential by setting parameter βm ≪ 1 or
c2 ≪ −1. In the same fashion as quantum theory, the

shape of the potential has an effect on the transmission
amplitude or the the greybody factor in this context.
We will use the information of the potential to analyze

the behavior of the greybody factor in the next section.

4 The rigorous bounds on the greybody factors

From a classical point of view, a black hole is believed
to be black because nothing, when having entered the

black hole, can escape, not even light. From a quantum
point of view, however, a black hole is no longer consid-
ered ‘black’ since it has been proven to emit a type of

thermal radiation known as Hawking radiation. At the
event horizon of a black hole, Hawking radiation is ex-
actly a blackbody spectrum. While Hawking radiation

propagates out from the event horizon, it is, however,
modified by the spacetime curvature generated by its
black hole source. Thus, an observer at an infinite dis-

tance observes the modified form of Hawking radiation,
which is different from the original Hawking radiation
at the event horizon. This difference can be measured

by the so-called greybody factor.
In this section, a greybody factor will be obtained

using the rigorous bound [35–37,47]. The bound can

give a qualitative description of a black hole. It is ap-
plied to various types of black holes such as a Schwarzschild
black hole [48], a non-rotating black hole [49], a dirty

black hole [50], a Kerr-Newman black hole [51], a Myers-
Perry black hole [52], and a dRGT black hole [46]. The
rigorous bounds on the greybody factors are given by

T ≥ sech2
(∫ ∞

−∞
ϑdr∗

)
, (54)

where

ϑ =

√
[h′(r∗)]2 + [ω2 − V (r∗)− h2(r∗)]

2

2h(r∗)
, (55)

where h(r∗) is a positive function satisfying h(−∞) =

h(∞) = ω. See [35] for more details. We select h = ω.
Therefore,

T ≥ sech2
(

1

2ω

∫ ∞

−∞
|V |dr∗

)
. (56)

4.1 de Sitter black holes

To obtain the rigorous bound, we use the potential de-
rived in the previous section. For de Sitter black holes,

the potential is given by Eq. (50), with c1 = c0 = 0.
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Substituting this potential into Eq. (56), we obtain the

rigorous bounds on the greybody factors

T ≥ Tb = sech2
[

1

2ωc

{
ℓ(ℓ+ 1)

(
1

r̃H
− 1

R̃H

)
+M̃

(
1

r̃2H
− 1

R̃2
H

)
+ 2αgc2

(
R̃H − r̃H

)}]
.

(57)

The rigorous bounds on the reflection probabilities are

given by

R ≤ tanh2
[

1

2ωc

{
ℓ(ℓ+ 1)

(
1

r̃H
− 1

R̃H

)
+M̃

(
1

r̃2H
− 1

R̃2
H

)
+ 2αgc2

(
R̃H − r̃H

)}]
, (58)

where, from Eq. (20), r̃H and R̃H are given by

r̃H =
6M̃

αm
cos

[
1

3
cos−1

(
− αm

)
− 2π

3

]
(59)

R̃H =
6M̃

αm
cos

[
1

3
cos−1

(
− αm

)]
. (60)

Since r̃H and R̃H depend on parameters M̃ and αm,
the structure of Tb depends on the strength of the cos-

mological constant through the parameter αm. To see
the effect of the cosmological constant qualitatively, let
us consider the case αm ≪ 1, which means that the

effect of the cosmological constant is a correction to
the Schwarzschild case. As a result, the horizons can be
approximated as

r̃H ∼ 2M̃, R̃H ∼

(
3
√
3

αm
− 1

)
M̃. (61)

By substituting these results into Eq. 57, the rigorous

bound on the greybody factor for a de Sitter black hole
can be approximated as

Tb = sech2
[

1

2ωc

{
ℓ(ℓ+ 1)

r̃H

(
1− 2|αm|

3
√
3

)
+
M̃

r2H

(
1− 4α2

m

27

)
− 2

√
3|αm|
9M̃

}]
. (62)

From this equation, one can see that if αm = 0, the
bound for Schwarzschild is recovered. Moreover, for αm ̸=
0, the cosmological constant provides a negative correc-

tion to the Schwarzschild bound. Therefore, the grey-
body factor for the de Sitter black hole is greater than
one for the Schwarzschild black hole. This is also consis-

tent with the behavior of the potential, since the local
maximum of the potential in the de Sitter black hole is
always less than one in the Schwarzschild black hole. To

confirm this result, we also used a numerical method to

Sch

c2 = -0.1

c2 = -1

c2 = -2

0 1 2 3 4 5
0.0

0.2

0.4

0.6

0.8

1.0

ω

Tb

Tapp

Tb

0.0 0.1 0.2 0.3 0.4 0.5
0.00

0.01

0.02

0.03

0.04

0.05

ω

T

Fig. 6 The left panel shows a comparison between the rig-
orous bound on the greybody factor for a de Sitter black
hole and a Schwarzschild black hole with ℓ = 0, c = 1, and
M̃ = αg = 0.1. The right panel shows a comparison between
the rigorous bound on the greybody factor and the approxi-
mation with ℓ = 0, c = 1, c2 = −1 and M̃ = αg = 0.1.

show that Tb(dS) ≥ Tb(Sch) by plotting Tb with various
values of c2 as illustrated in the left panel of Fig. 6.

The rigorous bound on the greybody factor is useful
in any problem, especially in qualitative work. More-

over, the rigorous bound is accurate and its method of
derivation is simpler than any other method such as the
approximation derived from the matching technique.

To see this, let us compare the rigorous bound with
the matching technique. The analytical approximation
from the matching technique in the low frequency limit

for ℓ = 0 is given by [53,54]

Tapp = 4(κrH)2
(
1 +

ω2

κ2

)
= 4(κcr̃H)2

(
1 +

ω2

κ2

)
,(63)

where κ2 = −αgc2/c
2. The rigorous bound on the grey-

body factor and the approximation are plotted as shown
in the right panel of Fig. 6. The graph shows that the
rigorous bound is less than the approximation, which

satisfies the inequality (57).
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4.2 dRGT black holes

For dRGT black holes, the potential is given by Eq.

(50). Substituting this potential into Eq. (56), we obtain
the rigorous bounds on the greybody factors

T ≥ sech2
[

1

2ωc

{
ℓ(ℓ+ 1)

(
1

r̃H
− 1

R̃H

)
+M̃

(
1

r̃2H
− 1

R̃2
H

)
+ 2αgc2

(
R̃H − r̃H

)
−αgc1 ln

∣∣∣∣∣ R̃H

r̃H

∣∣∣∣∣
}]

. (64)

The rigorous bounds on the reflection probabilities are
given by

R ≤ tanh2
[

1

2ωc

{
ℓ(ℓ+ 1)

(
1

r̃H
− 1

R̃H

)
+M̃

(
1

r̃2H
− 1

R̃2
H

)
+ 2αgc2

(
R̃H − r̃H

)
−αgc1 ln

∣∣∣∣∣ R̃H

r̃H

∣∣∣∣∣
}]

, (65)

where, from Eqs. (31) and (32), r̃H = r̃dS1 and R̃H =
r̃dS2 are given by

r̃dS1 =
−2

(−2c2)
1/3

[
X1/2 cos

(
1

3
sec−1 Y +

π

3

)
+ 1

]
,

(66)

r̃dS2 =
2

(−2c2)
1/3

[
X1/2 cos

(
1

3
sec−1 Y

)
− 1

]
. (67)

From Eq. (64), we find that the rigorous bound on the
greybody factor in massive gravity crucially depends on

two parameters, c1 and c2, which determines how the
structure of the graviton mass affects the bound. As we
have discussed in Section 3, the parameter c1 must be

positive in order to have two horizons. Therefore, the
last term in Eq. (64) always provides the negative cor-
rection to the bound, so that, for the potentials with

the same height, the bound from the dRGT black hole
is always larger than the bound from the de Sitter black
hole. Moreover, this behavior can be qualitatively ex-

pressed by analyzing the potential for both cases. From
Fig. 4, for the potentials with the same height, the po-
tential from the dRGT case is always thinner than one

from the de Sitter case. Therefore, the transmission am-
plitude for the dRGT case is always greater than one
for the de Sitter case as seen in the left panel of Fig. 7.

As we have analyzed earlier, the height of the potential
can be controlled by two parameters, βm and c2. Now
let us figure out how the parameters affect the dRGT

bound compared to the de Sitter bound.

By fixing c2, one can see that the bound crucially

depends on |R̃H − r̃H |, which is proportional to 1/βm.
Therefore, one finds that the larger the value of βm,
the higher is the value of the bound. This can be seen

explicitly by numerically plotting Tb with various val-
ues of βm as illustrated in the right panel of Fig. 7.
Moreover, this behavior can also be seen by analyzing

the potential. From Fig. 4, we found that the larger
the value of βm, the lower is the peak of the potential.
Therefore, one finds that the larger the value of βm, the

higher is the value of the bound.
In terms of fixing βm, one can see that the maximum

value of the potential decreases when |c2| decreases as

such that the bound will increase when |c2| decreases as
shown in the left panel of Fig. 8. Moreover, to compare
the bound from the dRGT black hole to one from the

de Sitter and the Schwarzschild black hole, we also plot
the bound by fixing ω as seen in the right panel of Fig.
8. From this figure, we found that the bound from the

dRGT black hole can be larger or smaller than ones
from both the de Sitter and the Schwarzschild black
holes, depending on c2. On the other hand, the bound
from the de Sitter black hole is always larger than the

bound from the Schwarzschild black hole. Therefore, it
is found that there is more room for the dRGT black
hole to increase or decrease the greybody factor.

5 Conclusion

In this paper, we obtain the gravitational potential from
Schwarzschild black holes, de Sitter black holes, and

dRGT black holes. We also derive the rigorous bound
on the greybody factor for the de Sitter black hole and
the dRGT black hole. It is found that the structure of

potentials determines how much the rigorous bound on
the greybody factor should be. Since Vmax contributed
from a de Sitter black hole is always less than one in

a Schwarzschild black hole, the bound for a de Sitter
black hole is greater than one for a Schwarzschild black
hole. In case of potentials with the same height, the

result shows that the bound from a dRGT black hole
is always larger than the bound from a de Sitter black
hole. Otherwise, the bound from a dRGT black hole

can be larger or smaller than ones from both de Sitter
and Schwarzschild black holes due to different effects of
the parameter c2 on de Sitter and dRGT spacetimes.

Furthermore, we compare the greybody factor derived
from the rigorous bound with the greybody factor de-
rived from the matching technique. The results show

that the greybody factor obtained from the rigorous
bound is less than the one from the matching tech-
nique, which means that the rigorous bound is a true

lower bound.
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Fig. 7 The left panel shows a comparison of the rigorous
bound of greybody factor for the dRGT and the de Sitter
black holes with ℓ = 0, M̃ = αg = 0.1, while the parameter
βm is chosen to have the same height of potential. The right
panel shows the rigorous bound for c2 = -1.
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Abstract:

For various reasons a number of authors have mooted an “exponential form” for the

spacetime metric:

ds2 = −e−2m/rdt2 + e+2m/r{dr2 + r2(dθ2 + sin2 θ dφ2)}.

While the weak-field behaviour matches nicely with weak-field general relativity, and

so also automatically matches nicely with the Newtonian gravity limit, the strong-field

behaviour is markedly different. Proponents of these exponential metrics have very

much focussed on the absence of horizons — it is certainly clear that this geometry

does not represent a black hole. However, the proponents of these exponential metrics

have failed to note that instead one is dealing with a traversable wormhole — with all

of the interesting and potentially problematic features that such an observation raises.

If one wishes to replace all the black hole candidates astronomers have identified with

traversable wormholes, then certainly a careful phenomenological analysis of this quite

radical proposal should be carried out.
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1 Introduction

The so-called “exponential metric”

ds2 = −e−2m/rdt2 + e+2m/r{dr2 + r2(dθ2 + sin2 θ dφ2)}, (1.1)

has now been in circulation for some 60 years [1–19]; at least since 1958. Motivations

for considering this metric vary quite markedly, (even between different papers written

by the same author), and the theoretical “justifications” advanced for considering this

particular space-time metric are often rather dubious. Nevertheless a small segment

of the community has consistently advocated for this particular spacetime metric for

over 60 years, with significant activity continuing up to the present day. Regardless

of one’s views regarding the purported theoretical “justifications” for this metric, one

can simply take this metric as given, and then try to understand its phenomenological

properties; some of which are significantly problematic.

A particularly attractive feature of this exponential metric is that in weak fields,

(2m/r � 1), one has

ds2 = {−dt2 + dr2 + r2(dθ2 + sin2 θ dφ2)}+
2m

r
{dt2 + dr2 + r2(dθ2 + sin2 θ dφ2)}. (1.2)

That is

gab = ηab +
2m

r
δab. (1.3)

This exactly matches the lowest-order weak-field expansion of general relativity, and so

this exponential metric will automatically pass all of the standard lowest-order weak-

field tests of general relativity. However strong-field behaviour, (2m/r � 1), and even

medium-field behaviour, (2m/r ∼ 1), is markedly different.

The exponential metric has no horizons, gtt 6= 0, and so is not a black hole. On the

other hand, it does not seem to have been previously remarked that the exponential

metric describes a traversable wormhole in the sense of Morris and Thorne [20–45]. We

shall demonstrate that the exponential metric has a wormhole throat at r = m, with

the region r < m corresponding to an infinite-volume “other universe” that exhibits

the “underhill effect”; time runs slower on the other side of the wormhole throat.
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2 Traversable wormhole throat

Consider the area of the spherical surfaces of constant r coordinate:

A(r) = 4πr2e2m/r. (2.1)

Then
dA(r)

dr
= 8π(r −m)e2m/r; (2.2)

and

d2A(r)

dr2
= 8πe2m/r

(
1− 2m

r
+

2m2

r2

)
= 8πe2m/r

{(
1− m

r

)2
+
m2

r2

}
> 0. (2.3)

That is: The area is a concave function of the r coordinate, and has a minimum at

r = m, where it satisfies the “flare out” condition A′′|r=m = +8πe2 > 0. Furthermore,

all metric components are finite at r = m, and the diagonal components are non-zero.

This is sufficient to guarantee that the surface r = m is a traversable wormhole throat,

in the sense of Morris and Thorne [20–45]. There is a rich phenomenology of traversable

wormhole physics that has been developed over the last 30 years, (since the Morris-

Thorne paper [20]), much of which can be readily adapted (mutatis mutandi) to the

exponential metric.

3 Comparison: Exponential versus Schwarzschild

Let us briefly compare the exponential and Schwarzschild metrics.

3.1 Isotropic coordinates

In isotropic coordinates the Schwarzschild spacetime is

ds2Sch = −
(

1− m
2r

1 + m
2r

)2

dt2 +
(

1 +
m

2r

)4
{dr2 + r2(dθ2 + sin2 θ dφ2)}, (3.1)

which we should compare with the exponential metric in isotropic coordinates

ds2 = −e−2m/rdt2 + e+2m/r{dr2 + r2(dθ2 + sin2 θ dφ2)}. (3.2)
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It is clear that in the Schwarzschild spacetime there is a horizon present at r = m
2

.

Recalling that the domain for the r-coordinate in the isotropic coordinate system for

Schwarzschild is r ∈ (0,+∞), we see that the horizon also corresponds to where the

area of spherical constant-r surfaces is minimised:

A(r) = 4πr2
(

1 +
m

2r

)4
; (3.3)

(3.4)

dA(r)

dr
= 8πr

(
1− m

2r

)(
1 +

m

2r

)3
; (3.5)

(3.6)

d2A(r)

dr2
= 8π

(
1 +

m

2r

)2(3

4

(m
r

)2
− m

r
+ 1

)
. (3.7)

So for the Schwarzschild geometry in isotropic coordinates the area has a minimum at

r = m
2

, where A′|r=m
2

= 0, and A′′|r=m
2

= 64π > 0. While this satisfies the “flare-out”

condition the corresponding wormhole (the Einstein–Rosen bridge) is non-traversable

due to the presence of the horizon.

In contrast the geometry described by the exponential metric clearly has no horizons,

since ∀ r ∈ (0,+∞) we have exp
(−2m

r

)
6= 0. As already demonstrated, there is a

traversable wormhole throat located at r = m, where the area of the spherical surfaces

is minimised, and the “flare out” condition is satisfied, in the absence of a horizon.

Thus the Schwarzschild horizon at r = m
2

in isotropic coordinates is replaced by a

wormhole throat at r = m in the exponential metric.

Furthermore, for the exponential metric, since exp
(−2m

r

)
> 0 is monotone decreasing as

r → 0, it follows that proper time evolves increasingly slowly as a function of coordinate

time as one moves closer to the centre r → 0.

3.2 Curvature coordinates

To go to so-called “curvature coordinates”, (often called “Schwarzschild curvature co-

ordinates”), for the exponential metric we make the coordinate transformation

rs = r em/r; drs = em/r (1−m/r)dr. (3.8)
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So for the exponential metric in curvature coordinates

ds2 = −e−2m/rdt2 +
dr2s

(1−m/r)2
+ r2s(dθ

2 + sin2 θ dφ2). (3.9)

Here r is regarded as an implicit function of rs. Note that as the isotropic coordinate r

ranges over the interval (0,∞), the curvature coordinate rs has a minimum at rs = me.

In fact for the exponential metric the curvature coordinate rs double-covers the interval

rs ∈ [me,∞), first descending from ∞ to me and then increasing again to ∞. Indeed,

looking for the minimum of the coordinate rs:

drs
dr

= e
m
r

(
1− m

r

)
=⇒ drs

dr

∣∣∣∣
r=m

= 0. (3.10)

So we have a stationary point at r = m, which corresponds to rs = me, and furthermore

d2rs
dr2

=
m2

r3
e

m
r =⇒ d2rs

dr2

∣∣∣∣
r=m

> 0 . (3.11)

The curvature coordinate rs therefore has a minimum at rs = me, and in these curva-

ture coordinates the exponential metric exhibits a wormhole throat at rs = me.

Compare this with the Schwarzschild metric in curvature coordinates:

ds2Sch = −(1− 2m/rs)dt
2 +

dr2s
1− 2m/rs

+ r2s(dθ
2 + sin2 θ dφ2). (3.12)

By inspection it is clear that there is a horizon at rs = 2m, since at that location

gtt|rs=2m = 0. For the Schwarzschild metric the isotropic and curvature coordinates are

related by rs = r
(
1 + m

2r

)2
.

If for the exponential metric one really wants the fully explicit inversion of r as a

function of rs, then observe

r = rs exp (W (−m/rs)) = − m

W (−m/rs)
. (3.13)

Here W (x) is “appropriate branch” of the Lambert W function — implicitly defined

by the relation W (x) eW (x) = x. This function has a convoluted 250-year history;

only recently has it become common to view it as one of the standard “special func-

tions” [46]. Applications vary [46, 47], including combinatorics (enumeration of rooted

trees) [46], delay differential equations [46], falling objects subject to linear drag [48],

evaluating the numerical constant in Wien’s displacement law [49, 50], quantum statis-

tics [51], the distribution of prime numbers [52], constructing the “tortoise” coordinate

for Schwarzschild black holes [53], etcetera.
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In terms of the W function and the curvature coordinate rs the explicit version of the

exponential metric becomes

ds2 = −e2W (−m/rs)dt2 +
dr2s

(1 +W (−m/rs))2
+ r2s(dθ

2 + sin2 θ dφ2). (3.14)

The W0(x) branch corresponds to the region r > m outside the wormhole throat;

whereas the W−1(x) branch corresponds to the region r < m inside the wormhole. The

Taylor series for W0(x) for |x| < e−1 is [46]

W0(x) =
∞∑
n=1

(−n)n−1xn

n!
. (3.15)

A key asymptotic formula for W−1(x) is [46].

W−1(x) = ln(−x)− ln(− ln(−x)) + o(1); (x→ 0−). (3.16)

The two real branches meet at W0(−1/e) = W−1(−1/e) = −1, and in the vicinity of

that meeting point

W (x) = −1 +
√

2(1 + ex)− 2

3
(1 + ex) +O[(1 + ex)3/2]. (3.17)

More details regarding the Lambert W function can be found in Corless et al, see [46].

4 Curvature tensor

The curvature components for the exponential metric (in isotropic coordinates) are

easily computed. For the Riemann tensor the non-vanishing components are:

Rtr
tr = −2Rtθ

tθ = −2Rtφ
tφ =

2m(r −m)e−2m/r

r4
; (4.1)

Rrθ
rθ = Rrφ

rφ = −me
−2m/r

r3
; (4.2)

Rθφ
θφ =

m(2r −m)e−2m/r

r4
. (4.3)

(4.4)
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For the Weyl tensor the non-vanishing components are even simpler:

Ctr
tr = −2Ctθ

tθ = −2Ctφ
tφ = −2Crθ

rθ = −2Crφ
rφ = Cθφ

θφ =
2

3

m(3r − 2m)e−2m/r

r4
.

(4.5)

For the Ricci and Einstein tensors:

Ra
b = −2m2e−2m/r

r4
diag{0, 1, 0, 0}ab; (4.6)

R = −2m2e−2m/r

r4
; (4.7)

Ga
b =

m2e−2m/r

r4
diag{1,−1, 1, 1}ab. (4.8)

For the Kretschmann and other related scalars we have

RabcdR
abcd =

4m2(12r2 − 16mr + 7m2)e−4m/r

r8
; (4.9)

CabcdC
abcd =

16

3

m2(3r − 2m)2e−4m/r

r8
; (4.10)

RabR
ab = R2 =

4m4e−4m/r

r8
. (4.11)

All of the curvature components and scalar invariants exhibited above are finite ev-

erywhere in the exponential spacetime — in particular they are finite at the throat

(r = m) and decay to zero both as r →∞ and as r → 0. They take on maximal values

near the throat, at r = (dimensionless number)×m.

5 Ricci convergence conditions

Since most of the advocates of the exponential metric are typically not working within

the framework of general relativity, and typically do not want to enforce the Einstein

equations, the standard energy conditions are to some extent moot. In the usual frame-

work of general relativity the standard energy conditions are useful because they feed

back into the Raychaudhuri equations and its generalizations, and so give information

about the focussing and defocussing of geodesic congruences. In the absence of the

Einstein equations one can instead impose conditions directly on the Ricci tensor.
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Specifically, a Lorentzian spacetime is said to satisfy the timelike, null, or spacelike

Ricci convergence condition if for all timelike, null, or spacelike vectors ta one has:

Rab t
atb ≥ 0 . (5.1)

For the exponential metric one has

Rab = −2m2

r4
diag{0, 1, 0, 0}ab. (5.2)

So the Ricci convergence condition amounts to

Rab t
atb = −2m2

r4
(tr)2 ≤ 0. (5.3)

This clearly will not be satisfied for all timelike, null, or spacelike vectors ta. Specifically,

the violation of the null Ricci convergence condition is crucial for understanding the

flare out at the throat of the traversable wormhole [24].

6 Effective refractive index — lensing properties

The exponential metric can be written in the form

ds2 = e2m/r
{
−e−4m/rdt2 + {dr2 + r2(dθ2 + sin2 θ dφ2)}

}
. (6.1)

If we are only interested in photon propagation, then the overall conformal factor is

irrelevant, and we might as well work with

dŝ2 = −e−4m/rdt2 + {dr2 + r2(dθ2 + sin2 θ dφ2)}. (6.2)

That is

dŝ2 = −e−4m/rdt2 + {dx2 + dy2 + dz2}. (6.3)

But this metric has a very simple physical interpretation: It corresponds to a coordinate

speed of light c(r) = e−2m/r, or equivalently an effective refractive index

n(r) = e2m/r. (6.4)

This effective refractive index is well defined all the way down to r = 0, and (via

Fermat’s principle of least time) completely characterizes the focussing/defocussing of

null geodesics. This notion of “effective refractive index” for the gravitational field

has in the weak field limit been considered in [55], and in the strong-field limit falls

naturally into the “analogue spacetime” programme [56, 57].
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Compare the above with Schwarzschild spacetime in isotropic coordinates where the

effective refractive index is

n(r) =
(1 + m

2r
)3

|1− m
2r
|
. (6.5)

The two effective refractive indices have the same large-r limit, n(r) ≈ 1 + 2m
r

, but

differ markedly once r . m/2.

Figure 1. The graph shows the refractive index for the exponential metric compared to the
Schwarzschild metric in the isotropic coordinate. The parameter m = 1. The left panel is for
relatively small r & 2m and the right panel is for large r. The bottom panel is for the strong
field region r ∼ m/2.

From the graphs presented in Figure 1, we can see that the refractive index for the

exponential metric is greater than that of the Schwarzschild metric in the isotropic

coordinate at tolerably small r & 2m. For large r, they converge to each other and
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hence are asymptotically equal. In the strong field region they differ radically. Ob-

servationally, once you get close enough to where you would have expected to see the

Schwarzschild horizon, the lensing properties differ markedly.

7 ISCO (innermost stable circular orbit) and photon sphere

For massive particles, it is relatively easy to find the innermost stable circular orbit

(ISCO) for the exponential metric; while for massless particles such as photons there

is a unique unstable circular orbit. These can then be compared with Schwarzschild

spacetime. We emphasize that the notion of ISCO depends only on the geodesic equa-

tions, not on the assumed field equations chosen for setting up the spacetime. Since

Schwarzschild ISCOs for massive particles at rs = 6m have already been seen by as-

tronomers; this might place interesting bounds somewhat restraining the exponential-

metric enthusiasts. Additionally, the Schwarzschild unstable circular photon orbit for

massless particles is at rs = 3m (the photon sphere); the equivalent for the exponential

metric is relatively easy to find.

To determine the circular orbits, consider the affinely parameterized tangent vector to

the worldline of a massive or massless particle

gab
dxa

dλ

dxb

dλ
= −e−2m/r

(
dt

dλ

)2

+ e2m/r

{(
dr

dλ

)2

+ r2

[(
dθ

dλ

)2

+ sin2 θ

(
dφ

dλ

)2
]}

= ε.

(7.1)

Here ε ∈ {−1, 0}; with −1 corresponding to a timelike trajectory and 0 corresponding

to a null trajectory. In view of the spherical symmetry we might as well just set θ = π/2

and work with the reduced equatorial problem

gab
dxa

dλ

dxb

dλ
= −e−2m/r

(
dt

dλ

)2

+ e2m/r

{(
dr

dλ

)2

+ r2
(
dφ

dλ

)2
}

= ε ∈ {−1, 0}. (7.2)

The Killing symmetries imply two conserved quantities (energy and angular momen-

tum)

e−2m/r
(
dt

dλ

)
= E; e2m/rr2

(
dφ

dλ

)
= L. (7.3)

Thence

e2m/r

{
−E2 +

(
dr

dλ

)2
}

+ e−2m/r
L2

r2
= ε. (7.4)
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That is (
dr

dλ

)2

= E2 + e−2m/r
{
ε− e−2m/rL

2

r2

}
. (7.5)

This defines the “effective potential” for geodesic orbits

Vε(r) = e−2m/r
{
−ε+ e−2m/r

L2

r2

}
. (7.6)

• For ε = 0 (massless particles such as photons), the effective potential simplifies

to

V0(r) =
e−4m/rL2

r2
. (7.7)

This has a single peak at r = 2m corresponding to V0,max = L2

(2me)2
. This is

the only place where V ′0(r) = 0, and at this point V ′′(r) < 0. Thus there is an

unstable photon sphere at r = 2m, corresponding to the curvature coordinate

rs = 2me1/2 ≈ 3.297442542m. (This is not too far from what we would expect

for Schwarzschild, where the photon sphere is at rs = 3m.)

For extensive discussion on the importance of the photon sphere for astrophysical

imaging see for instance references [58–63].

• For ε = −1 (massive particles such as atoms, electrons, protons, or planets), the

effective potential is

V1(r) = e−2m/r
{

1 + e−2m/r
L2

r2

}
= e2W (m/rs)

{
1 +

L2

r2s

}
. (7.8)

It is easy to verify that

V ′1(r) =
2e−2m/r(L2e−2m/r[2m− r] +mr2)

r4
. (7.9)

and that

V ′′1 (r) =
2e−2m/r(L2e−2m/r[8m2 − 12mr + 3r2] + 2m2r2 − 2mr3)

r6
. (7.10)

Circular orbits, denoted rc, occur at V ′1(r) = 0, but there is no simple analytic

way of determining rc(m,L) as a function of m and L. Working more indirectly,

by assuming a circular orbit ar r = rc, one can solve for the required angular

– 11 –



momentum Lc(rc,m) as a function of rc and m. Explicitly:

Lc(rc,m) =
rc e

m/rc
√
m√

rc − 2m
. (7.11)

(Note that at large rc we have Lc(rc,m) ∼ √mrc as one would expect from

considering circular orbits in Newtonian gravity.) This is enough to tell you that

circular orbits for massive particles do exist all the way down to rc = 2m, the

location of the unstable photon orbit; but this does not yet guarantee stability.

Noting that
∂Lc(rc,m)

∂rc
=
em/rc(r2c − 6mrc + 4m2)

√
m

2rc(rc − 2m)3/2
, (7.12)

we observe that the curve Lc(rc,m) has a minimum at rc =
(
3 +
√

5
)
m where

Lmin ≈ 3.523216438m. (See Figure 2.)

Figure 2. The graph shows the angular momentum L/m required to establish a circular
orbit at radius r/m. Note the minimum at r = (3 +

√
5)m where Lmin ≈ 3.523216438m.

Circular orbits for r ≥ (3 +
√

5)m are stable; whereas circular orbits for r < (3 +
√

5)m are
unstable. (Circular orbits for r < 2m do not exist.)

To check stability substitute Lc(rc,m) into V ′′(r) to obtain

V ′′1 (rc) =
2me−2m/rc(r2c − 6mrc + 4m2)

r4c (rc − 2m)
. (7.13)
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This changes sign when r2c − 6mrc + 4m2 = 0, that is rc =
(
3±
√

5
)
m. Only the

positive root is relevant (the negative root lies below rc = 2m where there are no

circular orbits, stable or unstable). Consequently we identify the location for the

massive particle ISCO (for the exponential metric in isotropic coordinates) as

rISCO =
(

3 +
√

5
)
m ≈ 5.236067977m. (7.14)

In curvature coordinates

rs,ISCO =
(

3 +
√

5
)

exp

{
1

4

(
3−
√

5
)}

m ≈ 6.337940263m. (7.15)

This is not too far from what would have been expected in Schwarzschild space-

time, where the Schwarzschild geometry ISCO is at rs,ISCO = 6m.

8 Regge–Wheeler equation

Consider now the Regge–Wheeler equation for scalar and vector perturbations around

the exponential metric spacetime. We will invoke the inverse Cowling approximation

(wherein we keep the geometry fixed while letting the scalar and vector fields oscillate;

we do this since we do not a priori know the spacetime dynamics). The analysis closely

parallels the general formalism developed in [54].

Start from the exponential metric:

ds2 = −e−2m/rdt2 + e+2m/r{dr2 + r2(dθ2 + sin2 θ dφ2)}. (8.1)

Define a tortoise coordinate by dr∗ = e2m/r dr then

ds2 = e−2m/r(−dt2 + dr2∗) + e+2m/rr2(dθ2 + sin2 θ dφ2). (8.2)

Here r is now implicitly a function of r∗. We can also write this as

ds2 = e−2m/r(−dt2 + dr2∗) + r2s(dθ
2 + sin2 θ dφ2). (8.3)

Using the formalism developed in [54], the Regge–Wheeler equation can be written,

(using ∂∗ as shorthand for ∂r∗), in the form

∂2∗ φ̂+
{
ω2 − V

}
φ̂ = 0. (8.4)
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For a general spherically symmetric metric, (specifying the metric components in cur-

vature coordinates), the Regge–Wheeler potential for spins S ∈ {0, 1, 2} and angular

momentum ` ≥ S is [54]

VS = (−gtt)
[
`(`+ 1)

r2s
+
S(S − 1)(grr − 1)

r2s

]
+ (1− S)

∂2∗rs
rs

. (8.5)

For the exponential metric in curvature coordinates we have already seen that both

gtt = −e−2m/r and grr = (1−m/r)2. Therefore

VS = e−2m/r
[
`(`+ 1)

r2s
+
S(S − 1)[(1−m/r)2 − 1]

r2s

]
+ (1− S)

∂2∗rs
rs

. (8.6)

It is important to realize that both rs and r occur in the equation above. By noting

that ∂∗ = e−2m/r∂r it is possible to evaluate

∂2∗rs
rs

=
e−4m/rm(2r −m)

r4
= −e

−4m/r[(1−m/r)2 − 1]

r2
, (8.7)

and so rephrase the Regge–Wheeler potential as

VS = e−4m/r
[
`(`+ 1)

r2
+

(S2 − 1)[(1−m/r)2 − 1]

r2

]
. (8.8)

This is always zero at r = 0 and r =∞, with some extrema at non-trivial values of r.

The corresponding result for the Schwarzschild spacetime is

VS,Sch =

(
1− 2m

rs

)[
`(`+ 1)

r2s
− S(S − 1)2m

r3s

]
+ (1− S)

∂2∗rs
rs

. (8.9)

For the Schwarzschild metric ∂∗ = (1− 2m/rs)∂rs and so it is possible to evaluate

∂2∗rs
rs

=

(
1− 2m

rs

)
2m

r3s
. (8.10)

Then

VS,Sch =

(
1− 2m

rs

)[
`(`+ 1)

r2s
− (S2 − 1)2m

r3s

]
. (8.11)

Converting to isotropic coordinates, which for the Schwarzschild geometry means one

– 14 –



is applying rs = r
(
1 + m

2r

)2
, we have

VS,Sch =

(
1− m

2r

1 + m
2r

)2
[

`(`+ 1)

r2
(
1 + m

2r

)4 − (S2 − 1)2m

r3
(
1 + m

2r

)6
]
. (8.12)

This is always zero at the horizon r = m/2 and at r = ∞, with some extrema at

non-trivial values of r.

8.1 Spin zero

In particular for spin zero one has

V0 = e−2m/r
`(`+ 1)

r2s
+
∂2∗rs
rs

= e−4m/r
`(`+ 1)

r2
+
∂2∗rs
rs

= e−4m/r
[
`(`+ 1)− [(1−m/r)2 − 1]

r2

]
. (8.13)

This result can also be readily checked by brute force computation. The corresponding

result for Schwarzschild spacetime is

V0,Sch =

(
1− m

2r

1 + m
2r

)2
[

`(`+ 1)

r2
(
1 + m

2r

)4 +
2m

r3
(
1 + m

2r

)6
]
. (8.14)

For scalars the s-wave (` = 0) is particularly important

V0,`=0 = e−4m/r
[

1− (1−m/r)2

r2

]
= e−4m/r

[
2m

r3

(
1− m

2r

)]
; (8.15)

versus

V0,`=0,Sch =

(
1− m

2r

1 + m
2r

)2
[

2m

r3
(
1 + m

2r

)6
]
. (8.16)

Note that these potentials both have zeros at r = m/2 and that for r < m/2 only

the exponential Regge–Wheeler potential is of physical interest, (thanks to the horizon

at r = m/2 in the Schwarzschild metric). See Figure 3. The potential peaks are at

r =
(

1 + 1√
3

)
m and r = 3m

2
respectively. For the exponential metric there is also a

trough (a local minimum) at r =
(

1− 1√
3

)
m.
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Figure 3. The graph shows the spin zero Regge–Wheeler potential for ` = 0. While the
Regge–Wheeler potentials are not dissimilar for r > m/2, they are radically different once one
goes to small r < m/2, (where the Regge–Wheeler potential for Schwarzschild is only formal
since one is behind a horizon and cannot interact with the domain of outer communication).

8.2 Spin one

For the spin one vector field the {r−1s ∂2∗rs} term drops out; this can ultimately be traced

back to the conformal invariance of massless spin 1 particles in (3+1) dimensions. We

are left with the particularly simple result (` ≥ 1)

V1 =
e−4m/r`(`+ 1)

r2
. (8.17)

See related brief comments regarding conformal invariance in [54]. Note that this rises

from zero (r → 0) to some maximum at r = 2m, where V1 → `(`+1)
(2me)2

and then decays

back to zero (r →∞). The corresponding result for Schwarzschild spacetime is

V1,Sch =

(
1− m

2r

)2(
1 + m

2r

)6 `(`+ 1)

r2
. (8.18)

Note that this rises from zero (at r = m/2) to some maximum at r =
(

1 +
√
3
2

)
m,

where V1 → 2`(`+1)
27m2 , and then decays back to zero (r →∞). See Figure 4 for qualitative

features of the potential.
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Figure 4. The graph shows the spin one Regge–Wheeler potential for ` = 1. While the
Regge–Wheeler potentials are not dissimilar for r > m/2, they are radically different once one
goes to small r < m/2, (where the Regge–Wheeler potential for Schwarzschild is only formal
since one is behind a horizon and cannot interact with the domain of outer communication).

8.3 Spin two

For spin two, more precisely for spin 2 axial perturbations, (see [54]) one has (` ≥ 2)

V2 = e−2m/r
`(`+ 1)

r2s
− 3

∂2∗rs
rs

= e−4m/r
`(`+ 1)

r2
− 3

∂2∗rs
rs

= e−4m/r
[
`(`+ 1) + 3[(1−m/r)2 − 1]

r2

]
. (8.19)

The corresponding result for Schwarzschild spacetime is

V2,Sch =

(
1− m

2r

1 + m
2r

)2
[

`(`+ 1)

r2
(
1 + m

2r

)4 − 6m

r3
(
1 + m

2r

)6
]
. (8.20)

See Figure 5 for qualitative features of the potential.

– 17 –



Figure 5. The graph shows the spin two (axial) Regge–Wheeler potential for ` = 2. The
Regge–Wheeler potentials are somewhat dissimilar for r > m/2, and are radically different
once one goes to small r < m/2, (where the Regge–Wheeler potential for Schwarzschild is
only formal since one is behind a horizon and cannot interact with the domain of outer
communication).

9 GR interpretation for the exponential metric

While many of the proponents of the exponential metric have for one reason or another

been trying to build “alternatives” to standard general relativity, there is nevertheless

a relatively simple interpretation of the exponential metric within the framework of

standard general relativity and the standard Einstein equations, albeit with an “exotic”

matter source. The key starting point is to note:

Rab = −2m2

r4
diag{0, 1, 0, 0}ab = −1

2
∇a

(
2m

r

)
∇b

(
2m

r

)
= −1

2
∇aΦ∇bΦ. (9.1)

Equivalently

Gab = −1

2

{
∇aΦ∇bΦ−

1

2
gab (gcd∇cΦ∇dΦ)

}
. (9.2)

This is just the usual Einstein equation for a negative kinetic energy massless scalar

field, a “ghost” or “phantom” field. The contracted Bianchi identity Gab
;b then au-

tomatically yields the scalar field EOM (gab∇a∇b)Φ = 0. That the scalar field has

negative kinetic energy is intimately related to the fact that the exponential metric

describes a traversable wormhole [20, 24].
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So, perhaps ironically, despite the fact that many of the proponents of the exponential

metric for one reason or another reject general relativity, the exponential metric they

advocate has a straightforward if somewhat exotic general relativistic interpretation.1

10 Discussion

Regardless of one’s views regarding the merits of some of the “justifications” used for

advocating the exponential metric, the exponential metric can simply be viewed as a

phenomenological model that can be studied in its own right. Viewed in this way the

exponential metric has a number of interesting features:

• It is a traversable wormhole, with time slowed down on the other side of the

wormhole throat.

• Strong field lensing phenomena are markedly different from Schwarzschild.

• ISCOs and unstable photon orbits still exist, and are moderately shifted from

where they would be located in Schwarzschild spacetime.

• Regge–Wheeler potentials can still be extracted, and are moderately different

from what they would be in Schwarzschild spacetime.

Many of the proponents of the exponential metric are arguing for using it as a replace-

ment for the Schwarzschild geometry of general relativity — however typically without

any detailed assessment of the phenomenology. We strongly feel that if one wishes

to replace all the black hole candidates astronomers have identified with traversable

wormholes, then certainly a careful phenomenological analysis of this quite radical pro-

posal (somewhat along the lines above) should be carried out. Perhaps most ironically,

despite the fact that many of the proponents of the exponential metric reject gen-

eral relativity, the exponential metric has a natural interpretation in terms of general

relativity coupled to a phantom scalar field.

1It is also possible to interpret the exponential metric as a special sub-case of the Brans class IV
solution of Brans–Dicke theory, which in turn is a special case of the general spherical, asymptotically
flat, vacuum solution [64, 65]; in this context it is indeed known that some solutions admit a wormhole
throat, but that message seems not to have reached the wider community.
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[32] C. Barceló and M. Visser,

“Scalar fields, energy conditions, and traversable wormholes”,

Class. Quant. Grav. 17 (2000) 3843 doi:10.1088/0264-9381/17/18/318 [gr-qc/0003025].

[33] N. Dadhich, S. Kar, S. Mukherji and M. Visser,

“R = 0 space-times and self-dual Lorentzian wormholes”,

Phys. Rev. D 65 (2002) 064004 doi:10.1103/PhysRevD.65.064004 [gr-qc/0109069].

[34] M. Visser, S. Kar and N. Dadhich,

“Traversable wormholes with arbitrarily small energy condition violations”,

Phys. Rev. Lett. 90 (2003) 201102 doi:10.1103/PhysRevLett.90.201102 [gr-qc/0301003].

[35] J. P. S. Lemos, F. S. N. Lobo and S. Quinet de Oliveira,

“Morris-Thorne wormholes with a cosmological constant”,

Phys. Rev. D 68 (2003) 064004 doi:10.1103/PhysRevD.68.064004 [gr-qc/0302049].

[36] S. Kar, N. Dadhich and M. Visser,

“Quantifying energy condition violations in traversable wormholes”,

Pramana 63 (2004) 859 doi:10.1007/BF02705207 [gr-qc/0405103].

[37] F. S. N. Lobo, “Phantom energy traversable wormholes”,

Phys. Rev. D 71 (2005) 084011 doi:10.1103/PhysRevD.71.084011 [gr-qc/0502099].

– 22 –



[38] S. V. Sushkov, “Wormholes supported by a phantom energy”,

Phys. Rev. D 71 (2005) 043520 doi:10.1103/PhysRevD.71.043520 [gr-qc/0502084].

[39] N. M. Garcia, F. S. N. Lobo and M. Visser, “Generic spherically symmetric dynamic

thin-shell traversable wormholes in standard general relativity”, Phys. Rev. D 86

(2012) 044026 doi:10.1103/PhysRevD.86.044026 [arXiv:1112.2057 [gr-qc]].

[40] Biplab Bhawal and Sayan Kar, “Lorentzian wormholes in Einstein-Gauss-Bonnet

theory”, Phys. Rev. D 46 (1992) 2464-2468

[41] Raul E. Arias, Marcelo Botta Cantcheff, and Guillermo A. Silva, “Lorentzian AdS,

wormholes and holography”, Phys. Rev. D 83 (2011) 066015

[42] Ping Gao, Daniel Louis Jafferis, Aron C. Wall, “Traversable wormholes via a double

trace deformation”, JHEP 12 (2017) 151 doi:10.1007/JHEP12(2017)151

arXiv:1608.05687 [hep-th].

[43] Juan Maldacena, Douglas Stanford, Zhenbin Yang, “Diving into traversable

wormholes”, doi:10.1002/prop.201700034 arXiv:1704.05333 [hep-th].

[44] Felix Willenborg, Saskia Grunau, Burkhard Kleihaus, Jutta Kunz, “Geodesic motion

around traversable wormholes supported by a massless conformally-coupled scalar

field”, arXiv:1801.09769 [gr-qc].

[45] P.K. Sahoo, P.H.R.S. Moraes, Parbati Sahoo, G. Ribeiro, “Phantom fluid supporting

traversable wormholes in alternative gravity with extra material terms”,

arXiv:1802.02465 [gr-qc].

[46] Corless, R. M.; Gonnet, G. H.; Hare, D. E. G.; Jeffrey, D. J.; and Knuth, D. E.,

“On the Lambert W function”,

Advances in Computational Mathematics 5 (1996) 329–359. doi:10.1007/BF02124750.

[47] S. R. Valluri, D. J. Jeffrey, R. M. Corless,

“Some Applications of the Lambert W Function to Physics”,

Canadian Journal of Physics 78 (2000) 823–831, doi:10.1139/p00-065

[48] Alexandre Vial, “Fall with linear drag and Wien’s displacement law: approximate

solution and Lambert function”,

European Journal of Physics, 33 (2012) 751, doi:10.1088/0143-0807/33/4/751

[49] Seán M Stewart, “Wien peaks and the Lambert W function”,

Revista Brasileira de Ensino de F́ısica 33 (2011) 3308, www.sbfisica.org.br

[50] Seán M. Stewart, “Spectral peaks and Wien’s displacement law”,

Journal of Thermophysics and Heat Transfer, 26 (2012) 689–692. doi: 10.2514/1.T3789

[51] S. R. Valluri, M. Gil, D. J. Jeffrey, and Shantanu Basu,

“The Lambert W function and quantum statistics”,

Journal of Mathematical Physics 50 (2009) 102103, doi:10.1063/1.3230482

– 23 –



[52] Matt Visser, “Primes and the Lambert W function”, Mathematics 6(4) (2018) 56;

doi:10.3390/math6040056 [arXiv:1311.2324 [math.NT]].

[53] Petarpa Boonserm and Matt Visser,

“Bounding the greybody factors for Schwarzschild black holes”,

Phys. Rev. D 78 (2008) 101502 [arXiv:0806.2209 [gr-qc]].

[54] P. Boonserm, T. Ngampitipan and M. Visser,

“Regge–Wheeler equation, linear stability, and greybody factors for dirty black holes”,

Phys. Rev. D 88 (2013) 041502 doi:10.1103/PhysRevD.88.041502

[arXiv:1305.1416 [gr-qc]].
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Abstract In general relativity, greybody factor is a quan-
tity related to the quantum nature of a black hole. A high
value of greybody factor indicates a high probability that
Hawking radiation can reach infinity. Although general rel-
ativity is correct and has been successful in describing many
phenomena, there are some questions that general relativity
cannot answer. Therefore, general relativity is often modi-
fied to attain answers. One of the modifications is the ‘mas-
sive gravity’. The viable model of the massive gravity theory
belongs to de Rham, Gabadadze and Tolley (dRGT). In this
paper, we calculate the gravitational potential for the de Sit-
ter black hole and for the dRGT black hole. We also derive
the rigorous bound on the greybody factor for the de Sitter
black hole and the dRGT black hole. It is found that the struc-
ture of potentials determines how much the rigorous bound
on the greybody factor should be. That is, the higher the
potential, the lesser the bound on the greybody factor will
be. Moreover, we compare the greybody factor derived from
the rigorous bound with the greybody factor derived from
the matching technique. The result shows that the rigorous
bound is a true lower bound because it is less than the grey-
body factor obtained from the matching technique.

1 Introduction

General relativity was formulated in 1915. It offers profound
insights into the concept of gravity. General relativity has
succeeded in describing many gravitational phenomena such
as the gravitational deflection of light, gravitational radiation,
the anomalous perihelion of Mercury, and the behavior of
black holes.

According to cosmological observations, todays the uni-
verse is expanding with acceleration [1,2]. There are a num-

a e-mail: petarpa.boonserm@gmail.com
b e-mail: tritos.ngampitipan@gmail.com
c e-mail: pitbaa@gmail.com

ber of cosmological models accounting for this current accel-
eration. Among these models, the simplest one is the Lambda
cold dark matter (�CDM) model in which the cosmological
constant drives the acceleration of the universe. The model
assumes that general relativity is the correct theory of grav-
ity on cosmological scales. Although the �CDM model is
in excellent agreement with observations, the cosmologi-
cal constant itself encounters a theoretical problem that the
observational value of the cosmological constant is much
smaller than the theoretical one. It may be possible that gen-
eral relativity may not be the most suitable theory to describe
the universe on a large scale, at least on a scale larger than
the solar system. The dark side of the universe is evidence
that some modifications of general relativity at a large scale
is required [3].

Such modifications should be correct on the largest scale
and then reduce to general relativity on a smaller scale. One
of the candidates for such modifications is massive gravity.
Massive gravity is a theory of gravity in which a graviton
has a mass. The most successful theory of massive grav-
ity is popularly known by the de Rham–Gabadadze–Tolley
(dRGT) model [4,5]. Because of the Vainshtein mechanism,
adding mass to graviton keeps physics on a small scale equiv-
alent to general relativity, with some small corrections [6].
However, this leads to the modification of gravity on a larger
scale.

Regarding the cosmological solutions in the dRGT mas-
sive gravity theory, even though all the solutions cannot pro-
vide a viable cosmological model, for example, the solutions
do not admit flat-FLRW metric [7,8] or the model encoun-
ters instabilities [9–11], a class of solutions can provide a
viable cosmological model [12–14]. The solutions for the
dRGT massive gravity are not only investigated in a cos-
mological background, but also in a spherically symmetric
background [15]. For spherically symmetric solutions, the
black hole solutions have been investigated in both analyt-
ical [16–25] and non-analytical [26,27] forms, depending
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on the fiducial metric form. However, they still share the
same property, which is represented as an asymptotic AdS/dS
behavior.

A black hole can emit thermal radiation if the quantum
effects are considered. This thermal radiation is known as
Hawking radiation [28]. Hawking radiation propagates on
spacetime, which is curved by the black hole. The curva-
ture of spacetime acts as a gravitational potential. Therefore,
Hawking radiation is scattered from this potential. One part of
the Hawking radiation is reflected back into the black hole,
while the other part is transmitted to spatial infinity. The
transmission probability in this context is also known as the
greybody factor.

There are many methods to calculate the greybody factor.
For example, one can obtain an approximate greybody fac-
tor using the matching technique [29–31]. If the gravitational
potential is high enough, one can use the WKB approxima-
tion to derive the greybody factor [32–34]. Other than approx-
imation, the greybody factor can also be obtained using the
rigorous bound [35–37]. The bound can give a qualitative
description of a black hole.

In this work, we investigate the greybody factor using the
analytical black hole solution in dRGT massive gravity. In
Sect. 2, the structure of the horizons of the solution is ana-
lyzed in order to generate a suitable form for the analysis of
the properties of the greybody factor. In Sect. 3, the proper-
ties of the gravitational potential are investigated for both the
de Sitter black hole and dRGT black hole. The height of their
potentials are determined by the parameters of the model. In
Sect. 4, we derive the rigorous bound on the greybody factor,
and the reflection probability for the de Sitter black hole and
the dRGT black hole. The value of the rigorous bound on the
greybody factor corresponds to the structure of potentials.
In addition, the effects of the graviton mass, cosmological
constant and angular momentum quantum number on the
greybody factors will also be explored. Finally, concluding
remarks are provided in Sect. 5.

2 dRGT black hole background

In this section, we will review the main concept of the dRGT
massive gravity theory in the following manner [18]; the ana-
lytical solution of the modified Einstein equation due to the
graviton mass is first presented, and then the structure of the
horizons of the black hole in the dRGT massive gravity the-
ory is investigated. The theory of the dRGT massive gravity
is a covariant non-linear theory of massive gravity, which is
ghost free in the decoupling limit to all orders. The action of
the dRGT massive gravity model in four-dimensional space-
time can be expressed as

S =
∫

d4x
√−g

[M2
p

2
R[g] + m2

g(L2[g, f ] + α3L3[g, f ].

+α4L4[g, f ])
]
, (1)

where R is a Ricci scalar corresponding to a physical metric
gμν , m2

g to the square of the graviton mass, with Li s repre-
senting the interactions of the i th order of the massive gravi-
ton. In particular, those interactions of the massive gravi-
ton are constructed from two kinds of metrics and can be
expressed as follows,

L2[g, f ] = 1

2

(
[K]2 − [K2]

)
, (2)

L3[g, f ] = 1

3!
(
[K]3 − 3[K][K2] + 2[K3]

)
, (3)

L4[g, f ] = 1

4!
(
[K]4 − 6[K]2[K2] + 3[K2]2 + 8[K][K3]

−6[K4]
)

, (4)

where the rectangular brackets denote the traces. The tensor
Kμν is constructed from the physical metric gμν and the
fiducial metric fμν as

Kμ
ν = δμ

ν −
(√

g−1 f

)μ

ν

, (5)

where the square roots of those tensors are defined so that√
g−1 f

μ

ρ

√
g−1 f

ρ

ν = (
g−1 f

)μ

ν
. The fiducial metric is cho-

sen as [16,38,39]

fμν = diag(0, 0, c2, c2 sin2 θ), (6)

where c is a constant. It can be shown in [38] that the theory
of massive gravity with the choice of the singular fiducial
metric such as one in equation (6) is absent of Boulware–
Deser (BD) ghost. The static and spherically symmetric black
hole solution satisfying this theory can be written as [18]

ds2 = − f (r)dt2 + dr2

f (r)
+ r2dΩ2, (7)

where

f (r) = 1 − 2M

r
+ �

3
r2 + γ r + ζ, (8)

dΩ2 = dθ2 + sin2 θdφ2, and M is an integration constant
related to the mass of the black hole. The parameters above
can be written in terms of the original parameters as

� = 3m2
g (1 + α + β) , (9)

γ = −cm2
g (1 + 2α + 3β) , (10)

ζ = c2m2
g (α + 3β) , (11)
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and

α3 = α − 1

3
, α4 = β

4
+ 1 − α

12
. (12)

This solution contains various kinds of black hole solutions
found in literature. If mg = 0, the Schwarzschild solution is
recovered. In the case of c = 0, the solution reduces to the de
Sitter solution for 1+α+β < 0 and reduces to the anti-de Sit-
ter solution for 1+α+β > 0. Moreover, the global monopole
solution can be obtained by setting 1 + 2α + 3β = 0. Note
that the last term, the constant potential ζ , corresponds to the
global monopole term. A global monopole usually comes
from a topological defect in high energy physics of the early
universe resulting from a gauge-symmetry breaking [40–42].
However, in this solution, the global monopole is contributed
via the graviton mass. Note that the linear term γ r is a charac-
teristic term of this solution, distinguished from other solu-
tions found in literature. Next, we will consider the struc-
ture of the horizons of this solution. Since the solution is an
asymptotical AdS/dS solution, we first consider the structure
of the AdS/dS solution and then investigate the structure of
the horizons of the solution in the dRGT massive gravity
theory.

2.1 Horizon structure for AdS/dS-like solutions

It is important to note that one can choose c = 0. This
corresponds to trivial solutions since the interacting terms
(or graviton mass) become constant, which is inferred from
Kμ

ν = δ
μ
ν . Therefore, the action in Eq. (1) becomes the

Einstein–Hilbert action with cosmological constant. In order
to investigate the structure of the horizon, let us first consider
a simple case where c = 0. As a result, the function in the
metric solution becomes

f (r) = 1 − 2M

r
+ �

3
r2. (13)

From this function, one can see that f (r) → −∞ where
r → 0. In order to have two horizons, f must be increased
and then decreased where r is increased. This means that
f (r) → −∞ again when r → ∞. Therefore, in order to
obtain two horizons, � must be negative. This corresponds to
the de Sitter (dS) spacetime, while in the case of anti-de Sitter
(AdS) spacetime, � > 0, there exists only one horizon. Now
let us find the conditions for which there are two horizons for
the de Sitter spacetime, where � < 0. If two horizons exist,
the maximum value of f must be positive. The maximum
point of f can be found by solving f ′ = 0. As a result, the
maximum point is

rm =
(

−3M

�

)1/3

. (14)

Substituting this radius into f (r) in Eq. (13), the maximum
value of f can be written as

f (rm) =
(

−3M

�

)1/3

− 3M. (15)

By requiring f (rm) > 0, the condition for having two hori-
zons can be written as

− 1

9M2 < � < 0. (16)

In order to parameterize the solution properly, let us define a
dimensionless parameter as

α2
m = − 9�M2, (17)

where 0 < α2
m < 1. By using the dimensionless variable

r̄ = r/M , function f can be rewritten as

f (r̄) = 1 − 2

r̄
− α2

m

27
r̄2. (18)

In order to find the horizon, one has to solve the cubic equa-
tion;

r̄3 − 27

α2
m
r̄ + 54

α2
m

= 0. (19)

This cubic equation is known as the depressed cubic equation,
and the solution can be expressed as

r̄ = 6

αm
cos

[
1

3
cos−1

(
− αm

)
− 2πk

3

]
, (20)

where k = 0, 1, 2 for the three distinguished solutions. Since
0 < αm < 1, one can expand the sinusoidal function and then
keep only the significant contributions. As a result, for k = 2,
r̄ is negative, and for k = 1 and k = 0, the solutions can be
respectively approximated as

r̄1 ∼ 2, r̄2 ∼ 3
√

3

αm
− 1. (21)

Note that these solutions are well approximated when αm �
1. Actually, this approximation can be realized to satisfy the
cosmological solution in which the universe expands with
acceleration, since the observed value of � is very small
compared to the black hole mass. The behavior of the horizon
with various values of αm is shown in the left panel of Fig.
1.

For the AdS solution, � is positive. Therefore, one can
find the solution of the horizon by rewriting αm as αm =
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Fig. 1 The left panel shows the horizon structure of the de Sitter solu-
tion for the value of αm as αm = 0.5 (blue line), αm = 0.9 (black line)
and αm = 1.1 (red line). The right panel shows the horizon structure of
the AdS solution for the value of αm as αm = 0.5 (blue line), αm = 0.9
(black line) and αm = 1.1 (red line)

9�M2. By following the same steps from the de Sitter case,
the horizon in the AdS case can be written as

r̄ = 6

αm
sinh

[
1

3
sinh−1

(
αm

)]
. (22)

As we have discussed above, there exists only one horizon
for the AdS solution. This is valid for all values of αm as
show in the right panel of Fig. 1.

2.2 Horizon structure for the dRGT massive gravity
solutions

For the complete massive gravity solution, it is significantly
difficult and complicated to find the horizon analytically.
One of the conditions for having three horizons is that

� > 0. Therefore, we can separate our consideration into
two classes; the asymptotic AdS solutions for � > 0 and the
asymptotic de Sitter solution for � < 0 [43].

For the general solutions of the dRGT massive gravity,
the dimension-length parameter c is not set to be zero. This
means that we have to introduce a scale to the theory. It is
useful to work out the solution using dimensionless variable,
r̃ = r/c, and then find out what scale c would assume. As a
result, function f can be written in terms of a dimensionless
variable as

f (r̃) = 1 − 2M̃

r̃
+ αg

(
c2r̃

2 − c1r̃ + c0

)
, (23)

where

M̃ = M

c
, αg = m2

gc
2, c0 = α + 3β,

c1 = 1 + 2α + 3β, c2 = 1 + α + β. (24)

From this equation, it is sufficient to figure out that the scale
of c takes place at M̃ ∼ αg . Therefore, one can choose the
parameter c as

c = rV =
(

M

m2
g

)1/3

. (25)

This radius is well known as the Vainshtein radius [44,45].
The theory in which r < rV will approach GR, while the
theory in which r > rV , the modification of GR will be
active. The horizons can be found by solving for the solution
of r through the equation

αgc2r̃
3 − αgc1r̃

2 + (αgc0 + 1)r̃ − 2M̃ = 0. (26)

In order to find the conditions for having three horizons for
the AdS case and two horizons for the de Sitter case, let us
consider the extremum points of the function f using the
equation f ′ = 0 or

2αgc2r̃
3 − αgc1r̃

2 − 2M̃ = 0. (27)

This is the cubic equation. We can solve it by changing the
variables to obtain the depressed cubic equation and then
analyze the general solution to find the condition for having
two real positive roots for the AdS case and one real positive
root for the de Sitter case. As a result, one can constrain our
consideration to case c1 = 3(4c2

2)
1/3. Choosing this condi-

tion will guarantee one real positive root for the de Sitter case
as r̃dS = (−2c2)

−1/3 and two real positive roots for the AdS
case as r̃AdS1 = (2c2)

−1/3 and r̃AdS2 = (1 + √
3)(2c2)

−1/3.
For the asymptotic de Sitter solutions, f at the extremum

point can be written as

f (r̃dS) = 1 + c0αg − 9√
3
αg (−2c2)

1/3 . (28)
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In order to have two horizons, f (r̃dS) > 0. We can parame-
terize the parameter c0 such that

c0 = 9√
3

(−2c2)
1/3

βm
− 1

αg
. (29)

Therefore, the condition for having two horizons in the case
of de Sitter-like spacetime is

0 < βm < 1. (30)

By changing the cubic equation into the depressed cubic
equation, one can find the two real positive horizons as the
real roots of the depressed cubic equation as follows

r̃1 = 2

(−2c2)
1/3

[
X1/2 cos

(
1

3
sec−1 Y

)
− 1

]
, (31)

r̃2 = −2

(−2c2)
1/3

[
X1/2 cos

(
1

3
sec−1 Y + π

3

)
+ 1

]
, (32)

where

X = 2
√

3

βm
+ 4 and Y = −

√√
3

βm
+ 2

(
2
√

2βm + √
6
)

5βm + 3
√

3
. (33)

Our analysis can be checked using the numerical method as
shown in the left panel of Fig. 2. From this figure, one can
see that βm can parameterize the existence of two horizons.

Now we consider the asymptotic AdS solutions. The f at
the extremum points can be written as

f (r̃AdS1) = 1 + c0αg − 9

2
αg (2c2)

1/3 , (34)

f (r̃AdS2) = 1 + c0αg − 9√
3
αg (2c2)

1/3 . (35)

In order to have three horizons, we must have f (r̃AdS1) > 0
and f (r̃AdS2) < 0. By using the parameter of α0 in Eq. (29),
while changing c2 to −c2, the condition for having three
horizons can be written as

1 < βm <
2√
3
. (36)

By using the same step as done in the asymptotic de Sitter
case, the three real positive horizons for the AdS case can be
written as

r̃1 = 2

(2c2)
1/3

[
1 − x1/2 sin

(
1

3
sec−1 y + π

6

)]
, (37)

r̃2 = 2

(2c2)
1/3

[
1 − x1/2 cos

(
1

3
sec−1 y + π

3

)]
, (38)

r̃3 = 2

(2c2)
1/3

[
1 + x1/2 cos

(
1

3
sec−1 y

)]
. (39)

Fig. 2 The left panel shows the horizon structure of the asymptotic de
Sitter solution in dRGT massive gravity for the value of βm as βm = 0.8
(blue line), βm = 0.9 (black line) and βm = 1.1 (red line). The right
panel shows the horizon structure of the asymptotic AdS solution in
dRGT massive gravity for the value of βm as βm = 0.9 (blue line),
βm = 1.1 (black line) and αm = 1.3 (red line). We set parameters as
M = 1, αg = 1 and c2 = − 1 for the asymptotic de Sitter solution and
c2 = 1 for the asymptotic AdS solution

where

x = 4 − 2
√

3

βm
and y =

√
6 − 2

√
2βm(

3
√

3 − 5βm

) √
− βm√

3−2βm

. (40)

The numerical plot for these horizons is shown in the right
panel of Fig. 2. From this figure, one can see that the existence
of three horizons satisfy the condition 1 < βm < 2/

√
3

as we have analyzed. In the next section, we will use the
expression for the horizons derived in this section to analyze
the properties of the gravitational potential and the greybody
factor of the black hole.
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3 Equations of motion of massless scalar field

Classically, nothing can escape a black hole when approach-
ing it. However, when a quantum effect is considered, the
black hole can radiate. This radiation is known as Hawking
radiation. It is a blackbody spectrum of temperature

kT = h̄

4πrs
, (41)

where rs is the Schwarzschild radius. In this paper, we assume
that Hawking radiation is a massless scalar field. The mass-
less scalar field satisfies the Klein–Gordon equation

1√−g
∂μ

(√−ggμν∂νΦ
) = 0. (42)

We use the spherical coordinates. The solutions to the wave
equation in spherical coordinates are of the form

Φ(t, r,Ω) = eiωt
ψ(r)

r
Y�m(Ω), (43)

where Y�m(Ω) are spherical harmonics. The Klein– Gordon
equation becomes

ω2r2

f (r)
+ r

ψ(r)

d

dr

[
r2 f (r)

d

dr

(
ψ(r)

r

)]

+ 1

Y (Ω)

[
1

sin θ

∂

∂θ

(
sin θ

∂Y (Ω)

∂θ

)]

+ 1

sin2 θ

1

Y (Ω)

∂2Y (Ω)

∂φ2 = 0. (44)

The angular part satisfies

1

sin θ

∂

∂θ

(
sin θ

∂Y (Ω)

∂θ

)
+ 1

sin2 θ

∂2Y (Ω)

∂φ2

= − �(� + 1)Y (Ω), (45)

where � is the angular momentum quantum number. There-
fore, the Klein–Gordon equation (Eq. 44) is left with the
radial part

d2ψ(r)

dr2∗
+

[
ω2 − V (r)

]
ψ(r) = 0, (46)

where r∗ is the tortoise coordinate defined by

dr∗
dr

= 1

f (r)
(47)

and V (r) is the potential given by

V (r) = �(� + 1) f (r)

r2 + f (r) f ′(r)
r

. (48)

It can be expressed in terms of r̃ as

V (r̃) = �(� + 1) f (r̃)

c2r̃2 + f (r̃) f ′(r̃)
c2r̃

. (49)

Substituting the function f (r̃) from Eq. (23), we obtain

V (r̃) =
[

1 − 2M̃

r̃
+ αg

(
c2r̃

2 − c1r̃ + c0

)]

×
[

�(� + 1)

c2r̃2 + 1

c2r̃

[
2M̃

r̃2 + αg (2c2r̃ − c1)

]]
.

(50)

From the above equation, we can see that the potential is
high when the angular momentum quantum number is large.
Qualitatively, the leading contribution to the transmission
amplitude comes from the mode � = 0. Therefore, it is suf-
ficient to qualitatively analyze the potential for the case of
� = 0. When � = 0, the first term in Eq. (49) vanishes and
the second term is proportional to f f ′. Therefore, there are
three r̃ -intercepts resulting from f = 0 and f ′ = 0. This
behavior significantly differs from the Schwarzschild case,
which has only one r̃ -intercept as shown in the right panel of
Fig. 3.

For the de Sitter case, the potential can be obtained by
setting c1 = c0 = 0. As we have analyzed in Sect. 2.2, it is
convenient to change parameter as αgc2 = −α2

m/(27M̃2).
For this setting, the potential depends only on the parameter
αm . In the same strategy as the quantum theory, the shape of
the potential controls the transmission amplitude. Therefore,
it is worthwhile to consider the maximum value of the de
Sitter potential compared to the Schwarzschild potential. As
a result, the de Sitter potential for the � = 0 case can be
written as

c2VdS(r̃) = 1

r̃

(
1 − 2M̃

r̃
− α2

m

27M̃2
r̃2

)

×
(

2M̃

r̃2 − 2α2
m

27M̃2
r̃

)
. (51)

By solving r̃max via V ′
dS = 0 and then substituting the solu-

tion back into the above equation, one can find the maximum
value of the potential depending on only two parameters, M̃
and αm . The expression is significantly lengthy; we do not
present it in the current paper. In order to see the effect of
the graviton mass or the cosmological constant, one can fix
M̃ and then plot this expression via αm as shown in the left
panel of Fig. 3. Note that we also show the result for the � = 1
case in this figure. From this figure, one can see that Vmax

contributed from the de Sitter black hole is always less than
one from the Schwarzschild black hole. Clearly, the cosmo-
logical constant plays a role in reducing the local maximum
of the potential. The explicit form of the de Sitter potential
is plotted with various values of the cosmological constant
as shown in the right panel of Fig. 3. Note that we used the
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Fig. 3 The left panel shows the maximum potential for a de Sitter black
hole versus the model parameter αm with � = 0, � = 1, M̃ = αg = 0.1.
The right panel shows the potential for a de Sitter black hole with
different values of c2 compared to the Schwarzschild case; black-dotted
line for the Schwarzschild case, red line for c2 = − 1, blue line for
c2 = −2 and green line for c2 = − 3

parameter c2 instead of α2
m . This is convenient for comparing

the results with one from the case of the dRGT massive grav-
ity. Consequently, it might be expected that the transmission
amplitude due to the de Sitter black hole should be greater
than one in the Schwarzschild black hole. We will clarify this
issue explicitly in the next section.

The dRGT potential for � = 0 can explicitly be written as

VdRGT(r̃) = 1

c2r̃

[
1 − 2M̃

r̃
+ αgc2r̃

2 − 3 3
√

4c2
2αgr̃

+3
√

3αg
3
√−2c2

βm
− 1

]

×
(

2M̃

r̃2 + 2αgc2r̃ − 3 3
√

4c2
2αgr̃

)
. (52)

Fig. 4 The left panel shows the maximum of dRGT potential with � =
0, M̃ = 0.1, αg = 0.1, c = 1, and c2 = − 1. The right panel shows the
dRGT potential with � = 0, M̃ = 0.1, αg = 0.1, c = 1, and c2 = − 1

By employing the same strategy as used in the de Sitter case,
we found that the leading term of Vmax is proportional to
Vmax ∝ 1/βm . By fixing c2 = − 1, we have illustrated the
explicit behavior of the peak of the potential in the left panel
of Fig. 4. We can explicitly see that Vmax increases as βm

decreases. Moreover, the de Sitter potential and the dRGT
potential with various values of βm are plotted as shown in the
right panel of Fig. 4. It shows that both the de Sitter potential
and the dRGT potential increase with radial distance from
the black hole. After that, they decrease with radial distance
to reach the relative lowest point and then turn to increase
again.

In [46], the maximum points of the potentials are not cho-
sen to be equal. We consider this point here. The equality of
the maximum points allows us to draw conclusions regard-
ing how high the rigorous bounds on the greybody factors
for different types of black holes are. At the highest point,
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Fig. 5 The left panel shows the maximum dRGT potential with � = 0,
M̃ = 0.1, αg = 0.1, c = 1, and βm = 0.565375. The right panel shows the
dRGT potential with � = 0, M̃ = 0.1, αg = 0.1, c = 1, and βm = 0.565375

the derivative of the potential is zero. For � = 0, we obtain

V ′(r̃) = 1

c2

r̃ f (r̃) f ′′(r̃) + r̃ [ f ′(r̃)]2 − f (r̃) f ′(r̃)
r̃2 . (53)

The solution of V ′(r̃) = 0 is not shown here. We find that the
equality of the peak of the potentials occur atβm = 0.565375.
Moreover, the effects of parameter c2 are shown in Fig. 5.

To see the effect of the parameter c2 on the potential, let us
fix βm = βmc. The peak of the potential is plotted as shown
in the left panel of Fig. 5. The potential is also plotted with
various values of c2 as shown in the right panel of Fig. 5. The
parameter c2 characterizes the strength of the graviton mass.
Therefore, the graviton mass will enhance the potential in
contrast to the effect of the cosmological constant in the de
Sitter black hole.

In this section, we explore the behavior of the gravitational
potential for both the de Sitter black hole and the dRGT black
hole of a massless scalar field. By making a comparison with
the potential in the Schwarzschild black hole, we found that
the local maximum of the de Sitter potential is always less
than one of the Schwarzschild potential. For the dRGT black
hole, the local maximum of the potential depend on the model
parameters; βm characterizing the existence of two horizon
(0 < βm < 1) and c2 characterizing the strength of the
graviton mass. In contrast to the de Sitter potential, we found
that the local maximum of the dRGT potential will be larger
than ones for the Schwarzschild and the de Sitter potential by
setting parameter βm � 1 or c2 � − 1. In the same fashion
as quantum theory, the shape of the potential has an effect
on the transmission amplitude or the the greybody factor in
this context. We will use the information of the potential
to analyze the behavior of the greybody factor in the next
section.

4 The rigorous bounds on the greybody factors

From a classical point of view, a black hole is believed to be
black because nothing, when having entered the black hole,
can escape, not even light. From a quantum point of view,
however, a black hole is no longer considered ‘black’ since
it has been proven to emit a type of thermal radiation known
as Hawking radiation. At the event horizon of a black hole,
Hawking radiation is exactly a blackbody spectrum. While
Hawking radiation propagates out from the event horizon, it
is, however, modified by the spacetime curvature generated
by its black hole source. Thus, an observer at an infinite
distance observes the modified form of Hawking radiation,
which is different from the original Hawking radiation at
the event horizon. This difference can be measured by the
so-called greybody factor.

In this section, a greybody factor will be obtained using the
rigorous bound [35–37,47]. The bound can give a qualitative
description of a black hole. It is applied to various types
of black holes such as a Schwarzschild black hole [48], a
non-rotating black hole [49], a dirty black hole [50], a Kerr-
Newman black hole [51], a Myers–Perry black hole [52],
and a dRGT black hole [46]. The rigorous bounds on the
greybody factors are given by

T ≥ sech2
(∫ ∞

−∞
ϑdr∗

)
, (54)

where

ϑ =
√

[h′(r∗)]2 + [
ω2 − V (r∗) − h2(r∗)

]2

2h(r∗)
, (55)
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where h(r∗) is a positive function satisfying h(−∞) =
h(∞) = ω. See [35] for more details. We select h = ω.
Therefore,

T ≥ sech2
(

1

2ω

∫ ∞

−∞
|V |dr∗

)
. (56)

4.1 de Sitter black holes

To obtain the rigorous bound, we use the potential derived in
the previous section. For de Sitter black holes, the potential
is given by Eq. (50), with c1 = c0 = 0. Substituting this
potential into Eq. (56), we obtain the rigorous bounds on the
greybody factors

T ≥ Tb = sech2
[

1

2ωc

{
�(� + 1)

(
1

r̃H
− 1

R̃H

)

+M̃

(
1

r̃2
H

− 1

R̃2
H

)
+ 2αgc2

(
R̃H − r̃H

)}]
.

(57)

The rigorous bounds on the reflection probabilities are given
by

R ≤ tanh2
[

1

2ωc

{
�(� + 1)

(
1

r̃H
− 1

R̃H

)

+M̃

(
1

r̃2
H

− 1

R̃2
H

)
+ 2αgc2

(
R̃H − r̃H

)}]
, (58)

where, from Eq. (20), r̃H and R̃H are given by

r̃H = 6M̃

αm
cos

[
1

3
cos−1

(
− αm

)
− 2π

3

]
(59)

R̃H = 6M̃

αm
cos

[
1

3
cos−1

(
− αm

)]
. (60)

Since r̃H and R̃H depend on parameters M̃ and αm , the
structure of Tb depends on the strength of the cosmologi-
cal constant through the parameter αm . To see the effect of
the cosmological constant qualitatively, let us consider the
case αm � 1, which means that the effect of the cosmolog-
ical constant is a correction to the Schwarzschild case. As a
result, the horizons can be approximated as

r̃H ∼ 2M̃, R̃H ∼
(

3
√

3

αm
− 1

)
M̃ . (61)

By substituting these results into Eq. (57), the rigorous bound
on the greybody factor for a de Sitter black hole can be

approximated as

Tb = sech2
[

1

2ωc

{
�(� + 1)

r̃H

(
1 − 2|αm |

3
√

3

)

+ M̃

r2
H

(
1 − 4α2

m

27

)
− 2

√
3|αm |

9M̃

}]
. (62)

From this equation, one can see that if αm = 0, the bound
for Schwarzschild is recovered. Moreover, for αm �= 0, the
cosmological constant provides a negative correction to the
Schwarzschild bound. Therefore, the greybody factor for the
de Sitter black hole is greater than one for the Schwarzschild
black hole. This is also consistent with the behavior of the
potential, since the local maximum of the potential in the de
Sitter black hole is always less than one in the Schwarzschild
black hole. To confirm this result, we also used a numerical
method to show that Tb(dS) ≥ Tb(Sch) by plotting Tb with
various values of c2 as illustrated in the left panel of Fig. 6.

The rigorous bound on the greybody factor is useful in
any problem, especially in qualitative work. Moreover, the
rigorous bound is accurate and its method of derivation is
simpler than any other method such as the approximation
derived from the matching technique. To see this, let us com-
pare the rigorous bound with the matching technique. The
analytical approximation from the matching technique in the
low frequency limit for � = 0 is given by [53,54]

Tapp = 4(κrH )2
(

1 + ω2

κ2

)
= 4(κcr̃H )2

(
1 + ω2

κ2

)
, (63)

where κ2 = −αgc2/c2. The rigorous bound on the greybody
factor and the approximation are plotted as shown in the right
panel of Fig. 6. The graph shows that the rigorous bound is
less than the approximation, which satisfies the inequality
(57).

4.2 dRGT black holes

For dRGT black holes, the potential is given by Eq. (50). Sub-
stituting this potential into Eq. (56), we obtain the rigorous
bounds on the greybody factors

T ≥ sech2
[

1

2ωc

{
�(� + 1)

(
1

r̃H
− 1

R̃H

)

+M̃

(
1

r̃2
H

− 1

R̃2
H

)
+ 2αgc2

(
R̃H − r̃H

)

−αgc1 ln

∣∣∣∣∣
R̃H

r̃H

∣∣∣∣∣
}]

. (64)
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Fig. 6 The left panel shows a comparison between the rigorous bound
on the greybody factor for a de Sitter black hole and a Schwarzschild
black hole with � = 0, c = 1, and M̃ = αg = 0.1. The right panel shows
a comparison between the rigorous bound on the greybody factor and
the approximation with � = 0, c = 1, c2 = − 1 and M̃ = αg = 0.1

The rigorous bounds on the reflection probabilities are given
by

R ≤ tanh2
[

1

2ωc

{
�(� + 1)

(
1

r̃H
− 1

R̃H

)

+M̃

(
1

r̃2
H

− 1

R̃2
H

)
+ 2αgc2

(
R̃H − r̃H

)

−αgc1 ln

∣∣∣∣∣
R̃H

r̃H

∣∣∣∣∣
}]

, (65)

where, from Eqs. (31) and (32), r̃H = r̃dS1 and R̃H = r̃dS2

are given by

r̃dS1 = −2

(−2c2)
1/3

[
X1/2 cos

(
1

3
sec−1 Y + π

3

)
+ 1

]
, (66)

r̃dS2 = 2

(−2c2)
1/3

[
X1/2 cos

(
1

3
sec−1 Y

)
− 1

]
. (67)

From Eq. (64), we find that the rigorous bound on the grey-
body factor in massive gravity crucially depends on two
parameters, c1 and c2, which determines how the structure of
the graviton mass affects the bound. As we have discussed in
Sect. 3, the parameter c1 must be positive in order to have two
horizons. Therefore, the last term in Eq. (64) always provides
the negative correction to the bound, so that, for the poten-
tials with the same height, the bound from the dRGT black
hole is always larger than the bound from the de Sitter black
hole. Moreover, this behavior can be qualitatively expressed
by analyzing the potential for both cases. From Fig. 4, for
the potentials with the same height, the potential from the
dRGT case is always thinner than one from the de Sitter
case. Therefore, the transmission amplitude for the dRGT
case is always greater than one for the de Sitter case as seen
in the left panel of Fig. 7. As we have analyzed earlier, the
height of the potential can be controlled by two parameters,
βm and c2. Now let us figure out how the parameters affect
the dRGT bound compared to the de Sitter bound.

By fixing c2, one can see that the bound crucially depends
on |R̃H − r̃H |, which is proportional to 1/βm . Therefore, one
finds that the larger the value of βm , the higher is the value of
the bound. This can be seen explicitly by numerically plotting
Tb with various values of βm as illustrated in the right panel of
Fig. 7. Moreover, this behavior can also be seen by analyzing
the potential. From Fig. 4, we found that the larger the value
of βm , the lower is the peak of the potential. Therefore, one
finds that the larger the value of βm , the higher is the value
of the bound.

In terms of fixing βm , one can see that the maximum value
of the potential decreases when |c2| decreases as such that
the bound will increase when |c2| decreases as shown in
the left panel of Fig. 8. Moreover, to compare the bound
from the dRGT black hole to one from the de Sitter and the
Schwarzschild black hole, we also plot the bound by fix-
ing ω as seen in the right panel of Fig. 8. From this figure,
we found that the bound from the dRGT black hole can be
larger or smaller than ones from both the de Sitter and the
Schwarzschild black holes, depending on c2. On the other
hand, the bound from the de Sitter black hole is always larger
than the bound from the Schwarzschild black hole. Therefore,
it is found that there is more room for the dRGT black hole
to increase or decrease the greybody factor.

5 Conclusion

In this paper, we obtain the gravitational potential from
Schwarzschild black holes, de Sitter black holes, and dRGT
black holes. We also derive the rigorous bound on the grey-
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Fig. 7 The left panel shows a comparison of the rigorous bound of
greybody factor for the dRGT and the de Sitter black holes with �

= 0, M̃ = αg = 0.1, while the parameter βm is chosen to have the
same height of potential. The right panel shows the rigorous bound for
c2 = − 1

body factor for the de Sitter black hole and the dRGT black
hole. It is found that the structure of potentials determines
how much the rigorous bound on the greybody factor should
be. Since Vmax contributed from a de Sitter black hole is
always less than one in a Schwarzschild black hole, the
bound for a de Sitter black hole is greater than one for
a Schwarzschild black hole. In case of potentials with the
same height, the result shows that the bound from a dRGT
black hole is always larger than the bound from a de Sit-
ter black hole. Otherwise, the bound from a dRGT black
hole can be larger or smaller than ones from both de Sit-
ter and Schwarzschild black holes due to different effects
of the parameter c2 on de Sitter and dRGT spacetimes. Fur-
thermore, we compare the greybody factor derived from the

Fig. 8 The left panel shows the effect of parameter c2 on the rigorous
bound on the greybody factor for a dRGT black hole with � = 0, M̃ = αg
= 0.1, and βm = 0.565375. The right panel shows a comparison of the
rigorous bound on the greybody factor for a dRGT black hole with
M̃ = αg = 0.1, ω = 1, and βm = 0.565375

rigorous bound with the greybody factor derived from the
matching technique. The results show that the greybody fac-
tor obtained from the rigorous bound is less than the one
from the matching technique, which means that the rigorous
bound is a true lower bound.
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gr-qc/0607001], we defornled TOY in terms of oPe and oPe, and we found a new physical and 

mathematical interpretation for the TOY equation. In this work, we cannot use the perfect fluid 

constrains because of the electromagnetic field and the massless scalar field within this object. The 

TOY equation was thus generalized to involve the electromagnetic and the scalar fields. This model 

is close to the realistic objects in our universe such as a neutron star. In this paper, we consider the 

modified TOY equation for Schwarzschild coordinates in a special case. The density is considered 
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Abstract: The Tolman-Oppenheimer-Volkov (TOV) equation describes the interior properties of spherical static perfect fluid 

object as a relationship between two physical observables - pressure and density. For a fluid sphere object, which contains 

electric charge, magnetic field, and scalar field, the pressure becomes anisotropic. In the previous article [Phys. Rev. D 76 (2007) 

044024; gr-qc/0607001], we deformed TOV in terms of ���  and ��� , and we found a new physical and mathematical 

interpretation for the TOV equation. In this work, we cannot use the perfect fluid constrains because of the electromagnetic field 

and the massless scalar field within this object. The TOV equation was thus generalized to involve the electromagnetic and the 

scalar fields. This model is close to the realistic objects in our universe such as a neutron star. In this paper, we consider the 

modified TOV equation for Schwarzschild coordinates in a special case. The density is considered as a constant and the scalar 

field is considered absent. On the general model of the TOV equation, the pressure is expressed in terms of radius. However, this 

model shows that pressure is affected by electric charge. Moreover, we also calculate the rigorous bound on the transmission 

probability for the Tolman-Bayin type of charged fluid sphere. 

Keywords: General Relativity, Modified TOV Equation, Charge Anisotropy, Transmission Probability 

 

1. Introduction 

Several general relativistic isotropic stars can be modeled 

by perfect fluid spheres [1-2]. A perfect fluid is one with no 

viscosity, shear stresses, or heat conduction. It is one of the 

exact solutions to the Einstein’s field equation, which is the 

core equation of general relativity established by Einstein in 

1915. A perfect fluid, as a solution to the Einstein’s field 

equation, interests physicists because the equation seems 

impossible to be solved exactly. Therefore, solving for a 

perfect fluid poses a great challenge. Several perfect fluid 

sphere solutions have been generated in literature by directly 

solving Einstein’s equation. These known solutions can also, 

alternatively, be generated by algorithmic techniques [2]. One 

of the algorithmic techniques is the solution generating 

theorem [3]. These generating theorems can produce new 

solutions for perfect fluid spheres without directly solving the 

Einstein’s field equation. Sometimes, already known solutions 

are recovered. Sometimes, new (previously unknown) 

solutions are obtained. Moreover, these theorems can also be 

used as criteria to classify metrics into seed and non-seed 

metrics [3]. Furthermore, by rewriting theses theorems in 

terms of pressure and density, we obtain new solutions for the 

Tolman–Oppenheimer–Volkov (TOV) equation [4]. When 

charges are added into perfect fluid spheres, new features arise. 

These charges make the fluid spheres anisotropic. Anisotropic 

spheres can be used as models for many charged stars [10]. 

Moreover, the charges can change the pressure and density 

profile of stars [4]. The scalar field can also make fluid spheres 

anisotropic [5]. With charge and scalar field, a generalized 

TOV equation is formed [10]. In this project, generating 

theorems will be developed for anisotropic spheres. Following 
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development, the generating theorems will be applied to some 

known anisotropic spheres. The solution generating theorems 

for perfect fluid spheres can be found in reference [3]. These 

theorems facilitate us in terms of not having to solve the 

Einstein's field equation directly to obtain new solutions.  

For the solution generating theorems, the theorem 

transformations are based on spacetime geometry. But as for 

physical measurements, an object can more easily be observed 

in terms of mass and energy rather than the geometry of 

spacetime around it. Because the object’s matter can be 

expressed by energy-momentum-stress tensor in terms of 

pressure and density, the solution generating theorems should 

be applied on the physical observables: pressure and density. 

In addition, this paper is based on general relativity. One of the 

exact solutions to Einstein’s equation is a perfect fluid sphere. 

Perfect fluid spheres can be made anisotropic by the existence 

of charge and scalar field. This consequently results in a more 

complicated form of the Einstein’s equation, which is 

evidently more difficult to solve. 

The relationship between the pressure and density profile is 

given in the Tolman-Oppenheimer-Volkov [TOV] equation [4]; 

��(�)�� = − �
(�)��(�)���(�)����(�)����������(�)� � ,         (1) 

��(�)�� = 4��(�)��.               (2) 

These equations are inertia solution of static perfect fluid 

sphere objects, which are derived from the Schwarzschild 

metric. For the two physical observables, it is also easy to 

check for physical reasonableness of the quantities. Assuming 

that we obtain the pressure �!  and the density �! , we can 

transform them to new solutions in terms of � + ��  and � + ��, and take the TOV equation as a Riccati equation. 

Referring to the article by P. Boonserm et al. [4], the 

solution generating theorems for the TOV equation has been 

developed as follows.  

Theorem (P1) [4]. Let �!(�)  and �!(�)  solve the TOV 

equation, and hold #!(�) = 4� $ �!(�)��%� as fixed. Define 

an auxiliary function &!(�) by 

&! = �'(�)����'(�)���������'(�)/�� .               (3) 

Then the general solution to the TOV equation is �(�) =�!(�) + ��(�) where 

��(�) = )�*+����'/� -.�/�� $ 0'���' 1����)�* $ 2+23��'/� -.�/�� $ 0'���' 1����' ,     (4) 

where ��� is the shift in the central pressure. 

Theorem (P2) [4]. Let �!(�)  and �!(�)  solve the TOV 

equation, and hold &! fixed, such that  

&! = �'(�)����'(�)���������'(�)/�� = �(�)����(�)���������(�)/�� .        (5) 

Then the general solution to the TOV equation is given by �(�) = �!(�) + ��(�) and #(�) = #!(�) + �#(�) where 

�#(�) = ����)
*4����0'�� 56� /2 $ &! ���0'���0' %�1,      (6) 

and  

��(�) = − )����� ��8��'������'/� .            (7) 

Here ��� is the shift in the central density. By explicitly 

combining these formulae we have 

��(�) = ����1 + �&!�� 1 + 8��!��1 − ��'�   
∗ 56� <2 = &! 1 − �&!1 + �&! %��

! >, 
and 

��(�) = − 1�� %%� ? ��(�)�41 + 2�&!(�)@. 
2. Charged Fluid Spheres 

2.1. Anisotropic Fluid Spheres and Generalized TOV 

Equation 

The perfect fluid sphere possesses key properties such as 

the isotropy of pressure with no viscosity, shear stresses, or 

heat conduction. Using perfect fluid spheres, stars in our 

universe can be modeled. If charges are added to a perfect 

fluid sphere, the latter becomes anisotropic. An anisotropic 

sphere can also be made by a scalar field. Perfect fluid spheres 

are the first approximation of solution for many objects. 

However, there are also many other spherical objects that do 

not fit the properties of perfect fluid spheres. One kind of such 

object is a neutron star. The radial pressure of the stars differs 

from the transverse pressure. The applied idea for these stars is 

referred to as anisotropic fluid spheres.  

ABCDE = F� 0 0 00 �� 0 00 0 �H 00 0 0 �H
I. 

We define new solution of charged fluid spheres as the 

metric of spacetime 

%J� = −K!(�)�%L� + ���M'(�) + ��%N�        (8) 

or with the notation OK!, P!Q by setting R�̂�̂ − RTUTU = 8�V, 
where ∆ is an arbitrary function in terms of radius r. The 

Einstein’s tensors were written in a non-coordinate form, 

which represents an observer’s view of physical quantities. 

2.2. Modeling Static Anisotropy 

For describing the inertia properties of anisotropy, we need 
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to modify the new energy momentum stress tensor for 

anisotropy. It can be modeled in terms of a linear combination 

of the “perfect fluid”, “electromagnetic field”, and “massless 

scalar field”, 

From the definition [10], the tensor for perfect fluid spheres 

is 

AXBD = Y�X + �XZ [B[D + �X&BD . 
The tensor for electromagnetic field is 

A-�BD 
 \B�&��\D� � 14 &BD�\��\��	. 
The tensor for (minimally coupled) massless scalar field is 

A]BD 
 ^;B^;D � 12 &BD`&�� ;̂�^;�a. 
Using the covariant conservation of total stress energy, ABD;D = 0, we obtain a relation of perfect fluid density with 

pressure, scalar field, and the field strength tensor of the 

electromagnetic field  

`�X " �Xa[B;D[D " &BD Yb�Xc;D " d]^;DZ � \BD�d-�[D	 
 0, 
After we obtain the equation of anisotropy in terms of 

pressure and density, we have to assume that the equation must 

be equivalent to the TOV equation.  

This is the modified TOV equation [10] 

��e�� 
 � b
e��ec����	����e���
���������	� �             (9) 

� d-�f
g1 � ����	�

� d] %%̂� , 
���� 
 4���� 
 4�`�X " �-� " �]a��,      (10) 

where �X , �-� , �] , d-� , d] , and ^ represent perfect fluid 

density, electromagnetic density, electromagnetic charge, and 

the massless scalar charge and field, respectively.  

3. The Effect of Charge on Pressure 

3.1. Special Case: When h Is Constant and ij Is Zero 

In this case, the generalized TOV equation becomes 

��e�� 
 � b
e��ecb���	����e��c
���������	� � � kl�m

g������	�
,      (11) 

supplemented with 

���� 
 4���� 
 4�`�X " �-�a��.         (12) 

Integrating the above equation, we obtain 

#��	 
 �4 ���4.                (13) 

Substituting #��	 into the generalized TOV equation, we 

can numerically solve for �X as shown in Figure 2. 

 

Figure 1. The fluid pressure as a function of radius. 

3.2. The Effect Between Charge and Pressure 

In this part, we will investigate how the charge affects the 

pressure in an anisotropic fluid sphere. From equation (11), 

we set the mass, density, and electric field fixed, and vary the 

charge density in order to examine how the pressure changes. 

The effect of charge on pressure is shown in the Table 1. 

Table 1. This table shows the effect of charged density on pressure for 

generalized TOV equation in special case �� 
 nopJLqpL	. 
Charge density (C/m3) Pressure (N/m2) 

1 4.08r1028 

2r1011 7.25r1029 

3r1011 1.08r1030 

4r1011 2.00r1030 

5r1011 1.84r1030 

From the table, we can see that when the charge density 

increases, the pressure also increases. The charge causes the 

pressure to increase. Anisotropic fluid sphere has a pressure 

greater than that of perfect fluid sphere for equal mass, 

density, and electric field. For example, we compare the case 

of d-� 
 10�� kg/m4  with the case of d-� 
 5 r10��kg/m4 as shown in Figures 2 and 3, respectively. 

 

Figure 2. The fluid pressure for d-� 
 10�� kg/m3  
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Figure 3. The fluid pressure for d-� 
 5 r 10�� kg/m3. 
From these graphs, we can see that when the charge is 

denser, the fluid pressure increases. In this case, when the 

charge density increases by 5 times, the pressure can increase 

by a 100 times. Moreover, the effect of fluid density on 

pressure is also investigated, as shown in Table 2. 

Table 2. This table shows the effect of fluid density on pressure for 

generalized TOV equation in special case �� 
 nopJLqpL	. 
Density (kg/m3) Pressure (N/m2) 

1r1012 4.08r1028 

1.1r1012 6.28r1028 

1.2r1012 1.04r1029 

1.3r1012 2.07r1029 

1.4r1012 9.47r1029 

Similarly, when the fluid density increases, the pressure 

also increases. This means that the denser charged stars have 

a pressure greater than the less compact stars. 

 

Figure 4. The fluid pressure for �X 
 10�� kg/m3. 

 

Figure 5. The fluid pressure for �X 
 1.2 r 10�� kg/m3. 
Figures 4 and 5 show the effect of fluid density on pressure. 

We can see that when the fluid density increases by 1.2 times, 

the pressure can increase by approximately 100 times. 

Moreover, when the radius decreases, the pressure increases. 

That is the center of star has the highest pressure. 

4. The Transmission and Reflection 

Probabilities for Tolman-Bayin Type of 

Anisotropic Fluid Sphere 

4.1. The Transmission Probability 

Referring to P. Boonserm, and M Visser [23], we use a 

similar concept to find the transmission and reflection 

probabilities for the Tolman-Bayin type of charged fluid 

sphere.  

The wave that can be observed by an observer away from a 

black hole is the only transmitted wave. The incident wave is a 

blackbody radiation because a black hole is a blackbody. 

However, the transmitted wave is no longer a blackbody 

radiation due to the modification from the curvature of 

spacetime. We call the transmitted wave as a greybody 

radiation. The transmission probability is called the greybody 

factor for black hole systems. The greybody factor is a 

quantity containing information about the percentage of 

Hawking radiation that can reach infinity. In addition, we can 

derive the greybody factor by solving the Schrodinger-like 

equation. However, we cannot, in general, find the exact 

solutions [23-25]. 

For the static, spherically symmetric background, the 

metric takes the form [10, 26] 

%J� 
 K!��	�%L� � ���
M'��	 � ��%N�.        (14) 

Substituting in the Einstein’s field equation and performing 

some manipulation, we obtain [26] 

�x�� 
 ?+M'�� ��� y �+M'z � 2{'��
�� @ " +P! ��� y �+M'z | � |�� " �}�

M'�~ , (15) 
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where 

| 
 �'���	��'��	.                  (16) 

Matching this interior solution with the exterior 

Reissner-Nordstrom at r = a, we assume the total charge to be 

��q	 
 �q� ,                (17) 

where K is constant. Moreover, we can find total 

gravitational mass 

# 
 �B�����	��}�
���������	B .             (18) 

For simplicity, we are interested in the case n = 0. So we 

obtain 

K!� 
 1 � ��B " }�
B� .             (19) 

P! 
 1 � ��B " }�
B� 
 1 � �}�

B� .        (20) 

In the presence of a scalar field, it is possible for 

anisotropic fluid sphere to radiate scalar waves. Therefore, 

we can find the transmission probability of the scalar waves 

in propagating to a distant place, or spatial infinity. In [24, 

27], the rigorous bound on the transmission probability was 

calculated for the Myers-Perry black hole. In this paper, we 

study the Tolman-Bayin type of charged fluid sphere, which 

takes the form [26] 

%J� 
 Y1 � ��B " }�
B�Z� %L� � Y1 " }�

B�Z�� %�� � ��%N�. (21) 

The rigorous bound on the transmission probability is 

given by [24-25] 

A � J5n�� � ��� $ [���	%�;��� �.            (22) 

For the Tolman-Bayin type of charged fluid sphere, the 

potential takes the form 

[��	 
 �����	�� Y1 � ��B " }�
B�Z�

          (23) 

and the tortoise coordinate is given by 

��;�� 
 �
y����� �����zy������� z .             (24) 

Therefore, the rigorous bounds on the transmission 

probability is 

A � J5n�� � 12� = ��� " 1	�� ?1 � 2#q " ��q�@� %�;
�

��
� 


 J5n�� � 12� = ��� " 1	��
1 � ��B " }�

B�1 � �}�
B�

%��
�'

� 


 J5n�� � 12� = ��� " 1	�� q� � 2#q " ��q� � 2�� %��
�'

� 


 J5n�� � 12� ��� " 1	 q� � 2#q " ��q� � 2�� y� 1�z�'
�� 


 J5n�� � ��� ��� " 1	 B����B�}�
B���}� Y ��'Z�.      (25) 

The rigorous bound on the transmission probability is 

plotted with � as shown in Figure 6. 

 

Figure 6. The rigorous bound on the transmission probability as a function 

of �.  

From the graph, we can see that the rigorous bound on the 

transmission probability increases as the wave’s energy 

increases. This means that the waves with higher energy can 

penetrate to spatial infinity with a higher probability than 

lower energy waves. 

4.2. The Reflection Probability 

From the law of conservation, the relationship between the 

reflection probability and the transmission probability 

satisfies [25] 

� " A 
 1.                  (26) 

Therefore, for the given transmission probability, the 

reflection probability can be obtained 

� 
 1 � A 
 1 � J5n�� � ��� ��� " 1	 B����B�}�
B���}� Y ��'Z�. (27) 

The rigorous bound on the reflection probability is plotted 

with ω as shown in Figure 7. 
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Figure 7. The rigorous bound on the reflection probability as a function of ω. 

From Figure 7, we can see that the rigorous bound on 

reflection probability decreases with increasing wave energy. 

This relationship is an inverse of the relationship associated 

with the transmission probability. That is, the increase in the 

rigorous bound on reflection probability corresponds to the 

decrease in the rigorous bound on transmission probability, 

satisfying the law of conservation within the equation (26). 

5. Conclusion 

In this paper, we derived the generalized TOV equation for 

anisotropic fluid sphere. We investigated the effect of charge 

on pressure in the absence of a scalar field, and with a 

constant charge density. The result shows that the presence of 

charge can add to the pressure of charged stars. Moreover, a 

denser star has more pressure than the less compact stars. 

Finally, we calculated the rigorous bound on the transmission 

probability and the reflection probability for the 

Tolman-Bayin type of charged fluid sphere. We found that 

high energy waves have a higher probability in reaching 

spatial infinity than low energy waves. 

For future work, spherical objects in reality can be more 

easily observed in terms of pressure and density. Therefore, 

building a solution generating theorem in terms of pressure 

and density allows us to gain a clear understanding of star-like 

object. In this work, the solution generating theorem algorithm 

is applied to the generalized TOV equation. We can find new 

solutions from the theorems. Moreover, the type of solutions 

can also be classified by the theorems. We can also see the 

interrelationship between the anisotropic solutions. 
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Abstract—The Einstein field equation describes the relationship
between spacetime geometry and matter (or energy). In general,
the equation cannot be solved because of its extreme complexity. 
Therefore, several related methods have been developed to find 
the solution. In the article [Phys. J. Vol. 2, No. 2, 2016], the 
Riccati equation has been used to develop a method to obtain new 
solutions for perfect fluid spheres in the curvature coordinates.
In this pape r, we focus on the use of the Riccati equation in
finding new solutions for perfect fluid spheres in isotropic 
coordinates. Moreover, we also present another method, the 
Fourier transform, to obtain new solutions. The Schwarzschild
metric is chosen as the starting metric. The results show that 
solutions obtained from the Riccati equation and the Fourier
transform are both new and different from each other. 

Keywords-generating perfect fluid sphere; isotropic coordinate;
modified technique; Fourier transform; ordinary differential 
equation; 

I. INTRODUCTION

The general theory of relat ivity was formulated by Albert  
Einstein in 1915. It relates the spacetime geometry to matter 
and the energy within it [1-3]. Th is characteristic has been
expressed in a mathematical form as the equation called the 
Einstein field equation. It is a fully non-linear part ial 
differential equation which, in general, cannot directly be 
solved. To reduce the complexity, some assumptions have to
be made. One of the assumptions includes a static, spherically
symmetric, perfect fluid sphere. 

A perfect flu id sphere is one with pressure isotropy, but no
viscosity or conduction of heat. Its static and spherical 
symmetry reduce the Einstein field equation to an ordinary

differential equation that can be solved for an exact solution
[4-18]. 

In this paper, new solutions of perfect flu id sphere in 
isotropic coordinates [19-22] are obtained using the Riccati 
equation and the Fourier transform.

II. GENERATING PERFECT FLUID SPHERE

The isotropic coordinates are ones in which the coefficients 
of radial and angular coordinates are equal. The metric of a 
static, spherically symmetric, perfect fluid sphere in isotropic 
coordinates takes the form [23] 

( )2 2 2 2 2 2
2 2

1( )
( ) ( )

ds r dt dr r d
r B r

ζ
ζ

= − + + Ω , (1) 

where

2 2 2 2sind d dθ θ φΩ = + . (2) 

The Einstein field equation is given by

ˆ ˆˆ ˆ8G GTµν µνπ= , (3) 

where ˆˆGµν is the Einstein tensor and ˆˆTµν is the energy-
momentum tensor, which is given by
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 ˆˆ

0 0 0
0 0 0
0 0 0
0 0 0

r

t

t

p
T

p
p

µν

ρ 
 
 =
 
 
 

. (4) 

The condition for a perfect fluid is pr = pt. Hence, ˆˆ ˆ ˆrrT Tθθ= .
From (3), this gives

 ˆˆ ˆ ˆrrG Gθθ= . (5) 

This condition leads to an ordinary differential equation [19-
21]

 
2

( ) ( ) ( ) /
( ) 2 ( )
r B r B r r
r B r

ζ
ζ

′ ′′ ′  −
= 

 
. (6) 

Let

 
( )( )
( )
rg r
r

ζ
ζ

′
= , (7) 

which gives

 ( )( ) exp ( )dr g r rζ = ∫ . (8) 

Then, from (6) we obtain

 2 ( ) ( ) /( )
2 ( )

B r B r rg r
B r

′′ ′−
= . (9) 

Rearranging the above equation gives

 2( )( ) 2 ( ) ( ) 0B rB r g r B r
r
′

′′ − − = . (10) 

Now, we introduce a new function h(r), which is defined by

 
( )( )

2 ( )
B rh r
B r
′

= , (11) 

which gives

 ( )( ) exp 2 ( )dB r h r r= ∫ . (12) 

Differentiating h(r), we obtain

 2( )( ) 2 ( )
2 ( )
B rh r h r
B r
′′

′ = − . (13) 

Therefore,

 2( ) ( ) 2 ( )
2 ( )
B r h r h r
B r
′′

′= + . (14) 

Substituting (11) and (14) into (9) leads to

 2 2 ( )( ) 2 ( ) ( ) h rg r h r h r
r

′= + − . (15) 

The general form of the Riccati equation is given by [24]

 2
0 1 2( ) ( ) ( ) ( ) ( ) ( )y x q x q x y x q x y x′ = + + , (16) 

where q0(x), q1(x), and q2(x) are arbitrary  functions. We can 
write (15) in the Riccati form

 2 21( ) ( ) ( ) 2 ( )h r g r h r h r
r

′ = + − , (17) 

where

 2
0 1

1( ) ( ), ( )q r g r q r
r

= = and q2(r) = -2. (18) 

One property of the Riccati equation is that if we know a 
particular solution, a general solution can be derived [25]. Let 
{ }0 0( ), ( )g r h r satisfy (17). Then

 2 2
0 0 0 0

1( ) ( ) ( ) 2 ( )h r g r h r h r
r

′ = + − . (19) 

We assume that the general solution takes the form

 0
1( ) ( )
( )

h r h r
z r

= + . (20) 

Substituting h(r) in (17), we obtain

2
0 0

1 1 1( ) ( ) ( )
( ) ( )

h r g r h r
z r r z r

′   
+ = + +   

   

 
2

0
12 ( )
( )

h r
z r

 
− + 

 
. (21) 
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From (19), we get

 0
1( ) 4 ( ) ( ) 2z r h r z r
r

 ′ + − =  
. (22) 

Differentiating (20) gives

 0 2
( )( ) ( )
( )

z rh r h r
z r

′
′ ′= − . (23) 

Substituting 0 ( )h r′ from (19) and ( )z r′ from (22), we have

 2 2
0

1( ) ( ) ( ) 2 ( )h r g r h r h r
r

′ = + − . (24) 

Rearranging it gives

 2 2
0

1( ) ( ) ( ) 2 ( )g r h r h r h r
r

′= − + . (25) 

Compared to (15), g(r) also satisfies the above equation. Let us 
investigate the relationship between g(r) and g0(r) assuming 
that

 *
0( ) ( ) ( )g r g r g r= + . (26) 

Substituting g(r) into (15), we get

 
2 2

0
1( ) ( ) ( ) ( ) 2 ( )g r g r h r h r h r
r

∗  ′+ = − +  . (27) 

Expanding the complete square leads to

 2 2 2
0 0

1( ) 2 ( ) ( ) ( ) ( ) ( ) 2 ( )g r g r g r g r h r h r h r
r

∗ ∗ ′+ + = − + .(28) 

From (25), the above equation reduces to

 2
02 ( ) ( ) ( ) 0g r g r g r∗ ∗+ = . (29) 

If * ( ) 0g r ≠ , we get

 *
0( ) 2 ( )g r g r= − . (30) 

From (26), we obtain

 0( ) ( )g r g r= − . (31) 

That is, if we have { }0 0( ), ( )g r h r representing a perfect fluid 
sphere, then

 0 0
1( ), ( )
( )

g r h r
z r

 
− + 

 
 (32) 

also represents a perfect fluid sphere.

Next, let us find z(r). We select h0(r) = 1 as an initial 
solution. Equation (19) gives

 0
1( ) 2g r
r

= − . (33) 

Substituting h0(r) = 1 into (22), we get

 
1( ) 4 ( ) 2z r z r
r

 ′ + − = 
 

. (34) 

The solution is given by

 ( ) ( )ln 4 ln 4( ) 2r r r rz r e e dr− − −= ∫ . (35) 

Integrating it gives

 1 1( )
2 8

z r c
r

= − − + . (36) 

We choose c = 0 as an example. From (20), we obtain

 
1 1 4( ) 1

1 1 1 4
2 8

rh r
r

r

−
= − =

++
. (37) 

From (31) and (33), we get

 1( ) 2g r
r

= − − . (38) 

From (8), we are led to

 
1( ) exp 2r dr
r

ζ
 

= − −  
 

∫ . (39) 

Integrating by part gives
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( )2 2
1

1( ) exp 2 ln 1 4 2 4 2
2 2

r C r r r r rζ
 

= − − + − − − 
 

,

  (40) 

where C1 is a constant of integration. From (12), we get

 2
2

1 4( ) exp 2 (4 1)
1 4

rrB r dr C e r
r

−− = = + + ∫ , (41) 

where C2 is a constant of integration.

III. GENERATING SOLUTION USING THE FOURIER 
TRANSFORM TECHNIQUE

A. Fourier transform applied to differential equation
Suppose we have a differential equation in this form

 2( )( ) 2 ( ) ( ) 0B rB r g r B r
r
′

′′ − − = . (42) 

This equation can be solved using the Fourier transform

 2( )[ ( )] 2 ( ) ( ) 0B rF B r F F g r B r
r
′   ′′ − − =    

. (43) 

From the formulas of the Fourier transform, we obtain

 2 22ˆ ˆ ˆˆ( ) ( ) *sgn ( ) * ( ) 0
2

i B B g Bπω ω ω ω ω
π

   − − =    .(44) 

We choose

 1( ) 2g r
r

= − −  (45) 

as an example. Then,

2 ˆ ˆ( ) ( ) sgn( )
2

B B y y dyπω ω ω ω
∞

−∞

− − −∫

 
2 ˆ2 2 ( ) sgn( ) ( ) 0

2
y i y B y dyππ δ ω

π

∞

−∞

 
− + − = 

  
∫ . (46) 

Using the definition of sgn(x), we obtain

2 ˆ ˆ ˆ( ) ( ) ( )
2

B B y dy B y dy
ω

ω

πω ω ω
∞

−∞

 
 − − −
  
∫ ∫

0

0

ˆ ˆ ˆ4 ( ) ( ) ( ) ( ) 0y B y dy i B y dy i B y dyδ ω ω ω
∞ ∞

−∞ −∞

− − + − − − =∫ ∫ ∫ .

  (47) 

The first term in the second line of (47) gives

 ˆ ˆ4 ( ) ( ) 4 ( )y B y dy Bδ ω ω
∞

−∞

− − = −∫ . (48) 

By changing the variable, the second term in the second line of 
(47) gives

 
0

ˆ ˆ( ) ( )i B y dy i B y dy
ω

ω
∞

−∞

− =∫ ∫ . (49) 

Similarly, the third term in the second line of (47) gives

 
0

ˆ ˆ( ) ( )i B y dy i B y dy
ω

ω
∞

−∞

− =∫ ∫ . (50) 

Equation (47) becomes

2 ˆ ˆ ˆ( ) ( ) ( )
2

B B y dy B y dy
ω

ω

πω ω ω
∞

−∞

 
 − − −
  
∫ ∫

 ˆ ˆ ˆ4 ( ) ( ) ( ) 0B i B y dy B y dy
ω

ω

ω
∞

−∞

 
 − − − =
  
∫ ∫ . (51) 

Rearranging it, we are led to

 
( )22 4

ˆ ˆ ˆ( ) ( ) ( )
2

B B y dy B y dy
i

ω

ω

π ω
ω

π πω

∞

−∞

+
− = −

+ ∫ ∫ . (52) 

Differentiating both sides with respect to ω and rearranging, 
we get

 
( )

( )
2

2

2 2 2 2 ( 2 1)
ˆ ˆ( ) ( )

( 2 ) 4

i
B B

i

π ω πω π π
ω ω

π πω ω

+ − +
′ = −

+ +
. (53) 

By the partial fraction, we obtain
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( )

2

2 2 2ˆ ( )
ˆ 2 4( )

iB
iB

π ωω π
π πω ωω

+ +′
= −

+ +
. (54) 

Integrating both sides over ω gives

( ) ( )22 2ˆln ( ) ln 2 ln 4
2

B i πω π πω ω+  = + − + 

 arctan
2

i ω −  
 

. (55) 

Therefore,

 ( ) ( ) 3/2 /22ˆ( ) 2 4 (2 )B C i i
π

ω π πω ω ω
− −

= + + − . (56) 

Finally, by inversing the Fourier transforming, we obtain

( ) 3/2 /22( ) ( 2 )(2 ) 4
2

i rCB r i i e d
π ωπ πω ω ω ω

π

∞
− −

−∞

= + − +∫ .

  (57) 

B. Application to the Schwarzschild metric using the Riccati 
equation
The Schwarzschild metric in isotropic coordinates takes the 

form

 
( )
( )

( )
2 4

2 2 2 2 2
2

1 / 2
1

21 / 2

M r Mds dt dr r d
rM r

−  = + + + Ω 
 +

. (58) 

Comparing to the general form

 ( )2 2 2 2 2 2
2 2

1( )
( ) ( )

ds r dt dr r d
r B r

ζ
ζ

= − + + Ω , (59) 

we obtain

1 / 2( )
1 / 2

M rr
M r

ζ −
=

+
and 

2 2
1( )

1 / 4
B r

M r
=

−
. (60)

From (7) and (11), we get

2
( )

( / 2)
Mg r

r M
=

+
and 

( )
2

2 2
( )

4

Mh r
r r M

= −
−

. (61)

We can take these g(r) and h(r) as the initial solution. That is

0 2
( )

( / 2)
Mg r

r M
=

+
and 

( )
2

0 2 2
( )

4

Mh r
r r M

= −
−

. (62)

Substituting h0(r) into (22), we get

( )
2

2 2

1 4( ) ( ) 2
4

Mz r z r
r r r M

 
 ′ + + =
 − 

. (63)

The solution is given by

( ) ( )( ) 2p r p rz r e e dr−= ∫ , (64)

where

( )
2 2

2 2

4 3( )
4

r Mp r dr
r r M

+
=

−
∫ . (65)

Therefore,

( )
2

( )2 2 ( )

1( )
4 2

p rp r

Mh r
r r M e e dr−

= − +
− ∫

(66)

and

2
( )

( / 2)
Mg r

r M
= −

+
. (67)

From (8) and (12), we obtain

1 / 2( )
1 / 2

M rr
M r

ζ +
=

−
(68)

and

( )
2

( )
2 2

2( ) exp d
4

p r MB r e dr r
r r M

 
   = −   − 
∫ ∫ . (69)

C. Application to the Schwarzschild metric usingthe Fourier 
transform
From (61),
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2
( )

( / 2)
Mg r

r M
=

+
, (70)

(44) becomes

2 ˆ ˆ( ) ( ) sgn( )
2

B B y y dyπω ω ω ω
∞

−∞

− − −∫
3

2 ( /2)2 ˆ( ) sgn( ) ( ) 0
2 6

i M y iyM e i y B y dyπ ω
π

∞

−∞

 
− − − = 

  
∫ .

(71)

Using the definition of sgn(x), we obtain

2 ˆ ˆ ˆ( ) ( ) ( )
2

B B y dy B y dy
ω

ω

πω ω ω
∞

−∞

 
 − − −
  
∫ ∫

02
( /2) 3 ( /2) 3

0

ˆ ˆ( ) ( )
6

i M y i M yM e y B y dy e y B y dyω ω
∞

−∞

 
 − − − + −
  
∫ ∫

0= . (72)

By changing the variable, the first term in the second line of 
(72) gives

0
( /2) 3 ( /2)( ) 3ˆ ˆ( ) ( ) ( )i M y i M ye y B y dy e y B y dyω

ω

ω ω
∞

−

−∞

− = −∫ ∫ .

(73)

Similarly, the second term in the second line of (72) gives

( /2) 3 ( /2)( ) 3

0

ˆ ˆ( ) ( ) ( )i M y i M ye y B y dy e y B y dy
ω

ωω ω
∞

−

−∞

− = −∫ ∫ .

(74)

Equation (72) becomes

2 ˆ ˆ ˆ( ) ( ) ( )
2

B B y dy B y dy
ω

ω

πω ω ω
∞

−∞

 
 − − −
  
∫ ∫

2
( /2)( ) 3 ˆ( ) ( )

6
i M yM e y B y dyω

ω

ω
∞

−+ −∫

2
( /2)( ) 3 ˆ( ) ( ) 0

6
i M yM e y B y dy

ω
ω ω−

−∞

− − =∫ . (75)

Finally, by inversing the Fourier transform, we obtain

1 ˆ( ) ( )
2

irB r B e dωω ω
π

∞

−∞

= ∫ , (76)

where ˆ( )B ω is the solution of (75).

CONCLUSION

In this paper, we present two new techniques that can 
generate new solution for a perfect fluid sphere. The first 
makes use of the property of the Riccati equation; that is, if we 
have a particular solution, the general solution can be obtained.
In [24], the method of the Riccati equation is developed in 
curvature coordinates. In this paper, we use the Riccati 
equation as a focus in isotropic coordinates. These coordinates 
are highly interesting because the mathematical expressions are
relatively simpler than in curvature coordinates. The other
method, the Fourier transform, can also generate new solution 
for perfect fluid sphere. In general, the method of the Riccati 
equation is simpler than the Fourier transform. However, both 
methods can be useful in various situations as novel ways to 
derive new solutions.
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Abstract—A perfect fluid sphere is one of the
established assumptions to reduce the complexity of the 
Einstein field equation so that an exact solution can 
possibly be obtained. However, a perfect fluid sphere is not 
realistic because most stars in the universe are composed of
charges. From the perspective of spacetime geometry, the 
presence of charge makes fluid pressure anisotropic. The
condition for charged fluid sphere, in terms of an ordinary 
differential equation, is different from a perfect fluid sphere.
From the perspective of matter, the central equation is the
Tolman-Oppenheimer-Volkov (TOV) equation. The presence of 
charge modifies the TOV equation. In this paper, we de velop
new generating theorems, both in the view of the spacetime 
geometry and in the view of matter. For spacetime geometry, we 
develop two new theorems using the corresponding ordinary 
differential equation and apply them to the Reissner- Nordstrom
metric. For matter, we develop two new theorems using the 
corresponding modified TOV equation. Moreover, the effect of
charge on fluid density, in case of constant pressure, is also
investigated. The results show that the fluid density decreases as 
the charge density increases, to keep the pressure constant. 

Keywords- anisotropy; charged fluid sphere; Einstein-
Maxwell field equation; modified TOV equation; solution 
generating theorem

I. INTRODUCTION

A perfect fluid sphere is one of the exact solutions to
the Einstein field equation [1-8]. It is usually used to ideally
model a star such as a white dwarf and a neutron star. One 
of the properties of a perfect fluid sphere is the isotropy of 
pressure. However, in the real world, most stars and
planets are anisotropic in pressure. The anisotropy of 
pressure possibly arises from the presence of charge and 
scalar field [9-16]. Therefore, the use of a charged fluid
sphere as the model of a star is more realistic than the use of a
perfect fluid sphere.

In the context of spacetime geometry, a  perfect fluid  sphere 
is obtained by solving the Einstein field equation. In the 
presence of charge, in the context of a  charged fluid  sphere, we 
have to solve the Einstein-Maxwell field equation instead. In 
general, the Einstein or the Einstein-Maxwell field equation is 
highly complicated that the exact solutions cannot be derived. 
Thus, approximation methods are needed. Furthermore, we can 
find the solutions to the Einstein or the Einstein-Maxwell field 
equation by what is called as a solution generating theorem
[17-23]. The theorem generates the solutions by not having to 
directly solve the Einstein or the Einstein-Maxwell field 
equation.

In the context of matter, the relationship between fluid
pressure and density can be described by the Tolman-
Oppenheimer-Volkov (TOV) equation [24-25]. In the presence
of charge, the TOV equation is modified [26]. Similar to the 
Einstein or the Einstein-Maxwell field  equation, the TOV or 
the modified TOV is not exactly solved. Therefore, we also 
develop solution generating theorems for the modified TOV 
equation in the same manner as the Einstein-Maxwell field 
equation.

In this paper, we develop two new generating theorems in  
terms of spacetime geometry using an ordinary differential 
equation to which the Einstein-Maxwell field equation reduces 
and then apply them to the Reissner- Nordstrom metric. We 
also develop two new generating theorems in terms of fluid
pressure and density using the modified TOV equation.
Moreover, the effect of charge on fluid density, in case of 
constant pressure, is also investigated.
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Abstract. The Einstein field equation is the second order partial differ-
ential equation. It relates spacetime curvature to matter. In general, the
exact solutions cannot be obtained because the equation is so compli-
cated. One of the popular assumptions to reduce the complexity of the
equation is that matter is a static, spherically symmetric, perfect fluid.
In this way, the Einstein field equation is transformed to a second order
differential equation with variable coefficients. In this paper, we are inter-
ested in solutions about regular singular points. Therefore, the method
of Frobenius can be applied. Moreover, the reduced Einstein equation is
of the Riccati form. With the property of the Riccati equation, we can
find the general solutions if the particular solutions are specified.

Keywords: differential equation with variable coefficients, Einstein field
equation, method of Frobenius, perfect fluid, Riccati equation

1 Introduction

The Einstein field equations describe how spacetime curves by the presence of
matter and energy. They are the central equations in the general theory of rela-
tivity. Mathematically, the Einstein field equations are the second order partial
differential equations. In fact, they are a set of 16 equations in our (3 + 1)-
dimensional real world. Without any assumption or symmetry, the Einstein field
equations cannot exactly be solved. To look for an exact solution, some assump-
tions have to be imposed to reduce the complexity of the Einstein field equations.
An example of such assumptions is to model matter as a static and spherically
symmetric perfect fluid. This assumption leads to the first two exact solutions
to the Einstein field equations, which are known as the (exterior) Schwarzschild
solution and the interior Schwarzschild solution [1]. After this discovery, a static
perfect fluid sphere became more popular, after which many exact solutions were
found [2–12].

Exact solutions can be obtained in many different ways. Some tried to solve
the Einstein field equations directly with the aid of some assumptions. Some
used special techniques to obtain exact solutions without solving the Einstein
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field equations [13–16]. Some generated new solutions from previously known
solutions using the property of the Riccati equation [17–20]. Some applied the
Frobenius method [21, 22] to solve the Klein-Gordon equation on a curved back-
ground given by the Einstein field equation [23] and the generalized Einstein
field equation in higher derivative gravity theories [24]. In this paper, we will
use the Frobenius method and the properties of the Riccati equation to obtain
exact solutions.

This paper is organized as follows. The assumption of perfect fluid spheres
is imposed in section 2. The solutions to the Einstein field equations obtained
by the Frobenius method and the properties of the Riccati equation are given in
sections 3 and 4, respectively. A comparison between the two methods is made
in section 5. Finally, a concluding remark is provided in section 6.

2 Perfect fluid spheres

The curvature of spacetime is described by the Einstein equations

Gµ
ν = 8πGTµ

ν , (1)

where Gµ
ν is the Einstein tensor and Tµ

ν is the energy-momentum tensor, which
takes the form

Tµ
ν = diag(−ρ, pr, pt, pt). (2)

We are interested in perfect fluid as the source of the energy-momentum tensor.
One of the properties of being a perfect fluid is its pressures in all directions
are the same. That is pr = pt or, in terms of the components of the energy-
momentum tensor,

T 1
1 = T 2

2 . (3)

From (1), the above condition leads to

G1
1 = G2

2. (4)

The metric of the spacetime is given by

ds2 = ζ2(r)dt2 +
dr2

B(r)
+ r2(dθ2 + sin2 θdϕ2). (5)

Applying this metric to (4), we obtain

2r2B(r)ζ ′′(r) + [r2B′(r)− 2rB(r)]ζ ′(r) + [rB′(r)− 2B(r) + 2]ζ(r) = 0. (6)

This is a second order linear ordinary differential equation. Moreover, this equa-
tion must be satisfied when the condition of perfect fluid spheres is imposed.
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3 Frobenius Method

To apply the Frobenius method, equation (6) is rewritten as

r2ζ ′′(r) +
rB′(r)− 2B(r)

2B(r)
rζ ′(r) +

rB′(r)− 2B(r) + 2

2B(r)
ζ(r) = 0. (7)

Dividing the above equation by r2 gives

ζ ′′(r) +
rB′(r)− 2B(r)

2rB(r)
ζ ′(r) +

rB′(r)− 2B(r) + 2

2r2B(r)
ζ(r) = 0. (8)

We see that the coefficients of ζ ′(r) and ζ(r) are not analytic at r = 0. Thus,
the Frobenius method can be applied to find a power series of the form

ζ(r) =
∞∑
k=0

Akr
k+n, (9)

where A0 ̸= 0. Differentiating the above solution gives

ζ ′(r) =
∞∑
k=0

(k + n)Akr
k+n−1 (10)

and

ζ ′′(r) =
∞∑
k=0

(k + n− 1)(k + n)Akr
k+n−2. (11)

Moreover, expanding the coefficients of rζ ′(r) and ζ(r) in (7) in a power series
gives

rB′(r)− 2B(r)

2B(r)
= −1 +

∞∑
i=1

pir
i (12)

and
rB′(r)− 2B(r) + 2

2B(r)
=

1−B(0)

B(0)
+

∞∑
i=1

qir
i. (13)

Substituting (9) - (13) into (7), we obtain[
n(n− 1)− n+

1−B(0)

B(0)

]
A0r

n +

∞∑
k=1

[
(k + n− 1)(k + n)− (k + n) +

1−B(0)

B(0)

]
Akr

k+n +( ∞∑
i=1

pir
i

)[ ∞∑
k=0

(k + n)Akr
k+n

]
+

( ∞∑
i=1

qir
i

)( ∞∑
k=0

Akr
k+n

)
= 0. (14)

The indicial equation is given by

n(n− 1)− n+
1−B(0)

B(0)
= 0. (15)
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The roots of the above indicial equation is given by

n =
2±

√
4− 4[1−B(0)]/B(0)

2
= 1±

√
1− 1−B(0)

B(0)
= 1±

√
2B(0)− 1

B(0)
. (16)

We choose B(r) = −1/2 − br2, where b is constant. Substituting in equations
(12) and (13), we obtain

rB′(r)− 2B(r)

2B(r)
= − 1

1 + 2br2
= −1−

∞∑
i=1

(−2b)ir2i (17)

and
rB′(r)− 2B(r) + 2

2B(r)
= − 3

1 + 2br2
= −3− 3

∞∑
i=1

(−2b)ir2i. (18)

From the chosen B(r), we obtain B(0) = −1/2. Equation (16) becomes

n = −1, 3. (19)

The two roots are separated by an integer. Consider the smaller root n = −1.
Substituting in (14) gives

∞∑
k=1

[(k − 2)(k − 1)− (k − 1)− 3]Akr
k−1 −[ ∞∑

i=1

(−2b)ir2i

][ ∞∑
k=0

(k − 1)Akr
k−1

]
−

[
3

∞∑
i=1

(−2b)ir2i

]( ∞∑
k=0

Akr
k−1

)
= 0.

Rearranging the above equation, we obtain

∞∑
k=1

k(k − 4)Akr
k−1 −

[ ∞∑
i=1

(−2b)ir2i

][ ∞∑
k=0

(k + 2)Akr
k−1

]
= 0. (20)

Rearranging the above equation, we obtain

−3A1 + (−4A2 + 4bA0) r + (−3A3 + 6bA1) r
2 +(

−8b2A0 + 8bA2

)
r3 +

(
5A5 − 12b2A1 + 10bA3

)
r4 +(

12A6 + 16b3A0 − 16b2A2 + 12bA4

)
r5 + . . . = 0. (21)

The coefficients of any power of r must be zero. We find that

A1 = A3 = A5 = . . . = 0 (22)

and

A2 = bA0

A6 = −bA4. (23)
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Substituting in (9), we obtain

ζ(r) =
A0

r
+ bA0r +A4r

3 − bA4r
5 + . . .

= A0

(
1

r
+ br

)
+A4r

3
(
1− br2 + . . .

)
, (24)

where A0 and A4 are arbitrary constants. This is the general solution to equation
(7).

4 Riccati Equation

To transform equation (8) into the Riccati equation, we start by defining a new
function

h(r) =
ζ ′(r)

ζ(r)
. (25)

Its first derivative is given by

h′(r) =
ζ ′′(r)

ζ(r)
− h2(r). (26)

Thus,
ζ ′′(r)

ζ(r)
= h′(r) + h2(r). (27)

Substituting (25) and (27) into (8), we get

h′(r) + h2(r) +
rB′(r)− 2B(r)

2rB(r)
h(r) +

rB′(r)− 2B(r) + 2

2r2B(r)
= 0. (28)

Rearranging the above equation gives

h′(r) = −rB
′(r)− 2B(r) + 2

2r2B(r)
− rB′(r)− 2B(r)

2rB(r)
h(r)− h2(r). (29)

From the chosen B(r), the above equation becomes

h′(r) =
3

r2 + 2br4
+

1

r + 2br3
h(r)− h2(r). (30)

This is the Riccati equation of which the general form is

A′(r) = q0(r) + q1(r)A(r) + q2(r)A
2(r), (31)

where q0(r) ̸= 0 and q2(r) ̸= 0. Comparing (31) with (30), we obtain

q0(r) =
3

r2 + 2br4
, q1(r) =

1

r + 2br3
, q2(r) = −1. (32)
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Let h0(r) satisfy (30). Then,

h′0(r) =
3

r2 + 2br4
+

1

r + 2br3
h0(r)− h20(r). (33)

By the property of the Riccati equation, the other solution is given by

h(r) = h0(r) +
1

z(r)
, (34)

where z(r) satisfies

z′(r)−
[
− 1

r + 2br3
+ 2h0(r)

]
z(r) = 1. (35)

The solution is given by

z(r) =
1

e
∫

P (r)dr

∫
e
∫

P (r)drdr, (36)

where

P (r) = −
[
− 1

r + 2br3
+ 2h0(r)

]
. (37)

Thus,

z(r) =

√
1 + 2br2

2br2
e
∫

2h0(r)dr
∫ √

2br2

1 + 2br2
e−
∫

2h0(r)drdr. (38)

From (34), we obtain

h(r) = h0(r) +

√
2br2

1 + 2br2
e−
∫

2h0(r)dr

[∫ √
2br2

1 + 2br2
e−
∫

2h0(r)drdr

]−1

. (39)

From (25), ζ(r) is given by

ζ(r) = ce
∫

h(r)dr, (40)

where c is an arbitrary constant. This is the other solution to equation (30).
After knowing h0(r), we can know the explicit form of (40).

5 Comparing the Two Methods

From section 3, we can see that the general solution can be obtained using the
Frobenius method. However, the method of Frobenius can be applied to a second
order linear ordinary differential equation with some specific form.

On the other hand, the method of Riccati in section 4 can be applied to
a first order nonlinear ordinary differential equation with any form. However,
only knowing one solution, we can find the other solution. In fact, any second
order linear ordinary differential equation can be transformed into the Riccati
equation and vice versa. A single known solution to the Riccati equation can
therefore be obtained through many methods for a second order linear ordinary
differential equation including the Frobenius method.
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6 Conclusion

The Einstein field equation is a second order nonlinear partial differential equa-
tion. When imposing the condition of perfect fluid spheres, the Einstein field
equation can be transformed into a second order linear ordinary differential
equation. After rearranging this equation, we can obtain the general solution
by the method of Frobenius. Moreover, this second order linear ordinary differ-
ential equation can be transformed to the Riccati equation. After knowing one
solution, we can obtain the other solution.

It is not obvious to conclude which of the two methods is more preferable.
Sometimes, it is necessary to combine the two methods to obtain the general
solution to a second order linear ordinary differential equation.
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Abstract: Geodesics (by definition) have an intrinsic 4-acceleration zero. However, when expressed
in terms of coordinates, the coordinate acceleration d2xi/dt2 can very easily be non-zero, and the
coordinate velocity dxi/dt can behave unexpectedly. The situation becomes extremely delicate in
the near-horizon limit—for both astrophysical and idealised black holes—where an inappropriate
choice of coordinates can quite easily lead to significant confusion. We shall carefully explore
the relative merits of horizon-penetrating versus horizon-non-penetrating coordinates, arguing
that in the near-horizon limit the coordinate acceleration d2xi/dt2 is best interpreted in terms of
horizon-penetrating coordinates.

Keywords: geodesic equation; coordinate velocity; coordinate acceleration; horizon-penetrating
coordinates; horizon-non-penetrating coordinates

PACS: 04.20.-q; 04.70.-s; 04.70.Bw; 02.40.Hw

1. Introduction

Coordinate dependence in general relativity is a topic that continues to cause confusion to this day,
despite over 100 years of work on this issue. (For a variety of articles, both pro and con, both published
and unpublished, see [1–14]. For two recent overviews, see [15,16]). The situation is particularly acute
in the immediate vicinity of any horizon that might be present, whether it be for an astrophysical or
an idealised (mathematical) black hole, where an inappropriate choice of coordinates can needlessly
add to the confusion. Indeed, while horizons are often associated with coordinate singularities,
these coordinate singularities are a property of the coordinate patch, not the spacetime geometry,
and these coordinate singularities can quite easily go away with a different choice of coordinates.
For astrophysical black holes, as opposed to maximally analytically extended idealised black holes,
one still trusts the usual Einstein equations in the domain of outer communication—and down to any
inner horizon that might be present. Similarly for the black holes arising from numerical simulations,
which are key to modelling the astrophysical black holes of direct observational interest, one typically
calculates down to some region inside the outer horizon, but well above the singular region, relying
on the usual idealised picture for near-(outer)-horizon physics. Finally, for semi-classical black holes,
as long as the quantum fields are in the Unruh vacuum state, the near-horizon geometry in the vicinity
of the future horizon is qualitatively similar to that in classical general relativity.
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In short, the black holes of observational interest in astronomy and cosmology can be adequately
represented, at least in the domain of outer communication and down to any inner horizon that might
be present, by the idealised Schwarzschild and Kerr spacetimes—and analysis of the near-horizon
physics can adequately be performed using the classical Schwarzschild and Kerr spacetimes. In fact,
it is very useful to distinguish:

• Horizon-penetrating coordinates—these coordinate systems are regular as one crosses the horizon
(for example, Painleve–Gullstrand coordinates, Kerr–Schild coordinates, and variants thereof).

• Horizon-non-penetrating coordinates—these coordinate systems are singular as one crosses
the horizon (for example, the Schwarzschild curvature coordinates, isotropic coordinates,
and variants thereof).

The horizon-non-penetrating coordinates are simpler for some purposes (the metric is typically
diagonal), but are ill-behaved in the immediate vicinity of the horizon. In contrast horizon-penetrating
coordinates are better behaved in the immediate vicinity of the horizon, but the metric is typically
non-diagonal, and the asymptotic behaviour may sometimes be more subtle than expected. We shall
work through a number of examples illustrating the dangers and the pitfalls.

Consider for instance the Schwarzschild geometry—this is a very well-known spacetime since it
was the first known exact solution to the (vacuum) Einstein field equations [17]. It is certainly of direct
physical relevance—the spacetime geometry exterior to the sun and that exterior to slowly-rotating
astrophysical black holes can be well-approximated by the Schwarzschild geometry. Perhaps the
simplest form of the Schwarzschild spacetime is the Hilbert form expressed in terms of (what are now
known as) Schwarzschild curvature coordinates [18–20]

ds2 = −
(

1− 2m
r

)
dt2 +

(
1− 2m

r

)−1
dr2 + r2

(
dθ2 + sin2 θ dφ2

)
. (1)

There is a coordinate singularity at r = 2m, see for instance [21–30], making this representation
horizon-non-penetrating [31]. It is easy to see that in these coordinates the radial geodesics “pile up”
at r = 2m, never (in these coordinates) crossing the horizon. In fact, for any radial incoming geodesic,
ṙ → 0 as one approaches the horizon.

Taking into account the Killing conservation law for the energy, we shall soon see that, even
for infalling particles, r̈ → (something positive) sufficiently close to the horizon, though not at the
horizon itself. However, this near-horizon r̈ > 0 phenomenon is a coordinate artefact; the behaviour
can be very different in other coordinates. Despite this, some researchers are now (even in 2018)
completely misinterpreting this coordinate artefact and asserting that “gravity becomes repulsive
near the horizon”. This claim is, at best, a gross misinterpretation of the actual situation. (For specific
examples of this particular confusion, see particularly [1,3–6,9–13]. For partial antidotes, see [7,8,14].
For a somewhat different sort of coordinate confusion, mistaking white holes for black holes, see [2].)

Below, we shall show that the coordinate acceleration near horizons is, in horizon-penetrating
coordinates, (such as the Painleve–Gullstrand [32–40] or Kerr–Schild [21,24,27–29,40] coordinates),
much easier to understand. We shall then wrap up with some generic comments regarding arbitrary
horizon-penetrating coordinate systems [41–44].

We shall use letters from the beginning of the Roman alphabet (a, b, c, d, ...) for spacetime indices,
(see for instance Wald [22], or Hobson–Efstathiou–Lasenby [23]). Whenever there is a clearly defined time
coordinate t, we shall use letters from the middle of the Roman alphabet (i, j, k, l, ...) for the remaining
spatial indices. We reserve the notation ẋ and ẍ for derivatives with respect to the time coordinate t.

2. Geodesic Equation

Consider the geodesic equation in non-affine-parameterised form:

d2xa

dλ2 + Γa
bc

dxa

dλ

dxb

dλ
= f (λ)

dxa

dλ
. (2)
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This part of the analysis works equally well for timelike or null geodesics. Assume the zero’th
coordinate is timelike, at least outside any horizon that might be present. That is, take xa = (t, xi).
We can then choose the coordinate t to be a non-affine parameter for the geodesic. The geodesic
equation separates into

d2t
dt2 + Γt

bc
dxb

dt
dxc

dt
= f (t)

dt
dt

; (3)

d2xi

dt2 + Γi
bc

dxb

dt
dxc

dt
= f (t)

dxi

dt
. (4)

The first of these equations implies

f (t) = Γt
bc

dxb

dt
dxc

dt
. (5)

The second equation then becomes

d2xi

dt2 = −Γi
bc

dxb

dt
dxc

dt
+

(
Γt

bc
dxb

dt
dxc

dt

)
dxi

dt
. (6)

This is still very general. Let us now specialize to spherical symmetry, taking

gab =


gtt gtr 0 0
gtr grr 0 0
0 0 gθθ 0
0 0 0 gφφ

 . (7)

Then the radial geodesics are given by

d2r
dt2 = −Γr

bc
dxb

dt
dxc

dt
+

(
Γt

bc
dxb

dt
dxc

dt

)
dr
dt

. (8)

That is,

r̈ = −
[
Γr

tt + 2Γr
rt ṙ + Γr

rr ṙ2
]
+
[
Γt

tt + 2Γt
rt ṙ + Γt

rr ṙ2
]

ṙ. (9)

Finally, regrouping, we see

r̈ = −Γr
tt +

(
Γt

tt − 2Γr
rt
)

ṙ +
(
2Γt

rt − Γr
rr
)

ṙ2 + Γt
rr ṙ3. (10)

Note that the “coordinate acceleration” r̈ is cubic in the “coordinate velocity” ṙ. This effect is
certainly real if perhaps naively unexpected. (This effect is also manifestly coordinate-dependent.)

3. Killing Conservation Law for Energy: Coordinate Velocity

In all the situations we will be interested in, there is a timelike Killing vector (timelike outside any
horizon that may be present), and there is no real loss of generality in taking the t coordinate to be
compatible with that Killing vector; so Ka = (∂t)a. (That is, we choose coordinates to manifestly respect
the time-translation Killing symmetry.) However, then any timelike geodesic with 4-velocity Va is
subject to the energy conservation law

gab KaVb = −ε (11)

where ε is a constant, effectively the energy per unit rest mass. Observe that ε = 1 corresponds to
dropping a particle at rest from spatial infinity; ε > 1 corresponds to dropping a moving particle
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from spatial infinity; ε < 1 corresponds to a gravitationally bound particle, dropped at rest from some
finite radius. In fact, in an asymptotically flat spacetime, ε = 1/

√
1− β2

∞, where β∞ is the “coordinate
velocity at infinity.” In spherical symmetry, this Killing conservation law can be written as

gtb
(1, ṙ, 0, 0)b

||(1, ṙ, 0, 0)|| = −ε. (12)

That is,

(gtt + gtr ṙ) = −ε
√
−(gtt + 2gtr ṙ + grr ṙ2). (13)

Even more explicitly,

(gtt + gtr ṙ)2 = −ε2(gtt + 2gtr ṙ + grr ṙ2). (14)

This is quadratic in ṙ, with a general solution

ṙ =
−gtr(1 + ε−2gtt)±

√
(1 + ε−2gtt)(g2

tr − gttgrr)

grr + ε−2g2
tr

. (15)

Physically, the situation is this: If one drops a particle from some initial position r0 with initial
coordinate velocity ṙ0, then one can calculate the energy ε from Equation (11) and subsequently extract
ṙ at general positions r from Equation (15).

Formally, null geodesics can be viewed as the ε→ ∞ limit of this formalism. This is most easily
seen from Equations (13) or (14), which in the ε→ ∞ limit imply

gtt + 2gtr ṙ + grr ṙ2 = 0. (16)

However, this is exactly the condition that the radial curve is a null curve. In this null limit, one
sees that the Killing conservation law becomes

ṙ =
−gtr ±

√
g2

tr − gttgrr

grr
. (17)

Two special cases are of particular interest:

• In coordinate charts where the metric is diagonal, (for example, the Schwarzschild curvature
coordinates or isotropic coordinates), we have gtr = 0. Therefore, for timelike geodesics,

ṙ = ±
√
(1 + ε−2gtt)(−gtt grr)

grr
. (18)

As long as we are primarily interested in dropping (infalling) particles, we must choose the
negative root and set

ṙ = −
√
(1 + ε−2gtt)(−gtt grr)

grr
. (19)

In the null limit (ε→ ∞), this simplifies considerably and becomes

ṙ = −
√
−gtt

grr
. (20)

• In contrast, in coordinate charts where the metric satisfies gttgrr − g2
tr = −1, (for example,

the Painleve–Gullstrand coordinates or Kerr–Schild coordinates), for timelike geodesics, we have
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ṙ =
−gtr(1 + ε−2gtt)±

√
1 + ε−2gtt

grr + ε−2g2
tr

. (21)

As long as we are primarily interested in dropping (infalling) particles, we can safely choose the
negative root and set

ṙ =
−gtr(1 + ε−2gtt)−

√
1 + ε−2gtt

grr + ε−2g2
tr

= −
√

1 + ε−2gtt

{
1 + gtr

√
1 + ε−2gtt

grr + ε−2g2
tr

}
. (22)

Note that 1 + ε−2gtt ≥ 0 in order to keep ṙ real, while grr + ε−2g2
tr > 0 always, so choosing the

negative root selects the ingoing geodesic.

In the null limit (ε→ ∞), this simplifies considerably and becomes

ṙ = −
{

1 + gtr

grr

}
. (23)

Let us now apply these quite general considerations to study the fixed-energy coordinate
acceleration.

4. Coordinate Acceleration

For a dropped (timelike trajectory) particle, the coordinate acceleration at arbitrary radius is thus
an interplay between the geodesic equation

r̈ = −Γr
tt +

(
Γt

tt − 2Γr
rt
)

ṙ +
(
2Γt

rt − Γr
rr
)

ṙ2 + Γt
rr ṙ3, (24)

and the Killing-induced coordinate velocity equation

ṙ =
−gtr(1 + ε−2gtt)±

√
(1 + ε−2gtt)(g2

tr − gttgrr)

grr + ε−2g2
tr

. (25)

Combining these results, we would get something of the general form

r̈ = f (ε, r) (26)

where f (ε, r) is some explicit but coordinate-dependent function. Note that we could always use the

chain rule to write r̈ = dṙ
dr

dr
dt = dṙ

dr ṙ = 1
2

d(ṙ2)
dr . This serves as a consistency check, and side-steps

the geodesic equation, but when doing so, one loses information regarding the coordinate velocity
dependence of the coordinate acceleration. We shall now give a few examples of this phenomenon,
focusing particularly on near-horizon behaviour.

5. Example: Schwarzschild Geometry

The Schwarzschild spacetime geometry is perhaps the pre-eminent example of an exact
solution in general relativity [17–21,24–27]. As specific examples of near-horizon behaviour for the
coordinate velocity ṙ and coordinate acceleration r̈, let us consider the Schwarzschild spacetime in
four commonly occurring coordinate systems [28–30,32–36]: Schwarzschild curvature coordinates,
isotropic coordinates, Painleve–Gullstrand coordinates, and Kerr–Schild coordinates.

5.1. Schwarzschild Curvature Coordinates

The Schwarzschild geometry in Schwarzschild curvature coordinates is described by
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ds2 = −
(

1− 2m
r

)
dt2 +

(
1− 2m

r

)−1
dr2 + r2

(
dθ2 + sin2 θdφ2

)
. (27)

It is easy to calculate the Christoffel symbols and to verify that the geodesic equation implies

r̈ = −m(1− 2m/r)
r2 +

[
3m

r2(1− 2m/r)

]
ṙ2. (28)

This can be rewritten as

r̈ = −m
r2

{(
1− 2m

r

)
− 3 ṙ2

(1− 2m/r)

}
. (29)

This gives the coordinate acceleration r̈ in terms of the Newtonian value −m/r2, modified by
relativistic corrections—due to both spacetime geometry and the local coordinate velocity. Furthermore,
this already demonstrates (working in terms of r and ṙ) that r̈ changes sign at the critical coordinate
velocities given by

(ṙ)2
∗ =

1
3

(
1− 2m

r

)2
. (30)

At large r (that is, weak fields), this sign flip takes place at ṙ2 ≈ 1/3; this is mildly relativistic
but certainly not ultra-relativistic. (In fact, this sign flip takes place for both ingoing and outgoing
geodesics.) Furthermore, from the Killing conservation equation, we deduce

ṙ = ±
(

1− 2m
r

)√
1− ε−2

(
1− 2m

r

)
. (31)

In particular at the horizon (ṙ)H = 0, and at spatial infinity, we see limr→∞ ṙ =
√

1− ε−2 for
fixed ε. Combining these geodesic and Killing results

r̈ = −m
r2

(
1− 2m

r

)(
1− 3(ε2 − 1 + 2m/r)

ε2

)
. (32)

Note that (for fixed ε), the coordinate acceleration r̈ goes through zero and changes sign at the
critical values of r given by

r∗ =
6m

3− 2ε2 ; and r∗ = 2m. (33)

(In fact, this sign flip takes place for both ingoing and outgoing geodesics.) In particular, at the horizon
(r̈)H = 0 for fixed ε.

For a time-like particle dropped at rest from spatial infinity (ε = 1), this simplifies to

ṙ = −
(

1− 2m
r

)√
2m
r

; r̈ = −m
r2

(
1− 2m

r

)(
1− 6m

r

)
; r∗ ∈ {6m, 2m}. (34)

(Note that asymptotically ṙ →
√

2m/r, and r̈ → −m/r2, as expected from the Newtonian limit.)
Oddly enough (in this particular coordinate system), the coordinate acceleration switches sign

at r∗ = 6m, the location of the innermost stable circular orbit (ISCO); this is a coincidence, not
anything fundamental.

For a light-like particle (ε→ ∞), this simplifies to

ṙ = −
(

1− 2m
r

)
; r̈ = +2

m
r2

(
1− 2m

r

)
; r∗ = 2m. (35)
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(Note that a photon can have non-trivial coordinate velocity and non-zero coordinate acceleration
even if its physical speed is always exactly equal to c. This is one of the reasons that the concepts of
coordinate velocity and coordinate acceleration must be used with care and discretion.)

Now these particular observations are not new, dating back (at least) to Hilbert in 1915 and
the mid-1920s [18–20]. (It must be emphasised that Hilbert’s comments have subsequently been
grossly misinterpreted by some of the later commentators on this topic.) (See particularly [1,3–6,9–13].
For partial antidotes, see [7,8,14]. For a different sort of coordinate confusion (mistaking white holes
for black holes) see [2].) What is new in the current discussion is that we will now put these issues into
a wider context emphasising the extent to which these results are simply coordinate artefacts.

The radial coordinate velocity and radial coordinate acceleration for timelike geodesics are plotted
as shown in Figures 1 and 2. For null geodesics, see Figures 3 and 4.

Figure 1. Behaviour of ṙ in the Schwarzschild geometry when using Schwarzschild curvature
coordinates for m = 1 and ε = 1. Note the curve crosses the r axis only at r = 2, and the coordinate
velocity is negative all the way from the horizon to spatial infinity.

Figure 2. Behaviour of r̈ in the Schwarzschild geometry when using Schwarzschild curvature
coordinates for m = 1 and ε = 1. Note the curve crosses the r axis at both r = 2 and r = 6;
the coordinate acceleration is positive between the horizon and the ISCO.
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Figure 3. Behaviour of ṙ for null geodesics in the Schwarzschild geometry when using Schwarzschild
curvature coordinates for m = 1 and ε → ∞. Note the curve crosses the r axis only at r = 2, and the
coordinate velocity is negative all the way from the horizon to spatial infinity.

Figure 4. Behaviour of r̈ for null geodesics in the Schwarzschild geometry when using Schwarzschild
curvature coordinates for m = 1 and ε → ∞. Note the curve crosses the r axis only at r = 2, and the
coordinate acceleration is positive all the way from the horizon to spatial infinity.

5.2. Isotropic Coordinates

The Schwarzschild geometry in isotropic coordinates is described by [21]

ds2 = −
(
1− m

2r
)2(

1 + m
2r
)2 dt2 +

(
1 +

m
2r

)4 [
dr2 + r2

(
dθ2 + sin2 θ dφ2

)]
. (36)
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Compared to Schwarzschild curvature coordinates, only the meaning of the r coordinate has
changed. Indeed,

rSchwarzschild = risotropic

(
1 +

m
2risotropic

)2
. (37)

(In these isotropic coordinates, the horizon is now at r = m
2 .)

The Christoffel symbols are easily calculated and the geodesic equation becomes

r̈ = −m
r2

(1− m
2r )

(1 + m
2r )

7 + 3
m
r2

(1− m
6r )

(1− m
2r )(1 +

m
2r )

ṙ2. (38)

This can also be recast as

r̈ = −m
r2

{
(1− m

2r )

(1 + m
2r )

7 − 3
(1− m

6r )

(1− m
2r )(1 +

m
2r )

ṙ2
}

. (39)

This already demonstrates (working in terms of r and ṙ) that r̈ changes sign at the critical
coordinate velocities

(ṙ)2
∗ =

1
3

(
1− m

2r
)2(

1 + m
2r
)6

(1− m
6r )

. (40)

At large r, (i.e., weak fields), this sign flip takes place at ṙ2 ≈ 1/3; this is mildly relativistic but
certainly not ultra-relativistic. (In the weak-field limit, the Schwarzschild curvature coordinates and
the isotropic coordinates asymptotically approach each other.)

From the Killing conservation equation, since the metric in isotropic coordinates is diagonal,
we deduce

ṙ = ±
√
(ε2 + gtt)(−gttgrr)

εgrr
= ±

√
(1 + ε−2gtt)(−gttgrr)

grr
. (41)

This implies

ṙ = ±1
ε

√
ε2 −

(
1− m

2r
1 + m

2r

)2 (
1− m

2r
)(

1 + m
2r
)3 . (42)

Note that, at the horizon, now located at r = m/2, we again have ṙ → 0, while at spatial infinity
we again see ṙ →

√
1− ε−2 at fixed energy. Combining these results, for a dropped particle (of fixed

energy ε), we have

r̈ = −m
r2

(1− m
2r )

(1 + m
2r )

7

(
1−

3(1− m
6r )

ε2

[
ε2 −

(
1− m

2r
1 + m

2r

)2
])

. (43)

Note that the coordinate acceleration r̈ goes through zero and (apart from the trivial zero at
r∗ = m/2) changes sign at the critical values r∗ of r given by solving the cubic equation

r∗ : 1−
3(1− m

6r )

ε2

[
ε2 −

(
1− m

2r
1 + m

2r

)2
]
= 0. (44)

For a particle dropped at rest from spatial infinity (ε = 1), this simplifies to

ṙ = −

√
1−

(
1− m

2r
1 + m

2r

)2 (
1− m

2r
)(

1 + m
2r
)3 (45)

r̈ = −m
r2

(1− m
2r )

(1 + m
2r )

7

(
1− 3

(
1− m

6r

) [
1−

(
1− m

2r
1 + m

2r

)2
])

, (46)
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with the (non-trivial) zeros of coordinate acceleration determined by

1− 3
(

1− m
6r

) [
1−

(
1− m

2r
1 + m

2r

)2
]
= 0 r∗ = (5± 2

√
5)

m
2

. (47)

(Though not entirely obvious, it is easy to check that, at large distances ṙ →
√

2m/r, as expected from
the Newtonian limit. It is more obvious that at large distances r̈ → −m/r2. In isotropic coordinates,
the ISCO is at

(
5
2 +
√

6
)

m, which is not where r̈ → 0; that these two locations coincided in curvature
coordinates is merely a coincidence.)

For null geodesics (ε→ ∞), we have

ṙ = −
(
1− m

2r
)(

1 + m
2r
)3 r̈ =

2m
r2

(1− m
2r )(1−

m
4r )

(1 + m
2r )

7 . (48)

The radial coordinate velocity and radial coordinate acceleration for timelike geodesics are plotted
as shown in Figures 5 and 6. For null geodesics, see Figures 7 and 8. Note the similarities and differences
compared to what we saw for Schwarzschild curvature coordinates.

Figure 5. Behaviour of ṙ in the Schwarzschild geometry using isotropic coordinates for m = 1 and ε = 1.
Note the coordinate velocity is negative all the way from the horizon (now at m/2) to spatial infinity.
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Figure 6. Behaviour of r̈ in the Schwarzschild geometry using isotropic coordinates for m = 1 and

ε = 1. Note that the curve crosses the r axis both at r = 1/2 and r = 5+2
√

5
2 ≈ 4.736067977; there is a

third unphysical root at r = 5−2
√

5
2 ≈ 0.263932023.

Figure 7. Behaviour of ṙ for null geodesics in the Schwarzschild geometry using isotropic coordinates
for m = 1 and ε→ ∞. Note the coordinate velocity is negative all the way from the horizon (now at
m/2) to spatial infinity.
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Figure 8. Behaviour of r̈ for null geodesics in the Schwarzschild geometry using isotropic coordinates
for m = 1 and ε → ∞. Note the horizon is now at m/2; there is an extra zero at m/4. Note the
coordinate acceleration is positive all the way from the horizon to spatial infinity.

5.3. Painleve–Gullstrand Coordinates

The Schwarzschild geometry in Painleve–Gullstrand coordinates is described by [32–36]

ds2 = −
(

1− 2m
r

)
dt2

PG + 2

√
2m
r

dtPG dr + dr2 + r2
(

dθ2 + sin2 θ dφ2
)

(49)

where the Painleve–Gullstrand time coordinate is given in terms of the Schwarzschild time
coordinate by

tPG = tSchwarzschild − 2m

[
2
√

r
2m
− ln

(
1 +
√

2m/r
1−
√

2m/r

)]
. (50)

Note in particular that gtt grr − g2
tr = −1.

It is easy to calculate the Christoffell symbols and verify that, in these coordinates, the radial
geodesic equation becomes

r̈ = −m
r2

(
1− 2m

r

)
+

3m
r2

√
2m
r

ṙ +
3m
r2 ṙ2 +

√
2m/r
2r

ṙ3. (51)

We can rewrite this as

r̈ = −m
r2

{(
1− 2m

r

)
− 3

√
2m
r

ṙ− 3ṙ2

}
+

√
2m/r
2r

ṙ3. (52)

Viewed as a function of ṙ, this flips sign at the critical coordinate velocity

(ṙ)∗ =
6

√
2m
r
−
√

2m
r

, (53)
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which is always positive outside the horizon. (This actually implies that r̈ factorizes as follows:
r̈ =

(
ṙ−

[ 6
√

2m/r−
√

2m/r
])
× (quadratic in ṙ), where the quadratic has no real zeroes. Unfortunately,

the specific form of the quadratic is too messy to be illuminating.)
In view of the fact that, in these coordinates −gtt grr + g2

tr = 1, the general Killing-induced result
for the coordinate velocity simplifies to

ṙ =
−gtr(ε2 + gtt)± ε

√
(ε2 + gtt)

ε2grr + g2
tr

. (54)

Thence

ṙ =
−
√

2m/r(ε2 − 1 + 2m/r)± ε
√
(ε2 − 1 + 2m/r)

ε2 + 2m/r
. (55)

This can also be written as

ṙ = −
√

2m
r

+

√
2m/r± ε

√
(ε2 − 1 + 2m/r)

ε2 + 2m/r
. (56)

At the horizon, r = 2m, we have

(ṙ)H ∈
{

0,
−2ε2

ε2 + 1

}
. (57)

Therefore, we see that the ingoing geodesic crosses the horizon with finite coordinate velocity

(ṙ)H = − 2ε2

ε2 + 1
= − 2

1 + ε−2 ∈ (−2, 0), (58)

while the outgoing geodesic crosses the horizon with coordinate velocity zero. (Note that |ṙ| can easily
exceed unity; this is just a coordinate speed, not a physical speed.) This makes it clear that, for a
dropped particle, we should take the negative root in ṙ so that

ṙ = −
√

1− ε−2(1− 2m/r)
1 +
√

2m/r
√

1− ε−2(1− 2m/r)
1 + ε−2(2m/r)

. (59)

Combining these results, for a dropped particle (fixed energy ε), we have

r̈ = −m
r2

(
1− 2m

r

)
+

3m
r2

√
2m
r

[
−
√

2m/r(ε2 − 1 + 2m/r)− ε
√
(ε2 − 1 + 2m/r)

ε2 + 2m/r

]

+
3m
r2

[
−
√

2m/r(ε2 − 1 + 2m/r)− ε
√
(ε2 − 1 + 2m/r)

ε2 + 2m/r

]2

+

√
2m/r
2r

[
−
√

2m/r(ε2 − 1 + 2m/r)− ε
√
(ε2 − 1 + 2m/r)

ε2 + 2m/r

]3

. (60)

For a timelike particle dropped at rest from spatial infinity (ε = 1), this simplifies quite drastically
to yield

ṙ = −
√

2m
r

; r̈ = −m
r2 . (61)

(The fact that in this particular situation the Painleve–Gullstrand coordinate system exactly reproduces
the Newtonian result is one of the many reasons that the Painleve–Gullstrand coordinate system is
so useful.)
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Note that for ε = 1 the (ingoing) coordinate acceleration r̈ is extremely simple, and always
negative. In fact, the coordinate acceleration is finite at horizon crossing (r̈)H = −1/(4m).

For an infalling light-like particle (ε→ ∞), this again simplifies quite drastically to yield

ṙ = −1−
√

2m
r

; r̈ = − 1
2r

√
2m
r

(
1 +

√
2m
r

)
. (62)

Note that for ε → ∞ the (ingoing) coordinate acceleration r̈ is relatively simple, and always
negative. In fact, the coordinate acceleration is finite at horizon crossing (r̈)H = −1/(2m).
(The situation for Painleve–Gullstrand coordinates is ultimately so simple that graphs are not needed.)

5.4. Kerr–Schild Coordinates

The Schwarzschild geometry in Kerr–Schild coordinates is described by [24,42]

ds2 = −dt2 + dr2 + r2
(

dθ2 + sin2 θ dφ2
)
+

2m
r
(dt + dr)2. (63)

That is,

ds2 = −
(

1− 2m
r

)
dt2 +

4m
r

dtdr +
(

1 +
2m
r

)
dr2 + r2

(
dθ2 + sin2 θ dφ2

)
. (64)

Note in particular that gtt grr − g2
tr = −1.

The Christoffel symbols are easily calculated and in these coordinates the radial geodesic
equation becomes

r̈ = −m
r2

(
1− 2m

r

)
+

6m2

r3 ṙ +
3m
r2

(
1 +

2m
r

)
ṙ2 +

2m
r2

(
1 +

m
r

)
ṙ3. (65)

It may be better to rewrite this as follows:

r̈ = −m
r2

{(
1− 2m

r

)
− 6m

r
ṙ− 3

(
1 +

2m
r

)
ṙ2 − 2

(
1 +

m
r

)
ṙ3
}

. (66)

This factorizes

r̈ = −m
r2 (1 + ṙ)2

{(
1− 2m

r

)
− 2

(
1 +

m
r

)
ṙ
}

. (67)

As a function of ṙ, we see that r̈ flips sign at the critical coordinate velocity

(ṙ)∗ =
1− 2m/r

2(1 + m/r)
. (68)

This is always positive, and less than 1/2, outside the horizon.
In view of the fact that in these coordinates −gtt grr + g2

tr = 1, the general Killing-induced result
for the coordinate velocity simplifies to

ṙ = ±
√
(1 + ε−2gtt)

1∓ gtr
√

1 + ε−2gtt

grr + ε−2g2
tr

. (69)

Thence

ṙ = ±
√

1− ε−2(1− 2m/r)
1∓ (2m/r)

√
1− ε−2(1− 2m/r)

(1 + 2m/r) + ε−2(2m/r)2 . (70)

At the horizon

(ṙ)H ∈
{

0,− 2ε2

2ε2 + 1

}
. (71)
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Therefore, the ingoing geodesic crosses the horizon with finite coordinate velocity

(ṙ)H = − 2ε2

2ε2 + 1
∈
(
−1,−2

3

)
, (72)

while the outgoing geodesic crosses the horizon with coordinate velocity zero. This makes it clear that,
for a dropped particle, we should take the negative root in ṙ.

Combining these results, for a dropped (ingoing) particle (fixed energy ε), we have

ṙ = −
√

1− ε−2(1− 2m/r)
1 + (2m/r)

√
1− ε−2(1− 2m/r)

(1 + 2m/r) + ε−2(2m/r)2 . (73)

For unbound particles (ε ≥ 1), this is negative real everywhere, both outside and inside the
horizon—in fact, all the way down to r = 0. For the coordinate acceleration,

r̈ = −m
r2

{(
1− 2m

r

)
−6m

r

[
−(2m/r)(ε2 − 1 + 2m/r)− ε

√
(ε2 − 1 + 2m/r)

ε2(1 + 2m/r) + (2m/r)2

]

−3
(

1 +
2m
r

)[
−(2m/r)(ε2 − 1 + 2m/r)− ε

√
(ε2 − 1 + 2m/r)

ε2(1 + 2m/r) + (2m/r)2

]2

−2
(

1 +
m
r

) [−(2m/r)(ε2 − 1 + 2m/r)− ε
√
(ε2 − 1 + 2m/r)

ε2(1 + 2m/r) + (2m/r)2

]3
 . (74)

At the horizon, r = 2m, we have

(r̈)H = −3
2

ε2

(2ε2 + 1)3m
, (75)

a finite inward coordinate acceleration.
For a timelike particle dropped at rest from spatial infinity (ε = 1), this simplifies to

ṙ = −
[

(2m/r)2 +
√

2m/r
(1 + 2m/r) + (2m/r)2

]
= −

√
2m
r

[
1 + (2m/r)3/2

1 + 2m/r + (2m/r)2

]
. (76)

(Note that asymptotically ṙ → −
√

2m/r, as expected from the Newtonian limit.) Furthermore,

r̈ = −m
r2

{(
1− 2m

r

)
+

6m
r

[
(2m/r)2 +

√
(2m/r)

(1 + 2m/r) + (2m/r)2

]

−3
(

1 +
2m
r

)[
(2m/r)2 +

√
(2m/r)

(1 + 2m/r) + (2m/r)2

]2

+2
(

1 +
m
r

) [ (2m/r)2 +
√
(2m/r)

(1 + 2m/r) + (2m/r)2

]3
 . (77)

Note that the coordinate acceleration r̈ and the coordinate velocity ṙ are both always negative. We
can also factorize this as
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r̈ = −m
r2

[
1−

√
2m
r

{
1 + (2m/r)3/2

1 + 2m/r + (2m/r)2

}]2

×
{(

1− 2m
r

)
+ 2

√
2m
r

(
1 +

m
r

) [ 1 + (2m/r)3/2

1 + 2m/r + (2m/r)2

]}
. (78)

We can see that when approaching the horizon, at fixed ε = 1, we have

(ṙ)H = −2
3

; (r̈)H = − 1
18m

. (79)

The radial coordinate velocity and radial coordinate acceleration are plotted as shown in
Figures 9 and 10, respectively.

Finally, note that for a light-like particle (ε → ∞) in Kerr–Schild coordinates, we have the very
drastic simplification

ṙ = −1; r̈ = 0. (80)

(Therefore, in Kerr–Schild coordinates, ingoing photons happen to have coordinate acceleration zero.
This is one reason Kerr–Schild coordinates are popular. For this particular case, a figure would be
entirely superfluous.)

Figure 9. Behaviour of ṙ for the Schwarzschild geometry in Kerr–Schild coordinates for m = 1 and
ε = 1. Note that the coordinate velocity at the horizon is −2/3 and that the coordinate velocity remains
negative between the horizon and spatial infinity.
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Figure 10. Behaviour of r̈ for the Schwarzschild geometry in Kerr–Schild coordinates for m = 1 and
ε = 1. Note the coordinate acceleration remains negative between the horizon and spatial infinity.

6. Conclusions

Now that we have seen some examples of what happens to near-horizon geodesics in various
coordinate systems, let us attempt to draw some general inferences. While the specific computations
in this article have been carried out for the Schwarzschild geometry, this is known to be a good
approximation for slowly rotating astrophysical black holes, and for numerical simulations of
black holes, and even for semi-classical black holes in the Unruh quantum vacuum—so the overall
conclusions are generic to a wide class of physically and observationally interesting black holes.

The most obvious conclusion we can draw is that the coordinate velocity, and coordinate
acceleration, are (quite naturally) extremely coordinate-dependent, and that no general physical
conclusions can be drawn from the magnitude of the coordinate velocity (ṙ can easily exceed unity)
or the sign of the coordinate acceleration r̈. Claims that gravity in general relativity is “repulsive” at
high speeds and/or near the horizon are at best disingenuous—they are merely misinterpretations
of coordinate artefacts. For a fixed spacetime, by suitably choosing the coordinate system we can
easily make (r̈)H = 0 or (r̈)H = (finite negative) at horizon crossing. For a fixed spacetime, by suitably
choosing the coordinate system we can easily make the coordinate acceleration r̈ either positive or
negative just prior to horizon crossing. Indiscriminately mixing general relativistic and Newtonian
concepts is dangerous and misleading.

The major distinction we have seen in the specific examples we explored was in the difference
between horizon-penetrating and horizon-non-penetrating coordinates. There are good physical
and mathematical reasons for this. In horizon-non-penetrating coordinates geodesics (essentially by
definition) pile up at the horizon and do not cross it—in coordinates of this type |ṙ| first increases as
one falls inwards, but then has to go to zero at the horizon. This implies that |ṙ|must have a maximum
where ∂r ṙ = 0 and hence r̈ = 0. Thence, regions where the coordinate acceleration is positive r̈ > 0 are
unavoidable in horizon-non-penetrating coordinates. In contrast, horizon-penetrating coordinates are
much better behaved when studying near horizon physics, with the coordinate velocity and coordinate
acceleration being non-zero and finite at horizon crossing.
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