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UNAALD

Anisotropic fluid spheres are the solutions to the Einstein field equation. The difference
between anisotropic fluid and perfect fluid is that the radial pressure in the anisotropic fluid is
not equal to the transverse pressure, while the pressures are the same in every direction for the
perfect fluid. One way in which anisotropic fluids are generated is through the presence of
charge. In this project, we will obtain a new class of charged anisotropic fluid solutions by
developing solution generating theorems for the charged anisotropic fluid spheres, using
pressure and density as parameters. We will express these theorems in the form of general
diagonal coordinates, Gaussian polar coordinates, Synge isothermal coordinates, Buchdahl
coordinates, generalized Buchdahl coordinates, and isotropic coordinates. Charged anisotropic
fluid solutions will be classified into seed and non-seed solutions. The regularity conditions at

the center of the fluid spheres will be investigated. The solutions will be expressed in terms of



pressure, while the central red shift and the surface red shift will also be calculated.

Additionally, the compactness of stars will also be studied.
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1) To develop solution generating theorems for charged anisotropic fluid spheres in
general diagonal coordinates, Gaussian polar coordinates, Synge isothermal coordinates,
Buchdahl coordinates, generalized Buchdahl coordinates, and isotropic coordinates, using
pressure and density as parameters.
2) To classify charged anisotropic fluid solutions into seed and non-seed solutions.
3) To investigate the regularity conditions at the center of fluid spheres.
4) To calculate the central red shift, the surface red shift, and the compactness of stars.

5) To compare with observational data.

ADANBRINNIDY
1) Review related literatures.

In Bayin’s work [5], he discussed how anisotropy in stars can exist. For a neutron star,
the anisotropy occurs as a result of two perfect fluid spheres combining with each other to form
a neutron star. Generally, a neutron is not stable because it can decay to an electron and a
proton. Therefore, in a stable neutron star, one of the two perfect fluids is a fluid of neutrons,
while the other is a fluid of electrons and protons. This anisotropy can increase the neutron star
mass limit. Furthermore, the surface red-shift can also be explained by the anisotropy.

Lattimer and Prakash [18] studied the physics of neutron stars. In general, a neutron

star is usually referred to as a star with a mass of order 1.5 times the solar mass (M ), and a

O]
radius of approximately 12 km. Neutron stars are formed by the gravitational collapse of a dead
star of initial mass greater than 8M®. The maximum mass limit of a neutron star lies between
1.44M® and 3M®, while the minimum mass of a stable neutron star is 0.1M®. A neutron star
consists of five sections; the inner core, the outer core, the crust, the envelope, and the
atmosphere. Most neutron stars emit photons and are observed as pulsars.

Pant, Pradhan, and Singh [7] presented a class of charged anisotropic fluids in the form

of isotropic coordinates. The presence of charge can be explained by the Einstein-Maxwell



equation rather than the usual Einstein field equation. They solved the Einstein-Maxwell
equation by assuming a seed solution as a particular case of Haji-Boutros [19] and Murad-Pant
[20]. They found that the radial pressure, the transverse pressure, and the density are
maximum at the center, and monotonically decrease with the increase in the radial distance.
Neutron stars and quark stars can be modeled by these solutions. They obtained the maximum
mass of M = 1.53M® and radius of R = 11.48 km for a neutron star of the density 2.7 x 1014
g/cms, and the maximum mass of M = 1.16M® and radius of R = 8.71 km for a strange quark
star of density 4.6888 x 10" g/cm’.

Boonserm, Visser, and Weinfurtner [13] developed solution generating theorems for
perfect fluid spheres. We worked with Schwarzschild (curvature) coordinates in the
development. We found that these theorems sometimes generate new perfect fluid solutions,
but sometimes provide the known perfect fluid solutions. We also classified perfect fluid
solutions into seed and non-seed metrics.

We also developed solution generating theorems for the TOV equation [15]. We found
the conditions under which a physically reasonable solution to the TOV equation can transform
into a new solution with its physical reasonableness preserved. By physical reasonableness, we
mean that the pressure and the density of a star are finite and positive at the center of the star.

Sulaksono [8] studied the properties of neutron stars with hyperons inside, which are
influenced by the anisotropic pressure. He found that the anisotropic pressure increases the
stiffness of the neutron star’'s equation of state. This effect can be balanced by the presence of
hyperons, which softens the equation of state. The maximum mass limit of a neutron star is
increased by the anisotropic pressure, while the minimum mass limit remains quite unchanged.

Maurya et al. [9] found the anisotropic fluid solutions to the Einstein field equation using
the Herrera et al. algorithm [21]. The spacetime exterior to these anisotropic fluid spheres is the
Schwarzschild spacetime. Most of these solutions satisfy reality and true physical conditions,
and can be used as models for neutron stars and pulsars. One of the anisotropic fluid spheres
has been determined to have a maximum mass of 1.7609M® and a radius of 16.0780 km,
while another solution renders the maximum mass as 0.8672M® and the radius as 3.1274 km.

Lastowiecki et al. [22] studied quark matter in a neutron star and derived an equation of
state for matter in beta equilibrium. They modeled a neutron star using the Nambu-Jona-
Lasinio (NJL) effective model. They found that for neutron stars with mass in the range of 2M®,
it is possible for deconfined quark matter to exist within the core of the neutron star.

Riazi et al. [23] derived the generalized Tolman-Oppenheimer-Volkoff (TOV) equation

for anisotropic fluid. They solved the generalized TOV equation by assuming a bi-polytropic



equation of state, which consists of two terms, one being a linear term and the other being a
power-law term. The exact solutions are regular at the origin and asymptotically flat. These
solutions can either have no horizon, one horizon, or two horizons. In the case of two horizons,
the solutions are similar to the non-extremal Reissner-Nordstrom black holes.

In this project, solution generating theorems for charged anisotropic fluid spheres in
general relativity, in terms of their pressure and density profiles, will be established. We will
work with general diagonal coordinates, Gaussian polar coordinates, Synge isothermal
coordinates, Buchdahl coordinates, generalized Buchdahl coordinates, and isotropic
coordinates. We will classify the charged anisotropic fluid solutions into seed and non-seed
solutions. We will investigate the regularity conditions at the center of the fluid spheres. The
central red shift and the surface red shift will also be calculated. Furthermore, the compactness

of stars will be studied as well.

2) Write down the generalized TOV equation for charged anisotropic spheres.
The energy momentum tensor for perfect fluid spheres is
uv 7% uv
Tf _(pf+pf)v 4 +pfg :
The energy momentum tensor for electromagnetic field is
1
T;nw :F”agaﬂFVﬂ ——g" (F
4
The energy momentum tensor for massless scalar field is

R G Y]

Using the conservation of energy, TW;V =0, we obtain
3
dp, (,Of +p, )[m(r) +ATp,r ] o= dg
=— - -0 —.
dr r’ [1—2m(r)/r] 1—=2m(r)/r dr

This is the generalized TOV equation.

3)-5) Deform a solution to the generalized TOV equation. Derive the conditions under
which the new solution still satisfies the generalized TOV equation. Establish solution
generating theorems and classify solutions into seed and non-seed solutions.

Theorem P3. Let p4(r), po(r), and m,(r) solve the generalized TOV equation. Then, the
deformed solutions p(r) = po(r) + 5p0(r) and m(r) = mq(r) + 5m1(r) also solve the

generalized TOV equation, where
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47er°0, C 1—tg (t
om (r)= " 9P, exp 2Jg g'(J()dt ,
3[1+rg,(n] o 1+tgo(t)
and
m, (r) + 47Z'r3p0(r)
g,(r)= :
r[r—2m1(r)]

Theorem P4. Let p4(r), po(r), m4(r), and m(r)
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om,(r)= ~exp| 2[g, (1) dt |,
3[1+rg,(n] 0 1ttg,(t)
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m,(r) + 47Z'r3p2(r)
g,(r)=
r[r — 2m2(r)]
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In this section, we will show you the effect of charge on density [24]. We develop
solution generating theorems for charged anisotropy both in terms of the generalized TOV
equation [25, 26] and in terms of spacetime geometry [27]. We will also show the difference
between the use of inappropriate coordinates and the use of appropriate coordinates in
expressing velocity and acceleration of test particles near the Schwarzschild black hole [28].
Moreover, we will show that the exponential metric characterize a worm hole [29]. Finally, we
will show how we can obtain the rigorous bounds on the greybody factors for black holes in

dRGT massive gravity [30].

1. The effect of charge on density [24]
a) Special case: when p.and O_ is constantand O _ is zero

In this case, the generalized TOV equation becomes

_ [pw+e][mn+anis] o eV

0 (1.1)
r[r —2m(r)] r—2m(r)
with
am(r) 2
=4[ p,in+p,, ] (12)
ar
Solving equation (1.1), we obtain
O Er r[r — 2m(r)]
p,(r=— —p,. (1.3)



Substitution in equation (1.2) gives

dl O E -2
m(r):47z_r2 _ O, rfr[r—2m(r)] —p+p. | (1.4)
dr m(r) + 47Z'r3pf

By numerically solving equation (1.4) and substituting in equation (1.3), we get the fluid density

as shown in Figure 1.
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Figure 1. The fluid density as a function of radius with O, =1, E=2,p,=3,and O  =4.

Figure 1 shows that the fluid density decreases as the radius increases. That is, the fluid dilutes

away from the center of a charged fluid sphere.

b) The effect between charge and density
From equation (1.3) and equation (1.4), the effect of charge on fluid density can be

investigated. The results are shown in TABLE I.

Charge density (O ) Fluid density ( O,)
1 0.077
2 0.089
3 0.093
4 0.095
5 0.097

Table I. The effect of charge on fluid density with £ =2, p, = 3, and pem =4,

2. Generating theorems for charged anisotropy in general relativity [25, 26]

A static and spherically symmetric spacetime can be written as



dr2

=—( (ndt’ + + r’dQ’.
B,(r)

The Einstein tensors in this spacetime are given by
4B 'r—24 +20B B'Cr+280 +2r°"B+ ("B
G. = 5 and Géé = "
2r é/ 2r C
The condition for being charged fluid sphere is

G, — G, =87A,

where A is the difference between the radial pressure and the transverse pressure. This

condition leads to a first order linear non-homogeneous differential equation
(rzg“' + ré’)B’ + (2r2§” —2r - 2()3 + (2 + 16 7TAr? )é’ =0.

Theorem 1. Suppose {go(r),Bo(r)} represents a charged fluid sphere. Define

2

A, = Go(r) | e ZIC (N =€y (0
Coln+rg, é )+

Then for all ﬂ, the geometry defined by holding C;O(r) fixed and setting

d 2
ds” =—¢(rdt” + ’ + r’aQ)’
ry+ AA,(r)

is also a charged fluid sphere. That is, the mapping of

TA:{C,.B,}a {{,.B,+ 1A}

takes charged fluid spheres into charged fluid spheres.

Corollary 1. Let { O,Ba} and { O,Bb} both represent charged fluid spheres, then for all p
{C,.pB, +(1—p)B, }.

is also a charged fluid sphere.

Theorem 2. Suppose {é/o(r),Bo(r)} represents a charged fluid sphere. Define

rdr

2

NON:NG!
Then for all 0" and &, the geometry defined by holding B (r) fixed and setting

z(n=0+ 5_[

dr2

=—(2(nz.(ndt” + +r*dQ)’

B,(r)

0

is also a charged fluid sphere. That is, the mapping of



1,(0.6):{¢,.B,} a @;Q(OﬁﬁﬁJ

takes charged fluid spheres into charged fluid spheres.

Corollary 2. Let {é/a,Bo} and { b,BO} both represent charged fluid spheres, then for all p
and q
{pé’a +q b,BO}.
is also a charged fluid sphere.
We can classify charged fluid spheres into seed and non- seed metrics based on the
following definitions.
Definition (seed metric): Take a metric g and apply theorem 1 or theorem 2 to it. If each of

the applications supplies us with a new solution, the metric is defined as a seed metric.

Definition (non-seed metric): Take a metric g and apply theorem 1 or theorem 2 to it. If only
one of the applications supplies us with a new solution, while the other one gives us the same

metric we started with, the metric is defined as a non-seed metric.

3. Generating perfect fluid sphere in isotropic coordinate [27]
The metric of a static, spherically symmetric, perfect fluid sphere in isotropic coordinates

takes the form

1
ds’ =—C"(ryat" +— - (w2+ﬁAY). (3.1)
¢ (nN+B(r
The condition for a perfect fluid takes the form

2

g'in| _B"n=8rir

= (3.2)
g(r) 28(r)
We can rewrite the above equation in the Riccati form as
1
h'(ry=g*(r) + —h(r) — 2n°(r), (3.3)
r
where
¢ _B'(n
g(r)= and h(r)= . (3.4)
g(r) 28(r)

One property of the Riccati equation is that if we know a particular solution, a general solution

can be derived. Let {go(r),ho(r)} satisfy equation (3.3). Then



1
hi(ry=g.(r)+—h (r)—2h’(r). (3.5)
r

We assume that the general solution takes the form

1 .
h(r) = hy(r) + —— and g(r) = go(r) + g (). (3.6)
z(r)

In order for h(r) to satisfy equation (3.3), z(r) must satisfy

r

1
z’(r)+|:——4h0(r)i|z(r) =2. (3.7)

Similarly, in order for g(r) to satisfy equation (3.3), it must satisfy
g(r) = -go(n). (3.8)
That is, if we have {go(r),h (r)} representing a perfect fluid sphere, then

1
—g,(n),h,(r) +—— (3.9)
zZ(r)

also represents a perfect fluid sphere.

4. Near horizon of the Schwarzschild black hole. [28]
When the anisotropic sphere collapses, a black hole may be formed. The simplest black
hole in general relativity is a Schwarzschild black hole which can be expressed as

—1
2m 2m
ds’ = —(1 ——)dtz + (1 ——) dr’ +r’ (d92 + sin” (9d¢2).

r r
Consider the motion of a non-zero rest mass particle starting at rest from spatial infinity and

then falling into the Schwarzschild black hole. In the Schwarzschild curvature coordinates,
which are inappropriate ones, the radial coordinate velocity and the radial coordinate

acceleration are given by

2m 2m m 2m 6m
{1 2) 2 o212 (- 22),
r r r r r

The radial coordinate velocity and the radial coordinate acceleration for the non-zero rest mass

particle are plotted as shown in Figures 2 and 3.
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Figure 2. The radial coordinate velocity of a non-zero rest mass particle in the Schwarzschild

geometry for m = 1. In this case, the horizon is located at r = 2.
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Figure 3. The radial coordinate acceleration of a non-zero rest mass particle in the

Schwarzschild geometry for m = 1. Again, in this case, the horizon is located at r = 2.

For a massless particle such as photon, the radial coordinate velocity and the radial

coordinate acceleration in the Schwarzschild curvature coordinates are given by

2m m 2m
8= —(1 ——) and &= 2—2(1 ——j.
r r r



The radial coordinate velocity and the radial coordinate acceleration for the massless particle

are plotted as shown in Figures 4 and 5.
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Figure 4. The radial coordinate velocity of a massless particle in the Schwarzschild geometry

for m = 1. The horizon is located at r = 2.
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Figure 5. The radial coordinate acceleration of a massless particle in the Schwarzschild

geometry for m = 1. Again, the horizon is located at r = 2.

These graphs show that a particle initially at rest from spatial infinity moves with increasing

speed towards the Schwarzschild black hole. The maximum speed is at r = 6. After that it



continues to move but with decreasing speed towards the Schwarzschild black hole and finally
stop at the horizon. It appears that a particle never crosses the horizon. However, the true
situation does not occur like this. This behavior results from the use of inappropriate

coordinates. To clarify this, consider the Painleve—Gullstrand coordinates defined by

2m 2m
2 __ 2 2 2 2 .2 2
ds ——(1——};/1;,G +2, [—dt,dt +dr +r (d9 +sin” Od¢) )
r r

In this case, the radial coordinate velocity and the radial coordinate acceleration for a non-zero

rest mass particle are given by
2m m

&= —,|— and &:__2

r r
and those for a massless particle are given by

2m 1 2m 2m
&—1—,[— and &G&——, | —| 1+, |—
r 2r r r

These results show that a particle initially at rest from spatial infinity moves with increasing
speed towards the Schwarzschild black hole until it reaches the singularity. Note that it can

cross the horizon.

5. The exponential metric [29]

The exponential metric can be written as
ds°=—e "at’ +e°"" ':dr2 +r’ (dé’2 + sin’ (9d¢2 )]

Note that it contains no horizon. Consider the area of the spherical surfaces of constant r

coordinate
A(r)= arrie®™”
With some algebra, we obtain
dA(r) 2mlr
=87T(r —m)
dar

and
d>A(r) - mY m
» =8Te 1—— +—2 >0.

ar r r

We see that the area is minimum at r = m. Furthermore, all metric components are finite at r =
m. This sufficiently shows that the surface r = m is a traversable wormhole throat.
To determine the circular orbits, consider the affinely parameterized tangent vector to

the worldline of a massive or massless particle



ax™ dx” (a N L L (dOY , , (dd )
97—, —¢© — | +e — |+ — | +r’sin" @] = =&,
dA dA dA dA dA dl

where & = -1 for a massive particle orbit and & = 0 for a massless particle orbit. We focus on

the equatorial plane where @ = 7r /2. The above equation reduce to

2
dxlu dXV 2mlr dt i 2mlir dr i 2 d¢
g,uv = —e — | +e S— +r| — =¢&.
dA dA dA dl dA

The Killing symmetries imply two conserved quantities

—2mlr dt milr d
e 2m! (—jZE and e2 /rz(—¢j=L.
dld dA

2 2

dr —zmlr —mrL
(—j =E +e " g—e " —
dA r

Therefore, the effective potential for geodesics orbits is

Then,

—2mlr

V.(r)y=e —£+e

e
V,(r)=———,
r

where L is the angular momentum of photon. The unstable photon sphere is located at r = 2m.
Note that in the Schwarzschild geometry, the unstable photon sphere is located at r = 3m. For

a massive particle (& = -1), the effective potential is
2
L
__ _2W(mlr)) —
Vi(r)=e 1+ 5
r

This shows that there are circular orbits for a massive particle at any radius down to r = 2m.
However, this does not guarantee stability. The stability occurs when L is minimum. Figure 6

shows the angular momentum (L) varying with the radius.
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Figure 6. The graph shows the angular momentum L/m required to establish a circular orbit at

radius r/m.

From Figure 6, the location of the innermost stable circular orbit is at

I'co =(3 + \/E)m ~ 5.236m,

whereas it is at rigco = 6m in the Schwarzschild spacetime.

6. The bounds on the greybody factors for black holes in dRGT massive gravity [30]
According to cosmological observations, todays the universe is expanding with
acceleration. One way to account for the current acceleration of the universe is the assumption
that gravity has mass called massive gravity. One of the successful theories of massive gravity
is the dRGT massive gravity. The static and spherically symmetric black hole solution satisfying

this theory of dRGT massive gravity can be written as

2

ar
ds® =—f(r)dt” + —+ r’ad(d?,

f(r)
where
2 Q@° A,
f(N=1——+—+—r +yr+¢.
r r 3
The radial part of the Klein-Gordon equation is given by
2
d y(r)
0 o —vin Jwin=o,
ar’

where r- is the tortoise coordinate defined by



ar. 1

dr  f(r)
and the potential produced by the black hole is given by

ld +1) f
V(r)=f(r)|: ( )-I- (r):|'

2
r r

The rigorous bounds on the greybody factors are given by

N 11 11
T >sech’| —< (| +9| ——— [+ Wp——— |+20a,¢,(Ro— P9
20c Pho RO Po RO

where I\(/y@: M | ¢, c is constant,
oo [1 27T
Plo=——-—cos| —cos (- )——
o 3 3
and

6o [ 1
/%0: —cosI:—cos_1 (—ax, ):l :

(04 3
The rigorous bound on the greybody factor depends on the wave frequency @, the angular
momentum | , and the horizon radius f% and I%O The rigorous bound on the greybody factor

versus the wave frequency @ is plotted for different ¢, as shown in Figure 7.
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Figure 7. Dependence of the rigorous bound on the greybody factor on the wave frequency.



References

[11 R. C. Tolman, “Relativity, Thermodynamics and Cosmology”. Oxford University Press,
(1934).

[2] J. R. Oppenheimer and G. M. Volkoff, “On massive neutron cores”, Physical Review, 55(4),
374-381, (1939).

[3] R. F. Tooper, “General relativistic polytropic fluid spheres”, Astrophys. .J. 140(2), 434-459,
(1964).

[4] R. F. Tooper, “Adiabatic fluid spheres in general relativity”, Astrophys. J. 142(4), 1541-1562,
(1965).

[5] S. S. Bayin, “Anisotropic fluid spheres in general relativity”, Phys. Rev. D 26(6), 1262-1274,
(1982).

[6] S. D. Maharaj and P. M. Takisa, “Regular models with quadratic equation of state”, General
Relativity and Gravitation 44(6), 1419-1432, (2012).

[71 N. Pant, N. Pradhan, and K. N. Singh, “Anisotropic charged fluid sphere in isotropic
coordinates”, Journal of Gravity, (2014).

[8] A. Sulaksono, “Anisotropic pressure and hyperons in neutron stars”, Int. J. Mod. Phys. E
24(1), 1550007, (2015), arXiv: 1412.7247 [nucl-th].

[9] S. K. Maurya, Y. K. Gupta, and M. K. Jasim, “Relativistic modeling of stable anisotropic
super-dense star”, arXiv: 1503.04434 [gr-qc].

[10] S. Rahman and M. Visser, “Spacetime geometry of static fluid spheres”, Class. Quant.
Grav. 19, 935, (2002), arXiv: gr-qc/0103065.

[11] K. Lake, “All static spherically symmetric perfect fluid solutions of Einstein’s equations”,
Phys. Rev. D 67, 104015, (2003), arXiv: gr-qc/0209104.

[12] D. Martin and M. Visser, “Algorithmic construction of static perfect fluid spheres”, Phys.
Rev. D 69, 104028, (2004), arXiv: gr-qc/0306109.

[13] P. Boonserm, M. Visser, and S. Weinfurtner, “Generating perfect fluid spheres in general
relativity”, Phys. Rev. D 71, 124037, (2005), arXiv: gr-qc/0503007.

[14] P. Boonserm and M. Visser, “Buchdahl-like transformations for perfect fluid spheres”, Int. J.
Mod. Phys. D 17, 135-163, (2008), arXiv 0707.0146 [gr-qc].

[15] P. Boonserm, M. Visser, and S. Weinfurtner, “Solution generating theorems for the TOV
equation”, Phys. Rev. D 76, 044024, (2007), arXiv: gr-qc/0607001.

[16] P. Boonserm, T. Ngampitipan, and M. Visser, “Modelling anisotropic fluid spheres in

general relativity”, arXiv: 1501.07044 [gr-qc].



[17] B. V. Ivanov, “Collapsing shear-free perfect fluid spheres with heat flow”, General Relativity
and Gravitation 44(7), 1835-1855, (2012).

[18] J. M. Lattimer and M. Prakash, “The physics of neutron stars”, Science 304, 536-542,
(2004), arXiv: astro-ph/0405262.

[19] J. H. Boutros, “Spherically symmetric perfect fluid solutions in isotropic coordinates”, J.
Math. Phys. 27(5), 1363-1366, (1986).

[20] H. M. Murad and N. Pant, “A class of exact isotropic solutions of Einstein’s equations and
relativistic stellar models in general relativity”, Astrophysics and Space Science 350(1), 349-
359, (2014).

[21] L. Herrera, J. Ospino, and A. D. Parisco, “All static spherically symmetric anisotropic
solutions of Einstein’s equations”, Phys. Rev. D 77, 027502, (2008).

[22] R. Lastowieckiy, D. Blaschke, T. Fischer, and T. Klahn, “Quark matter in high-mass neutron
stars”, arXiv: 1503.04832 [nucl-th].

[23] N. Riazi, S. S. Hashemi, S. N. Sajadi, and S. Assyyaee, “Exact anisotropic solutions of the
generalized TOV equation”, arXiv: 1507.03420 [gr-qc].

[24] P. Boonserm, N. Jongijittanon, and T. Ngampitipan, “Generating charged anisotropy and
modified Tolman-Oppenheimer-Volkov equation”, Proceedings of the 6th Annual International
Conference on Computational Mathematics, Computational Geometry & Statistics (CMCGS
2017) and 5th Annual International Conference on Operations Research and Statistics (ORS
2017).

[25] N. Jongijittanon, P. Boonserm, and T. Ngampitipan, “Generating Theorems for Charged
Anisotropy in General Relativity”, American Journal of Physics and Applications 2016; 4(2): 50-
56.

[26] N. Jongjittanon, “Generating theorems for charged anisotropy and modified Tolman-
Oppenheimer-Volkov equation”, M.Sc. Thesis, Chulalongkorn University, 2015.

[27] T. Ngampitipan, P. Boonserm, and A. Kinreewong, “The Modified Techniques for
Generating Perfect Fluid Sphere in Isotropic Coordinate”, Proceedings of the 6th Annual
International Conference on Computational Mathematics, Computational Geometry & Statistics
(CMCGS 2017) and 5th Annual International Conference on Operations Research and Statistics
(ORS 2017).

[28] P. Boonserm, T. Ngampitipan, and M. Visser, “Near-Horizon Geodesics for Astrophysical
and Idealised Black Holes: Coordinate Velocity and Coordinate Acceleration”, Universe 4 (2018)

68, [arXiv: 1710.06139 [gr-qc]].



[29] P. Boonserm, T. Ngampitipan, A. Simpson, and M. Visser, “The exponential metric
represents a traversable wormhole”, [arXiv:1805.03781 [gr-qc]].

[30] P. Boonserm, T. Ngampitipan, and P. Wongjun, “Greybody factor for black holes in dRGT
massive gravity”, [arXiv:1705.03278 [gr-qc]].

ﬁ?ﬂtlﬁz%i}’liﬂfﬂﬁﬂ’l‘iﬂﬂaad

In this project, we derive the generalized TOV equation and establish generating
theorems for charged anisotropic fluid spheres in terms of the generalized TOV equation.
Moreover, the charge density effect on fluid density is also investigated in the case of constant
pressure. The results show that the fluid density at the surface is less than one at the center.
Furthermore, the increase in the charge density results in a decrease in the fluid density, to
keep the pressure constant.

Moreover, the solution generating theorems for anisotropy can be constructed in terms
of the spacetime geometry using the Schwarzschild curvature coordinates. The theorems can
generate solutions that satisfy anisotropy.

Besides generating theorems, we also present a new technique that can generate new
solution for a perfect fluid sphere. We make use of the property of the Riccati equation; that is,
if we have a particular solution, the general solution can be obtained. We use the Riccati
equation as a focus in isotropic coordinates. These coordinates are highly interesting because
the mathematical expressions are relatively simpler than in Schwarzschild curvature
coordinates.

We will also show the difference between the use of inappropriate coordinates and the
use of appropriate coordinates in expressing velocity and acceleration of test particles near the
Schwarzschild black hole. The results show that when using the Schwarzschild curvature
coordinates, which are inappropriate coordinates, a particle initially at rest from spatial infinity
moves with increasing speed until it reaches a maximum speed towards the Schwarzschild
black hole. After that it continues to move but with decreasing speed towards the Schwarzschild
black hole and finally stops at the horizon. It appears that a particle never crosses the horizon.
However, the true situation does not occur like this.

On the other hand, when using the Painleve—Gullstrand coordinates, the particle moves
with increasing speed towards the Schwarzschild black hole until it reaches the singularity. Note
that it can cross the horizon.

Moreover, we will show that the exponential metric characterizes a worm hole. The

results show that the unstable photon sphere is located at r = 2m and there are circular orbits



for a massive particle at any radius down to r = 2m. This does not guarantee stability. However,
there exists the innermost stable circular orbit located at rigco = 5.236m.

Finally, we will show how we can obtain the rigorous bounds on the greybody factors for
black holes in dRGT massive gravity. The results show that when the magnitude of c,

increases, the rigorous bounds on the greybody factor decrease.
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Abstract In general relativity, greybody factor is a
quantity related to the quantum nature of a black hole.
A high value of greybody factor indicates a high prob-
ability that Hawking radiation can reach infinity. Al-
though general relativity is correct and has been suc-
cessful in describing many phenomena, there are some
questions that general relativity cannot answer. There-
fore, general relativity is often modified to attain an-
swers. One of the modifications is the ‘massive gravity’.
The viable model of the massive gravity theory belongs
to de Rham, Gabadadze and Tolley (dRGT). In this
paper, we calculate the gravitational potential for the
de Sitter black hole and for the dRGT black hole. We
also derive the rigorous bound on the greybody factor
for the de Sitter black hole and the dRGT black hole.
It is found that the structure of potentials determines
how much the rigorous bound on the greybody factor
should be. That is, the higher the potential, the lesser
the bound on the greybody factor will be. Moreover,
we compare the greybody factor derived from the rig-
orous bound with the greybody factor derived from the
matching technique. The result shows that the rigorous
bound is a true lower bound because it is less than the
greybody factor obtained from the matching technique.

Keywords Black hole - dRGT massive gravity -
Gravitational potential - Greybody factor - Rigorous
bound

*Thanks to the title
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1 Introduction

General relativity was formulated in 1915. It offers pro-
found insights into the concept of gravity. General rel-
ativity has succeeded in describing many gravitational
phenomena such as the gravitational deflection of light,
gravitational radiation, the anomalous perihelion of Mer-
cury, and the behavior of black holes.

According to cosmological observations, todays the
universe is expanding with acceleration [1,2]. There are
a number of cosmological models accounting for this
current acceleration. Among these models, the simplest
one is the Lambda cold dark matter (ACDM) model in
which the cosmological constant drives the acceleration
of the universe. The model assumes that general rela-
tivity is the correct theory of gravity on cosmological
scales. Although the ACDM model is in excellent agree-
ment with observations, the cosmological constant itself
encounters a theoretical problem that the observational
value of the cosmological constant is much smaller than
the theoretical one. It may be possible that general rel-
ativity may not be the most suitable theory to describe
the universe on a large scale, at least on a scale larger
than the solar system. The dark side of the universe is
evidence that some modifications of general relativity
at a large scale is required [3].

Such modifications should be correct on the largest
scale and then reduce to general relativity on a smaller
scale. One of the candidates for such modifications is
massive gravity. Massive gravity is a theory of gravity in
which a graviton has a mass. The most successful theory
of massive gravity is popularly known by the de Rham-
Gabadadze-Tolley (dRGT) model [4,5]. Because of the
Vainshtein mechanism, adding mass to graviton keeps
physics on a small scale equivalent to general relativity,



with some small corrections [6]. However, this leads to
the modification of gravity on a larger scale.

Regarding the cosmological solutions in the dRGT
massive gravity theory, even though all the solutions
cannot provide a viable cosmological model, for exam-
ple, the solutions do not admit flat-FLRW metric [7,
8] or the model encounters instabilities [9-11], a class
of solutions can provide a viable cosmological model
[12-14]. The solutions for the dRGT massive gravity
are not only investigated in a cosmological background,
but also in a spherically symmetric background [15].
For spherically symmetric solutions, the black hole so-
lutions have been investigated in both analytical [16—
25] and non-analytical [26,27] forms, depending on the
fiducial metric form. However, they still share the same
property, which is represented as an asymptotic AdS/dS
behavior.

A black hole can emit thermal radiation if the quan-
tum effects are considered. This thermal radiation is
known as Hawking radiation [28]. Hawking radiation
propagates on spacetime, which is curved by the black
hole. The curvature of spacetime acts as a gravitational
potential. Therefore, Hawking radiation is scattered from
this potential. One part of the Hawking radiation is re-
flected back into the black hole, while the other part is
transmitted to spatial infinity. The transmission prob-
ability in this context is also known as the greybody
factor.

There are many methods to calculate the greybody
factor. For example, one can obtain an approximate
greybody factor using the matching technique [29-31].
If the gravitational potential is high enough, one can use
the WKB approximation to derive the greybody factor
[32-34]. Other than approximation, the greybody factor
can also be obtained using the rigorous bound [35-37].
The bound can give a qualitative description of a black
hole.

In this work, we investigate the greybody factor us-
ing the analytical black hole solution in dRGT massive
gravity. In Section 2, the structure of the horizons of
the solution is analyzed in order to generate a suitable
form for the analysis of the properties of the greybody
factor. In Section 3, the properties of the gravitational
potential are investigated for both the de Sitter black
hole and dRGT black hole. The height of their poten-
tials are determined by the parameters of the model. In
Section 4, we derive the rigorous bound on the greybody
factor, and the reflection probability for the de Sitter
black hole and the dRGT black hole. The value of the
rigorous bound on the greybody factor corresponds to
the structure of potentials. In addition, the effects of
the graviton mass, cosmological constant and angular
momentum quantum number on the greybody factors

will also be explored. Finally, concluding remarks are
provided in Section 5.

2 dRGT black hole background

In this section, we will review the main concept of the
dRGT massive gravity theory in the following manner
[18]; the analytical solution of the modified Einstein
equation due to the graviton mass is first presented,
and then the structure of the horizons of the black hole
in the dRGT massive gravity theory is investigated.
The theory of the dRGT massive gravity is a covari-
ant non-linear theory of massive gravity, which is ghost
free in the decoupling limit to all orders. The action of
the dRGT massive gravity model in four-dimensional
spacetime can be expressed as

2
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where R is a Ricci scalar corresponding to a physical
metric g,,, mf] to the square of the graviton mass, with
L;s representing the interactions of the ith order of the
massive graviton. In particular, those interactions of
the massive graviton are constructed from two kinds
of metrics and can be expressed as follows,
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where the rectangular brackets denote the traces. The
tensor K, is constructed from the physical metric g,,,

and the fiducial metric f,, as
o
K=o (Vo) (5)

where the square roots of those tensors are defined so

that \/gflfu \/gflfpu = (g’lf)uy. The fiducial metric
is chosen as [16,38,39]
fuw = diag(0, 0, 2, % sin’ 6), (6)

where ¢ is a constant. It can be shown in [38] that the
theory of massive gravity with the choice of the singular
fiducial metric such as one in equation (6) is absent of
Boulware-Deser (BD) ghost. The static and spherically
symmetric black hole solution satisfying this theory can
be written as [18]

ds® =

—f(r)dt* + +r2d?, (7)

dr
f(r)



where
2M

A
ﬂﬂ:1747~%§ﬂ+vw+g (8)

d2? = dh*+sin® 0d¢?, and M is an integration constant
related to the mass of the black hole. The parameters
above can be written in terms of the original parameters
as

A=3m2(1+a+8), 9)
v= fcmg (14 2a+3p8), (10)
¢ =c*m?(a+3p), (11)
and

-1 1-—
a3=a3 ; a4:§+ 12a (12)

This solution contains various kinds of black hole solu-
tions found in literature. If my = 0, the Schwarzschild
solution is recovered. In the case of ¢ = 0, the solu-
tion reduces to the de Sitter solution for 1 +a+ 8 < 0
and reduces to the anti-de Sitter solution for 1 + o +
B > 0. Moreover, the global monopole solution can
be obtained by setting 1 + 2o + 33 = 0. Note that
the last term, the constant potential (, corresponds to
the global monopole term. A global monopole usually
comes from a topological defect in high energy physics
of the early universe resulting from a gauge-symmetry
breaking [40-42]. However, in this solution, the global
monopole is contributed via the graviton mass. Note
that the linear term ~yr is a characteristic term of this
solution, distinguished from other solutions found in lit-
erature. Next, we will consider the structure of the hori-
zons of this solution. Since the solution is an asymptot-
ical AdS/dS solution, we first consider the structure of
the AdS/dS solution and then investigate the structure
of the horizons of the solution in the dRGT massive
gravity theory.

2.1 Horizon structure for AdS/dS-like solutions

It is important to note that one can choose ¢ = 0.
This corresponds to trivial solutions since the interact-
ing terms (or graviton mass) become constant, which is
inferred from K*, = 6*,. Therefore, the action in Eq. (1)
becomes the Einstein-Hilbert action with cosmological
constant. In order to investigate the structure of the
horizon, let us first consider a simple case where ¢ = 0.
As a result, the function in the metric solution becomes

fr)=1-==+ §r2. (13)

From this function, one can see that f(r) — —oo where
r — 0. In order to have two horizons, f must be in-
creased and then decreased where r is increased. This

means that f(r) — —oo again when r — co. Therefore,
in order to obtain two horizons, A must be negative.
This corresponds to the de Sitter (dS) spacetime, while
in the case of anti-de Sitter (AdS) spacetime, A > 0,
there exists only one horizon. Now let us find the condi-
tions for which there are two horizons for the de Sitter
spacetime, where A < 0. If two horizons exist, the max-
imum value of f must be positive. The maximum point
of f can be found by solving f’ = 0. As a result, the
maximum point is

SEI -

Substituting this radius into f(r) in Eq. (13), the max-
imum value of f can be written as

Flrm) = (—?’j\o v 3M. (15)

By requiring f(r,,) > 0, the condition for having two
horizons can be written as

~ 902 <A <O. (16)

In order to parameterize the solution properly, let us
define a dimensionless parameter as

o, = —9AM?, (17)

where 0 < a2, < 1. By using the dimensionless variable
7 =r/M, function f can be rewritten as

2
fR) =1- % - SR (18)

In order to find the horizon, one has to solve the cubic
equation;
27 54
P — -+ — =0. (19)
a77l am
This cubic equation is known as the depressed cubic

equation, and the solution can be expressed as

T = b cos ll cos ! ( - am> - M} , (20)

Qo 3

where k = 0,1,2 for the three distinguished solutions.
Since 0 < o, < 1, one can expand the sinusoidal func-
tion and then keep only the significant contributions.
As a result, for k = 2, 7 is negative, and for kK = 1 and
k = 0, the solutions can be respectively approximated
as

3v3

ro ~ —— — 1. 21
T2 o (21)

o~ 2,

Note that these solutions are well approximated when
. < 1. Actually, this approximation can be real-
ized to satisfy the cosmological solution in which the
universe expands with acceleration, since the observed



value of A is very small compared to the black hole
mass. The behavior of the horizon with various values
of a, is shown in the left panel of Fig. 1.

For the AdS solution, A is positive. Therefore, one
can find the solution of the horizon by rewriting a, as
o, = 9AM?2. By following the same steps from the de
Sitter case, the horizon in the AdS case can be written
as

6 1 1
F— —sinh | = sinh (m) 29
T amsm lSsln e ] (22)
As we have discussed above, there exists only one hori-
zon for the AdS solution. This is valid for all values of
.y, as show in the right panel of Fig. 1.
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Fig. 1 The left panel shows the horizon structure of the de
Sitter solution for the value of v, as aym, = 0.5 (Blue line),
am = 0.9 (Black line) and a,, = 1.1 (Red line). The right
panel shows the horizon structure of the AdS solution for the
value of o as aun = 0.5 (Blue line), o, = 0.9 (Black line)
and am = 1.1 (Red line).

2.2 Horizon structure for the dRGT massive gravity
solutions

For the complete massive gravity solution, it is signifi-
cantly difficult and complicated to find the horizon ana-
lytically. One of the conditions for having three horizons
is that A > 0. Therefore, we can separate our consider-
ation into two classes; the asymptotic AdS solutions for
A > 0 and the asymptotic de Sitter solution for A < 0
[43].

For the general solutions of the dRGT massive grav-
ity, the dimension-length parameter ¢ is not set to be
zero. This means that we have to introduce a scale to
the theory. It is useful to work out the solution using
dimensionless variable, 7 = r/¢, and then find out what
scale ¢ would assume. As a result, function f can be
written in terms of a dimensionless variable as

2M
f(F) =1- — tay (c2f? — 17 + ) (23)
where
~ M
M = = fo :m302, co = a+ 30,

ci=1+2a+38, c=1+a+8. (24)

From this equation, it is sufficient to figure out that the
scale of c takes place at M ~ og4. Therefore, one can
choose the parameter c as

== (M) )

g

This radius is well known as the Vainshtein radius [44,
45]. The theory in which r < 7y will approach GR,
while the theory in which r > 7y, the modification of
GR will be active. The horizons can be found by solving
for the solution of r through the equation

g — ager i + (agco + 1)F — 2M = 0. (26)

In order to find the conditions for having three horizons
for the AdS case and two horizons for the de Sitter case,
let us consider the extremum points of the function f
using the equation f’ =0 or

205027 — g1 — 2M = 0. (27)

This is the cubic equation. We can solve it by chang-
ing the variables to obtain the depressed cubic equation
and then analyze the general solution to find the con-
dition for having two real positive roots for the AdS
case and one real positive root for the de Sitter case.
As a result, one can constrain our consideration to case
c1 = 3(4c3)'/3. Choosing this condition will guaran-
tee one real positive root for the de Sitter case as 7yg =
(—2¢2)~1/3 and two real positive roots for the AdS case
as Fags1 = (2¢2) 73 and Fagse = (1 + v/3)(2co)~1/3.



For the asymptotic de Sitter solutions, f at the ex-
tremum point can be written as

F(Fas) =1+ coag — %ag (—2¢)"2 . (28)

In order to have two horizons, f(7gs) > 0. We can
parameterize the parameter ¢y such that

9 (=2e)'% 1

V3 Bm g
Therefore, the condition for having two horizons in the
case of de Sitter-like spacetime is

0<Bm <l

Co (29)

(30)

By changing the cubic equation into the depressed cubic
equation, one can find the two real positive horizons as
the real roots of the depressed cubic equation as follows

2 1
=7 [Xl/Q cos ( sec™! Y) — 1} , (31)
(—262) / 3
- —2 1 ™
Fo = W [Xl/Qcos <3sec ly + 3) +1] , (32)
where
23 V2 +2(2v2B, + V6)
X=——+4andY = — .(33)
ﬁm 5/8m + 3\/§

Our analysis can be checked using the numerical method
as shown in the left panel of Fig. 2. From this figure,
one can see that 3, can parameterize the existence of
two horizons.

Now we consider the asymptotic AdS solutions. The
f at the extremum points can be written as

N 9
F(Faas1) = 14 cog = g (22)'77, (34)

_ 9 1/3
Tads2) = 1+ coay — —=a, (2¢2 . 35
f(Faas2) 0= 50 (202 (3)
In order to have three horizons, we must have f(7q451) >
0 and f(7a4s2) < 0. By using the parameter of ag in
Eq. (29), while changing ¢ to —ca, the condition for
having three horizons can be written as

2

V3
By using the same step as done in the asymptotic de
Sitter case, the three real positive horizons for the AdS
case can be written as

1< Bm < (36)

2 [ 1
fl = W 1-— .131/2 sin (3 SeC_1 Y+ g>:| 5 (37)
Co L
2 [ 1
Fo = W 1— 22 cos (3 sec_ly—&—g)} . (38)
2 L
2 [ 1
Fg = W 1+ 2% cos (3 sec™ ! yﬂ . (39)
) L

-
|
=
3
-Ié
©

— Bn=0.9
— Bn=1.1
— Bn=1.3

=~

Fig. 2 The left panel shows the horizon structure of the
asymptotic de Sitter solution in dRGT massive gravity for
the value of B, as B, = 0.8 (Blue line), 8, = 0.9 (Black
line) and B,,, = 1.1 (Red line). The right panel shows the
horizon structure of the asymptotic AdS solution in dRGT
massive gravity for the value of B, as By, = 0.9 (Blue line),
Bm = 1.1 (Black line) and o, = 1.3 (Red line). We set pa-
rameters as M =1, ag = 1 and c2 = —1 for the asymptotic
de Sitter solution and ¢ = 1 for the asymptotic AdS solution.

where

\/6 - 2\/§6m
and y =

Bm (3\/g - 56m) \/ \/gérggm '

The numerical plot for these horizons is shown in the
right panel of Fig. 2. From this figure, one can see that
the existence of three horizons satisfy the condition 1 <
Bm < 2/+/3 as we have analyzed. In the next section, we
will use the expression for the horizons derived in this
section to analyze the properties of the gravitational
potential and the greybody factor of the black hole.

(40)




3 Equations of motion of massless scalar field

Classically, nothing can escape a black hole when ap-
proaching it. However, when a quantum effect is con-
sidered, the black hole can radiate. This radiation is
known as Hawking radiation. It is a blackbody spec-
trum of temperature

h

kT = 41
drr’ (41)

where r¢ is the Schwarzschild radius. In this paper,
we assume that Hawking radiation is a massless scalar
field. The massless scalar field satisfies the Klein-Gordon
equation

1
—0 —ggh’0,®) = 0. (42)
0, (V=i 0,)

We use the spherical coordinates. The solutions to the
wave equation in spherical coordinates are of the form

o(t.r.2) = Dy, (), (43)

where Yy, (£2) are spherical harmonics. The Klein- Gor-
don equation becomes

w?r? r 9 U(r)
I )Wwd{ 105 ()]
1 9 /. 8Y(Q)
{93( 00 )]
N 1 9%Y ()
sin HY(Q) 02

The angular part satisfies

1L 0 (. 0Y(2) 1 0%Y(Q)
sin0 90 (“ne a0 >+sin29 967
SN (45)

= 0. (44)

where ¢ is the angular momentum quantum number.
Therefore, the Klein-Gordon equation (Eq. (44)) is left
with the radial part

d*(r)

2
dr?

+ [w? = V(r)]¥(r) =0, (46)

where 7, is the tortoise coordinate defined by

dry 1

) 47
and V(r) is the potential given by

V() = L0 TOIE, (48)
It can be expressed in terms of 7 as

v - W DIG) | SO )

272 27

Substituting the function f(7) from Eq. (23), we obtain

(CQFZ —cr+ C())

27;7\24 (2027: — 01)‘|‘| .

(50)

o]

We+1) 1

272 c2r

From the above equation, we can see that the potential
is high when the angular momentum quantum number
is large. Qualitatively, the leading contribution to the
transmission amplitude comes from the mode ¢ = 0.
Therefore, it is sufficient to qualitatively analyze the
potential for the case of £ = 0. When ¢ = 0, the first
term in Eq. 49 vanishes and the second term is pro-
portional to ff’. Therefore, there are three 7-intercepts
resulting from f = 0 and f/ = 0. This behavior signif-
icantly differs from the Schwarzschild case, which has
only one 7-intercept as shown in the right panel of Fig.
3.

0.0 0.5 1.0 1.5 2.0 2.5 3.0

Fig. 3 The left panel shows the maximum potential for a
de Sitter black hole versus the model parameter o, with
=0, =1, M = ag = 0.1. The right panel shows the
potential for a de Sitter black hole with different values of ca
compared to the Schwarzschild case; black-dotted line for the
Schwarzschild case, red line for ca = —1, blue line for co = —2
and green line for co = —3.



For the de Sitter case, the potential can be obtained
by setting ¢; = ¢y = 0. As we have analyzed in Section
2.2, it is convenient to change parameter as agyco =
—a2,/(27M?). For this setting, the potential depends
only on the parameter «,,. In the same strategy as the
quantum theory, the shape of the potential controls the
transmission amplitude. Therefore, it is worthwhile to
consider the maximum value of the de Sitter potential
compared to the Schwarzschild potential. As a result,
the de Sitter potential for the £ = 0 case can be written

as
W an
P27

Y 2
x (2]\24 - 2o f) . (51)
r 27M?
By solving fmax via V¢ = 0 and then substituting the
solution back into the above equation, one can find the
maximum value of the potential depending on only two
parameters, M and a,,. The expression is significantly
lengthy; we do not present it in the current paper. In
order to see the effect of the graviton mass or the cos-
mological constant, one can fix M and then plot this
expression via «,, as shown in the left panel of Fig. 3.
Note that we also show the result for the £ = 1 case
in this figure. From this figure, one can see that V.
contributed from the de Sitter black hole is always less
than one from the Schwarzschild black hole. Clearly,
the cosmological constant plays a role in reducing the
local maximum of the potential. The explicit form of
the de Sitter potential is plotted with various values of
the cosmological constant as shown in the right panel
of Fig. 3. Note that we used the parameter cs instead of
a?,. This is convenient for comparing the results with
one from the case of the dRGT massive gravity. Con-
sequently, it might be expected that the transmission
amplitude due to the de Sitter black hole should be
greater than one in the Schwarzschild black hole. We
will clarify this issue explicitly in the next section.
The dRGT potential for ¢ = 0 can explicitly be
written as

62 VdS (’I:) =

< =

VaraT(?) = 5= [1— =+ oo — 3¢/ dckay T

1 oM
T

i 3\/§ag & —2c¢9 1
Brm
2M
X (7:2 + 2a4coT — 34 40%04977> . (52)
By employing the same strategy as used in the de Sitter

case, we found that the leading term of V. is propor-
tional to Vipax < 1/B,. By fixing ¢ = —1, we have

illustrated the explicit behavior of the peak of the po-
tential in the left panel of Fig. 4. We can explicitly see
that V.. increases as (3, decreases. Moreover, the de
Sitter potential and the dRGT potential with various
values of 3, are plotted as shown in the right panel of
Fig. 4. Tt shows that both the de Sitter potential and
the dRGT potential increase with radial distance from
the black hole. After that, they decrease with radial dis-
tance to reach the relative lowest point and then turn
to increase again.

20~
15F
Vmax 10F
5.
O,
0.0
5
--------- ds
I —— Bn=05
3f — Bw= Bme
Bmz 0.7
v o2
1k
-1

0.0 0.5 1.0 1.5 2.0 2.5 3.0

7

Fig. 4 The left panel shows the maximum of dRGT potential
with £ =0, M = 0.1, ag = 0.1, c = 1, and ca = —1. The
right panel shows the dRGT potential with £ = 0, M = 0.1,
ag =0.1,c=1,and c2 = -1

In [46], the maximum points of the potentials are
not chosen to be equal. We consider this point here.
The equality of the maximum points allows us to draw
conclusions regarding how high the rigorous bounds on
the greybody factors for different types of black holes
are. At the highest point, the derivative of the potential
is zero. For ¢ = 0, we obtain

LAfE) ) + L) = fE) ()
2 72 :
The solution of V/(7) = 0 is not shown here. We find
that the equality of the peak of the potentials occur at

V/(7) =

(53)



B = 0.565375. Moreover, the effects of parameter cs
are shown in Fig. 5.

20pr

Vmax 10p

v

0.0 0.5 1.0 1.5 2.0 2.5 3.0

Fig. 5 The left panel shows the maximum dRGT potential
with £ =0, M = 0.1, oy = 0.1, ¢ = 1, and B, = 0.565375.
The right panel shows the dRGT potential with £ = 0, M =
0.1, ag = 0.1, ¢ = 1, and By, = 0.565375.

To see the effect of the parameter co on the poten-
tial, let us fix B, = Bme. The peak of the potential is
plotted as shown in the left panel of Fig. 5. The poten-
tial is also plotted with various values of ¢y as shown in
the right panel of Fig. 5. The parameter ¢y character-
izes the strength of the graviton mass. Therefore, the
graviton mass will enhance the potential in contrast to
the effect of the cosmological constant in the de Sitter
black hole.

In this section, we explore the behavior of the grav-
itational potential for both the de Sitter black hole and
the dRGT black hole of a massless scalar field. By mak-
ing a comparison with the potential in the Schwarzschild
black hole, we found that the local maximum of the de
Sitter potential is always less than one of the Schwarzs-
child potential. For the dRGT black hole, the local max-
imum of the potential depend on the model param-
eters; [,, characterizing the existence of two horizon
(0 < B < 1) and co characterizing the strength of the
graviton mass. In contrast to the de Sitter potential,

we found that the local maximum of the dRGT poten-
tial will be larger than ones for the Schwarzschild and
the de Sitter potential by setting parameter 3, < 1 or
ca < —1. In the same fashion as quantum theory, the
shape of the potential has an effect on the transmission
amplitude or the the greybody factor in this context.
We will use the information of the potential to analyze
the behavior of the greybody factor in the next section.

4 The rigorous bounds on the greybody factors

From a classical point of view, a black hole is believed
to be black because nothing, when having entered the
black hole, can escape, not even light. From a quantum
point of view, however, a black hole is no longer consid-
ered ‘black’ since it has been proven to emit a type of
thermal radiation known as Hawking radiation. At the
event horizon of a black hole, Hawking radiation is ex-
actly a blackbody spectrum. While Hawking radiation
propagates out from the event horizon, it is, however,
modified by the spacetime curvature generated by its
black hole source. Thus, an observer at an infinite dis-
tance observes the modified form of Hawking radiation,
which is different from the original Hawking radiation
at the event horizon. This difference can be measured
by the so-called greybody factor.

In this section, a greybody factor will be obtained
using the rigorous bound [35-37,47]. The bound can
give a qualitative description of a black hole. It is ap-

plied to various types of black holes such as a Schwarzschild

black hole [48], a non-rotating black hole [49], a dirty
black hole [50], a Kerr-Newman black hole [51], a Myers-
Perry black hole [52], and a dRGT black hole [46]. The
rigorous bounds on the greybody factors are given by

T > sech? </ 19d7‘*> , (54)

where
VRGP + 2 = V() — B2 ()
2h(r) ’

where h(r,) is a positive function satisfying h(—o0) =
h(c0) = w. See [35] for more details. We select h = w.
Therefore,

T > sech? (21]/ |V|d7"*) . (56)

4.1 de Sitter black holes

'19:

(55)

To obtain the rigorous bound, we use the potential de-
rived in the previous section. For de Sitter black holes,
the potential is given by Eq. (50), with ¢; = ¢y = 0.



Substituting this potential into Eq. (56), we obtain the
rigorous bounds on the greybody factors

T > T, = sech® {1 {E(f—f—l) (}— ! )
2we

TH Ry

- 1 1 ~ ~

H
(57)

The rigorous bounds on the reflection probabilities are
given by

R < tanh? [zic {z(u ) (} 1 )

TH RH
~ 1 1
+M <~2 — RﬁQ

= H> 201yC2 (RH JH) H . (58)

where, from Eq. (20), 7y and Ry are given by

. 6M 1 2m

g = o cos [ cos (— am) — 3] (59)
- 6M )

Ry = P cos | = cos ( - am>] . (60)

Since 7y and Ry depend on parameters M and i,
the structure of T, depends on the strength of the cos-
mological constant through the parameter a,,. To see
the effect of the cosmological constant qualitatively, let
us consider the case a,, < 1, which means that the
effect of the cosmological constant is a correction to
the Schwarzschild case. As a result, the horizons can be
approximated as

Frp ~2M, RH~<3‘/§—1>M.

A

(61)

By substituting these results into Eq. 57, the rigorous
bound on the greybody factor for a de Sitter black hole

can be approximated as
3 2|am|>
3V3

T, = sech? {1 {€(£~+ 1) (1
2we TH

M ( 40[7271) 2v/3| | }]
+— | 1- — - .
T 27 IM
From this equation, one can see that if «a,, = 0, the
bound for Schwarzschild is recovered. Moreover, for «;,, #
0, the cosmological constant provides a negative correc-
tion to the Schwarzschild bound. Therefore, the grey-
body factor for the de Sitter black hole is greater than
one for the Schwarzschild black hole. This is also consis-
tent with the behavior of the potential, since the local
maximum of the potential in the de Sitter black hole is
always less than one in the Schwarzschild black hole. To
confirm this result, we also used a numerical method to

(62)
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00 01
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Fig. 6 The left panel shows a comparison between the rig-
orous bound on the greybody factor for a de Sitter black
hole and a Schwarzschild black hole with £ = 0, ¢ = 1, and
M = ag = 0.1. The right panel shows a comparison between
the rigorous bound on the greybody factor and the approxi-
mation with £ =0, ¢ =1, co = —1 and M = ag =0.1.

show that Tb(dS) > Tb(Sch) by plotting T; with various
values of cq as illustrated in the left panel of Fig. 6.

The rigorous bound on the greybody factor is useful
in any problem, especially in qualitative work. More-
over, the rigorous bound is accurate and its method of
derivation is simpler than any other method such as the
approximation derived from the matching technique.
To see this, let us compare the rigorous bound with
the matching technique. The analytical approximation
from the matching technique in the low frequency limit
for £ =0 is given by [53,54]

2 w? S 2 w?
Tapp = 4(KTH) 14+ E = 4(HCT‘H) 1+ ? ,(63)

where % = —ag ey /c?. The rigorous bound on the grey-

body factor and the approximation are plotted as shown
in the right panel of Fig. 6. The graph shows that the
rigorous bound is less than the approximation, which
satisfies the inequality (57).
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4.2 dRGT black holes

For dRGT black holes, the potential is given by Eq.
(50). Substituting this potential into Eq. (56), we obtain
the rigorous bounds on the greybody factors

T > sech? {1 {E(f +1) (~1 - ~1 )
2wce TH Ry

- 1 1 ~ -
+M (7:12:[ — R%’) + 2(1902 (RH - TH)

ol H : (64)

—agcy In

The rigorous bounds on the reflection probabilities are
given by

R < tanh? [1 {6(£+ 1) (} _ )
2we TH Ry

- 1 1 ~ -
+M <f%{ — R%{) + 206902 (RH - T'H)

}

where, from Eqgs. (31) and (32), 7y = 7qs1 and Ry =
Tqse are given by

; (65)

- - —2 1/2 1 -1 T

rds1 = W |:X COSs <3 secC Y =+ g + ]. s
(66)

~ 2 1/2 . 1 n—1

Faga = W {X /2 cos (3 sec Y) - 1} . (67)

From Eq. (64), we find that the rigorous bound on the
greybody factor in massive gravity crucially depends on
two parameters, ¢; and co, which determines how the
structure of the graviton mass affects the bound. As we
have discussed in Section 3, the parameter ¢; must be
positive in order to have two horizons. Therefore, the
last term in Eq. (64) always provides the negative cor-
rection to the bound, so that, for the potentials with
the same height, the bound from the dRGT black hole
is always larger than the bound from the de Sitter black
hole. Moreover, this behavior can be qualitatively ex-
pressed by analyzing the potential for both cases. From
Fig. 4, for the potentials with the same height, the po-
tential from the dRGT case is always thinner than one
from the de Sitter case. Therefore, the transmission am-
plitude for the dRGT case is always greater than one
for the de Sitter case as seen in the left panel of Fig. 7.
As we have analyzed earlier, the height of the potential
can be controlled by two parameters, §,, and cy. Now
let us figure out how the parameters affect the dRGT
bound compared to the de Sitter bound.

By fixing co, one can see that the bound crucially
depends on |Ry — 7|, which is proportional to 1/f,,.
Therefore, one finds that the larger the value of f,,,
the higher is the value of the bound. This can be seen
explicitly by numerically plotting T3 with various val-
ues of (B, as illustrated in the right panel of Fig. 7.
Moreover, this behavior can also be seen by analyzing
the potential. From Fig. 4, we found that the larger
the value of 3,,, the lower is the peak of the potential.
Therefore, one finds that the larger the value of 3,,, the
higher is the value of the bound.

In terms of fixing f3,,,, one can see that the maximum
value of the potential decreases when |cz| decreases as
such that the bound will increase when |ca| decreases as
shown in the left panel of Fig. 8. Moreover, to compare
the bound from the dRGT black hole to one from the
de Sitter and the Schwarzschild black hole, we also plot
the bound by fixing w as seen in the right panel of Fig.
8. From this figure, we found that the bound from the
dRGT black hole can be larger or smaller than ones
from both the de Sitter and the Schwarzschild black
holes, depending on cs. On the other hand, the bound
from the de Sitter black hole is always larger than the
bound from the Schwarzschild black hole. Therefore, it
is found that there is more room for the dRGT black
hole to increase or decrease the greybody factor.

5 Conclusion

In this paper, we obtain the gravitational potential from
Schwarzschild black holes, de Sitter black holes, and
dRGT black holes. We also derive the rigorous bound
on the greybody factor for the de Sitter black hole and
the dRGT black hole. It is found that the structure of
potentials determines how much the rigorous bound on
the greybody factor should be. Since Vj,,x contributed
from a de Sitter black hole is always less than one in
a Schwarzschild black hole, the bound for a de Sitter
black hole is greater than one for a Schwarzschild black
hole. In case of potentials with the same height, the
result shows that the bound from a dRGT black hole
is always larger than the bound from a de Sitter black
hole. Otherwise, the bound from a dRGT black hole
can be larger or smaller than ones from both de Sitter
and Schwarzschild black holes due to different effects of
the parameter ¢ on de Sitter and dRGT spacetimes.
Furthermore, we compare the greybody factor derived
from the rigorous bound with the greybody factor de-
rived from the matching technique. The results show
that the greybody factor obtained from the rigorous
bound is less than the one from the matching tech-
nique, which means that the rigorous bound is a true
lower bound.



11
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0.6f

Tp

0.4r
—— dRGT,c,=-0.1
e dS, Cp=—1
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Fig. 7 The left panel shows a comparison of the rigorous
bound of greybody factor for the dRGT and the de Sitter
black holes with ¢ = 0, M = ag = 0.1, while the parameter
Bm is chosen to have the same height of potential. The right
panel shows the rigorous bound for ca2 = -1.
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ABSTRACT:

For various reasons a number of authors have mooted an “exponential form” for the
spacetime metric:
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While the weak-field behaviour matches nicely with weak-field general relativity, and
so also automatically matches nicely with the Newtonian gravity limit, the strong-field
behaviour is markedly different. Proponents of these exponential metrics have very
much focussed on the absence of horizons — it is certainly clear that this geometry
does not represent a black hole. However, the proponents of these exponential metrics
have failed to note that instead one is dealing with a traversable wormhole — with all
of the interesting and potentially problematic features that such an observation raises.
If one wishes to replace all the black hole candidates astronomers have identified with
traversable wormholes, then certainly a careful phenomenological analysis of this quite
radical proposal should be carried out.
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1 Introduction

The so-called “exponential metric”
ds? = —e 2™ qt? 4 P2 {dr? 4 12 (d6? + sin® 0 dp?)}, (1.1)

has now been in circulation for some 60 years [1-19]; at least since 1958. Motivations
for considering this metric vary quite markedly, (even between different papers written
by the same author), and the theoretical “justifications” advanced for considering this
particular space-time metric are often rather dubious. Nevertheless a small segment
of the community has consistently advocated for this particular spacetime metric for
over 60 years, with significant activity continuing up to the present day. Regardless
of one’s views regarding the purported theoretical “justifications” for this metric, one
can simply take this metric as given, and then try to understand its phenomenological
properties; some of which are significantly problematic.

A particularly attractive feature of this exponential metric is that in weak fields,
(2m/r <« 1), one has

2
ds? = {—dt? + dr® +72(d0? +5in2 0 dg®)} + 2 {dt? + dr? +12(d6? + sin? 0 do?)}. (1.2)
T

That i
at is om

Gab = Nab + T(Sab‘ (13)
This exactly matches the lowest-order weak-field expansion of general relativity, and so
this exponential metric will automatically pass all of the standard lowest-order weak-
field tests of general relativity. However strong-field behaviour, (2m/r > 1), and even
medium-field behaviour, (2m/r ~ 1), is markedly different.

The exponential metric has no horizons, g;; # 0, and so is not a black hole. On the
other hand, it does not seem to have been previously remarked that the exponential
metric describes a traversable wormhole in the sense of Morris and Thorne [20-45]. We
shall demonstrate that the exponential metric has a wormhole throat at r = m, with
the region r < m corresponding to an infinite-volume “other universe” that exhibits
the “underhill effect”; time runs slower on the other side of the wormhole throat.



2 Traversable wormbhole throat

Consider the area of the spherical surfaces of constant r coordinate:

A(r) = 4mr?e?™r, (2.1)
Then A
df“r) = & (r — m)e*™/"; (2.2)
and

d?A 2 2m? 2 2
s (1220 20 grene (12 ) 2o 0 (2g)
r

dr? r 72 r

That is: The area is a concave function of the r coordinate, and has a minimum at
r = m, where it satisfies the “flare out” condition A”|,—,, = +8me? > 0. Furthermore,
all metric components are finite at » = m, and the diagonal components are non-zero.
This is sufficient to guarantee that the surface r = m is a traversable wormhole throat,
in the sense of Morris and Thorne [20-45]. There is a rich phenomenology of traversable
wormhole physics that has been developed over the last 30 years, (since the Morris-
Thorne paper [20]), much of which can be readily adapted (mutatis mutandi) to the
exponential metric.

3 Comparison: Exponential versus Schwarzschild
Let us briefly compare the exponential and Schwarzschild metrics.

3.1 Isotropic coordinates

In isotropic coordinates the Schwarzschild spacetime is

dsdy, = — ﬁ i dt? + (1 + E>4 {dr* + r*(d6® + sin® 0 dp*)} (3.1)
o 1+ 2r ’

which we should compare with the exponential metric in isotropic coordinates

d$2 _ _672m/rdt2 =+ €+2m/r{d7”2 + TQ(CZGQ + sin2 9d¢2)} (32)



It is clear that in the Schwarzschild spacetime there is a horizon present at r = 7.

Recalling that the domain for the r-coordinate in the isotropic coordinate system for
Schwarzschild is r € (0, +00), we see that the horizon also corresponds to where the

area of spherical constant-r surfaces is minimised:

A(r) = 4mr? (1 + ;)4 ;

r

P e () () ) (37)

dr? 2r 4 \r r

So for the Schwarzschild geometry in isotropic coordinates the area has a minimum at
r = 3, where A’|r:% =0, and A”]r:% = 647 > 0. While this satisfies the “flare-out”
condition the corresponding wormhole (the Einstein—Rosen bridge) is non-traversable
due to the presence of the horizon.

In contrast the geometry described by the exponential metric clearly has no horizons,

since V r € (0,+00) we have exp (%) # 0. As already demonstrated, there is a

traversable wormhole throat located at » = m, where the area of the spherical surfaces

is minimised, and the “flare out” condition is satisfied, in the absence of a horizon.
m

Thus the Schwarzschild horizon at r = 7 in isotropic coordinates is replaced by a

wormhole throat at » = m in the exponential metric.

Furthermore, for the exponential metric, since exp (_QTm) > () is monotone decreasing as
r — 0, it follows that proper time evolves increasingly slowly as a function of coordinate
time as one moves closer to the centre r — 0.

3.2 Curvature coordinates

To go to so-called “curvature coordinates”, (often called “Schwarzschild curvature co-
ordinates”), for the exponential metric we make the coordinate transformation

re =rem": dry = e™" (1 —m/r)dr. (3.8)



So for the exponential metric in curvature coordinates

2

ds? — —e=2mIr g 4 o+ r2(d6? + sin® 0 dg?). (3.9)

5
(1—=m/r)
Here r is regarded as an implicit function of r,. Note that as the isotropic coordinate r
ranges over the interval (0, 00), the curvature coordinate 7, has a minimum at r; = me.
In fact for the exponential metric the curvature coordinate ry double-covers the interval
rs € [me,00), first descending from oo to m e and then increasing again to co. Indeed,
looking for the minimum of the coordinate r;:

drs K (1 B m> N dr,
dr r dr

= 0. (3.10)

So we have a stationary point at » = m, which corresponds to s = m e, and furthermore

R m2 m d?r
= — e ™ i
dr? 73 dr?

>0, (3.11)

r=m

The curvature coordinate r, therefore has a minimum at r, = me, and in these curva-
ture coordinates the exponential metric exhibits a wormhole throat at r, = me.

Compare this with the Schwarzschild metric in curvature coordinates:

2
drs

ngCh = —(1 — 2m/7”3)dt2 + an/rs

+ 72(d6? + sin’ 0 do?). (3.12)
By inspection it is clear that there is a horizon at r, = 2m, since at that location

Gtt|r.—2m = 0. For the Schwarzschild metric the isotropic and curvature coordinates are
related by ry = r (1 + %)2

If for the exponential metric one really wants the fully explicit inversion of r as a
function of r,, then observe

m

r=rsexp (W (—=m/rs)) = —m.

(3.13)
Here W(x) is “appropriate branch” of the Lambert W function — implicitly defined
by the relation W (z)eW @ = x. This function has a convoluted 250-year history;
only recently has it become common to view it as one of the standard “special func-
tions” [46]. Applications vary [46, 47|, including combinatorics (enumeration of rooted
trees) [46], delay differential equations [46], falling objects subject to linear drag [48],
evaluating the numerical constant in Wien’s displacement law [49, 50|, quantum statis-
tics [51], the distribution of prime numbers [52], constructing the “tortoise” coordinate
for Schwarzschild black holes [53], etcetera.

—5—



In terms of the W function and the curvature coordinate r¢ the explicit version of the
exponential metric becomes
dr?

ds? = —e2W(=m/ms) gy s 2(d0? + sin® 0 do?). 3.14
v W empry T 0 31

The Wy(z) branch corresponds to the region r > m outside the wormhole throat;
whereas the W_;(z) branch corresponds to the region r < m inside the wormhole. The
Taylor series for Wy(x) for |z| < e is [46]

Wo(z) =) (_mn# (3.15)
A key asymptotic formula for W_;(z) is [46].
W_i(x) = In(—z) — In(—In(—2)) + o(1); (x = 07). (3.16)

The two real branches meet at Wy(—1/e) = W_1(—1/e) = —1, and in the vicinity of
that meeting point

W(x) = —1 + 2(1 + ex) %(1 +ex) + O[(1 + ex)*?). (3.17)

More details regarding the Lambert W function can be found in Corless et al, see [46].

4 Curvature tensor

The curvature components for the exponential metric (in isotropic coordinates) are
easily computed. For the Riemann tensor the non-vanishing components are:

2m(r — m)e=2m/"
RtTtr = —2Rt9t9 = —2Rt¢t¢ = ( 7’4) 3 (41)
§ . m672m/r
R 07«9 =R ¢7‘¢ = —T, (42)
m(2r — m)e 2m/
R4 = o : (4.3)
(4.4)



For the Weyl tensor the non-vanishing components are even simpler:

2m(3r — 2m)e 2"
C'y = —20%5 = —20"y = —2C" g = =207,y = %%y = 5 ( ) .

ra
(4.5)
For the Ricci and Einstein tensors:
. 2m2672m/r ) "
R b — _7"—4 dlag{o? 17070} b (46)
2m2e—2m/7‘
R = _r—4; (4.7)
. m2672m/r ) .
GY% = — i diag{1,—1,1,1}%,. (4.8)
For the Kretschmann and other related scalars we have
Am2(12r% — 16 Tm?)em/
Rabcd Rade - m ( r 771870 m )e ; (49)
r
16 m?2(3r — 2m)2e~4m/T
Clopea C0t = — : 4.10
” 3 - (110
Am —4m/r
Ra R = B> = 25 (4.11)
T

All of the curvature components and scalar invariants exhibited above are finite ev-
erywhere in the exponential spacetime — in particular they are finite at the throat
(r = m) and decay to zero both as r — oo and as r — 0. They take on maximal values
near the throat, at r = (dimensionless number) x m.

5 Ricci convergence conditions

Since most of the advocates of the exponential metric are typically not working within
the framework of general relativity, and typically do not want to enforce the Einstein
equations, the standard energy conditions are to some extent moot. In the usual frame-
work of general relativity the standard energy conditions are useful because they feed
back into the Raychaudhuri equations and its generalizations, and so give information
about the focussing and defocussing of geodesic congruences. In the absence of the
Einstein equations one can instead impose conditions directly on the Ricci tensor.



Specifically, a Lorentzian spacetime is said to satisfy the timelike, null, or spacelike
Ricci convergence condition if for all timelike, null, or spacelike vectors t* one has:

R 16" >0 . (5.1)

For the exponential metric one has
2m?
Roypy = ——1 diag{0,1,0,0}4. (5.2)
r

So the Ricci convergence condition amounts to

a 2m2 ‘s
Ry t"t" = —T(t )2 <0. (5.3)
This clearly will not be satisfied for all timelike, null, or spacelike vectors t*. Specifically,
the violation of the null Ricci convergence condition is crucial for understanding the

flare out at the throat of the traversable wormhole [24].

6 Effective refractive index — lensing properties

The exponential metric can be written in the form
ds® = e*™" {—e ™ dt? 4 {dr® + 1*(d6? + sin 0 do?)}} . (6.1)

If we are only interested in photon propagation, then the overall conformal factor is
irrelevant, and we might as well work with

ds? = —e™ 4™ dt?  {dr? 4 r?(d6? + sin® 0 d¢)}. (6.2)

That is
ds® = —e 7at? + {da® + dy? + d22}. (6.3)

But this metric has a very simple physical interpretation: It corresponds to a coordinate
speed of light ¢(r) = ™2™/, or equivalently an effective refractive index
n(r) = e*™". (6.4)

This effective refractive index is well defined all the way down to r = 0, and (via
Fermat’s principle of least time) completely characterizes the focussing/defocussing of
null geodesics. This notion of “effective refractive index” for the gravitational field
has in the weak field limit been considered in [55], and in the strong-field limit falls
naturally into the “analogue spacetime” programme [56, 57].

— 8 —



Compare the above with Schwarzschild spacetime in isotropic coordinates where the
effective refractive index is -
n(r) = % (6.5)
2r
The two effective refractive indices have the same large-r limit, n(r) ~ 1 + 22, but
differ markedly once r < m/2.

247 1.0201
- 1.0181
1.016
2.0 1.014
1.012
n 1.81 n
1.0101
1.6 1.008
1.006
1.41
1.004
1.24— . . : : : . . ‘ 1.002+ . . . . ; : . = :
2 3 4 5 6 7 8 9 10 200 300 400 500 600 700 800 900 1000
r r
exponential Schwarzschild exponential Schwarzschild

1800+

1600+

1400+

1200+

1000+

800+

6001

4001

200+

03 04 05 06 07 08 09 1.0

r

exponential Schwarzschild

Figure 1. The graph shows the refractive index for the exponential metric compared to the
Schwarzschild metric in the isotropic coordinate. The parameter m = 1. The left panel is for
relatively small r 2 2m and the right panel is for large r. The bottom panel is for the strong
field region r ~ m/2.

From the graphs presented in Figure 1, we can see that the refractive index for the
exponential metric is greater than that of the Schwarzschild metric in the isotropic
coordinate at tolerably small » = 2m. For large r, they converge to each other and



hence are asymptotically equal. In the strong field region they differ radically. Ob-
servationally, once you get close enough to where you would have expected to see the
Schwarzschild horizon, the lensing properties differ markedly.

7 ISCO (innermost stable circular orbit) and photon sphere

For massive particles, it is relatively easy to find the innermost stable circular orbit
(ISCO) for the exponential metric; while for massless particles such as photons there
is a unique unstable circular orbit. These can then be compared with Schwarzschild
spacetime. We emphasize that the notion of ISCO depends only on the geodesic equa-
tions, not on the assumed field equations chosen for setting up the spacetime. Since
Schwarzschild ISCOs for massive particles at r, = 6m have already been seen by as-
tronomers; this might place interesting bounds somewhat restraining the exponential-
metric enthusiasts. Additionally, the Schwarzschild unstable circular photon orbit for
massless particles is at 7 = 3m (the photon sphere); the equivalent for the exponential
metric is relatively easy to find.

To determine the circular orbits, consider the affinely parameterized tangent vector to
the worldline of a massive or massless particle

dz® dz® ) dt\? dr\? do\? do\ 2
o m/r [ 27 2m/r = 2 had 22 e —
Jab Iy e (dA) +e {(d)\) +r (d)\) + sin” 6 (d)\) €.

(7.1)

Here € € {—1,0}; with —1 corresponding to a timelike trajectory and 0 corresponding
to a null trajectory. In view of the spherical symmetry we might as well just set § = 7/2
and work with the reduced equatorial problem

dz® da® o (AENE | (dr? do\>
YGab d/\ﬁ = —€ 2m/ (ﬁ) +€2 / {(a) ‘|—7"2 (a) :GE{—l,O}. (72>

The Killing symmetries imply two conserved quantities (energy and angular momen-

dt do
=2m/r [ 2V ) _ E- 2m/r)2 [ Z2X ) — L. .
e (d)\) : e r (dA) (7.3)

d 2 L2
eQm/r {—E2 + (é) } + e*Qm/rﬁ = €. (74)

tum)

Thence

— 10 —



That is

dr ? 2 —2m/r —2m T’L2
This defines the “effective potential” for geodesic orbits
2 omyr L
Ve(r)=e" m/r{—e%—e_ m/rﬁ}. (7.6)

e For ¢ = 0 (massless particles such as photons), the effective potential simplifies

to dm/r 72
e ML

Wolr) = —5— (7.7)

This has a single peak at » = 2m corresponding to Vomez = _L® _ This is

(2me)? -
the only place where V{(r) = 0, and at this point V”(r) < 0. Thus there is an

unstable photon sphere at r = 2m, corresponding to the curvature coordinate
re = 2me'/? a0 3.297442542m. (This is not too far from what we would expect
for Schwarzschild, where the photon sphere is at r; = 3m.)

For extensive discussion on the importance of the photon sphere for astrophysical

imaging see for instance references [58-63].

e For e = —1 (massive particles such as atoms, electrons, protons, or planets), the
effective potential is

2 omyr L 2W L?
Vvl(r) — e m/r {1 +e m/TT_Q} —e (m/rs) {1 + ﬁ} . (78)
It is easy to verify that
2e72m/T (L2~ 2/ [2m — r] 4+ mr?)

rd

Vi) =

(7.9)

and that

2e2m/m(L2e2™/"[8m? — 12mr + 3r?] 4+ 2m2r? — 2mr3)

V() = ~

(7.10)
Circular orbits, denoted r., occur at V/(r) = 0, but there is no simple analytic

way of determining r.(m, L) as a function of m and L. Working more indirectly,
by assuming a circular orbit ar r = r., one can solve for the required angular

- 11 -



momentum L.(r.,m) as a function of 7, and m. Explicitly:

ree™Te\/m
Lc(rc,m) = ﬁ (711)

(Note that at large 7. we have L.(r.,m) ~ /mr. as one would expect from
considering circular orbits in Newtonian gravity.) This is enough to tell you that
circular orbits for massive particles do exist all the way down to r. = 2m, the
location of the unstable photon orbit; but this does not yet guarantee stability.
Noting that

OLc(re,m)  e™/"e(r2 — 6mr. + 4m?)/m

= 12
or. 2r.(re — 2m)3/2 ’ (7.12)

we observe that the curve L.(r.,m) has a minimum at r, = (3 + \/3) m where
Linin ~ 3.523216438 m. (See Figure 2.)

61

m

Angular momentum for circular orbit

Figure 2. The graph shows the angular momentum L/m required to establish a circular
orbit at radius r/m. Note the minimum at r» = (3 4+ v/5)m where Ly, ~ 3.523216438 m.
Circular orbits for r > (3 4 v/5)m are stable; whereas circular orbits for r < (3 4+ v/5)m are
unstable. (Circular orbits for r < 2m do not exist.)

To check stability substitute L.(r.,m) into V" (r) to obtain

2me=2m/"e(r2 — 6mr, + 4m?)

Vi(re) = ri(r. — 2m)

(7.13)

- 12 —



This changes sign when r2 — 6mr, + 4m? = 0, that is . = (3 + \/5) m. Only the
positive root is relevant (the negative root lies below r. = 2m where there are no
circular orbits, stable or unstable). Consequently we identify the location for the
massive particle ISCO (for the exponential metric in isotropic coordinates) as

isco = (34 /5 ) m ~ 5.236067977 m. (7.14)

In curvature coordinates
1
Fossco = (34 V5) exp {Z (3-v5) } m ~ 6.337940263 m. (7.15)

This is not too far from what would have been expected in Schwarzschild space-
time, where the Schwarzschild geometry ISCO is at ;500 = 6m.

8 Regge—Wheeler equation

Consider now the Regge—Wheeler equation for scalar and vector perturbations around
the exponential metric spacetime. We will invoke the inverse Cowling approximation
(wherein we keep the geometry fixed while letting the scalar and vector fields oscillate;
we do this since we do not a priori know the spacetime dynamics). The analysis closely
parallels the general formalism developed in [54].

Start from the exponential metric:
ds? = —e 2™ dt? + e dr? 4 r2(d6? + sin® 0 dg?) ). (8.1)
Define a tortoise coordinate by dr, = e2m/" dr then
ds® = e 2™ (—dt* + dr?) + e/ (d* + sin® 0 dg?). (8.2)
Here r is now implicitly a function of r,. We can also write this as
ds? = e7 ™" (—dt* + dr?) + r2(d6? + sin® 0 dp?). (8.3)

Using the formalism developed in [54], the Regge—Wheeler equation can be written,
(using 0, as shorthand for 0,,), in the form

2o+ {w—V}d=0. (8.4)
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For a general spherically symmetric metric, (specifying the metric components in cur-
vature coordinates), the Regge-Wheeler potential for spins S € {0, 1,2} and angular
momentum ¢ > S is [54]

Vs = (—gu) {W; D + S5 - 17);9” — ﬂ +(1-25) 85“. (8.5)

For the exponential metric in curvature coordinates we have already seen that both
g = —e 2™ and ¢ = (1 — m/r)%. Therefore

} +(1- 5)8*2‘“. (8.6)

T's

(e+1)  SS =D —m/r)? -~ 1

2 2
Ts s

VS _ eme/r |:

It is important to realize that both r, and 7 occur in the equation above. By noting
that 0, = e 2™/70, it is possible to evaluate

O%ry e Tm(2r —m) e [(1 —m/r)? — 1]
= : =— 5 , (8.7)
T r r
and so rephrase the Regge—Wheeler potential as
0+ 1 SZ2 —1)[(1 - 21
Vg = 6—4m/r |: ( :2_ ) + ( )[( > m/r) ]:| ) (88)

This is always zero at r = 0 and r = oo, with some extrema at non-trivial values of r.
The corresponding result for the Schwarzschild spacetime is

2
ocrs

Ts

- } +(1-9) (8.9)

2m\ [L(f+1) S(S—1)2m
Vssen = (1 — 2 3

Ts

For the Schwarzschild metric 0, = (1 — 2m/r,)0,, and so it is possible to evaluate

0r 2m\ 2m
LR (e =, 1
Ts ( TS) r (8.10)
Fhen om\ [U0+1)  (S?—1)2
m -+ — m
Vs sch = (1 - ) { o 3 } : (8.11)

Converting to isotropic coordinates, which for the Schwarzschild geometry means one
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is applying rs = r (1 + %)2, we have

1— o2
Vs seh = o
2r

This is always zero at the horizon r = m/2 and at r = oo, with some extrema at

0+ 1) - (52—1)2772 | 5.12)
A o g)

non-trivial values of r.

8.1 Spin zero

In particular for spin zero one has

G—Qm/r E(é + 1) + 837“8

Vo = 72 T
Ep——s (L+1) n 0?r,
r2 Ts
_ _ 2 _
r

This result can also be readily checked by brute force computation. The corresponding
result for Schwarzschild spacetime is

1—2N\2| ge+1 2m
VO,Sch:<1+2mT) 2( m) it — (8.14)
o T (1 + ;) T (1 + ;)
For scalars the s-wave (¢ = 0) is particularly important
_ 1—(1—m/r)? N 2m m
_ —4m/r _ ,—dm/r | 2170 _ .
Vosoo = € { > e = (1 2r> : (8.15)
versus ,
1-2 2m
V0,6=0,8ch = ( i:) (8.16)
b/ [+ g)

Note that these potentials both have zeros at r = m/2 and that for r < m/2 only
the exponential Regge—Wheeler potential is of physical interest, (thanks to the horizon
at ¥ = m/2 in the Schwarzschild metric). See Figure 3. The potential peaks are at

3m

r = (1 + \%) m and r = = respectively. For the exponential metric there is also a

trough (a local minimum) at r = (1 - \%) m.
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Figure 3. The graph shows the spin zero Regge—Wheeler potential for £ = 0. While the
Regge—Wheeler potentials are not dissimilar for » > m/2, they are radically different once one
goes to small r < m/2, (where the Regge-Wheeler potential for Schwarzschild is only formal
since one is behind a horizon and cannot interact with the domain of outer communication).

8.2 Spin one

For the spin one vector field the {r;'9?r,} term drops out; this can ultimately be traced
back to the conformal invariance of massless spin 1 particles in (3+1) dimensions. We
are left with the particularly simple result (¢ > 1)

—4m/r
y, = e (8.17)

r2

See related brief comments regarding conformal invariance in [54]. Note that this rises
£(0+1)
(2me)?
back to zero (r — 00). The corresponding result for Schwarzschild spacetime is

from zero (r — 0) to some maximum at r = 2m, where V; — and then decays

(L—5)° e+

l+g) "

V1 Sch = : (8.18)

Note that this rises from zero (at r = m/2) to some maximum at r = (1 + @) m,

20(6+1)
where V; — S22,

features of the potential.

and then decays back to zero (r — 00). See Figure 4 for qualitative
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Figure 4. The graph shows the spin one Regge—Wheeler potential for £ = 1. While the
Regge—Wheeler potentials are not dissimilar for » > m/2, they are radically different once one
goes to small r < m/2, (where the Regge-Wheeler potential for Schwarzschild is only formal
since one is behind a horizon and cannot interact with the domain of outer communication).

8.3 Spin two

For spin two, more precisely for spin 2 axial perturbations, (see [54]) one has (¢ > 2)

2
V2 — eme/r E(g + ]‘) _3 8*7”5

72 Ts
2
— e—4m/7‘ E(Z—;— 1) —3 8*7“5
r T
1 1— 21
— e—4m/7" |:‘€(£ + ) + 3[(T2 m/r> ]:| . (819)

The corresponding result for Schwarzschild spacetime is

1—m\?
o

VQ,Sch: (1+ﬂ)
2r

See Figure 5 for qualitative features of the potential.

((l+1) 6m

8.20
ez rrr) (520
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Figure 5. The graph shows the spin two (axial) Regge-Wheeler potential for £ = 2. The
Regge—Wheeler potentials are somewhat dissimilar for » > m/2, and are radically different
once one goes to small r < m/2, (where the Regge-Wheeler potential for Schwarzschild is
only formal since one is behind a horizon and cannot interact with the domain of outer
communication).

9 GR interpretation for the exponential metric

While many of the proponents of the exponential metric have for one reason or another
been trying to build “alternatives” to standard general relativity, there is nevertheless
a relatively simple interpretation of the exponential metric within the framework of
standard general relativity and the standard Einstein equations, albeit with an “exotic”
matter source. The key starting point is to note:

2m? . 1 2m 2m 1
Rab = —7 dlag{O, 1, 0, O}ab = —§Va <T) Vb (T) = —gva@ Vbq) (91)

Equivalently
1 1
Gay = =5 {vacb Vo® — 5 gab (ngVc(I)qu)>} : (9.2)

This is just the usual Einstein equation for a megative kinetic energy massless scalar
field, a “ghost” or “phantom” field. The contracted Bianchi identity G, then au-
tomatically yields the scalar field EOM (¢%°V,V,)® = 0. That the scalar field has
negative kinetic energy is intimately related to the fact that the exponential metric
describes a traversable wormhole [20, 24].
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So, perhaps ironically, despite the fact that many of the proponents of the exponential
metric for one reason or another reject general relativity, the exponential metric they
advocate has a straightforward if somewhat exotic general relativistic interpretation.’

10 Discussion

Regardless of one’s views regarding the merits of some of the “justifications” used for
advocating the exponential metric, the exponential metric can simply be viewed as a
phenomenological model that can be studied in its own right. Viewed in this way the
exponential metric has a number of interesting features:

e [t is a traversable wormhole, with time slowed down on the other side of the
wormbhole throat.

e Strong field lensing phenomena are markedly different from Schwarzschild.

e [SCOs and unstable photon orbits still exist, and are moderately shifted from
where they would be located in Schwarzschild spacetime.

e Regge—Wheeler potentials can still be extracted, and are moderately different
from what they would be in Schwarzschild spacetime.

Many of the proponents of the exponential metric are arguing for using it as a replace-
ment for the Schwarzschild geometry of general relativity — however typically without
any detailed assessment of the phenomenology. We strongly feel that if one wishes
to replace all the black hole candidates astronomers have identified with traversable
wormholes, then certainly a careful phenomenological analysis of this quite radical pro-
posal (somewhat along the lines above) should be carried out. Perhaps most ironically,
despite the fact that many of the proponents of the exponential metric reject gen-
eral relativity, the exponential metric has a natural interpretation in terms of general
relativity coupled to a phantom scalar field.

Tt is also possible to interpret the exponential metric as a special sub-case of the Brans class IV
solution of Brans—Dicke theory, which in turn is a special case of the general spherical, asymptotically
flat, vacuum solution [64, 65]; in this context it is indeed known that some solutions admit a wormhole
throat, but that message seems not to have reached the wider community.
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Abstract In general relativity, greybody factor is a quan-
tity related to the quantum nature of a black hole. A high
value of greybody factor indicates a high probability that
Hawking radiation can reach infinity. Although general rel-
ativity is correct and has been successful in describing many
phenomena, there are some questions that general relativity
cannot answer. Therefore, general relativity is often modi-
fied to attain answers. One of the modifications is the ‘mas-
sive gravity’. The viable model of the massive gravity theory
belongs to de Rham, Gabadadze and Tolley (dRGT). In this
paper, we calculate the gravitational potential for the de Sit-
ter black hole and for the dRGT black hole. We also derive
the rigorous bound on the greybody factor for the de Sitter
black hole and the dRGT black hole. It is found that the struc-
ture of potentials determines how much the rigorous bound
on the greybody factor should be. That is, the higher the
potential, the lesser the bound on the greybody factor will
be. Moreover, we compare the greybody factor derived from
the rigorous bound with the greybody factor derived from
the matching technique. The result shows that the rigorous
bound is a true lower bound because it is less than the grey-
body factor obtained from the matching technique.

1 Introduction

General relativity was formulated in 1915. It offers profound
insights into the concept of gravity. General relativity has
succeeded in describing many gravitational phenomena such
as the gravitational deflection of light, gravitational radiation,
the anomalous perihelion of Mercury, and the behavior of
black holes.

According to cosmological observations, todays the uni-
verse is expanding with acceleration [1,2]. There are a num-
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ber of cosmological models accounting for this current accel-
eration. Among these models, the simplest one is the Lambda
cold dark matter (ACDM) model in which the cosmological
constant drives the acceleration of the universe. The model
assumes that general relativity is the correct theory of grav-
ity on cosmological scales. Although the ACDM model is
in excellent agreement with observations, the cosmologi-
cal constant itself encounters a theoretical problem that the
observational value of the cosmological constant is much
smaller than the theoretical one. It may be possible that gen-
eral relativity may not be the most suitable theory to describe
the universe on a large scale, at least on a scale larger than
the solar system. The dark side of the universe is evidence
that some modifications of general relativity at a large scale
is required [3].

Such modifications should be correct on the largest scale
and then reduce to general relativity on a smaller scale. One
of the candidates for such modifications is massive gravity.
Massive gravity is a theory of gravity in which a graviton
has a mass. The most successful theory of massive grav-
ity is popularly known by the de Rham—Gabadadze—Tolley
(dRGT) model [4,5]. Because of the Vainshtein mechanism,
adding mass to graviton keeps physics on a small scale equiv-
alent to general relativity, with some small corrections [6].
However, this leads to the modification of gravity on a larger
scale.

Regarding the cosmological solutions in the dRGT mas-
sive gravity theory, even though all the solutions cannot pro-
vide a viable cosmological model, for example, the solutions
do not admit flat-FLRW metric [7,8] or the model encoun-
ters instabilities [9-11], a class of solutions can provide a
viable cosmological model [12—-14]. The solutions for the
dRGT massive gravity are not only investigated in a cos-
mological background, but also in a spherically symmetric
background [15]. For spherically symmetric solutions, the
black hole solutions have been investigated in both analyt-
ical [16-25] and non-analytical [26,27] forms, depending
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on the fiducial metric form. However, they still share the
same property, which is represented as an asymptotic AdS/dS
behavior.

A black hole can emit thermal radiation if the quantum
effects are considered. This thermal radiation is known as
Hawking radiation [28]. Hawking radiation propagates on
spacetime, which is curved by the black hole. The curva-
ture of spacetime acts as a gravitational potential. Therefore,
Hawking radiation is scattered from this potential. One part of
the Hawking radiation is reflected back into the black hole,
while the other part is transmitted to spatial infinity. The
transmission probability in this context is also known as the
greybody factor.

There are many methods to calculate the greybody factor.
For example, one can obtain an approximate greybody fac-
tor using the matching technique [29-31]. If the gravitational
potential is high enough, one can use the WKB approxima-
tion to derive the greybody factor [32-34]. Other than approx-
imation, the greybody factor can also be obtained using the
rigorous bound [35-37]. The bound can give a qualitative
description of a black hole.

In this work, we investigate the greybody factor using the
analytical black hole solution in dRGT massive gravity. In
Sect. 2, the structure of the horizons of the solution is ana-
lyzed in order to generate a suitable form for the analysis of
the properties of the greybody factor. In Sect. 3, the proper-
ties of the gravitational potential are investigated for both the
de Sitter black hole and dRGT black hole. The height of their
potentials are determined by the parameters of the model. In
Sect. 4, we derive the rigorous bound on the greybody factor,
and the reflection probability for the de Sitter black hole and
the dRGT black hole. The value of the rigorous bound on the
greybody factor corresponds to the structure of potentials.
In addition, the effects of the graviton mass, cosmological
constant and angular momentum quantum number on the
greybody factors will also be explored. Finally, concluding
remarks are provided in Sect. 5.

2 dRGT black hole background

In this section, we will review the main concept of the dRGT
massive gravity theory in the following manner [18]; the ana-
lytical solution of the modified Einstein equation due to the
graviton mass is first presented, and then the structure of the
horizons of the black hole in the dRGT massive gravity the-
ory is investigated. The theory of the dRGT massive gravity
is a covariant non-linear theory of massive gravity, which is
ghost free in the decoupling limit to all orders. The action of
the dRGT massive gravity model in four-dimensional space-
time can be expressed as

@ Springer
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§= [ d*ey=g| L Rlgl+mi(Lale. f1+asLslg. £

+asLylg. £) %))

where R is a Ricci scalar corresponding to a physical metric
&uvs mf, to the square of the graviton mass, with £;s repre-
senting the interactions of the ith order of the massive gravi-
ton. In particular, those interactions of the massive gravi-
ton are constructed from two kinds of metrics and can be
expressed as follows,

1

Lolg. f1= 5 (IKP - 1K71). @)
1

Lalg. £1 = 5; (IKP = 3UKIK> +20K%]) 3)
1

Lalg. 1= 5 (1K1 = 6ICPIC + 3UCT + KK

—6K*1). )

where the rectangular brackets denote the traces. The tensor
Ky is constructed from the physical metric g,, and the
fiducial metric f},, as

n
IC‘t:S’,ﬁ-( g_lf) ; Q)

v

where the square roots of those tensors are defined so that

/gflf‘;\/ﬁpv = (g*‘f)“v. The fiducial metric is cho-
sen as [16,38,39]

fuv = diag(0, 0, ¢?, ¢? sin? 6), (6)

where c is a constant. It can be shown in [38] that the theory
of massive gravity with the choice of the singular fiducial
metric such as one in equation (6) is absent of Boulware—
Deser (BD) ghost. The static and spherically symmetric black
hole solution satisfying this theory can be written as [18]

2 2 dr? 2562
ds® = — f(r)dt"+ —— +r-ds§2~, @)
f@r)
where
2M A,
f)=1===+Zrl 4 yr+e, ®)

d? = d6? + sin? 9d¢2, and M is an integration constant
related to the mass of the black hole. The parameters above
can be written in terms of the original parameters as

A=3m,(l+a+p), ©
y = —cm§ (1+4+2a+38), (10)
;:czmé (x+3p), (11)
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and
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oa—1 B

3 0Ty
This solution contains various kinds of black hole solutions
found in literature. If mg = 0, the Schwarzschild solution is
recovered. In the case of ¢ = 0, the solution reduces to the de
Sitter solution for 1+a+ 8 < 0and reduces to the anti-de Sit-
ter solution for 1+a 4B > 0. Moreover, the global monopole
solution can be obtained by setting 1 + 2« 4+ 38 = 0. Note
that the last term, the constant potential ¢, corresponds to the
global monopole term. A global monopole usually comes
from a topological defect in high energy physics of the early
universe resulting from a gauge-symmetry breaking [40—42].
However, in this solution, the global monopole is contributed
via the graviton mass. Note that the linear term y r is a charac-
teristic term of this solution, distinguished from other solu-
tions found in literature. Next, we will consider the struc-
ture of the horizons of this solution. Since the solution is an
asymptotical AdS/dS solution, we first consider the structure
of the AdS/dS solution and then investigate the structure of
the horizons of the solution in the dRGT massive gravity
theory.

a3 = + 12)

2.1 Horizon structure for AdS/dS-like solutions

It is important to note that one can choose ¢ = 0. This
corresponds to trivial solutions since the interacting terms
(or graviton mass) become constant, which is inferred from
K, = §8',. Therefore, the action in Eq. (1) becomes the
Einstein—Hilbert action with cosmological constant. In order
to investigate the structure of the horizon, let us first consider
a simple case where ¢ = 0. As a result, the function in the
metric solution becomes

fry=1- 27M+%r2. (13)

From this function, one can see that f(r) — —oo where
r — 0. In order to have two horizons, f must be increased
and then decreased where r is increased. This means that
f(r) — —oo again when r — o0. Therefore, in order to
obtain two horizons, A must be negative. This corresponds to
the de Sitter (dS) spacetime, while in the case of anti-de Sitter
(AdS) spacetime, A > 0, there exists only one horizon. Now
let us find the conditions for which there are two horizons for
the de Sitter spacetime, where A < 0. If two horizons exist,
the maximum value of f must be positive. The maximum
point of f can be found by solving f’ = 0. As a result, the
maximum point is

am\ '3
'm = (_T) . (14)

Substituting this radius into f(r) in Eq. (13), the maximum
value of f can be written as

3m '
f(rm)=<—T> -3M. (15)

By requiring f(r,;) > 0, the condition for having two hori-
zons can be written as

1

In order to parameterize the solution properly, let us define a
dimensionless parameter as

a2 = —9AM>, (17)

where 0 < oz,%, < 1. By using the dimensionless variable

r = r/M, function f can be rewritten as

2 2
fR=1-%- Z-’;#. (18)

In order to find the horizon, one has to solve the cubic equa-
tion;

27 54
7 F

——r+— =0. (19)
an oy

This cubic equation is known as the depressed cubic equation,

and the solution can be expressed as

- 6 r 2wk
F= ECOS [gcos (—am) - T], (20)

where k = 0, 1, 2 for the three distinguished solutions. Since
0 < a,, < 1, one can expand the sinusoidal function and then
keep only the significant contributions. As aresult, fork = 2,
7 is negative, and for k = 1 and k = 0, the solutions can be
respectively approximated as

2 1)

Note that these solutions are well approximated when «;,, <
1. Actually, this approximation can be realized to satisfy the
cosmological solution in which the universe expands with
acceleration, since the observed value of A is very small
compared to the black hole mass. The behavior of the horizon
with various values of «,, is shown in the left panel of Fig.
1.

For the AdS solution, A is positive. Therefore, one can
find the solution of the horizon by rewriting o, as o, =

@ Springer



492  Page 4 of 12

Eur. Phys. J. C (2018) 78:492

0.5 : : ; ; ; ; ;
) /\
-0.5¢
f(r)
-1.0p
— a,=0.5
— a,=0.9
-1.51 — =11
-2.0b .
0 2 4 6 8 10 12 14
F
5 T T T T T T T
4.
3.
2.
f(r)
— a,=0.5
r — a,=0.9
— ap=1.1
0
-1}

|

Fig. 1 The left panel shows the horizon structure of the de Sitter solu-
tion for the value of «;, as «,;, = 0.5 (blue line), o, = 0.9 (black line)
and «;, = 1.1 (red line). The right panel shows the horizon structure of
the AdS solution for the value of «;, as «;,, = 0.5 (blue line), «;;, = 0.9
(black line) and «,,, = 1.1 (red line)

9AM?. By following the same steps from the de Sitter case,
the horizon in the AdS case can be written as

6 1.
¥ = — sinh | — sinh (ozm) . (22)

U 3
As we have discussed above, there exists only one horizon
for the AdS solution. This is valid for all values of «,, as
show in the right panel of Fig. 1.

2.2 Horizon structure for the dRGT massive gravity
solutions

For the complete massive gravity solution, it is significantly

difficult and complicated to find the horizon analytically.
One of the conditions for having three horizons is that

@ Springer

A > 0. Therefore, we can separate our consideration into
two classes; the asymptotic AdS solutions for A > 0 and the
asymptotic de Sitter solution for A < 0 [43].

For the general solutions of the dRGT massive gravity,
the dimension-length parameter c is not set to be zero. This
means that we have to introduce a scale to the theory. It is
useful to work out the solution using dimensionless variable,
7 = r/c, and then find out what scale ¢ would assume. As a
result, function f can be written in terms of a dimensionless
variable as

By 2M o
f) =1- = +a (czr —c1r+co>, (23)
where
Y M 2.2
M=7, og = mygc”, co=o+3p,

cir=142a+38, c2=14+a+ 8. 24)

From this equation, it is sufficient to figure out that the scale
of ¢ takes place at M ~ . Therefore, one can choose the
parameter ¢ as

1/3
M
c=ry= (W) . (25)

g
This radius is well known as the Vainshtein radius [44,45].
The theory in which r < ry will approach GR, while the
theory in which r > ry, the modification of GR will be
active. The horizons can be found by solving for the solution
of r through the equation

othQf3 — ozgclfz + (agco + Dr — 2M = 0. (26)

In order to find the conditions for having three horizons for
the AdS case and two horizons for the de Sitter case, let us
consider the extremum points of the function f using the
equation f' = 0 or

2ageri — ageri? —2M = 0. (27)

This is the cubic equation. We can solve it by changing the
variables to obtain the depressed cubic equation and then
analyze the general solution to find the condition for having
two real positive roots for the AdS case and one real positive
root for the de Sitter case. As a result, one can constrain our
consideration to case ¢; = 3(4c%)1/ 3, Choosing this condi-
tion will guarantee one real positive root for the de Sitter case
as Fys = (—2¢2)~ /3 and two real positive roots for the AdS
case as Fagst = (2¢2) "/} and Faasy = (14 +/3)(2c2)™'/5.

For the asymptotic de Sitter solutions, f at the extremum
point can be written as

Fas) = 1 + coorg — —=atg (—2e)'/3. 28)

V3
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In order to have two horizons, f(r;5) > 0. We can parame-
terize the parameter cgp such that

L9 o0
0_\/5 Bm ag.

Therefore, the condition for having two horizons in the case
of de Sitter-like spacetime is

0 < B < 1. (30)

By changing the cubic equation into the depressed cubic
equation, one can find the two real positive horizons as the
real roots of the depressed cubic equation as follows

. 2 1/2 L

Pl = W X172 cos 3 sec Y| -1/, (31)
—2c¢

. -2 12 Lo T

rZZW X'/ cos 3 sec Y+§ +1], (32
—2c

where

23 Vi +2(2v28, + V6)

X=—+4andY = —
B 58m + 333

. (33)

Our analysis can be checked using the numerical method as
shown in the left panel of Fig. 2. From this figure, one can
see that 8, can parameterize the existence of two horizons.

Now we consider the asymptotic AdS solutions. The f at
the extremum points can be written as

- 9
fGaas)) =1+ coag — g Q2e)'3, (34)
~ 9 1/3
fFaas2) =1+ coag — ﬁag (2c) /7. (35)

In order to have three horizons, we must have f(raq51) > 0
and f(Faqs2) < 0. By using the parameter of «g in Eq. (29),
while changing ¢y to —c3, the condition for having three
horizons can be written as

1< B < (36)

2
V3
By using the same step as done in the asymptotic de Sitter
case, the three real positive horizons for the AdS case can be
written as

2 i 1

Pl = W 1 — x'/2sin <§ sec_1y+%)i| , (37)
2 L
2 i 1

Py = W 1—x"2cos (3 sec” !y + %)] , (38)
2 L
2 i 1

Py = W 1+ x'2cos <§ sec™! y)] . (39)
2 L

2
— Bm=0.8
1 — Bm=0.9
/\ — Bm=1.1
f(F) o
) m\
—ob 1 1 1 1
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_l — Bm=0.9
— Bn=1.1
— Bm=1.3
oL .
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Fig. 2 The left panel shows the horizon structure of the asymptotic de
Sitter solution in dRGT massive gravity for the value of 8, as B, = 0.8
(blue line), B,, = 0.9 (black line) and B,, = 1.1 (red line). The right
panel shows the horizon structure of the asymptotic AdS solution in
dRGT massive gravity for the value of 8, as B, = 0.9 (blue line),
Bm = 1.1 (black line) and &, = 1.3 (red line). We set parameters as
M =1,a, = 1and c; = — 1 for the asymptotic de Sitter solution and
¢y = 1 for the asymptotic AdS solution

V6 — 228
x=———andy=

B (3v3—58n) - A2 “w

The numerical plot for these horizons is shown in the right
panel of Fig. 2. From this figure, one can see that the existence
of three horizons satisfy the condition 1 < B, < 2/+/3
as we have analyzed. In the next section, we will use the
expression for the horizons derived in this section to analyze
the properties of the gravitational potential and the greybody
factor of the black hole.
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3 Equations of motion of massless scalar field

Classically, nothing can escape a black hole when approach-
ing it. However, when a quantum effect is considered, the
black hole can radiate. This radiation is known as Hawking
radiation. It is a blackbody spectrum of temperature

h
kT = ,
4y

(41)

where ry is the Schwarzschild radius. In this paper, we assume
that Hawking radiation is a massless scalar field. The mass-
less scalar field satisfies the Klein—Gordon equation

1
——93, (V=gg""3,®) = 0. 42
\/—g u( 88 ) (42)

We use the spherical coordinates. The solutions to the wave
equation in spherical coordinates are of the form

ior Y1)

D(t,r, 2) =" —Yin(82), (43)
r

where Yy, (§2) are spherical harmonics. The Klein— Gordon
equation becomes

w?*r? r d

2 i ¥(r)
o Tvear [’ f(’")dr< , )}

1 1 9 .Y (R2)
+——— | ——— | sinf
Y(£2) [ sinf 96 a0
1 1 9%y ()
+—5 2 -
sin“0 Y(£2) 0¢
The angular part satisfies

0. (44)

1 8 /. aY(R) 1 327 ()
—— — | sinf +
sin® 90 30 sin20 0¢2
=— L+ DY (), (45)

where £ is the angular momentum quantum number. There-
fore, the Klein—Gordon equation (Eq. 44) is left with the
radial part

d*y(r)
dr?

*

+[o? = vio]vo =0, (46)

where r, is the tortoise coordinate defined by

dry 1

dr ) “n
and V (r) is the potential given by
Vi) = L+ 12)f(r) n fnf (V)_ 48)

r r

It can be expressed in terms of 7 as
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L+ 1)f(F)
c2F? c

f(f)f/(f).

V@) = :

(49)

7

Substituting the function f(7) from Eq. (23), we obtain

3 2M o
Vi)=|1—-—+aq (Czr —cr+ co)
r

00+ 1 1 | 2m
X [% + ﬁ |:f_2 +06g (2C27—cl):|:|.
(50)

From the above equation, we can see that the potential is
high when the angular momentum quantum number is large.
Qualitatively, the leading contribution to the transmission
amplitude comes from the mode ¢ = 0. Therefore, it is suf-
ficient to qualitatively analyze the potential for the case of
£ = 0. When £ = 0, the first term in Eq. (49) vanishes and
the second term is proportional to ff’. Therefore, there are
three F-intercepts resulting from f = 0 and f' = 0. This
behavior significantly differs from the Schwarzschild case,
which has only one 7-intercept as shown in the right panel of
Fig. 3.

For the de Sitter case, the potential can be obtained by
setting c; = c¢op = 0. As we have analyzed in Sect. 2.2, it is
convenient to change parameter as agcy; = — a,% /(2TM?).
For this setting, the potential depends only on the parameter
o, . In the same strategy as the quantum theory, the shape of
the potential controls the transmission amplitude. Therefore,
it is worthwhile to consider the maximum value of the de
Sitter potential compared to the Schwarzschild potential. As
a result, the de Sitter potential for the £ = 0 case can be
written as

1 oM 2
CszS(f)=:< - ~2>
r r 27M?
5 2M 202 651
- — ~—TI].
2 2IM?

By solving 7inax via V¢ = 0 and then substituting the solu-
tion back into the above equation, one can find the maximum
value of the potential depending on only two parameters, M
and «,,. The expression is significantly lengthy; we do not
present it in the current paper. In order to see the effect of
the graviton mass or the cosmological constant, one can fix
M and then plot this expression via a,, as shown in the left
panel of Fig. 3. Note that we also show the result for the £ = 1
case in this figure. From this figure, one can see that Viax
contributed from the de Sitter black hole is always less than
one from the Schwarzschild black hole. Clearly, the cosmo-
logical constant plays a role in reducing the local maximum
of the potential. The explicit form of the de Sitter potential
is plotted with various values of the cosmological constant
as shown in the right panel of Fig. 3. Note that we used the
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Fig. 3 The left panel shows the maximum potential for a de Sitter black
hole versus the model parameter o, with ¢ = 0,¢ =1, M= ag =0.1.
The right panel shows the potential for a de Sitter black hole with
different values of ¢ compared to the Schwarzschild case; black-dotted
line for the Schwarzschild case, red line for ¢co = — 1, blue line for
¢y = —2 and green line for ¢ = —3

parameter ¢, instead of a,%,. This is convenient for comparing
the results with one from the case of the dRGT massive grav-
ity. Consequently, it might be expected that the transmission
amplitude due to the de Sitter black hole should be greater
than one in the Schwarzschild black hole. We will clarify this
issue explicitly in the next section.

The dRGT potential for £ = 0 can explicitly be written as

VarGT ) = — | 1 2M+ 72— 3J4c3a,7
dRGT(M) = = = tagorr cyogF
33a,/—2c3
——EY =
Brm
2M N T
X f—2+2agczr—3 desagr | . (52)

Fig. 4 The left panel shows the maximum of dRGT potential with £ =
0, M =0.1, g =0.1, c = 1, and ¢c; = — 1. The right panel shows the
dRGT potential with £ =0, M = 0.1,ag=01,c=1,and c; = — 1

By employing the same strategy as used in the de Sitter case,
we found that the leading term of V. is proportional to
Vimax o 1/B,. By fixing ¢; = — 1, we have illustrated the
explicit behavior of the peak of the potential in the left panel
of Fig. 4. We can explicitly see that Vi, increases as S,
decreases. Moreover, the de Sitter potential and the dRGT
potential with various values of §,,, are plotted as shown in the
right panel of Fig. 4. It shows that both the de Sitter potential
and the dRGT potential increase with radial distance from
the black hole. After that, they decrease with radial distance
to reach the relative lowest point and then turn to increase
again.

In [46], the maximum points of the potentials are not cho-
sen to be equal. We consider this point here. The equality of
the maximum points allows us to draw conclusions regard-
ing how high the rigorous bounds on the greybody factors
for different types of black holes are. At the highest point,
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20 T T T T T

15¢ 1

Fig. 5 The left panel shows the maximum dRGT potential with £ =0,
M =0.1,ag=0.1,c=1, and B, =0.565375. The right panel shows the
dRGT potential with £ =0, M = 0.1, &g =0.1, ¢ = 1, and 8, = 0.565375

the derivative of the potential is zero. For £ = 0, we obtain

LFf@) ') +TLF PP =[O f ()

c? 72

V() = (53)

The solution of V' (7) = 0 is not shown here. We find that the
equality of the peak of the potentials occur at 8,,, = 0.565375.
Moreover, the effects of parameter ¢, are shown in Fig. 5.

To see the effect of the parameter ¢, on the potential, let us
fix B = Bme. The peak of the potential is plotted as shown
in the left panel of Fig. 5. The potential is also plotted with
various values of ¢, as shown in the right panel of Fig. 5. The
parameter ¢ characterizes the strength of the graviton mass.
Therefore, the graviton mass will enhance the potential in
contrast to the effect of the cosmological constant in the de
Sitter black hole.
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In this section, we explore the behavior of the gravitational
potential for both the de Sitter black hole and the dRGT black
hole of a massless scalar field. By making a comparison with
the potential in the Schwarzschild black hole, we found that
the local maximum of the de Sitter potential is always less
than one of the Schwarzschild potential. For the dRGT black
hole, the local maximum of the potential depend on the model
parameters; B, characterizing the existence of two horizon
(0 < Bm < 1) and c¢; characterizing the strength of the
graviton mass. In contrast to the de Sitter potential, we found
that the local maximum of the dRGT potential will be larger
than ones for the Schwarzschild and the de Sitter potential by
setting parameter 3, < 1 or ¢ < — 1. In the same fashion
as quantum theory, the shape of the potential has an effect
on the transmission amplitude or the the greybody factor in
this context. We will use the information of the potential
to analyze the behavior of the greybody factor in the next
section.

4 The rigorous bounds on the greybody factors

From a classical point of view, a black hole is believed to be
black because nothing, when having entered the black hole,
can escape, not even light. From a quantum point of view,
however, a black hole is no longer considered ‘black’ since
it has been proven to emit a type of thermal radiation known
as Hawking radiation. At the event horizon of a black hole,
Hawking radiation is exactly a blackbody spectrum. While
Hawking radiation propagates out from the event horizon, it
is, however, modified by the spacetime curvature generated
by its black hole source. Thus, an observer at an infinite
distance observes the modified form of Hawking radiation,
which is different from the original Hawking radiation at
the event horizon. This difference can be measured by the
so-called greybody factor.

In this section, a greybody factor will be obtained using the
rigorous bound [35-37,47]. The bound can give a qualitative
description of a black hole. It is applied to various types
of black holes such as a Schwarzschild black hole [48], a
non-rotating black hole [49], a dirty black hole [50], a Kerr-
Newman black hole [51], a Myers—Perry black hole [52],
and a dRGT black hole [46]. The rigorous bounds on the
greybody factors are given by

o0
T > sech? ( / ﬁdr*> , (54)
—00

where

WP+ [0? Vi) - 2]
' 2h(r)

, (55)
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where h(r,) is a positive function satisfying h(—oco0) =
h(co) = w. See [35] for more details. We select 7 = w.
Therefore,

1 o0
T > sech? (2—/ |V|dr*> ) (56)
W J-c0

4.1 de Sitter black holes

To obtain the rigorous bound, we use the potential derived in
the previous section. For de Sitter black holes, the potential
is given by Eq. (50), with ¢; = ¢9p = 0. Substituting this
potential into Eq. (56), we obtain the rigorous bounds on the
greybody factors

T > T, = sech? [21 {€(€+ 1 (i — i)

2we FH Ry
+M (L — ;) + 20,02 (IéH —FH)}j|.
iRy ¢
(57)

The rigorous bounds on the reflection probabilities are given
by

1 1 1
R < tanh? [— {e(z +1) <~— — ~—>
2wc rH Ry

(11 .
R +20tgc2<RH—rH> . (59)

H H

where, from Eq. (20), 7y and Ry are given by

- 6M 1 _1 ( ) 27 (59)
= ——cos | = cos — oy ) — —

. 3 m) =3

- 6M 1

Ry = ECOS |:§ cos™! (—ozm):|. (60)

Since 7y and RH depend on parameters M and o, the
structure of 7}, depends on the strength of the cosmologi-
cal constant through the parameter «,,. To see the effect of
the cosmological constant qualitatively, let us consider the
case o, < 1, which means that the effect of the cosmolog-
ical constant is a correction to the Schwarzschild case. As a
result, the horizons can be approximated as

L 33 -
Py ~2M, RH~(£—1)M. 61)

U

By substituting these results into Eq. (57), the rigorous bound
on the greybody factor for a de Sitter black hole can be

approximated as

1 e(e+1)1 2oty |
ﬂ{ TH <_3\/§)

M 4o 243 |
—1-=2)-——=1]. 2
+r12_1 ( 27 ) oM (©2)

T;, = sech? |:

From this equation, one can see that if o, = 0, the bound
for Schwarzschild is recovered. Moreover, for «,,, # 0, the
cosmological constant provides a negative correction to the
Schwarzschild bound. Therefore, the greybody factor for the
de Sitter black hole is greater than one for the Schwarzschild
black hole. This is also consistent with the behavior of the
potential, since the local maximum of the potential in the de
Sitter black hole is always less than one in the Schwarzschild
black hole. To confirm this result, we also used a numerical
method to show that 7}, 45y = Tj,Schy by plotting 7}, with
various values of c¢; as illustrated in the left panel of Fig. 6.

The rigorous bound on the greybody factor is useful in
any problem, especially in qualitative work. Moreover, the
rigorous bound is accurate and its method of derivation is
simpler than any other method such as the approximation
derived from the matching technique. To see this, let us com-
pare the rigorous bound with the matching technique. The
analytical approximation from the matching technique in the
low frequency limit for £ = 0 is given by [53,54]

2 w? PERY) w?
Tapp =4(kry) 1+ K_2 = 4(kcry) 1+ K_2 , (63)

where k> = — g/ ¢2. The rigorous bound on the greybody
factor and the approximation are plotted as shown in the right
panel of Fig. 6. The graph shows that the rigorous bound is
less than the approximation, which satisfies the inequality

(57).

4.2 dRGT black holes
For dRGT black holes, the potential is given by Eq. (50). Sub-

stituting this potential into Eq. (56), we obtain the rigorous
bounds on the greybody factors

1 1 1
T > sech? [— {z(e +1) <T S )
2wc rH Ry

- 1 1 -
+M -5 T =5 ~|—20[C2(R —F)

)
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Fig. 6 The left panel shows a comparison between the rigorous bound
on the greybody factor for a de Sitter black hole and a Schwarzschild
black hole with £ =0, c=1, and M = ag = 0.1. The right panel shows
a comparison between the rigorous bound on the greybody factor and
the approximation with £ =0,c=1, ¢ = — 1 and M= ag =0.1

The rigorous bounds on the reflection probabilities are given
by

1 1 1
R < tanh? [— {e(e +1) <~— — —)
2wce Ty Ry

-~ (1 1 ~ ~
+M <f_2 — ET) +20lgC2 (RH — r[-]>

H H

|

where, from Egs. (31) and (32), /g = 7451 and Ry = Fasn
are given by

-2 1 T
ris] = ——————~ Xl/zcos<—sec_lY+—>+l:|, 66
dsi (_2C2)1/3[ 3 3 (66)

Ry

—agcrIn

@ Springer

Fasy = _ [Xl/z cos <l sec™! Y) — 1i| . (67)
(=2c)' 3

From Eq. (64), we find that the rigorous bound on the grey-
body factor in massive gravity crucially depends on two
parameters, c; and ¢, which determines how the structure of
the graviton mass affects the bound. As we have discussed in
Sect. 3, the parameter ¢; must be positive in order to have two
horizons. Therefore, the last term in Eq. (64) always provides
the negative correction to the bound, so that, for the poten-
tials with the same height, the bound from the dRGT black
hole is always larger than the bound from the de Sitter black
hole. Moreover, this behavior can be qualitatively expressed
by analyzing the potential for both cases. From Fig. 4, for
the potentials with the same height, the potential from the
dRGT case is always thinner than one from the de Sitter
case. Therefore, the transmission amplitude for the dRGT
case is always greater than one for the de Sitter case as seen
in the left panel of Fig. 7. As we have analyzed earlier, the
height of the potential can be controlled by two parameters,
B and cp. Now let us figure out how the parameters affect
the dRGT bound compared to the de Sitter bound.

By fixing c», one can see that the bound crucially depends
on |I§ H — g/, which is proportional to 1/8,,. Therefore, one
finds that the larger the value of ,,, the higher is the value of
the bound. This can be seen explicitly by numerically plotting
T, with various values of ,, as illustrated in the right panel of
Fig. 7. Moreover, this behavior can also be seen by analyzing
the potential. From Fig. 4, we found that the larger the value
of B, the lower is the peak of the potential. Therefore, one
finds that the larger the value of B,,, the higher is the value
of the bound.

In terms of fixing ,,,, one can see that the maximum value
of the potential decreases when |c>| decreases as such that
the bound will increase when |cy| decreases as shown in
the left panel of Fig. 8. Moreover, to compare the bound
from the dRGT black hole to one from the de Sitter and the
Schwarzschild black hole, we also plot the bound by fix-
ing w as seen in the right panel of Fig. 8. From this figure,
we found that the bound from the dRGT black hole can be
larger or smaller than ones from both the de Sitter and the
Schwarzschild black holes, depending on ¢;. On the other
hand, the bound from the de Sitter black hole is always larger
than the bound from the Schwarzschild black hole. Therefore,
it is found that there is more room for the dRGT black hole
to increase or decrease the greybody factor.

5 Conclusion

In this paper, we obtain the gravitational potential from
Schwarzschild black holes, de Sitter black holes, and dRGT
black holes. We also derive the rigorous bound on the grey-
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Fig. 7 The left panel shows a comparison of the rigorous bound of
greybody factor for the dRGT and the de Sitter black holes with ¢
=0, M = ag = 0.1, while the parameter B, is chosen to have the
same height of potential. The right panel shows the rigorous bound for
c=—1

body factor for the de Sitter black hole and the dRGT black
hole. It is found that the structure of potentials determines
how much the rigorous bound on the greybody factor should
be. Since Viax contributed from a de Sitter black hole is
always less than one in a Schwarzschild black hole, the
bound for a de Sitter black hole is greater than one for
a Schwarzschild black hole. In case of potentials with the
same height, the result shows that the bound from a dRGT
black hole is always larger than the bound from a de Sit-
ter black hole. Otherwise, the bound from a dRGT black
hole can be larger or smaller than ones from both de Sit-
ter and Schwarzschild black holes due to different effects
of the parameter c¢; on de Sitter and dRGT spacetimes. Fur-
thermore, we compare the greybody factor derived from the

2 4 6 8 10

1.0

0.8

0.6

0.4

0.2 J

0.0 1 L L
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Fig. 8 The left panel shows the effect of parameter ¢, on the rigorous
bound on the greybody factor for a dRGT black hole with £=0, M = « ¢
=0.1, and B,,, = 0.565375. The right panel shows a comparison of the
rigorous bound on the greybody factor for a dRGT black hole with
M =a, =0.1,0 = 1,and B, = 0.565375

rigorous bound with the greybody factor derived from the
matching technique. The results show that the greybody fac-
tor obtained from the rigorous bound is less than the one
from the matching technique, which means that the rigorous
bound is a true lower bound.
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solutions for perfect fluid spheres without directly solving the
Einstein’s field equation. Sometimes, already known solutions
are recovered. Sometimes, new (previously unknown)
solutions are obtained. Moreover, these theorems can also be
used as criteria to classify metrics into seed and non-seed
metrics [3]. Furthermore, by rewriting theses theorems in
terms of pressure and density, we obtain new solutions for the
Tolman—Oppenheimer—Volkov (TOV) equation [4]. When
charges are added into perfect fluid spheres, new features arise.
These charges make the fluid spheres anisotropic. Anisotropic
spheres can be used as models for many charged stars [10].
Moreover, the charges can change the pressure and density
profile of stars [4]. The scalar field can also make fluid spheres
anisotropic [5]. With charge and scalar field, a generalized
TOV equation is formed [10]. In this project, generating
theorems will be developed for anisotropic spheres. Following

1. Introduction

Several general relativistic isotropic stars can be modeled
by perfect fluid spheres [1-2]. A perfect fluid is one with no
viscosity, shear stresses, or heat conduction. It is one of the
exact solutions to the Einstein’s field equation, which is the
core equation of general relativity established by Einstein in
1915. A perfect fluid, as a solution to the Einstein’s field
equation, interests physicists because the equation seems
impossible to be solved exactly. Therefore, solving for a
perfect fluid poses a great challenge. Several perfect fluid
sphere solutions have been generated in literature by directly
solving Einstein’s equation. These known solutions can also,
alternatively, be generated by algorithmic techniques [2]. One
of the algorithmic techniques is the solution generating
theorem [3]. These generating theorems can produce new
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development, the generating theorems will be applied to some
known anisotropic spheres. The solution generating theorems
for perfect fluid spheres can be found in reference [3]. These
theorems facilitate us in terms of not having to solve the
Einstein's field equation directly to obtain new solutions.

For the solution generating theorems, the theorem
transformations are based on spacetime geometry. But as for
physical measurements, an object can more easily be observed
in terms of mass and energy rather than the geometry of
spacetime around it. Because the object’s matter can be
expressed by energy-momentum-stress tensor in terms of
pressure and density, the solution generating theorems should
be applied on the physical observables: pressure and density.
In addition, this paper is based on general relativity. One of the
exact solutions to Einstein’s equation is a perfect fluid sphere.
Perfect fluid spheres can be made anisotropic by the existence
of charge and scalar field. This consequently results in a more
complicated form of the Einstein’s equation, which is
evidently more difficult to solve.

The relationship between the pressure and density profile is
given in the Tolman-Oppenheimer-Volkov [TOV] equation [4];

dp(m) _ _ [pM+p@I[m@)+4mp(r)r3] 1)
ar r2[1-220] g
T
am(r) _ 2
- = dp(r)re. 2)

These equations are inertia solution of static perfect fluid
sphere objects, which are derived from the Schwarzschild
metric. For the two physical observables, it is also easy to
check for physical reasonableness of the quantities. Assuming
that we obtain the pressure p, and the density p,, we can
transform them to new solutions in terms of p + ép and
p + 6p, and take the TOV equation as a Riccati equation.

Referring to the article by P. Boonserm et al. [4], the
solution generating theorems for the TOV equation has been
developed as follows.

Theorem (P1) [4]. Let po(r) and py(r) solve the TOV
equation, and hold my(r) = 47 [ po(r)r?dr as fixed. Define
an auxiliary function g,(r) by

_ mo(r)+4mpy (r)rs
9o = 21 2merym

3

Then the general solution to the TOV equation is p(r) =
po(r) + dp(r) where

SpcJ1-2mg /T exp{—z f(:godr]

1
1+4nép, fgm EXP{—Z fggodr]rdr'

op(r) = “

where 8p, is the shift in the central pressure.
Theorem (P2) [4]. Let po(r) and py(r) solve the TOV
equation, and hold g, fixed, such that

_ mo(r)+4mpy (r)rs _ m(r)+4mp(r)r3

9o = r2[1—2mo(r)/r]  r2[i-2m(r)/r]’ ®)

Then the general solution to the TOV equation is given by
p(r) = po(r) + 6p(r) and m(r) = my(r) + Sm(r) where

_ 4nr38p. 1-7g,
om(r) = Tirraof P {2 [ 90 Toros dr}, (6)
and
2
5p(r) _ _ dm 1+48mpyr (7)

amr3 1-2mg/r’

Here 6p, is the shift in the central density. By explicitly
combining these formulae we have

Sp. 1+ 8mp,r?
[1+71ge]? 1 -2
T

T o 1-rg,
* exp Zf g dr},
{ o 01+rg0

Sp(r)rs
1+ ngo(r)>'

op(r) =

and

1d
8p(r) = 2

2. Charged Fluid Spheres

2.1. Anisotropic Fluid Spheres and Generalized TOV
Equation

The perfect fluid sphere possesses key properties such as
the isotropy of pressure with no viscosity, shear stresses, or
heat conduction. Using perfect fluid spheres, stars in our
universe can be modeled. If charges are added to a perfect
fluid sphere, the latter becomes anisotropic. An anisotropic
sphere can also be made by a scalar field. Perfect fluid spheres
are the first approximation of solution for many objects.
However, there are also many other spherical objects that do
not fit the properties of perfect fluid spheres. One kind of such
object is a neutron star. The radial pressure of the stars differs
from the transverse pressure. The applied idea for these stars is
referred to as anisotropic fluid spheres.

p 0 0 0
s |0 00

a=lop o0 p oOf
0 0 0 p

We define new solution of charged fluid spheres as the
metric of spacetime

d 2
ds? = =, (r)2dt? + ﬁ + r2dn? (8)

or with the notation {{,, By} by setting

Gﬁc - 655 = 87TA,

where A is an arbitrary function in terms of radius r. The
Einstein’s tensors were written in a non-coordinate form,
which represents an observer’s view of physical quantities.

2.2. Modeling Static Anisotropy

For describing the inertia properties of anisotropy, we need
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to modify the new energy momentum stress tensor for
anisotropy. It can be modeled in terms of a linear combination
of the “perfect fluid”, “electromagnetic field”, and “massless
scalar field”,

From the definition [10], the tensor for perfect fluid spheres
is

TP = (pf + pf) Vavh +prg®.

The tensor for electromagnetic field is
1
Te%l; = Facgchbd - Zgab(chFCd)-

The tensor for (minimally coupled) massless scalar field is

arp 1
Tsab = ¢‘a¢'b - Egab (ng¢;C¢;d)'

Using the covariant conservation of total stress energy,
T, =0, we obtain a relation of perfect fluid density with
pressure, scalar field, and the field strength tensor of the
electromagnetic field

(o + VeV + 9% ([pf], + 0s) = F22(0emVs) = 0,
After we obtain the equation of anisotropy in terms of
pressure and density, we have to assume that the equation must
be equivalent to the TOV equation.
This is the modified TOV equation [10]

[of+p]lm(r)+ampre]
N r2[1-200]] ©)
r

dpf
dr

OemE do

— — 0. —,
1— 2m(r) *dr
\J r
dm

—- = 4mpr® = 4rt(ps + pem + ps)r,

(10)

where p¢, Pem, Ps, Oem, 05, and ¢ represent perfect fluid
density, electromagnetic density, electromagnetic charge, and
the massless scalar charge and field, respectively.

3. The Effect of Charge on Pressure

3.1. Special Case: When p Is Constant and o Is Zero
In this case, the generalized TOV equation becomes
4y

_ lpgtpy][m@)+amp ] OemE

ar rz[l_Zm_r(r)] - \ll—zm—r(r)’ (11)
supplemented with
‘2—7: = 4npr? = 4n(ps + pem )12 (12)
Integrating the above equation, we obtain
m(r) = %npr3. (13)

Substituting m(r) into the generalized TOV equation, we
can numerically solve for ps as shown in Figure 2.
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Figure 1. The fluid pressure as a function of radius.

3.2. The Effect Between Charge and Pressure

In this part, we will investigate how the charge affects the
pressure in an anisotropic fluid sphere. From equation (11),
we set the mass, density, and electric field fixed, and vary the
charge density in order to examine how the pressure changes.
The effect of charge on pressure is shown in the Table 1.

Table 1. This table shows the effect of charged density on pressure for
generalized TOV equation in special case (p = constant).

Charge density (C/m’) Pressure (N/m’)
1 4.08x10%
2x10" 7.25%10%
3x10" 1.08x10%
4x10" 2.00x10%
5%10" 1.84x10%

From the table, we can see that when the charge density
increases, the pressure also increases. The charge causes the
pressure to increase. Anisotropic fluid sphere has a pressure
greater than that of perfect fluid sphere for equal mass,
density, and electric field. For example, we compare the case
of 0O =101 kg/m3 with the case of 0y =5X
10'kg/m3 as shown in Figures 2 and 3, respectively.

5.x 10%84

T T

0 2.x10°

6.x 10° 1.x 107

>

Figure 2. The fluid pressure for 0,, = 10*! kg/m’
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Figure 3. The fluid pressure for 0,, =5 X 101! kg/m’.

From these graphs, we can see that when the charge is
denser, the fluid pressure increases. In this case, when the
charge density increases by 5 times, the pressure can increase
by a 100 times. Moreover, the effect of fluid density on
pressure is also investigated, as shown in Table 2.

Table 2. This table shows the effect of fluid density on pressure for
generalized TOV equation in special case (p = constant).

Density (kg/m°) Pressure (N/m?)
1x10" 4.08x10%
1.1x10" 6.28x10%
1.2x10" 1.04x10%
1.3x10" 2.07x10%
1.4x10" 9.47x10%

Similarly, when the fluid density increases, the pressure
also increases. This means that the denser charged stars have
a pressure greater than the less compact stars.
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Figure 4. The fluid pressure for p; = 10°2 kg/nr’.
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Figure 5. The fluid pressure for py = 1.2 X 1022 kg/nr’.
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Figures 4 and 5 show the effect of fluid density on pressure.
We can see that when the fluid density increases by 1.2 times,
the pressure can increase by approximately 100 times.
Moreover, when the radius decreases, the pressure increases.
That is the center of star has the highest pressure.

4. The Transmission and Reflection
Probabilities for Tolman-Bayin Type of
Anisotropic Fluid Sphere

4.1. The Transmission Probability

Referring to P. Boonserm, and M Visser [23], we use a
similar concept to find the transmission and reflection
probabilities for the Tolman-Bayin type of charged fluid
sphere.

The wave that can be observed by an observer away from a
black hole is the only transmitted wave. The incident wave is a
blackbody radiation because a black hole is a blackbody.
However, the transmitted wave is no longer a blackbody
radiation due to the modification from the curvature of
spacetime. We call the transmitted wave as a greybody
radiation. The transmission probability is called the greybody
factor for black hole systems. The greybody factor is a
quantity containing information about the percentage of
Hawking radiation that can reach infinity. In addition, we can
derive the greybody factor by solving the Schrodinger-like
equation. However, we cannot, in general, find the exact
solutions [23-25].

For the static, spherically symmetric background, the
metric takes the form [10, 26]

ds? = {y(r)?dt? — ar?

2902
5o r=df-.

(14

Substituting in the Einstein’s field equation and performing
some manipulation, we obtain [26]

1
ac _ (VBoa (1) _ Bt a1\ _ 2., 20°
dr_<T2dT(JB—o) r3>+“B°dr(¢B—o)C Cr + gy (19
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where
$o’(M)
= 16
rdo(1) (16)
Matching this interior solution with the exterior

Reissner-Nordstrom at r = a, we assume the total charge to be

a7

we can find total

q(a) = Ka™,

where K is constant.
gravitational mass

Moreover,

_ na?(2-n)+2q>
m= 2(1+2n-n?)a ’ (18)
For simplicity, we are interested in the case n = 0. So we
obtain

2 2
G=1-"4 1 (19)
2 2 2q?
BO=1—7m+Z—2=1—ai2. (20)

In the presence of a scalar field, it is possible for
anisotropic fluid sphere to radiate scalar waves. Therefore,
we can find the transmission probability of the scalar waves
in propagating to a distant place, or spatial infinity. In [24,
27], the rigorous bound on the transmission probability was
calculated for the Myers-Perry black hole. In this paper, we
study the Tolman-Bayin type of charged fluid sphere, which
takes the form [26]

ds? = (1 - 27’" +Z—z)2 dt? — (1 + Z—i)_z dr? —r2d0?®. (21)

The rigorous bound on the transmission probability is
given by [24-25]
1 oo
T = sech? [Z f_oon(r)dr*]. (22)

For the Tolman-Bayin type of charged fluid sphere, the
potential takes the form

_l(+1) 2m | q%\?
V(T') —r—z(l—T-i'a—z) (23)
and the tortoise coordinate is given by
dr — ; (24)

2 2N -
dar 1_2m+q 1_2q
a a2 a?

Therefore, the rigorous bounds on the transmission
probability is

1 (ld+1 om g%\’
T > sech? —f ( ) 1——+q— dr,
2w r2 a a?

[oe]

S 2 2

(+DI-T+5

f > e dr
r 1-2L

To

a?

1
sec [Zw

1 (ll+1)a®—2ma+ g
= sech? [%f( )a mara dr
To

-r-2 a2 — 2q2
1 1\
= sech? [—l(l +1) 3 > ——) ]
2w a* —2q /1,

= sech? [-L101+ 1) 2me (L))

a?-2q2 0

aZ—Zma+q2(

(25)

The rigorous bound on the transmission probability is
plotted with w as shown in Figure 6.
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0.992

Transmission probability

& 0.9904

0.988

0.986

Figure 6. The rigorous bound on the transmission probability as a function

of w.

From the graph, we can see that the rigorous bound on the
transmission probability increases as the wave’s energy
increases. This means that the waves with higher energy can
penetrate to spatial infinity with a higher probability than
lower energy waves.

4.2. The Reflection Probability

From the law of conservation, the relationship between the
reflection probability and the transmission probability

satisfies [25]
R+T=1. (26)

Therefore, for the given transmission probability, the
reflection probability can be obtained

R=1-T=1-sech? 110+ 1)M(%)] @7)

a?-2q?

The rigorous bound on the reflection probability is plotted
with o as shown in Figure 7.
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Figure 7. The rigorous bound on the reflection probability as a function of «.

From Figure 7, we can see that the rigorous bound on
reflection probability decreases with increasing wave energy.
This relationship is an inverse of the relationship associated
with the transmission probability. That is, the increase in the
rigorous bound on reflection probability corresponds to the
decrease in the rigorous bound on transmission probability,
satisfying the law of conservation within the equation (26).

5. Conclusion

In this paper, we derived the generalized TOV equation for
anisotropic fluid sphere. We investigated the effect of charge
on pressure in the absence of a scalar field, and with a
constant charge density. The result shows that the presence of
charge can add to the pressure of charged stars. Moreover, a
denser star has more pressure than the less compact stars.
Finally, we calculated the rigorous bound on the transmission
probability and the reflection probability for the
Tolman-Bayin type of charged fluid sphere. We found that
high energy waves have a higher probability in reaching
spatial infinity than low energy waves.

For future work, spherical objects in reality can be more
easily observed in terms of pressure and density. Therefore,
building a solution generating theorem in terms of pressure
and density allows us to gain a clear understanding of star-like
object. In this work, the solution generating theorem algorithm
is applied to the generalized TOV equation. We can find new
solutions from the theorems. Moreover, the type of solutions
can also be classified by the theorems. We can also see the
interrelationship between the anisotropic solutions.
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Abstract—The Einstein field equation describes the relationship
between spacetime geometry and matter (or energy). In general,
the equation cannot be solved because of its extreme complexity.
Therefore, several related methods have been developed to find
the solution. In the artide [Phys. J. Vol. 2, No. 2, 2016], the
Riccati equation has been used to develop a method to obtain new
solutions for perfect fluid spheres in the curvature coordinates.
In this paper, we focus on the use of the Riccati equation in
finding new solutions for perfect fluid spheres in isotropic
coordinates. Moreover, we also present another method, the
Fourier transform, to obtain new solutions. The Schwarzschild
metric is chosen as the starting metric. The results show that
solutions obtained from the Riccati equation and the Fourier
transform are both new and different from each other.

Keywords-generating perfect fluid sphere; isotropic coordinate;
modified technique; Fourier transform; ordinary differential
equation;

L INTRODUCTION

The general theory of relativity was formulated by Albert
Einstein in 1915. It relates the spacetime geometry to matter
and the energy within it [1-3]. This characteristic has been
expressed in a mathematical form as the equation called the
Einstein field equation. It is a fully non-linear partial
differential equation which, in general, cannot directly be
solved. To reduce the complexity, some assumptions have to
be made. One of the assumptions includes a static, spherically
symmetric, perfect fluid sphere.

A perfect fluid sphere is one with pressure isotropy, but no
viscosity or conduction of heat. Its static and spherical
symmetry reduce the Einstein field equation to an ordinary

Petarpa Boonserm

Department of Mathematics and Computer Science,
Faculty of Science,
Chulalongkorn University
Bangkok 10330, Thailand

differential equation that can be solved for an exact solution
[4-18].

In this paper, new solutions of perfect fluid sphere in
isotropic coordinates [19-22] are obtained using the Riccati
equation and the Fourier transform.

IL GENERATING PERFECT FLUID SPHERE

The isotropic coordinates are ones in which the coefficients
of radial and angular coordinates are equal. The metric of a
static, spherically symmetric, perfect fluid sphere in isotropic
coordinates takes the form [23]

ds? =2 (r)di* + (dr2 +r2dQ? ) (1)

1
&2 (r)B* (r)
where
dQ?=d0*+sin® Gdg*. )
The Einstein field equation is given by
G/*”; :877.'GT[“;, (3)

where Gj; is the Emstein tensor and Tj; is the energy-

momentum tensor, which is given by
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p 0 0 O

0 p. 0 0
Ty=| 7 @

“ 0 0 p O

0 0 0 p
The condition for a perfect fluid is p, = p,. Hence, T}; = Tgé-

From (3), this gives

G’:}: = GH"H" . (5)

This condition leads to an ordinary differential equation [19-
21]

{:'(@T _B0)-B0)/r 6
() 2B(r)
Let
g'(r)
=2 7
g(r) £ ™
which gives
£(r)=exp([ g(rydr). ®)
Then, from (6) we obtain
2, B"(r)-B'(r)/r
g (r) Y TR ©
Rearranging the above equation gives
B"(r) —m—zg2 (")B(r)=0. (10)
r
Now, we introduce a new function /(r), which is defined by
_B'(
h(r) = 28(r)’ (1)
which gives
B(r) = exp ( [ 2h(r)dr) . (12)

Differentiating /(r), we obtain

62

3 Bl/(r)

’ 2\) 2
h'(r)= 2B0) 2h°(r). (13)
Therefore,
B”(f‘) ot 2
280 =h'(r)y+2h°(r). (14)
Substituting (11) and (14) into (9) leads to
gz(r)=2h2(r)+h'(r)—M. (15)
r
The general form of the Riccati equation is given by [24]
V(@)= () +q @y +g ()Y (), (16)

where go(x), g1(x), and g,(x) are arbitrary functions. We can
write (15) in the Riccati form

B () = g2 () + - h(r) = 212 (), (17)
r

where

qo(r)= g2 (), q,(r) =% and g,(r) = -2. (18)

One property of the Riccati equation is that if we know a
particular solution, a general solution can be derived [25]. Let

{g0(r), hy(r)} satisfy (17). Then

, 1
hy(r) = gt (r)+;h0 (r) =2k (r). (19)
We assume that the general solution takes the form
1
h(r)=hy(r)+—. (20)
z(r)
Substituting 4(r) in (17), we obtain
17 1 1
hy(r)+——| =& () +—| by () +—
z(r) r z(r)
1 2
2| hy(r)+— | . 1)
z(r)
GSTF © 2017.
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From (19), we get

z’(r)—i{l—4h0 (r)} z(r)=2. (22)
r
Differentiating (20) gives
W) = ) -2 23)
z5(r)

Substituting A (r) from (19) and z'(r) from (22), we have

B'(r)= g (r) +lh(r) —21*(r). (24)
r
Rearranging it gives
2 ' 1 2
g (r)=nh (r)—;h(r)+2h (r). (25)

Compared to (15), g(r) also satisfies the above equation. Let us
investigate the relationship between g(r) and go(r) assuming
that

g(r)=go(r)+g (r). (26)
Substituting g(r) into (15), we get
" 2 , 1 2
[0 +g" (O] =) =—h)+20 (). @7)

Expanding the complete square leads to

2 () +2g,(Ng* (N +g 2 (r)=h'(r) —%h(r) +2h%(r) (28)

From (25), the above equation reduces to

2g0(Mg" (r)+g” (r)=0. 29)

If g"(r)#0, we get
g (r)=-2g,(r)- (30)

From (26), we obtain
g(r)=-go(r)- (3D

That is, if we have {go (), hy (r)} representing a perfect fluid
sphere, then

{—go (), hy (r)+L} 32)

z(r)

also represents a perfect fluid sphere.

Next, let us find z(r). We select hg(r) = 1 as an initial
solution. Equation (19) gives

1
go(r)= 2—;. 33)
Substituting /(»)= 1 into (22), we get
, 1
z (r)+(——4)z(r)=2. (34)
r
The solution is given by
2(r) = e—(ln r—4r) .[ 2e(ln r—4r)dr . 35)
Integrating it gives
1 1
y)=————+¢. 36
z(r) e (36)
We choosec=0 as an example. From (20), we obtain
1 1-4r
(ry=1-——= . 37
) 1 1 1+4r @7
7+ J—
2 8r
From (31) and (33), we get
1
g =2~ (38)
r
From (8), we are led to
1
£(r) = exp{—j /2—-er. (39)
r

Integrating by part gives

GSTF © 2017.
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§(r)=C, exp (—\/21*2 -r+ !
22

1n(1—4r—2 4r? —Zr)j,

(40)

where C| is a constant ofintegration. From (12), we get

B(r) = exp(zj:j‘: drj =Cye ¥ (4r+1), 41)

where C,is a constant ofintegration.

III.  GENERATING SOLUTION USING THE FOURIER

TRANSFORM TECHNIQUE

A. Fourier transform applied to differential equation
Suppose we have a differential equation in this form

B"(r) B0, g2 (nB(r)=0. (42)
r
This equation can be solved using the Fourier transform
Y B'(r
FIB (r)]—F{ ( )}—F[2g2 (B [=0.  @3)

From the formulas of the Fourier transform, we obtain

(iw)* B(w)— \/ga) [l;’ * sgn} (w)— \/% [éz * E’] (w)=0.(44)

We choose

(45)

g =21
==

as an example. Then,
25 [
-0 B(w)—\gw [ B sen(o- )y

—\E j {2@5@”1'\/% sgn(y)}é(a)— Yy =0. (46)

Using the definition of sgn(x), we obtain

64

—0*B(w)- \/ga) [_j B(y)dy— I B(y)dy}

’'e) 0 o0
4 j S()B(w—y)dy + iJ' Blw— y)dy —ij B(w—y)dy =0.
0

—00 —00

(47)
The first term in the second line of (47) gives

4 J' () B(w— y)dy = —4B(w). (48)

—00

By changing the variable, the second term in the second line of
(47) gives

0 0
i I Blw—-y)dy =i I B(y)dy . (49)
Similarly, thethird term in the second line of (47) gives
i I Blw—y)dy =i I B(y)dy . (50)
0 —0
Equation (47) becomes
—* Bw)- .|~ B .y
o’ B@)-\Zo| [ By~ [ By
—41?((0)—{.[ é(y)dy—jé(y)dy] 0. 1)

Rearranging it, we are led to

\/ﬂ(a)z +4) . 9 N
o b= j B(y)dy - j B(y)dy.  (52)

—00 [0}

Differentiating both sides with respect to @ and rearranging,
we get

R (2\/27zia)+7m)2 —2\/272')(\/272' +1) |
B'(w)=- B(w). (53)
(N27i + nw) (a)2 + 4)
By the partial fraction, we obtain
GSTF © 2017.
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R N2 +2) o+ 2i
B(w) 27i+ e @* +4
Integrating both sides over @ gives
A . N2 +2 2
In |:B(a))] =1In (\/Zm + 7ra)) —Tln (a) + 4)
—i arctan (ﬁj . (55)
2
Therefore,
. -3/2-\z/2
Blw)=C (\/zm' + m) (a)2 + 4) 2-iw). (56)
Finally, by inversing the Fourier transforming, we obtain
% 3272
B(r):L I (N27i+ mw)(2 —iw) (a)2 +4) "l .
N27 2
(7

B. Application to the Schwarzschild metric using the Riccati
equation

The Schwarzschild metric in isotropic coordinates takes the
form

(1-M /2r)

d 2
(1+M/2r)

S =

4
dt* +(1+2ﬂj (dr2 +r2d§22). (58)
r

Comparing to the general form

ds? = =% (r)dr? +;(cir2 +r2dQ? ) ) (59)
(B ()
we obtain
1-M/2r 1
"% and B(#) = ———M . 60
O =2 =02 0
From (7) and (11), we get
Ve
g(r)=————and W(r)=———.  (61)
(r+M /2)? r(47 -m?)

The T hailand Research Fund (TRF), and by the Office ofthe Higher
Education Commission (OHEC), Faculty of Science, Chulalongkorn
University (RSA5980038)

65

We can take these g(r) and 4(7) as the initial solution. That is

M2

g(r)=————and (1) =-—F——-. (62
O M2y ’ r(art-m?)
Substituting /y(») into (22), we get
2
z'(r)+ l+—4]M z(r)=2. (63)
ror (41”2 -M? )
The solution is given by
z(r) = e PU) I 2e""dr (64)
where
4r +3M?
p(r) = [————dr. (65)
r(4r -M )
Therefore,
M? 1
h(r)=- + (66)
;’(4}”2 —MZ) e—p(r)jzep(’)dr
and
M
g =———. (67)
(r+M/2)
From (8) and (12), we obtain
1+M/2r
- = (68)
¢ 1-M/2r
and
. 2M*
B(r)=||e""dr exp| | -——————dr|. (69)
|:J. :| J. r (47"2 _ MZ )

C. Application to the Schwarzschild metric usingthe Fourier
transform

From (61),

GSTF © 2017.
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B M

S (70)
(r+M/2)?

r

(44) becomes

—wzz%(w)—\/%w [ Bsen(o—y)ay

2 ) .3 R
_\/;I {M%zw/z)y (—i)\/é%sgn(y)} B(w—-y)dy=0.

(71
Using the definition of sgn(x), we obtain
T 2] 0
—sz(a))—\Ew [ Bear- [ Boyay
—00 2]
M2 0 ©
_ _J' ez(M/Z)nyB(a)_y)dy+.|.ez(M/2)yy3B(a)_y)dy
—o0 0
=0. (72)

By changing the variable, the first term in the second line of
(72) gives

0

J

—00

M7y} B(w— y)dy = _[ei(M O (- ) B(y)dy .
[0)

(73)

Similarly, thesecondtermin the second line of (72) gives

I MY 33 Bl - y)dy = I MO (@ y) B(y)dy .
0 —0

(74)

Equation (72) becomes

—wzé(a»—\/%w j By~ [ B(y)ay

M2 T (M /2) (@) 35
2= [ MO @) Biy)dy

@

66

M2 “ i — A
6 [ 2@ @y By =0.  (3)
Finally, by inversing the Fourier transform, we obtain
B =—— T B(w)e"dw (76)
27 ’

where é(a)) is the solution of (75).

CONCLUSION

In this paper, we present two new techniques that can
generate new solution for a perfect fluid sphere. The first
makes use of the property of the Riccati equation; that is, if we
have a particular solution, the general solution can be obtained.
In [24], the method of the Riccati equation i developed in
curvature coordinates. In this paper, we use the Riccati
equation as a focus in isotropic coordinates. These coordinates
are highly interesting because the mathematical expressions are
relatively simpler than in curvature coordinates. The other
method, the Fourier transform, can also generate new solution
for perfect fluid sphere. In general, the method of the Riccati
equation is simpler than the Fourier transform. However, both
methods can be useful in various situations as novel ways to
derive new solutions.
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Abstract—A  perfect fluid sphere is one of the
established assumptions to reduce the complexity of the
Einstein field equation so that an exact solution can
possibly be obtained. However, a perfect fluid sphere is not
realistic because most stars in the universe are composed of
charges. From the perspective of spacetime geometry, the
presence of charge makes fluid pressure anisotropic. The
condition for charged fluid sphere, in terms of an ordinary
differential equation, is different from a perfect fluid sphere.
From the perspective of matter, the central equation is the
Tolman-Oppenheimer-Volkov (TOV) equation. The presence of
charge modifies the TOV equation. In this paper, we de velop
new generating theorems, both in the view of the spacetime
geometry and in the view of matter. For spacetime geometry, we
develop two new theorems using the corresponding ordinary
differential equation and apply them to the Reissner- Nordstr 'om
metric. For matter, we develop two new theorems using the
corresponding modified TOV equation. Moreover, the effect of
charge on fluid density, in case of constant pressure, is also
investigated. The results show that the fluid density decreases as
the charge density increases, to keep the pressure constant.

Einstein-
solution

Keywords- anisotropy;
Maxwell field equation;
generating theorem

charged fluid sphere;
modified TOV equation;

I INTRODUCTION

A perfect fluid sphere is one of the exact solutions to
the Einstein field equation [1-8]. It is usually used to ideally
model a star such as a white dwarf and a neutron star. One
of the properties of a perfect fluid sphere is the isotropy of
pressure. However, in the real world, most stas and
planets are anisotropic in pressure. The anisotropy of
pressure possibly arises from the presence of charge and
scalar field [9-16]. Therefore, the use of a charged fluid
sphere as the model of a staris more realistic than the use of a
perfect fluid sphere.

In the context of spacetime geometry, a perfect fluid sphere
is obtained by solving the Einstein field equation. In the
presence of charge, in the context of a charged fluid sphere, we
have to solve the Einstein-Maxwell field equation instead. In
general, the Einstein or the Einstein-Maxwell field equation is
highly complicated that the exact solutions cannot be derived.
Thus, approximation methods are needed. Furthermore, we can
find the solutions to the Einstein or the Einstein-Maxwell field
equation by what is called as a solution generating theorem
[17-23]. The theorem generates the solutions by not having to
directly solve the Einstein or the Einstein-Maxwell field
equation.

In the context of matter, the relationship between fluid
pressure and density can be described by the Tolman-
Oppenheimer-Volkov (TOV) equation [24-25]. In the presence
of charge, the TOV equation is modified [26]. Similar to the
Einstein or the Einstein-Maxwell field equation, the TOV or
the modified TOV is not exactly solved. Therefore, we also
develop solution generating theorems for the modified TOV
equation in the same manner as the Einstein-Maxwell field
equation.

In this paper, we develop two new generating theorems in
terms of spacetime geometry using an ordinary differential
equation to which the Einstein-Maxwell field equation reduces
and then apply them to the Reissner- Nordstrom metric. We
also develop two new generating theorems in terms of fluid
pressure and density using the modified TOV equation.
Moreover, the effect of charge on fluid density, in case of
constant pressure, is also investigated.
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Abstract. The Einstein field equation is the second order partial differ-
ential equation. It relates spacetime curvature to matter. In general, the
exact solutions cannot be obtained because the equation is so compli-
cated. One of the popular assumptions to reduce the complexity of the
equation is that matter is a static, spherically symmetric, perfect fluid.
In this way, the Einstein field equation is transformed to a second order
differential equation with variable coefficients. In this paper, we are inter-
ested in solutions about regular singular points. Therefore, the method
of Frobenius can be applied. Moreover, the reduced Einstein equation is
of the Riccati form. With the property of the Riccati equation, we can
find the general solutions if the particular solutions are specified.

Keywords: differential equation with variable coefficients, Einstein field
equation, method of Frobenius, perfect fluid, Riccati equation

1 Introduction

The Einstein field equations describe how spacetime curves by the presence of
matter and energy. They are the central equations in the general theory of rela-
tivity. Mathematically, the Einstein field equations are the second order partial
differential equations. In fact, they are a set of 16 equations in our (3 + 1)-
dimensional real world. Without any assumption or symmetry, the Einstein field
equations cannot exactly be solved. To look for an exact solution, some assump-
tions have to be imposed to reduce the complexity of the Einstein field equations.
An example of such assumptions is to model matter as a static and spherically
symmetric perfect fluid. This assumption leads to the first two exact solutions
to the Einstein field equations, which are known as the (exterior) Schwarzschild
solution and the interior Schwarzschild solution [1]. After this discovery, a static
perfect fluid sphere became more popular, after which many exact solutions were
found [2-12].

Exact solutions can be obtained in many different ways. Some tried to solve
the Einstein field equations directly with the aid of some assumptions. Some
used special techniques to obtain exact solutions without solving the Einstein
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field equations [13-16]. Some generated new solutions from previously known
solutions using the property of the Riccati equation [17-20]. Some applied the
Frobenius method [21, 22] to solve the Klein-Gordon equation on a curved back-
ground given by the Einstein field equation [23] and the generalized Einstein
field equation in higher derivative gravity theories [24]. In this paper, we will
use the Frobenius method and the properties of the Riccati equation to obtain
exact solutions.

This paper is organized as follows. The assumption of perfect fluid spheres
is imposed in section 2. The solutions to the Einstein field equations obtained
by the Frobenius method and the properties of the Riccati equation are given in
sections 3 and 4, respectively. A comparison between the two methods is made
in section 5. Finally, a concluding remark is provided in section 6.

2 Perfect fluid spheres

The curvature of spacetime is described by the Einstein equations
G =8n1GT}, (1)

where G is the Einstein tensor and 7} is the energy-momentum tensor, which
takes the form

T# = diag(_p7p7"7pt7pt)' (2)

We are interested in perfect fluid as the source of the energy-momentum tensor.
One of the properties of being a perfect fluid is its pressures in all directions
are the same. That is p, = p; or, in terms of the components of the energy-
momentum tensor,

T =13 (3)
From (1), the above condition leads to

G} = G2 (4)
The metric of the spacetime is given by

ds* = C*(r)dt* + gi) + r2(d6?* + sin® 0dp?). (5)

Applying this metric to (4), we obtain
22 B(r)C"(r) + 2B (r) — 2 BOIC () + 7B/ () — 2B(r) + 20(r) = 0. (6)

This is a second order linear ordinary differential equation. Moreover, this equa-
tion must be satisfied when the condition of perfect fluid spheres is imposed.
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3 Frobenius Method

To apply the Frobenius method, equation (6) is rewritten as

rB'(r) — 2B(r) rB'(r) —2B(r) + 2

R0+ gy O+ 250 ((ry=0. (7

Dividing the above equation by 72 gives

rB'(r) —2B(r) ,
G

rB'(r) — 2B(r) + 2
2r2B(r)

We see that the coefficients of ('(r) and {(r) are not analytic at » = 0. Thus,
the Frobenius method can be applied to find a power series of the form

¢"(r) +

¢(r)=0. (8)

(oo}
r) = Z Aprktn, 9)
k=0
where Ag # 0. Differentiating the above solution gives
C/(T) = Z(k + n)Aka+n—1 (10)
k=0
and -
¢"(r) = (k+n—1)(k+n)Apr"2. (11)
k=0

Moreover, expanding the coefficients of r{'(r) and ((r) in (7) in a power series
gives

% =1 +sz (12)
and
rB'(r)—2B(r)+2 1-B(0) <~
2B(r) =" BO) ;q” ' (13)

Substituting (9) - (13) into (7), we obtain

[mn_n_n+ o A

B(0)

- n — o n B(O) k+n
2{% )(k+n) — (k+n)+ B(O) ]A

(sz > (qu ) <§Akrk+"> =0. (14)

The indicial equation is given by

i k+n) AprFt
k=0

n(n—l)—n—kl_iB(O):O. (15)
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The roots of the above indicial equation is given by

_ 2 A= BOTEO) [, 1;550) 1 % (16)

We choose B(r) = —1/2 — br?, where b is constant. Substituting in equations
(12) and (13), we obtain

oo

rB'(r) — 2B(r) 1 2
= — = — E —2b) 2 1
2B(r) 1+ 2br2 — (17)
and
TB/(T) —2B(7")+2 . 7 21
2B(r) o1+ 2b 7 =73~ ?’Z —2) (18)

From the chosen B(r), we obtain B(0) = —1/2. Equation (16) becomes
n=-1,3. (19)

The two roots are separated by an integer. Consider the smaller root n = —1.
Substituting in (14) gives

i[(/ﬂ —2)(k—1)— (k—1) = 3] Apr*~1 —

k=1
lZ(—Qb)ir%] lZ(k— 1)Akr’“1] - [3 Z(—2b)ir2i] (Z Akrk1> =0
i=1 k=0 i=1 k=0
Rearranging the above equation, we obtain

oo

> k(k = 4) Ayt - [Z —2b)r 21] lz (k +2)Aprh= 1] =0. (20
k=1 k=0

i=1
Rearranging the above equation, we obtain

—3A; + (—4Ay + 4bAg) r + (—3A3 + 6bA;) 1 +
(—8b2A0 + 8bA2) r3 + (5A5 — 12b2A1 + 10bA3) r4 +
(1246 + 16b° Ag — 160> Ay + 12bA4) r° + ... = 0. (21)

The coeflicients of any power of  must be zero. We find that
A1 =A3=A4A=...=0 (22)
and

Ay = bAg
Ag = —bAy. (23)
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Substituting in (9), we obtain
Ao 3 5
¢(r) = 7+bA0T+A47“ — DA + ...
1
= A, (—l—br)—1—1447‘3(1—1)7“2—1—...)7 (24)
r

where Ap and A4 are arbitrary constants. This is the general solution to equation

(7).

4 Riccati Equation

To transform equation (8) into the Riccati equation, we start by defining a new
function

)
h(r) Ok (25)
Its first derivative is given by
oy W) s
R (r)= ) h*(r). (26)
Thus,
) e 2
0 = h'(r) + h*(r). (27)
Substituting (25) and (27) into (8), we get
M) 100+ ) + PR e

Rearranging the above equation gives

_rB'(r)—2B(r)+2 rB'(r) —2B(r)

W(r) = 2r2B(r) 2rB(r)

h(r) — h2(r). (29)

From the chosen B(r), the above equation becomes

3 1

2
r2 4+ 2brd + r -+ 2br3 h(r) = h7(r). (30)

h'(r) =

This is the Riccati equation of which the general form is
A'(r) = qo(r) + i (r)A(r) + g2(r)A%(r), (31)
where qo(r) # 0 and ¢o(r) # 0. Comparing (31) with (30), we obtain

3 1

1 0(r) = 5, a(r) = —1L. (32)

Q(r) = r2 4+ 2br r + 2br3
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Let ho(r) satisfy (30). Then,
3 1

Erana T agaiolr) — B (33)

hlo(’r) =

By the property of the Riccati equation, the other solution is given by
1

h(r) = ho(r) + ol

where z(r) satisfies

1

/ — —
Z(r) [ 7+ 2br3

The solution is given by

_ 1 fP(r)d'r
2(r) = Trow /e dr, (36)
&

+ 2h0(7“)] z(r)=1. (35)

where
1

423

1+ 2br2 Mdr 2br2 _ M
2r) =\ e oJ 2ho(r)a / ,/?%rze J2noyar g (38)

From (34), we obtain

-1
o 2br2 7f2ho(r)dr \/W 7f2ho(r)dr
h(r) = ho(r) + \/HT,, / T a¢ dri . (39)

From (25), ¢(r) is given by

P(r) = — { + 2h0(r)} . (37)

Thus,

C(r) = cel MOV (40)

where ¢ is an arbitrary constant. This is the other solution to equation (30).
After knowing ho(r), we can know the explicit form of (40).

5 Comparing the Two Methods

From section 3, we can see that the general solution can be obtained using the
Frobenius method. However, the method of Frobenius can be applied to a second
order linear ordinary differential equation with some specific form.

On the other hand, the method of Riccati in section 4 can be applied to
a first order nonlinear ordinary differential equation with any form. However,
only knowing one solution, we can find the other solution. In fact, any second
order linear ordinary differential equation can be transformed into the Riccati
equation and vice versa. A single known solution to the Riccati equation can
therefore be obtained through many methods for a second order linear ordinary
differential equation including the Frobenius method.
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6 Conclusion

The Einstein field equation is a second order nonlinear partial differential equa-
tion. When imposing the condition of perfect fluid spheres, the Einstein field
equation can be transformed into a second order linear ordinary differential
equation. After rearranging this equation, we can obtain the general solution
by the method of Frobenius. Moreover, this second order linear ordinary differ-
ential equation can be transformed to the Riccati equation. After knowing one
solution, we can obtain the other solution.

It is not obvious to conclude which of the two methods is more preferable.
Sometimes, it is necessary to combine the two methods to obtain the general
solution to a second order linear ordinary differential equation.
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Abstract: Geodesics (by definition) have an intrinsic 4-acceleration zero. However, when expressed
in terms of coordinates, the coordinate acceleration d?x'/dt* can very easily be non-zero, and the
coordinate velocity dx'/dt can behave unexpectedly. The situation becomes extremely delicate in
the near-horizon limit—for both astrophysical and idealised black holes—where an inappropriate
choice of coordinates can quite easily lead to significant confusion. We shall carefully explore
the relative merits of horizon-penetrating versus horizon-non-penetrating coordinates, arguing
that in the near-horizon limit the coordinate acceleration d2x’/d#? is best interpreted in terms of
horizon-penetrating coordinates.

Keywords: geodesic equation; coordinate velocity; coordinate acceleration; horizon-penetrating
coordinates; horizon-non-penetrating coordinates

PACS: 04.20.-q; 04.70.-s; 04.70.Bw; 02.40.Hw

1. Introduction

Coordinate dependence in general relativity is a topic that continues to cause confusion to this day,
despite over 100 years of work on this issue. (For a variety of articles, both pro and con, both published
and unpublished, see [1-14]. For two recent overviews, see [15,16]). The situation is particularly acute
in the immediate vicinity of any horizon that might be present, whether it be for an astrophysical or
an idealised (mathematical) black hole, where an inappropriate choice of coordinates can needlessly
add to the confusion. Indeed, while horizons are often associated with coordinate singularities,
these coordinate singularities are a property of the coordinate patch, not the spacetime geometry,
and these coordinate singularities can quite easily go away with a different choice of coordinates.
For astrophysical black holes, as opposed to maximally analytically extended idealised black holes,
one still trusts the usual Einstein equations in the domain of outer communication—and down to any
inner horizon that might be present. Similarly for the black holes arising from numerical simulations,
which are key to modelling the astrophysical black holes of direct observational interest, one typically
calculates down to some region inside the outer horizon, but well above the singular region, relying
on the usual idealised picture for near-(outer)-horizon physics. Finally, for semi-classical black holes,
as long as the quantum fields are in the Unruh vacuum state, the near-horizon geometry in the vicinity
of the future horizon is qualitatively similar to that in classical general relativity.

Universe 2018, 4, 68; d0i:10.3390/universe4060068 www.mdpi.com/journal/universe


http://www.mdpi.com/journal/universe
http://www.mdpi.com
https://orcid.org/0000-0003-0357-9620
https://orcid.org/0000-0003-1088-6485
http://www.mdpi.com/2218-1997/4/6/68?type=check_update&version=1
http://dx.doi.org/10.3390/universe4060068
http://www.mdpi.com/journal/universe

Universe 2018, 4, 68 2 of 19

In short, the black holes of observational interest in astronomy and cosmology can be adequately
represented, at least in the domain of outer communication and down to any inner horizon that might
be present, by the idealised Schwarzschild and Kerr spacetimes—and analysis of the near-horizon
physics can adequately be performed using the classical Schwarzschild and Kerr spacetimes. In fact,
it is very useful to distinguish:

e  Horizon-penetrating coordinates—these coordinate systems are regular as one crosses the horizon

(for example, Painleve-Gullstrand coordinates, Kerr-Schild coordinates, and variants thereof).
e  Horizon-non-penetrating coordinates—these coordinate systems are singular as one crosses

the horizon (for example, the Schwarzschild curvature coordinates, isotropic coordinates,
and variants thereof).

The horizon-non-penetrating coordinates are simpler for some purposes (the metric is typically
diagonal), but are ill-behaved in the immediate vicinity of the horizon. In contrast horizon-penetrating
coordinates are better behaved in the immediate vicinity of the horizon, but the metric is typically
non-diagonal, and the asymptotic behaviour may sometimes be more subtle than expected. We shall
work through a number of examples illustrating the dangers and the pitfalls.

Consider for instance the Schwarzschild geometry—this is a very well-known spacetime since it
was the first known exact solution to the (vacuum) Einstein field equations [17]. It is certainly of direct
physical relevance—the spacetime geometry exterior to the sun and that exterior to slowly-rotating
astrophysical black holes can be well-approximated by the Schwarzschild geometry. Perhaps the
simplest form of the Schwarzschild spacetime is the Hilbert form expressed in terms of (what are now
known as) Schwarzschild curvature coordinates [18-20]

-1
ds? = — (1 - 2;”) dar? + (1 - 2;”) dr? + 12 (d92 +sin29d4>2) . )

There is a coordinate singularity at » = 2m, see for instance [21-30], making this representation
horizon-non-penetrating [31]. It is easy to see that in these coordinates the radial geodesics “pile up’
at 7 = 2m, never (in these coordinates) crossing the horizon. In fact, for any radial incoming geodesic,
7 — 0 as one approaches the horizon.

7

Taking into account the Killing conservation law for the energy, we shall soon see that, even
for infalling particles, ¥ — (something positive) sufficiently close to the horizon, though not at the
horizon itself. However, this near-horizon # > 0 phenomenon is a coordinate artefact; the behaviour
can be very different in other coordinates. Despite this, some researchers are now (even in 2018)
completely misinterpreting this coordinate artefact and asserting that “gravity becomes repulsive
near the horizon”. This claim is, at best, a gross misinterpretation of the actual situation. (For specific
examples of this particular confusion, see particularly [1,3-6,9-13]. For partial antidotes, see [7,8,14].
For a somewhat different sort of coordinate confusion, mistaking white holes for black holes, see [2].)

Below, we shall show that the coordinate acceleration near horizons is, in horizon-penetrating
coordinates, (such as the Painleve—Gullstrand [32-40] or Kerr-Schild [21,24,27-29,40] coordinates),
much easier to understand. We shall then wrap up with some generic comments regarding arbitrary
horizon-penetrating coordinate systems [41-44].

We shall use letters from the beginning of the Roman alphabet (g, b, c, d, ...) for spacetime indices,
(see for instance Wald [22], or Hobson-Efstathiou-Lasenby [23]). Whenever there is a clearly defined time
coordinate f, we shall use letters from the middle of the Roman alphabet (i, , k, I, ...) for the remaining
spatial indices. We reserve the notation & and ¥ for derivatives with respect to the time coordinate ¢.

2. Geodesic Equation

Consider the geodesic equation in non-affine-parameterised form:

x_, dx"dxb dx"
oz P g =W @
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This part of the analysis works equally well for timelike or null geodesics. Assume the zero’th
coordinate is timelike, at least outside any horizon that might be present. That is, take x* = (t,x').
We can then choose the coordinate ¢ to be a non-affine parameter for the geodesic. The geodesic
equation separates into

?t  _, dxbdxe dt

ﬁﬂLr be gF AF f(t) ar 3)
x o dxbdxe dx!
W‘f‘rhc aFar f(t)E- 4)

The first of these equations implies

dx? dx¢
_ 71t

The second equation then becomes

@ — _T¢ dixl’dix‘f t dixbﬁ ﬂ (6)
arz P dr at b Cdr dr ) dr
This is still very general. Let us now specialize to spherical symmetry, taking
gt S| O 0
0 0
Qb = 8tr &rr @)
0 0 |8 O
0 0] 0 g
Then the radial geodesics are given by
d?r . dx dxe ,dxbdxc\ dr
=T (M S ) 2 ®)
dt dt dt dt dt | dt
That is,
o= = [Ta 2 U] 4 D 2D+ T, 2] 7, )
Finally, regrouping, we see
Po= *rrtt + (rttt - errt) 7+ (Zrtrt - rrrr) 7.’2 + rtrr 7.'3~ (10)

Note that the “coordinate acceleration” # is cubic in the “coordinate velocity” #. This effect is
certainly real if perhaps naively unexpected. (This effect is also manifestly coordinate-dependent.)

3. Killing Conservation Law for Energy: Coordinate Velocity

In all the situations we will be interested in, there is a timelike Killing vector (timelike outside any
horizon that may be present), and there is no real loss of generality in taking the t coordinate to be
compatible with that Killing vector; so K = (9;). (That is, we choose coordinates to manifestly respect
the time-translation Killing symmetry.) However, then any timelike geodesic with 4-velocity V* is
subject to the energy conservation law

8ay KV = —e (11)

where € is a constant, effectively the energy per unit rest mass. Observe that e = 1 corresponds to
dropping a particle at rest from spatial infinity; € > 1 corresponds to dropping a moving particle
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from spatial infinity; € < 1 corresponds to a gravitationally bound particle, dropped at rest from some
finite radius. In fact, in an asymptotically flat spacetime, e =1/+/1 — 2,, where B is the “coordinate
velocity at infinity.” In spherical symmetry, this Killing conservation law can be written as

(1,7,0,0)°
= 12
80711, 7,0,0)] (12
That is,
(gtt‘l'gtrf’) = _6\/_(gtt+2gtrf’+grr7.’2)~ (13)
Even more explicitly,
(gtt‘f'gtr’.’)z = —GZ(gtt—Fthr?—i—gnf’z)- (14)
This is quadratic in #, with a general solution
 —gn(l+e %) 1/ (1+ e 2g0) (g — gugn) 5)
7= .

S+ €728

Physically, the situation is this: If one drops a particle from some initial position ry with initial
coordinate velocity 7, then one can calculate the energy e from Equation (11) and subsequently extract
i at general positions r from Equation (15).

Formally, null geodesics can be viewed as the € — co limit of this formalism. This is most easily
seen from Equations (13) or (14), which in the € — oo limit imply

Qit + 284 7 + g 2 = 0. (16)

However, this is exactly the condition that the radial curve is a null curve. In this null limit, one
sees that the Killing conservation law becomes

8w E\/8h — gu&n )
Y = .

rr

Two special cases are of particular interest:

e In coordinate charts where the metric is diagonal, (for example, the Schwarzschild curvature
coordinates or isotropic coordinates), we have g;» = 0. Therefore, for timelike geodesics,

P i\/(1+€_2§tt)(_gttgrr). (18)

As long as we are primarily interested in dropping (infalling) particles, we must choose the
negative root and set

V1 +e281) (—gi grr) (19)

7= — .

Srr

In the null limit (¢ — o0), this simplifies considerably and becomes

. —8gtt
= — | —S2 (20)
\/;

e In contrast, in coordinate charts where the metric satisfies gy g, — gf, = —1, (for example,
the Painleve-Gullstrand coordinates or Kerr—Schild coordinates), for timelike geodesics, we have
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P —gir(1+e2gy) £ /1+e 29y (21)

S+ €728

As long as we are primarily interested in dropping (infalling) particles, we can safely choose the
negative root and set

g+ €728, S+ €287

B 2 _ -2 =2
I T R ) m__m{lwrm}. 22)

Note that 1+ €2 > 0 in order to keep 7 real, while g, + € 72¢?, > 0 always, so choosing the
negative root selects the ingoing geodesic.

In the null limit (¢ — o), this simplifies considerably and becomes

P 1+gtr} 23
’ {gw ' )

Let us now apply these quite general considerations to study the fixed-energy coordinate
acceleration.

4. Coordinate Acceleration

For a dropped (timelike trajectory) particle, the coordinate acceleration at arbitrary radius is thus
an interplay between the geodesic equation

Fo= T+ (T —20) i4 (20 —T7p) 2+ T4, (24)

and the Killing-induced coordinate velocity equation

—grr(1+€e72gy) £ \/(1 +€72g1) (87, — gtt8rr)

7 . (25)
8rr + €—2g %r
Combining these results, we would get something of the general form
P = f(er) (26)

where f(€,r) is some explicit but coordinate-dependent function. Note that we could always use the

. s diodr _ di o, 1d(7) . : :
chain rule to write # = 5% % = 7, ¥ = ;5. This serves as a consistency check, and side-steps

the geodesic equation, but when doing so, one loses information regarding the coordinate velocity
dependence of the coordinate acceleration. We shall now give a few examples of this phenomenon,
focusing particularly on near-horizon behaviour.

5. Example: Schwarzschild Geometry

The Schwarzschild spacetime geometry is perhaps the pre-eminent example of an exact
solution in general relativity [17-21,24-27]. As specific examples of near-horizon behaviour for the
coordinate velocity 7 and coordinate acceleration #, let us consider the Schwarzschild spacetime in
four commonly occurring coordinate systems [28-30,32-36]: Schwarzschild curvature coordinates,
isotropic coordinates, Painleve—Gullstrand coordinates, and Kerr-Schild coordinates.

5.1. Schwarzschild Curvature Coordinates

The Schwarzschild geometry in Schwarzschild curvature coordinates is described by
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-1
ds? = — (1 - 2;”) ar + <1 - 2;”) dr? + 2 (d02 + sin? 6d4>2> . 27)

It is easy to calculate the Christoffel symbols and to verify that the geodesic equation implies

. m(l—=2m/r) 3m o
T r2 {1’2(1—2711/7’)] T (28)
This can be rewritten as
. om 2m 342
{0 ) “

This gives the coordinate acceleration # in terms of the Newtonian value —m/r?, modified by
relativistic corrections—due to both spacetime geometry and the local coordinate velocity. Furthermore,
this already demonstrates (working in terms of » and #) that # changes sign at the critical coordinate

velocities given by
1 2m\ 2
() = 3 <1 p ) . (30)

At large r (that is, weak fields), this sign flip takes place at 2 ~ 1/3; this is mildly relativistic
but certainly not ultra-relativistic. (In fact, this sign flip takes place for both ingoing and outgoing
geodesics.) Furthermore, from the Killing conservation equation, we deduce

i’=:|:(1—2m>\/1—62(1—2m>- (31)
T r

In particular at the horizon () = 0, and at spatial infinity, we see lim; oo 7 = V1 — €2 for
fixed e. Combining these geodesic and Killing results

. m(l_Zm) (1_3(62_1—0-2711/1’)). (32)

r2 T €?

Note that (for fixed €), the coordinate acceleration # goes through zero and changes sign at the

critical values of r given by
6m

T 322
(In fact, this sign flip takes place for both ingoing and outgoing geodesics.) In particular, at the horizon
(7)g = 0 for fixed €.

For a time-like particle dropped at rest from spatial infinity (¢ = 1), this simplifies to

(Note that asymptotically # — +/2m/r, and # — —m /r?, as expected from the Newtonian limit.)
Oddly enough (in this particular coordinate system), the coordinate acceleration switches sign
at r, = 6m, the location of the innermost stable circular orbit (ISCO); this is a coincidence, not
anything fundamental.
For a light-like particle (¢ — o0), this simplifies to

r'_—<1—2m>,~ 'r‘_+272<1—2m),- re = 2m. (35)
r T r

T4 and re = 2m. (33)
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(Note that a photon can have non-trivial coordinate velocity and non-zero coordinate acceleration
even if its physical speed is always exactly equal to c. This is one of the reasons that the concepts of
coordinate velocity and coordinate acceleration must be used with care and discretion.)

Now these particular observations are not new, dating back (at least) to Hilbert in 1915 and
the mid-1920s [18-20]. (It must be emphasised that Hilbert’s comments have subsequently been
grossly misinterpreted by some of the later commentators on this topic.) (See particularly [1,3-6,9-13].
For partial antidotes, see [7,8,14]. For a different sort of coordinate confusion (mistaking white holes
for black holes) see [2].) What is new in the current discussion is that we will now put these issues into
a wider context emphasising the extent to which these results are simply coordinate artefacts.

The radial coordinate velocity and radial coordinate acceleration for timelike geodesics are plotted
as shown in Figures 1 and 2. For null geodesics, see Figures 3 and 4.

0.11

1

=

Ja—
!

radial velocity

1

=

\S]
L

-0.31

Figure 1. Behaviour of 7 in the Schwarzschild geometry when using Schwarzschild curvature
coordinates for m = 1 and € = 1. Note the curve crosses the r axis only at » = 2, and the coordinate
velocity is negative all the way from the horizon to spatial infinity.

0.04/
0.03-
f=)
8
s
5
80.02
<
=
&
g
0.01
0 T T T T T T |
304 05 6~—8 9 10
r

Figure 2. Behaviour of # in the Schwarzschild geometry when using Schwarzschild curvature
coordinates for m = 1 and € = 1. Note the curve crosses the r axis at both r = 2 and r = 6;
the coordinate acceleration is positive between the horizon and the ISCO.
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<
.y

I I I
e o @
L o e =)

1
e
+

radial velocity

1
e
hdi

1
e
>

1 1
e L
.

Figure 3. Behaviour of # for null geodesics in the Schwarzschild geometry when using Schwarzschild
curvature coordinates for m = 1 and € — co. Note the curve crosses the r axis only at r = 2, and the
coordinate velocity is negative all the way from the horizon to spatial infinity.

0.061

0.04+

0.02

radial acceleration

-0.021

-0.041

-0.06-

Figure 4. Behaviour of 7 for null geodesics in the Schwarzschild geometry when using Schwarzschild
curvature coordinates for m = 1 and € — co. Note the curve crosses the r axis only at r = 2, and the
coordinate acceleration is positive all the way from the horizon to spatial infinity.

5.2. Isotropic Coordinates
The Schwarzschild geometry in isotropic coordinates is described by [21]
2

_m
ds? = —(17”)2&2 i (1 +
(1+3)

m

= ) ! [drz + 12 (d92 1 sin20 dgbz)] . (36)
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Compared to Schwarzschild curvature coordinates, only the meaning of the r coordinate has
changed. Indeed,

2

m

T'Schwarzschild = isotropic (1 + 2) . (37)
Tisotropic

(In these isotropic coordinates, the horizon is now at r = %)
The Christoffel symbols are easily calculated and the geodesic equation becomes

(
(1-

|3

7

1-m
NS I
2 (1+5) "2

| =

r 22
T <. (38)

)|
— [y
N‘S

This can also be recast as

oomfa-8 0@
oy e ) 2

This already demonstrates (working in terms of r and #) that # changes sign at the critical
coordinate velocities

a2
p-tU-BS (40)

Atlarge r, (i.e., weak fields), this sign flip takes place at #* ~ 1/3; this is mildly relativistic but
certainly not ultra-relativistic. (In the weak-field limit, the Schwarzschild curvature coordinates and
the isotropic coordinates asymptotically approach each other.)

From the Killing conservation equation, since the metric in isotropic coordinates is diagonal,
we deduce

:i\/(€2+gtt)(_gttg”’) :i\/(l_l_e_zgtt)(_g”gﬂ')‘ (41)
€8rr Srr
This implies
1—2N\2 (1-2
— eZ—( 3,;) ( Zf)s. (42)
VTR g

Note that, at the horizon, now located at » = m/2, we again have # — 0, while at spatial infinity
we again see 7 — /1 — €2 at fixed energy. Combining these results, for a dropped particle (of fixed

energy €), we have
o _m(1-3%) 31-g) | 2 (1—T>2
__m 1— r — r . 43
N (T 2 |© iy #3)

Note that the coordinate acceleration ¥ goes through zero and (apart from the trivial zero at

r« = m/2) changes sign at the critical values 7, of r given by solving the cubic equation

| 3a-m) [, (1-2\7 _
Ty ! 1—[e—<1+$> =0. (44)

For a particle dropped at rest from spatial infinity (¢ = 1), this simplifies to

_mN2 _m
= 1—(1 %) (1 ,1217)3 5)
+2r (1+§>

m (1—% m 1—2N\?
T N

r
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with the (non-trivial) zeros of coordinate acceleration determined by

1—3(1—%) [1—(14@)2}—0 r*:(SiZ\@)%. 47)

(Though not entirely obvious, it is easy to check that, at large distances # — +/2m/r, as expected from
the Newtonian limit. It is more obvious that at large distances # — —m /2. In isotropic coordinates,
the ISCO is at (% + \@) m, which is not where # — 0; that these two locations coincided in curvature
coordinates is merely a coincidence.)

For null geodesics (¢ — o), we have

0B ma-pa-p
T (48)

The radial coordinate velocity and radial coordinate acceleration for timelike geodesics are plotted
as shown in Figures 5 and 6. For null geodesics, see Figures 7 and 8. Note the similarities and differences
compared to what we saw for Schwarzschild curvature coordinates.

|
e
—_

!
I
\]

radial velocity

1
e
(98]

Figure 5. Behaviour of  in the Schwarzschild geometry using isotropic coordinates form = land e = 1.
Note the coordinate velocity is negative all the way from the horizon (now at m/2) to spatial infinity.
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0.04
0.03
[
S
iz
5
50.021
(&)
3
-
5
o]
0.011
V1 2 3 4 S~ 7

Figure 6. Behaviour of # in the Schwarzschild geometry using isotropic coordinates for m = 1 and
€ = 1. Note that the curve crosses the r axis bothatr =1/2and r = 5*37\/5 ~ 4.736067977; there is a
third unphysical root at r = %@ ~ 0.263932023.

radial velocity
| I |
e e <
o o w

I
=
~

L

Figure 7. Behaviour of 7 for null geodesics in the Schwarzschild geometry using isotropic coordinates
for m = 1 and € — co. Note the coordinate velocity is negative all the way from the horizon (now at

m/2) to spatial infinity.



Universe 2018, 4, 68 12 of 19

0.061

radial acceleration
S o 9o
(@] o (]
(98] N (V2

o
o
N

=

S

—_
L

Figure 8. Behaviour of # for null geodesics in the Schwarzschild geometry using isotropic coordinates
for m = 1 and € — oco. Note the horizon is now at m/2; there is an extra zero at m/4. Note the
coordinate acceleration is positive all the way from the horizon to spatial infinity.

5.3. Painleve—Gullstrand Coordinates

The Schwarzschild geometry in Painleve-Gullstrand coordinates is described by [32-36]

r

2 2
ds? = — (1 - ’”) d3g +24/ 7’” dtpg dr+dr +1* (d6? + sin 6 dg?) (49)
where the Painleve-Gullstrand time coordinate is given in terms of the Schwarzschild time

1++2m/r (50)
1—2m/r '

coordinate by
”
tpg =t g —2m |24/ z— —In
PG Schwarzschild [ m
Note in particular that gs g, — g2 = —1.

It is easy to calculate the Christoffell symbols and verify that, in these coordinates, the radial
geodesic equation becomes

L. m 2m 3m [2m . 3m 4 2m/r 4

L m 2m 2m . Dy 2m/r
r——rz{(l—r>—3\/rr—3r}+2rr. (52)

Viewed as a function of 7, this flips sign at the critical coordinate velocity

(), = {2 =28, 69)
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which is always positive outside the horizon. (This actually implies that # factorizes as follows:
# = (# — [V/2m/r — v/2m/r]) x (quadratic in #), where the quadratic has no real zeroes. Unfortunately,
the specific form of the quadratic is too messy to be illuminating.)

In view of the fact that, in these coordinates — g grr + g%, = 1, the general Killing-induced result
for the coordinate velocity simplifies to

;e —gir(e* 4+ gu) e/ (€2 + gu) (54)
€28 “‘g%r
Thence
o —\2m/r(e? —14+2m/r) e /(€2 —14+2m/7)
€24+ 2m/r
This can also be written as
il /2771’1_’_\/2711/1’:*:62\/(62—14-2771/?)‘ (56)
r ec+2m/r
At the horizon, r = 2m, we have
—2¢?
1 0, —— ;. 57
(T)H € { €2+1} ( )

Therefore, we see that the ingoing geodesic crosses the horizon with finite coordinate velocity

222
e2+1  1+e2

(Mg = € (-2,0), (58)
while the outgoing geodesic crosses the horizon with coordinate velocity zero. (Note that || can easily
exceed unity; this is just a coordinate speed, not a physical speed.) This makes it clear that, for a
dropped particle, we should take the negative root in 7 so that

_ 1+V2m/r\/1—e2(1—-2m/r)
= — —e2(1 =
i=—\/1-e2(1—2m/r) e Tam . (59)
Combining these results, for a dropped particle (fixed energy €), we have
m 2m
- (-7
+3ﬂ 2m —\2m/r(e* —1+2m/r) —e\/(e2 —1+2m/r)
72 r e +2m/r
2
+3ﬂ —2m/r(e* —1+2m/r) —e\/(e2 —1+2m/r)
72 € +2m/r
V2m/r | —v2m/r(e? —1+2m/r) —e\/(€2 —1+2m/7r) :
+ 5 . (60)
2r ec+2m/r

For a timelike particle dropped at rest from spatial infinity (e = 1), this simplifies quite drastically

to yield
[2m m
= — _— 7= — 7. 1
2 s I3 ) (61)

(The fact that in this particular situation the Painleve-Gullstrand coordinate system exactly reproduces
the Newtonian result is one of the many reasons that the Painleve-Gullstrand coordinate system is
so useful.)
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Note that for e = 1 the (ingoing) coordinate acceleration 7 is extremely simple, and always
negative. In fact, the coordinate acceleration is finite at horizon crossing (¥)y = —1/(4m).
For an infalling light-like particle (¢ — o), this again simplifies quite drastically to yield

R T WY T PO 1T
F=—1 0 7= »\ <1+ r>' (62)

Note that for ¢ — oo the (ingoing) coordinate acceleration # is relatively simple, and always
negative. In fact, the coordinate acceleration is finite at horizon crossing (¥)y = —1/(2m).
(The situation for Painleve-Gullstrand coordinates is ultimately so simple that graphs are not needed.)

5.4. Kerr-Schild Coordinates

The Schwarzschild geometry in Kerr-Schild coordinates is described by [24,42]
ds? = —d?4drr+1? (d92 + sin? 0 d¢2) + 27'" (dt +dr)2. (63)
That is,
2 2m\ o 4m 2m\ o 2 (302 4 i 20 g2
d? = —(1-%)dP 4 Sdtdr 4 (1475 ) dr +r (de 1 sin 9d<p). (64)

Note in particular that gy g, — g7 = —1.
The Christoffel symbols are easily calculated and in these coordinates the radial geodesic
equation becomes

. m 2m 6m?2 _ 3m 2m\ ,  2m my 5
r——(l—r)+r37+r2(1+r)r +55 (1+52) (65)

It may be better to rewrite this as follows:

2 6 2
f:—:;{(l—:1>—T#—3(1+T>?2—2(1+T)?3}. (66)

This factorizes )
o _ﬂ N2 . ﬂ . ﬂ .
e =25 (14) {(1 r) 2(1+r>r}. 67)

As a function of 7, we see that 7 flips sign at the critical coordinate velocity

N 1=2m/r
@)= 3@ mm (68)
This is always positive, and less than 1/2, outside the horizon.
In view of the fact that in these coordinates — g grr + g7 = 1, the general Killing-induced result
for the coordinate velocity simplifies to

1F g1+ €29 (69)

==+ 1+ 672 t
( 8) grr +e72g;,

Thence

1F (2m/r)y/1—e2(1—2m/r)

(1+2m/r)+ e 2(2m/r)? 70)

P= i\/l —e2(1—2m/r)
At the horizon

) 2¢2
(i € {0,—262‘11}. (71)
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Therefore, the ingoing geodesic crosses the horizon with finite coordinate velocity

. 2¢2 2
(")g = _m € <—1,—3> , (72)

while the outgoing geodesic crosses the horizon with coordinate velocity zero. This makes it clear that,
for a dropped particle, we should take the negative root in 7.
Combining these results, for a dropped (ingoing) particle (fixed energy €), we have

1+ 2m/r)\/1—e2(1—2m/r)

(142m/r) +e2(2m/r)? @3

= —\/1—6*2(1 —2m/r)

For unbound particles (¢ > 1), this is negative real everywhere, both outside and inside the
horizon—in fact, all the way down to v = 0. For the coordinate acceleration,

= {07

—(@2m/r)(e* —1+2m/r) —e\/(€2 —1+2m/r)
e2(1+2m/r)+ (2m/r)?

3 (1 2m> l—(Zm/r)(ez—l—i-Zm/r) — e/ (€2 —1+2m/r)]2

T e2(1+2m/r) + (2m/r)?

_bm
r

o (1™ —(2m/r)(€® —14+2m/r) —e\/(e2 —1+2m/r) ’ 74
B ( +7) €2(1+2m/r) + (2m/r)? ' )

At the horizon, r = 2m, we have

y=-2 € (75)
B e+ 1)3m’
a finite inward coordinate acceleration.
For a timelike particle dropped at rest from spatial infinity (e = 1), this simplifies to
_ (2m/r)> +2m/r __/2m 14 (2m/r)3/? 76)
(14+2m/r)+ 2m/r)2| ro|1+2m/r+ 2m/r)2 |°

(Note that asymptotically # — —+/2m/r, as expected from the Newtonian limit.) Furthermore,

(1+2m/r)+ (2m/r)?
2m (2m/r)> +\/(2m/r) 2
-3 (1 + r> L+ 2m/7) + (2m/r)

m (2m/r)? +/(2m/7) ’
+2(1+7) (1—|—2m/r)—|—(2m/r)21 } @7

Note that the coordinate acceleration # and the coordinate velocity # are both always negative. We
can also factorize this as
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s M 2m 1+ (2m/r)3/? 2
T T N T YT am/r + @/
2m [2m m 14 (2m/r)3/?
X{<l_r>+2 7(1+7) 14+2m/r+ (2m/r)2| [~ @8

We can see that when approaching the horizon, at fixed € = 1, we have

2 . 1

(Mn=-5 n=—15

(79)
The radial coordinate velocity and radial coordinate acceleration are plotted as shown in
Figures 9 and 10, respectively.
Finally, note that for a light-like particle (¢ — oo0) in Kerr—Schild coordinates, we have the very
drastic simplification

F=-1; #=0. (80)

(Therefore, in Kerr-Schild coordinates, ingoing photons happen to have coordinate acceleration zero.
This is one reason Kerr-Schild coordinates are popular. For this particular case, a figure would be
entirely superfluous.)

-0.4

radial velocity
o o
2 &

1
<
~

-0.81

Figure 9. Behaviour of 7 for the Schwarzschild geometry in Kerr-Schild coordinates for m = 1 and
€ = 1. Note that the coordinate velocity at the horizon is —2/3 and that the coordinate velocity remains
negative between the horizon and spatial infinity.
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-0.01+

|
=
S
\S]

radial acceleration

Figure 10. Behaviour of # for the Schwarzschild geometry in Kerr-Schild coordinates for m = 1 and
€ = 1. Note the coordinate acceleration remains negative between the horizon and spatial infinity.

6. Conclusions

Now that we have seen some examples of what happens to near-horizon geodesics in various
coordinate systems, let us attempt to draw some general inferences. While the specific computations
in this article have been carried out for the Schwarzschild geometry, this is known to be a good
approximation for slowly rotating astrophysical black holes, and for numerical simulations of
black holes, and even for semi-classical black holes in the Unruh quantum vacuum—so the overall
conclusions are generic to a wide class of physically and observationally interesting black holes.

The most obvious conclusion we can draw is that the coordinate velocity, and coordinate
acceleration, are (quite naturally) extremely coordinate-dependent, and that no general physical
conclusions can be drawn from the magnitude of the coordinate velocity (7 can easily exceed unity)
or the sign of the coordinate acceleration #. Claims that gravity in general relativity is “repulsive” at
high speeds and/or near the horizon are at best disingenuous—they are merely misinterpretations
of coordinate artefacts. For a fixed spacetime, by suitably choosing the coordinate system we can
easily make (7) = 0 or () = (finite negative) at horizon crossing. For a fixed spacetime, by suitably
choosing the coordinate system we can easily make the coordinate acceleration # either positive or
negative just prior to horizon crossing. Indiscriminately mixing general relativistic and Newtonian
concepts is dangerous and misleading.

The major distinction we have seen in the specific examples we explored was in the difference
between horizon-penetrating and horizon-non-penetrating coordinates. There are good physical
and mathematical reasons for this. In horizon-non-penetrating coordinates geodesics (essentially by
definition) pile up at the horizon and do not cross it—in coordinates of this type |7| first increases as
one falls inwards, but then has to go to zero at the horizon. This implies that |#| must have a maximum
where 0,7 = 0 and hence # = 0. Thence, regions where the coordinate acceleration is positive # > 0 are
unavoidable in horizon-non-penetrating coordinates. In contrast, horizon-penetrating coordinates are
much better behaved when studying near horizon physics, with the coordinate velocity and coordinate
acceleration being non-zero and finite at horizon crossing.
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