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Paper 1: A modification of Fitzgerald’s characterization of primitive polynomials over a finite field 

A characterization of primitive polynomials, among irreducible polynomials, over a finite field is 

stablished. Such characterization is determined by the number of nonzero terms in certain quotient of 

polynomials. The proof, which is a modification of the one discovered by Fitzgerald in 2003 yet revealing 

ore general structure, is based principally on counting the number of occurrences of elements in a linear 


	�   �����
 � �
 is called a y-adic expansion. Scheicher and 

c y-adic expansions. Here bounds 

on the lengths of elements whose expansions are finite, on the periods of elements with periodic 

ain 

elements with infinite, non-periodic expansions are investigated. 

nite field, digit system. 

a of B

es of quotients whose numerators and denominators are rational 

iscussed. 

 

e

m

recurring sequence over a finite field. 

Keywords: finite field, primitive polynomial, linear recurring sequence. 

Paper 2: Lengths, periods and expansions of elements written with respect to a digit system over 

����� 
 Let ���� 	
 � � 
� ��
	� � ����� 	��  � � ����� 	������� 	
� and � � �� � ������ lmn� � lmn
H�. 
For ! � �, the expansion ! � � ����
Thuswaldner characterized those ���� 	
 which render finite and periodi

expansions, conditions for a periodic expansion to have a prescribed period are determined and cert

Keywords: fi

Paper 3: The irrationality criteri run and Badea are essentially equivalent 

 It is shown that the classical irrationality criterion for a sequence of rational numbers due 

to Brun in 1910 is essentially equivalent to the one for a series of rational terms proved by Badea in 1993. 

This is accomplished on one hand by suitably modifying Brun's criterion and on the other hand by 

extending Badea's criterion to seri

numbers. Connections with some other irrationality criteria and applications are also d

Keywords: irrationality, Brun's criterion, Badea's criterion. 
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Paper 4: Characterizing rational elements by two continued fractions in the prime-adic function 

field 

 It is proved that an element in the function field completed with respect to a prime-adic valuation 

is rational if and only if its Ruban and its Schneider continued fraction expansions are finite. 

Keywords: continued fractions, prime-adic function field. 

Paper 5: Vanishing sums and n-gon polynomials 

 "%#% & ' & "(#( � �� #� $
unity and "� � ). In 1964, Schoenberg discovered an explicit o -basis for the module, whose elements 

satisfy a vanishing sum. Such basis makes evident that each vanishing sum is a combination of irreducible 

A vanishing sum is an equation of the form  where each  is an pq root of 

s hold for vanishing sums constructed from a 

e. 

sitive reals into the complex field, of the universal 

onality criterion for series of rational terms proved by Badea in 1993 is also 

alence, interesting new proofs 

sub-vanishing sums. It is shown here that similar result

regular n-gon situated arbitrarily in the complex plan

Keywords: vanishing sums, cyclotomic polynomials. 

Paper 6:  Dependence  relations among solutions of a universal Cauchy’s functional equation 

 The notions of alien and weakly alien relations among all solutions of the four classical versions 

of the Cauchy’s functional equation were first considered by Dhombres. Such relations are investigated 

here among all solution functions, sending the set of po

Cauchy’s functional equation. 

Keywords: Cauchy’s functional equation, alien and weakly alien relations. 

Paper 7:  The reverse irrationality criteria of Brun and  Badea 

 An irrationality criterion for a sequence of rational numbers based on certain inequalities which 

are opposite to those of the classical Brun’s criterion in 1910 is proved. A similar reverse criterion 

corresponding to Badea’s irrati

established and both results are shown to be equivalent. Applying this equiv
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of identities involving convergents of continued fractions are obtained and other related irrationality 

n of the trigonometric tangent function, established by Dobbs, based on the well-

known addition formula of the tangent function is applied to characterize the cotangent function. Using 

d for the hyperbolic tangent and hyperbolic cotangent 

 

erbolic sine-cosine identities and generalizing the classical d'Alembert functional equation, are 

solved and interrelations among the solution functions are investigated. 

Keywords: trigonometric sine-cosine functional equations, hyperbolic sine-cosine functional equations. 

Paper 10: Irrationality criteria for infinite products 

a for infinite products of rational 

numbers are given as applications. 

Keywords : irrationality criteria, product representation. 

 

criteria are investigated. 

Keywords: irrationality, Brun's and Badea's criteria. 

Paper 8: Some functional equations characterizing trigonometric and hyperbolic tangent and allied 

functions 

 A characterizatio

Dobbs’s method, similar characterizations are derive

functions. 

Keywords: functional equation, tangent function.

Paper 9:  Some hyperbolic sine-cosine type functional equations 

 Using a technique of Kannapan from 2003, four functional equations, resemble certain well-

known hyp

 An old irrationality criterion of  Brun for sequences of rational numbers is shown to be equivalent 

to one for product of rational numbers. Some more irrationality criteri
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Paper 11: Independence among various versions of the Cauchy’s functional equation 

The notion of ZI-independence, introduced by Dhombres, among four versions of the Cauchy’s 

nctional equation is investigated for solution functions sending the positive real numbers into the 

complex numbers. 

tion of non-regular continued fractions is introduced. Some basic properties and its 

out reciprocal sums of products of elements in a binary recurrence 

 elements satisfying a second order linear recurrence relation 

with not necessarily constant coefficients, such as the Fibonacci or the Lucas polynomials. 

 

ear recurrence 

nce is nonnegative, is 

decidable. 

 

fu

Keywords: Cauchy’s functional equation, independence. 

Paper 12: A non-regular continued fraction and its characterization property 

 A construc

characterization property are derived. 

Keywords: non-regular continued fraction. 

Paper 13: Reciprocal sums of elements in a binary recurrence sequence 

 A brief survey of identities ab

sequence is presented. The emphasis is on

Keywords: binary recurrence, reciprocal sums, Fibonacci and Lucas polynomials.

Paper 14: Positivity of third order linear recurrence sequences 

 It is shown that the Positivity Problem for a sequence satisfying a third order lin

with integer coefficients, i.e., the problem whether each element of this seque

Keywords: positivity problem, recurrence sequences, decidability. 
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Paper 15: Reciprocal sums of generalized second order recurrence sequences 

In this paper we extend a theorem of Hu, Sun, and Liu on reciprocal sums of second order 

currence sequences with constant coefficients to reciprocal sums of second order recurrence sequences 

with non-constant coefficients. Our generalization has applications to continued fractions. 

Paper 16: Engel series and Cohen-Egyptian fraction expansions 

discrete-valued 

non-archimedean fields are constructed. Both representations are shown to be identical in all cases except 

 

re

 Two kinds of series representations, referred to as the Engel series and the Cohen-Egyptian 

fraction expansions, of elements in two different fields, namely, the real number and the 

the case of real rational numbers. 

Paper 17: An extension of a functional equation of K. J. Heuvers 

 The functional equation *!�� & 	
 & 
!��
 & +!�	
 � �! r%
s & %

tu� which is a generalized form of 

those considered by Heuvers in 1999 and 2005, is solved subject to certain restrictions on the coefficients. 

The analysis is divided into two cases. In the first case, there are only constant function or the additive 

 to show that only constant function 

what Kummer’s congruence is and show that special recursive sequences satisfy 

function solutions. In the final case, a continuity condition is needed

solutions are possible. 

Keywords: Heuvers’s functional equation, logarithmic Cauchy functional equation. 

Paper 18:  Kummer’s congruences for certain recurrence sequences 

 We introduce 

Kummer’s congruence. A few examples are also given. 

Keywords: Kummer’s congruence, Bernoulli numbers. 
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Paper 19:  Two remarks related to Brun’s criterion 

The classical Brun's irrationality criterion states that: let 3456 be a sequence of positive integers 

nd 3756 an increasing sequence of positive integers satisfying 18
28

 

a � 189:
289:  for $ / -. Assume that 0 �

;<=5>? 18
28 exists. If  189@A189:

2 A289@ 89: � 189:A18
2 A289: 8  for all large n, then L is irrational. In a recent work another 

being reversed, referred to as the reverse Brun's 

alit ts of th  B�-
Becker and Töpfer in 1994 proved that infi

 

 1. identities relating to the divisor function extending those proved by Tóth;  

 2. a general Möbius inversion formula extending the one due to Suryanarayana which is applied 

 3. a use to characterize completely multiplicative functions extending the one by 

Paper 21:  Zaremba’s confecture in the field of formal series over a finite base field 

e of Zaremba in the real number case states that for any positive integer v / M there is 

an integer * � 3-�M� \ � v L -6  coprime to v such that the simple continued fraction of *�v has all its 

�  a finite base field ��. 

irrationality criterion with the two main inequalities 

criterion, was proved. We investigate here what conclusion can be obtained should only one of the two 

inequ y be reversed. Tachiya in 2007 proved that infinite produc e form & *(�C(
  and 

nite series of the form � *(�C(, where �*(
 is a sequence of 

algebraic numbers, and �C(
 is a binary recurrence, are transcendental, except for a few cases where they 

represent algebraic numbers. Applying two recent irrationality criteria, one for infinite products and the 

other for infinite series, we identify some of these exceptional cases which are algebraic but not rational. 

Paper 20:  Euler’s phi function via generalized Möbius functions

 A generalized Euler’s totient is defined as a Dirichlet convolution of a power function and the 

Souriau- Hsu-Möbius function. Several of its properties are investigated including  

to derive certain counting formulae in a finite field;  

Sivaramakrishnan. 

Keywords: arithmetic functions, Euler’s phi function, generalized Möbius function. 

 A conjectur

partial quotients bounded by 5. Let w � � ���A%
� be the field of formal series over
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Zaremba’s conjecture in w states that for � � ����� with lmn� / -, there exists ! � �����  relatively prime 

 � an

6� $
� and lmn! �

Zaremba’s 

 Let O be an irrational element in the field of formal series. Using a modification of the 1997 

t if the continued fraction 

s with bounded partial quotients, linear fractional transformations, fields of 

 The stability of the functional equation x�� & 	
 L y�� L 	
 � Mz��
{�	
 over the domain of 

 

viously known ones, such as the ones dealing with the sine functional equation, the 

ived as direct consequences. 

to d lmn! � lmn� such that all partial quotients in the continued fraction of !�� have degrees 

bounded by a small positive integer. It is shown here that for � � ����� with lmn� � 3-�M � I, there 

exists ! � ����� relatively prime to $lmn� such that all partial quotients in the continued 

fraction of !��5 have degree JM. The main tool used is the function field analogue of the folding lemma. 

Keywords: conjecture, field of formal series over a finite base field. 

Paper 22: Linear fractional transformations of continued fractions with bounded partial quotients 

in the field of formal series 

technique due to Lagarias and Shallit in the real numbers case, it is shown tha

expansion of O has bounded partial quotients, so does its linear fractional transformation. 

Keywords: continued fraction

formal series. 

Paper 23:  Stability of a generalized trigonometric functional equation 

an abelian group G and the range of the complex field is investigated. Several related results extending a

number of pre

d'Alembert functional equation and Wilson functional equation, are der

Applying the main result to the setting of Banach algebra, it is shown that if their operators satisfy a 

functional inequality and are subject to certain natural requirements, then these operators must be 

solutions of some well-known functional equations. 

Keywords: trigonometric functional equations, stability, superstability. 
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Paper 24: Quasi-permutation polynomials 

 A quasi-permutation polynomial is a polynomial which is a bijection from one subset of a finite 

eld onto another with the same number of elements. This is a natural generalization of the familiar 

permutation polynomials. Basic properties of quasi-permutation polynomials are derived. General criteria 

ing the well-known Hermite’s criterion for permutation 

 some positive integer n, where "( satisfies a 

& ' & "5AD  �$ / G
, with initial values "H / �� "( �
I  �� J K J G L -
, where * and G�/ M
 are positive integers. If * � -� G � M� and "H � �� "% � -, then 

ura. We 

ce relations of s-th order, partial infinite 

Paper 26:  Ex s of re

o 

n the number 1 is 

replaced by a positive number x. It is found that most results about q-expansions for real numbers greater 

r real numbers less than or equal to 1. The 

fi

for a quasi-permutation polynomial extend

polynomials as well as a number of other criteria depending on the permuted domain and range are 

established. Different types of quasi-permutation polynomials and the problem of counting quasi-

permutation polynomials of fixed degree are investigated. 

Keywords: finite fields, permutation polynomials. 

Paper 25: On the sum of reciprocals of numbers satisfying a recurrence relation of order s 

 We discuss the partial infinite sum � "(AD?(E5  for

recurrence relation of order s, "5 � *"5A% & "5AF

"( � N(  is the k-th Fibonacci number. Our results include some extensions of Ohtsuka and Nakam

also consider continued fraction expansions that include such infinite sums. 

Keywords: Fibonacci numbers, recurren sum. 

pansion al numbers in non-integer bases 

 The works of Erdös et al. about expansions of 1 with respect to a non-integer base q, referred t

as q-expansions, are investigated to determine how far they continue to hold whe

than or equal to 1 are in somewhat opposite direction to those fo

situation when a real number has a unique q-expansion, and when it has exactly two q-expansions are 

studied. The smallest base number q yielding a unique q-expansion is determined and a particular 

sequence is shown, in certain sense, to be the smallest sequence whose corresponding base number q 

yields exactly two q-expansions. 
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Keywords: expansions of numbers, non-integer bases. 

Paper 27: Liouville numbers in the non-archimedean case 

 Basic results about real Liouville numbers are investigated in three non-archimedean settings, 

referred to as the non-archimedean case, comprising the field of p-adic numbers, the function field 

 function field completed with respect to a prime-

representable as a sum, and as a product of 

form solutions of certain rational recursive 

equations characterizing the cotangent-tangent and the hyperbolic cotangent-tangent function solutions are 

u ions, cotangent-tangent functions, hyperbolic cotangent-tangent 

 A classical theorem of Lambek states that an arithmetic function is completely multiplicative if 

ralized 

ction as an element in this product, our first objective is to investigate, through the concepts of 

ons such distributive property 

completed with respect to the degree valuation and the

adic valuation. The result of Erdös that every real number is 

two real Liouville numbers is shown to hold in the non-archimedean case. The concept of Liouville 

continued fractions is also considered. 

Keywords: Liouville numbers, non-archimedean valuation. 

Paper 28: Rational recursive equations characterizing cotangent-tangent and hyperbolic 

cotangent-tangent functions  

 Using a technique of Rhouma in 2005, closed 

derived. 

Keywords: rational recursive eq at

functions. 

Paper 29: Distributive property of completely multiplicative functions 

and only if it distributes over the Dirichlet product of any two arithmetic functions. Taking a gene

Möbius fun

discriminative and partially discriminative products, under which conditi

yields a necessary and sufficient condition for complete multiplicativity. Our second objective is to derive 

an extension of the Ivi+|–Haukkanen characterization of completely multiplicative functions through the 

concept of semi-discriminative product. 
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Keywords: arithmetic functions, distributivity, multiplicativity, complete multiplicativity, generalized 

Möbius function, von Mangoldt function. 

Paper 30: Combinatorial aspects of the generalized Euler’s totient 

 A generalized Euler’s totient is defined as a Dirichlet convolution of a power function and a 

wo 

uler’s totient, namely, its connections to other totients and its 

dic whose least period is equal to t when s is even and 

 range of values of the sequence is 

d by  and

H

product of the Souriau-Hsu-Möbius function with a completely multiplicative function. T

combinatorial aspects of the generalized E

relations with counting formulae, are investigated. 

Paper 31: Values taken by linear combinations of cosine functions 

 For O� X � �LQ� Q
  and O Y 3LQ� �6, it is shown that as n runs through the nonnegative integers, 

the nonzero sequence �}~��$O & X
�  takes infinitely many positive and negative values; and if O � G�P  is 

a rational multiple of Q, the sequence is purely perio

equal to 2t when s is odd; while if O is not a rational multiple of Q, the

dense in the unit interval (0, 1). Any sequence of the form �� #Z[Z }~��M$QGZ�PZ
 & XZ
, with rational GZ�PZ 

belonging to the unit interval (0, 1), is shown to be purely periodic whose least period is equal to the least 

common multiple of P%� \ � P[. 

Paper 32: Reciprocal sums of elements satisfying second order linear recurrences 

 Let 3R565EH?  and 3S565EH?  be two sequences define RH � �� R% � -� R5TF � �R5T% & �R5  

S5TF � �S5T% & �S5  (S � S% arbitrary) with � � � ]^  �F & _� ` �. The aim of this paper is to prove 

U �L�
VWA%RVW8�WA%
SVW8SVW89:

a
� U �L�
VWA%�

SVWTF�5A%
SVWTF55E%

VWb9:AVWF

5E%

                                                     -
SHSF L S%F

 

 

                                   � �SVWASVW
% L SVWb9:A%SVWb9: �� 

where *� P � I and P / M� This identity generalizes a number of known identities such as � %
c@8

?5EH � dAef
F �  

where 3N56  is the Fibonacci sequence. 
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Keywords: reciprocal sum, linear recurrence, Fibonacci numbers. 

Paper 33:  Independence of Liouville series 

An el  # �
egr ouville if # has a representation of the form # � � �A(�?�E% , where p 

sing sequence of positive integers such 

that ;<=a>? KaT%� Ka � �. Criteria for algebraic independence of Liouville series in g  are derived. 

Keywords: independence, Liouville numbers, field of Laurent series. 

 *! & 


 ement g � h���A%
�, the field of formal series over a field K complete with respective 

to the d ee valuation, is said to be Li

is a non-constant polynomial in h���  and �K�
 is a strictly increa

Paper 34: A universal Cauchy functional equation over the positive reals II 

 The functional equation ��	
 !��
!�	
 & +!�� & 	
 & ��!��
 & !�	


ins all the four well-  s ch are 

nts an earlier work of Dhombres in 

1988 where the same functional equation was solved for solutions whose domains contain zero, which 

overed but the analysis is 

tirely ving appropriate difference equations. 

hn in 1996, which generalized 

etry, the notion of k-duplicating symmetric continued fractions 

is investigated using a medication of the 1995 technique due to Clemens, Merrill and Roeder. 

Keywords: symmetric continued fractions, field of formal power series. 

 

� �  whose shape 

conta known forms of Cauchy's functional equation is solved for olutions whi

functions having the positive reals as their domain. This compleme

leaves out the logarithmic function. Here not only the logarithmic function is rec

en  different and is based on sol

Keywords: Cauchy's functional equation. 

Paper 35: Symmetric continued fractions 

 Explicit formulae for continued fractions with symmetric patterns in their partial quotients are 

constructed in the field of formal power series. Similar to the work of Co

the so-called folding lemma to k-fold symm
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Paper 36: An analogue of an expansion of Oppenheim in a field of formal series 

 An algorithm for series representations of elements in the field of formal power series complete 

im in 1971 for real numbers, is 

resented. 

eywords: Oppenheim series expansions, field of power series, x-adic valuation. 

sing certain ideas from an old work of Popken, simpler conditions are proved. 

etric functional equation 

was not treated. 

e ring of arithmetic functions wit

 

with the x-adic valuation, similar to the one first given by Oppenhe

p

K

Paper 37: Linear dependence of two arithmetic functions 

 For two arithmetic functions a necessary and sufficient condition for their linear independence 

over the field of complex numbers based on the notion of Wronskian is established. For multiplicative 

functions u

Keywords: Arithmetic function, linearly dependent, Wronskian. 

Paper 38: A note on the stability of a generalized trigonom

 The stability of the functional equation N�� & 	
 L j�� L 	
 � Mi��
h�	
  over the domain of an 

abelian group � and the range of the complex field, with either the function H or K being bounded, is 

investigated. This complements an earlier similar work where such function boundedness 

Keywords: trigonometric functional equations, stability. 

Paper 39: Independence measures of arithmetic functions 

 The notion of algebraic dependence in th h addition and Dirichlet 

product is considered. Measures for algebraic independence are derived. 

Keywords: arithmetic functions, dirichlet product, dirichlet series, algebraic dependence. 
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Paper 40: Rational divide-and-conquer relations 

 A rational divide-and-conquer relation, which is a natural generalization of the classical 

!�
$
 � C�!�$
� !�$
� \ � !�
 L -
$
 & ��$
, 

here b is a positive integer / M; R a rational function in 
 L -  variables and � a given function. Closed-

form solutions of certain rational divide-and-conquer relations which can be used tocharacterize the 

igonometric cotangent-tangent and the hyperbolic cotangent-tangent function solutions are derived and 

& 	
 & ��!��
 & !�	

 � � whose shape 

contains all the four well-known forms of Cauchy’s functional equation is solved for solutions which are 

 re comp

 appropriate difference equations. 

per 4 a generalized trigonometric-quadratic functional eq

ions, quadratic functional equations, abelian group, 

divideand-conquer relation, is a recursive equation of the form 

w

tr

their global behaviors are investigated. 

Paper 41: A universal Cauchy functional equation over the positive reals 

 The functional equation *!��	
 & 
!��
!�	
 & +!��

functions having the positive als as their domain. This lements an earlier work of Dhombres in 

1988 where the same functional equation was solved for solutions whose domains contain zero, which 

leaves out the logarithmic function. Here not only the logarithmic function is recovered but the analysis is 

entirely different and is based on solving

Keywords: Cauchy’s functional equation. 

Pa 2: Hyers-Ulam stability of uation 

 The Hyers-Ulam stability of the generalized trigonometric-quadratic functional equation N�� &
	
 L j�� L 	
 � Mi��
h�	
 & 0��
 & k��
  over the domain of an abelian group and the range of the 

complex field is established based on the assumption of the unboundedness of the function K. Subject to 

certain natural conditions, explicit shapes of the functions H and K are determined. Applications to several 

existing related results are direct consequences. 

Keywords: Trigonometric functional equat

unboundedness, additive function, Hyers-Ulam stability. 
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Paper 43: Solutions of a class of nonlinear recursive equations and applications 

hose of the form 	5 � t8�@t8�:A%
t8�@Tt8�: A class of recursive equations extending t  is transformed into a 

special case of the nonlinear recursive equation �5 � +�5A%�:�5
�5AF�@�5
 ' �5A�T%���:�5
�5A����5
. A general solution of 

this equation is determined by solving its associated linear difference equation. Several known results are 

derived as special cases. Connections of the case � � M  to continued fractions are elaborated. 

Keywords: closed form solutions, continued fractions. 

Paper 44: Some families of Diophantine quadruples 

 A Diophantine quadruple is a set of four positive integers such that the product of any two 

 order recurrence relation over a

 

 

 

increased by one is a perfect square of an integer. Here we find general families of the Diophantine 

quadruple problem using solutions of a second  ring of integers in a 

number field and a polynomial ring over a field of characteristic zero. 

Keywords: generating function, linear second order recurrence relation. 

 

 

 

 

 

 


