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An analytical result for the normalized jump of the heat capacity AC/C is derived for in-plane anisot-
ropic s-wave superconductors within the framework of the weak-coupling BCS approach. Our results
show that within the anisotropy gap model the value of AC/Cy, must be less than the BCS value and the
effect of in-plane asymmetry will reduce or increase the value of AC/Cy of in-plane symmetry depend-
ing on its parameters.

© 2003 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction

The specific heat of MgB, [1] has shown the difference of amplitude and sharpness between the BCS
curve and the data and has been interpreted that MgB; is a two-gap superconductor. One gap is found to
be larger (4,) and the other smaller (4,) than 1.76 k,T, [2]. A, approximately follows the BCS-like
curve with non-standard gap ratio 24 /k,T. ~4.18 but A shows a marked reduction with respect to
BCS-like behavior with 2A4 /k,T, =1.59 [3]. A larger gap 4, is associated with a two- dimensional
band due to p, and p, electrons of B atoms and the smaller 4, is associated with a three-dimensional &
band due to p, electrons of B atoms. These are weakly hybridized with electron orbitals of Mg atoms.
The & band is strongly coupled to in-plane B-atom vibration and the inter-band impurity scattering is
strongly reduced due to the different symmetry of o and = bands [4]; therefore the diffusion from one
band to the other is inhibited. This preserves the 7. suppression and the large anisotropy of the energy
gaps. Within these observations, MgB, has shown the influence of both two bands and gap anisotropy.
The concept of multiband superconductivity was first introduced by Suhl et al. [5] and Moskalenko [6] in
the case of large disparity of the electron—phonon interaction for the different Fermi-surface sheets. The
isotope effect of MgB, established that the interaction responsible for the formation of pairing is medi-
ated by phonons [7, 8] and nuclear magnetic resonance showed that the symmetry of Cooper pairs is
s-wave [9].

In Seneor et al.’s paper [10], they found that the order parameter of MgB, must be of the anisotropic
s-wave with uniaxial symmetry or of the anisotropic s-wave with in-plane anisotropy. Mishonov et al.
[11, 12] considered the temperature dependence of the specific heat of a clean anisotropic gap supercon-
ductor, which is applicable to MgB,. In Hass and Maki [13] and Posazhennikova et al. [14], models for
the anisotropy gap with uniaxial symmetry in MgB, were proposed. The central issue in their research is
to propose an analytical model for analyzing the thermodynamic behavior by assuming a spherical Fermi

surface; the anisotropy gap functions are introduced as A(k)=A(1+az’)/(1+a) in [13] and
A(k) = A/N1+az’ in [14], where z = cos 6, € is the polar angle, and « is an anisotropy parameter that

* Corresponding author: e-mail: udomsamut55@yahoo.com
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can be determined experimentally from the ratio of the gap in the z-axis and the gap in the ab-plane.
Using these two models, Mishonov et al. [15, 16] derived analytical results for the normalized jump of
the heat capacity AC/Cy. They find that the anisotropy parameter a decreases the BCS AC/Cy result.

In order to describe the three-dimensional superconducting nature in MgB,, we consider the gap func-
tion of MgB, depending on its axis parameters in three dimensions and follow the weak-coupling BCS
approach to derive an analytical expression for AC/Cy for an anisotropic s-wave with in-plane anisot-

ropy.
2 Anisotropy gap model
Because MgB, is an anisotropic s-wave superconductor, we can use the BCS gap equation as
Vi 1/gkz, + A4
Z 2 : (1)
v \en+ A 2T

where every symbol has its usual meaning.
We assume the pairing interaction as

v = Vof (k) f(K). 2

Here f(k) is the anisotropy function and V; is the coupling constant.
Based on the pairing interaction, an anisotropy gap is given by

A =AT) f(k), (3)

where A(T) is temperature dependent and f(z) = (1+az’)/(1+a) as in [13] or f(z)=1/y/1+az’ as in

[14]. These two models consider only the effect of anisotropy in the c-axis.
Inserting Eqgs. (2) and (3) into Eq. (1), we get the gap equation averaged over all directions of 4, as

4

- L ]i,]siné’ do d¢wjd€ / (H’¢) tanh \/8 4@ 7 (9’¢)
Az 5 i e+ LT £ (0.9) 27

0

Here we use a constant density of states N,, @ is the polar angle, ¢ is the azimuthal angle, and the fac-
tor 1/47x is the normalization factor.
In the vicinity of 7, where (T, -T)/T, <1 the gap is small compared with temperature. Let

ln(T/TC)z (T -T,)/T, ; we find that

&)

£(T) = (T —Tj8ﬂ27f<f2(t9,¢)>

T, )75 O0.9)°

Cc

2r
where (f*(0,¢)) = 4L J. IdH d¢sin 877 (0,4) and £(x) is the Riemann zeta function.
T 00

The thermodynamic potential density in the normal state and the superconducting state are (2 and (2
respectively. Their relation can be written as [17]

1 4;(3) N

Q-0 = -2 (0.9) A (D). Q)
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Inserting Eq. (5) into Eq. (6), we get

Lo L BN TY(S0.9)
TR (1 TJ SO @)
By the relation 2 —Q = —(1/87) H. with H, the critical magnetic field, we get
327N, T\ (2 0.9)
H.(T) = T, [1—-} . (8)
e V(I 0.6)

2
. T. . . . .
And, by the relation AC :—c(%) , the normalized jump of the heat capacity at 7 =T, is

iy o
found to be
AC _ | 0.9 o)
Cy (f'o.¢)

Equation (9) is Pokrovskii’s result for the reduced heat-capacity jump [12, 16, 18].

3 The specific heat jump of MgB,

To show the effect of the type of in-plane anisotropy on AC/Cy, we make some comparisons between
different models applied to MgB,. We first consider the case of the symmetry gap 7(€,¢) = 1. Equation
(9) then gives AC/Cy, = 1.43, which is the BCS result.

In the case of

A0,4) = A,(1+a(sin@cosh)’ + b(sinfsinh)*), (10)
this gives
f(0,4) = 1+a(sinf cos )’ + b(sinPsinH)* . (11)

Here A4,, a, and b are the gap parameters in the c-axis, a-axis, and b-axis, respectively. Within this

model, we get A= 4,, A, =4A/(1+a),and A, =4/ (1+b). For a=b, we get f(0)=1+a sin” @, which

agrees with Hass and Maki’s model [13] in the case of an anisotropic s-wave with uniaxial symmetry.
Next we let b=a+ 0 and insert Eq. (11) into Eq. (9); the normalized jump of the heat capacity is

2
(l+4a+8a2 +25+8a§+;52)

g_c R T 364 = 1283 - 96 (12)
N I+ a+—ad+—-a+ —a+ 5 —ad+-—as
3975 T35 Tas 35
B0 5485 Ry R s 2 5’+¥ as® +1 5
315 57 T35 35 77 763

Our Eq. (12) can be reduced to Eq. (1) of [14] by putting 6 =0 and a=-d'/(1+a); a' is the gap
parameter of [15]. The numerical calculation of Eq. (12) is shown in Fig. 1, where AC/C, shows the
maximum value when a=0 for all 6. When —1<a <0, AC/C, decreases with increasing d/a and,
as a>0, AC/Cy also decreases with increasing |5/a| .

© 2003 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Fig. 1 Plot of AC/Cy versus gap parameter a in Fig. 2 Plot of AC/Cy versus gap parameter a in the a-
the g-axis at various values of O/a in the case axis at various values of &/a in the case A(6,¢) =

A8,¢) = A/(1+a(sin@ cos@)’ + b(sin sinH)*), . .
where b=a+ 8. At 6/a =0, we get Mishonov et al. 4)/\/1 +a(sind cosg)” +b(sinf sing)”, where b=
[15] result. a+ o6 At 6/a =0, we get Mishonov et al. [16] result.

For another case of interest, we consider the anisotropy gap in the form

X0.9) - = , (13)
\/1 +a(sin @ cos ¢)* + b(sin O sin ¢)’

which gives

SO = —— (14)
\/1 +a(sin@cos ¢)’ + b(sinGsin ¢)’

Here 4, a, and b are the gap parameters along the c-axis, g-axis, and b-axis, respectively. Within this
model, we get A =4, 4, =A/(1+a), and A, =4/(1+b). For a=b, we get f(0) =1/1+asin’ @ ,
which agrees with Posazhennikova et al.’s model [14] in the case of an anisotropic s-wave with uniaxial

symmetry.
As before, we let b =a+ 6 and insert Eq. (14) into Eq. (9); the normalized jump of the heat capacity

tanh'l,/L tanh ™ |- » _
l+a +5 l+a ka*™!

Jal+a) 2| a(+ay”? Ak (14 a)
AC 1 43x2 - (19

C
: tanh™' ,/L 5 2tanht -4 e
1+a +5 l+a + a

1
,/(1+a)(1+a+5)+ Ja(+a)y” C Ja(l+ay?  EQk+)(1+a)?

is
2

Equation (15) can be reduced to Eq. (1) of [16] by putting § =0 and a =—a'/(1+4d’); a' is the gap pa-
rameter of [16]. Numerical calculations of Eq. (15) are shown in Fig. 2. The maximum value of AC/Cy
occurs at a=0. When —1<a <0 and d/a >0, AC/Cy decreases while 6/a increases but there is no
change in AC/Cy in the case §/a <0 and a = 0. Figure 2 shows that AC/Cy, decreases as d/a increases.

© 2003 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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4 Discussion and conclusions

In both cases under consideration, we find an anisotropy effect on AC/Cy, which shows a maximum
value at a =0 and, when 6/a >0, AC/Cy, will decrease as d/a increases. This result indicates that the
effect of anisotropy in the ab-plane decreases AC/Cy.

Based on the experimental data on MgB, of Seneor et al. [10], they found a maximum gap A4 =8 meV
for the c-axis film and a minimum gap 4,, =5 meV; this gives 4, /4, =0.625. Our model predicts that if
there is a gap symmetry in the ab-plane, i.e. a = b, the value of AC/Cy should be 1.28 and, if there is an
asymmetry of the gap in the ab-plane, a # b, the value of AC/Cy, should be slightly more or less than this
depending on its a and b parameters. Because of AC/Cy, depending on the parameter, we think that the
effect of in-plane asymmetry may be the cause of non-sharpness in the specific heat curve at 7.

In conclusion, we have derived analytical results for the normalized jump of the heat capacity of
AC/C,, of MgB, with an anisotropy gap by including the effect of in-plane gap anisotropy within the
framework of the weak-coupling BCS approach. We find that, within the three-dimensional anisotropy,
the value of AC/Cy is less than the BCS value, and the effect of the in-plane asymmetry will reduce or
increase the value of AC/C,, of the in-plane symmetry depending on its parameters.

Acknowledgement We acknowledge financial support by the Thai Research Fund.
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Abstract

The exact formula of T,’s equation and the isotope effect exponent of two-
band s-wave superconductors in weak-coupling limit are derived by considering the
influence of interband interaction . The paring interaction in each band consisted of 2
parts : the electronr-phonon interaction and non-electron-phonon interaction are
included in our model. The isotope effect exponent of MgB,, o = 0.3 with
T, = 40 K ,can be found in the weak coupling regime and interband interaction of
electron-phonon interaction show more effect on isotope effect exponent than of non
phonon interaction .



1.Introduction

The isotope effect exponent, o, is one of the most interesting properties of
superconductors. In the conventional BCS theory a = 0.5 for all element.

In high-T. superconductors , experimenter found that o is smaller than 0.5[1-3].
This unusual small value leads to suggestion that the pairing interaction might be
predominantly of electronic origin with a possible small phononnic contribution[4].
To explain the unusual isotope effect in high-T, superconductors, many models have
been proposed such as the van Hove singularity[5-7], anharmonic phonon[8,9],
pairing-breaking effect[10], and pseudogap[11,12].

The discovery of [13] of superconductivity in MgB; with a high critical
temperature , T, ~ 39 K, has attracted a lot of considerable attention. Various
experiments [14-21] suggest the existence of mutiband in MgB, superconductors.The
gap values A(k) cluster into two groups at low temperature, a small value of ~2.5
meV and a large value of of ® 7 meV. The calculation of the electron structure [22-
26] support this conclusion. The Fermi surface consists of four sheets : two three-
dimensional sheets from the m bonding and antibonding bands (2p,), and two nearly

cylindrical sheets from the two-dimensional ¢ band (2p, ,) [24,27]. There is a large

difference in the electron-phonon coupling on different Fermi surface sheet and this
fact leads to multiband description of superconductivity. The average electron-
phonon coupling strength is found to be small values[14-16].Ummarino et al.[28]
proposed that MgB; is the weak coupling two band phononic system where the
Coulomb pseudopotential and the interchannel paring mechanism are key terms to
interpret the superconductivity state. Garland[29] has shown that Coulomb potential
in the d-orbitals of transition metal reduce the isotope exponent whereas sp-metals
generally shown a nearly full isotope effect. So for sp-metal as MgB, , the Coulomb
effect could not be account to explain the reduced of isotope exponent.

Budko et al.[30] and Hinks et al.[31] measured the boron isotope exponent

and estimated as o, = 0.26 £0.03 and nearly zero magnesium isotope effect. The
boron isotope exponent is closed to that obtained for the YNi,B,Cand LuNi,B,C

borocarbideds [32,33] where theoretical work[34] suggested that the phonons
responsible for the superconductivity are high-frequency boron optical modes. This
observation is consistent with a phonon-mediated BCS superconducting mechanism
that boron phonon modes are playing an important role.

The theory of thermodynamic and transport properties of MgB, was made in
the framework of the two band BCS model [35-43]. Zhitomirsky and Dao[44] derive
the Ginzburg-Landau functional for two gap superconductors from the microscopic
BCS model and then investigate the magnetic properties . The concept of multiband
superconductors was first introduced by Suhl[45] and Moskalenke[46] in case of large
disparity of the electron-phonon interaction for different Fermi-surface sheets.

The purpose of this paper is to derive the exact formula of T; ‘s equation and
the isotope effect exponent of two-band superconductors in weak-coupling limit by
considering the influence of interband interaction . The paring interaction in each
band consisted of 2 parts : a attractive electron-phonon interaction and a attractive
non-electron-phonon interaction are included in our model.

2. Model and calculation
The properties of MgB, suggest the two-band s-wave
superconductors(c-band and m-band). And in each band ,it may have two energy



gaps . To recover this fact, we make the assumption that the paring interaction
consists of 2 parts : a attractive electron-phonon interaction and a attractive non-

electron-phonon interaction in o-band and m-band , and the o— m scattering of
interband pairs. The Hamiltonian of the corresponding system is taken in the form

H=H_ +H, +H, (1)
where H,, H and H_, are the Hamiltonian of = band, ¢ band and interband

respectively that

H = zgkcﬂ:l:cnkc z ke T T T T (2.1)
zskcpkcpkc Z ppkk’pl‘:Tptkip—k'ipk'T (2.2)

Z prkk’ (kap PRELETR LS S nan kip kika) (2'3)

Here we use the standard meaning of parametersand V_,, . , Vppkk, s Vpnkk, are the

attractive interaction potential in ¢ band and © band ,and interband respectively .
By performing a BCS mean field analysis of Eq.(1) and applying standard
techniques, we obtain the gap equation as

2 2 ’ 2 2
Apk 8 k' + A ' A Snk’ + Arck'

A, ==>» V . tanh Py Vo tanh
pk ; ppkKk 2W ( ZT ) kz prkk 2 N A2 ( 2T )
3.1
, el + A, , el + A%,
By == Vi — a2 R gy L - tanh( e
k BN 2T v ZJ e + A 2T
(3.2)

In each band, the paring interaction consists of 2 parts[47,48] : an attractive
electron-phonon interaction 'V, and an attraction non-electron-phonon interaction
U, .o, and o, is the characteristic energy cutoff of the Debye phonon and non-
phonon respectively.The interaction potential V,,. may be written as

Vi = —Vpih - U, for 0< |8| < oy
=-U for o, < |s| <w, and i=p, 7w, pn
For such as the interaction the superconducting order parameter can be written as
for 0< |8| < o,

= A, for o, < |8| <m,and j =p,n

3.T.’s Equation
In this section, the exact formula of T.’s equation of two- band s-wave

superconductors is derived . At T = T, and constant density of state N(g, ) = N(0),
Eq.(3) become



Anl (}\'TE + “n)ll (7\'11:1:) + an)Il MT[IZ anIZ Arcl
Ap] _ (}\'Tcp + an)Il (7\‘1) + Mp)Il anI2 MpI2 Apl (6)
AnZ HnII anll unI2 anI2 An2
A, ol TN nol L LA,
% tanh(e/2T
Here I, = J‘dsm (7.1)
0 €
I, = jds tanh(e/2T.) (7.2)

€

and

7\‘71: = Nn (O)\/;)nh > 7\‘p = Np (0)\];; 2 ;\‘np = Nn(O)\];}? = Np (())\/pphTI
and “TE = NT[ (O)UTCE b l"l‘p = Np (O)[J[,Cﬁ Hﬂjp = Nn(O)ng = Np (O)UI():Tc
are the coupling constants.
Solving the secular equation , the appropriate solution is,

A

' B+4C-D
that

A=2(=1 + L (-1 +Lu,) —2Lul,

B =y, +p, + 2L (A, + ) + (O + A1+ L) (1 + L) = Gug))

C=Mh, +A, +1, —Lu (A, + 1) +p (I +p (A +4) L&, + &, +2p))
~Lpn (-2 +1,(A, +1,))

D = 4((-1+ Lu)(-1+ L) - Gui ), =24, — (<1 + LA (u,0, — i)
+ A, L1+ L ) (—p, + A, (=1 + L)) = g (=1 + L)
+ A (L1 (w, + 1) + B(pgh, + 1))

I (8)

Eq.(8) is the T.’s equation of two-band s-wave superconductors.

4. The isotope effect exponent

In harmonic approximation , ®,o0 M '? | and ®, does not depend on mass.

The isotope effect exponent can be derived from the equation
dIn T,

~dinM
1 o, dT,
- ©)
2 T, do,
where M is the mass of the atom constituting the specimen under consideration.
Using Eq.(6) and Eq.(9), we can the isotope effect exponent as below

1/2)
a = ' ' 2 ’ (10)
tanh(w, /2T,) (n D' +p,E +p F)

tanh((o, /2T,)) (L,A" + LA, B + 4 C)




Here
A= -1 (0 I+ R = 1))+ (0 =),
B' = A [2(-1 + L) (=1 + Lu) + L (1, +p, = 2Lpp )] +4p, +2(1 = L)L
C' = (-1 + Lp (-1 + L) + By + Hlp, + g, (<1 + 2L = 2Lpg ]
+ 1 [k, =, 2% (=1 + L (=1 + Tp) + L2l
D'=1}2, — (-1 + LA ) (-1 +1,&))
E'=-1+4+L(A, +A, (1 -LA)+LX ) +pF
F'=20, + 1,2 -2L,(&, + ) + 1, (=&, + &, (=1 + 2L,A) = 21,1")

Eq.(8) and Eq.(10) can be easily reduced to the T, s equation and isotope
exponent of BCS theory .

In Figure.(1), we plot a three dimensional graph of the isotope
exponent Eq.(10) versus the interband coupling constant A and p . Depending on

the measured Debye frequency ®, =64.3 meV [30,49] and T, = 40 K, the
parameters are T, = 40 K, o, =745 K, o, =1.50,,A, =2 = 0.05,
u, =p, =0.05 . The isotope effect exponent is tend to 0.5 at large values of

phonon and low value of non-phonon interband coupling constant . We calculate
Eq.(8) and Eq.(10) numerically to find isotope effect exponent of MgB,, a = 0.3
with T, = 40 K that many ranges of coupling constant agree with these conditions,

exampleas p, =p, = 0.05, A, =0.05,u, =0.142,0.034 <A <0.114,

and 0.01 <A_ < 0.1 .In Figure.(2), we show the effect of interband coupling

constant on isotope effect exponent . The interband interaction of electron-phonon
interaction show more effect on isotope exponent than of non-phonon interaction and
both of them increase the isotope effect exponent in the same way .

5.Conclusions

The exact formula of T,’s equation and the isotope effect exponent of two-
band s-wave superconductors in weak-coupling limit are derived by considering the
influence of interband interaction . The paring interaction in each band consisted of 2
parts : a attractive electron-phonon interaction and a attractive non-electron-phonon
interaction are included .We find isotope effect exponent of MgB,, a = 0.3 with
T, = 40 K in many ranges of coupling constant. These strength values of the

coupling parameters indicate that the MgB, superconductor is in the weak coupling
regime. The interband interaction of electron-phonon interaction show more effect on
isotope exponent than of non-phonon interaction.
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Figure Caption

Figure(1). Plot graph of the isotope exponent Eq.(10) versus the interband coupling
constant A and p_ , the parameters are T, = 40 K, o, = 745 K,

o, =1.50,,A, =1, =0.05, p, =p, =0.05.

Figure.(2). We show the effect of interband coupling constant on isotope effect
exponent. The parameters are T, = 40 K, o, = 745 K, o, =1.50,,A, =0.1,

u, =p, =0.05.



Figure(1).

Udomsamuthirun et al.



0.50

0457

0.40¢

0.35

0.30|

0.25

Figure(2).

10

/ r// -~
a Pid /
- ////
// /’// /
T T
-7 yd
//’// //
// -7 //
// e
/’,/// s
A e
7« Pre
e —-— 1_=0.05,p_=0.05
D SR A,=0.1, p_=0.142
- ——— 2 _=0.05,u =0.142
/ ey mp
-
0.1 0.2 0.3 0.4
}\‘T[

Udomsamuthirun et al.




Output Y991A5INI

LnaaATilussdusmassma 2 Goq faii
-Udomsamuthirun P.,Rakpanich S.,and Yoksan S.,(2003),"Effect of in-plane anisotropy on
specific heat of MgB,",Phys.Stat.Sol.(b) 240:591-595.
—Ltié’eN" Influence of Interband Interaction on Isotope Effect Exponent of MgB, Superconductors”
submit to Physica Status Solidi(b) 4tag i aUDN1I web-site Tu http://xxx.lanl.gov/abs/cond-

mat/0406496 .

2 maandiiluseduludseme 21504
WeHLA gANAYNTHST 1aL 89A0 YTINTY,” BRTIEIUVDIFDIINNAINUAIRUTIINYA
vosiheIngs Mng“,miﬂix@lgumﬁmmﬁmmwﬁﬂmé’mﬂummﬁm{ﬂﬁzﬁi 41(2545)
261-267 (MUBNTTUULNIEHUGIAY)

-auiau1asensved MgB,aztinaue Mn.(Maidamien)

A o KR o a a ara J a J
3.lluﬂ?fﬂkﬂi$ﬂ‘]J‘1J§QJJﬂJu111/IGUE’J\1ﬂ”Iﬂ’J%1WE‘Tﬂﬁ AUSINYIATNT

a @ ~ Aa a A o Aav FY dyo < =
ummmaﬂﬁiuﬂiumﬂiw VWI'N']'H'Ji]ﬂiuﬂWUHﬁ’]ﬁﬁ]ﬂ’]ﬁﬁﬂ‘H’] 3aU



