\

)}

@\..
4

e
T~ =

A

\

4
Y

M

W Y d

ﬁ'lﬂﬂ'l‘llﬂ'ﬁaﬂﬂﬂll‘llﬁﬁl]éﬁﬂl

lassms: safoviBmaddnsvdmivaauiigm

1 a A @ o [ > ]
ﬂ']ﬂﬁﬂﬂ']%‘llﬂiﬂlﬂxﬂﬁﬂ@lﬂllﬂﬂﬂﬂﬂ@n gnnluinaavasnulsie

Ina

)| d d
AT, (INGINWL uuﬂmaﬂsNﬂ

a [ [ L4 v d =
unnendeswag laveawnsel  Tunszususpldug .yl

30 UGUIEU 2547



Ty uaui TRG4580075

X7 v d
TIENTHNIIVYRVUANL I

U

Tasams:szdauIsmasemraud 1S umsunila

W W

M3 a1 uve v lragannfnoanlennlmenveasdmilsde

= ¢ ¢
ATINYINY JnanwIalIea

™ 6

"\ [+ %) [+ 6
NURIINYA mwngﬂaaaan‘sm Gl%Wig‘lJi&Ji'}%iﬂﬂﬂdﬂ

%.ﬂvga\lmﬁ

avuayulagdninNUNBINUATUAYUNIIIV

(mudivluswauiniuvesdide am. luduiludeuriuaraanelil)



=) =
nafnssnlszma
Aav d" Yo Y o o av
Mol IdTuaNuoAT AUl szInuInd nUnIUATUA UMDY
a o a a a 4 0o w A a 4
uaz vevouam s, as.dlalad weadu awMmedamdas  dnindnInemnans
a ] ~ ~ =\ A 9Yq Yo =2 o Yaw
wiInedumaluladqsuis  v.uasnsdun  aldlddnlsnsazuuzihditenasaun
a a 4 aa a o
aaonIuvoveUA IsunsuImIndiamansuayana AuzInemansuazing lulag
a [ Y] 4 [ 4 = d‘o
WiINedesnga lageasnsal  Tunszususglond  v.alyusid Asweanuazainlu

9
%

a =
N13IYU

~ 4 J
MENNY  uANIads A

30 dgueu 2547

(1



UNAALo

SHalnsams ¢ TRG4580075

d' . =\ as a o o [ 9 [

¥olasams : suflev s masamvdmsumsudilyinms naruvesveslva
gANAANDAAI8IN ILmoNYoIA 1538

A ~ s ¢

¥01NIVY AT ANBINY HUAUIALT19A

NAaao ° peiangpb@math.sut.ac.th

szaznalasams ¢ 2 1

QaJJ a Y] @ 4 o
msanyIvuaewFidnavnudyruioulvveuluaunisoosansnag
<3 o Y 9 ~ 4 o a
anusnugnimuald vadhluvenveslamwy  Tashiaumsessmesgnaniumslumew
Y < § wAa v <
yosilendFudumensuazanus Ny SnaauiidoysnivennusNuaaeadUa 19513
I A Ao 9 z Aa o qﬂjl = 9 1
Wudanalumsasnvuasudaduay  Nansaims Ivaas lvasenluueduvesveula
u msgiinvesaumskaa uduiouinguamasimivaswaasmsnadouilyn Ing
WS uNgUAUHAINMTAMUIUNVHARASNUNUATIAINUMTIAAALVDIAT AR
Y v v
TUADUFIA U UL AN TABA19819UD VD1 InaNn IMaa i nauoHIUAADAYD
Y
aa v 1 a J a o
maluaeaianasoaniems madhuazeonnnueuTamwy  MIAATIZHRAMITIVOUTAID
a a a o a Av Ao < 1
Uszansmmueddsmsduiiumsdtsenmuuaausuld lvadhuuuediuvesvovuss

T

]
A v @

o % a 4 1
Atian : ﬂlE]\?]lWaQﬂllﬂGWIE]ﬂﬁ’JEﬂﬂ, GENEERREIGRER ﬁ’fltymmi“lwamu

2



Abstract

Project Code : TRG4580075

Project Title : Numerical Method for Solving the Flowing-Through Problem
of Ideal Incompressible Fluid Flow in Term of Primitive
Variables

Investigator : Peiangpob Mounnamprang

Rajabhat University Valaya-Alongkorn Under Royal Patronage
E-mail Address : peiangpb@math.sut.ac.th

Project Period : 2 Year

A numerical algorithm to study the boundary value problem in which
the governing equations are the steady Euler equations and the vorticity is given on
the inflow parts of the domain boundary is developed. The Euler equations are
implemented in terms of the streamfunction and vorticity. The property of
conservation of vorticity along stream line is utilized to construct numerical algorithm
in the case of several inflow and outflow parts of domain boundary. The convergence
of the finite-difference equations to the exact solution is shown experimentally for the
test problem by comparing the computational results with the exact solution on the
sequence of grids.

The numerical algorithm is illustrated with several examples of
steady flow through a two-dimensional channel with  two inflow and outflow parts
of boundary. The analysis of calculations shows strong dependence of the flow
structure on the vorticity given at the inflow parts of the boundary.

Keywords : ideal incompressible fluid, Euler equations, Flowing through problem
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1. foanasvesilandudumens ™ (g.q,) Taemsinampmau % snaw
MIwIwoen (2.13)

2. myaduaums lvaiu o* (g,.¢,) 9NauM3 Helmholtz (2.14)
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P ' P ' A Y A A <
INDANWNUDILLAQASLBAR ﬂﬂ]ﬂﬂﬁluﬁﬂuﬂﬂlﬂﬂqﬁﬁ‘lﬁaﬂﬂﬂ C]1=0 Iﬂﬂﬂﬂ?”lll!i')'luﬁ”mWiﬂﬂ’l
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(w.n)=f(x,y), (x,y)el',;i=1,..,L
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o 4 aa o [ Jd o
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dunalaaeaasaunig
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e By uA1ash anannig (3.3) aunsnmAtamiFanulas i Bernoulli Taaeas
N3

2 2
o(xy) = —ee(e) L OEAY
(r*-e?)
P 2 p2
ey = Lredyn—2L8
2(f2(0-e?)

i ¢ =—0” <0 ufa Inaannis (3.3) aunsniaiduduanasisiazauFulfs

z
ol
v(x,y) = c—zarctan g ,
o (x)
cc 4
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nalaaiialleesannis (3.1) 415U ¢<0 HAnsail
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—4cK\K, = ¢, K,+K, = b
Tneanizlunsiiiile
2
(o2
c = —|—
[b)
WATRATNARE
% .
f(x)=cos(x), w(x,y)=4arctan( ), @(x,y)=sin(y(x,y))
cos(x)

(3.4)

o A o

E a df
N”J EIL@@T']W’]?’]MLﬁ]’ﬂﬂUﬂqﬁ‘Vlﬂ@'ﬂUﬂmM"}ﬂ\iu
o=1,a=05, b=1 ¢ = 4

AMMFUN1I1 P05 NALRALNIIA9UaNANN1TaRELARTH AT

Y
cos(x

f(x)=cos(x), w(x,y)=4arctan(

(3.5)

)), o(x, y) = sin(y (x, y))

8 0<q = o<1 udr anaunis (3.6) axnsnugraduiuiarifuduanssisuas
< yo &
ANIEL sail

& g fD+oy

x’ = bl
y(x,y) 20 F ) —oy
(3.6)
cc, . 4o
Ay = —=sinh(—wy)
40 c,

(3.7)

danaaaeiiollresannis (4.1) 4wmdu c>0 iy

F0) =Kl 1 ke (3.8)

dl 1 all al a ] o z
WAAIANN K LAY K, NIWENNRATUTLICULANNITANUY

K +K, = b4cKK, = ¢
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Tneanizlunsmiiile

C
Az f(x)=bcosh(vex), xe[0,a]

o & o

o a o i// d‘ A a dgl
AR EIW’Q’]?M’W]’W’]?VI@@@UﬁQ_JM’]ﬁNV]’&@\‘IIW;IL@‘ﬂﬂ‘W’Wﬁ"WNL[?“l‘ﬂ NU
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o o a ragll ai Y Aa o=l [ %
ANMFUNTINAL T NALRALNUYIA392898NNNT (3.6) — (3.8) 1894NNNTRRLLADTHILIMLILIAY

SDe

cosh(0.5x)+ 0.5y

£(x)=cosh(x/0.5x), y(x, y) = In( cosh(0.5x)— 0.5y

), @(x,y) =0.125sinh( 2y (x, )) (3.9)

1%
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1 (errl
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In2 err?
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a

o o dl 1o Y A [ dl [ a a
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'
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a

FN99% 3.1 AnAanAAsuaNysnirasieiduduatusnTLer ANNIEIIL uATNIIMAAeY

8m31N19g141 vevannIn (3.5)

Grid werror x107 Rate @ -error x107° Rate
11x 11 5.5261 - 4.7549 -
21x 21 1.0365 2.41 1.2056 1.9797
41X 41 0.2590 2.00 0.3167 1.9287




20

P399 3.2 ANAATARASUANYIDIIBITeTUAuARENTLAY ANINIEIL uATNIINAADY

ﬁmm’mjﬁﬁ YRIANNTN (3.9)

Grid W error x107° Rate @ -error x107 Rate
11X 11 2.8226 - 1.6577 -
21% 21 0.3962 2.83 0.2842 2.54
41% 41 0.1031 1.94 0.1067 1.41

7 32 sz 3.3 UAAININIEANERIALINAIINGY %qgﬂﬁwumiﬁmmumi
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AvFuannisrasdaunisnnasivalvasiwlily T, Aa

Yo ; x < X,
V,(0) = 3y, +h[1+sinz(x) ; X < x < xop,
Vo ; X > X%,

A ~ ' = )
We a=d SLuﬂ?m"ll'ﬂﬁﬂ'ﬂU@qﬂ NS a=t Iuﬂ?MT’ﬂﬂmﬂﬂuumﬂ\?fﬂ@\ﬂ@LNu

douilanidu z(x) Renulneaunns
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a) U,,(y) = C,, = const,
b) Ulout(y) = Cout(y_yd)(yt_y)9
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Abstract: In this paper, we develop numerical algorithm to study a boundary value problem in which
the governing equations are the steady state Euler equations and the vorticity is given on the inflow
parts of the boundary. We rewrite Euler equations in term of primitive variables. The convergence of
the finite difference equations to the exact solution is shown experimentally by comparing the
computational results with the exact solution on the sequence of grids. Plots of the flow structure and
isobars, for different geometries of channel and for different values of vorticity on entrance, are also
presented.

Methodology: The Euler equations are implemented in terms of the stream function and vorticity. An
irregular physical domain is transformed into a rectangle in the computational domain and the Euler
equations are rewritten with respect to a curvilinear co-ordinate system. An appropriate iterative
process is suggested in this work. The convergence of the numerical algorithm is confirmed by a test
problem with known analytical solution. Numerical calculations are performed for the two-dimensional
inviscid flow through a channel with curved walls. The proposed schemes are confirmed to be efficient
for a wide range of parameters. Strong dependence of the pressure field on the boundary conditions for
the vorticity is shown.

Results, Discussion and Conclusion: Figure 1 illustrates the pressure contours and figure 2 illustrates
the streamlines computed for various geometries of curved channel. The boundary conditions for
vorticity at the inflow part of the boundary were prescribed by the equationw(y) = a,, sin(Kyr). In

each case, the iterative process converged with tolerance ¢, = 1079, &, = 107°.

Y ki
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82 | St
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Figure 1 Figure 2

References: (1) Kazhikhov AV,et al. Boundary Value Problems in Mechanics of Nonhomogeneous
Fluids. Netherlands, (1990).
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STREAMFUNCTION-VORTICITY NUMERICAL METHOD
FOR FLOWING THROUGH PROBLEM OF IDEAL INCOMPRESSIBLE
FLUID WITHIN 2D DOMAIN

N.P. Moshkin,! Peiangpob Mounnamprang 2

ABSTRACT: A numerical algorithm to study the boundary value problem in which the gov-
erning equations are the steady Euler equations and the vorticity is given on the inflow parts
of the domain boundary is developed. The property of conservation of vorticity along stream
line are utilized to construct numerical algorithm in the case of several inflow and outflow parts
of domain boundary. The convergence of the finite-difference equations to the exact solution
is shown experimentally for the test problem by comparing the computational results with the
exact solution on the sequence of grids. The numerical algorithm is illustrated with several
examples of steady flow through a two-dimensional channel with two inflow and outflow parts
of boundary.

KEYWORDS: ideal incompressible fluid, Euler equations, flowing through problem

1. INTRODUCTION

The well-posed statement of the internal flow problem for an ideal incompressible fluid is com-
plicated if on some parts of domain boundary fluid enters the domain or is flowing out of it.
Some special boundary conditions must be imposed to comply with the "hyperbolic” character
of the convective part of the Euler equations. Statement of the problem for rotational flows
of incompressible fluid and for irrotational ones appear to be quit different. In particular, the
stationary irrotational flow of incompressible ideal fluid is determined uniquely by the prescrib-
ing the value of the normal component of velocity on the boundary. In the stationary case
the determination of the rotational flow needs additional information on inflow and outflow
parts as compared with the irrotational flow. For example Kazhikhov and Ragulin 1980 studied
the existence and uniqueness of the boundary value problem where on the inflow parts of the
boundary either three components of velocity or normal component of velocity and two tangent
components of vorticity were prescribed, and on the outflow parts of the boundary either the
normal component of velocity or pressure were prescribed. In reality, the vorticity is given also
on inflow parts of boundary in the case of the stationary irrotational flow. It is simply equal to
zero, and this information is perceived usually as an absence of information.

In this paper we study a rotational flow of an ideal incompressible fluid through bounded domain
with inflow and outflow parts of domain boundary. We are following the results of Kazhikhov
and Ragulin [1] and assume that tangent components of vorticity are given on inflow parts of
domain boundary. The novel contributions in this study are developing the suitable numerical
method for such kind of boundary value problems. The property of conservation of vorticity on
streamline are utilizes to construct numerical algorithm in the case of 2-D stationary rotational
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flow of an ideal incompressible fluid flow.
2. FORMULATION OF FLOWING THROUGH PROBLEM

Let © be a bounded domain in R? whose boundary I' consists of the three kinds of parts. The
inflow parts of domain boundary are denoted by I‘Z«l, i=1,....,L, and the outflow parts of the
boundary are denoted by I‘JZ, j=1,...., K. The impermeable parts of boundary are denoted
by 'Y, m =1,....,M. Each components of I\, is a sufficiently smooth curves. The steady
motion of a homogeneous ideal incompressible fluid is described by the Euler equations

A = —w, in Q, (1)
0
o) o i o (2)
A(z,y)
The stream function ¢ and the vorticity w are determined as u = %, v = —g—f, w = % — %Z’

where (x,y) denotes the Cartesian coordinates of points on €2, wu,v denote the components of
velocity vector w on x and y directions, respectively. We assume that on the solid (impermeable)
parts of the boundary the normal component of velocity vector is vanish

(w-7m)=0, (z,y)eT%, m=1,....,M, (3)

where 7 is outward normal vector. Special boundary conditions must be imposed at the inflow
and the outflow parts of the boundary in order have a well-posed problem Antontsev 1990,
Kazhikhov 1980. The normal component of the velocity vector are given on the inflow parts of
the boundary

W =curl(W) = wi(z,y), (W -7) = fi(z,y), (x,y) €T}, i=1,.... L. (4)

On the outflow parts of the boundary only the values of normal component of velocity vector
are needed to be prescribed

(u - 7) = gj(z,vy), (w,y)el“?, j=1,... K. (5)

Boundary conditions (3)-(5) imply that stream function is known on whole domain boundary
and additionally the values of vorticity are given on inflow parts of domain boundary.

3. THE SOLUTION PROCEDURE

We solve the governing equations (1),(2) with boundary conditions(3)-(5) using the iterative
approach with finite-difference method. A uniform rectangular mesh is used. The iterative
process is performed by realizing the following steps:

1. Give initial guess )(?), w(®),

2. For given w™ find solution ¥("*t1) of the Poisson equation (1)

Aw(ﬂ+1) :_w(n), n:071727..-,

with the Direchlet boundary conditions for stream function (3)-(5).

3. In the case of steady flow, equation (2) means that vorticity is constant on stream line and
this equation has general solution in the form w = w(v). The function w(¢) may be found from
boundary conditions for vorticity on inflow parts of domain boundary. The value of vorticity
at the grid point (x,y;) on (n + 1) iteration defines from boundary condition on vorticity at
boundary T'}.

n+1 * ok * ok n * ok
o = wie (@) e ) — el =0, (a,y7) e Th (6)



4. Verify convergence criterion and if iterations does not converge return to step 2.

To solve the Poisson equation for stream-function with the Direchlet boundary conditions we
used high order compact finite difference scheme, see for example Yanenko 1971. The corre-
sponding finite difference equation was solved by SOR method. To find zero of equations (6)

we used standard secant method.The iterative process is terminated when the convergence cri-

. . . Hw(m—w("’l)H ||¢(n)_1/)(n*1)H
terion is achieved e < ew,s e < gy, where e, and ¢, are convergence

tolerances, and ||o|| denotes some norm in the set of grid functions.
4. NUMERICAL RESULTS

To construct the test problem with known solution, we specify the stream function and
vorticity in the form ¢(x,y) = €*™Y, w = —2¢e""Y. We consider a square domain Q =
{(z,y) : 0 <z,y <1}. Table 1 shows the infinity norm of the absolute errors which are ob-
tained from the grid systems having N x N nodes. With these values, the resulting rate of
convergence is estimated.

Table 1. Norm of errors for stream function and vorticity. Rates of convergence
for test problem.

Grid | err = [[Y" — Yezact||o | Rate | err = [|w” — wezact||oo | Rate
6 x6 0.173E-05 - 0.345E-05 -
11 x 11 0.979E-07 4.14 0.196E-06 4.13
21 x 21 0.579E-08 4.08 0.116E-07 4.08
41 x 41 0.413E-09 3.81 0.862E-09 3.81

. l -l .
The rates of convergence are defined by equation m ~ n(;:(‘xﬁilzg\g)]v 2) where m is rate of

convergence H - ffmCtH < Ch™, errn, and erry, are maximum norm of difference between
exact solution and approximated solution on grid with N7 x N7 and No x N2 nodes, respectively.
It is observed that the convergence rate is approximately equal to four. This confirms that the
finite-difference scheme is of fourth-order accuracy.

The numerical method developed and tested above will now

=y(s
be applied to study the internal flow of an ideal incompressible rﬁ < 3;3255 o r
fluid in two dimensional channel with several inflow and outflow osl 2 2 V2
parts of domain boundary. As an example, let us consider the 7Tl Q r
flowing through problem in square domain with two inflow and Zzﬁ; =
two outflow parts of the domain boundary. The sketch of the mfg L
domain and notations are shown on Figure 1, where yi, yi Zz ) y
are y coordinates of inflow part of boundary I‘% , x%, x% are x o1 ’ 2 g % ' rg
coordinates of inflow part of boundary F%, and yi, xi, o= 4ol 0: . e ’

1,2 are y and = coordinates of outflow parts of boundary I'}
and F%, respectively. Figure 1.
The boundary conditions for stream function and vorticity are

I‘Qn: ¢:¢9n =const, m=1,2,3,4
1 1 1
It =yl(s) =290+ 00 w=w S:Alsin<K oY 77) L<s<yd
10 Y =11(s) a— + y%_y%wl, 1(s) w L=, 1T ) Y1 S8SY
1 1 1
1. 1 _ o ®p—s 0 S—%] 0 _ A2 o s—x 1 1
I5: Yv=15(s) =-F—7¢Y] +-1HY5, w=was)=A;sin(Ko7—r7), z;<s<uzy
To—Y1 Ta 521 To—T
2. 2 _¥3—s 0, S=YE 0 2 2
[T Y =1i(s) —y22,2 3+ 2=, Y1 < s <y;
2~ Y1 Y5 —Y7



2 2
2. — — %58 10 Sy 1,0 2 2
Fg ’ w - '¢2(5) - x%—z% 4 + $§—z% 3 7 <s S L3

Parameters AL, A2 K, Ky permit to manage the values of vorticity at the inflow parts of
boundary, and we assume additionally that 3 (s") > 11 (s"), for any s’ and s”.

Patterns of streamlines and pressure contours through the fluid domain are shown in Fig-
ures 2,3 for the following set of parameters which determined geometry of domain and loca-
tion of outflow and inflow parts of the boundary I'l = {(x,y): x =0, 0.2 <y < 0.8}, I} =
{(z,9): y=1,02<2<08}, I'?={(z,9): =1, 02<y <08},

2 = {(x,y): y=0, 0.2 <2 <0.8}. The constant values of streamfunction on impermeable
parts I, T9, T'9, and T are /¥ = 1, 99 =2, ¢ = 1, 9 = 0, respectively.

Figures 2 a), b) correspond to the potential flow where vorticity at inflow parts of boundary is
equal to zero ( AL, = A2 = 0). The lines ¢ = const and p = const are symmetrical about the
diagonals of square. The largest pressure gradient occurs at the neighborhood of lower left and

upper right angles of domain.

g .

i \ &\ : <( ( L/
NS N
N \ b zz\k\\

0.4
X 0 0.2 0.4 06 08 1 0 0.2 04 0.6 08 1 X

o

Fig. 2a) Stream function Fig. 2b) Pressure p Fig. 3a) Stream function Fig. 3b) Pressure p
p (4

Figures 3 a), b) plot streamlines and pressure contours for A, = A2 = 10, K3 = Ky = 1,
respectively. In this case the patterns of flow are not more symmetric with respect to both
diagonals.

5. CONCLUSION

In this paper we have studied the flowing through boundary value problem where on inflow
parts of boundary domain the values of vorticity are given. The new method to the approximate
solution to the Euler equation of steady two dimensional inviscid flow is developed. Method is
based on the property of vorticity conservation along streamline.
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