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บทนํา 

 

ทฤษฎีจุดตรึง (fixed  point  theory) นับเปนแขนงที่สําคัญแขนงหนึ่งในสาขาของการ 

วิเคราะหเชิงฟงกชัน (functional analysis )  ในปจจุบันนักคณิตศาสตรไดศึกษาและวิจัยในแขนง

ดังกลาวกันอยางตอเนื่อง         ในการคิดคนทฤษฎีเพื่อหาองคความรูใหม ๆ นั้นนับวามี

ประโยชนเปนอยางมากตอทางวิชาการ และ การพัฒนาประเทศ     เปนที่ยอมรับวาทฤษฎีและ

องคความรูใหมๆ  ที่เกิดจากการวิจัยนั้น  นอกจากจะมีประโยชนอยางมากในการพัฒนาความรู

เชิงวิชาการในสาขาและแขนงตางๆนั้นแลว   บางครั้งยังสามารถนําไปประยุกตในสาขาอื่นๆ  

และเปนพื้นฐานสําคัญในการพัฒนาทางวิทยาศาสตรพื้นฐาน (basic  science) ซึ่งเปนการวิจัย

พื้นฐาน (basic research ) เพื่อสรางองคความรูใหม  อันถือเปนพ้ืนฐานในการพัฒนา

ประเทศชาติตอไป 

ทฤษฎีจุดตรึงนับวาเปนแขนงหนึ่งที่สามารถประยุกตไดอยางกวางขวาง 

โดยเฉพาะอยางยิ่งตอการศึกษาเกี่ยวกับ    การมีคําตอบ (existence of solution) และ  การมี

เพียงคําตอบเดียว ของสมการ (uniqueness  of solution)    ตลอดจนการคิดคนหาวิธีในการ

ประมาณหาคําตอบของสมการตางๆ       ดังนั้นการศึกษาทฤษฎีตางๆ ที่เกี่ยวของกับการมีจุด

ตรึงของการสงตางๆ และ การหาระเบียบวิธีตางๆที่ใชในการประมาณคาคําตอบนั้นจึงเปน

หัวขอที่มีนักคณิตศาสตรกลุมหนึ่งจํานวนมากใหความสนใจศึกษา เมื่อศึกษาการมีคําตอบของ

สมการตางๆแลว ปญหาที่นาสนใจตอไปก็คือ เราจะหาคําตอบของสมการตางๆนั้นไดอยางไร  

คําถามดังกลาวนี้ก็ทําใหมีนักคณิตศาสตรจํานวนมากสนใจศึกษา  คิดคนระเบียบวิธีการกระทํา

ซ้ําของจุดตรึง(fixed-point iterations) ตางๆที่ใชในการหาคําตอบ และ ประมาณคําตอบ เพื่อ

นําไปประยุกตใชเกี่ยวกับการแกปญหาในเรื่องของสมการตัวดําเนินการไมเชิงเสน (nonlinear 

operator equations)  ในเรื่องของแกปญหาอสมการการแปรผัน (variational inequality 

problem (VIP)) และแกสมการหาคําตอบของปญหาเชิงดุลยภาพ(equilibrium  problems (EP)) 

ปญหาที่ดีที่สุด(optimizations problems) ปญหานอยที่สุด (minimizations problems)  ทั้งใน

ปริภูมิฮิลเบิรตและปริภูมิบานาค   ซึ่งปญหาดังกลาวเปนปญหาที่สําคัญที่มีประโยชนมากมาย

ในสาขาวิชาตางๆ เชนสาขาวิชาฟสิกส  คณิตศาสตรประยุกต  วิศวกรรม และสาขาทาง

เศรษฐศาสตร 

จากความสําคัญขางตนเปนผลใหนักคณิตศาสตรจึงไดศึกษาและวิจัยในแขนงดังกลาว 

กันอยางตอเนื่อง ซึ่งการวิจัยเกี่ยวกับวิธีการทําซ้ําของจุดตรึง และการประมาณคาจุดตรึงที่

สาํคัญนั้นสามารถนํามาเปนเครื่องมือในการแกสมการหาคําตอบของปญหาเชิงดุลยภาพ 

ดังเชนใน ป 1997 Combettes และ Hirstoaga   ไดเริ่มตนศึกษาและใชวิธีประมาณคาแบบซ้ําใน

การคนหาผลเฉลยของปญหาเชิงดุลยภาพ และไดพิสูจนทฤษฎีบทการลูเขาอยางเขม (strong 



convergence theorems) ในปริภูมิฮิลเบิรต นอกจากนั้นแลวยังมีนักคณิตศาสตรอีกมากมาย นํา

วิธีการประมาณคาแบบซ้ําดังกลาวมาประยุกตใชในการแกปญหาอสมการการแปรผัน ปญหา

คานอยสุด และปญหาอื่นๆ ทางคณิตศาสตร   

ดังนั้นการคิดคนเพื่อใหเกิดวิธีการประมาณคาแบบซ้ําของจุดตรึงชนิดใหมๆ  และทฤษฎี 

การลูเขาสูจุดตรึงจึงเปนองคความรูใหมที่คาดวาจะไดรับ นอกจากนั้นแลวยังสามารถใชวิธีการ

ประมาณคาดังกลาวเพื่อประยุกตใชหาคําตอบของปญหาเชิงดุลยภาพ และ ปญหาอสมการ

การแปรผัน ปญหาคานอยสุด และปญหาอื่นๆ ทางคณิตศาสตร  ซึ่งองคความรูใหมที่ไดนั้นจะ

เปนพ้ืนฐานที่สําคัญในการพัฒนาสาขาวิชาการวิเคราะหเชิงฟงกชันและสาขาวิชาอื่นๆ ที่

เกี่ยวของ ดังที่ไดกลาวมาแลวขางตนอันจะเปนพื้นฐานในการพัฒนาประเทศชาติตอไป   
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In this paper, we first introduce our iterative scheme. Consequently, we will establish strong
convergence theorems for this iterative scheme. To be more specific, let S1, S2, . . . be infinite
mappings of C into itself and {ξi} be a nonnegative real sequence with 0 ≤ ξi < 1, ∀i ≥ 1. For any
n ∈ N, define a mappingWn of C into itself as follows:

Un,n+1 = I,

Un,n = ξnSnUn,n+1 + (1− ξn)I,

Un,n−1 = ξn−1Sn−1Un,n + (1− ξn−1)I,

... (0.1)

Un,k = ξkSkUn,k+1 + (1− ξk)I,

Un,k−1 = ξk−1Sk−1Un,k + (1− ξk−1)I,

...

Un,2 = μ2S2Un,3 + (1− ξ2)I,

Wn = Un,1 = ξ1S1Un,2 + (1− ξ1)I.

Nonexpansivity of eachSi ensures the nonexpansivity ofWn. ThemappingWn is is called aW -mapping
generated by S1, S2, . . . , Sn and ξ1, ξ2, . . . , ξn.
The general system of variational inequality problem is to find (x∗, y∗) ∈ C × C such that⎧⎨

⎩ 〈λAy∗ + x∗ − y∗, x− x∗〉 ≥ 0, ∀x ∈ C,

〈μBy∗ + y∗ − x∗, x− y∗〉 ≥ 0, ∀x ∈ C,
(0.2)

where λ > 0 and μ > 0 are two constants.
Throughout this paper, we will assume that 0 < ξn ≤ ξ < 1,∀n ≥ 1. Concerning Wn defined by
(0.5), we have the following lemmas which are important to prove our main result. Now we only need
the following similar version in Hilbert spaces.
Algorithm 1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let ϕ : C −→ R

be a lower semicontinuous and convex functional. Let Θ : C × C −→ R be an equilibrium bifunction
satisfying conditions (H1)- (H3) and let {Sn} be an infinite family of nonexpansive mappings of C into
itself. Let r, γ > 0 be two constants. Let f be a contraction of C into itself with coefficient α ∈ (0, 1)
and let T be a strongly positive bounded linear operator with coefficient γ̄ > 0 such that 0 < γ̄ < γ

α .
Let A : C −→ H be a LA-Lipchitzian and relaxed (c, d)-cocoercive mapping and B : C −→ H be a
LB-Lipchitzian and relaxed (c′, d′)-cocoercive mapping. Suppose the sequences {xn}, {yn} and {un}
are generated iteratively by⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

x1 ∈ C chosen arbitrary,
Θ(un, y) + ϕ(y)− ϕ(un) + 1

r 〈K ′(un)−K ′(xn), η(x, un)〉 ≥ 0, ∀x ∈ C,

yn = PC(un − μBun),

xn+1 = αnγf(xn) + βnxn + ((1− βn)I − αnT )WnPC(yn − λAyn),

(0.3)

where {αn}and {βn} are two sequences in (0, 1) andWn defined by (0.5).
1



2

Now we study the strong convergence of the hybrid iterative method (0.52).
Theorem 1. Let C be a closed convex subset of a real Hilbert space H and let ϕ : C −→ R be a
lower semicontinuous and convex function. LetΘ : C×C −→ R be an equilibrium bifunction satisfying
conditions (H1)- (H3), A : C −→ H be a LA-Lipchitzian and relaxed (c, d)-cocoercive mapping and
B : C −→ H be a LB-Lipchitzian and relaxed (c′, d′)-cocoercive mapping. Let {Sn} be a sequence of
nonexpansive mappings of C into itself such that F := ∩∞n=1F (Sn) ∩ Ω ∩GV I(C,A, B) 
= ∅. Let f be
a contraction of C into itself with coefficient α ∈ (0, 1) and T be a strongly bounded linear operator on
H with coefficient γ and 0 < γ < γ

α . Assume that
(i) η : C × C −→ H is Lipschitz continuous with constant λ > 0 such that

(a) η(x, y) + η(y, x) = 0 for all x, y ∈ C,
(b) η(·, ·) is affine in the first variable,
(c) for each fixed y ∈ C, x �→ η(y, x) is sequentially continuous from the weak topology
to the weak topology;

(ii) K : C −→ R is η-strongly convex with constant σ > 0 and its derivative K ′ is not only
sequentially continuous from the weak topology to the weak topology but also Lipschitz
continuous with constant ν > 0 such that σ ≥ λν;

(iii) for each x ∈ C; there exist a bounded subsetDx ⊂ C and ux ∈ C such that for any y ∈ C\Dx,

Θ(y, ux) + ϕ(ux)− ϕ(y) +
1
r
〈K ′(y)−K ′(x), η(ux, y)〉 < 0; (0.4)

(iv) limn−→∞ αn = 0,
∑∞

n=0 αn = ∞, 0 < lim infn−→∞ βn ≤ lim supn−→∞ βn < 1, λ ≤ 2(d−cL2
A)

L2
A

and μ ≤ 2(d′−c′L2
B)

L2
B
.

Given x1 ∈ C arbitrary, then the sequence {xn}, {yn} and {un} generated iteratively by (0.52) converge
strongly to x̃ ∈ F where x̃ = PF (γf +(I−T ))(x̃), which is the unique solution of the variational inequality

〈(γf − T )x̃, x− x̃〉 ≤ 0, ∀x ∈ F,

and (x̃, ỹ) is asolutionofgeneral systemof variational inequalityproblem(0.2) such that ỹ = PC(x̃−μBx̃).

2. R. Wangkeeree, U. Kamraksa, A General Iterative Method for Solving the Variational Inequality
ProblemandFixedPointProblemofan InfiniteFamilyofNonexpansiveMappings inHilbert Spaces,Fixed
Point Theory and Applications ,Volume 2009, Article ID 369215, 23 Pages doi:10.1155/2009/369215

In this paper, we study the mappingWn defined by

Un,n+1 = I,

Un,n = μnTnUn,n+1 + (1− μn)I,

Un,n−1 = μn−1Tn−1Un,n + (1− μn−1)I,

... (0.5)

Un,k = μkTkUn,k+1 + (1− μk)I,

Un,k−1 = μk−1Tk−1Un,k + (1− μk−1)I,

...

Un,2 = μ2T2Un,3 + (1− μ2)I,

Wn = Un,1 = μ1T1Un,2 + (1− μ1)I,

where {μi} is a nonnegative real sequence with 0 ≤ μi < 1, ∀i ≥ 1, T1, T2, . . . form a family of infinitely
nonexpansive mappings of C into itself. Nonexpansivity of each Ti ensures the nonexpansivity ofWn.



3

Such aWn is nonexpansive from C to C and it is called aW -mapping generated by T1, T2, . . . , Tn and
μ1, μ2, . . . , μn.
In this paper, we will introduce a new iterative scheme:⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

x1 = x ∈ C chosen arbitrary,
zn = γnxn + (1− γn)Wnxn,

yn = βnxn + (1− βn)Wnzn,

xn+1 = αnγf(xn) + δnxn + ((1− δn)I − αnA)PC(yn − λnByn),

(0.6)

where Wn is a mapping defined by (0.5), f is a contraction , A is strongly positive linear bounded
self-adjoint operator, B is a α-inverse strongly monotone and prove that under certain appropriate
assumptions on the sequences {αn}, {βn}, {γn} and {δn}, the sequences {xn} defined by (0.52)
converges strongly to a common element of the set of common fixed points of a family of {Tn} and the
set of solutions of the variational inequality for an inverse-strongly monotone mapping, which solves
some variational inequality and is also the optimality condition for the minimization problem :

min
x∈C

1
2
〈Ax, x〉 − h(x), (0.7)

where h is a potential function for γf(i.e., h′(x) = γf(x) for x ∈ H).

Theorem 1. Let C be a closed convex subset of a real Hilbert space H, f be a contraction of
C into itself, B be an α-inverse strongly monotone mapping of C into H and {Ti : C −→ C} be a
family of infinitely nonexpansive mappings with F := ∩∞n=1F (Ti) ∩ V I(B,C) 
= ∅. Let A be a strongly
positive linear bounded self-adjoint operator with the coefficient γ > 0 such that ‖A‖ ≤ 1. Assume that
0 < γ ≤ γ

α . Let {αn}, {βn}, {γn} and {δn} be sequences in [0, 1] satisfying the following conditions:
(C1) limn−→∞ αn = 0,

∑∞
n=1 αn = ∞,

(C2) 0 < lim infn−→∞ δn ≤ lim supn−→∞ δn < 1,

(C3) (1 + βn)γn − 2βn > d for some d ∈ (0, 1),
(C4) limn−→∞ |βn+1 − βn| = limn−→∞ |γn+1 − γn| = 0 and
(C5)

∑∞
n=1 |λn − λn−1| <∞ and {λn} ⊂ [a, b] for some a,b ∈ (0, 2α).

Then the sequence {xn} defined by (0.52) converges strongly to q ∈ F , where q = PF (γf + (I −A))q
which solves the following variational inequality

〈γf(q)−Ap, p− q〉 ≤ 0, ∀p ∈ F.

In this section, we obtain two results by using a special case of the proposed method.
Theorem 2. Let H be a real Hilbert space. Let B be an α−inverse strongly monotone mapping on
H, {Ti : H −→ H} be a family of infinitely nonexpansive mappings with F := ∩∞i=1F (Ti)∩B−1(0) 
= ∅.
Let f : H −→ H a contraction with coefficient α ∈ (0, 1) and let A be a strongly positive bounded linear
operator on H with coefficient γ̄ > 0 and 0 < γ < γ̄

α . Suppose the sequences {xn},{yn} and {zn} be
generated by ⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

x1 = x ∈ H chosen arbitrary,
zn = γnxn + (1− γn)Wnxn,

yn = βnxn + (1− βn)Wnzn,

xn+1 = αnγf(xn) + δnxn + ((1− δn)I − αnA)(yn − λnByn),

where {αn}, {βn}, {γn} and {λn} are sequences in [0, 1] satisfying the following conditions:
(C1) limn−→∞ αn = 0,

∑∞
n=1 αn = ∞,
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(C2) 0 < lim infn−→∞ δn ≤ lim supn−→∞ δn < 1,

(C3) (1 + βn)γn − 2βn > a for some a ∈ (0, 1),
(C4) limn−→∞ |βn+1 − βn| = limn−→∞ |γn+1 − γn| = 0,

(C5)
∑∞

n=1 |λn − λn−1| <∞ and {λn} ⊂ [a, b] for some a,b ∈ (0, 2α).
Then {xn},{yn} and {zn} converge strongly to q = PF (γf + (I − A))(q) which solves the variational
inequality:

〈(A− γf)q, q − z〉 ≤ 0, z ∈ F.

Theorem 3. Let C be a closed convex subset of a real Hilbert space H. For any integer
N > 1, assume that, for each 1 ≤ i ≤ N,Si : C −→ H is a ki-strictly pseudocontractive mapping
for some 0 ≤ ki < 1. Let {Ti : C −→ C} be a family of infinitely nonexpansive mappings with
F := ∩∞i=1F (Ti)∩∩N

i=1F (Si) 
= ∅. Let f : C −→ C a contraction with coefficient α ∈ (0, 1) and let A be
a strongly positive bounded linear operator with coefficient γ̄ > 0 and 0 < γ < γ̄

α . Let the sequences
{xn},{yn} and {zn} be generated by⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

x1 = x ∈ H chosen arbitrary,
zn = γnxn + (1− γn)Wnxn,

yn = βnxn + (1− βn)Wnzn,

xn+1 = αnγf(xn) + δnxn + ((1− δn)I − αnA)PC((1− λn)yn − λn

∑N
i=1 ϕiSiyn),

where {αn}, {βn}, {γn} and {λn} are the sequences in [0, 1] satisfying the following conditions:
(C1) limn−→∞ αn = 0,

∑∞
n=1 αn = ∞,

(C2) 0 < lim infn−→∞ δn ≤ lim supn−→∞ δn < 1,

(C3) (1 + βn)γn − 2βn > a for some a ∈ (0, 1),
(C4) limn−→∞ |βn+1 − βn| = limn−→∞ |γn+1 − γn| = 0,

(C5)
∑∞

n=1 |λn − λn−1| <∞ and {λn} ⊂ [a, b] for some a,b ∈ (0, 2α).

Then {xn},{yn} and {zn} converge strongly to q = PF (γf + (I − A))(q) which solves the variational
inequality:

〈(A− γf)q, q − z〉 ≤ 0, z ∈ F.

3. P. Kumam, N. Petrot, R. Wangkeeree , A hybrid iterative scheme for equilibrium problems and fixed
point problems of asymptotically k-strict pseudo-contractions, Journal of Computational and Applied
Mathematics, 233,8(2010), 2013-2026

Let C be a closed convex subset of a real Hilbert space H. Let φ be a bifunction of C × C into R,
where R is the set of real numbers. The equilibrium problem for φ : C × C −→ R is to find x ∈ C such
that

φ(x, y) ≥ 0, ∀y ∈ C. (0.8)
The set of solutions of (0.8) is denoted by EP(φ). Numerous problems in physics, optimization, and
economics are reduced to find a solution of (0.8). Some methods have been proposed to solve the
equilibrium problem. In 2005, Combettes and Hirstoaga introduced an iterative scheme of finding
the best approximation to the initial data when EP(φ) is nonempty and they also proved a strong
convergence theorem.
For solving the equilibrium problem, let us assume that the bifunction φ satisfies the
following conditions:
(A1) φ(x, x) = 0 for all x ∈ C;
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(A2) φ is monotone, i.e., φ(x, y) + φ(y, x) ≤ 0 for any x, y ∈ C;
(A3) φ is upper-hemicontinuous, i.e., for each x, y, z ∈ C,

limsupt−→0+φ(tz + (1− t)x, y) ≤ φ(x, y);

(A4) φ(x, ·) is convex and lower semicontinuous for each x ∈ C.
Theorem 1. Let C be nonempty closed convex subset of a real Hilbert space H and N ≥ 1 be an
integer, φ : C × C −→ R be a bifunction satisfying (A1)− (A4). Let, for each 1 ≤ i ≤ N,Ti : C −→ C

be an asymptotically ki-strictly pseudo-contractive mapping for some 0 ≤ ki ≤ 1 and a sequence
{kn,i} such that

∑∞
n=0(kn,i − 1) < ∞. Let k = max{ki : 1 ≤ i ≤ N} and kn = max{kn,i : 1 ≤ i ≤ N}.

Assume that F := ∩N
i=1F (Ti) ∩ EP (∅) is nonempty. For any x0 ∈ C, let {xn} and {un} be sequences

generated initially by arbitrary element x0 ∈ C and then by⎧⎨
⎩ φ(un−1, y) + 1

rn−1
〈y − un−1, un−1 − xn−1〉 ≥ 0;∀y ∈ C,

xn = αn−1un−1 + (1− αn−1)T
h(n)
i(n) un−1;∀n ≥ 1.

(0.9)

where {αn} and {rn} satisfy the following conditions:
(C1) {αn} ⊂ [α, β], α, β ∈ (k, 1), and
(C2) {rn} ⊂ (0,∞) and lim infn−→∞ rn > 0.

Then, the sequences {xn} and {un} converge weakly to an element of F .

Theorem 2. Let C be nonempty closed convex subset of a real Hilbert space H and N ≥ 1 be an
integer, φ : C × C −→ R be a bifunction satisfying (A1)− (A4). Let, for each 1 ≤ i ≤ N,Ti : C −→ C

be an asymptotically ki strictly pseudo-Contractive mapping for some 0 ≤ ui ≤ 1 and a sequence
{kn,i} such that

∑∞
n=0(kn,i − 1) < ∞. Let k = max{ki : 1 ≤ i ≤ N} and kn = max{kn,i : 1 ≤ i ≤ N}.

Assume that F := ∩N
i=1F (Ti) ∩ EP (φ) is nonempty. For any x0 ∈ C, let {xn} and {un} be sequences

generated initially by arbitrary element x0 ∈ C and⎧⎨
⎩ φ(un−1, y) + 1

rn−1
〈y − un−1, un−1 − xn−1〉 ≥ 0,∀y ∈ C

xn = αn−1un−1 + (1− αn−1)T
h(n)
i(n) un−1, ∀n ≥ 1,

(0.10)

where {αn} and {rn} satisfy the following conditions:
(1) {αn} ⊂ [α, β] for some α, β ∈ (k, 1), and
(2) {rn} ⊂ (0,∞) and lim infn−→∞ rn > 0.

Then, thesequences{xn}and{un}convergestrongly toanelementofF if andonly if lim infn−→∞ d(xn, F ) =
0, where d(xn, F ) denotes the metric distance from the point xn to F .

Theorem 3. Let C be nonempty closed convex subset of a real Hilbert space H and N ≥ 1 be an
integer, φ : C×C −→ R be a bifunction satisfying (A1)−(A4). Let, for each 1 ≤ i ≤ N,Ti : C −→ C be
an asymptotically ki-strictly pseudo-contractive mapping for some 0 ≤ ki ≤ 1 and a sequence {kn,i}.
Let k = max{ki : 1 ≤ i ≤ N} and kn = max{kn,i : 1 ≤ i ≤ N}. Assume that F := ∩N

i=1F (Ti) ∩ EP (φ)
is nonempty and let x ∈ H. For C0 = C, let {xn} and {un} be sequences generated the following
algorithm:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

x0 = PC0x,

un−1 ∈ C such that φ(un−1, y) + 1
rn−1

〈y − un−1, un−1 − xn−1〉 ≥ 0;∀y ∈ C,

yn−1 = αn−1un−1 + (1− αn−1)T
h(n)
i(n) un−1;∀n ≥ 1,

Cn = {v ∈ Cn−1 : ‖yn−1 − v‖2 ≤ ‖xn−1 − v‖2 + θn−1},
xn = PCn

x,∀n ≥ 1,

(0.11)
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whereθn−1 = (k2
h(n)−1)(1−αn−1)ρ2

n−1 −→∞asn −→∞, whereρn−1 = sup{‖xn−1−v‖ : v ∈ F} < ∞,
and {αn} ⊂ [α, β] for some α, β ∈ (k, 1) and {rn} ⊂ (0,∞) such that lim infn−→∞ rn > 0. Then {xn}
converges strongly to P∩N

i=1F (Ti)∩EP (φ)x.

Theorem 4. Let C be nonempty closed convex subset of a real Hilbert space H and N ≥ 1 be an
integer, φ : C×C −→ R be a bifunction satisfying (A1)−(A4). Let, for each 1 ≤ i ≤ N,Ti : C −→ C be
an asymptotically ki-strictly pseudo-contractive mapping for some 0 ≤ ki ≤ 1 and a sequence {kn,i}.
Let k = max{ki : 1 ≤ i ≤ N} and kn = max{kn,i : 1 ≤ i ≤ N}. Assume that F := ∩N

i=1F (Ti) ∩ EP (φ)
is nonempty. Let {xn} and {un} be sequences generated the following algorithm:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x0 = u ∈ C chosen arbitrarily ,
un−1 ∈ C such that φ(un−1, y) + 1

rn−1
〈y − un−1, un−1 − xn−1〉 ≥ 0;∀y ∈ C,

yn−1 = αn−1un−1 + (1− αn−1)T
h(n)
i(n) un−1;∀n ≥ 1,

Cn−1 = {v ∈ C : ‖yn−1 − v‖2 ≤ ‖xn−1 − v‖2 + θn−1},
Qn−1 = {v ∈ C : 〈x0 − xn−1, xn−1 − v〉 ≥ 0},
xn = PCn−1∩Qn−1x0,∀n ≥ 1,

(0.12)

whereθn−1 = (k2
h(n)−1)(1−αn−1)ρ2

n−1 −→∞asn −→∞, whereρn−1 = sup{‖xn−1−v‖ : v ∈ F} < ∞,
and {αn} ⊂ [α, β] for some α, β ∈ (k, 1) and {rn} ⊂ (0,∞) such that lim infn−→∞ rn > 0. Then {xn}
converges strongly to PF x0.

4. R. Wangkeeree and R. Wangkeeree, The Shrinking Projection Method for Solving Variational
Inequality Problems and Fixed Point Problems in Banach Spaces, Abstract and Applied Analysis,
Volume 2009, Article ID 624798, 26 pages doi:10.1155/2009/624798

LetE be a Banach space and letC be a nonempty, closed and convex subset ofE. LetA : C −→ E∗

be an operator. The classical variational inequality problem [?] for A is to find x∗ ∈ C such that

〈Ax∗, y − x∗〉 ≥ 0,∀y ∈ C, (0.13)

where E∗ denotes the dual space of E and 〈·, ·〉 the generalized duality pairing between E and E∗.
The set of all solutions of (0.17) is denoted by V I(A,C). Such a problem is connected with the convex
minimization problem, the complementarity, the problem of finding a point x∗ ∈ E satisfying 0 = Ax∗,
and so on.

Theorem 1. Let E be a 2-uniformly convex and uniformly smooth Banach space, and let C be a
nonempty closed convex subset of E. Let A be an operator of C into E∗ satisfying (C1) and (C2), and
let {Si}i∈I and {Ti}i∈I be two families of closed quasi-φ-nonexpansive mappings of C into itself with
F := ∩i∈IF (Ti)∩∩i∈IF (Si)∩V I(A,C) is nonempty, where I is an index set. Let {xn} be a sequence
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generated by the following manner:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x0 ∈ C chosen arbitrary
C1,i = C,C1 = ∩∞i=1C1,i, x1 = ΠC1(x0) ∀i ∈ I,

wn,i = ΠCJ−1(Jxn − λn,iAxn),

zn,i = J−1(β(1)
n,iJxn + β

(2)
n,iJTixn + β

(3)
n,iJSiwn,i),

yn,i = J−1(αn,iJx0 + (1− αn,i)Jzn,i),

Cn+1,i = {u ∈ Cn,i : φ(u, yn,i) � φ(u, xn) + αn,i(‖x0‖2 + 2〈u, Jxn − Jx0〉)},
Cn+1 = ∩i∈ICn+1,i,

xn+1 = ΠCn+1x0, ∀n ≥ 0,

(0.14)

where J is the duality mapping on E, {λn,i}, {αn,i} and {β(j)
n,i} (j = 1, 2, 3) are sequences in (0, 1)

satisfying the following conditions:

(i) limn−→∞ αn,i = 0 for all i ∈ I;
(ii) For all i ∈ I, {λn,i} ⊂ [a, b] for some a, b with 0 < a < b < c2α

2 , where
1
c is the 2-uniformly

convexity constant of E;
(iii) β

(1)
n,i + β

(2)
n,i + β

(3)
n,i = 1 for all i ∈ I and if one of the following conditions is satisfied

(a) lim infn−→∞ β
(1)
n,iβ

(l)
n,i > 0 for all l = 2, 3 and for all i ∈ I and

(b) lim infn−→∞ β
(2)
n,iβ

(3)
n,i > 0 and limn−→∞ β

(1)
n,i = 0 for all i ∈ I.

Then the sequence {xn} converges strongly to ΠF x0, where ΠF is the generalized projection from C

onto F .
From Theorem 1 we can obtain some new and interesting strong convergence theorems. Now we
give some examples as follows:
If β(1)

n,i = 0 for all n ≥ 0, Ti = Si for all i ∈ I and A = 0 in Theorem ??, then we have the following
result.

Theorem 2. Let E be a uniformly convex and uniformly smooth Banach space, and let C be
a nonempty closed convex subset of E. Let {Ti}i∈I be a family of closed quasi-φ-nonexpansive
mappings of C into itself with F := ∩i∈IF (Ti) is nonempty, where I is an index set. Let {xn} be a
sequence generated by the following manner:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x0 ∈ C chosen arbitrary
C1,i = C,C1 = ∩∞i=1C1,i, x1 = ΠC1(x0) ∀i ∈ I,

yn,i = J−1(αn,iJx0 + (1− αn,i)JTixn),

Cn+1,i = {u ∈ Cn,i : φ(u, yn,i) � φ(u, xn) + αn,i(‖x0‖2 + 2〈u, Jxn − Jx0〉)},
Cn+1 = ∩i∈ICn+1,i,

xn+1 = ΠCn+1x0, ∀n ≥ 0,

(0.15)

whereJ is thedualitymappingonE, {αn,i} is a sequence in (0, 1)such that lim supn−→∞ αn,i = 0,∀i ∈ I.

Then the sequence {xn} converges strongly to ΠF x0, where ΠF is the generalized projection from C

onto F .
Now we consider the problem of finding a zero point of an inverse-strongly monotone operator of E
into E∗. Assume that A satisfies the conditions:
(C1) A is α-inverse-strongly monotone,
(C2) A−10 = {u ∈ E : Au = 0} 
= ∅.
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Theorem 3. Let E be a 2-uniformly convex and uniformly smooth Banach space. Let A be an
operator of E into E∗ satisfying (C1) and (C2), and let {Si}i∈I and {Ti}i∈I be two families of closed
quasi-φ-nonexpansive mappings of E into itself with F := ∩i∈IF (Ti)∩ ∩i∈IF (Si)∩A−10 is nonempty,
where I is an index set. Let {xn} be a sequence generated by the following manner:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x0 ∈ E chosen arbitrary
C1,i = E,C1 = ∩∞i=1C1,i, x1 = ΠC1(x0) ∀i ∈ I,

wn,i = J−1(Jxn − λn,iAxn),

zn,i = J−1(β(1)
n,iJxn + β

(2)
n,iJTixn + β

(3)
n,iJSiwn,i),

yn,i = J−1(αn,iJx0 + (1− αn,i)Jzn,i),

Cn+1,i = {u ∈ Cn,i : φ(u, yn,i) � φ(u, xn) + αn,i(‖x0‖2 + 2〈u, Jxn − Jx0〉)},
Cn+1 = ∩i∈ICn+1,i,

xn+1 = ΠCn+1x0, ∀n ≥ 0,

(0.16)

where J is the duality mapping onE, {λn,i}, {αn,i} and {β(j)
n,i} (j = 1, 2, 3) are sequences in (0, 1) such

that

(i) limn−→∞ αn,i = 0 for all i ∈ I;
(ii) For all i ∈ I, {λn,i} ⊂ [a, b] for some a, b with 0 < a < b < c2α

2 , where
1
c is the 2-uniformly

convexity constant of E;
(iii) β

(1)
n,i + β

(2)
n,i + β

(3)
n,i = 1 for all i ∈ I and if one of the following conditions is satisfied

(a) lim infn−→∞ β
(1)
n,iβ

(l)
n,i > 0 for all l = 2, 3 and for all i ∈ I and

(b) lim infn−→∞ β
(2)
n,iβ

(3)
n,i > 0 and limn−→∞ β

(1)
n,i = 0 for all i ∈ I.

Then the sequence {xn} converges strongly to ΠF x0, where ΠF is the generalized projection from C

onto F .

5. U. Kamraksa, R. Wangkeeree, A hybrid iterative scheme for variational inequality problems for finite
families of relatively weak quasi-nonexpansive mappings, Journal of Inequalities and Applications,
Volume 2010, Article ID 724851, 23 pages

LetE be a Banach space and letC be a nonempty, closed and convex subset ofE. LetA : C −→ E∗

be an operator. The classical variational inequality problem for A is to find x∗ ∈ C such that

〈Ax∗, y − x∗〉 ≥ 0,∀y ∈ C, (0.17)

where E∗ denotes the dual space of E and 〈·, ·〉 the generalized duality pairing between E and E∗.
The set of all solutions of (0.17) is denoted by V I(A,C). Such a problem is connected with the convex
minimization problem, the complementarity, the problem of finding a point x∗ ∈ E satisfying 0 = Ax∗,
and so on. First, we recall that a mapping A : C −→ E∗ is said to be:

(i) monotone if 〈Ax−Ay, x− y〉 ≥ 0, ∀x, y ∈ C.

(ii) α-inverse-strongly monotone if there exists a positive real number α such that

〈Ax−Ay, x− y〉 ≥ α‖Ax−Ay‖2, ∀x, y ∈ C.

Let J be the normalized duality mapping from E into 2E∗ given by

Jx = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖‖x∗‖, ‖x‖ = ‖x∗‖},∀x ∈ E.

It is well known that if E∗ is uniformly convex, then J is uniformly continuous on bounded subsets of E
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Theorem 1. Let C be a nonempty, closed and convex subset of a 2-uniformly convex and
uniformly smooth Banach space E, let A be an α-inverse-strongly monotone mapping of C into E∗

with ‖Ay‖ ≤ ‖Ay − Aq‖ for all y ∈ C and q ∈ F . Let {T1, T2, . . . , TN} and {S1, S2, . . . , SN} be two
finite families of closed relatively weak quasi-nonexpansive mappings from C into itself with F 
= ∅,
where F :=

⋂N
i=1 F (Ti) ∩

⋂N
i=1 F (Si) ∩ V I(A,C). Assume that Ti and Si are uniformly continuous for

all i ∈ {1, 2, . . . , N}. Let {xn} be a sequence generated by the following algolithm:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x0 = x ∈ C, chosen arbitrary,
C1 = C, x1 = ΠC1x0,

wn = ΠCJ−1(Jxn − rnAxn),

zn = J−1(αnJxn−1 + βnJTnxn + γnJSnwn),

yn = J−1(δnJx1 + (1− δn)Jzn),

Cn+1 = {u ∈ Cn : φ(u, yn) ≤ δnφ(u, x1) + (1− δn)[αnφ(u, xn−1) + (1− αn)φ(u, xn)]},
xn+1 = ΠCn+1x1, ∀n ≥ 1,

(0.18)
where Tn = Tn(mod N), Sn = Sn(mod N), and J is the normalized duality mapping on E. Assume that
{αn}, {βn}, {γn}, {δn} and {rn} are the sequences in [0, 1] satisfying the restrictions:

(C1) limn−→∞ δn = 0;
(C2) rn ⊂ [a, b] for some a, bwith 0 < a < b < c2α/2, where 1/c is the 2-uniformly convexity constant
of E;

(C3) αn + βn + γn = 1 and if one of the following conditions is satisfied
(a) lim infn−→∞ αnβn > 0 and lim infn−→∞ αnγn > 0 and
(b) limn−→∞ αn = 0 and lim infn−→∞ βnγn > 0.

Then {xn} converges strongly to ΠF x1, where ΠF is the generalized projection from C onto F .

LetX be a nonempty closed convex cone in E, and let A be an operator fromX into E∗. We define
its polar in E∗ to be the set

X∗ = {y∗ ∈ E∗ : 〈x, y∗〉 ≥ 0 for all x ∈ X}.

Then an element x in X is called a solution of the complementarity problem if

Ax ∈ X∗ and 〈x,Ax〉 = 0.

The set of all solutions of the complementarity problem is denoted by CP (A,X). Several problem
arising in different fields, such as mathematical programming, game theory, mechanics, and geometry,
are to find solutions of the complementarity problems.

Theorem 2. Let X be a nonempty, closed and convex subset of a 2-uniformly convex and
uniformly smooth Banach space E, let A be an α-inverse-strongly monotone mapping of X into E∗

with ‖Ay‖ ≤ ‖Ay − Aq‖ for all y ∈ X and q ∈ F . Let {T1, T2, . . . , TN} and {S1, S2, . . . , SN} be two
finite families of closed relatively weak quasi-nonexpansive mappings from X into itself with F 
= ∅,
where F :=

⋂N
i=1 F (Ti) ∩

⋂N
i=1 F (Si) ∩CP (A,X). Assume that Ti and Si are uniformly continuous for
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all i ∈ {1, 2, . . . , N}. Let {xn} be a sequence generated by the following algorithm:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x0 = x ∈ X, chosen arbitrary,
C1 = X, x1 = ΠC1x0,

wn = ΠCJ−1(Jxn − rnAxn),

zn = J−1(αnJxn−1 + βnJTnxn + γnJSnwn),

yn = J−1(δnJx1 + (1− δn)Jzn),

Cn+1 = {u ∈ Cn : φ(u, yn) ≤ δnφ(u, x1) + (1− δn)[αnφ(u, xn−1) + (1− αn)φ(u, xn)]},
xn+1 = ΠCn+1x1, ∀n ≥ 1,

where Tn = Tn(mod N), Sn = Sn(mod N), and J is the normalized duality mapping on E. Assume that
{αn}, {βn}, {γn}, {δn} and {rn} are the sequences in [0, 1] satisfying the restrictions:
(C1) limn−→∞ δn = 0;
(C2) rn ⊂ [a, b] for some a, bwith 0 < a < b < c2α/2, where 1/c is the 2-uniformly convexity constant
of E;

(C3) αn + βn + γn = 1 and if one of the following conditions is satisfied
(a) lim infn−→∞ αnβn > 0 and lim infn−→∞ αnγn > 0 and
(b) limn−→∞ αn = 0 and lim infn−→∞ βnγn > 0.

Then {xn} converges strongly to ΠF x1, where ΠF is the generalized projection from X onto F .

6. U. Kamraksa, R. Wangkeeree, Convergence theorems based on the shrinking projection method
for variational inequality and equilibrium problems, J. Appl. Math. Comput, DOI 10.1007/s12190-010-
0427-2

Theorem 1. Let E be a uniformly convex and uniformly smooth Banach space and C be a nonempty
closed and convex subset of E. Let f be a bifunction from C ×C to R satisfying (A1)− (A4). Assume
that A is a continuous operator of C into E∗ satisfying conditions (0.19) and (0.20)

〈Ax, J∗(Jx− βAx)〉 ≥ 0, for all x ∈ C, (0.19)

and

〈Ax, y〉 ≤ 0, ∀x ∈ C, y ∈ V I(A,C). (0.20)

and S, T : C −→ C are relatively weak nonexpansive mappings with F := F (S) ∩ F (T ) ∩ V I(A,C) ∩
EP (f) 
= ∅. Let {xn} be a sequence generated by the following manner:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x0 = x ∈ Cchosen arbitrary, C0 = C,

zn = ΠC(αnJxn + βnJTxn + γnJSxn),

yn = J∗(δnJxn + (1− δn)JΠC(Jzn − βAzn)),

un ∈ C such that f(un, y) + 1
rn
〈y − un, Jun − Jyn〉 ≥ 0, ∀y ∈ C,

Cn+1 = {z ∈ Cn : φ(z, un) ≤ φ(z, xn)},
xn+1 = ΠCn+1Jx ∀n ≥ 0.

(0.21)

Assume that {αn}, {βn}, {γn} and {δn} are the sequences in [0, 1] satisfying the restrictions:
(C1) αn + βn + γn = 1;
(C2) 0 ≤ δn < 1, lim supn−→∞ δn < 1;
(C3) {rn} ⊂ [a,∞) for some a > 0; and
(C4) lim infn−→∞ αnβn > 0, lim infn−→∞ αnγn > 0.
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Then {xn} converges strongly to ΠF x.

7. R. Wangkeeree and U. Kamraksa, Strong convergence theorems of viscosity iterative methods for a
countable family of strict pseudo-contractions in Banach spaces, Fixed Point Theory and Applications,
Volume 2010, Article ID 579725, 21 pages doi:10.1155/2010/579725

LetE bearealBanachspace, andC anonemptyclosedconvexsubsetofE. Amappingf : C −→ C is
calledk-contraction, if thereexistsaconstant0 < k < 1such that‖f(x)−f(y)‖ ≤ k‖x−y‖ for allx, y ∈ C.
We useΠC to denote the collection of all contractions onC. That is,ΠC = {f : f is a contraction on C}.
A mapping T : C −→ C is said to be λ-strictly pseudocontractive mapping if there exists a constant

0 ≤ λ < 1, such that

‖Tx− Ty‖2 ≤ ‖x− y‖2 + λ‖(I − T )x− (I − T )y‖2, (0.22)

for all x, y ∈ C. Note that the class of λ-strict pseudo-contractions strictly includes the class of
nonexpansive mappings which are mapping T on C such that ‖Tx − Ty‖ ≤ ‖x − y‖, for all x, y ∈ C.
That is, T is nonexpansive if and only if T is a 0-strict pseudocontraction. A mapping T : C −→ C

is said to be λ-strictly pseudocontractive mapping with respect to p, if, for all x, y ∈ C, there exists a
constant 0 ≤ λ < 1 such that

‖Tx− Ty‖p ≤ ‖x− y‖p + λ‖(I − T )x− (I − T )y‖p. (0.23)

A countable family of mapping {Tn : C −→ C}∞i=1 is called a family of uniformly λ-strict pseudo-
contractions with respect to p, if there exists a constant λ ∈ [0, 1) such that

‖Tnx− Tny‖p ≤ ‖x− y‖p + λ‖(I − Tn)x− (I − Tn)y‖p, ∀x, y ∈ C, ∀n ≥ 1.

We denote by F (T ) the set of fixed points of T , i.e., F (T ) = {x ∈ C : Tx = x}.
Let {Tn} be a family of mappings from a subset C of a Banach space E into E with ∩∞n=1F (Tn) 
= ∅.
We say that {Tn} satisfies the AKTT-condition if for each bounded subset B of C,

∞∑
n=1

sup
z∈B

‖Tn+1z − Tnz‖ < ∞. (0.24)

Theorem 1. Let E be a reflexive Banach space which admits a weakly continuous duality mapping
Jϕ with gauge ϕ. Let C be a nonempty closed convex subset of E, T : C −→ C a nonexpansive
mapping with F (T ) 
= ∅ and f ∈ ΠC . Then the net {xt} defined by (0.25)

xf
t = tf(xt) + (1− t)Txf

t . (0.25)

converges strongly as t −→ 0 to a fixed point x̃ of T which solves the variational inequality :

〈(I − f)x̃, Jϕ(x̃− z)〉 ≤ 0, z ∈ F (T ). (0.26)

Theorem 2. Let E be a real p-uniformly convex Banach space with a weakly continuous duality
mapping Jϕ, andC a nonempty closed convex subset ofE. Let {Tn : C −→ C} be a family of uniformly
λ-strict pseudo-contractions with respect to p, λ ∈ [0, min{1, 2−(p−2)cp}) and ∩∞n=1F (Tn) 
= ∅. Let
f : C −→ C be a k-contraction with k ∈ (0, 1). Assume that real sequences {αn}, {βn} and {γn} in
(0, 1) satisfy the following conditions:
(i) αn + βn + γn = 1 for all n ∈ N;
(ii) limn−→∞ αn = 0 and

∑∞
n=0 αn = +∞;

(iii) 0 < lim infn−→∞ γn ≤ lim supn−→∞ γn < ξ, where ξ = 1− 2p−2λc−1
p .
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Let {xn} be the sequence generated by the following⎧⎨
⎩x1 = x ∈ C,

xn+1 = αnf(xn) + βnxn + γnTnxn, n ≥ 1.
(0.27)

Suppose that {Tn} satisfies the AKTT-condition. Let T be a mapping of C into itself defined by
Tz = limn−→∞ Tnz for all z ∈ C and suppose that F (T ) = ∩∞n=1F (Tn). Then the sequence {xn}
converges strongly to x̃ which solves the variational inequality :

〈(I − f)x̃, Jϕ(x̃− z)〉 ≤ 0, z ∈ F (T ). (0.28)

Theorem 3. Let E be a real p-uniformly convex Banach space with uniformly Gâteaux differentiable
norm, andC a nonempty closed convex subset ofE which has the fixed point property for nonexpansive
mappings. Let {Tn : C −→ C} be a family of uniformly λ-strict pseudo-contractions with respect to
p, λ ∈ [0, min{1, 2−(p−2)cp}) and ∩∞n=1F (Tn) 
= ∅. Let f : C −→ C be a k-contraction with k ∈ (0, 1).
Assume that real sequences {αn}, {βn} and {γn} in (0, 1) satisfy the following conditions:
(i) αn + βn + γn = 1 for all n ∈ N;
(ii) limn−→∞ αn = 0 and

∑∞
n=0 αn = +∞;

(iii) 0 < lim infn−→∞ γn ≤ lim supn−→∞ γn < ξ, where ξ = 1− 2p−2λc−1
p .

Let {xn} be the sequence generated by the following⎧⎨
⎩x1 = x ∈ C,

xn+1 = αnf(xn) + βnxn + γnTnxn, n ≥ 1.
(0.29)

Suppose that {Tn} satisfies the AKTT-condition. Let T be a mapping of C into itself defined by
Tz = limn−→∞ Tnz for all z ∈ C and suppose that F (T ) = ∩∞n=1F (Tn). Then the sequence {xn}
converges strongly to a common fixed point x̃ of {Tn}.

Theorem 4. Let E be a real p-uniformly convex Banach space with a weakly continuous duality
mapping Jϕ, and C a nonempty closed convex subset of E. Let Ψ is an m-accretive operator in E

such that Ψ−10 
= ∅. Let f : C −→ C be a k-contraction with k ∈ (0, 1). Assume that real sequences
{αn}, {βn} and {γn} in (0, 1) satisfy the following conditions:
(i) αn + βn + γn = 1 for all n ∈ N;
(ii) limn−→∞ αn = 0 and

∑∞
n=0 αn = +∞;

(iii) 0 < lim infn−→∞ γn ≤ lim supn−→∞ γn < 1;
(iv) {λn} is a sequence of (0,∞) such that inf{λn : n ∈ N} > 0 and

∑∞
n=1 |λn+1 − λn| < ∞.

Let {xn} be the sequence generated by the following⎧⎨
⎩x1 = x ∈ C,

xn+1 = αnf(xn) + βnxn + γnJλn
xn, n ≥ 1.

Then the sequence {xn} converges strongly x̃ which solves the variational inequality :
〈(I − f)x̃, Jϕ(x̃− z)〉 ≤ 0, z ∈ F (Jλ).

Theorem 5. Let E be a real p-uniformly convex Banach space with uniformly Gâteaux differentiable
norm, and C a nonempty closed convex subset of E. Let Ψ is an m-accretive operator in E such that
Ψ−10 
= ∅. Let f : C −→ C be a k-contraction with k ∈ (0, 1). Assume that real sequences {αn}, {βn}
and {γn} in (0, 1) satisfy the following conditions:
(i) αn + βn + γn = 1 for all n ∈ N;
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(ii) limn−→∞ αn = 0 and
∑∞

n=0 αn = +∞;
(iii) 0 < lim infn−→∞ γn ≤ lim supn−→∞ γn < 1;
(iv) {λn} is a sequence of (0,∞) such that inf{λn : n ∈ N} > 0 and

∑∞
n=1 |λn+1 − λn| < ∞.

Let {xn} be the sequence generated by the following⎧⎨
⎩x1 = x ∈ C,

xn+1 = αnf(xn) + βnxn + γnJλn
xn, n ≥ 1.

Then the sequence {xn} converges strongly x̃ in Ψ−10.

8. R. Wangkeeree, N. Petrot, R. Wangkeeree , The general iterative methods for nonexpansive
mappings in Banach Spaces, Journal of Global Optimization, DOI 10.1007/s10898-010-9617-6.

In Hilbert space H let A be a strongly positive bounded linear operator on H: that is, there is a
constant γ̄ > 0 with property

〈Ax, x〉 ≥ γ̄‖x‖2 for all x ∈ H. (0.30)
In a Banach space E having a weakly continuous duality mapping Jϕ with a gauge function ϕ, an
operator A is said to be strongly positive if there exists a constant γ̄ > 0 with the property

〈Ax, Jϕ(x)〉 ≥ γ̄‖x‖ϕ(‖x‖) (0.31)
and

‖αI − βA‖ = sup
‖x‖≤1

|〈(αI − βA)x, Jϕ(x)〉|, α ∈ [0, 1], β ∈ [−1, 1], (0.32)

where I is the identity mapping. If E := H is a real Hilbert space, then the inequality (0.31) reduce to
(0.30). The next valuable lemma is proved for applying our main results.

Theorem 1. Assume that a Banach space E has a weakly continuous duality mapping Jϕ with
gauge ϕ. Let A be a strong positive linear bounded operator on E with coefficient γ̄ > 0 and
0 < ρ ≤ ϕ(1)‖A‖−1. Then ‖I − ρA‖ ≤ ϕ(1)(1− ργ̄).

Theorem 2. Let E be a reflexive Banach space which admits a weakly continuous duality mapping
Jϕ with gauge ϕ such that ϕ is invariant on [0, 1]. Let T : E −→ E be a nonexpansive mapping with
F (T ) 
= ∅ and f ∈ ΠE , let A be a strongly positive bounded linear operator with coefficient γ̄ > 0 and
0 < γ < γ̄ϕ(1)

α . Then the net {xt} defined by (0.33)
xt = tγf(xt) + (I − tA)Txt. (0.33)

converges strongly as t −→ 0 to a fixed point x̃ of T which solves the variational inequality :

〈(A− γf)x̃, Jϕ(x̃− z)〉 ≤ 0, z ∈ F (T ). (0.34)

Theorem 3. Let E be a reflexive Banach space which admits a weakly continuous duality mapping
Jϕ with gauge ϕ such that ϕ is invariant on [0, 1] . Let {Tn : E −→ E}∞i=1 be a countable family
of nonexpansive mappings with ∩∞n=1F (Tn) 
= ∅ and f ∈ ΠE , let A be a strongly positive bounded
linear operator with coefficient γ̄ > 0 and 0 < γ < γ̄ϕ(1)

α . Let the sequence {xn} be generated by the
following : ⎧⎪⎪⎨

⎪⎪⎩
x0 = x ∈ E,

yn = βnxn + (1− βn)Tnxn,

xn+1 = αnγf(xn) + (I − αnA)yn, n ≥ 0

(0.35)

where {αn} ⊂ (0, 1) and {βn} ⊂ [0, 1] are real sequences satisfying the following conditions :
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(C1) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞ and∑∞
n=1 |αn+1 − αn| < ∞;

(C2) limn−→∞ βn = 0,
∑∞

n=1 |βn+1 − βn| < ∞.
Suppose that {Tn} satisfies the AKTT-condition. Let the mapping T : E −→ E be defined by (0.36)

Tx = lim
n−→∞Tnx, for all x ∈ C. (0.36)

and suppose that F (T ) = ∩∞n=1F (Tn). Then {xn} converges strongly to x̃ that is obtained in Theorem
1.

Theorem 4. Let E be a reflexive Banach space which admits a weakly continuous duality mapping
Jϕ with gauge ϕ such that ϕ is invariant on [0, 1]. Let {Tn : E −→ E}∞i=1 be a countable family of
nonexpansive mappings with ∩∞n=1F (Tn) 
= ∅ and f ∈ ΠE , let A be a strongly positive bounded linear
operator with coefficient γ̄ > 0 and 0 < γ < γ̄ϕ(1)

α . Let the sequence {xn} be generated by the following
: ⎧⎪⎪⎨

⎪⎪⎩
x0 = x ∈ E,

yn = βnxn + (1− βn)Tnxn,

xn+1 = αnγf(xn) + (I − αnA)yn, n ≥ 0

(0.37)

where {αn} and {βn} are sequences in (0, 1) satisfying the following conditions :
(C1) limn→∞ αn = 0 and

∑∞
n=1 αn = ∞, and

(C2) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.
Suppose that {Tn} satisfies the PU -condition. Let the mapping T : E −→ E be defined by (0.36) and
suppose that F (T ) = ∩∞n=1F (Tn). Then {xn} converges strongly to x̃ that is obtained in Theorem 1.

9. U. Kamraksa and R. Wangkeeree, Generalized Equilibrium Problems and fixed point problems
for nonexpansive semigroups in Hilbert spaces, Journal of Global Optimization, DOI 10.1007/s
10898-011-9654-9

Throughout this paper, we always assume thatH is a real Hilbert space with inner product 〈·, ·〉 and
norm ‖ · ‖. Let G : H ×H −→ R be an equilibrium bifunction, i.e., G(u, u) = 0 for each u ∈ H and
Ψ : H −→ H is a mapping. Then, we consider the following generalized equilibrium problem (for short,
GEP ):

Finding x∗ ∈ H such that G(x∗, y) + 〈Ψx∗, y − x∗〉 ≥ 0,∀y ∈ H. (0.38)
The set of solutions for the problem GEP (0.38) is denoted by GEP (G, Ψ).
Special cases.
(1) If Ψ ≡ 0, then GEP (0.38) reduces to the following classical equilibrium problem (for short, EP ):

Finding x∗ ∈ H such that G(x∗, y) ≥ 0,∀y ∈ H. (0.39)

The set of solutions for the problem EP (0.49) is denoted by EP (G).
(2) If G ≡ 0, then GEP (0.38) reduces to the following classical variational inequality problem (for
short V IP ):

Finding x∗ ∈ H such that 〈Ψx∗, y − x∗〉 ≥ 0,∀y ∈ H. (0.40)
The set of solutions for the problem V IP (0.50) is denoted by V I(Ψ,H).
The problem (0.38) is very general in the sense that it includes, as special cases, fixed point
problems, optimization problems, variational inequality problems, Nash equilibrium problems, the
classical equilibrium problems, and others.

Theorem 1. Let S = (T (s))s≥0 be a nonexpansive semigroup on a real Hilbert space H. Let
f : H −→ H be an α-contraction, A : H −→ H a strongly positive linear bounded self adjoint operator
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with coefficient γ̄, G : H × H −→ R a mapping satisfying hypotheses (E1)-(E4) and Ψ : H −→ H

an inverse-strongly monotone mappings with coefficients δ such that F (S) ∩ GEP (G, Ψ) 
= ∅. Let
{αn} ⊂ (0, 1), {rn} ⊂ (0, 2δ) and {sn} ⊂ (0,∞) be the real sequences. Then the following hold.
(i) For any 0 < γ < γ̄

α , there exists a unique sequence {xn} ⊂ H such that⎧⎨
⎩ G(un, y) + 〈Ψxn, y − un〉+ 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ H,

xn = αnγf(xn) + (I − αnA) 1
sn

∫ sn

0
T (s)unds, ∀n ≥ 1.

(0.41)

(ii) If limn−→∞ αn = 0, lim infn−→∞ rn > 0, and limn−→∞ sn = +∞, then the sequence {xn}
defined by (0.41) converges strongly to z, which is a unique solution in F (S) ∩GEP (G, Ψ) of
the variational inequality

〈(γf −A)z, p− z〉 ≤ 0, ∀p ∈ F (S) ∩GEP (G, Ψ). (0.42)

Theorem 2. Let S = (T (s))s≥0 be a nonexpansive semigroup on a real Hilbert space H. Let
f : H −→ H be an α-contraction, A : H −→ H a strongly positive linear bounded self-adjoint operator
with coefficient γ̄ and let γ be a real number such that 0 < γ < γ̄

α . Let G : H × H −→ R be a
mapping satisfying hypotheses (E1)-(E4) andΨ : H −→ H an inverse-strongly monotone mapping with
coefficients δ such that F (S)∩GEP (G, Ψ) 
= ∅. Let the sequences {xn}, {un} and {yn} be generated
by ⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

x1 ∈ H chosen arbitrary,
G(un, y) + 〈Ψxn, y − un〉+ 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ H,

yn = βnxn + (1− βn) 1
sn

∫ sn

0
T (s)unds,

xn+1 = αnγf(xn) + (I − αnA)yn,∀n ≥ 1,

(0.43)

where the real sequences {rn} ⊂ (0, 2δ), {sn} ⊂ (0,∞) and {αn}, {βn} in (0, 1) satisfy the following
conditions:
(D1) limn−→∞ αn = 0,

∑∞
n=1 αn = +∞,

(D2) lim infn−→∞ rn > 0, limn−→∞ |rn+1 − rn| = 0,

(D3) limn−→∞ sn = +∞, limn−→∞
|sn−sn−1|

sn
= 0, and

(D4) 0 < a ≤ βn ≤ b < 1, limn−→∞ |βn − βn−1| = 0.
Then the sequences {xn}, {un} and {yn} converge strongly to z which is a unique solution in
F (S) ∩GEP (G, Ψ) of the variational inequality (0.42).

10. R. Wangkeeree, The general hybrid approximationmethods for nonexpansivemappings in Banach
spaces, Abstract and Applied Analysis, (Accepted)

Theorem 1. Let E be a Banach space which admits a weakly continuous duality mapping Jϕ with
gauge ϕ such that ϕ is invariant on [0, 1] i.e. T ([0, 1]) ⊂ [0, 1]. Let T : E −→ E be a nonexpansive
mapping, f : E −→ E a contraction with coefficient α ∈ (0, 1). Let A and B be two strongly positive
bounded linear operators with coefficients γ̄ > 0 and β > 0, respectively. Let γ and μ be two constants
satisfying the condition (C∗) :

(C∗) : 0 < γ <
βϕ(1)

α
and ϕ(1)− ϕ(1)γ̄

ϕ(1)β − γα
< μ ≤ min

{
1, ϕ(1)‖B‖−1,

1 + ϕ(1)− ϕ(1)γ̄
ϕ(1)β − γα

}
.

Then for any λ ∈ (0, min{1, ϕ(1)‖A‖−1}), the mapping Sλ : E −→ E defined by

Sλ(x) = (I − λA)Tx + λ[Tx− μ(BTx− γf(x))],∀x ∈ E. (0.44)

is a contraction with coefficient 1− λτ , where τ := ϕ(1)γ̄ − ϕ(1) + μ(ϕ(1)β − γα).
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Applying the Banach contraction principle to Theorem 1, there exists a unique fixed point xλ of Sλ

in E, that is

xλ = (I − λA)Txλ + λ[Txλ − μ(BTxλ − γf(xλ))], for all λ ∈ (0, 1). (0.45)

Theorem 2. Let E be a reflexive Banach space which admits a weakly continuous duality mapping
Jϕ with gauge ϕ such that ϕ is invariant on [0, 1]. Let T : E −→ E be a nonexpansive mapping with
F (T ) 
= ∅, f : E −→ E a contraction with coefficient α ∈ (0, 1), andA, B two strongly positive bounded
linear operators with coefficients γ̄ > 0 and β > 0, respectively. Let γ and μ be two constants satisfying
the condition (C∗). Then the net {xλ} defined by (0.45) converges strongly as λ −→ 0 to a fixed point
x̃ of T which solves the variational inequality :

〈(A− I + μ(B − γf))x̃, Jϕ(x̃− z)〉 ≤ 0, z ∈ F (T ). (0.46)

Theorem 3. Let E be a reflexive Banach space which admits a weakly continuous duality mapping
Jϕ with gauge ϕ such that ϕ is invariant on [0, 1]. Let T : E −→ E be a nonexpansive mapping with
F (T ) 
= ∅, f : E −→ E a contraction with coefficient α ∈ (0, 1), and A and B two strongly positive
bounded linear operators with coefficients γ̄ > 0 and β > 0, respectively. Let x0 ∈ E be arbitrary and
the sequence {xn} be generated by the following iterative scheme :

xn+1 = (I − λnA)Txn + λn[Txn − μ(BTxn − γf(xn))], for all n ≥ 0, (0.47)

where γ and μ are two constants satisfying the condition (C∗) and {λn} is a real sequence in (0, 1)
satisfying the following conditions :
(C1) limn→∞ λn = 0 and

∑∞
n=1 λn = ∞

(C2)
∑∞

n=1 |λn+1 − λn| <∞ or limn→∞ λn

λn+1
= 1.

Then the sequence {xn} defined by (0.47) converges strongly to a fixed point x̃ of T that is obtained
by Theorem 1.

11. U. Kamraksa and R. Wangkeeree, Iterative Algorithms for solving Mixed Equilibrium Problem and
variational inequality problem of a finite family of asymptotically strict pseudo-contractions,Journal of
Computational Analysis and Applications, (Accepted).

Throughout this paper, we always assume thatH is a real Hilbert space with inner product 〈·, ·〉 and
norm ‖ · ‖, respectively, C is a nonempty closed convex subset ofH. Let ϕ : C −→ R be a real-valued
function and F : C ×C −→ R be an equilibrium bifunction, i.e., F (u, u) = 0 for each u ∈ C. The mixed
equilibrium problem (for short,MEP ) is to find x∗ ∈ C such that

MEP : F (x∗, y) + ϕ(y)− ϕ(x∗) ≥ 0,∀y ∈ C. (0.48)

The set of solutions for the problemMEP (0.48) is denoted byMEP (F,ϕ).
Special cases.
(1) If ϕ ≡ 0, then MEP (0.48) reduces to the following classical equilibrium problem (for short, EP ):

Finding x∗ ∈ C such that F (x∗, y) ≥ 0,∀y ∈ C. (0.49)

The set of solutions for the problem EP (0.49) is denoted by EP (F ).
(2) If ϕ ≡ 0 and F (x, y) = 〈Ax, y − x〉 for all x, y ∈ C, where A is a mapping from C into H, then

MEP (0.48) reduces to the following classical variational inequality problem (for short V IP ):

Finding x∗ ∈ C such that 〈Ax∗, y − x∗〉 ≥ 0,∀y ∈ C. (0.50)

The set of solutions for the problem V IP (0.50) is denoted by V I(C,A).
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(3) If F ≡ 0, thenMEP (0.48) becomes the following minimize problem:

Finding x∗ ∈ C such that ϕ(y)− ϕ(x∗) ≥ 0,∀y ∈ C. (0.51)

The set of solutions for the problem (0.51) is denoted by Argmin(ϕ).
The problem (0.48) is very general in the sense that it includes, as special cases, fixed point
problems, optimization problems, variational inequality problems, Nash equilibrium problems, the
equilibrium problems and others.

Theorem 1. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let F
be a bifunction from C × C to R satisfying (A1)-(A5) and let ϕ : C −→ R be a lower semicontinuous
and convex function. Let A be a monotone and δ-Lipschitz continuous mapping of C into H. Let, for
each 1 ≤ i ≤ N , Ti : C −→ C be an asymptotically ki-strict pseudo-contractive mapping for some
0 ≤ ki < 1 and a sequence {kn,i}. Let k = max{ki : 1 ≤ i ≤ N} and kn = max{kn,i : 1 ≤ i ≤ N}.
Assume that Ω := ∩N

i=1F (Ti)∩ V I(C,A)∩MEP (F,ϕ) 
= ∅. Assume that either (B1) or (B2) holds. Let
{xn}, {un}, {yn}, {tn}, {zn} be sequences generated by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x0 = x ∈ H, chosen arbitrary,
F (un−1, y) + ϕ(y)− ϕ(un−1) + 1

rn−1
〈y − un−1, un−1 − xn−1〉 ≥ 0, ∀y ∈ C,

yn−1 = PC(un−1 − λn−1Aun−1),

tn−1 = PC(un−1 − λn−1Ayn−1),

zn−1 = αn−1tn−1 + (1− αn−1)T
h(n)
i(n) tn−1,

Cn−1 = {z ∈ C : ‖zn−1 − z‖2 ≤ ‖xn−1 − z‖2 + θn−1},
Qn−1 = {z ∈ H : 〈xn−1 − z, x− xn−1〉 ≥ 0},
xn = PCn−1∩Qn−1x, ∀n ≥ 1,

(0.52)

where θn−1 = (k2
h(n)−1)(1−αn−1)ρ2

n−1 −→ 0 asn −→∞, where ρn−1 = sup{‖xn−1−z‖ : z ∈ Ω} < ∞.
Assume that {λn} ⊂ [a, b] for some a, b ∈ (0, 1

δ ), {αn} ⊂ [c, d] for some c, d ∈ (k, 1) and {rn} ⊂ (0,∞)
such that lim infn−→∞ rn > 0. Then {xn} ,{un}, {yn}, {tn}, {zn} converge strongly to w = PΩ(x).

Theorem 2. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let F
be a bifunction from C × C to R satisfying (A1)-(A5) and let ϕ : C −→ R be a lower semicontinuous
and convex function. Let A be a monotone and δ-Lipschitz continuous mapping of C into H. Let, for
each 1 ≤ i ≤ N , Ti : C −→ C be an asymptotically ki-strict pseudo-contractive mapping for some
0 ≤ ki < 1 and a sequence {kn,i} such that

∑∞
n=0(kn,i − 1) < ∞. Let k = max{ki : 1 ≤ i ≤ N} and

kn = max{kn,i : 1 ≤ i ≤ N}. Assume that F := ∩N
i=1F (Ti)∩V I(C,A)∩MEP (F,ϕ) 
= ∅. Assume that

either (B1) or (B2) holds. Let {xn}, {un}, {tn}, {yn} be sequences generated by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

x0 = x ∈ H, chosen arbitrary,
F (un−1, y) + ϕ(y)− ϕ(un−1) + 1

rn−1
〈y − un−1, un−1 − xn−1〉 ≥ 0, ∀y ∈ C,

yn−1 = PC(un−1 − λn−1Aun−1),

tn−1 = PC(un−1 − λn−1Ayn−1),

xn = αn−1tn−1 + (1− αn−1)T
h(n)
i(n) tn−1, ∀n ≥ 1,

(0.53)

where θn−1 = (k2
h(n)−1)(1−αn−1)ρ2

n−1 −→ 0asn −→∞, where ρn−1 = sup{‖xn−1−z‖ : z ∈ F} < ∞.
Assume that {λn} ⊂ [a, b] for some a, b ∈ (0, 1

k ), {αn} ⊂ [c, d] for some c, d ∈ (k, 1) and {rn} ⊂ (0,∞)
such that lim infn−→∞ rn > 0. Then {xn}, {un}, {yn}, {tn} converge weakly to w ∈ Ω, where
w = limn−→∞ PΩxn.
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a b s t r a c t

In this paper, we introduce an iterative algorithm for finding a common element of the set

of solutions of a mixed equilibrium problem, the set of fixed points of an infinite family

of nonexpansive mappings and the set of solutions of a general system of variational

inequalities for a cocoercive mapping in a real Hilbert space. Furthermore, we prove

that the proposed iterative algorithm converges strongly to a common element of the

above three sets. Our results extend and improve the corresponding results of Ceng,

Wang, and Yao [L.C. Ceng, C.Y. Wang, J.C. Yao, Strong convergence theorems by a relaxed

extragradient method for a general system of variational inequalities, Math. Methods

Oper. Res. 67 (2008) 375–390], Ceng and Yao [L.C. Ceng, J.C. Yao, A hybrid iterative

scheme for mixed equilibrium problems and fixed point problems, J. Comput. Appl. Math.

doi:10.1016/j.cam.2007.02.022], Takahashi and Takahashi [S. Takahashi, W. Takahashi,

Viscosity approximation methods for equilibrium problems and fixed point problems in

Hilbert spaces, J. Math. Anal. Appl. 331 (2007) 506–515] and many others.

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Throughout this paper, we always assume that H is a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖,
respectively, C is a nonempty closed convex subset of H . Let ϕ : C → R be a real-valued function and Θ : C × C → R be an
equilibrium bifunction, i.e., Θ(u, u) = 0 for each u ∈ C . The mixed equilibrium problem (for short, MEP) is to find x∗ ∈ C
such that

MEP : Θ(x∗, y) + ϕ(y) − ϕ(x∗) ≥ 0, ∀y ∈ C . (1.1)

In particular, if ϕ ≡ 0, this problem reduces to the equilibrium problem (for short, EP), which is to find x∗ ∈ C such that

EP : Θ(x∗, y) ≥ 0, ∀y ∈ C . (1.2)

Denote the set of solutions of MEP by Ω . The problem (1.1) is very general in the sense that it includes, as special cases,
fixed point problems, optimization problems, variational inequality problems, Nash equilibrium problems, the equilibrium
problems and others; see, e.g., [1–4]. Some methods have been proposed to solve the MEP and EP , see, e.g., [1,5,6,2,7–9,3,
10–18,4,19]. First we recall some relevant important results as follows.

In 1997, Combettes and Hirstoaga [8] introduced an iterative method for finding the best approximation to the initial
data and proved a strong convergence theorem. Subsequently, Takahashi and Takahashi [13] introduced another iterative
scheme for finding a common element of the set of solutions of EP and the set of fixed points of a nonexpansive mapping.

� Supported by The Thailand Research Fund Grant TRG5280011.∗ Corresponding author. Tel.: +66 5963249.

E-mail addresses: rabianw@nu.ac.th (R. Wangkeeree), uthaikam@hotmail.com (U. Kamraksa).
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Using the idea of Takahashi and Takahashi [13], Plubtieng and Punpaeng [10] introduced the general iterative method for
finding a common element of the set of solutions of EP and the set of fixed points of a nonexpansive mapping which is the
optimality condition for the minimization problem in a Hilbert space. Furthermore, Yao, Liou and Yao [18,20] introduced
some new iterative schemes for finding a common element of the set of solutions of EP and the set of common fixed points of
finitely (infinitely) nonexpansive mappings. Very recently, Ceng and Yao [7] considered a new iterative scheme for finding a
common element of the set of solutions ofMEP and the set of common fixed points of finitelymany nonexpansivemappings.
Their results extend and improve the corresponding results in [8,13,18].

Recall that a mapping f : C → C is called contractive if there exists a constant α ∈ (0, 1) such that

‖f (x) − f (y)‖ ≤ α‖x − y‖, ∀x, y ∈ C . (1.3)

A mapping S : C → C is said to be nonexpansive if

‖Sx − Sy‖ ≤ ‖x − y‖, ∀x, y ∈ C . (1.4)

Denote the set of fixed points of S by F(S).
Recall that

(1) A mapping A of C into H is called monotone if

〈Ax − Ay, x − y〉 ≥ 0, ∀x, y ∈ C .

(2) A is called d-strongly monotone, if each x, y ∈ C , we have

〈Ax − Ay, x − y〉 ≥ d‖x − y‖2,

for a constant d > 0. This implies that

‖Ax − Ay‖ ≥ d‖x − y‖,
that is, A is d-expansive and when d = 1, it is expansive.

(3) A is said to be c-cocoercive [21,22], if each x, y ∈ C , we have

〈Ax − Ay, x − y〉 ≥ c‖Ax − Ay‖2,

for a constant c > 0. Clearly, every c-cocoercive map A is 1
c
-Lipschitz continuous.

(4) A is said to be (−c)-cocoercive, if there exists a constant c > 0 such that

〈Ax − Ay, x − y〉 ≥ (−c)‖Ax − Ay‖2, ∀x, y ∈ C .

(5) A is said to be relaxed (c, d)-cocoercive, if there exists two constants c, d > 0 such that

〈Ax − Ay, x − y〉 ≥ (−c)‖Ax − Ay‖2 + d‖x − y‖2, ∀x, y ∈ C .

For c = 0, A is d-strongly monotone. This class of maps is more general than the class of strongly monotone maps. It is
easy to see that we have the following implication: d-strongly monotonicity ⇒ relaxed (c, d)-cocoercivity.

(6) An operator T is strongly positive on H if there is a constant γ̄ > 0 with property

〈Tx, x〉 ≥ γ̄ ‖x‖2, ∀x ∈ H.

Let A : C → H be a mapping. The classical variational inequality, denoted by VI(A, C), is to find x∗ ∈ C such that

〈Ax∗, v − x∗〉 ≥ 0

for all v ∈ C . The variational inequality has been extensively studied in the literature. See, e.g. [15–17,23,20,24] and the
references therein.

For finding an element of F(S) ∩ VI(A, C), under the assumption that a set C ⊆ H is nonempty, closed and convex, a
mapping S : C → C is nonexpansive and amapping A : C → H is α-inverse-strongly monotone, Takahashi and Toyoda [25]
introduced the following iterative scheme:

xn+1 = αnxn + (1 − αn)SPC (xn − λnAxn) (1.5)

for every n = 0, 1, 2, . . ., where x0 = x ∈ C, {αn} is a sequence in (0, 1), and {λn} is a sequence in (0, 2α). They proved that
if F(S) ∩ VI(A, C) �= ∅, then the sequence {xn} generated by (1.5) converges weakly to some z ∈ F(S) ∩ VI(A, C). Recently,
motivated by the idea of Korpelevich’s extragradient method [26], Nadezhkina and Takahashi [27] introduced an iterative
scheme for finding an element of F(S) ∩ VI(A, C) and the weak convergence theorem is presented. Moreover, Zeng and
Yao [28] proposed some new iterative schemes for finding elements in F(S) ∩ VI(A, C) and obtained the weak convergence
theorem for such schemes. Yao, Liou and Yao [20] introduced new iterative scheme for finding an element of F(S)∩VI(A, C),
under some mild conditions, they obtained the strong convergence theorems in a real Hilbert space.

Let A, B : C → H be two mappings. The general system of variational inequality problem (see [29]) is to find
(x∗, y∗) ∈ C × C such that{〈λAy∗ + x∗ − y∗, x − x∗〉 ≥ 0, ∀x ∈ C,

〈μBy∗ + y∗ − x∗, x − y∗〉 ≥ 0, ∀x ∈ C,
(1.6)
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where λ > 0 and μ > 0 are two constants. In particular, if A = B, then problem (1.6) reduces to finding (x∗, y∗) ∈ C × C
such that{〈λAy∗ + x∗ − y∗, x − x∗〉 ≥ 0, ∀x ∈ C,

〈μAy∗ + y∗ − x∗, x − y∗〉 ≥ 0, ∀x ∈ C,
(1.7)

which is defined by Verma [30] (see also Verma [31]), and is called the new system of variational inequalities. Further, if we
add up the requirement that x∗ = y∗, then problem (1.7) reduces to the classical variational inequality VI(A, C). In order
to find the solutions of the general system of variational inequality problem (1.6), Ceng, Wang, and Yao [29] studied the
following approximation method. Let the mappings A, B : C → H be α-inverse-strongly monotone and β-inverse-strongly
monotone, respectively. Let S : C → C be a nonexpansive mapping. Suppose x1 = u ∈ C and {xn} is generated by{

yn = PC (xn − μBxn),
xn+1 = αnu + βnxn + γnSPC (yn − λAyn),

(1.8)

where λ ∈ (0, 2α), μ ∈ (0, 2β), and {αn}, {βn} and {γn} are three sequences in [0, 1] such that αn + βn + γn = 1. They
proved that, under quite mild conditions on the parameters, the iterative sequence defined by the relaxed extragradient
method (1.8) converges strongly to a fixed point of S which is a solution of general system of variational inequality (1.6).

On the other hand, Moudafi [32] introduced the viscosity approximation method for nonexpansive mappings (see [33]
for further developments in both Hilbert and Banach spaces). Let f be a contraction on C . Starting with an arbitrary initial
x1 ∈ C , define a sequence {xn} recursively by

xn+1 = (1 − σn)Sxn + σnf (xn), n ≥ 0, (1.9)

where {σn} is a sequence in (0, 1). It is proved [32,33] that under certain appropriate conditions imposed on {σn}, the
sequence {xn} generated by (1.9) strongly converges to the unique solution q in C of the variational inequality

〈(I − f )q, p − q〉 ≥ 0, p ∈ C .

Recently, Marino and Xu [34] introduced the following general iterative method:

xn+1 = (I − αnT )Sxn + αnγ f (xn), n ≥ 0 (1.10)

where T is a strongly positive bounded linear operator on H . They proved that if the sequence {αn} of parameters satisfies
appropriate conditions, then the sequence {xn} generated by (1.10) converges strongly to the unique solution of the
variational inequality

〈(T − γ f )x∗, x − x∗〉 ≥ 0, x ∈ C (1.11)

which is the optimality condition for the minimization problem

min
x∈C

1

2
〈Tx, x〉 − h(x),

where h is a potential function for γ f (i.e., h′(x) = γ f (x) for x ∈ H).
On the other hand, Ceng and Yao [7] introduced a hybrid iterative scheme for finding a common element of the set of

solutions of MEP and the set of common fixed points of finitely many nonexpansive mappings. Furthermore, they proved
that the sequences generated by the hybrid iterative scheme converge strongly to a common element of the set of solutions
ofMEP and the set of common fixed points of finitely many nonexpansive mappings.

In this paper, motivated and inspired by Ceng, Wang, and Yao [29], Moudafi [32], Marino and Xu [34], Ceng and Yao [7],
we introduce an iterative algorithm for finding a common element of the set of solutions of amixed equilibriumproblem, the
set of fixed points of an infinite family of nonexpansivemappings and the set of solutions of the general system of variational
inequality. Furthermore, we prove that the proposed iterative algorithm converges strongly to a common element of the
above three sets. Our results extend and improve the corresponding results of Ceng, Wang, and Yao [29], Ceng and Yao [7],
Takahashi and Takahashi [13] and many others.

2. Preliminaries

Let H be a real Hilbert space. It is well known that for any λ ∈ [0, 1]
‖λx + (1 − λ)y‖2 = λ‖x‖2 + (1 − λ)‖y‖2 − λ(1 − λ)‖x − y‖2.

Let C be a nonempty closed convex subset of H . For every point x ∈ H , there exists a unique nearest point in C , denoted by
PCx, such that

‖x − PCx‖ ≤ ‖x − y‖ for all y ∈ C .

PC is called the metric projection of H onto C . It is well known that PC is a nonexpansive mapping of H onto C and satisfies

〈x − y, PCx − PCy〉 ≥ ‖PCx − PCy‖2 (2.1)
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for every x, y ∈ H . Moreover, PCx is characterized by the following properties: PCx ∈ C and

〈x − PCx, y − PCx〉 ≤ 0, (2.2)

‖x − y‖2 ≥ ‖x − PCx‖2 + ‖y − PCx‖2 (2.3)

for all x ∈ H, y ∈ C .
Now we collect some useful lemmas for proving the convergence result of this paper.

Lemma 2.1 ([12]). Let {xn} and {zn} be bounded sequences in a Banach space E and let {βn} be a sequence in [0, 1] with
0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1. Suppose xn+1 = (1− βn)zn + βnxn for all integers n ≥ 1 and lim supn→∞(‖zn+1 −
zn‖ − ‖xn+1 − xn‖) ≤ 0. Then, limn→∞ ‖zn − xn‖ = 0.

Lemma 2.2 ([33]). Assume that {an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1 − αn)an + δn, n ≥ 1

where {αn} is a sequence in (0, 1) and {δn} is a sequence in R such that

(1)
∑∞

n=1 αn = ∞
(2) lim supn→∞ δn

αn
≤ 0 or

∑∞
n=1 |δn| < ∞.

Then limn→∞ an = 0.

Lemma 2.3 ([34]). Assume that T is a strongly positive linear bounded operator on a Hilbert space H with coefficient γ̄ > 0 and
0 < ρ ≤ ‖T‖−1. Then ‖I − ρT‖ ≤ 1 − ργ̄ .

Lemma 2.4 (Demi-Closedness Principle [9]). Assume that S is a nonexpansive self-mapping of a nonempty closed convex subset
C of a real Hilbert space H. If S has a fixed point, then I − S is demi-closed; that is, whenever {xn} is a sequence in C converging
weakly to some x ∈ C (for short, xn ⇀ x ∈ C), and the sequence {(I−S)xn} converges strongly to some y (for short, (I−S)xn → y),
it follows that (I − S)x = y. Here I is the identity operator of H.

For solving the mixed equilibrium problem for an equilibrium bifunction Θ : C × C → R, let us assume that Θ satisfies
the following conditions:

(H1) Θ is monotone, i.e., Θ(x, y) + Θ(y, x) ≤ 0, ∀x, y ∈ C;
(H2) for each fixed y ∈ C , x �→ Θ(x, y) is convex and upper semicontinuous;
(H3) for each x ∈ C, y �→ Θ(x, y) is convex.

A mapping η : C × C → H is called Lipschitz continuous if there exists a constant λ > 0 such that

‖η(x, y)‖ ≤ λ‖x − y‖, ∀x, y ∈ C .

A differentiable function K : C → R on a convex set C is called:

(K1) η-convex [5] if

K(y) − K(x) ≥ 〈K ′(x), η(y, x)〉, ∀x, y ∈ C,

where K ′(x) is the Fréchet derivative at x;
(K2) η-strongly convex if there exists a constant σ > 0 such that

K(y) − K(x) − 〈K ′(x), η(y, x)〉 ≥ σ

2
‖x − y‖2, ∀x, y ∈ C .

Let C be a nonempty closed convex subset of a real Hilbert space H and let ϕ : C → R be a real-valued function, and
Θ : C × C → R be an equilibrium bifunction. Let r be a positive number. For a given point x ∈ C , the auxiliary problem for
MEP consists of finding y ∈ C such that

Θ(y, z) + ϕ(z) − ϕ(y) + 1

r
〈K ′(y) − K ′(x), η(z, y)〉 ≥ 0, ∀z ∈ C .

Let Jr : C → C be the mapping such that for each x ∈ C , Jr(x) is the solution set of the auxiliary problemMEP , that is

Jr(x) = {y ∈ C : Θ(y, z) + ϕ(z) − ϕ(y) + 1

r
〈K ′(y) − K ′(x), η(z, y)〉 ≥ 0, ∀z ∈ C}, ∀x ∈ C .

The following lemmas appear implicitly in [5].

Lemma 2.5 ([5]). Let C be nonempty closed convex subset of a real Hilbert space H and let ϕ be a lower semicontinuous and
convex functional from C to R. Let Θ be a bifunction from C × C to R satisfying (H1)–(H3). Assume that

(i) η : C × C → H is Lipschitz continuous with constant λ > 0 such that;
(a) η(x, y) + η(y, x) = 0, ∀x, y ∈ C,
(b) η(·, ·) is affine in the first variable,
(c) for each fixed y ∈ C, x �→ η(y, x) is sequentially continuous from the weak topology to the weak topology;
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(ii) K : C → R is η-strongly convexwith constant σ > 0 and its derivative K ′ is sequentially continuous from theweak topology
to the strong topology;

(iii) for each x ∈ C, there exist a bounded subset Dx ⊂ C and zx ∈ C such that for any y ∈ C \ Dx

Θ(y, zx) + ϕ(zx) − ϕ(y) + 1

r
〈K ′(y) − K ′(x), η(zx, y)〉 < 0.

Then, there exists y ∈ C such that

Θ(y, z) + ϕ(z) − ϕ(y) + 1

r
〈K ′(y) − K ′(x), η(z, y)〉 ≥ 0, ∀z ∈ C .

Lemma 2.6 ([5]). Assume that Θ satisfies the same assumptions as Lemma 2.5 for r > 0 and x ∈ C, the mapping Jr : C → C
can be defined as follows:

Jr(x) =
{
y ∈ C : Θ(y, z) + ϕ(z) − ϕ(y) + 1

r
〈K ′(y) − K ′(x), η(z, y)〉 ≥ 0, ∀z ∈ C

}
, ∀x ∈ C .

Then, the following hold:

(i) Jr is single-valued;
(ii) (a) 〈K ′(x1) − K ′(x2), η(u1, u2)〉 ≥ 〈K ′(u1) − K ′(u2), η(u1, u2)〉, ∀(x1, x2) ∈ C × C, where ui = Jr(xi), i = 1, 2;

(b) Jr is nonexpansive if K ′ is Lipschitz continuous with constant ν > 0 such that σ > λv;
(iii) F(Jr) = Ω; and
(iv) Ω is closed and convex.

We also need the following lemma for proving our main results.

Lemma 2.7 ([29]). For given x∗, y∗ ∈ C, (x∗, y∗) is a solution of the problem (1.6) if and only if x∗ is a fixed point the mapping
G : C → C defined by

G(x) = PC [PC (x − μBx) − λAPC (x − μBx)], ∀x ∈ C,

where y∗ = PC (x
∗ − μBx∗), λ, μ are positive constants and A, B : C → H are two mappings.

Throughout this paper, the set of fixed points of the mapping G is denoted by GVI(C, A, B).
Now, we prove the following lemma which will be applied in the main theorem.

Lemma 2.8. Let G : C → C be defined in Lemma 2.7. If A : C → H is a LA-Lipschitzian and relaxed (c, d)-cocoercive mapping

and B : C → H a LB-Lipschitzian and relaxed (c ′, d′)-cocoercive mapping where λ ≤ 2(d−cL2
A
)

L2
A

and μ ≤ 2(d′−c′L2
B
)

L2
B

, then G is

nonexpansive.

Proof. For any x, y ∈ C , we have

‖G(x) − G(y)‖2 = ‖PC [PC (x − μBx) − λAPC (x − μBx)] − PC [PC (y − μBy) − λAPC (y − μBy)]‖2

≤ ‖PC (x − μBx) − λAPC (x − μBx) − [PC (y − μBy) − λAPC (y − μBy)]‖2

= ‖[PC (x − μBx) − PC (y − μBy)] − λ[APC (x − μBx) − APC (y − μBy)]‖2

= ‖PC (x − μBx) − PC (y − μBy)‖2 − 2λ〈PC (x − μBx) − PC (y − μBy),

APC (x − μBx) − APC (y − μBy)〉 + λ2‖APC (x − μBx) − APC (y − μBy)‖2

≤ ‖PC (x − μBx) − PC (y − μBy)‖2 − 2λ
[−c‖APC (x − μBx) − APC (y − μBy)‖2

+d‖PC (x − μBx) − PC (y − μBy)‖2
] + λ2L2A‖PC (x − μBx) − PC (y − μBy)‖2

≤ ‖PC (x − μBx) − PC (y − μBy)‖2 + 2λcL2A‖PC (x − μBx) − PC (y − μBy)‖2

−2λd‖PC (x − μBx) − PC (y − μBy)‖2 + λ2L2A‖PC (x − μBx) − PC (y − μBy)‖2

= (1 + 2λcL2A − 2λd + λ2L2A)‖PC (x − μBx) − PC (y − μBy)‖2

≤ ‖PC (x − μBx) − PC (y − μBy)‖2

≤ ‖x − μBx − (y − μBy)‖2

≤ ‖x − y‖2 − 2μ〈x − y, Bx − By〉 + μ2‖Bx − By‖2

≤ ‖x − y‖2 − 2μ[−c ′‖Bx − By‖2 + d′‖x − y‖2] + μ2L2B‖x − y‖2

= (1 + 2μc ′L2B − 2μd′ + μ2L2B)‖x − y‖2

≤ ‖x − y‖2. (2.4)

This show that G is nonexpansive on C . �
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3. Main results

In this paper, we first introduce our iterative scheme. Consequently, we will establish strong convergence theorems for
this iterative scheme. To be more specific, let S1, S2, . . . be infinite mappings of C into itself and {ξi} be a nonnegative real
sequence with 0 ≤ ξi < 1, ∀i ≥ 1. For any n ∈ N, define a mapping Wn of C into itself as follows:

Un,n+1 = I,
Un,n = ξnSnUn,n+1 + (1 − ξn)I,

Un,n−1 = ξn−1Sn−1Un,n + (1 − ξn−1)I,
...

Un,k = ξkSkUn,k+1 + (1 − ξk)I,
Un,k−1 = ξk−1Sk−1Un,k + (1 − ξk−1)I,

...
Un,2 = μ2S2Un,3 + (1 − ξ2)I,

Wn = Un,1 = ξ1S1Un,2 + (1 − ξ1)I.

(3.1)

Nonexpansivity of each Si ensures the nonexpansivity of Wn. The mapping Wn is is called a W -mapping generated by
S1, S2, . . . , Sn and ξ1, ξ2, . . . , ξn.

Throughout this paper,wewill assume that 0 < ξn ≤ ξ < 1, ∀n ≥ 1. ConcerningWn defined by (3.1),wehave the follow-
ing lemmaswhich are important to prove ourmain result. Nowwe only need the following similar version in Hilbert spaces.

Lemma 3.1 ([35]). Let C be a nonempty closed convex subset of a Hilbert space H, Si : C → C be a family of infinitely
nonexpansive mapping with ∩∞

i=1 F(Si) �= ∅, {ξi} be a real sequence such that 0 < ξi ≤ ξ < 1, ∀i ≥ 1. Then:

(1) Wn is nonexpansive and F(Wn) = ∩n
i=1 F(Si) for each n ≥ 1;

(2) for each x ∈ C and for each positive integer k, the limit limn→∞ Un,kx exists;
(3) the mapping W : C → C define by

Wx := lim
n→∞ Wnx = lim

n→∞ Un,1x, x ∈ C, (3.2)

is a nonexpansive mapping satisfying F(W ) = ∩∞
i=1 F(Si) and it is called the W-mapping generated by S1, S2, . . . and

ξ1, ξ2, . . ..

Lemma 3.2 ([36]). Let C be a nonempty closed convex subset of a Hilbert space H, {Si : C → C} be a family of infinitely
nonexpansive mappings with ∩∞

i=1 F(Si) �= ∅, {ξi} be a real sequence such that 0 < ξi ≤ ξ < 1, ∀i ≥ 1. If K is any bounded
subset of C, then

lim
n→∞ sup

x∈K

‖Wx − Wnx‖ = 0.

Now we introduce the following iteration algorithm.

Algorithm 3.1. LetC be a nonempty closed convex subset of a real Hilbert spaceH. Letϕ : C → Rbe a lower semicontinuous
and convex functional. Let Θ : C × C → R be an equilibrium bifunction satisfying conditions (H1)–(H3) and let {Sn} be
an infinite family of nonexpansive mappings of C into itself. Let r, γ > 0 be two constants. Let f be a contraction of C into
itself with coefficient α ∈ (0, 1) and let T be a strongly positive bounded linear operator with coefficient γ̄ > 0 such that
0 < γ̄ <

γ

α
. Let A : C → H be a LA-Lipschitzian and relaxed (c, d)-cocoercive mapping and B : C → H be a LB-Lipschitzian

and relaxed (c ′, d′)-cocoercive mapping. Suppose the sequences {xn}, {yn} and {un} are generated iteratively by⎧⎪⎪⎪⎨
⎪⎪⎪⎩
x1 ∈ C chosen arbitrarily,

Θ(un, y) + ϕ(y) − ϕ(un) + 1

r
〈K ′(un) − K ′(xn), η(x, un)〉 ≥ 0, ∀x ∈ C,

yn = PC (un − μBun),
xn+1 = αnγ f (xn) + βnxn + ((1 − βn)I − αnT )WnPC (yn − λAyn),

(3.3)

where {αn}and {βn} are two sequences in (0, 1) andWn is defined by (3.1).
Now we study the strong convergence of the hybrid iterative method (3.3).

Theorem 3.3. Let C be a closed convex subset of a real Hilbert space H and let ϕ : C → R be a lower semicontinuous and convex
function. Let Θ : C × C → R be an equilibrium bifunction satisfying conditions (H1)–(H3), A : C → H be a LA-Lipschitzian
and relaxed (c, d)-cocoercive mapping and B : C → H be a LB-Lipschitzian and relaxed (c ′, d′)-cocoercive mapping. Let {Sn} be
a sequence of nonexpansive mappings of C into itself such that F := ∩∞

n=1 F(Sn) ∩ Ω ∩ GVI(C, A, B) �= ∅. Let f be a contraction

of C into itself with coefficient α ∈ (0, 1) and T be a strongly bounded linear operator on H with coefficient γ and 0 < γ <
γ

α
.

Assume that

(i) η : C × C → H is Lipschitz continuous with constant λ > 0 such that
(a) η(x, y) + η(y, x) = 0 for all x, y ∈ C,
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(b) η(·, ·) is affine in the first variable,
(c) for each fixed y ∈ C, x �→ η(y, x) is sequentially continuous from the weak topology to the weak topology;

(ii) K : C → R is η-strongly convex with constant σ > 0 and its derivative K ′ is not only sequentially continuous from the
weak topology to the weak topology but also Lipschitz continuous with constant ν > 0 such that σ ≥ λν;

(iii) for each x ∈ C; there exist a bounded subset Dx ⊂ C and ux ∈ C such that for any y ∈ C \ Dx,

Θ(y, ux) + ϕ(ux) − ϕ(y) + 1

r
〈K ′(y) − K ′(x), η(ux, y)〉 < 0; (3.4)

(iv) limn→∞ αn = 0,
∑∞

n=0 αn = ∞, 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1, λ ≤ 2(d−cL2
A
)

L2
A

and μ ≤ 2(d′−c′L2
B
)

L2
B

.

Given x1 ∈ C arbitrarily, then the sequences {xn}, {yn} and {un} generated iteratively by (3.3) converge strongly to x̃ ∈ F
where x̃ = PF (γ f + (I − T ))(x̃), which is the unique solution of the variational inequality

〈(γ f − T )x̃, x − x̃〉 ≤ 0, ∀x ∈ F ,

and (x̃, ỹ) is a solution of the general system of variational inequality problem (1.6) such that ỹ = PC (x̃ − μBx̃).

Proof. Note that from control condition (iv), we may assume, without loss of generality, that αn ≤ (1 − βn)‖T‖−1 for all
n ∈ N. Since T is a linear bounded self-adjoint operator on H , then

‖T‖ = sup{|〈Tx, x〉| : x ∈ H, ‖x‖ = 1}.
Observe that

〈((1 − βn)I − αnT )x, x〉 = 1 − βn − αn〈Tx, x〉
≥ 1 − βn − αn‖T‖
≥ 0,

this shows that (1 − βn)I − αnT is positive. It follows that

‖(1 − βn)I − αnT‖ = sup{〈((1 − βn)I − αnT )x, x〉 : x ∈ H, ‖x‖ = 1}
= sup{1 − βn − αn〈Tx, x〉 : x ∈ H, ‖x‖ = 1}
≤ 1 − βn − αnγ .

Next we divide the following proofs into several steps.
Step 1. We claim that {xn}, {yn} and {un} are all bounded.
Let x∗ ∈ F(W ) ∩ Ω ∩ GVI(C, A, B). Then

x∗ = PC [PC (x∗ − μBx∗) − λAPC (x
∗ − μBx∗)].

Putting y∗ = PC (x
∗ − μBx∗) and tn = PC (yn − λAyn), we have x∗ = PC (y

∗ − μAy∗) and

xn+1 = αnγ f (xn) + βnxn + ((1 − βn)I − αnT )Wntn.

From the definition of Jr , we know that un = Jr xn. It follows that

‖un − x∗‖ = ‖Jr xn − Jr x
∗‖ ≤ ‖xn − x∗‖. (3.5)

Since A : C → H is a LA-Lipschitzian and relaxed (c, d)-cocoercive mapping and λ ≤ 2(d−cL2
A
)

L2
A

, we have

‖(I − λA)x − (I − λA)y‖2 = ‖x − y‖2 − 2λ〈x − y, Ax − Ay〉 + λ2‖Ax − Ay‖2

≤ ‖x − y‖2 − 2λ[−c‖Ax − Ay‖2 + d‖x − y‖2] + λ2L2A‖x − y‖2

≤ ‖x − y‖2 + 2λcL2A‖x − y‖2 − 2λd‖x − y‖2 + λ2L2A‖x − y‖2

≤ (1 + 2λcL2A − 2λd + λ2L2A)‖x − y‖2

≤ ‖x − y‖2, ∀x, y ∈ C . (3.6)

This show that I − λA is nonexpansive. Similarly, since B : C → H is a LB-Lipschitzian and relaxed (c ′, d′)-cocoercive
mapping, and μ ≤ 2(d′−c′L2

B
)

L2
B

, we obtain

‖(I − μB)x − (I − μB)y‖2 = ‖x − y‖2 − 2μ〈x − y, Bx − By〉 + μ2‖Bx − By‖2

≤ ‖x − y‖2 − 2μ[−c ′‖Bx − By‖2 + d′‖x − y‖2] + μ2L2B‖x − y‖2

≤ ‖x − y‖2 + 2μc ′L2B‖x − y‖2 − 2μd′‖x − y‖2 + μ2L2B‖x − y‖2

≤ (1 + 2μc ′L2B − 2μd′ + μ2L2B)‖x − y‖2

≤ ‖x − y‖2, ∀x, y ∈ C . (3.7)
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Hence I − μB is nonexpansive. From (3.5) and nonexpansivities of I − λA and I − μB, we have

‖tn − x∗‖ = ‖PC (yn − λAyn) − PC (y
∗ − λAy∗)‖

≤ ‖(I − λA)yn − (I − λA)y∗‖
≤ ‖yn − y∗‖
= ‖PC (un − μBun) − PC (x

∗ − μBx∗)‖
≤ ‖(I − μB)un − (I − μB)x∗‖
≤ ‖un − x∗‖
≤ ‖xn − x∗‖. (3.8)

Then, we have also

‖xn+1 − x∗‖ = ‖αn(γ f (xn) − Tp) + βn(xn − p) + ((1 − βnI − αnT )(Wntn − x∗)‖
≤ (1 − βn − αnγ )‖tn − x∗‖ + βn‖xn − x∗‖ + αn‖γ f (xn) − Tp‖
≤ (1 − βn − αnγ )‖xn − x∗‖ + βn‖xn − x∗‖ + αn‖γ f (xn) − Tp‖
≤ (1 − αnγ )‖xn − x∗‖ + αnγ ‖f (xn) − f (p)‖ + αn‖γ f (p) − Tp‖
≤ (1 − αnγ )‖xn − x∗‖ + αnγα‖xn − p‖ + αn‖γ f (p) − Tp‖
= (1 − (γ − γα)αn)‖xn − x∗‖ + (γ − γα)αn

‖f (p) − Tp‖
γ − γα

.

It follows from induction that

‖xn − x∗‖ ≤ max

{
‖x1 − x∗‖, ‖f (p) − Tp‖

γ − γα

}
, n ≥ 1. (3.9)

Thus the sequence {xn} is bounded. Consequently, the sets {un}, {tn}, {Ayn}, {Bxn} and {Wtn} are bounded.
Step 2.We claim that ‖xn+1 − xn‖ → 0.
We observe that

‖tn+1 − tn‖ = ‖PC (yn+1 − λAyn+1) − PC (yn − λAyn)‖
≤ ‖(yn+1 − λAyn+1) − (yn − λAyn)‖
≤ ‖yn+1 − yn‖
= ‖PC (un+1 − μBun+1) − PC (un − μBun)‖
≤ ‖(un+1 − μBun+1) − (un − μBun)‖
≤ ‖un+1 − un‖. (3.10)

Since un+1 = Jr xn+1 and un = Jr xn, from the nonexpansivity of Jr , we get

‖un+1 − un‖ ≤ ‖xn+1 − xn‖. (3.11)

Let xn+1 = (1 − βn)zn + βnxn. Thus, we get zn = αnf (xn)+((1−βnI−αnT )Wntn
1−βn

zn+1 − zn = αn+1f (xn+1) + ((1 − βn+1)I − αn+1T )Wn+1tn+1

1 − βn+1

− αnf (xn) + ((1 − βn)I − αnT )Wntn

1 − βn

= αn+1

1 − βn+1

γ f (xn+1) − αn

1 − βn

γ f (xn) + Wn+1tn+1 − Wntn + αn

1 − βn

TWntn − αn+1

1 − βn+1

TWn+1tn+1

= αn+1

1 − βn+1

(γ f (xn+1) − TWn+1tn+1) + αn

1 − βn

(TWntn − γ f (xn)) + Wn+1tn+1 − Wn+1tn + Wn+1tn − Wntn. (3.12)

Since Si and Un,i are nonexpansive, we have

‖Wn+1tn − Wntn‖ = ‖ξ1S1Un+1,2tn − ξ1S1Un,2tn‖
≤ ξ1‖Un+1,2tn − Un,2tn‖
= ξ1‖ξ2S2Un+1,3tn − ξ2S2Un,3tn‖
≤ ξ1ξ2‖Un+1,3tn − Un,3tn‖
...

≤ ξ1ξ2 · · · ξn‖Un+1,n+1tn − Un,n+1tn‖

≤ M1

n∏
i=1

ξi, (3.13)
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whereM1 ≥ 0 is a constant such that ‖Un+1,n+1tn −Un,n+1tn‖ ≤ M1 for all n ≥ 1. It follows from (3.10) and (3.12) and (3.13)
that

‖zn+1 − zn‖ − ‖xn+1 − xn‖ ≤ αn+1

1 − βn+1

(‖γ f (xn+1)‖ + ‖TWn+1tn+1‖)

+ αn

1 − βn

(‖TWntn‖ + ‖γ f (xn)‖) + ‖Wn+1tn+1 − Wn+1tn‖ + ‖Wn+1tn − Wntn‖ − ‖xn+1 − xn‖

≤ αn+1

1 − βn+1

(‖γ f (xn+1)‖ + ‖TWn+1tn+1‖) + αn

1 − βn

(‖TWntn‖ + ‖γ f (xn)‖) + ‖tn+1 − tn‖
+ ‖Wn+1tn − Wntn‖ − ‖xn+1 − xn‖

≤ αn+1

1 − βn+1

(‖γ f (xn+1)‖ + ‖TWn+1tn+1‖) + αn

1 − βn

(‖TWntn‖ + ‖γ f (xn)‖) + M1

n∏
i=1

ξi,

which implies that

lim sup
n→∞

(‖zn+1 − zn‖ − ‖xn+1 − xn‖) ≤ 0.

Hence, by Lemma 2.1, we have

lim
n→∞ ‖zn − xn‖ = 0. (3.14)

Consequently,

lim
n→∞ ‖xn+1 − xn‖ = lim

n→∞(1 − βn)‖zn − xn‖ = 0. (3.15)

From (iv), (3.10) and (3.11), we also have ‖tn+1 − tn‖ → 0 and ‖yn+1 − yn‖ → 0 as n → ∞.

Step 3. We claim that ‖Wtn − tn‖ → 0. To do this, we observe that

‖xn+1 − xn‖ = ‖αn(γ f (xn) − Txn) + ((1 − βn)I − αnT )(Wntn − xn)‖
≤ αn‖γ f (xn) − Txn‖ + (1 − βn − αnγ )‖Wntn − xn‖.

It follows from limn→∞ αn = 0 and (3.15) that

lim
n→∞ ‖Wntn − xn‖ = 0.

Applying Lemma 3.2 and the last equation, we obtain

‖Wtn − xn‖ ≤ ‖Wtn − Wntn‖ + ‖Wntn − xn‖ ≤ sup
t∈{tn}

‖Wt − Wnt‖ + ‖Wntn − xn‖ → 0 as n → ∞. (3.16)

From (3.3), we get

‖xn+1 − x∗‖2 = ‖((1 − βn)I − αnT )(Wntn − x∗) + βn(xn − x∗) + αn(γ f (xn) − Tx∗)‖2

= ‖((1 − βn)I − αnT )(Wntn − x∗) + βn(xn − x∗)‖2 + α2
n‖γ f (xn) − Tx∗‖2

+ 2βnαn〈xn − x∗, γ f (xn) − Tx∗〉 + 2αn〈((1 − βn)I − αnT )(Wntn − x∗), γ f (xn) − Tx∗〉
≤ ((1 − βn − αnγ̄ )‖Wntn − x∗‖ + βn‖xn − x∗‖)2 + α2

n‖γ f (xn) − Tx∗‖2

+ 2βnαn〈xn − x∗, γ f (xn) − Tx∗〉 + 2αn〈((1 − βn)I − αnT )(Wntn − x∗), γ f (xn) − Tx∗〉
= (1 − βn − αnγ̄ )2‖tn − x∗‖2 + β2

n‖xn − x∗‖2 + 2(1 − βn − αnγ̄ )βn‖tn − x∗‖‖xn − x∗‖ + αnM2

≤ (1 − βn − αnγ̄ )2‖tn − x∗‖2 + β2
n‖xn − x∗‖2

+ (1 − βn − αnγ̄ )βn(‖tn − x∗‖2 + ‖xn − x∗‖2) + αnM2

= [(1 − αnγ̄ )2 − 2(1 − αnγ̄ )βn + β2
n ]‖tn − x∗‖2 + β2

n‖xn − x∗‖2

+ ((1 − αnγ̄ )βn − β2
n )(‖tn − x∗‖2 + ‖xn − x∗‖2) + αnM2

= (1 − αnγ̄ )2‖tn − x∗‖2 − (1 − αnγ̄ )βn‖tn − x∗‖2 + (1 − αnγ̄ )βn‖xn − x∗‖2 + αnM2

= (1 − αnγ̄ )(1 − βn − αnγ̄ )‖tn − x∗‖2 + (1 − αnγ̄ )βn‖xn − x∗‖2 + αnM2, (3.17)

whereM2 is a constant such that

M2 ≥ sup
n≥1

{αn‖γ f (xn) − Tx∗‖2, 2βn‖xn − x∗‖‖γ f (xn) − Tx∗‖,
2‖((1 − βn)I − αnT )(Wntn − x∗)‖‖γ f (xn) − Tx∗‖}.
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Since Jr is firmly nonexpansive, we have

‖un − x∗‖2 = ‖Jr xn − Jr x
∗‖2 ≤ 〈Jr xn − Jr x

∗, xn − x∗〉
= 〈un − x∗, xn − x∗〉 = 1

2
(‖un − x∗‖2 + ‖xn − x∗‖2 − ‖xn − un‖2)

and hence

‖un − x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn − un‖2.

This together with (3.17) implies that

‖xn+1 − x∗‖2 ≤ (1 − αnγ̄ )(1 − βn − αnγ̄ )‖un − x∗‖2 + (1 − αnγ̄ )βn‖xn − x∗‖2 + αnM2

≤ (1 − αnγ̄ )(1 − βn − αnγ̄ )(‖xn − x∗‖2 − ‖xn − un‖2) + (1 − αnγ̄ )βn‖xn − x∗‖2 + αnM2

= (1 − αnγ̄ )2‖xn − x∗‖2 − (1 − αnγ̄ )(1 − βn − αnγ̄ )‖xn − un‖2 + αnM2,

and hence

(1 − αnγ̄ )(1 − βn − αnγ̄ )‖xn − un‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + αnM2

≤ ‖xn − xn+1‖(‖xn − x∗‖ + ‖xn+1 − x∗‖) + αnM2.

From limn→∞ αn = 0 and (3.15), we have

lim
n→∞ ‖xn − un‖ = 0. (3.18)

Moreover, we have

‖Wntn − un‖ ≤ ‖Wntn − xn‖ + ‖xn − un‖ → 0 as n → ∞. (3.19)

Again from the LA-Lipschitzian and relaxed (c, d)-cocoercive mapping on A and λ ≤ 2(d−cL2
A
)

L2
A

, we have

‖tn − x∗‖2 = ‖PC (yn − λAyn) − PC (y
∗ − λAy∗)‖2

≤ ‖(yn − y∗) − λ(Ayn − Ay∗)‖2

= ‖yn − y∗‖2 − 2λ〈yn − y∗, Ayn − Ay∗〉 + λ2‖Ayn − Ay∗‖2

≤ ‖yn − y∗‖2 − 2λ[−c‖Ayn − Ay∗‖2 + d‖yn − y∗‖2] + λ2‖Ayn − Ay∗‖2

= ‖xn − x∗‖2 + 2λc‖Ayn − Ay∗‖2 − 2λd‖yn − y∗‖2 + λ2‖Ayn − Ay∗‖2

= ‖xn − x∗‖2 +
(
2λc + λ2 − 2λd

L2A

)
‖Ayn − Ay∗‖2. (3.20)

Similarly, from the LB-Lipschitzian and relaxed (c ′, d′)-cocoercive mapping on B and μ ≤ 2(d′−c′L2
B
)

L2
B

, we have

‖yn − y∗‖2 = ‖PC (un − μBun) − PC (x
∗ − μBx∗)‖2

≤ ‖(un − x∗) − μ(Bun − Bx∗)‖2

= ‖un − x∗‖2 − 2μ〈un − x∗, Bun − Bx∗〉 + μ2‖Bun − Bx∗‖2

≤ ‖un − x∗‖2 − 2μ[−c ′‖Bun − Bx∗‖2 + d′‖un − y∗‖2] + μ2‖Bun − Bx∗‖2

= ‖xn − x∗‖2 + 2μc ′‖Bun − Bx∗‖2 − 2μd′‖un − y∗‖2 + μ2‖Bun − Bx∗‖2

= ‖xn − x∗‖2 +
(
2μc ′ + μ2 − 2μd′

L2B

)
‖Bun − By∗‖2. (3.21)

Substituting (3.20) into (3.17), we have

‖xn+1 − x∗‖2 ≤ (1 − αnγ )(1 − βn − αnγ )

[
‖xn − x∗‖2 +

(
2λc + λ2 − 2λd

L2A

)
‖Ayn − Ay∗‖2

]
+ (1 − αnγ )βn‖xn − x∗‖2 + αnM2

≤ (1 − αnγ )2‖xn − x∗‖2 + 2

(
λc + λ2 − 2λd

L2A

)
‖Ayn − Ay∗‖2 + αnM2

≤ ‖xn − x∗‖2 + 2

(
λc + λ2 − 2λd

L2A

)
‖Ayn − Ay∗‖2 + αnM2. (3.22)
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Again from (3.17), we get

‖xn+1 − x∗‖2 ≤ (1 − αnγ )(1 − βn − αnγ )‖tn − x∗‖2 + (1 − αnγ )βn‖xn − x∗‖2 + αnM2

≤ (1 − αnγ )(1 − βn − αnγ )‖yn − y∗‖2 + (1 − αnγ )βn‖xn − x∗‖2 + αnM2

≤ (1 − αnγ )(1 − βn − αnγ )

[
‖xn − x∗‖2 +

(
2μc ′ + μ2 − 2μd′

L2B

)
‖Bun − By∗‖2

]
+ (1 − αnγ )βn‖xn − x∗‖2 + αnM2

≤ (1 − αnγ )2‖xn − x∗‖2 + 2

(
μc ′ + μ2 − 2μd′

L2B

)
‖Bun − By∗‖2 + αnM2

≤ ‖xn − x∗‖2 + 2

(
μc ′ + μ2 − 2μd′

L2B

)
‖Bun − By∗‖2 + αnM2. (3.23)

Therefore, by (3.22) and (3.23), we have

0 ≤ −2

(
λc + λ2 − 2λd

L2A

)
‖Ayn − Ay∗‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + αnM2

≤ ‖xn − xn+1‖(‖xn − x∗‖ + ‖xn+1 − x∗‖) + αnM2

and

0 ≤ −2

(
μc ′ + μ2 − 2μd′

L2B

)
‖Bun − By∗‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + αnM2

≤ ‖xn − xn+1‖(‖xn − x∗‖ + ‖xn+1 − x∗‖) + αnM2.

It follows from αnM2 → 0 as n → ∞ and (3.15) that

lim
n→∞ ‖Ayn − Ay∗‖ = 0 and lim

n→∞ ‖Bun − Bx∗‖ = 0. (3.24)

From (2.1), we have

‖yn − y∗‖2 = ‖PC (un − μBun) − PC (x
∗ − μBx∗)‖2

≤ 〈(un − μBun) − (x∗ − μBx∗), yn − y∗〉
= 1

2
{‖(un − μBun) − (x∗ − μBx∗)‖2 + ‖yn − y∗‖2 − ‖(un − μBun) − (x∗ − μBx∗) − (yn − y∗)‖2}

≤ 1

2
{‖un − x∗‖2 + ‖yn − y∗‖2 − ‖(un − yn) − μ(Bun − Bx∗) − (x∗ − y∗)‖2}

= 1

2
{‖un − x∗‖2 + ‖yn − y∗‖2 − ‖(un − yn) − (x∗ − y∗)‖2

+ 2μ〈(un − yn) − (x∗ − y∗), Bun − Bx∗〉 − μ2‖Bun − Bx∗‖2}.
So, we obtain

‖yn − y∗‖2 ≤ ‖un − x∗‖2 − ‖(un − yn) − (x∗ − y∗)‖2 + 2μ〈(un − yn) − (x∗ − y∗), Bun − Bx∗〉 − μ2‖Bun − Bx∗‖2.

Hence

‖xn+1 − x∗‖2 = (1 − αnγ )(1 − βn − αnγ )‖tn − x∗‖2 + (1 − αnγ )βn‖xn − x∗‖2 + αnM2

≤ (1 − αnγ )(1 − βn − αnγ )‖yn − y∗‖2 + (1 − αnγ )βn‖xn − x∗‖2 + αnM2

≤ (1 − αnγ )(1 − βn − αnγ )
[‖un − x∗‖2 − ‖(un − yn) − (x∗ − y∗)‖2

+ 2μ〈(un − yn) − (x∗ − y∗), Bun − Bx∗〉 − μ2‖Bun − Bx∗‖2
]

+ (1 − αnγ )βn‖xn − x∗‖2 + αnM2

≤ (1 − αnγ )(1 − βn − αnγ )[‖xn − x∗‖2 − ‖(un − yn) − (x∗ − y∗)‖2

+ 2μ〈(un − yn) − (x∗ − y∗), Bun − Bx∗〉 − μ2‖Bun − Bx∗‖2]
+ (1 − αnγ )βn‖xn − x∗‖2 + αnM2

≤ (1 − αnγ )(1 − βn − αnγ )‖xn − x∗‖2 − (1 − αnγ )(1 − βn − αnγ ) ‖ ‖(un − yn) − (x∗ − y∗)‖2

+ (1 − αnγ )(1 − βn − αnγ )2μ‖(un − yn) − (x∗ − y∗)‖‖Bun − Bx∗‖
− (1 − αnγ )(1 − βn − αnγ )μ2‖Bun − Bx∗‖2 + (1 − αnγ )βn‖xn − x∗‖2 + αnM2
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= (1 − αnγ )‖xn − x∗‖2 − (1 − αnγ )(1 − βn − αnγ )‖(un − yn) − (x∗ − y∗)‖2

+ μ(1 − αnγ )(1 − βn − αnγ )‖Bun − Bx∗‖2[2‖(un − yn) − (x∗ − y∗)‖ − μ‖Bun − Bx∗‖2]
+ αnM2

which implies that

(1 − αnγ )(1 − βn − αnγ )‖(un − yn) − (x∗ − y∗)‖2 ≤ (1 − αnγ )‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + αnM2

+ μ(1 − αnγ )(1 − βn − αnγ )‖Bun − Bx∗‖2
[
2‖(un − yn) − (x∗ − y∗)‖ − μ‖Bun − Bx∗‖2

]
≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + αnM2

+ μ(1 − αnγ )(1 − βn − αnγ )‖Bun − Bx∗‖2
[
2‖(un − yn) − (x∗ − y∗)‖ − μ‖Bun − Bx∗‖2

]
≤ ‖xn − xn+1‖(‖xn − x∗‖ + ‖xn+1 − x∗‖) + αnM2

+ μ(1 − αnγ )(1 − βn − αnγ )‖Bun − Bx∗‖2
[
2‖(un − yn) − (x∗ − y∗)‖ − μ‖Bun − Bx∗‖2

]
.

From (3.24) and ‖xn − xn+1‖ → 0 as n → ∞, we have

‖(un − yn) − (x∗ − y∗)‖ → 0 as n → ∞. (3.25)

Observe that, we compute

‖(yn − tn) + (x∗ − y∗)‖2 = ‖yn − λAyn − (y∗ − λAy∗) − [PC (yn − λAyn) − PC (y
∗ − λAy∗)] + λ(Ayn − Ay∗)‖2

≤ ‖yn − λAyn − (y∗ − λAy∗) − [PC (yn − λAyn) − PC (y
∗ − λAy∗)]‖2

+ 2λ〈Ayn − Ay∗, (yn − tn) + (x∗ − y∗)〉
≤ ‖yn − λAyn − (y∗ − λAy∗)‖2 − ‖PC (yn − λAyn) − PC (y

∗ − λAy∗)‖2

+ 2λ‖Ayn − Ay∗‖‖(yn − tn) + (x∗ − y∗)‖
≤ ‖yn − λAyn − (y∗ − λAy∗)‖2 − ‖WnPC (yn − λAyn) − WnPC (y

∗ − λAy∗)‖2

+ 2λ‖Ayn − Ay∗‖‖(yn − tn) + (x∗ − y∗)‖
= ‖yn − λAyn − (y∗ − λAy∗)‖2 − ‖Wntn − Wnx

∗‖2 + 2λ‖Ayn − Ay∗‖‖(yn − tn) + (x∗ − y∗)‖
≤ ‖yn − λAyn − (y∗ − λAy∗) − (Wntn − x∗)‖(‖yn − λAyn − (y∗ − λAy∗)‖ + ‖Wntn − x∗‖)

+ 2λ‖Ayn − Ay∗‖‖(yn − tn) + (x∗ − y∗)‖
= ‖un − Wntn + x∗ − y∗ − (un − yn) − λ(Ayn − Ay∗)‖(‖yn − λAyn − (y∗ − λAy∗)‖

+ ‖Wntn − x∗‖) + 2λ‖Ayn − Ay∗‖‖(yn − tn) + (x∗ − y∗)‖. (3.26)

Since ‖Wntn − un‖ → ∞, ‖(un − yn) − (x∗ − y∗)‖ → 0 and ‖Ayn − Ay∗‖ → 0 as n → ∞, we have

‖(yn − tn) + (x∗ − y∗)‖ → 0 as n → ∞.

Since

‖Wtn − tn‖ ≤ ‖Wtn − xn‖ + ‖xn − un‖ + ‖(un − yn) − (x∗ − y∗)‖ + ‖(yn − tn) − (x∗ − y∗)‖
and hence

lim
n→∞ ‖Wtn − tn‖ = 0. (3.27)

It is clear that PF (γ f + (I − T )) is contractive, then PF (γ f + (I − T )) has a unique fixed point, say x̃ ∈ H . That is
x̃ = PF (γ f + (I − T ))x̃.

Step 4. We claim that

lim sup
n→∞

〈(γ f − T )x̃, xn − x̃〉 ≤ 0. (3.28)

To show this inequality, we choose a subsequence {tni} of {tn} such that

lim sup
n→∞

〈(γ f − T )x̃,Wtn − x̃〉 = lim
i→∞〈(γ f − T )x̃,Wtni − x̃〉.

Since {tni} is bounded, there exists a subsequence {tnij } of {tni} which converges weakly to z. Without loss of generality, we

can assume that tni ⇀ z. From ‖Wtn − tn‖ → 0, we obtainWtni ⇀ z. By Lemma 2.4, we obtain z ∈ F(W ) = ∩∞
i=1 F(Si).

Next, we show that z ∈ GVI(C, A, B). Since ‖Wtn − tn‖ → 0, ‖Wtn − xn‖ → 0 as n → ∞ and

‖tn − xn‖ ≤ ‖Wtn − tn‖ + ‖Wtn − xn‖,
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we conclude that ‖tn − xn‖ → 0 as n → ∞. Furthermore, by the nonexpansivity of G in Lemma 2.8, we have

‖tn − G(tn)‖ = ‖PC [PC (xn − μBxn) − λAPC (xn − μBxn)]G(tn)‖
= ‖G(xn) − G(tn)‖
≤ ‖xn − tn‖. (3.29)

Thus limn→∞ ‖tn − G(tn)‖ = 0. According to Lemma 2.4 we obtain that z ∈ GVI(C, A, B). Next we show that z ∈ Ω . Since
un = Jr xn, we derive

Θ(un, x) + ϕ(x) − ϕ(un) + 1

r
〈K ′(un) − K ′(xn), η(x, un)〉 ≥ 0, ∀x ∈ C .

From the monotonicity of Θ , we have

1

r
〈K ′(un) − K ′(xn), η(x, un)〉 + ϕ(x) − ϕ(un) ≥ −Θ(un, x) ≥ Θ(x, un),

and hence〈
K ′(unj) − K ′(xnj)

r
, η(x, unj)

〉
+ ϕ(x) − ϕ(unj) ≥ Θ(x, unj).

Since (K ′(unj) − K ′(xnj))/r → 0, and unj → z weakly, from the weak lower semicontinuity of ϕ and Θ(x, y) in the second
variable y, we have

Θ(x, z) + ϕ(z) − ϕ(x) ≤ 0

for all x ∈ C . For 0 < t ≤ 1 and x ∈ C , let xt = tx + (1 − t)z. Since x ∈ C and z ∈ C , we have xt ∈ C and hence
Θ(xt , z) + ϕ(z) − ϕ(xt) ≤ 0. From the convexity of equilibrium bifunction Θ(x, y) in the second variable y, we have

0 = Θ(xt , xt) + ϕ(xt) − ϕ(xt)

≤ tΘ(xt , x) + (1 − t)Θ(xt , z) + tϕ(x) + (1 − t)ϕ(z) − ϕ(xt)

≤ t[Θ(xt , x) + ϕ(x) − ϕ(xt)],
and hence Θ(xt , x) + ϕ(x) − ϕ(xt) ≥ 0. Then, we have

Θ(z, x) + ϕ(x) − ϕ(z) ≥ 0

for all x ∈ C and hence z ∈ Ω . Hence z ∈ F . Now from (2.2), we have

lim sup
n→∞

〈(γ f − T )x̃, xn − x̃〉 = lim sup
n→∞

〈(γ f − T )x̃,Wtn − x̃〉
= lim

i→∞〈(γ f − T )x̃,Wtni − x̃〉
= 〈(γ f − T )x̃, z − x̃〉 ≤ 0. (3.30)

Step 5.We claim that xn → x̃. Indeed, we observe from (3.3) that

‖xn+1 − x̃‖2 = ‖αnγ f (xn) + βnxn + ((1 − βn)I − αnT )Wntn − x̃‖2

= ‖((1 − βn)I − αnT )(Wntn − x̃) + βn(xn − x̃) + αn(γ f (xn) − T x̃)‖2

= ‖((1 − βn)I − αnT )(Wntn − x̃) + βn(xn − x̃)‖2 + α2
n‖γ f (xn) − T x̃‖2

+ 2βnαn〈xn − x̃, γ f (xn) − T x̃〉 + 2αn〈((1 − βn)I − αnT )(Wntn − x̃), γ f (xn) − T x̃〉
≤ ((1 − βn − αnγ )‖Wntn − x̃‖ + βn‖xn − x̃‖)2 + α2

n‖γ f (xn) − T x̃‖2

+ 2βnαnγ 〈xn − x̃, f (xn) − f (x̃)〉 + 2βnαn〈xn − x̃, γ f (x̃) − T (x̃)〉
+ 2(1 − βn)γ αn〈Wntn − x̃, f (xn) − f (x̃)〉 + 2(1 − βn)αn〈Wntn − x̃, γ f (x̃) − T x̃〉
− 2α2

n〈T (Wntn − x̃), γ f (x̃) − T x̃〉
≤ ((1 − βn − αnγ )‖xn − x̃‖ + βn‖xn − x̃‖)2 + α2

n‖γ f (xn) − T x̃)‖2

+ 2βnαnγα‖xn − x̃‖2 + 2βnαn〈xn − x̃, γ f (x̃) − T x̃〉
+ 2(1 − βn)γ αnα‖xn − x̃‖2 + 2(1 − βn)αn〈Wntn − x̃, γ f (x̃) − T x̃〉
− 2α2

n〈T (Wntn − x̃), γ f (x̃) − T x̃〉
= [(1 − αnγ )2 + 2βnαnγα + 2(1 − βn)γ αnα]‖xn − x̃‖2 + α2

n‖γ f (xn) − T x̃‖2

+ 2βnαn〈xn − x̃, γ f (x̃) − T x̃〉 + 2(1 − βn)αn〈Wntn − x̃, γ f (x̃) − T x̃〉
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− 2α2
n〈T (Wntn − x̃), γ f (x̃) − T x̃〉

≤ [1 − 2(γ − αγ )αn]‖xn − x̃‖2 + γ 2α2
n‖xn − x̃‖2 + α2

n‖γ f (xn) − T x̃‖2

+ 2βnαn〈xn − x̃, γ f (x̃) − T x̃〉 + 2(1 − βn)αn〈Wntn − x̃, γ f (x̃) − T x̃〉
+ 2α2

n‖T (Wntn − x̃)‖‖γ f (x̃) − T x̃‖
= [1 − 2(γ − αγ )αn]‖xn − x̃‖2 + αn{αn(γ

2‖xn − x̃‖2 + ‖γ f (xn) − T x̃‖2

+ 2‖T (Wntn − x̃)‖‖γ f (x̃) − T x̃‖) + 2βn〈xn − x̃, γ f (x̃) − T x̃〉
+ 2(1 − βn)〈Wntn − x̃, γ f (x̃) − T x̃〉}. (3.31)

Since {xn}, {f (xn)} and {Wntn} are bounded, we can take a constantM3 > 0 such that

γ 2‖xn − x̃‖2 + ‖γ f (xn) − T x̃‖2 + 2‖T (Wntn − x̃)‖‖γ f (x̃) − T x̃‖ ≤ M3

for all n ≥ 0. It then follows that

‖xn+1 − x̃‖2 ≤ [1 − 2(γ − αγ )αn]‖xn − x̃‖2 + αnσn, (3.32)

where

σn = 2βn〈xn − x̃, γ f (x̃) − T x̃〉 + 2(1 − βn)〈Wntn − x̃, γ f (x̃) − T x̃〉 + αnM3.

Using (iv) and (3.30), we get lim supn→∞ σn ≤ 0. Now applying Lemma 2.2 to (3.32), we conclude that xn → x̃. This
completes the proof. �

Corollary 3.4. Let C be a closed convex subset of a real Hilbert space H and let ϕ : C → R be a lower semicontinuous and
convex function. Let Θ : C × C → R be an equilibrium bifunction satisfying conditions (H1)–(H3) and let A : C → H be a LA-
Lipschitzian and relaxed (c, d)-cocoercive mapping and B : C → H be a LB-Lipschitzian and relaxed (c ′, d′)-cocoercive mapping
such that Ω ∩ GVI(C, A, B) �= ∅. Let f be a contraction of C into itself with coefficient α ∈ (0, 1) and T be a strongly bounded

linear operator on H with coefficient γ and 0 < γ <
γ

α
. Assume that

(i) η : C × C → H is Lipschitz continuous with constant λ > 0 such that
(a) η(x, y) + η(y, x) = 0 for all x, y ∈ C,
(b) η(·, ·) is affine in the first variable,
(c) for each fixed y ∈ C, x �→ η(y, x) is sequentially continuous from the weak topology to the weak topology;

(ii) K : C → R is η-strongly convex with constant σ > 0 and its derivative K ′ is not only sequentially continuous from the
weak topology to the weak topology but also Lipschitz continuous with constant ν > 0 such that σ ≥ λν;

(iii) for each x ∈ C; there exist a bounded subset Dx ⊂ C and ux ∈ C such that for any y ∈ C \ Dx,

Θ(y, ux) + ϕ(ux) − ϕ(y) + 1

r
〈K ′(y) − K ′(x), η(ux, y)〉 < 0; (3.33)

(iv) limn→∞ αn = 0,
∑∞

n=0 αn = ∞, 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1, λ ≤ 2(d−cL2
A
)

L2
A

and μ ≤ 2(d′−c′L2
B
)

L2
B

.

Then the sequences {xn}, {yn} and {un} generated iteratively by⎧⎪⎪⎪⎨
⎪⎪⎪⎩
x1 ∈ C chosen arbitrarily,

Θ(un, y) + ϕ(y) − ϕ(un) + 1

r
〈K ′(un) − K ′(xn), η(x, un)〉 ≥ 0, ∀x ∈ C,

yn = PC (un − μBun),
xn+1 = αnγ f (xn) + βnxn + ((1 − βn)I − αnT )PC (yn − λAyn),

(3.34)

converge strongly to x̃ ∈ Ω∩GVI(C, A, B)where x̃ = PΩ∩GVI(C,A,B)(γ f +(I−T ))(x̃), which is the unique solution of the variational
inequality

〈(γ f − T )x̃, x − x̃〉 ≤ 0, ∀x ∈ Ω ∩ GVI(C, A, B),

and (x̃, ỹ) is a solution of the general system of variational inequality problem (1.6) such that ỹ = PC (x̃ − μBx̃).

Proof. Snx = x for all n = 1, 2, 3, . . ., and for all x ∈ C in (3.1). Then Wnx = x for all x ∈ C . The conclusion follows
immediately from Theorem 3.3. This completes the proof. �

Corollary 3.5. Let C be a closed convex subset of a real Hilbert space H. Let A : C → H be a LA-Lipschitzian and relaxed (c, d)-
cocoercive mapping and B : C → H be a LB-Lipschitzian and relaxed (c ′, d′)-cocoercive mapping. Let {Sn} be a sequence of
nonexpansive mappings of C into itself such that F := ∩∞

n=1 F(Sn)∩GVI(C, A, B) �= ∅. Let f be a contraction of C into itself with

coefficient α ∈ (0, 1) and T be a strongly bounded linear operator on H with coefficient γ and 0 < γ <
γ

α
. Assume that

(i) limn→∞ αn = 0,
∑∞

n=0 αn = ∞
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(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1

(iii) λ ≤ 2(d−cL2
A
)

L2
A

and μ ≤ 2(d′−c′L2
B
)

L2
B

.

Given x1 ∈ C arbitrarily, then the sequences {xn} and {yn} generated iteratively by{
x1 ∈ C chosen arbitrarily,
yn = PC (xn − μBxn),
xn+1 = αnγ f (xn) + βnxn + ((1 − βn)I − αnT )WnPC (yn − λAyn),

(3.35)

converge strongly to x̃ ∈ F where x̃ = PF (γ f + (I − T ))(x̃), which is the unique solution of the variational inequality

〈(γ f − T )x̃, x − x̃〉 ≤ 0, ∀x ∈ F ,

and (x̃, ỹ) is a solution of the general system of variational inequality problem (1.6) such that ỹ = PC (x̃ − μBx̃).

Proof. Set ϕ(x) = 0 and Θ(x, y) = 0 for all x, y ∈ C and put r = 1. Take K(x) = ‖x‖2
2

and η(y, x) = y − x for all x, y ∈ C .
Then we have un = PCxn = xn. Hence the conclusion follows immediately from Theorem 3.3. This completes the proof. �

Theorem 3.6. Let H be a real Hilbert space. Let ϕ : H → R be a lower semicontinuous and convex function. Let Θ : H×H → R

be an equilibrium bifunction satisfying conditions (H1)–(H3), A : C → H be a LA-Lipschitzian and relaxed (c, d)-cocoercive
mapping. Let {Sn} be a sequence of nonexpansivemappings onH such that F := ∩∞

n=1 F(Sn)∩Ω∩A−10 �= ∅. Let f be a contraction
on H with coefficient α ∈ (0, 1) and T be a strongly bounded linear operator on H with coefficient γ and 0 < γ <

γ

α
. Assume

that

(i) η : H × H → H is Lipschitz continuous with constant λ > 0 such that

(a) η(x, y) + η(y, x) = 0 for all x, y ∈ H,

(b) η(·, ·) is affine in the first variable,

(c) for each fixed y ∈ H, x �→ η(y, x) is sequentially continuous from the weak topology to the weak topology;

(ii) K : H → R is η-strongly convex with constant σ > 0 and its derivative K ′ is not only sequentially continuous from the
weak topology to the weak topology but also Lipschitz continuous with constant ν > 0 such that σ ≥ λν;

(iii) for each x ∈ H; there exist a bounded subset Dx ⊂ H and ux ∈ H such that for any y ∈ H \ Dx,

Θ(y, ux) + ϕ(ux) − ϕ(y) + 1

r
〈K ′(y) − K ′(x), η(ux, y)〉 < 0; (3.36)

(iv) limn→∞ αn = 0,
∑∞

n=0 αn = ∞, 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1, λ ≤ 2(d−cL2
A
)

L2
A

.

Given x1 ∈ H arbitrarily, then the sequences {xn}, {yn} and {un} generated iteratively by⎧⎪⎪⎪⎨
⎪⎪⎪⎩
x1 ∈ C chosen arbitrarily,

Θ(un, y) + ϕ(y) − ϕ(un) + 1

r
〈K ′(un) − K ′(xn), η(x, un)〉 ≥ 0, ∀x ∈ H,

yn = un − λAun,
xn+1 = αnγ f (xn) + βnxn + ((1 − βn)I − αnT )Wn(yn − λAyn),

(3.37)

converge strongly to x̃ ∈ F where x̃ = PF (γ f + (I − T ))(x̃), which is the unique solution of the variational inequality

〈(γ f − T )x̃, x − x̃〉 ≤ 0, ∀x ∈ F .

Proof. Setting λ = μ, C = H, A = B, we have PH = I . It follows from the proof of Theorem 4.1 in [29] that A−10 = VI(H, A).
Hence the conclusion follows immediately from Theorem 3.3. This completes the proof. �
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1. Introduction

Throughout this paper, we always assume that H is a real Hilbert space with inner product
〈·, ·〉 and norm ‖ · ‖, respectively, C is a nonempty closed convex subset of H, and PC is the
metric projection of H onto C. In the following, we denote by → strong convergence and by
⇀weak convergence. Recall that a mapping T : C → C is called nonexpansive if

‖Tu − Tv‖ ≤ ‖u − v‖, ∀u, v ∈ C. (1.1)

We denote by F(T) the set of fixed points of T . Recall that a mapping B : C → H is said to
be

(i) monotone if 〈Bu − Bv, u − v〉 ≥ 0, for all u, v ∈ C;

(ii) L-Lipschitz if there exists a constant L > 0 such that ‖Bu − Bv‖ ≤ L‖u − v‖, for all
u, v ∈ C;
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(iii) α-inverse-strongly monotone [1, 2] if there exists a positive real number α such that

〈Bu − Bv, u − v〉 ≥ α‖Bu − Bv‖2, ∀u, v ∈ C. (1.2)

Remark 1.1. It is obvious that any α-inverse-strongly monotone mapping B is monotone and
(1/α)-Lipschitz continuous.

Let B : C → H be a mapping. The classical variational inequality problem is to find a
u ∈ C such that

〈Bu, v − u〉 ≥ 0, ∀v ∈ C. (1.3)

The set of solutions of variational inequality (1.3) is denoted by VI(B,C). The variational
inequality has been extensively studied in the literature; see, for example, [3, 4] and the
references therein.

A self-mapping f : C → C is a contraction if there exists a constant α ∈ (0, 1) such that

∥∥f(u) − f(v)
∥∥ ≤ α‖u − v‖, ∀u, v ∈ C. (1.4)

Iterative methods for nonexpansive mappings have recently been applied to solve
convex minimization problems; see, for example, [5–8] and the references therein. Convex
minimization problems have a great impact and influence in the development of almost all
branches of pure and applied sciences. A typical problem is to minimize a quadratic function
over the set of the fixed points a nonexpansive mapping on a real Hilbert space:

θ(x) = min
x∈C

1

2
〈Ax, x〉 − 〈x, b〉, (1.5)

where A is a linear bounded operator, C is the fixed point set of a nonexpansive mapping
T , and b is a given point in H. Let H be a real Hilbert space. Recall that a linear bounded
operator B is strongly positive if there is a constant γ > 0 with property

〈Ax, x〉 ≥ γ‖x‖2, ∀x ∈ H. (1.6)

Recently, Marino and Xu [9] introduced the following general iterative scheme based on the
viscosity approximation method introduced by Moudafi [10]:

xn+1 =
(
I − αnA

)
Txn + αnγf

(
xn

)
, n ≥ 0, (1.7)

where A is a strongly positive bounded linear operator on H. They proved that if the
sequence {αn} of parameters satisfies appropriate conditions, then the sequence {xn}
generated by (1.7) converges strongly to the unique solution of the variational inequality

〈
(A − γf)x∗, x − x∗

〉 ≥ 0, x ∈ C, (1.8)
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which is the optimality condition for the minimization problem

min
x∈C

1

2
〈Ax, x〉 − h(x), (1.9)

where h is a potential function for γf (i.e., h′(x) = γf(x) for x ∈ H).
On the other hand, two classical iteration processes are often used to approximate a

fixed point of a nonexpansive mapping. The first one is introduced by Mann [11] and is
defined as follows:

x1 = x ∈ C chosen arbitrary,

xn+1 =
(
1 − αn

)
xn + αnTxn, n ≥ 1,

(1.10)

where the sequence {αn} is in the interval (0, 1).
The second iteration process is referred to as Ishikawa’s iteration process [12]which is

defined recursively by

x1 = x ∈ C chosen arbitrary,

yn = βnxn +
(
1 − βn

)
Txn,

xn+1 =
(
1 − αn

)
xn + αnTyn, n ≥ 1,

(1.11)

where {αn} and {βn} are sequences in the interval (0, 1). However, both (1.16) and (1.11) have
only weak convergence in general (see [13], e.g.). Very recently, Qin and Cho [14] introduced
a composite iterative algorithm {xn} defined as follows:

x1 = x ∈ C chosen arbitrary,

zn = γnxn +
(
1 − γn

)
Txn,

yn = βnxn +
(
1 − βn

)
Tzn,

xn+1 = αnγf
(
xn

)
+ δnxn +

((
1 − δn

)
I − αnA

)
yn, n ≥ 1,

(1.12)

where f is a contraction, T is a nonexpansive mapping, and A is a strongly positive linear
bounded self-adjoint operator, proved that, under certain appropriate assumptions on the
parameters, {xn} defined by (1.12) converges strongly to a fixed point of T , which solves
some variational inequality and is also the optimality condition for the minimization problem
(1.9).

On the other hand, for finding an element of F(T) ∩ VI(B,C), under the assumption
that a set C ⊆ H is nonempty, closed, and convex, a mapping T : C → C is nonexpansive
and a mapping B : C → H is α-inverse-strongly monotone, Takahashi and Toyoda [15]
introduced the following iterative scheme:

x1 = x ∈ C chosen arbitrary,

xn+1 = αnxn +
(
1 − αn

)
TPC

(
xn − ηnBxn

)
, n ≥ 1,

(1.13)
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where {αn} is a sequence in (0, 1), and {ηn} is a sequence in (0, 2α). They proved that if F(T)∩
VI(B,C)/=∅, then the sequence {xn} generated by (1.13) converges weakly to some z ∈ F(T)∩
VI(B,C). Recently, Iiduka and Takahashi [16] proposed another iterative scheme as follows

x1 = x ∈ C chosen arbitrary,

xn+1 = αnx +
(
1 − αn

)
TPC

(
xn − ηnBxn

)
, n ≥ 1,

(1.14)

where B is an α-inverse strongly monotone mapping, {αn} ⊆ (0, 1) and {λn} ⊆ (0, 2α) satisfy
some parameters controlling conditions. They showed that if F(T) ∩ VI(B,C) is nonempty,
then the sequence {xn} generated by (1.14) converges strongly to some z ∈ F(T) ∩ VI(B,C).

The existence of common fixed points for a finite family of nonexpansivemappings has
been considered by many authors (see [17–20] and the references therein). The well-known
convex feasibility problem reduces to finding a point in the intersection of the fixed point
sets of a family of nonexpansive mappings (see [21, 22]). The problem of finding an optimal
point that minimizes a given cost function over the common set of fixed points of a family
of nonexpansive mappings is of wide interdisciplinary interest and practical importance (see
[18, 23]). A simple algorithmic solution to the problem of minimizing a quadratic function
over the common set of fixed points of a family of nonexpansive mappings is of extreme
value in many applications including set theoretic signal estimation (see [23, 24]).

In this paper, we study the mapping Wn defined by

Un,n+1 = I,

Un,n = μnTnUn,n+1 +
(
1 − μn

)
I,

Un,n−1 = μn−1Tn−1Un,n +
(
1 − μn−1

)
I,

...

Un,k = μkTkUn,k+1 +
(
1 − μk

)
I,

Un,k−1 = μk−1Tk−1Un,k +
(
1 − μk−1

)
I,

...

Un,2 = μ2T2Un,3 +
(
1 − μ2

)
I,

Wn = Un,1 = μ1T1Un,2 +
(
1 − μ1

)
I,

(1.15)

where {μi} is a nonnegative real sequence with 0 ≤ μi < 1, for all i ≥ 1, T1, T2, . . ., form a family
of infinitely nonexpansive mappings of C into itself. Nonexpansivity of each Ti ensures the
nonexpansivity of Wn. Such a Wn is nonexpansive from C to C and it is called a W-mapping
generated by T1, T2, . . . , Tn and μ1, μ2, . . . , μn.

In this paper, motivated and inspired by Su et al. [25], Marino and Xu [9], Takahashi
and Toyoda [15], and Iiduka and Takahashi [16], we will introduce a new iterative scheme:

x1 = x ∈ C chosen arbitrary,

zn = γnxn +
(
1 − γn

)
Wnxn,

yn = βnxn +
(
1 − βn

)
Wnzn,

xn+1 = αnγf
(
xn

)
+ δnxn +

((
1 − δn

)
I − αnA

)
PC

(
yn − λnByn

)
,

(1.16)
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where Wn is a mapping defined by (1.15), f is a contraction, A is strongly positive linear
bounded self-adjoint operator, B is a α-inverse strongly monotone, and we prove that under
certain appropriate assumptions on the sequences {αn}, {βn}, {γn}, and {δn}, the sequences
{xn} defined by (1.16) converge strongly to a common element of the set of common fixed
points of a family of {Tn} and the set of solutions of the variational inequality for an
inverse-strongly monotone mapping, which solves some variational inequality and is also
the optimality condition for the minimization problem (1.9).

2. Preliminaries

Let H be a real Hilbert space. It is well known that for any λ ∈ [0, 1]

∥∥λx + (1 − λ)y
∥∥2 = λ‖x‖2 + (1 − λ)‖y‖2 − λ(1 − λ)‖x − y‖2. (2.1)

Let C be a nonempty closed convex subset ofH. For every point x ∈ H, there exists a unique
nearest point in C, denoted by PCx, such that

∥∥x − PCx
∥∥ ≤ ‖x − y‖, ∀y ∈ C. (2.2)

PC is called the metric projection of H onto C. It is well known that PC is a nonexpansive
mapping of H onto C and satisfies

〈
x − y, PCx − PCy

〉 ≥ ∥∥PCx − PCy
∥∥2 (2.3)

for every x, y ∈ H. Moreover, PCx is characterized by the following properties: PCx ∈ C and

〈
x − PCx, y − PCx

〉 ≤ 0,

‖x − y‖2 ≥ ∥∥x − PCx
∥∥2 +

∥∥y − PCx
∥∥2

,
(2.4)

for all x ∈ H, y ∈ C. It is easy to see that the following is true:

u ∈ VI(B,C) ⇐⇒ u = PC(u − λBu), λ > 0. (2.5)

A Banach space X is said to satisfy the Opial’s condition if for each sequence {xn} in
X which converges weakly to a point x ∈ X,we have

lim inf
n→∞

∥∥xn − x
∥∥ < lim inf

n→∞
∥∥xn − y

∥∥, y /=x. (2.6)

It is well known that each Hilbert space satisfies the Opial’s condition.
A set-valued mapping T : H → 2H is called monotone if for all x, y ∈ H, f ∈ Tx and

g ∈ Ty imply 〈x−y, f −g〉 ≥ 0. A monotone mapping T : H → 2H is maximal if the graph of
G(T) of T is not properly contained in the graph of any other monotone mapping. It is known
that a monotone mapping T is maximal if and only if for (x, f) ∈ H ×H, 〈x−y, f − g〉 ≥ 0 for



6 Fixed Point Theory and Applications

every (y, g) ∈ G(T) implies f ∈ Tx. Let B be a monotone map of C intoH and letNCv be the
normal cone to C at v ∈ C, that is, NCv = {w ∈ H : 〈u − v,w〉 ≥ 0, for all u ∈ C} and define

Tv =

{
Bv +NCv, v ∈ C;

∅, v /∈C.
(2.7)

Then T is the maximal monotone and 0 ∈ Tv if and only if v ∈ VI(B,C); see [26].
Now we collect some useful lemmas for proving the convergence result of this paper.

Lemma 2.1. In a Hilbert space H. Then the following inequality holds

‖x + y‖2 ≤ ‖x‖2 + 2
〈
y, (x + y)

〉
, ∀x, y ∈ H. (2.8)

Lemma 2.2 (see [27]). Let {xn} and {zn} be bounded sequences in a Banach space E and let {βn} be
a sequence in [0, 1]with 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1. Suppose xn+1 = (1−βn)zn+βnxn

for all integers n ≥ 1 and lim supn→∞(‖zn+1 − zn‖ − ‖xn+1 −xn‖) ≤ 0. Then, limn→∞‖zn −xn‖ = 0.

Lemma 2.3 (see [28]). Assume {αn} is a sequence of nonnegative real numbers such that

αn+1 ≤
(
1 − γn

)
αn + δn, n ≥ 1, (2.9)

where {αn} is a sequence in (0, 1) and {δn} is a sequence in R such that

(1)
∑∞

n=1 γn = ∞
(2) lim supn→∞(δn/γn) ≤ 0 or

∑∞
n=1|δn| < ∞.

Then limn→∞ αn = 0.

Lemma 2.4 (see [9]). Assume that A is a strongly positive linear bounded self-adjoint operator on a
Hilbert spaceH with coefficient γ > 0 and 0 < ρ ≤ ‖A‖−1. Then ‖I − ρA‖ ≤ 1 − ργ .

Throughout this paper, we will assume that 0 < μn ≤ μ < 1, for all n ≥ 1. Concerning
Wn defined by (1.15), we have the following lemmas which are important to prove our main
result.

Lemma 2.5 (see [29]). Let C be a nonempty closed convex subset of a Hilbert spaceH, let Ti : C →
C be a family of infinitely nonexpansive mapping with

⋂∞
i=1F(Ti)/=∅, and let {μi} be a real sequence

such that 0 < μi ≤ μ < 1, for all i ≥ 1. Then

(1) Wn is nonexpansive and F(Wn) =
⋂n

i=1F(Ti) for each n ≥ 1;

(2) for each x ∈ C and for each positive integer k, the limit limn→∞Un,kx exists;

(3) the mapping W : C → C define by

Wx := lim
n→∞

Wnx = lim
n→∞

Un,1x, x ∈ C, (2.10)

is a nonexpansive mapping satisfying F(W) =
⋂∞

i=1F(Ti) and it is called the W-mapping generated
by T1, T2, . . . , and μ1, μ2, . . . .
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Lemma 2.6 (see [30]). Let C be a nonempty closed convex subset of a Hilbert space H, let {Ti :
C → C} be a family of infinitely nonexpansive mappings with

⋂∞
i=1F(Ti)/=∅, and let {μi} be a real

sequence such that 0 < μi ≤ μ < 1, for all i ≥ 1. If K is any bounded subset of C, then

lim
n→∞

sup
x∈K

∥∥Wx −Wnx
∥∥ = 0. (2.11)

3. Main Results

Now we are in a position to state and prove the main result in this paper.

Theorem 3.1. Let C be a closed convex subset of a real Hilbert space H, let f be a contraction of C
into itself, let B be an α-inverse strongly monotone mapping of C into H, and let {Ti : C → C} be a
family of infinitely nonexpansive mappings with F :=

⋂∞
n=1F(Ti) ∩VI(B,C)/=∅. Let A be a strongly

positive linear bounded self-adjoint operator with the coefficient γ > 0 such that ‖A‖ ≤ 1. Assume
that 0 < γ ≤ γ/α. Let {αn}, {βn}, {γn}, and {δn} be sequences in [0, 1] satisfying the following
conditions:

(C1) limn→∞αn = 0,
∑∞

n=1 αn = ∞,

(C2) 0 < lim infn→∞ δn ≤ lim supn→∞ δn < 1,

(C3) (1 + βn)γn − 2βn > d for some d ∈ (0, 1),

(C4) limn→∞|βn+1 − βn| = limn→∞|γn+1 − γn| = 0,

(C5)
∑∞

n=1|λn − λn−1| < ∞ and {λn} ⊂ [a, b] for some a, b ∈ (0, 2α).

Then the sequence {xn} defined by (1.16) converges strongly to q ∈ F, where q = PF(γf + (I −A))q
which solves the following variational inequality:

〈
γf(q) −Ap, p − q

〉 ≤ 0, ∀p ∈ F. (3.1)

Proof. Since αn → 0 as n → ∞ by the condition (C1), we may assume, without loss of
generality that αn < (1−δn)‖A‖−1 for all n ≥ 0. First, wewill show that I−λnB is nonexpansive.
Indeed, for all x, y ∈ C and λn ∈ [0, 2α],

∥∥(I − λnB
)
x − (I − λnB

)
y
∥∥2 =

∥∥(x − y) − λn(Ax −Ay)
∥∥2

= ‖x − y‖2 − 2λn〈x − y,Ax −Ay〉 + λ2n‖Ax −Ay‖2

≤ ‖x − y‖2 + λn
(
λn − 2α

)‖Ax −Ay‖2

≤ ‖x − y‖2,

(3.2)

which implies that I − λnB is nonexpansive. Noticing that A is a linear bounded self-adjoint
operator, one has

‖A‖ = sup
{∣∣〈Ax, x〉∣∣ : x ∈ H, ‖x‖ = 1

}
. (3.3)
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Observing that

〈((
1 − δn

)
I − αnA

)
x, x

〉
= 1 − δn − αn〈Ax, x〉
≤ 1 − δn − αn‖A‖
≤ 0,

we obtain (1 − δn)I − αnA is positive. It follows that

∥∥(1 − δn
)
I − αnA

∥∥ = sup
{〈((

1 − δn
)
I − αnA

)
x, x

〉
: x ∈ H, ‖x‖ = 1

}
= sup

{
1 − δn − αn〈Ax, x〉 : x ∈ H, ‖x‖ = 1

}
≤ 1 − δn − αnγ.

Next, we observe that {xn} is bounded. Indeed, pick p ∈ ⋂∞
i=1F(Ti) ∩ VI(B,C) and notice that

∥∥zn − p
∥∥ ≤ γn

∥∥xn − p
∥∥ +

(
1 − γn

)∥∥Wnxn − p
∥∥ ≤ ∥∥xn − p

∥∥,∥∥yn − p
∥∥ ≤ βn

∥∥xn − p
∥∥ +

(
1 − βn

)∥∥Wnzn − p
∥∥

≤ βn
∥∥xn − p

∥∥ +
(
1 − βn

)∥∥zn − p
∥∥

≤ ∥∥xn − p
∥∥.

(3.4)

It follows that

∥∥xn+1 − p
∥∥ =

∥∥αnγf
(
xn

)
+ δnxn +

((
1 − δn

)
I − αnA

)
PC

(
yn − λByn

) − p
∥∥

=
∥∥αn

(
γf
(
xn

) −Ap
)
+ δn

(
xn − p

)
+
((
1 − δn

)
I − αnA

)
PC

(
yn − λByn

) − p
∥∥

≤ αn

∥∥γf(xn

) −Ap
∥∥ + δn

∥∥xn − p
∥∥ +

(
1 − δn − αnγ

)∥∥yn − p
∥∥

≤ αnγ
∥∥f(xn

) − f(p)
∥∥ + αn

∥∥γf(p) −Ap
∥∥ +

(
1 − αnγ

)∥∥xn − p
∥∥

=
[
1 − αn

(
γ − γα

)]∥∥xn − p
∥∥ + αn

∥∥γf(p) −Ap
∥∥

=
[
1 − αn

(
γ − γα

)]∥∥xn − p
∥∥ + αn

(
γ − γα

)∥∥γf(p) −Ap
∥∥

γ − γα
.

(3.5)

By simple induction, we have

∥∥xn − p
∥∥ ≤ max

{∥∥x0 − p
∥∥, ∥∥Ap − γf(p)

∥∥
γ − γα

}
, (3.6)

which gives that the sequence {xn} is bounded, and so are {yn} and {zn}.
Next, we claim that

lim
n→∞

∥∥xn+1 − xn

∥∥ = 0. (3.7)
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Since Ti andUn,i are nonexpansive, we have

∥∥Wnxn −Wn−1xn

∥∥ =
∥∥Un,1xn −Un−1,1xn

∥∥
=
∥∥μ1T1Un,2xn −

(
1 − μ1

)
xn − μ1T1Un−1,2xn −

(
1 − μ1

)
xn

∥∥
≤ μ1

∥∥Un,2xn −Un−1,2xn

∥∥
= μ1

∥∥μ2T2Un,3xn −
(
1 − μ2

)
xn − μ2T2Un−1,3xn −

(
1 − μ2

)
xn

∥∥
≤ μ1μ2

∥∥Un,3xn −Un−1,3xn

∥∥
...

≤
(

n∏
i=1

μi

)∥∥Un,nxn −Un−1,nxn

∥∥
≤ M1

(
n∏
i=1

μi

)
,

(3.8)

whereM1 ≥ 0 is a constant such that ‖Un,nxn −Un−1,nxn‖ ≤ M1. Similarly, there existsM2 ≥ 0
such that ‖Un,nyn −Un−1,nyn‖ ≤ M2.

Observing that

zn = γnxn +
(
1 − γn

)
Wnxn,

zn−1 = γn−1xn−1 +
(
1 − γn−1

)
Wn−1xn−1,

(3.9)

we obtain that

zn −zn−1 =
(
1− γn

)(
Wnxn −Wn−1xn−1

)
+ γn

(
xn −xn−1

)
+
(
γn−1 − γn

)(
Wn−1xn−1 −xn−1

)
. (3.10)

It follows that

∥∥zn − zn−1
∥∥ ≤ (1 − γn

)∥∥Wnxn −Wn−1xn−1
∥∥ + γn

∥∥xn − xn−1
∥∥ +

∣∣γn−1 − γn
∣∣∥∥Wnxn−1 − xn−1

∥∥
≤ (1 − γn

)∥∥Wnxn −Wn−1xn

∥∥ +
(
1 − γn

)∥∥Wn−1xn −Wn−1xn−1
∥∥

+ γn
∥∥xn − xn−1

∥∥ +
∣∣γn−1 − γn

∣∣∥∥Wnxn−1 − xn−1
∥∥

≤ (1 − γn
)∥∥Wnxn −Wn−1xn

∥∥ +
(
1 − γn

)∥∥xn − xn−1
∥∥

+ γn
∥∥xn − xn−1

∥∥ +
∣∣γn−1 − γn

∣∣∥∥Wnxn−1 − xn−1
∥∥

=
(
1 − γn

)∥∥Wnxn −Wn−1xn

∥∥ +
∥∥xn − xn−1

∥∥ +
∣∣γn−1 − γn

∣∣∥∥Wnxn−1 − xn−1
∥∥

≤ (1 − γn
)
M1

n∏
i=1

μi +
∥∥xn − xn−1

∥∥ +
∣∣γn−1 − γn

∣∣∥∥Wnxn−1 − xn−1
∥∥.

(3.11)
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Noticing that

yn = βnxn +
(
1 − βn

)
Wnzn,

yn−1 = βn−1xn−1 +
(
1 − βn−1

)
Wn−1zn−1,

(3.12)

we obtain

yn − yn−1 =
(
1 − βn

)(
Wnzn −Wn−1zn−1

)
+ βn

(
xn − xn−1

)
+
(
Wn−1zn−1 − xn−1

)(
βn−1 − βn

)
.

(3.13)

It follows that

∥∥yn − yn−1
∥∥ ≤ (1 − βn

)∥∥Wnzn −Wnzn−1
∥∥ + βn

∥∥xn − xn−1
∥∥ +

∥∥Wnzn−1 − xn−1
∥∥∣∣βn−1 − βn

∣∣
≤ (1 − βn

)∥∥Wnzn −Wn−1zn
∥∥ +

(
1 − βn

)∥∥Wn−1zn −Wn−1zn−1
∥∥

+ βn
∥∥xn − xn−1

∥∥ +
∥∥Wn−1zn−1 − xn−1

∥∥∣∣βn−1 − βn
∣∣

≤ (1 − βn
)∥∥Wnzn −Wn−1zn

∥∥ +
(
1 − βn

)∥∥zn − zn−1
∥∥

+ βn
∥∥xn − xn−1

∥∥ +
∥∥Wn−1zn−1 − xn−1

∥∥∣∣βn−1 − βn
∣∣

≤ (1 − βn
)
M2

n∏
i=1

μi +
(
1 − βn

)∥∥zn − zn−1
∥∥ + βn

∥∥xn − xn−1
∥∥

+
∥∥Wn−1zn−1 − xn−1

∥∥∣∣βn−1 − βn
∣∣.

(3.14)

Substituting (3.11) into (3.14), we get

∥∥yn − yn−1
∥∥ ≤ (1 − βn

)
M2

n∏
i=1

μi +
(
1 − βn

)(
1 − γn

)
M1

n∏
i=1

μi

+
(
1 − βn

)∥∥xn − xn−1
∥∥ +

(
1 − βn

)∣∣γn−1 − γn
∣∣∥∥Wn−1xn−1 − xn−1

∥∥
+ βn

∥∥xn − xn−1
∥∥ +

∣∣βn−1 − βn
∣∣∥∥Wn−1zn−1 − xn−1

∥∥
=
(
1 − βn

)
M2

n∏
i=1

μi +
(
1 − βn

)(
1 − γn

)
M1

n∏
i=1

μi +
∥∥xn − xn−1

∥∥
+M3

((
1 − βn

)∣∣γn−1 − γn
∣∣ + ∣∣βn−1 − βn

∣∣),

(3.15)

where M3 is an appropriate constant such that

M3 ≥ max

{
sup
n≥1

∥∥Wn−1xn−1 − xn−1
∥∥, sup

n≥1

∥∥Wn−1zn−1 − xn−1
∥∥}. (3.16)

Putting ln = (xn+1 − δnxn)/(1 − δn), we get, xn+1 = (1 − δn)ln + δnxn.
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Now, we compute ln+1 − ln. Observing that

ln+1 − ln =
αn+1γf

(
xn+1

)
+
((
1 − δn+1

)
I − αn+1A

)
PC

(
yn+1 − λn+1Byn+1

)
1 − δn+1

− αnγf
(
xn

)
+
((
1 − δn)I − αnA

)
PC

(
yn − λnByn

)
1 − δn

=
αn+1

1 − δn+1

(
γf
(
xn+1

) −APC

(
yn+1 − λn+1Byn+1

))
+

αn

1 − δn

(
APC

(
yn − λnByn

) − γf
(
xn

))
+ PC

(
yn+1 − λn+1Byn+1

) − PC

(
yn − λnByn

)
.

(3.17)

It follows from (3.15) that

∥∥ln+1 − ln
∥∥ ≤ αn+1

1 − δn+1

∥∥γf(xn+1
) −APC

(
yn+1 − λn+1Byn+1

)∥∥
+

αn

1 − δn

∥∥APC

(
yn − λnByn

) − γf
(
xn

)∥∥ +
∥∥yn+1 − yn

∥∥
≤ αn+1

1 − δn+1

∥∥γf(xn+1
) −APC

(
yn+1 − λn+1Byn+1

)∥∥
+

αn

1 − δn

∥∥APC

(
yn − λnByn

) − γf
(
xn

)∥∥
+
(
1 − βn

)
M2

n∏
i=1

μi +
(
1 − βn

)(
1 − γn

)
M1

n∏
i=1

μi

+
∥∥xn − xn−1

∥∥ +M3

((
1 − βn

)∣∣γn−1 − γn
∣∣ + ∣∣βn−1 − βn

∣∣).

(3.18)

It follows that

∥∥ln+1 − ln
∥∥ − ∥∥xn − xn−1

∥∥ ≤ αn+1

1 − δn+1

∥∥γf(xn+1
) −APC

(
yn+1 − λn+1Byn+1

)∥∥
+

αn

1 − δn

∥∥APC

(
yn − λnByn

) − γf
(
xn

)∥∥
+
(
1 − βn

)
M2

n∏
i=1

μi +
(
1 − βn)

(
1 − γn

)
M1

n∏
i=1

μi

+M3

((
1 − βn

)∣∣γn−1 − γn
∣∣ + ∣∣βn−1 − βn

∣∣).
(3.19)

Observing the conditions (C1) and (C4) and taking the superior limit as n → ∞, we get

lim sup
n→∞

(∥∥ln+1 − ln
∥∥ − ∥∥xn − xn−1

∥∥) ≤ 0. (3.20)

We can obtain limn→∞‖ln − xn‖ = 0 easily by Lemma 2.2 since

xn+1 − xn =
(
1 − δn

)(
ln − xn

)
, (3.21)
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one obtains that (3.7) holds. Setting tn = PC(yn − λnyn), we have

xn+1 = αnγf
(
xn

)
+ δnxn +

((
1 − δn

)
I − αnA

)
tn. (3.22)

Observing that

xn − tn = xn − xn+1 + xn+1 − tn

= xn − xn+1 + αnγf
(
xn

)
+ δnxn +

((
1 − δn

)
I − αnA

)
tn − tn

= xn − xn+1 + αn

(
γf
(
xn

) −Atn
)
+ δn

(
xn − tn

)
,

(3.23)

we arrive at

(
1 − δn

)(
xn − tn

)
= xn − xn+1 + αn

(
γf
(
xn

) −Atn
)
. (3.24)

This implies

(
1 − δn

)∥∥xn − tn
∥∥ ≤ ∥∥xn − xn+1

∥∥ + αn

∥∥γf(xn

) −Atn
∥∥. (3.25)

From (3.7) and (C1) we obtain that

lim
n→∞

∥∥xn − tn
∥∥ = 0. (3.26)

Next, we will show that ‖Byn − Bp‖ → 0 as n → ∞ for any p ∈ F. Observe that

∥∥xn+1 − p
∥∥2 =

∥∥((1 − δn
)
I − αnA

)(
tn − p

)
+ δn

(
xn − p

)
+ αn

(
γf
(
xn

) −Ap
)∥∥2

=
∥∥((1 − δn

)
I − αnA

)(
tn − p

)
+ δn

(
xn − p

)∥∥2 + α2
n

∥∥γf(xn

) −Ap
∥∥2

+ 2δnαn

〈
xn − p, γf

(
xn

) −Ap
〉
+ 2αn

〈((
1 − δn

)
I − αnA

)(
tn − p

)
, γf

(
xn

) −Ap
〉

≤ ((1 − δn − αnγ
)∥∥tn − p

∥∥ + δn
∥∥xn − p

∥∥)2 + α2
n

∥∥γf(xn

) −Ap
∥∥2

+ 2δnαn

〈
xn − p, γf

(
xn

) −Ap
〉
+ 2αn

〈((
1 − δn

)
I − αnA

)(
tn − p

)
, γf

(
xn

) −Ap
〉

=
(
1 − δn − αnγ

)2∥∥tn − p
∥∥2 + δ2

n

∥∥xn − p
∥∥2

+ 2
(
1 − δn − αnγ

)
δn
∥∥tn − p

∥∥∥∥xn − p
∥∥ + cn

≤ (1 − δn − αnγ
)2∥∥tn − p

∥∥2 + δ2
n

∥∥xn − p
∥∥2

+
(
1 − δn − αnγ

)
δn
(∥∥tn − p

∥∥2 +
∥∥xn − p

∥∥2
)
+ cn

=
[(
1 − αnγ

)2 − 2
(
1 − αnγ

)
δn + δ2

n

]∥∥tn − p
∥∥2 + δ2

n

∥∥xn − p
∥∥2

+
((
1 − αnγ

)
δn − δ2

n

)(∥∥tn − p
∥∥2 +

∥∥xn − p
∥∥2
)
+ cn

=
(
1 − αnγ

)2∥∥tn − p
∥∥2 − (1 − αnγ

)
δn
∥∥tn − p

∥∥2 +
(
1 − αnγ

)
δn
∥∥xn − p

∥∥2 + cn
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=
(
1 − αnγ

)(
1 − δn − αnγ

)∥∥tn − p
∥∥2 +

(
1 − αnγ

)
δn
∥∥xn − p

∥∥2 + cn

≤ (1 − αnγ
)(
1 − δn − αnγ

)[∥∥(yn − λnByn

) − (p − λnBp
)∥∥2

]
+
(
1 − αnγ

)
δn
∥∥xn − p

∥∥2 + cn

≤ (1 − αnγ
)(
1 − δn − αnγ

)[∥∥yn − p
∥∥2 + λn

(
λn − 2α

)∥∥Byn − Bp
∥∥2
]

+
(
1 − αnγ

)
δn
∥∥xn − p

∥∥2 + cn

≤ ∥∥xn − p
∥∥2 + b(b − 2α)

∥∥Byn − Bp
∥∥2 + cn,

(3.27)

where

cn = α2
n

∥∥γf(xn

) −Ap
∥∥2 + 2δnαn

〈
xn − p, γf

(
xn

) −Ap
〉

+ 2αn

〈((
1 − δn

)
I − αnA

)(
tn − p

)
, γf

(
xn

) −Ap
〉
.

(3.28)

This impies that

−b(b − 2α)
∥∥Byn − Bp

∥∥2 ≤ ∥∥xn − p
∥∥2 − ∥∥xn+1 − p

∥∥2 + cn

≤ ∥∥xn − xn+1
∥∥(∥∥xn − p

∥∥ +
∥∥xn+1 − p

∥∥) + cn.
(3.29)

Since limn→∞cn = 0 and from (3.7), we obtain

lim
n→∞

∥∥Byn − Bp
∥∥ = 0. (3.30)

From (2.3), we have

∥∥tn − p
∥∥2 =

∥∥PC

(
yn − λnByn

) − PC

(
p − λnBp

)∥∥2

≤ 〈(yn − λnByn

) − (p − λnBp
)
, tn − p

〉
=

1

2

{∥∥(yn − λnByn

) − (p − λnBp
)∥∥2 +

∥∥tn − p
∥∥2

− ∥∥(yn − λnByn

) − (p − λnBp
) − (tn − p

)∥∥2
}

≤ 1

2

{∥∥yn − p
∥∥2 +

∥∥tn − p
∥∥2 − ∥∥(yn − tn

) − λn
(
Byn − Bp

)∥∥2
}

=
1

2

{∥∥yn − p
∥∥2 +

∥∥tn − p
∥∥2 − ∥∥yn − tn

∥∥2 + 2λn
〈
yn − tn, Byn − Bp

〉 − λ2n
∥∥Byn − Bp

∥∥2
}
,

(3.31)

so, we obtain

∥∥tn − p
∥∥2 ≤ ∥∥yn − p

∥∥2 − ∥∥yn − tn
∥∥2 + 2λn

〈
yn − tn, Byn − Bp

〉 − λ2n
∥∥Byn − Bp

∥∥2
. (3.32)
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It follows that∥∥xn+1 − p
∥∥2 ≤ (1 − αnγ

)(
1 − δn − αnγ

)∥∥tn − p
∥∥2 +

(
1 − αnγ

)
δn
∥∥xn − p

∥∥2 + cn

≤ (1 − αnγ
)(
1 − δn − αnγ

)
×
[∥∥yn − p

∥∥2 − ∥∥yn − tn
∥∥2 + 2λn

〈
yn − tn, Byn − Bp

〉 − λ2n
∥∥Byn − Bp

∥∥2
]

+
(
1 − αnγ

)
δn
∥∥xn − p

∥∥2 + cn

≤ (1 − αnγ
)∥∥xn − p

∥∥2 − (1 − αnγ
)(
1 − δn − αnγ

)∥∥yn − tn
∥∥2

+ 2λn
(
1 − αnγ

)(
1 − δn − αnγ

)∥∥yn − tn
∥∥∥∥Byn − Bp

∥∥
− λ2n

(
1 − αnγ

)(
1 − δn − αnγ

)∥∥Byn − Bp
∥∥2 + cn,

(3.33)

which implies that

(
1 − αnγ

)(
1 − δn − αnγ

)∥∥yn − tn
∥∥2

≤ ∥∥xn − p
∥∥2 − ∥∥xn+1 − p

∥∥2 + 2λn
(
1 − αnγ

)(
1 − δn − αnγ

)∥∥yn − tn
∥∥∥∥Byn − Bp

∥∥
− λ2n

(
1 − αnγ

)(
1 − δn − αnγ

)∥∥Byn − Bp
∥∥2 + cn

≤ ∥∥xn − xn+1
∥∥(∥∥xn − p

∥∥ +
∥∥xn+1 − p

∥∥)
+ 2λn

(
1 − αnγ

)(
1 − δn − αnγ

)∥∥yn − tn
∥∥∥∥Byn − Bp

∥∥
− λ2n

(
1 − αnγ

)(
1 − δn − αnγ

)∥∥Byn − Bp
∥∥2 + cn.

(3.34)

Applying (3.7), (3.30), and limn→∞cn = 0 to the last inequality, we obtain that

lim
n→∞

∥∥yn − tn
∥∥ = 0. (3.35)

It follows from (3.26) and (3.35) that

∥∥xn − yn

∥∥ ≤ ∥∥xn − tn
∥∥ +

∥∥tn − yn

∥∥ −→ 0 as n −→ ∞. (3.36)

On the other hand, one has∥∥Wnxn − xn

∥∥ ≤ ∥∥xn − yn

∥∥ +
∥∥yn −Wnxn

∥∥
≤ ∥∥xn − yn

∥∥ +
∥∥yn −Wnzn

∥∥ +
∥∥Wnzn −Wnxn

∥∥
≤ ∥∥xn − yn

∥∥ + βn
∥∥xn −Wnzn

∥∥ +
∥∥zn − xn

∥∥
≤ ∥∥xn − yn

∥∥ + βn
∥∥xn −Wnxn

∥∥ + βn
∥∥Wnxn −Wnzn

∥∥ +
∥∥zn − xn

∥∥
≤ ∥∥xn − yn

∥∥ + βn
∥∥xn −Wnxn

∥∥ +
(
1 + βn

)∥∥zn − xn

∥∥
≤ ∥∥xn − yn

∥∥ + βn
∥∥xn −Wnxn

∥∥ +
(
1 + βn

)(
1 − γn

)∥∥Wnxn − xn

∥∥
=
∥∥xn − yn

∥∥ − [(1 + βn
)
γn − 2βn − 1

]∥∥Wnxn − xn

∥∥,

(3.37)
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which implies

[(
1 + βn

)
γn − 2βn

]∥∥Wnxn − xn

∥∥ ≤ ∥∥xn − yn

∥∥. (3.38)

From the conditions (C3), it follows that

lim
n→∞

∥∥Wnxn − xn

∥∥ = 0. (3.39)

Applying Lemma 2.6 and (3.39), we obtain that

∥∥Wxn − xn

∥∥ ≤ ∥∥Wxn −Wnxn

∥∥ +
∥∥Wnxn − xn

∥∥
≤ sup

x∈{xn}

∥∥Wx −Wnx
∥∥ +

∥∥Wnxn − xn

∥∥ −→ 0 as n −→ ∞. (3.40)

It follows from (3.26) and (3.40) that

∥∥Wtn − tn
∥∥ ≤ ∥∥Wtn −Wxn

∥∥ +
∥∥Wxn − xn

∥∥ +
∥∥xn − tn

∥∥
≤ 2

∥∥tn − xn

∥∥ +
∥∥Wxn − xn

∥∥ −→ 0 as n −→ ∞.
(3.41)

We observe that PF(γf + (I −A)) is a contraction. Indeed, for all x, y ∈ H, we have

∥∥PF

(
γf + (I −A)

)
(x) − PF

(
γf + (I −A)

)
(y)

∥∥
≤ ∥∥(γf + (I −A)

)
(x) − (γf + (I −A)

)
(y)

∥∥
≤ γ

∥∥f(x) − f(y)
∥∥ + ‖I −A‖‖x − y‖

≤ γα‖x − y‖ + (1 − γ
)‖x − y‖

< γ‖x − y‖.

(3.42)

Banach’s Contraction Mapping Principle guarantees that PF(γf + (I −A)) has a unique fixed
point, say q ∈ H. That is, q = PF(γf + (I −A))(q).

Next, we claim that

lim sup
n→∞

〈
γf(q) −Aq, tn − q

〉 ≤ 0. (3.43)

Indeed, we choose a subsequence {tni
} of {tn} such that

lim sup
n→∞

〈
γf(q) −Aq,Wtn − q

〉
= lim

i→∞
〈
γf(q) −Aq,Wtni

− q
〉
. (3.44)
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Since {tni
} is bounded, there exists a subsequence {tnij

} of {tni
} which converges weakly to

z ∈ C. Without loss of generality, we can assume that tni
⇀ z. From ‖Wtni

− tni
‖ → 0, we

obtain Wtni
⇀ z. Therefore, we have

lim sup
n→∞

〈
γf(q) −Aq,Wtn − q

〉
= lim

i→∞
〈
γf(q) −Aq,Wtni

− q
〉

=
〈
γf(q) −Aq, z − q

〉
.

(3.45)

Next we prove that z ∈ F :=
⋂∞

i=1F(Ti) ∩ VI(B,C).
First, we prove that z ∈ F(W) =

⋂∞
i=1F(Ti).

Suppose the contrary, z/∈F(W), that is,Wz/= z. Since tni
⇀ z, by the Opial’s condition

and (3.41), we have

lim inf
i→∞

∥∥tni
− z

∥∥ < lim inf
i→∞

∥∥tni
−Wz

∥∥
≤ lim inf

i→∞
{∥∥tni

−Wtni

∥∥ +
∥∥Wtni

−Wz
∥∥}

≤ lim inf
i→∞

{∥∥tni
−Wtni

∥∥ +
∥∥tni

− z
∥∥}

= lim inf
i→∞

∥∥tni
− z

∥∥.
(3.46)

This is a contradiction, which shows that z ∈ F(W) =
⋂∞

i=1F(Ti).
Next, we prove z ∈ VI(B,C). For this purpose, let T be the maximal monotone

mapping defined by (2.7):

Tv =

{
Bv +NCv, v ∈ C;

∅, v /∈C.
(3.47)

For any given (v,w) ∈ G(T), hence w − Bv ∈ NC(v). Since tn ∈ C, we have

〈
v − tn,w − Bv

〉 ≥ 0. (3.48)

On the other hand, from tn = PC(yn − λnByn), we have

〈
v − tn, tn − (yn − λnByn)

〉 ≥ 0, (3.49)

that is,

〈
v − tn,

tn − yn

λn
+ Byn

〉
≥ 0. (3.50)
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Therefore, we obtian

〈
v − tni

, w
〉 ≥ 〈v − tni

, Bv
〉

≥ 〈v − tni
, Bv

〉 −〈v − tni
,
tni

− yni

λni

+ Byni

〉
=
〈
v − tni

, Bv − Byni
− tni

− yni

λni

〉
=
〈
v − tni

, Bv − Btni

〉
+
〈
v − tni

, Btni
− Byni

〉 −〈v − tni
,
tni

− yni

λni

〉
≥ 〈v − tni

, Btni

〉 −〈v − tni
,
tni

− yni

λni

+ Byni

〉
=
〈
v − tni

, Btni
− Byni

〉 −〈v − tni
,
tni

− yni

λni

〉
.

(3.51)

Noting that ‖tni
− yni

‖ → 0 as n → ∞ and B is Lipschitz continuous, hence from (3.18), we
obtain

〈v − z,w〉 ≥ 0. (3.52)

Since T is maximal monotone, we have z ∈ T−10, and hence z ∈ VI(B,C).
The conclusion z ∈ ⋂∞

i=1F(Ti) ∩ VI(B,C) is proved.
Hence by (3.45), we obtain

lim sup
n→∞

〈
γf(q) −Aq,Wtn − q

〉
=
〈
γf(q) −Aq, z − q

〉 ≤ 0. (3.53)

Since q = PFf(q), it follows from (3.39), (3.41), and (3.53) that

lim sup
n→∞

〈
γf(q) −Aq, tn − q

〉
= lim sup

n→∞

〈
γf(q) −Aq,

(
tn −Wtn

)
+
(
Wtn − q

)〉
≤ lim sup

n→∞

〈
γf(q) −Aq,Wtn − q

〉
≤ 0.

(3.54)

Hence (3.43) holds. Using (3.26) and (3.54), we have

lim sup
n→∞

〈
γf(q) −Aq, xn − q

〉
= lim sup

n→∞

〈
γf(q) −Aq,

(
xn − tn

)
+
(
tn − q

)〉
≤ lim sup

n→∞

〈
γf(q) −Aq, tn − q

〉
≤ 0.

(3.55)
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Now, from Lemma 2.1, it follows that

∥∥xn+1 − q
∥∥2 =

∥∥αnγf
(
xn

)
+ δnxn +

((
1 − δn

)
I − αnA

)
tn − q

∥∥2

=
∥∥((1 − δn

)
I − αnA

)(
tn − q

)
+ δn

(
xn − q

)
+ αn

(
γf
(
xn

) −Aq
)∥∥2

=
∥∥((1 − δn

)
I − αnA

)(
tn − q

)
+ δn

(
xn − q

)∥∥2 + α2
n

∥∥γf(xn

) −Aq
∥∥2

+ 2δnαn

〈
xn − q, γf

(
xn

) −Aq
〉

+ 2αn

〈((
1 − δn

)
I − αnA

)(
tn − q

)
, γf

(
xn

) −Aq
〉

≤ ((1 − δn − αnγ
)∥∥tn − q

∥∥ + δn
∥∥xn − q

∥∥)2 + α2
n

∥∥γf(xn

) −Aq
∥∥2

+ 2δnαnγ
〈
xn − q, f

(
xn

) − f(q)
〉
+ 2δnαn

〈
xn − q, γf(q) −A(q)

〉
+ 2

(
1 − δn

)
γαn

〈
tn − q, f

(
xn

) − f(q)
〉
+ 2

(
1 − δn

)
αn

〈
tn − q, γf(q) −Aq

〉
− 2α2

n

〈
A
(
tn − q

)
, γf(q) −Aq

〉
≤ ((1 − δn − αnγ

)∥∥xn − q
∥∥ + δn

∥∥xn − q
∥∥)2 + α2

n

∥∥γf(xn

) −Aq
∥∥2

+ 2δnαnγα
∥∥xn − q

∥∥2 + 2δnαn〈xn − q, γf(q) −Aq〉

+ 2
(
1 − δn

)
γαnα

∥∥xn − q
∥∥2 + 2

(
1 − δn

)
αn〈tn − q, γf(q) −Aq〉

− 2α2
n

〈
A
(
tn − q

)
, γf(q) −Aq

〉
=
[(
1 − αnγ

)2 + 2δnαnγα + 2
(
1 − δn

)
γαnα

]∥∥xn − q
∥∥2 + α2

n

∥∥γf(xn

) −Aq
∥∥2

+ 2δnαn

〈
xn − q, γf(q) −Aq

〉
+ 2

(
1 − δn

)
αn

〈
tn − q, γf(q) −Aq

〉
− 2α2

n

〈
A
(
tn − q

)
, γf(q) −Aq

〉
≤
[
1 − 2

(
γ − αnγ

)
αn

]∥∥xn − q
∥∥2 + γ2α2

n

∥∥xn − q
∥∥2 + α2

n

∥∥γf(xn

) −Aq
∥∥2

+ 2δnαn

〈
xn − q, γf(q) −Aq

〉
+ 2

(
1 − δn

)
αn

〈
tn − q, γf(q) −Aq

〉
+ 2α2

n

∥∥A(tn − q
)∥∥∥∥γf(q) −Aq

∥∥
=
[
1 − 2

(
γ − αnγ

)
αn

]∥∥xn − q
∥∥2

+ αn

{
αn

(
γ2
∥∥xn − q

∥∥2 +
∥∥γf(xn

) −Aq
∥∥2

+ 2
∥∥A(tn − q

)∥∥∥∥γf(q) −Aq
∥∥) + 2δn

〈
xn − q, γf(q) −Aq

〉
+ 2

(
1 − δn

)〈
tn − q, γf(q) −Aq

〉}
.

(3.56)

Since {xn}, {f(xn)}, and tn are bounded, we can take a constant M5 > 0 such that

γ2
∥∥xn − q

∥∥2 +
∥∥γf(xn

) −Aq
∥∥2 + 2

∥∥A(tn − q
)∥∥∥∥γf(q) −Aq

∥∥ ≤ M5, (3.57)
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for all n ≥ 0. It then follows that

∥∥xn+1 − q
∥∥2 ≤ [1 − 2

(
γ − αnγ

)
αn

]∥∥xn − q
∥∥2 + αnσn, (3.58)

where

σn = 2δn
〈
xn − q, γf(q) −Aq

〉
+ 2

(
1 − δn

)〈
tn − q, γf(q) −Aq

〉
+ αnM4. (3.59)

Using (C1), (3.54), and (3.55), we get lim supn→∞δn ≤ 0. Now applying Lemma 2.3 to (3.58),
we conclude that xn → q. This completes the proof.

Remark 3.2. Theorem 3.1 mainly improve the results of Qin and Cho [14] from a single
nonexpansive mapping to an infinite family of nonexpansive mappings.

4. Applications

In this section, we obtain two results by using a special case of the proposed method.

Theorem 4.1. LetH be a real Hilbert space, let B be an α-inverse strongly monotone mapping onH,
let {Ti : H → H} be a family of infinitely nonexpansive mappings with F :=

⋂∞
i=1F(Ti)∩B−1(0)/=∅.

Let f : H → H a contraction with coefficient α ∈ (0, 1), and let A be a strongly positive bounded
linear operator on H with coefficient γ > 0 and 0 < γ < γ/α. Suppose the sequences {xn}, {yn}, and
{zn} be generated by

x1 = x ∈ H chosen arbitrary,

zn = γnxn +
(
1 − γn

)
Wnxn,

yn = βnxn +
(
1 − βn

)
Wnzn,

xn+1 = αnγf
(
xn

)
+ δnxn +

((
1 − δn

)
I − αnA

)(
yn − λnByn

)
,

(4.1)

where {αn}, {βn}, {γn}, and {λn} are sequences in [0, 1] satisfying the following conditions:

(C1) limn→∞αn = 0,
∑∞

n=1 αn = ∞,

(C2) 0 < lim infn→∞δn ≤ lim supn→∞δn < 1,

(C3) (1 + βn)γn − 2βn > a for some a ∈ (0, 1),

(C4) limn→∞|βn+1 − βn| = limn→∞|γn+1 − γn| = 0,

(C5)
∑∞

n=1|λn − λn−1| < ∞ and {λn} ⊂ [a, b] for some a, b ∈ (0, 2α).

Then {xn}, {yn}, and {zn} converge strongly to q = PF(γf +(I −A))(q) which solves the variational
inequality:

〈
(A − γf)q, q − z

〉 ≤ 0, z ∈ F. (4.2)

Proof. We have B−1(0) = VI(B,H) and PH = I. Applying Theorem 3.1, we obtain the desired
result.
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Next, we will apply the main results to the problem for finding a common element of
the set of fixed points of a family of infinitely nonexpansive mappings and the set of fixed
points of a finite family of k-strictly pseudocontractive mappings.

Definition 4.2. Amappings S : C → H is said to be a k-strictly pseudocontractive mapping if
there exists k ∈ [0, 1) such that

‖Sx − Sy‖2 ≤ ‖x − y‖2 + k
∥∥(I − S)x − (I − S)y

∥∥2
, ∀x, y ∈ C. (4.3)

The following lemmas can be obtained from [31, Proposition 2.6] by Acedo and Xu,
easily.

Lemma 4.3. Let H be a Hilbert space, let C be a closed convex subset of H. For any integer N ≥ 1
, assume that, for each 1 ≤ i ≤ N, Si : C → H is a ki-strictly pseudocontractive mapping for some
0 ≤ ki < 1. Assume that {ϕi}Ni=1 is a positive sequence such that

∑N
i=1 ϕi = 1. Then

∑N
i=1 ϕiSi is a

k-strictly pseudocontractive mapping with k = max{ki : 1 ≤ i ≤ N}.

Lemma 4.4. Let {Si}Ni=1 and {ϕi}Ni=1 be as in Lemma 4.3. Suppose that {Si}Ni=1 has a common fixed
point in C. Then F(

∑N
i=1 ϕiSi) =

⋂N
i=1F(Si).

Let Si : C → H be a ki-strictly pseudocontractive mapping for some 0 ≤ ki < 1. We
define a mapping A = I −∑N

i=1 ϕiSi : C → H, where {ϕi}Ni=1 is a positive sequence such that∑N
i=1 ϕi = 1, then A is a ((1 − k)/2)-inverse-strongly monotone mapping with k = max{ki :

1 ≤ i ≤ N}. In fact, from Lemma 4.3, we have

∥∥∥∥∥ N∑
i=1

ϕiSix −
N∑
i=1

ϕiSiy

∥∥∥∥∥
2

≤ ‖x − y‖2 + k

∥∥∥∥∥
(
I −

N∑
i=1

ϕiSi

)
x −

(
I −

N∑
i=1

ϕiSi

)
y

∥∥∥∥∥
2

, ∀x, y ∈ C.

(4.4)

That is,

∥∥(I −A)x − (I −A)y
∥∥2 ≤ ‖x − y‖2 + k‖Ax −Ay‖2. (4.5)

On the other hand

∥∥(I −A)x − (I −A)y
∥∥2 = ‖x − y‖2 − 2〈x − y,Ax −Ay〉 + ‖Ax −Ay‖2. (4.6)

Hence, we have

〈x − y,Ax −Ay〉 ≥ 1 − k

2
‖Ax −Ay‖2. (4.7)

This shows that A is ((1 − k)/2)-inverse-strongly monotone.

Theorem 4.5. Let C be a closed convex subset of a real Hilbert space H. For any integer N > 1,
assume that, for each 1 ≤ i ≤ N, Si : C → H is a ki-strictly pseudocontractive mapping for
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some 0 ≤ ki < 1. Let {Ti : C → C} be a family of infinitely nonexpansive mappings with F :=⋂∞
i=1F(Ti) ∩

⋂N
i=1F(Si)/=∅. Let f : C → C a contraction with coefficient α ∈ (0, 1) and let A be a

strongly positive bounded linear operator with coefficient γ > 0 and 0 < γ < γ/α. Let the sequences
{xn}, {yn}, and {zn} be generated by

x1 = x ∈ H chosen arbitrary,

zn = γnxn +
(
1 − γn

)
Wnxn,

yn = βnxn +
(
1 − βn

)
Wnzn,

xn+1 = αnγf
(
xn

)
+ δnxn +

((
1 − δn

)
I − αnA

)
PC

((
1 − λn

)
yn − λn

N∑
i=1

ϕiSiyn

)
,

(4.8)

where {αn}, {βn}, {γn}, and {λn} are the sequences in [0, 1] satisfying the following conditions:

(C1) limn→∞αn = 0,
∑∞

n=1 αn = ∞,

(C2) 0 < lim infn→∞δn ≤ lim supn→∞δn < 1,

(C3) (1 + βn)γn − 2βn > a for some a ∈ (0, 1),

(C4) limn→∞|βn+1 − βn| = limn→∞|γn+1 − γn| = 0,

(C5)
∑∞

n=1|λn − λn−1| < ∞ and {λn} ⊂ [a, b] for some a, b ∈ (0, 2α).

Then {xn}, {yn}, and {zn} converge strongly to q = PF(γf +(I −A))(q) which solves the variational
inequality:

〈
(A − γf)q, q − z

〉 ≤ 0, z ∈ F. (4.9)

Proof. Taking B = I −∑N
i=1 ϕiSi : C → H, we know that B : C → H is α-inverse strongly

monotone with α = (1 − k)/2. Hence, B is a monotone L-Lipschitz continuous mapping with
L = 2/(1 − k). From Lemma 4.4, we know that

∑N
i=1 ϕiSi is a k-strictly pseudocontractive

mapping with k = max{ki : 1 ≤ i ≤ N} and then F(
∑N

i=1 ϕiSi) = VI(B,C) by Chang [30,
Proposition 1.3.5]. Observe that

PC

(
yn − λnByn

)
= PC

((
1 − λn

)
yn − λn

N∑
i=1

ϕiSiyn

)
. (4.10)

The conclusion of Theorem 4.5 can be obtained from Theorem 3.1.

Remark 4.6. Theorem 4.5 is a generalization and improvement of the theorems by Qin and
Cho [14], Iiduka and Takahashi [16, Thorem 3.1], and Takahashi and Toyoda [15].
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have strong convergence theorem by using the two hybrid methods in the mathematical
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1. Introduction

Let C be a closed convex subset of a real Hilbert space H . Let φ be a bifunction of C × C into R, where R is the set of real
numbers. The equilibrium problem for φ : C × C −→ R is to find x ∈ C such that

φ(x, y) ≥ 0, ∀y ∈ C . (1.1)

The set of solutions of (1.1) is denoted by EP(φ). Numerous problems in physics, optimization, and economics are reduced
to find a solution of (1.1). Some methods have been proposed to solve the equilibrium problem (see [1–3,24–26]). In 2005,
Combettes andHirstoaga [4] introduced an iterative scheme of finding the best approximation to the initial datawhen EP(φ)
is nonempty and they also proved a strong convergence theorem.

Recall that amapping T : C −→ C is said to be asymptotically k-strictly pseudo-contractive (the class of asymptotically k-
strictly pseudo-contractivemapswas first introduced inHilbert spaces byQihou [5]) if there exists a sequence {kn} ⊂ [1, ∞)
with limn−→∞ kn = 1 such that there exists k ∈ [0, 1) such that

‖Tnx − Tny‖2 ≤ k2n‖x − y‖2 + k‖(I − Tn)x − (I − Tn)y‖2, (1.2)

for all x, y ∈ C and n ∈ N. Note that the class of asymptotically k-strict pseudo-contractions strictly includes the class of
asymptotically nonexpansive mappings [6] which are mappings T on C such that

‖Tnx − Tny‖2 ≤ kn‖x − y‖, ∀x, y ∈ C, (1.3)
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where the sequence {kn} ⊂ [1, ∞) is such that limn−→∞ kn = 1. That is, T is asymptotically nonexpansive if and only if T is
asymptotically 0-strictly pseudo-contractive.

Recall that a mapping T : C −→ C is called a k-strict pseudo-contraction mapping if there exists a constant 0 ≤ k < 1
such that

‖Tx − Ty‖2 ≤ ‖x − y‖2 + k‖(I − T )x − (I − T )y‖2, ∀x, y ∈ C . (1.4)

Note that the class of k-strict pseudo-contractions strictly includes the class of nonexpansivemappings which aremappings
T on C such that

‖Tx − Ty‖ ≤ ‖x − y‖,
for all x, y ∈ C . That is, T is nonexpansive if and only if T is 0-strict pseudo-contractive. Note that the class of strict pseudo-
contraction mappings strictly includes the class of nonexpansive mappings. Clearly, T is nonexpansive if and only if T is a
0-strict pseudo-contraction. Construction of fixed points of nonexpansivemappings viaMann’s algorithm [7] has extensively
been investigated in the literature; See, for example [8,7,9–12] and references therein. If T is a nonexpansive self-mapping
of C , then Mann’s algorithm generates, initializing with an arbitrary x1 ∈ C , a sequence according to the recursive manner

xn+1 = αnxn + (1 − αn)Txn, ∀n ≥ 1, (1.5)

where {αn} is a real control sequence in the interval (0, 1).
If T : C −→ C is a nonexpansive mapping with a fixed point and if the control sequence {αn} is chosen so that∑∞
n=1 αn(1 − αn) = ∞, then the sequence {xn} generated by Mann’s algorithm converges weakly to a fixed point of T .

Reich [13] showed that the conclusion also holds good in the setting of uniformly convex Banach spaces with a Fréchet
differentiable norm. It is well known that Reich’s result is one of the fundamental convergence results. Very recently, Marino
and Xu [14] extended Reich’s result [13] to strict pseudo-contraction mappings in the setting of Hilbert spaces.

Very recently, Motivated and inspired by the research work of Marino and Xu [14] and Takahashi and Takahashi [15],
Ceng, Homidan, Ansari and Yao [16], introduced a new implicit iterative scheme for finding a common element of the set of
solutions of equilibrium problems and the set of fixed points of a strict pseudo-contraction mapping defined in the setting
of real Hilbert spaces. They gave some weak and strong convergence theorems for such iterative scheme. More precisely,
they proved the following theorems.

Theorem 1.1 (Ceng, Homidan, Ansari and Yao [16]). Let C be a closed convex subset of a Hilbert space H, φ : C × C −→ R be
a bifunction satisfying (A1) − (A4) and T : C −→ C be a k-strict pseudo-contraction mapping for some 0 ≤ k < 1 such that
F(T ) ∩ EP(φ) �= ∅. Let {xn} and {un} be sequences generated initially by arbitrary element x0 ∈ H and then by⎧⎨

⎩ φ(un−1, y) + 1

rn−1

〈y − un−1, un−1 − xn−1〉 ≥ 0, ∀y ∈ C

xn = αn−1un−1 + (1 − αn−1)Tun−1; ∀n ≥ 1,
(1.6)

where {αn} and {rn} satisfy the following conditions:

(1) {αn} ⊂ [α, β], for some α, β ∈ (k, 1), and
(2) {rn} ⊂ (0, ∞) and lim infn−→∞ rn > 0.

Then, the sequences {xn} and {un} converge weakly to an element of F(T ) ∩ EP(φ).

Theorem 1.2 (Ceng, Homidan, Ansari and Yao [16]). Let C,H, T , φ, {xn}, {un} and {αn}, {rn} be as in Theorem 1.1. Then, the
sequences {xn} and {un} converge strongly to an element of F if and only if lim infn−→∞ d(xn, F) = 0, where d(xn, F) denotes
the metric distance from the point xn to F .

On the other hand,motivate and inspired in [17,14], very recently, Qin, Cho, Kang and Shang [18] introduced the following
algorithm for a finite family of asymptotically k-strict pseudo-contractions. Let x0 ∈ C and {αn}∞n=0 be a sequence in (0, 1).
The sequence {xn} generated by the following way:

x1 = α0x0 + (1 − α0)T1x0,

x2 = α1x1 + (1 − α1)T2x1

. . .

xN = αN−1xN−1 + (1 − αN−1)TNxN−1

xN+1 = αNxN + (1 − αN)T 2
1 xN

. . .

x2N = α2N−1x2N−1 + (1 − α2N−1)T
2
Nx2N−1

x2N+1 = α2Nx2N + (1 − α2N)T 3
1 x2N

. . .
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is called the explicit iterative sequence of a finite family of asymptotically k-strict pseudo-contractions {T1, T2, . . . , TN}.
Since, for each n ≥ 1, it can be written as n = (h − 1)N + i, where i = i(n) ∈ {1, 2, . . . ,N}, h = h(n) ≥ 1 is a positive
integer and h(n) −→ ∞ as n −→ ∞. Hence the above table can be written in the following form:

xn = αn−1xn−1 + (1 − αn−1)T
h(n)

i(n) xn−1, ∀n ≥ 1. (1.7)

Then they proved some weak convergence theorems for a finite family of asymptotically k-strict pseudo-contractions by
algorithm (1.7). More precisely, they proved the following theorem.

Theorem 1.3. Let C be nonempty closed convex subset of a real Hilbert space H and N ≥ 1 be an integer. Let, for each
1 ≤ i ≤ N, Ti : C −→ C be an asymptotically ki-strictly pseudo-contractive mapping for some 0 ≤ ki ≤ 1 and a sequence {kn,i}
such that

∑∞
n=0(kn,i − 1) < ∞. Let k = max{ki : 1 ≤ i ≤ N} and kn = max{kn,i : 1 ≤ i ≤ N}. Assume that ∩N

i=1 F(Ti) is
nonempty. For any x0 ∈ C, let {xn} be a sequence generated by (1.7). Assume that the control sequence {αn} is chosen such that
k+ ε ≤ αn ≤ 1− ε for all n ≥ 0 and some ε ∈ (0, 1). Then {xn} converges weakly to a common fixed point of the family {Ti}Ni=1.

On the other hand, recently Takahashi, Takeuchi andKubota [19] introduced thenew iterativemethods for approximating
the common fixed point of a family of nonexpansive mappings {Tn : C −→ C} by using the hybrid method as follows: Let
x ∈ H , for C0 = C and x0 = PC0x, they define a sequence {xn} as follows:{

yn−1 = αn−1xn−1 + (1 − αn−1)Tnxn−1,
Cn = {z ∈ Cn−1 : ‖yn−1 − z‖ ≤ ‖xn−1 − z‖},
xn = PCnx, ∀n ≥ 1

(1.8)

where 0 ≤ αn < α < 1 for all n ≥ 0. Then, under appropriate conditions on {Tn}, they obtained a strong convergence
theorem for the iterative scheme (1.8) in the setting of a real Hilbert space.

In this paper, inspired and motivated by the above researches, we suggest and analyze an iterative scheme for finding a
common element of the set of common fixed points of a finite family of asymptotically k-strict pseudo-contraction and the
set of solutions of an equilibrium problem in the framework of Hilbert spaces. Then we modify our iterative scheme to get
strong convergence theorems by the hybrid algorithms. Our results extend and improve the corresponding recent results of
Ceng, Homidan, Ansari and Yao [16] and Qin, Cho, Kang and Shang [18] and some others.

2. Preliminaries

Throughout the paper, we write xn −→ x (xn ⇀ x, resp.) if {xn} converges strongly (weakly, resp.) to x, and ωw(xn) =
{x : xnj ⇀ x for some subsequence {xnj} of {xn}} denotes the weak ω-limit set of {xn}.
Lemma 2.1 ([14, Lemma 1.1]). Let H be a real Hilbert space. There hold the following identities

(i) ‖x − y‖2 = ‖x‖2 − ‖y‖2 − 2〈x − y, y〉, ∀x, y ∈ H,
(ii) ‖tx + (1 − t)y‖2 = t‖x‖2 + (1 − t)‖y‖2 − t(1 − t)‖x − y‖2, ∀t ∈ [0, 1], ∀x, y ∈ H,
(iii) If {xn} is a sequence in H weakly converging to z, then

lim sup
n−→∞

‖xn − y‖2 = lim sup
n−→∞

‖xn − z‖2 + ‖z − y‖2, ∀y ∈ H.

Let C be a closed convex subset of H . For every point x ∈ H , there exists a unique nearest point in C , denoted by PCx such
that

‖x − PCx‖ ≤ ‖x − y‖ for all y ∈ C .

PC is called the metric projection of H onto C . It is well known that PC is a nonexpansive mapping.
It is also known that H satisfies Opial’s condition [20], i.e., for any sequence {xn} with xn ⇀ x, the inequality

lim inf
n−→∞ ‖xn − x‖ ≤ lim inf

n−→∞ ‖xn − y‖
holds for every y ∈ H with y �= x.

Lemma 2.2 ([21]). Let H be a real Hilbert space. Given a closed convex subset C ⊂ H and point x, y, z ∈ H. Given also a real
number a ∈ R the set

{v ∈ C : ‖y − v‖2 ≤ ‖x − v‖2 + 〈z, v〉 + a},
is convex and closed.

Lemma 2.3 ([14, Lemma 1.3]). Let C be a closed convex subset of H. Given x ∈ H and z ∈ C. Then z = PCx if and only if there
holds the relation

〈x − z, y − z〉 ≥ 0, ∀y ∈ C .

Lemma 2.4 ([21, Lemma 1.5]). Let C be a closed convex subset of H. Let {xn} be a sequence in H and u ∈ H. Let q = PCu. If {xn}
is such that ωw(xn) ⊂ C and satisfies the condition ‖xn − u‖ ≤ ‖u − q‖ for all n. Then xn −→ q.
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Lemma 2.5 (Kim and Xu [22]). Let H be a real Hilbert space. Let C be a nonempty closed convex subset of H and T : C −→ C be
an asymptotically k-strictly pseudo-contractive mapping for some 0 ≤ k < 1with a sequence {kn} such that

∑∞
n=1(kn−1) < ∞

and the fixed point set of T is nonempty. Then (I − T ) is demiclosed at zero.

Lemma 2.6 ([23, Lemma 2]). Let the sequences of numbers {an} and {bn} be satisfy that

an+1 ≤ (1 + bn)an, an ≥ 0, bn ≥ 0, and

∞∑
n=1

bn < ∞, ∀n ≥ 1.

If lim infn−→∞ an = 0, then limn−→∞ an = 0.

Lemma 2.7 ([9]). Let {rn}, {sn} and {tn} be the three nonnegative sequences satisfying the following condition:

rn+1 ≤ (1 + sn)rn + tn, ∀n ∈ N.

If
∑∞

n=1 sn < ∞ and
∑∞

n=1 tn < ∞, then limn−→∞ rn exists.

Lemma 2.8 (Kim and Xu [22]). Let H be a real Hilbert space, C a nonempty subset of H and T : C −→ C be an asymptotically
k-strictly pseudo-contractive mapping. Then T is uniformly L-Lipschitzian.

Lemma 2.9 (Qin, Cho, Kang, and Shang [18]). Let H be a real Hilbert space, C a nonempty subset of H and T : C −→ C be a k-
strictly asymptotically pseudo-contractive mapping. Then the fixed point set F(T ) of T is closed and convex so that the projection
PF(T ) is well defined.

For solving the equilibrium problem, let us assume that the bifunction φ satisfies the following conditions:

(A1) φ(x, x) = 0 for all x ∈ C;

(A2) φ is monotone, i.e., φ(x, y) + φ(y, x) ≤ 0 for any x, y ∈ C;

(A3) φ is upper-hemicontinuous, i.e., for each x, y, z ∈ C ,

limsupt−→0+φ(tz + (1 − t)x, y) ≤ φ(x, y);
(A4) φ(x, ·) is convex and lower semicontinuous for each x ∈ C .

The following lemma appears implicitly in [1].

Lemma 2.10 ([1]). Let C be a nonempty closed convex subset of H and let φ be a bifunction of C ×C into R satisfying (A1)–(A4).
Let r > 0 and x ∈ H. Then, there exists z ∈ C such that

φ(z, y) + 1

r
〈y − z, z − x〉 ≥ 0 for all y ∈ C .

The following lemma was also given in [4].

Lemma 2.11 ([4]). Assume that φ : C × C −→ R satisfies (A1)–(A4). For r > 0 and x ∈ H, define a mapping Sr : H −→ C as
follows:

Sr(x) =
{
z ∈ C : φ(z, y) + 1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C

}
,

for all z ∈ H. Then, the following hold:

(i) Sr is single-valued;

(ii) Sr is firmly nonexpansive, i.e., for any x, y ∈ H, ‖Srx − Sry‖2 ≤ 〈Srx − Sry, x − y〉;
(iii) F(Sr) = EP(φ);
(iv) EP(φ) is closed and convex.

3. Weak convergence theorems

We are now in a position to prove some weak convergence theorems.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H and N ≥ 1 be an integer, φ : C × C −→ R

be a bifunction satisfying (A1)–(A4). Let, for each 1 ≤ i ≤ N, Ti : C −→ C be an asymptotically ki-strictly pseudo-contractive
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mapping for some 0 ≤ ki ≤ 1 and a sequence {kn,i} such that
∑∞

n=0(kn,i − 1) < ∞. Let k = max{ki : 1 ≤ i ≤ N} and

kn = max{kn,i : 1 ≤ i ≤ N}. Assume that F := ∩N
i=1 F(Ti) ∩ EP(φ) is nonempty. Let {xn} and {un} be sequences generated

initially by arbitrary element x0 ∈ C and then by⎧⎨
⎩φ(un−1, y) + 1

rn−1

〈y − un−1, un−1 − xn−1〉 ≥ 0; ∀y ∈ C,

xn = αn−1un−1 + (1 − αn−1)T
h(n)

i(n) un−1; ∀n ≥ 1,

(3.1)

where {αn} and {rn} satisfy the following conditions:

(C1) {αn} ⊂ [α, β], for some α, β ∈ (k, 1), and

(C2) {rn} ⊂ (0, ∞) and lim infn−→∞ rn > 0.

Then, the sequences {xn} and {un} converge weakly to an element of F .

Proof. We divide the proof into five steps.

Step 1. We claim that limn−→∞ ‖xn − q‖ exists, ∀q ∈ F .

Indeed, Let q ∈ F := ∩N
i=1 F(Ti) ∩ EP(φ). Thus from the definition of Sr in Lemma 2.11, we have un−1 = Srn−1

xn−1 and
therefore

‖un−1 − q‖ = ‖Srn−1
xn−1 − Srn−1

q‖
≤ ‖xn−1 − q‖, for all n ≥ 1.

Since each i ∈ {1, 2, . . . ,N}, Ti : C −→ C is an asymptotically ki-strictly pseudo-contractive mapping, we have

‖xn − q‖2 = ‖αn−1(un−1 − q) + (1 − αn−1)(T
h(n)

i(n) un−1 − q)‖2

= αn−1‖un−1 − q‖2 + (1 − αn−1)‖Th(n)

i(n) un+1 − q‖2 − αn−1(1 − αn−1)‖Th(n)

i(n) un−1 − un−1‖2

≤ αn−1‖un−1 − q‖2 − αn−1(1 − αn−1)‖Th(n)

i(n) un−1 − un−1‖2

+ (1 − αn−1)[k2h(n)‖un−1 − q‖2 + k‖Th(n)

i(n) un−1 − un−1‖2]
≤ k2h(n)‖un−1 − q‖2 − (1 − αn−1)(αn−1 − k)‖Th(n)

i(n) un−1 − un−1‖2

≤ k2h(n)‖xn−1 − q‖2 − (1 − αn−1)(αn−1 − k)‖Th(n)

i(n) un−1 − un−1‖2

≤ (1 + (k2h(n) − 1))‖xn−1 − q‖2. (3.2)

It follows from Lemma 2.7 that limn−→∞ ‖xn − q‖ exists.

Step 2. We claim that limn−→∞ ‖un − un+j‖ = 0; ∀j = 1, 2, . . . ,N . Observing (3.2) again, we have

(1 − αn−1)(αn−1 − k)‖Th(n)

i(n) un−1 − un−1‖2 ≤ k2h(n)‖xn−1 − q‖2 − ‖xn − q‖2.

It follows from our assumptions that

(1 − β)(α − k)‖Th(n)

i(n) un−1 − un−1‖2 ≤ k2h(n)‖xn−1 − q‖2 − ‖xn − q‖2.

Taking the limit as n −→ ∞ yields that

lim
n−→∞ ‖Th(n)

i(n) un−1 − un−1‖ = 0. (3.3)

This implies that

‖xn − un−1‖ = (1 − αn−1)‖Th(n)

i(n) un−1 − un−1‖ −→ 0 as n −→ ∞. (3.4)

Let q ∈ F . Thus as above un−1 = Srn−1
xn−1 and we have

‖un−1 − q‖2 = ‖Srn−1
xn−1 − Srn−1

q‖2

≤ 〈Srn−1
xn − Srn−1

q, xn−1 − q〉
= 〈un−1 − q, xn−1 − q〉
= 1

2
(‖un−1 − q‖2 + ‖xn−1 − q‖2 − ‖xn−1 − un−1‖2),

and hence

‖un−1 − q‖2 ≤ ‖xn−1 − q‖2 − ‖xn−1 − un−1‖2.
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Using (3.2), (C1), and the last inequality, we have

‖xn − q‖2 = ‖αn−1(un−1 − q) + (1 − αn−1)(T
h(n)

i(n) un−1 − q)‖2

≤ k2h(n)‖un−1 − q‖2 − (1 − αn−1)(αn−1 − k)‖Th(n)

i(n) un−1 − un−1‖2

≤ k2h(n)‖un−1 − q‖2

= k2h(n)(‖xn−1 − q‖2 − ‖xn−1 − un−1‖2)

and hence

k2h(n)‖xn−1 − un−1‖2 ≤ k2h(n)‖xn−1 − q‖2 − ‖xn − q‖2.

The existence of limn−→∞ ‖xn − q‖ and limn−→∞ kh(n) = 1 imply that

lim
n−→∞ ‖xn−1 − un−1‖ = 0. (3.5)

Using (3.4) and (3.5), we obtain

‖un − un−1‖ ≤ ‖un − xn‖ + ‖xn − un−1‖ −→ 0 as n −→ ∞. (3.6)

It follows that

lim
n−→∞ ‖un − un+j‖ = 0, ∀j = 1, 2, . . . ,N. (3.7)

Applying (3.5) and (3.6), we obtain that

‖xn − xn−1‖ ≤ ‖xn − un‖ + ‖un − un−1‖ + ‖un−1 − xn−1‖ −→ 0 as n −→ ∞.

This also implies that limn−→∞ ‖xn − xn+j‖ = 0; ∀j = 1, 2, . . . ,N .

Step 3. We claim that limn−→∞ ‖un − Tlun‖ = 0, limn−→∞ ‖xn − Tlxn‖ = 0 for all l = 1, 2, . . . ,N. Since, for any positive
integer n > N , it can be written as n = (k(n) − 1)N + i(n), where i(n) ∈ {1, 2, . . . ,N}. Observe that

‖un−1 − Tnun−1‖ ≤ ‖un−1 − T
h(n)

i(n) un−1‖ + ‖Th(n)

i(n) un−1 − Tnun−1‖
= ‖un−1 − T

h(n)

i(n) un−1‖ + ‖Th(n)

i(n) un−1 − Ti(n)un−1‖
≤ ‖un−1 − T

h(n)

i(n) un−1‖ + L‖Th(n)−1

i(n) un−1 − un−1‖
≤ ‖un−1 − T

h(n)

i(n) un−1‖ + L[‖Th(n)−1

i(n) un−1 − T
h(n)−1

i(n−N) un−N‖
+ ‖Th(n)−1

i(n−N) un−N − u(n−N)−1‖ + ‖u(n−N)−1 − un−1‖]. (3.8)

Since, for each n > N , n = (n − N)(modN) and n = (k(n) − 1)N + i(n), we have

n − N = (k(n) − 1)N + i(n) = (k(n − N) − 1)N + i(n − N).

That is

k(n − N) = k(n) − 1, i(n − N) = i(n).

Observe that

‖Th(n)−1

i(n) un−1 − T
h(n)−1

i(n−N) un−N‖ = ‖Th(n)−1

i(n) un−1 − T
h(n)−1

i(n) un−N‖
≤ L‖un−1 − un−N‖, (3.9)

and

‖Th(n)−1

i(n−N) un−N − u(n−N)−1‖ = ‖Th(n−N)

i(n−N) un−N − u(n−N)−1‖
≤ ‖Th(n−N)

i(n−N) un−N − T
h(n)−N

i(n−N) u(n−N)−1‖ + ‖Th(n−N)

i(n−N) u(n−N)−1 − un−N−1‖
≤ L‖u(n−N)−1 − un−N‖ + ‖Th(n−N)

i(n−N) u(n−N)−1 − un−N−1‖. (3.10)

It follows from (3.8)–(3.10) that

‖un−1 − Tnun−1‖ ≤ ‖un−1 − T
h(n)

i(n) un−1‖ + L(L‖un−1 − un−N‖ + L‖u(n−N)−1 − un−N‖
+ ‖Th(n−N)

i(n−N) u(n−N)−1 − un−N−1‖ + ‖u(n−N)−1 − un−1‖). (3.11)
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Applying (3.7) and (3.3) to (3.11), we obtain

lim
n−→∞ ‖un−1 − Tnun−1‖ = 0. (3.12)

Notice that

‖un − Tnun‖ ≤ ‖un − un−1‖ + ‖un−1 − Tnun−1‖ + ‖Tnun−1 − Tnun‖.
≤ (1 + L)‖un − un−1‖ + ‖un−1 − Tnun−1‖.

From (3.6) and (3.12), one can easily see that

lim
n−→∞ ‖un − Tnun‖ = 0.

We also have

‖un − Tn+jun‖ ≤ ‖un − un+j‖ + ‖un+j − Tn+jun+j‖ + ‖Tn+jun+j − Tn+jun‖
≤ (1 + L)‖un − un+j‖ + ‖un+j − Tn+jun+j‖ −→ 0 as n −→ ∞,

for any j = 1, 2, . . . ,N , which give that

lim
n−→∞ ‖un − Tlun‖ = 0; ∀l = 1, 2, . . . ,N.

Moreover, for each l ∈ {1, 2, . . . ,N}, we obtain that

‖xn − Tlxn‖ ≤ ‖xn − un‖ + ‖un − Tlun‖ + ‖Tlun − Tlxn‖
≤ (1 + L)‖xn − un‖ + ‖un − Tlun‖ −→ 0 as n −→ ∞. (3.13)

Step 4. We claim that

ωw(xn) ⊂ F := ∩N
i=1 F(Ti) ∩ EP(φ), (3.14)

where ωw(xn) = {x ∈ H : xni ⇀ x for some subsequence {xni} of {xn}}.
Indeed, since {xn} is bounded and H is reflexive, ωw(xn) is nonempty. Let w ∈ ωw(xn) be an arbitrary element. Then there
exists a subsequence {xni} of {xn} converging weakly tow. Applying (3.5), we can obtain that uni ⇀ w as i −→ ∞. It follows
from ‖un − Tlun‖ −→ 0 that

Tluni ⇀ w, for all l = 1, 2, . . . ,N.

Let us show w ∈ EP(φ). Since un = Trnun, we have

φ(un, y) + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C .

From (A2), we also have

1

rn
〈y − un, un − xn〉 ≥ φ(y, un)

and hence〈
y − uni ,

uni − xni

rni

〉
≥ φ(y, uni).

Since
uni−xni

rni
−→ 0 and uni ⇀ w, from (A4) have

0 ≥ φ(y, w), ∀y ∈ C .

For t ∈ (0, 1] and y ∈ C , let yt = ty + (1 − t)w. Since y ∈ C and w ∈ C , we have yt ∈ C and hence φ(yt , w) ≤ 0. So, from
(A1) and (A4) we have

0 = φ(yt , yt) ≤ tφ(yt , y) + (1 − t)φ(yt , w) ≤ tφ(yt , y)

and hence 0 ≤ φ(yt , y). From (A3), we have

0 ≤ φ(w, y), ∀y ∈ C

and hence w ∈ EP(φ).
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Next, we prove that w ∈ ∩N
i=1 F(Ti). Assume that w �∈ ∩N

i=1 F(Ti). Thus there exists l ∈ {1, . . . ,N} such that w �∈ F(Tl).
From (3.13) and Opial’s condition,

lim inf
i−→∞ ‖xni − w‖ < lim inf

i−→∞ ‖xni − Tlw‖
≤ lim inf

i−→∞ {‖xni − Tlxni‖ + ‖Tlxni − Tlw‖}
≤ lim

i−→∞ L‖xni − w‖,
which derives a contradiction. This implies that w ∈ ∩N

i=1 F(Ti).

Step 5. We show that {xn} and {un} converge weakly to an element of ∩N
i=1 F(Ti) ∩ EP(φ).

Indeed, to verify that the assertion is valid, it is sufficient to show that ωw(xn) is a single-point set. We take w1,
w2 ∈ ωw(xn) arbitrarily and let {xki} and {xmj

} be subsequences of {xn} such that xki ⇀ w1 and xmj
⇀ w2, respectively.

Since limn−→∞ ‖xn −q‖ exists for each q ∈ ∩N
i=1 F(Ti)∩EP(φ) andw1,w2 ∈ ∩N

i=1 F(Ti)∩EP(φ), by Lemma 2.1(iii), we obtain

lim
n−→∞ ‖xn − w1‖2 = lim

j−→∞ ‖xmj
− w1‖2

= lim
j−→∞ ‖xmj

− w2‖2 + ‖w2 − w1‖2

= lim
j−→∞ ‖xki − w2‖2 + ‖w2 − w1‖2

= lim
j−→∞ ‖xki − w1‖2 + 2‖w2 − w1‖2

= lim
n−→∞ ‖xn − w1‖2 + 2‖w2 − w1‖2.

Hence w1 = w2. This shows that ωw(xn) is a single-point set. This completes the proof. �

Remark 3.2. Theorem 3.1 mainly improve Theorem 3.1 of Ceng, Homidan, Ansari and Yao [16], from a k-strictly pseudo-
contractive mapping to an finite family of the asymptotically ki-strictly pseudo-contractive mappings.

A direct consequence of Theorem 3.1, we derive the following theorem of Qin, Cho, Kang and Shang [18].

Theorem 3.3 ([18, Theorem 2.1]). Let C be nonempty closed convex subset of a real Hilbert space H and N ≥ 1 be an integer.
Let, for each 1 ≤ i ≤ N, Ti : C −→ C be an asymptotically ki-strictly pseudo-contractive mapping for some 0 ≤ ki ≤ 1 and a
sequence {kn,i} such that

∑∞
n=0(kn,i − 1) < ∞. Let k = max{ki : 1 ≤ i ≤ N} and kn = max{kn,i : 1 ≤ i ≤ N}. Assume that

∩N
i=1 F(Ti) is nonempty. Let {xn} be a sequence generated initially by arbitrary element x0 ∈ C and then by

xn = αn−1xn−1 + (1 − αn−1)T
h(n)

i(n) xn−1; ∀n ≥ 1,

where {αn} is a sequence in [α, β] for some α, β ∈ (k, 1). Then, the sequences {xn} converges weakly to a common fixed point of
the family {Ti}Ni=1.

Proof. Put φ(x, y) = 0 for all x, y ∈ C , rn = 1 for all n ≥ 0 in Theorem 3.1. Thus, we have un = xn. Then the sequence {xn}
generated in Theorem 3.3 converges weakly to a common fixed point of the family {Ti}Ni=1. �

4. Strong convergence theorems

Theorem 4.1. Let C be nonempty closed convex subset of a real Hilbert space H and N ≥ 1 be an integer, φ : C × C −→ R

be a bifunction satisfying (A1)–(A4). Let, for each 1 ≤ i ≤ N, Ti : C −→ C be an asymptotically ki-strictly pseudo-contractive
mapping for some 0 ≤ ki ≤ 1 and a sequence {kn,i} such that

∑∞
n=0(kn,i − 1) < ∞. Let k = max{ki : 1 ≤ i ≤ N} and

kn = max{kn,i : 1 ≤ i ≤ N}. Assume that F := ∩N
i=1 F(Ti) ∩ EP(φ) is nonempty. Let {xn} and {un} be sequences generated

initially by arbitrary element x0 ∈ C and⎧⎨
⎩φ(un−1, y) + 1

rn−1

〈y − un−1, un−1 − xn−1〉 ≥ 0, ∀y ∈ C

xn = αn−1un−1 + (1 − αn−1)T
h(n)

i(n) un−1, ∀n ≥ 1,

(4.1)

where {αn} and {rn} satisfy the following conditions:

(1) {αn} ⊂ [α, β] for some α, β ∈ (k, 1), and
(2) {rn} ⊂ (0, ∞) and lim infn−→∞ rn > 0.

Then, the sequences {xn} and {un} converge strongly to an element of F if and only if lim infn−→∞ d(xn, F) = 0, where d(xn, F)
denotes the metric distance from the point xn to F .
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Proof. From the proof of Theorem 3.1, we know that limn−→∞ ‖xn − q‖ exists for each q ∈ F and limn−→∞ ‖xn − un‖ = 0.
Hence {xn} is bounded. The necessity is apparent.We show the sufficiency. Indeedwe suppose that lim infn−→∞ d(xn, F) = 0.

Since xn = αn−1un−1 + (1 − αn−1)T
h(n)

i(n) un−1, from (3.2), we have

‖xn − q‖2 ≤ (1 + (k2h(n) − 1))‖xn−1 − q‖2.

From the fact that x ≥ 0, 1 + x ≤ ex, we can calculate

‖xn+m − q‖2 = (1 + (k2h(n+m) − 1))‖x(n+m)−1 − q‖2

≤ e
(k2

h(n+m)
−1)‖x(n+m)−1 − q‖2

...

≤ e

n+m∑
j=n

(k2
h(n)

−1)

‖xn − q‖2

≤ e

∞∑
j=1

(k2
h(j)

−1)

‖xn − q‖2, for all n,m ∈ N. (4.2)

Let e
∑∞

j=1(k
2
h(j)

−1) = M , for some nonnegative numberM . Thus,

‖xn+m − q‖2 ≤ M‖xn − q‖2, for all n,m ∈ N.

This gives that

‖xn+m − q‖ ≤ √
M‖xn − q‖, for all n,m ∈ N. (4.3)

From Lemma 2.6, we have

lim
n−→∞ d(xn, F) = 0.

Here after, we will prove that {xn} is a Cauchy sequence. For any ε > 0 there exists N1 ∈ N such that,

d(xn, F) ≤ ε

3
√
M

, ∀n ≥ N1.

In particular, we obtain that d(xN1
, F) ≤ ε

3
√
M
. This implies that there exists q1 ∈ F such that

‖xN1
− q1‖ = d(xN1

, F) ≤ ε

3
√
M

.

It follows from (4.3) that n > N1,

‖xn+m − xn‖2 = ‖xn+m − q1‖ + ‖xn − q1‖
≤ √

M‖xN1
− q1‖ + √

M‖xN1
− q1‖

≤ √
M

ε

2
√
M

+ √
M

ε

2
√
M

= ε. (4.4)

Thus {xn} is a Cauchy sequence. Suppose that xn −→ x∗ ∈ H . Then

d(x∗, F) = lim
n−→∞ d(xn, F) = 0.

Since for each i = 1, 2, . . . ,N , Ti is an asymptotically ki-strictly pseudo-contractivemapping, we know form Lemma 2.9 that
∩N

i=1 F(Ti) is closed and convex. Note that EP(φ) is closed and convex according to Lemma 2.11. Thus F := ∩N
i=1 F(Ti)∩EP(φ)

is closed and convex. Consequently, x∗ ∈ F . By using ‖un − xn‖ −→ 0 as n −→ ∞, we conclude that both {xn} and {un}
converge strongly to an element x∗ of F . �

Remark 4.2. Theorem 4.1 mainly improve Theorem 3.2 of Ceng, Homidan, Ansari and Yao [16], from a k-strictly pseudo-
contractive mapping to an finite family of the asymptotically ki-strictly pseudo-contractive mappings.

Theorem 4.3. Let C be nonempty closed convex subset of a real Hilbert space H and N ≥ 1 be an integer, φ : C × C −→ R

be a bifunction satisfying (A1)–(A4). Let, for each 1 ≤ i ≤ N, Ti : C −→ C be an asymptotically ki-strictly pseudo-contractive
mapping for some 0 ≤ ki ≤ 1 and a sequence {kn,i}. Let k = max{ki : 1 ≤ i ≤ N} and kn = max{kn,i : 1 ≤ i ≤ N}. Assume
that F := ∩N

i=1 F(Ti) ∩ EP(φ) is nonempty and let x ∈ H. For C0 = C, let {xn} and {un} be sequences generated the following
algorithm:
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⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x0 = PC0x,

un−1 ∈ C such that φ(un−1, y) + 1

rn−1

〈y − un−1, un−1 − xn−1〉 ≥ 0, ∀y ∈ C,

yn−1 = αn−1un−1 + (1 − αn−1)T
h(n)

i(n) un−1,

Cn = {v ∈ Cn−1 : ‖yn−1 − v‖2 ≤ ‖xn−1 − v‖2 + θn−1},
xn = PCnx, ∀n ≥ 1,

(4.5)

where θn−1 = (k2h(n)−1)(1−αn−1)ρ
2
n−1 −→ ∞ as n −→ ∞, whereρn−1 = sup{‖xn−1−v‖ : v ∈ F} < ∞, and {αn} ⊂ [α, β]

for some α, β ∈ (k, 1) and {rn} ⊂ (0, ∞) such that lim infn−→∞ rn > 0. Then {xn} converges strongly to PF x.

Proof. We first showby induction that F := ∩N
i=1 F(Ti)∩EP(φ) ⊂ Cn for all n ≥ 0. It is obvious that F := ∩N

i=1 F(Ti)∩EP(φ) ⊂
C = C0. Suppose that F := ∩N

i=1 F(Ti) ∩ EP(φ) ⊂ Cj−1 for some j ∈ N. Hence, for any q ∈ F := ∩N
i=1 F(Ti) ∩ EP(φ) ⊂ Cj−1

and by uj−1 = Srj−1
xj−1, we have

‖uj−1 − q‖ = ‖Srj−1
xn−1 − Srj−1

q‖
≤ ‖xj−1 − q‖.

Hence

‖yj−1 − q‖2 = ‖αj−1(uj−1 − q) + (1 − αj−1)(T
h(j)

i(j) uj−1 − q)‖2

= αj−1‖uj−1 − q‖2 + (1 − αj−1)‖Th(j)

i(j) uj−1 − q‖2

− αj−1(1 − αj−1)‖Th(j)

i(j) uj−1 − uj−1‖2

≤ αj−1‖uj−1 − q‖2 − αj−1(1 − αj−1)‖Th(j)

i(j) uj−1 − uj−1‖2

+ (1 − αj−1)[k2h(j)‖uj−1 − q‖2 + k‖Th(j)

i(j) uj−1 − uj−1‖2]
≤ ‖xj−1 − q‖2 + θj−1 − (1 − αj−1)(αj−1 − k)‖Th(j)

i(j) uj−1 − uj−1‖2

≤ ‖xj−1 − q‖2 + θj−1. (4.6)

Therefore, q ∈ Cj. This implies that

F := ∩N
i=1 F(Ti) ∩ EP(φ) ⊂ C = Cn, for all n ≥ 0.

Next, we prove that Cn is closed and convex for all n ≥ 0. It is obvious that C0 = C is closed and convex. Suppose that Ck−1

is closed and convex for some k ∈ N. For v ∈ Ck−1, we know that ‖yk−1 − v‖2 ≤ ‖xk−1 − v‖2 + θk−1 is equivalent to

2〈xk−1 − yk−1, v〉 ≤ ‖xk−1‖2 − ‖yk−1‖2 + θk−1.

So, Ck is closed and convex. Then, for any n ≥ 0, Cn is closed and convex. This implies that {xn} is well defined. From
Lemma 2.10, the sequence {un} is also well defined. From xn = PCnx, we have

〈x − xn, xn − y〉 ≥ 0,

for each y ∈ Cn. Using F ⊂ Cn, we also have

〈x − xn, xn − p〉 ≥ 0 for each p ∈ F and n ∈ N.

Hence, for p ∈ F , we have

0 ≤ 〈x − xn, xn − p〉
= 〈x − xn, xn − x + x − p〉
= −〈xn − x, xn − x〉 + 〈x − xn, x − p〉
= −‖xn − x‖2 + ‖x − xn‖‖x − p‖.

This implies that

‖x − xn‖ ≤ ‖x − p‖, for all p ∈ F and n ∈ N. (4.7)

Hence {xn} is bounded. It follows that {yn} is also bounded. From xn−1 = PCn−1
x and xn = PCnx ∈ Cn ⊂ Cn−1, we obtain

〈x − xn−1, xn−1 − xn〉 ≥ 0. (4.8)

It follow that, for n ∈ N,

0 ≤ 〈x − xn−1, xn−1 − xn〉
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= 〈x − xn−1, xn−1 − x + x − xn〉
= −‖x − xn−1‖2 + 〈x − xn−1, x − xn〉
≤ −‖x − xn−1‖2 + ‖x − xn−1‖‖x − xn‖,

and hence

‖x − xn−1‖ ≤ ‖x − xn‖.
Hence {‖xn − x‖} is nondecreasing, so limn−→∞ ‖xn − x‖ exists.

Next we can show that limn−→∞ ‖xn − xn−1‖ = 0. Indeed, from (4.8) we get

‖xn−1 − xn‖2 = ‖xn−1 − x + x − xn‖2

= ‖xn−1 − x‖2 + 2〈xn−1 − x, x − xn〉 + ‖x − xn‖2

= −‖xn−1 − x‖2 + 2〈xn−1 − x, x − xn−1 + xn−1 + xn〉 + ‖x − xn‖2

≤ −‖xn−1 − x‖2 + ‖x − xn‖2.

Since limn−→∞ ‖x − xn‖ exists, we have

lim
n−→∞ ‖xn−1 − xn‖ = 0. (4.9)

On the other hand, xn ∈ Cn, we have

‖yn−1 − xn‖2 ≤ ‖xn−1 − xn‖2 + θn−1. (4.10)

So, we have limn−→∞ ‖yn−1 − xn‖ = 0. It follows that

‖yn−1 − xn−1‖ ≤ ‖yn−1 − xn‖ + ‖xn − xn+1‖ −→ 0 as n −→ ∞. (4.11)

Next, we claim that limn−→∞ ‖xn − un‖ = 0. Indeed, let q ∈ F . Thus as above un−1 = Srn−1
xn−1 and we have

‖un−1 − q‖2 = ‖Srn−1
xn−1 − Srn−1

q‖2

≤ 〈Srn−1
xn−1 − Srn−1

q, xn−1 − q〉
= 〈un−1 − q, xn−1 − q〉
= 1

2
(‖un−1 − q‖2 + ‖αn−1 − q‖2 − ‖xn−1 − un−1‖2).

and hence

‖un−1 − q‖2 ≤ ‖xn−1 − q‖2 − ‖xn−1 − un−1‖2.

This implies that

‖yn−1 − q‖2 = ‖αn−1(un−1 − q) + (1 − αn−1)(T
h(n)

i(n) un−1 − q)‖2

= αn−1‖un−1 − q‖2 + (1 − αn−1)‖Th(n)

i(n) un−1 − q‖2 − αn−1(1 − αn−1)‖Th(n)

i(n) un−1 − un−1‖2

≤ αn−1‖un−1 − q‖2 − αn−1(1 − αn−1)‖Th(n)

i(n) un−1 − un−1‖2

+ (1 − αn−1)[k2h(n)‖un−1 − q‖2 + k‖Th(n)

i(n) un−1 − un−1‖2]
≤ ‖un−1 − q‖2 + θn−1 − (1 − αn−1)(αn−1 − k)‖Th(n)

i(n) un−1 − un−1‖2

≤ ‖un−1 − q‖2 + θn−1

≤ ‖xn−1 − q‖2 − ‖xn−1 − un−1‖2 + θn−1. (4.12)

Hence

‖xn−1 − un−1‖2 ≤ ‖xn−1 − q‖2 − ‖yn−1 − q‖2 + θn−1.

≤ ‖xn−1 − yn−1‖{‖xn−1 − q‖ − ‖yn−1 − q‖} + θn−1. (4.13)

It follows from (4.11) and the boundedness of the sequences {xn} and {yn} that
lim

n−→∞ ‖xn−1 − un−1‖ = 0. (4.14)

From (4.9) and (4.14), we have

‖un − un−1‖ ≤ ‖un − xn‖ + ‖xn − xn−1‖ + ‖xn−1 − un−1‖ −→ 0 as n −→ ∞.

Please cite this article in press as: P. Kumam, et al., A hybrid iterative scheme for equilibrium problems and fixed point problems of asymptotically

k-strict pseudo-contractions, Journal of Computational and Applied Mathematics (2009), doi:10.1016/j.cam.2009.09.036



ARTICLE  IN  PRESS
12 P. Kumam et al. / Journal of Computational and Applied Mathematics ( ) –

This implies that

lim
n−→∞ ‖un − un+j‖ = 0, for all j ∈ {1, 2, . . . ,N}.

Form yn−1 = αn−1un−1 + (1 − αn−1)T
h(n)

i(n) un−1, ∀n ≥ 1, we have

(1 − αn−1)‖Th(n)

i(n) un−1 − xn−1‖ = ‖yn−1 − αn−1un−1 − (1 − αn−1)xn−1‖
≤ ‖yn−1 − xn−1‖ + αn−1‖xn−1 − un−1‖.

Applying (4.11) and (4.14) to the last inequality, we obtain

lim
n−→∞ ‖Th(n)

i(n) un−1 − xn−1‖ = 0. (4.15)

From (4.14) and (4.15), we have

‖Th(n)

i(n) un−1 − un−1‖ ≤ ‖Th(n)

i(n) un−1 − xn−1‖ + ‖xn−1 − un−1‖ −→ 0. (4.16)

By using the same method as in the proof of the Theorem 3.1, we easily obtain

lim
n−→∞ ‖Tlun − un‖ = 0 for all l ∈ {1, 2, . . . ,N} (4.17)

and

ωw(xn) ⊂ F := ∩N
i=1 F(Ti) ∩ EP(φ). (4.18)

This, together with (4.7) and Lemma 2.4 guarantees the strong convergence of {xn} to p = PF x. From (4.14), we also have
the strong convergence of {un} to p = PF x. This completes the proof. �

5. The CQ method for asymptotically k-strictly pseudo-contractive mappings

Theorem 5.1. Let C be nonempty closed convex subset of a real Hilbert space H and N ≥ 1 be an integer, φ : C × C −→ R

be a bifunction satisfying (A1)–(A4). Let, for each 1 ≤ i ≤ N, Ti : C −→ C be an asymptotically ki-strictly pseudo-contractive
mapping for some 0 ≤ ki ≤ 1 and a sequence {kn,i}. Let k = max{ki : 1 ≤ i ≤ N} and kn = max{kn,i : 1 ≤ i ≤ N}. Assume that
F := ∩N

i=1 F(Ti) ∩ EP(φ) is nonempty. Let {xn} and {un} be sequences generated the following algorithm:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

x0 = u ∈ C chosen arbitrarily ,

un−1 ∈ C such that φ(un−1, y) + 1

rn−1

〈y − un−1, un−1 − xn−1〉 ≥ 0; ∀y ∈ C,

yn−1 = αn−1un−1 + (1 − αn−1)T
h(n)

i(n) un−1,

Cn−1 = {v ∈ C : ‖yn−1 − v‖2 ≤ ‖xn−1 − v‖2 + θn−1},
Qn−1 = {v ∈ C : 〈x0 − xn−1, xn−1 − v〉 ≥ 0},
xn = PCn−1∩Qn−1

x0, ∀n ≥ 1,

(5.1)

where θn−1 = (k2h(n)−1)(1−αn−1)ρ
2
n−1 −→ ∞ as n −→ ∞, whereρn−1 = sup{‖xn−1−v‖ : v ∈ F} < ∞, and {αn} ⊂ [α, β]

for some α, β ∈ (k, 1) and {rn} ⊂ (0, ∞) such that lim infn−→∞ rn > 0. Then {xn} converges strongly to PF x0.

Proof. We show first that the sequence {xn} is well defined. From the definition of Cn−1 and Qn−1, it is obvious that Cn−1 is
closed andQn−1 is closed and convex for each n ∈ N∪{0}. We prove that Cn−1 is convex. For any v1, v2 ∈ Cn−1 and t ∈ (0, 1),
put v = tv1 + (1 − t)v2. It is sufficient to show that v ∈ Cn−1. Since

‖yn−1 − v‖2 ≤ ‖xn−1 − v‖2 + θn−1

is equivalent to

2〈xn−1 − yn−1, v〉 ≤ ‖xn−1‖2 − ‖yn−1‖2 + θn−1.

One can easily see that v ∈ Cn−1. Therefore we can obtain that Cn−1 is convex. So, Cn−1 ∩ Qn−1 is a closed convex subset of
H for any n ∈ N.

Next, we show that∩N
i=1 F(Ti)∩EP(φ) ⊆ Cn−1. Indeed, let q ∈ ∩N

i=1 F(Si)∩EP(φ) and let {Srn} be a sequence of mappings
defined as in Lemma 2.11. Then q = Srnq. From un−1 = Srn−1

xn−1, we have

‖un−1 − q‖ = ‖Srn−1
xn−1 − Srn−1

q‖
≤ ‖xn−1 − q‖. (5.2)
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By our assumptions, we have

‖yn−1 − q‖2 = ‖αn−1(un−1 − q) + (1 − αn−1)(T
h(n)

i(n) un−1 − q)‖2

= αn−1‖un−1 − q‖2 + (1 − αn−1)‖Th(n)

i(n) un+1 − q‖2

− αn−1(1 − αn−1)‖Th(n)

i(n) un−1 − un−1‖2

≤ αn−1‖un−1 − q‖2 − αn−1(1 − αn−1)‖Th(n)

i(n) un−1 − un−1‖2

+ (1 − αn−1)[k2h(n)‖un−1 − q‖2 + k‖Th(n)

i(n) un−1 − un−1‖2]
≤ ‖xn−1 − q‖2 + θn−1 − (1 − αn−1)(αn−1 − k)‖Th(n)

i(n) un−1 − un−1‖2

≤ ‖xn−1 − q‖2 + θn−1 (5.3)

Therefore, q ∈ Cn−1 for all n ≥ 1.
Next, we show that

∩N
i=1 F(Ti) ∩ EP(φ) ⊆ Qn−1, ∀n ≥ 1. (5.4)

We prove this by induction. For n = 1, we have∩N
i=1 F(Ti)∩EP(φ) ⊂ C = Q0. Assume that∩N

i=1 F(Ti)∩EP(φ) ⊂ Qn−1. Since
xn is the projection of x0 onto Cn−1 ∩ Qn−1, by Lemma 2.3, we have

〈x0 − xn, xn − v〉 ≥ 0, ∀v ∈ Cn−1 ∩ Qn−1.

In particular, we have

〈x0 − xn, xn − q〉 ≥ 0

for each q ∈ ∩N
i=1 F(Ti) ∩ EP(φ) and hence q ∈ Qn. Hence (5.4) holds for all n ≥ 1. Therefore, we obtain that

∩N
i=1 F(Ti) ∩ EP(φ) ⊂ Cn−1 ∩ Qn−1, ∀n ≥ 1.

Next, we show that limn−→∞ ‖xn − xn−1‖ = 0.
Since ∩N

i=1 F(Ti)∩ EP(φ) is a nonempty closed convex subset of H , there exists a unique z ′ ∈ ∩N
i=1 F(Ti)∩ EP(φ) such that

z ′ = P∩N
i=1

F(Ti)∩EP(φ)x0.

From xn = PCn−1∩Qn−1
x0, we have

‖xn − x0‖ ≤ ‖z − x0‖ for all z ∈ Cn−1 ∩ Qn−1 and all n ∈ N.

Since z ′ ∈ ∩N
i=1 F(Ti) ∩ EP(φ) ⊂ Cn−1 ∩ Qn−1 we have

‖xn − x0‖ ≤ ‖z ′ − x0‖ all n ∈ N. (5.5)

Therefore, {xn} is bounded, so are {un} and {yn}. From the definition of Qn−1, we have xn−1 = PQn−1
x0, which together with

the fact that xn ∈ Cn−1 ∩ Qn−1 ⊂ Qn−1 implies that

‖x0 − xn−1‖ ≤ ‖x0 − xn‖. (5.6)

This show that the sequence {xn − x0} is nondecreasing. So, we have limn−→∞ ‖xn − x0‖ exists. Notice again that xn−1 =
PQn−1

x0 and xn ∈ Qn−1, which give that 〈xn − xn−1, xn−1 − x0〉 ≥ 0. Therefore, we have

‖xn − xn−1‖2 = ‖(xn − x0) − (xn−1 − x0)‖2

= ‖xn − x0‖2 − ‖xn−1 − x0‖2 − 2〈xn − xn−1, xn−1 − x0〉
≤ ‖xn − x0‖2 − ‖xn−1 − x0‖2. (5.7)

This together with the existence of limn−→∞ ‖xn − x0‖ implies that limn−→∞ ‖xn − xn−1‖ = 0. Since xn ∈ Cn−1, we have

‖yn−1 − xn‖2 ≤ ‖xn−1 − xn‖2 + θn−1. (5.8)

So, we have limn−→∞ ‖yn−1 − xn‖ = 0. It follows that

‖yn−1 − xn−1‖ ≤ ‖yn−1 − xn‖ + ‖xn − xn−1‖ −→ 0 as n −→ ∞. (5.9)

Similar to the proof of Theorem 4.1, we have

lim
n−→∞ ‖xn−1 − un−1‖ = 0 (5.10)

andωw(xn) ⊂ F . This, together with (5.5) and Lemma 2.4 guarantees the strong convergence of {xn} to P = PF x. From (5.10),
we also have the strong convergence of {un} to p = PF x. This completes the proof. �
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1. Introduction

Let E be a Banach space and let C be a nonempty, closed, and convex subset of E. LetA : C →
E∗ be an operator. The classical variational inequality problem [1] forA is to find x∗ ∈ C such
that

〈
Ax∗, y − x∗

〉 ≥ 0, ∀y ∈ C, (1.1)

where E∗ denotes the dual space of E and 〈·, ·〉 the generalized duality pairing between E

and E∗. The set of all solutions of (1.1) is denoted by V I(A,C). Such a problem is connected
with the convex minimization problem, the complementarity, the problem of finding a point
x∗ ∈ E satisfying 0 = Ax∗, and so on. First, we recall that a mapping A : C → E∗ is said to be
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(i) monotone if 〈Ax −Ay, x − y〉 ≥ 0, for all x, y ∈ C,

(ii) α-inverse-strongly monotone if there exists a positive real number α such that

〈
Ax −Ay, x − y

〉 ≥ α
∥∥Ax −Ay

∥∥2
, ∀x, y ∈ C. (1.2)

In this paper, we assume that the operator A satisfies the following conditions:

(C1) A is α-inverse-strongly monotone,

(C2) ‖Ay‖ ≤ ‖Ay −Au‖ for all y ∈ C and u ∈ V I(A,C).

Let J be the normalized duality mapping from E into 2E
∗
given by

Jx = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖‖x∗‖, ‖x‖ = ‖x∗‖}, ∀x ∈ E. (1.3)

It is well known that if E∗ is uniformly convex, then J is uniformly continuous on bounded
subsets of E. Some properties of the duality mapping are given in [2–4].

Recall that a mapping T : C → C is said to be nonexpansive if

∥∥Tx − Ty
∥∥ ≤ ∥∥x − y

∥∥, ∀x, y ∈ C. (1.4)

If C is a nonempty closed convex subset of a Hilbert space H and PC : H → C is the metric
projection of H onto C, then PC is a nonexpansive mapping. This fact actually characterizes
Hilbert spaces and, consequently, it is not available in more general Banach spaces. In this
connection, Alber [5] recently introduced a generalized projection operator C in a Banach
space E which is an analogue of the metric projection in Hilbert spaces.

Consider the functional φ : E × E → R defined by

φ
(
y, x

)
=
∥∥y∥∥2 − 2

〈
y, Jx

〉
+ ‖x‖2 (1.5)

for all x, y ∈ E, where J is the normalized duality mapping from E to E∗. Observe that,
in a Hilbert space H, (1.5) reduces to φ(y, x) = ‖x − y‖2 for all x, y ∈ H. The generalized
projection ΠC : E → C is a mapping that assigns to an arbitrary point x ∈ E the minimum
point of the functional φ(y, x), that is,ΠCx = x∗, where x∗ is the solution to the minimization
problem:

φ(x∗, x) = inf
y∈C

φ
(
y, x

)
. (1.6)

The existence and uniqueness of the operatorΠC follows from the properties of the functional
φ(y, x) and strict monotonicity of the mapping J (see, e.g., [2, 5–7]). In Hilbert spaces, ΠC =
PC, where PC is the metric projection. It is obvious from the definition of the function φ that

(1) (‖y‖ − ‖x‖)2 � φ(y, x) � (‖y‖ + ‖x‖)2 for all x, y ∈ E,

(2) φ(x, y) = φ(x, z) + φ(z, y) + 2〈x − z, Jz − Jy〉 for all x, y, z ∈ E,

(3) φ(x, y) = 〈x, Jx − Jy〉 + 〈y − x, Jy〉 � ‖x‖‖Jx − Jy‖ + ‖y − x‖‖y‖ for all x, y ∈ E,
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(4) if E is a reflexive, strictly convex, and smooth Banach space, then for all x, y ∈ E,

φ
(
x, y

)
= 0 iff x = y. (1.7)

For more details see [2, 3]. Let C be a closed convex subset of E, and let T be a mapping from
C into itself. We denote by F(T) the set of fixed point of T . A point p in C is said to be an
asymptotic fixed point of T [8] if C contains a sequence {xn}which converges weakly to p such

that limn→∞‖xn − Txn‖ = 0. The set of asymptotic fixed points of T will be denoted by F̂(T).
A mapping T from C into itself is called nonexpansive if ‖Tx − Ty‖ � ‖x − y‖ for all x, y ∈ C

and relatively nonexpansive [9–11] if F̂(T) = F(T) and φ(p, Tx) � φ(p, x) for all x ∈ C

and p ∈ F(T). The asymptotic behavior of relatively nonexpansive mappings which was
studied in [9–11] is of special interest in the convergence analysis of feasibility, optimization,
and equilibrium methods for solving the problems of image processing, rational resource
allocation, and optimal control. The most typical examples in this regard are the Bregman
projections and the Yosida type operators which are the cornerstones of the common fixed
point and optimization algorithms discussed in [12] (see also the references therein).

The mapping T is said to be φ-nonexpansive if φ(Tx, Ty) ≤ φ(x, y) for all x, y ∈ C. T is
said to be quasi-φ-nonexpansive if F(T)/= ∅ and φ(p, Tx) ≤ φ(p, x) for all x ∈ C and p ∈ F(T).

Remark 1.1. The class of quasi-φ-nonexpansive is more general than the class of relatively

nonexpansive mappings [9, 10, 13–15]which requires the strong restriction F̂(T) = F(T).

Next, we give some examples which are closed quasi-φ-nonexpansive [16].

Example 1.2. (1) Let E be a uniformly smooth and strictly convex Banach space and let A
be a maximal monotone mapping from E to E such that its zero set A−10 is nonempty. The
resolvent Jr = (J + rA)−1J is a closed quasi-φ-nonexpansive mapping from E onto D(A) and
F(Jr) = A−10.

(2) Let ΠC be the generalized projection from a smooth, strictly convex, and reflexive
Banach space E onto a nonempty closed convex subset C of E. ThenΠC is a closed and quasi-
φ-nonexpansive mapping from E onto C with F(ΠC) = C.

Iiduka and Takahashi [17] introduced the following algorithm for finding a solution
of the variational inequality for an operator A that satisfies conditions (C1)-(C2) in a 2
uniformly convex and uniformly smooth Banach space E. For an initial point x0 = x ∈ C,
define a sequence {xn} by

xn+1 = ΠCJ
−1(Jxn − λnxn), ∀n ≥ 0. (1.8)

where J is the duality mapping on E, and ΠC is the generalized projection of E onto C.
Assume that λn ∈ [a, b] for some a, b with 0 < a < b < c2α/2 where 1/c is the 2
uniformly convexity constant of E. They proved that if J is weakly sequentially continuous,
then the sequence {xn} converges weakly to some element z in V I(A,C) where z =
limn→∞ΠV I(A,C)(xn).
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The problem of finding a common element of the set of the variational inequalities
for monotone mappings in the framework of Hilbert spaces and Banach spaces has been
intensively studied by many authors; see, for instance, [18–20] and the references cited
therein.

On the other hand, one classical way to study nonexpansive mappings is to use
contractions to approximate a nonexpansive mapping (see [21]). More precisely, let t ∈ (0, 1)
and define a contraction Gt : C → C by Gtx = tx0 + (1 − t)Tx for all x ∈ C, where x0 ∈ C is
a fixed point in C. Applying Banach’s Contraction Principle, there exists a unique fixed point
xt of Gt in C. It is unclear, in general, what is the behavior of xt as t → 0 even if T has a fixed
point. However, in the case of T having a fixed point, Browder [21] proved that the net {xt}
defined by xt = tx0+(1− t)Txt for all t ∈ (0, 1) converges strongly to an element of F(T)which
is nearest to x0 in a real Hilbert space. Motivated by Browder [21], Halpern [22] proposed the
following iteration process:

x0 ∈ C, xn+1 = αnx0 + (1 − αn)Txn, n � 0 (1.9)

and proved the following theorem.

Theorem H. Let C be a bounded closed convex subset of a Hilbert space H and let T be a
nonexpansive mapping on C. Define a real sequence {αn} in [0, 1] by αn = n−θ, 0 < θ < 1. Define a
sequence {xn} by (1.9). Then {xn} converges strongly to the element of F(T) which is the nearest to
u.

Recently, Martinez-Yanes and Xu [23] have adapted Nakajo and Takahashi’s [24] idea
to modify the process (1.9) for a single nonexpansive mapping T in a Hilbert space H:

x0 = x ∈ C chosen arbitrary,

yn = αnx0 + (1 − αn)Txn,

Cn =
{
v ∈ C :

∥∥yn − v
∥∥2 � ‖xn − v‖2 + αn

(
‖x0‖2 + 2〈xn − x0, v〉

)}
,

Qn = {v ∈ C : 〈xn − v, x0 − xn〉 � 0},

xn+1 = PCn∩Qn
x0,

(1.10)

where PC denotes the metric projection ofH onto a closed convex subsetC ofH. They proved
that if {αn} ⊂ (0, 1) and limn→∞αn = 0, then the sequence {xn} generated by (1.10) converges
strongly to PF(T)x.

In [15] (see also [13]), Qin and Su improved the result of Martinez-Yanes and Xu [23]
fromHilbert spaces to Banach spaces. To be more precise, they proved the following theorem.

TheoremQS. Let E be a uniformly convex and uniformly smooth Banach space, let C be a nonempty
closed convex subset of E, and let T : C → C be a relatively nonexpansive mapping. Assume that



Abstract and Applied Analysis 5

{αn} is a sequence in (0, 1) such that limn→∞αn = 0. Define a sequence {xn} in C by the following
algorithm:

x0 = x ∈ C chosen arbitrary,

yn = J−1(αnJx0 + (1 − αn)JTxn),

Cn =
{
v ∈ C : φ

(
v, yn

) ≤ αnφ
(
v, yn

)
+ (1 − αn)φ(v, xn)

}
,

Qn = {v ∈ C : 〈xn − v, Jx0 − Jxn〉 � 0},

xn+1 = ΠCn∩Qn
x0,

(1.11)

where J is the single-valued duality mapping on E. If F(T) is nonempty, then {xn} converges to
ΠF(T)x0.

In [14], Plubtieng and Ungchittrakool introduced the following hybrid projection
algorithm for a pair of relatively nonexpansive mappings:

x0 = x ∈ C chosen arbitrary,

zn = J−1
(
β
(1)
n Jxn + β

(2)
n JTxn + β

(3)
n JSxn

)
,

yn = J−1(αnJx0 + (1 − αn)Jzn),

Hn =
{
z ∈ C : φ

(
z, yn

)
� φ(z, xn) + αn

(
‖x0‖2 + 2〈z, Jxn − Jx〉

)}
,

Wn = {z ∈ C : 〈xn − z, Jx − Jxn〉 � 0},

xn+1 = PHn∩Wn
x, n = 0, 1, 2, . . . ,

(1.12)

where {αn}, {β(1)n }, {β(2)n }, and {β(3)n } are sequences in [0, 1] satisfying β
(1)
n + β

(2)
n + β

(3)
n = 1

for all n ∈ N ∪ {0} and T, S are relatively nonexpansive mappings and J is the single-valued
duality mapping on E. They proved, under appropriate conditions on the parameters, that
the sequence {xn} generated by (1.12) converges strongly to a common fixed point of T and
S.

Very recently, Qin et al. [25] introduced a new hybrid projection algorithm for
two families of quasi-φ-nonexpansive mappings which are more general than relatively
nonexpansive mappings to have strong convergence theorems in the framework of Banach
spaces. To be more precise, they proved the following theorem.

Theorem QCKZ. Let E be a uniformly convex and uniformly smooth Banach space, and let C be
a nonempty closed convex subset of E. Let {Si}i∈I and {Ti}i∈I be two families of closed quasi-φ-
nonexpansive mappings of C into itself with F :=

⋂
i∈IF(Ti) ∩

⋂
i∈IF(Si) being nonempty, where
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I is an index set. Let the sequence {xn} be generated by the following manner:

x0 = x ∈ C chosen arbitrary,

zn,i = J−1
(
β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSixn

)
,

yn,i = J−1(αn,iJx0 + (1 − αn,i)Jzn,i),

Cn,i =
{
u ∈ C : φ

(
u, yn,i

)
� φ(u, xn) + αn,i

(
‖x0‖2 + 2〈u, Jxn − Jxn〉

)}
,

Cn =
⋂
i∈I

Cn,i,

Q0 = C,

Qn = {u ∈ Qn−1 : 〈xn − u, Jx0 − Jxn〉 ≥ 0},
xn+1 = ΠCn∩Qn

x0, n = 0, 1, 2, . . . ,

(1.13)

where J is the duality mapping on E, and {αn,i} and {β(i)n,i} (i = 1, 2, 3, . . .) are sequences in (0, 1)
satisfying

(i) β(1)n,i + β
(2)
n,i + β

(3)
n,i = 1 for all i ∈ I,

(ii) limn→∞αn,i = 0 for all i ∈ I,

(iii) lim infn→∞β
(2)
n,i β

(3)
n,i > 0 and limn→∞β

(1)
n,i = 0 for all i ∈ I.

Then the sequence {xn} converges strongly toΠFx0.

On the other hand, recently, Takahashi et al. [26] introduced the following hybrid
method (1.14)which is different fromNakajo and Takahashi’s [24] hybrid method. It is called
the shrinking projection method. They obtained the following result.

Theorem NT. Let C be a nonempty closed convex subset of a Hilbert space H. Let T be a
nonexpansive mapping of C into H such that F(T)/= ∅ and let x0 ∈ H. For C1 = C and x1 = PC1x0,
define a sequence {xn} of C as follows:

yn = αnxn + (1 − αn)Txn,

Cn+1 =
{
z ∈ Cn :

∥∥yn − z
∥∥ ≤ ‖xn − z‖},

xn+1 = PCn+1x0, ∀n ≥ 0,

(1.14)

where 0 ≤ αn < a < 1 for all n ∈ N. Then {xn} converges strongly to z0 = PF(T)(x0).

Motivated and inspired by Iiduka and Takahashi [17], Martinez-Yanes and Xu [23],
Matsushita and Takahashi [13], Plubtieng and Ungchittrakool [14], Qin and Su [15], Qin et al.
[25], and Takahashi et al. [26], we introduce a new hybrid projection algorithm basing on the
shrinking projection method for two families of quasi-φ-nonexpansive mappings which are
more general than relatively nonexpansive mappings to have strong convergence theorems
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for approximating the common element of the set of common fixed points of two families of
quasi-φ-nonexpansive mappings and the set of solutions of the variational inequality for an
inverse-strongly monotone operator in the framework of Banach spaces. As applications, the
problem of finding a zero point of an inverse-strongly monotone operator and the problem
of finding a solution of the complementarity problem are studied. Our results improve and
extend the corresponding results announced by recent results.

2. Preliminaries

Let E be a real Banach space with duality mapping J . We denote strong convergence of {xn}
to x by xn → x and weak convergence by xn ⇀ x. A multivalued operator T : E → 2E

∗

with domain D(T) and range R(T) is said to be monotone if 〈x1 − x2, y1 − y2〉 ≥ 0 for each
xi ∈ D(T) and yi ∈ Txi, i = 1, 2. A monotone operator T is said to be maximal if its graph
G(T) = {(x, y) : y ∈ Tx} is not properly contained in the graph of any other monotone
operators.

A Banach space E is said to be strictly convex if ‖(x + y)/2‖ < 1 for all x, y ∈ E with
‖x‖ = ‖y‖ = 1 and x /=y. It is said to be uniformly convex if limn→∞‖xn − yn‖ = 0 for any
two sequences {xn}, {yn} in E such that ‖xn‖ = ‖yn‖ = 1 and limn→∞‖(xn + yn)/2‖ = 1. Let
U = {x ∈ E : ‖x‖ = 1} be the unit sphere of E. Then the Banach space E is said to be smooth
provided that

lim
t→ 0

∥∥x + ty
∥∥ − ‖x‖
t

(2.1)

exists for each x, y ∈ U. It is also said to be uniformly smooth if the limit is attained uniformly
for x, y ∈ U. It is well know that if E is smooth, then the duality mapping J is single valued.
It is also known that if E is uniformly smooth, then J is uniformly norm-to-norm continuous
on bounded subset of E. Some properties of the duality mapping are given in [2, 3, 27–29].
We define the function δ : [0, 2] → [0, 1] which is called the modulus of convexity of E as
follows:

δ(ε) = inf

{
1 −

∥∥∥∥x + y

2

∥∥∥∥ : x, y ∈ C, ‖x‖ = ∥∥y∥∥ = 1,
∥∥x − y

∥∥ ≥ ε

}
. (2.2)

Then E is said to be 2 uniformly convex if there exists a constant c > 0 such that constant
δ(ε) > cε2 for all ε ∈ (0, 2]. Constant 1/c is called the 2 uniformly convexity constant of E. A
2 uniformly convex Banach space is uniformly convex; see [30, 31] for more details. We know
the following lemma of 2 uniformly convex Banach spaces.

Lemma 2.1 (see [32, 33]). Let E be a 2 uniformly convex Banach, then for all x, y from any bounded
set of E and jx ∈ Jx, jy ∈ Jy,

〈
x − y, jx − jy

〉 ≥ c2

2

∥∥x − y
∥∥2

, (2.3)

where 1/c is the 2 uniformly convexity constant of E.
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Now we present some definitions and lemmas which will be applied in the proof of
the main result in the next section.

Lemma 2.2 (Kamimura and Takahashi [7]). Let E be a uniformly convex and smooth Banach
space and let {yn}, {zn} be two sequences of E such that either {yn} or {zn} is bounded. If
limn→∞φ(yn, zn) = 0, then limn→∞‖yn − zn‖ = 0.

Lemma 2.3 (Alber [5]). Let C be a nonempty closed convex subset of a smooth Banach space E and
x ∈ E. Then, x0 = ΠCx if and only if 〈x0 − y, Jx − Jx0〉 � 0 for any y ∈ C.

Lemma 2.4 (Alber [5]). Let E be a reflexive, strictly convex, and smooth Banach space, let C be a
nonempty closed convex subset of E, and let x ∈ E. Then

φ
(
y,ΠCx

)
+ φ(ΠCx, x) � φ

(
y, x

)
(2.4)

for all y ∈ C.

Lemma 2.5 (Qin et al. [25]). Let E be a uniformly convex and smooth Banach space, letC be a closed
convex subset of E, and let T be a closed quasi-φ-nonexpansive mapping of C into itself. Then F(T) is
a closed convex subset of C.

Let E be a reflexive strictly convex, smooth, and uniformly Banach space and the
duality mapping from E to E∗. Then J−1 is also single valued, one to one, and surjective, and
it is the duality mapping from E∗ to E. We need the following mapping V which is studied in
Alber [5]:

V (x, x∗) = ‖x‖2 − 2〈x, x∗〉 + ‖x‖2 (2.5)

for all x ∈ E and x∗ ∈ E∗. Obviously, V (x, x∗) = φ(x, J−1(x∗)). We know the following lemma.

Lemma 2.6 (Kamimura and Takahashi [7]). Let E be a reflexive, strictly convex, and smooth
Banach space, and let V be as in (2.5). Then

V (x, x∗) + 2
〈
J−1(x∗) − x, y∗

〉
≤ V

(
x, x∗ + y∗

)
(2.6)

for all x ∈ E and x∗, y∗ ∈ E∗.

Lemma 2.7 (see [34, Lemma 1.4]). Let E be a uniformly convex Banach space and Br(0) = {x ∈
E : ‖x‖ � r} be a closed ball of E. Then there exists a continuous strictly increasing convex function
g : [0,∞) → [0,∞) with g(0) = 0 such that

∥∥λx + μy + γz
∥∥2 � λ‖x‖2 + μ

∥∥y∥∥2 + γ‖z‖2 − λμg
(∥∥x − y

∥∥) (2.7)

for all x, y, z ∈ Br(0) and λ, μ, γ ∈ [0, 1] with λ + μ + γ = 1.
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An operatorA ofC into E∗ is said to be hemicontinuous if, for all x, y ∈ C, the mapping
F of [0, 1) into E∗ defined by F(t) = A(tx + (1 − t)y) is continuous with respect to the weak∗

topology of E∗. We denote by NC(v) the normal cone for C at a point v ∈ C, that is,

NC(v) =
{
x∗ ∈ E∗ :

〈
v − y, x∗

〉 ≥ 0, ∀y ∈ C
}
. (2.8)

Lemma 2.8 (see [35]). Let C be a nonempty closed convex subset of a Banach space E and A a
monotone, hemicontinuous operator of C into E∗. Let T ⊂ E × E∗ be an operator defined as follows:

Tv =

{
Av +NC(v), v ∈ C,

∅, v /∈C.
(2.9)

Then T is maximal monotone and T−10 = V I(A,C).

3. Main Results

In this section, we prove strong convergence theorem which is our main result.

Theorem 3.1. Let E be a 2 uniformly convex and uniformly smooth Banach space, and let C be a
nonempty closed convex subset of E. Let A be an operator of C into E∗ satisfying (C1) and (C2), and
let {Si}i∈I and {Ti}i∈I be two families of closed quasi-φ-nonexpansive mappings of C into itself with
F :=

⋂
i∈IF(Ti) ∩

⋂
i∈IF(Si) ∩ V I(A,C) being nonempty, where I is an index set. Let {xn} be a

sequence generated by the following manner:

x0 ∈ C chosen arbitrary,

C1,i = C, C1 =
∞⋂
i=1

C1,i, x1 = ΠC1(x0) ∀i ∈ I,

wn,i = ΠCJ
−1(Jxn − λn,iAxn),

zn,i = J−1
(
β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSiwn,i

)
,

yn,i = J−1(αn,iJx0 + (1 − αn,i)Jzn,i),

Cn+1,i =
{
u ∈ Cn,i : φ

(
u, yn,i

)
� φ(u, xn) + αn,i

(
‖x0‖2 + 2〈u, Jxn − Jx0〉

)}
,

Cn+1 =
⋂
i∈I

Cn+1,i,

xn+1 = ΠCn+1x0, ∀n ≥ 0,

(3.1)

where J is the duality mapping on E, and {λn,i}, {αn,i}, and {β(j)n,i} (j = 1, 2, 3) are sequences in (0, 1)
satisfying the following conditions:

(i) limn→∞αn,i = 0 for all i ∈ I;

(ii) for all i ∈ I, {λn,i} ⊂ [a, b] for some a, b with 0 < a < b < c2α/2, where 1/c is the 2
uniformly convexity constant of E;
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(iii) β(1)n,i + β
(2)
n,i + β

(3)
n,i = 1 for all i ∈ I and if one of the following conditions is satisfied:

(a) lim infn→∞β
(1)
n,i β

(l)
n,i > 0 for all l = 2, 3 and for all i ∈ I,

(b) lim infn→∞β
(2)
n,i β

(3)
n,i > 0 and limn→∞β

(1)
n,i = 0 for all i ∈ I.

Then the sequence {xn} converges strongly to ΠFx0, where ΠF is the generalized projection from C

onto F.

Proof. We divide the proof into six steps.

Step 1. Show that ΠFx0 and ΠCn+1x0 are well defined.
To this end, we prove first that F is closed and convex. It is obvious that V I(A,C) is a

closed convex subset of C. By Lemma 2.5, we know that
⋂

i∈IF(Ti) ∩
⋂

i∈IF(Si) is closed and
convex. Hence F :=

⋂
i∈IF(Ti)∩

⋂
i∈IF(Si)∩V I(A,C) is a nonempty, closed, and convex subset

of C. Consequently, ΠFx0 is well defined.
We next show thatCn+1 is convex for each n ≥ 0. From the definition ofCn, it is obvious

that Cn is closed for each n ≥ 0. Notice that

Cn+1,i =
{
u ∈ Cn,i : φ

(
u, yn,i

) ≤ φ(u, xn) + αn,i

(
‖x0‖2 + 2〈u, Jxn − Jx0〉

)}
(3.2)

is equivalent to

C′
n+1,i =

{
u ∈ Cn,i : 2

〈
u, Jxn − Jyn,i

〉 − 2αn,i〈u, Jxn − Jx0〉 ≤ ‖xn‖2 −
∥∥yn,i

∥∥2 + αn,i‖x0‖2
}
.

(3.3)

It is easy to see that C′
n+1,i is closed and convex for all n ≥ 0 and i ∈ I. Therefore, Cn+1 =⋂

i∈ICn+1,i =
⋂

i∈IC
′
n+1,i is closed and convex for every n ≥ 0. This shows that ΠCn+1x0 is well

defined.

Step 2. Show that F :=
⋂

i∈IF(Ti) ∩
⋂

i∈IF(Si) ∩ V I(A,C) ⊂ Cn for all n ≥ 0.
Put vn,i = J−1(Jxn − λn,iAxn). We have to show that F ⊂ Cn for all n ≥ 0. For all u ∈ F,

we know from Lemmas 2.4 and 2.6 that

φ(u,wn,i) = φ(u,ΠCvn,i)

≤ φ(u, vn,i)

= φ
(
u, J−1(Jxn − λn,iAxn)

)
= V (u, Jxn − λn,iAxn)

≤ V (u, (Jxn − λn,iAxn) + λn,iAxn) − 2
〈
J−1(Jxn − λn,iAxn) − u, λn,iAxn

〉
= V (u, Jxn) − 2λn,i〈vn,i − u,Axn〉
= φ(u, xn) − 2λn,i〈xn − u,Axn〉 + 2〈vn,i − xn,−λn,iAxn〉.

(3.4)
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Since u ∈ V I(A,C) and from condition (C1), we have

−2λn,i〈xn − u,Axn〉 = −2λn,i〈xn − u,Axn −Au〉 − 2λn,i〈xn − u,Au〉

≤ −2αλn,i‖Axn −Au‖2.
(3.5)

From Lemma 2.1, and condition (C2), we also have

2〈vn,i − xn,−λn,iAxn〉 = 2
〈
J−1(Jxn − λn,iAxn) − J−1(Jxn),−λn,iAxn

〉
≤ 2

∥∥∥J−1(Jxn − λn,iAxn) − J−1(Jxn)
∥∥∥‖λn,iAxn‖

≤ 4

c2

∥∥∥JJ−1(Jxn − λn,iAxn) − JJ−1(Jxn)
∥∥∥‖λn,iAxn‖

=
4

c2
‖(Jxn − λn,iAxn) − (Jxn)‖‖λn,iAxn‖

≤ 4

c2
λ2n,i‖Axn‖2

≤ 4

c2
λ2n,i‖Axn −Au‖2.

(3.6)

Subtituting (3.6) and (3.5) into (3.4) and using the assumption (ii), we obtain

φ(u,wn,i) ≤ φ(u, xn) − 2αλn,i‖Axn −Au‖2 + 4

c2
λ2n,i‖Axn −Au‖2.

≤ φ(u, xn) + 2λn,i

(
2

c2
λn,i − α

)
‖Axn −Au‖2

≤ φ(u, xn).

(3.7)

It follows from the convexity of ‖ · ‖2 and (3.7) that

φ(u, zn,i) = φ
(
u, J−1

(
β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSiwn,i

))
= ‖u‖2 − 2

〈
u, β

(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSiwn,i

〉
+
∥∥∥β(1)n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSiwn,i

∥∥∥2

≤ ‖u‖2 − 2β
(1)
n,i 〈u, Jxn〉 − 2β

(2)
n,i 〈u, JTixn〉 − 2β

(2)
n,i 〈u, JSiwn,i〉

+ β
(1)
n,i ‖Jxn‖2 + β

(2)
n,i ‖JTixn‖2 + β

(3)
n,i ‖JSiwn,i‖2
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= β
(1)
n,i φ(u, xn) + β

(2)
n,i φ(u, Tixn) + β

(3)
n,i φ(u, Siwn,i)

≤ β
(1)
n,i φ(u, xn) + β

(2)
n,i φ(u, xn) + β

(3)
n,i φ(u,wn,i)

≤ φ(u, xn),

(3.8)

and hence

φ
(
u, yn,i

)
= φ

(
u, J−1(αn,iJx0 + (1 − αn,i)Jzn,i)

)
= ‖u‖2 − 2〈u, αn,iJx0 + (1 − αn,i)Jzn,i〉 + ‖αn,iJx0 + (1 − αn,i)Jzn,i‖2

≤ ‖u‖2 − 2αn,i〈u, Jx0〉 − 2(1 − αn,i)〈u, Jzn,i〉 + αn,i‖x0‖2 + (1 − αn,i)‖zn,i‖2

≤ αn,iφ(u, x0) + (1 − αn,i)φ(u, zn,i)

≤ αn,iφ(u, x0) + (1 − αn,i)φ(u, xn)

= φ(u, xn) + αn,i

[
φ(u, x0) − φ(u, xn)

]
≤ φ(u, xn) + αn,i

(
‖x0‖2 + 2〈u, Jxn − Jx0〉

)
.

(3.9)

This show that u ∈ Cn+1,i for each i ∈ I. That is, u ∈ Cn =
⋂

i∈ICn,i for all n ≥ 0. This show that

F :=
⋂
i∈I

F(Ti) ∩
⋂
i∈I

F(Si) ∩ V I(A,C) ⊂ Cn, ∀n ≥ 0. (3.10)

Step 3. Show that limn→∞φ(xn, x0) exists.
We note that Cn+1,i ⊂ Cn,i for all n ≥ 0 and for all i ∈ I. Hence

Cn+1 =
⋂
i∈I

Cn+1,i ⊂ Cn =
⋂
i∈I

Cn,i. (3.11)

From xn+1 = ΠCn+1x0 ∈ Cn+1 ⊂ Cn and xn = ΠCn
x0 ∈ Cn, we have

φ(xn, x0) ≤ φ(xn+1, x0), ∀n ≥ 1. (3.12)

This shows that {φ(xn, x0)} is nondecreasing. On the other hand, from Lemma 2.4, we have

φ(xn, x0) = φ(ΠCn
x0, x0) ≤ φ(w,x0) − φ(w,xn) ≤ φ(w,x0) (3.13)

for each w ∈ F ⊂ Cn. This show that {φ(xn, x0)} is bounded. Consequently, limn→∞φ(xn, x0)
exists.

Step 4. Show that {xn} is a convergent sequence in C.
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Since xm = ΠCm
x0 ∈ Cn for any m ≥ n. It follows that

φ(xm, xn) = φ(xm,ΠCn
x0)

≤ φ(xm, x0) − φ(ΠCn
x0, x0)

= φ(xm, x0) − φ(xn, x0).

(3.14)

Letting m,n → ∞ in (3.14), we have φ(xm, xn) → 0. It follows from Lemma 2.2 that

lim
m,n→∞

‖xm − xn‖ = 0. (3.15)

Hence {xn} is a Cauchy sequence in C. By the completeness of E and the closedness of C, we
can assume that

xn −→ p ∈ C as n −→ ∞. (3.16)

Step 5. We show that p ∈ F :=
⋂

i∈IF(Ti) ∩
⋂

i∈IF(Si) ∩ V I(A,C).
(I)We first show that p ∈ ⋂i∈IF(Ti) ∩

⋂
i∈IF(Si). Takingm = n + 1 in (3.14), one arrives

that

lim
n→∞

φ(xn+1, xn) = 0. (3.17)

From Lemma 2.2, we obtain

lim
n→∞

‖xn+1 − xn‖ = 0. (3.18)

Noticing that xn+1 = ΠCn+1x0, from the definition of Cn,i for every i ∈ I, we obtain

φ
(
xn+1, yn,i

)
� φ(xn+1, xn) + αn,i

(
‖x0‖2 + 2〈u, Jxn − Jx0〉

)
. (3.19)

It follows from (3.17) and limn→∞αn,i = 0 and the fact that {Jxn} is bounded that

lim
n→∞

φ
(
xn+1, yn,i

)
= 0, ∀i ∈ I. (3.20)

From Lemma 2.2, we obtain

lim
n→∞

∥∥xn+1 − yn,i

∥∥ = 0, ∀i ∈ I. (3.21)

It follows from (3.18) that

lim
n→∞

∥∥xn − yn,i

∥∥ = 0, ∀i ∈ I. (3.22)
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Since J is uniformly norm-to-norm continuity on bounded sets, for every i ∈ I, one has

lim
n→∞

∥∥Jxn − Jyn,i

∥∥ = lim
n→∞

‖Jxn+1 − Jxn‖ = 0, ∀i ∈ I. (3.23)

For every i ∈ I, we obtain from the properties of φ that

φ(zn,i, xn) = φ
(
zn,i, yn,i

)
+ φ

(
yn,i, xn

)
+ 2

〈
zn,i − yn,i, Jyn,i − Jxn

〉
≤ φ

(
zn,i, yn,i

)
+ φ

(
yn,i, xn

)
+ 2

∥∥zn,i − yn,i

∥∥∥∥Jyn,i − Jxn

∥∥. (3.24)

On the other hand, for all i ∈ I, we have

φ
(
zn,i, yn,i

)
= ‖zn,i‖2 − 2〈zn,i, αn,iJx0 + (1 − αn,i)Jzn,i〉 + ‖αn,iJx0 + (1 − αn,i)Jzn,i‖2

≤ ‖zn,i‖2 − 2αn,i〈zn,i, Jx0〉 − 2(1 − αn,i)〈zn,i, Jzn,i〉 + αn,i‖x0‖2 + (1 − αn,i)‖zn,i‖2

= αn,i

(
‖zn,i‖2 − 2〈zn,i, Jx0〉 + ‖x0‖2

)
= αn,iφ(zn,i, x0).

(3.25)

It follows form (ii) that

lim
n→∞

φ
(
zn,i, yn,i

)
= 0, ∀i ∈ I. (3.26)

Notice that

φ
(
yn,i, xn

)
=
∥∥yn,i

∥∥2 − 2
〈
yn,i, Jxn

〉
+ ‖xn‖2

=
∥∥yn,i

∥∥2 − 2
〈
yn,i, Jxn

〉
+ ‖xn‖2 + ‖xn+1‖2 − ‖xn+1‖2

− 2〈xn+1, Jyn,i〉 + 2
〈
xn+1, Jyn,i

〉
= φ

(
xn+1, yn,i

) − 2〈yn,i, Jxn〉 + ‖xn‖2 − ‖xn+1‖2 + 2
〈
xn+1, Jyn,i

〉
= φ

(
xn+1, yn,i

)
+ (‖xn − xn+1‖)(‖xn‖ + ‖xn+1‖)

− 2
〈
yn,i, Jxn − Jyn,i

〉 − 2〈yn,i, Jyn,i〉 + 2
〈
xn+1, Jyn,i

〉
= φ

(
xn+1, yn,i

)
+ (‖xn − xn+1‖)(‖xn‖ + ‖xn+1‖)

+ 2
〈
yn,i, Jyn,i − Jxn

〉
+ 2

〈
xn+1 − yn,i, Jyn,i

〉
≤ φ

(
xn+1, yn,i

)
+ (‖xn − xn+1‖)(‖xn‖ + ‖xn+1‖)

+ 2
∥∥yn,i

∥∥∥∥Jyn,i − Jxn

∥∥ + 2
∥∥xn+1 − yn,i

∥∥∥∥Jyn,i

∥∥.

(3.27)

Applying (3.18), (3.20), (3.21), and (3.23) to the last inequality, we obtain

lim
n→∞

φ
(
yn,i, xn

)
= 0, ∀i ∈ I. (3.28)
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Combining (3.26) with (3.28) in (3.24), we have

lim
n→∞

φ(zn,i, xn) = 0, ∀i ∈ I. (3.29)

From Lemma 2.2, we have

lim
n→∞

‖zn,i − xn‖ = 0, ∀i ∈ I. (3.30)

Since J is uniformly norm-to-norm continuity on bounded sets, for every i ∈ I, one has

lim
n→∞

‖Jzn,i − Jxn‖ = 0, ∀i ∈ I. (3.31)

Let r = supn≥1{‖xn‖, ‖Tixn‖, ‖Sixn‖} for every i ∈ I. Therefore Lemma 2.7 implies that there
exists a continuous strictly increasing convex function g : [0,∞) → [0,∞) satisfying g(0) = 0
and (2.7).

Case I. Assume that (a) holds. Applying (2.7), we can calculate

φ(u, zn,i) = φ
(
u, J−1

(
β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSiwn,i

))
= ‖u‖2 − 2

〈
u, β

(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSiwn,i

〉
+
∥∥∥β(1)n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSiwn,i

∥∥∥2

≤ ‖u‖2 − 2β
(1)
n,i 〈u, Jxn〉 − 2β

(2)
n,i 〈u, JTixn〉 − 2β

(2)
n,i 〈u, JSiwn,i〉

+ β
(1)
n,i ‖xn‖2 + β

(2)
n,i ‖Tixn‖2 + β

(3)
n,i ‖Siwn,i‖2 − β

(1)
n,i β

(2)
n,i g(‖Jxn − JTixn‖)

= β
(1)
n,i φ(u, xn) + β

(2)
n,i φ(u, Tixn) + β

(3)
n,i φ(u, Siwn,i) − β

(1)
n,i β

(2)
n,i g(‖Jxn − JTixn‖)

≤ β
(1)
n,i φ(u, xn) + β

(2)
n,i φ(u, xn) + β

(3)
n,i φ(u,wn,i) − β

(1)
n,i β

(2)
n,i g(‖Jxn − JTixn‖)

≤ β
(1)
n,i φ(u, xn) + β

(2)
n,i φ(u, xn) + β

(3)
n,i φ(u, xn) − β

(1)
n,i β

(2)
n,i g(‖Jxn − JTixn‖)

= φ(u, xn) − β
(1)
n,i β

(2)
n,i g(‖Jxn − JTixn‖).

(3.32)

This implies that

β
(1)
n,i β

(2)
n,i g(‖Jxn − JTixn‖) ≤ φ(u, xn) − φ(u, zn,i), ∀i ∈ I. (3.33)

On the other hand, for every i ∈ I, one has

φ(u, xn) − φ(u, zn,i) = ‖xn‖2 − ‖zn,i‖2 − 2〈u, Jxn − Jzn,i〉
≤ ‖xn − zn,i‖(‖xn‖ + ‖zn,i‖) + 2‖u‖‖Jxn − Jzn,i‖.

(3.34)
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It follows from (3.30) and (3.31) that

φ(u, xn) − φ(u, zn,i) −→ 0 as n −→ ∞, ∀i ∈ I. (3.35)

Applying lim infn→∞β
(1)
n,i β

(2)
n,i > 0 and (3.35) in (3.33) we get

g(‖Jxn − JTixn‖) −→ 0 as n −→ ∞, ∀i ∈ I. (3.36)

It follows from the property of g that

‖Jxn − JTixn‖ −→ 0 as n −→ ∞, ∀i ∈ I. (3.37)

Since J−1 is also uniformly norm-to-norm continuity on bounded sets, for every i ∈ I, one has

lim
n→∞

‖xn − Tixn‖ = 0, ∀i ∈ I. (3.38)

In a similar way, one has

lim
n→∞

‖xn − Siwn,i‖ = 0, ∀i ∈ I. (3.39)

On the other hand, we observe from (3.7) that

φ(u, zn,i) = φ
(
u, J−1

(
β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSiwn,i

))
= ‖u‖2 − 2

〈
u, β

(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSiwn,i

〉
+
∥∥∥β(1)n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSiwn,i

∥∥∥2

≤ ‖u‖2 − 2β
(1)
n,i 〈u, Jxn〉 − 2β

(2)
n,i 〈u, JTixn〉 − 2β

(2)
n,i 〈u, JSiwn,i〉

+ β
(1)
n,i ‖Jxn‖2 + β

(2)
n,i ‖JTixn‖2 + β

(3)
n,i ‖JSiwn,i‖2 − β

(1)
n,i β

(2)
n,i g(‖Jxn − JTixn‖)

= β
(1)
n,i φ(u, xn) + β

(2)
n,i φ(u, Tixn) + β

(3)
n,i φ(u, Siwn,i) − β

(1)
n,i β

(2)
n,i g(‖Jxn − JTixn‖)

≤ β
(1)
n,i φ(u, xn) + β

(2)
n,i φ(u, xn) + β

(3)
n,i φ(u,wn,i) − β

(1)
n,i β

(2)
n,i g(‖Jxn − JTixn‖)

≤ β
(1)
n,i φ(u, xn) + β

(2)
n,i φ(u, xn) + β

(3)
n,i

[
φ(u, xn) + 2λn,i

(
2

c2
λn,i − α

)
‖Axn −Au‖2

]

= φ(u, xn) + 2β
(3)
n,i λn,i

(
2

c2
λn,i − α

)
‖Axn −Au‖2.

(3.40)
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Hence

2a

(
α − 2

c2
b

)
‖Axn −Au‖2 ≤ φ(u, xn) − φ(u, zn,i). (3.41)

Using (3.35), we can conclude that

lim
n→∞

‖Axn −Au‖ = 0, ∀i ∈ I. (3.42)

From (3.6), we can calculate

φ(xn,wn,i) = φ(xn,ΠCvn,i)

≤ φ(xn, vn,i)

= φ
(
xn, J

−1(Jxn − λn,iAxn)
)

= V (xn, Jxn − λn,iAxn)

≤ V (xn, (Jxn − λn,iAxn) + λn,iAxn)

− 2
〈
J−1(Jxn − λn,iAxn) − u, λn,iAxn

〉
= V (xn, Jxn) + 2〈vn,i − xn,−λn,iAxn〉
= φ(xn, xn) + 2〈vn,i − xn,−λn,iAxn〉
= 2〈vn,i − xn,−λn,iAxn〉

≤ 4

c2
λ2n,i‖Axn −Au‖.

(3.43)

It follows from (3.42) and the fact that {λn,i} is bounded that

lim
n→∞

φ(xn,wn,i) = 0, ∀i ∈ I. (3.44)

From Lemma 2.2, we have

lim
n→∞

‖xn −wn,i‖ = 0, ∀i ∈ I. (3.45)

Hence wn,i → p as n → ∞ for each i ∈ I. From (3.39) and (3.45), we have

lim
n→∞

‖wn,i − Siwn,i‖ = 0, ∀i ∈ I. (3.46)

The closedness of Ti and Si implies that p ∈ ⋂i∈IF(Ti) ∩
⋂

i∈IF(Si).
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Case II. Assume that (b) holds. We observe that

φ(u, zn,i) = φ
(
u, J−1

(
β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSiwn,i

))
= ‖u‖2 − 2〈u, β(1)n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSiwn,i〉

+
∥∥∥β(1)n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSiwn,i

∥∥∥2

≤ ‖u‖2 − 2β
(1)
n,i 〈u, Jxn〉 − 2β

(2)
n,i 〈u, JTixn〉 − 2β

(2)
n,i 〈u, JSiwn,i〉

+ β
(1)
n,i ‖Jxn‖2 + β

(2)
n,i ‖JTixn‖2 + β

(3)
n,i ‖JSiwn,i‖2 − β

(2)
n,i β

(3)
n,i g(‖JSiwn,i − JTixn‖)

= β
(1)
n,i φ(u, xn) + β

(2)
n,i φ(u, Tixn) + β

(3)
n,i φ(u, Siwn,i) − β

(2)
n,i β

(3)
n,i g(‖JSiwn,i − JTixn‖)

≤ β
(1)
n,i φ(u, xn) + β

(2)
n,i φ(u, xn) + β

(3)
n,i φ(u,wn,i) − β

(2)
n,i β

(3)
n,i g(‖JSiwn,i − JTixn‖)

≤ β
(1)
n,i φ(u, xn) + β

(2)
n,i φ(u, xn) + β

(3)
n,i φ(u, xn) − β

(2)
n,i β

(3)
n,i g(‖JSiwn,i − JTixn‖)

= φ(u, xn) − β
(2)
n,i β

(3)
n,i g(‖JSiwn,i − JTixn‖).

(3.47)

This implies that

β
(2)
n,i β

(3)
n,i g(‖JSiwn,i − JTixn‖) ≤ φ(u, xn) − φ(u, zn,i), ∀i ∈ I. (3.48)

On the other hand, for every i ∈ I, one has

φ(u, xn) − φ(u, zn,i) = ‖xn‖2 − ‖zn,i‖2 − 2〈u, Jxn − Jzn,i〉
≤ ‖xn − zn,i‖(‖xn‖ + ‖zn,i‖) + 2‖u‖‖Jxn − Jzn,i‖.

(3.49)

It follows from (3.30) and (3.31) that

φ(u, xn) − φ(u, zn,i) −→ 0 as n −→ ∞, ∀i ∈ I. (3.50)

Applying lim infn→∞β
(2)
n,i β

(3)
n,i > 0 and (3.50)we get

g(‖JSiwn,i − JTixn‖) −→ 0 as n −→ ∞, ∀i ∈ I. (3.51)

It follows from the property of g that

‖JSiwn,i − JTixn‖ −→ 0 as n −→ ∞, ∀i ∈ I. (3.52)



Abstract and Applied Analysis 19

Since J−1 is also uniformly norm-to-norm continuity on bounded sets, for every i ∈ I, one has

lim
n→∞

‖Tixn − Siwn,i‖ = 0, ∀i ∈ I. (3.53)

On the other hand, we can calculate

φ(Tixn, zn,i) = φ
(
Tixn, J

−1
(
β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSiwn,i

))
= ‖Tixn‖2 − 2

〈
Tixn, β

(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSiwn,i

〉
+
∥∥∥β(1)n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSiwn,i)

∥∥∥2

≤ ‖Tixn‖2 − 2β
(1)
n,i 〈Tixn, Jxn〉 − 2β

(2)
n,i 〈Tixn, JTixn〉 − 2β

(3)
n,i 〈Tixn, JSiwn,i〉

+ β
(1)
n,i ‖xn‖2 + β

(2)
n,i ‖Tixn‖2 + β

(3)
n,i ‖Siwn,i‖2

≤ β
(1)
n,i φ(Tixn, xn) + β

(3)
n,i φ(Tixn, Siwn,i).

(3.54)

Observe that

φ(Tixn, Siwn,i) = ‖Tixn‖2 − 2〈Tixn, JSiwn,i〉 + ‖Siwn,i‖2

= ‖Tixn‖2 − 2〈Tixn, JTixn〉 + 2〈Tixn, JTixn − JSiwn,i〉 + ‖Siwn,i‖2

≤ ‖Siwn,i‖2 − ‖Tixn‖2 + 2‖Tixn‖‖JTixn − JSiwn,i‖

≤ ‖Siwn,i − Tixn‖(‖Siwn,i‖ + ‖Tixn‖) + 2‖Tixn‖‖JTixn − JSiwn,i‖.

(3.55)

It follows from (3.52) and (3.53) that

lim
n→∞

φ(Tixn, Siwn,i) = 0, ∀i ∈ I. (3.56)

Applying limn→∞β
(1)
n,i = 0 and (3.56) and the fact that {φ(Tixn, xn)} is bounded to (3.54), we

obtain

lim
n→∞

φ(Tixn, zn,i) = 0, ∀i ∈ I. (3.57)

From Lemma 2.2, one obtains

lim
n→∞

‖Tixn − zn,i‖ = 0, ∀i ∈ I. (3.58)
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We observe that

‖Tixn − xn‖ ≤ ‖Tixn − zn,i‖ + ‖zn,i − xn‖. (3.59)

It follows from (3.30) and (3.58) that

lim
n→∞

‖Tixn − xn‖ = 0, ∀i ∈ I. (3.60)

By the same proof as in Case I, we obtain that

lim
n→∞

‖xn −wn,i‖ = 0, ∀i ∈ I. (3.61)

Hence wn,i → p as n → ∞ for each i ∈ I and

lim
n→∞

‖Jxn − Jwn,i‖ = 0, ∀i ∈ I. (3.62)

Combining (3.53), (3.60), and (3.61), we also have

lim
n→∞

‖Siwn,i −wn,i‖ = 0, ∀i ∈ I. (3.63)

It follows from the closedness of Ti and Si that p ∈
⋂

i∈IF(Ti) ∩
⋂

i∈IF(Si).

(II) Now, we show that p ∈ V I(A,C).
Let T ⊂ E × E∗ be an operator defined by

Tv =

⎧⎨⎩Av +NC(v), v ∈ C,

∅, v /∈C.
(3.64)

By Lemma 2.8, we have that T is maximal monotone and T−10 = V I(A,C). Let (v,w) ∈ G(T).
Since w ∈ Tv = Av +NC(v), we obtain that w −Av ∈ NC(v). From xn = ΠCn

x0 ⊂ Cn ⊂ C, we
have

〈v − xn,w −Av〉 ≥ 0. (3.65)

Since A is α-inverse strongly monotone, we can calculate

〈v − xn,w〉 ≥ 〈v − xn,Av〉
= 〈v − xn,Av −Axn〉 + 〈v − xn,Axn〉
≥ 〈v − xn,Axn〉.

(3.66)
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From wn,i = ΠCJ
−1(Jxn − λn,iAxn) and by Lemma 2.3, we have

〈v −wn,i, Jwn,i − Jxn − λn,iAxn〉 ≥ 0. (3.67)

This implies that

〈
v −wn,i,

Jxn − Jwn,i

λn,i
−Axn

〉
≤ 0. (3.68)

Since A is α-inverse strongly monotone, we have also that A is 1/α-Lipschitzian. Hence

〈v − xn,w〉 ≥ 〈v − xn,Axn〉 +
〈
v −wn,i,

Jxn − Jwn,i

λn,i
−Axn

〉

= 〈v −wn,i, Axn〉 + 〈wn,i − xn,Axn〉

− 〈v −wn,i, Axn〉 +
〈
v −wn,i,

Jxn − Jwn,i

λn,i

〉

= 〈wn,i − xn,Axn〉 +
〈
v −wn,i,

Jxn − Jwn,i

λn,i

〉

≥ −‖wn,i − xn‖‖Axn‖ − ‖v −wn,i‖
∥∥∥∥Jxn − Jwn,i

a

∥∥∥∥

(3.69)

for all n ≥ 0. By Taking the limit as n → ∞ and by (3.61) and (3.62), we obtain 〈v − p,w〉 ≥ 0.
By the maximality of T we obtain p ∈ T−10 and hence p ∈ V I(A,C). Hence p ∈ F.

Step 6. Finally, we show that p = ΠFx0.
From xn = ΠCn

x0, we have

〈Jx0 − Jxn, xn − z〉 ≥ 0, ∀z ∈ Cn. (3.70)

Since F ⊂ Cn, we also have

〈Jx0 − Jxn, xn − u〉 ≥ 0, ∀u ∈ F. (3.71)

By taking limit in (3.71), we obtain that

〈Jx0 − Jp, p − u〉 ≥ 0, ∀u ∈ F. (3.72)

By Lemma 2.3, we can conclude that p = ΠFx0. This completes the proof.
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Remark 3.2. Theorem 3.1 improves and extends main results of Iiduka and Takahashi [17],
Martinez-Yanes and Xu [23], Matsushita and Takahashi [13], Plubtieng and Ungchittrakool
[14], Qin and Su [15], and Qin et al. [25] because it can be applied to solving the problem of
finding the common element of the set of common fixed points of two families of quasi-φ-
nonexpansive mappings and the set of solutions of the variational inequality for an inverse-
strongly monotone operator.

4. Applications

From Theorem 3.1 we can obtain some new and interesting strong convergence theorems.
Now we give some examples as follows.

If β
(1)
n,i = 0 for all n ≥ 0, Ti = Si for all i ∈ I and A = 0 in Theorem 3.1, then we have the

following result.

Corollary 4.1. Let E be a uniformly convex and uniformly smooth Banach space, and let C be a
nonempty closed convex subset of E. Let {Ti}i∈I be a family of closed quasi-φ-nonexpansive mappings
of C into itself with F :=

⋂
i∈IF(Ti) being nonempty, where I is an index set. Let {xn} be a sequence

generated by the following manner:

x0 ∈ C chosen arbitrary,

C1,i = C, C1 =
∞⋂
i=1

C1,i, x1 = ΠC1(x0) ∀i ∈ I,

yn,i = J−1(αn,iJx0 + (1 − αn,i)JTixn),

Cn+1,i =
{
u ∈ Cn,i : φ

(
u, yn,i

)
� φ(u, xn) + αn,i

(
‖x0‖2 + 2〈u, Jxn − Jx0〉

)}
,

Cn+1 =
⋂
i∈I

Cn+1,i,

xn+1 = ΠCn+1x0, ∀n ≥ 0,

(4.1)

where J is the duality mapping on E, and {αn,i} is a sequence in (0, 1) such that lim supn→∞αn,i =
0, for all i ∈ I. Then the sequence {xn} converges strongly to ΠFx0, where ΠF is the generalized
projection from C onto F.

Nowwe consider the problem of finding a zero point of an inverse-strongly monotone
operator of E into E∗. Assume that A satisfies the following conditions:

(C1) A is α-inverse-strongly monotone,

(C2) A−10 = {u ∈ E : Au = 0}/= ∅.

Corollary 4.2. Let E be a 2 uniformly convex and uniformly smooth Banach space. Let A be an
operator of E into E∗ satisfying (C1) and (C2), and let {Si}i∈I and {Ti}i∈I be two families of closed
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quasi-φ-nonexpansive mappings of E into itself with F :=
⋂

i∈IF(Ti) ∩
⋂

i∈IF(Si) ∩ A−10 being
nonempty, where I is an index set. Let {xn} be a sequence generated by the following manner:

x0 ∈ E chosen arbitrary,

C1,i = E, C1 =
∞⋂
i=1

C1,i, x1 = ΠC1(x0) ∀i ∈ I,

wn,i = J−1(Jxn − λn,iAxn),

zn,i = J−1
(
β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSiwn,i

)
,

yn,i = J−1(αn,iJx0 + (1 − αn,i)Jzn,i),

Cn+1,i =
{
u ∈ Cn,i : φ

(
u, yn,i

)
� φ(u, xn) + αn,i

(
‖x0‖2 + 2〈u, Jxn − Jx0〉

)}
,

Cn+1 =
⋂
i∈I

Cn+1,i,

xn+1 = ΠCn+1x0, ∀n ≥ 0,

(4.2)

where J is the duality mapping on E, and {λn,i}, {αn,i}, and {β(j)n,i} (j = 1, 2, 3) are sequences in (0, 1)
such that

(i) limn→∞αn,i = 0 for all i ∈ I;

(ii) for all i ∈ I, {λn,i} ⊂ [a, b] for some a, b with 0 < a < b < c2α/2, where 1/c is the 2
uniformly convexity constant of E;

(iii) β(1)n,i + β
(2)
n,i + β

(3)
n,i = 1 for all i ∈ I and if one of the following conditions is satisfied:

(a) lim infn→∞β
(1)
n,i β

(l)
n,i > 0 for all l = 2, 3 and for all i ∈ I,

(b) lim infn→∞β
(2)
n,i β

(3)
n,i > 0 and limn→∞β

(1)
n,i = 0 for all i ∈ I.

Then the sequence {xn} converges strongly to ΠFx0, where ΠF is the generalized projection from C

onto F.

Proof. Setting C = E in Theorem 3.1, we get that ΠE is the identity mapping, that is, ΠEx = x

for all x ∈ E. We also have V I(A,E) = A−10. From Theorem 3.1, we can obtain the desired
conclusion easily.

Let X be a nonempty closed convex cone in E, and let A be an operator from X into
E∗. We define its polar in E∗ to be the set

X∗ =
{
y∗ ∈ E∗ : 〈x, y∗〉 ≥ 0 ∀x ∈ X

}
. (4.3)

Then an element x in X is called a solution of the complementarity problem if

Ax ∈ X∗, 〈x,Ax〉 = 0. (4.4)
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The set of all solutions of the complementarity problem is denoted by CP(A,X). Several
problems arising in different fields, such as mathematical programming, game theory,
mechanics, and geometry, are to find solutions of the complementarity problems.

Corollary 4.3. Let E be a 2 uniformly convex and uniformly smooth Banach space, and let X be a
nonempty closed convex subset of E. Let A be an operator of X into E∗ satisfying (C1) and (C2), and
let {Si}i∈I and {Ti}i∈I be two families of closed quasi-φ-nonexpansive mappings of X into itself with
F :=

⋂
i∈IF(Ti) ∩

⋂
i∈IF(Si) ∩ CP(A,X) being nonempty, where I is an index set. Let {xn} be a

sequence generated by the following manner:

x0 ∈ X chosen arbitrary,

C1,i = X, C1 =
∞⋂
i=1

C1,i, x1 = ΠC1(x0) ∀i ∈ I,

wn,i = ΠXJ
−1(Jxn − λn,iAxn),

zn,i = J−1
(
β
(1)
n,i Jxn + β

(2)
n,i JTixn + β

(3)
n,i JSiwn,i

)
,

yn,i = J−1(αn,iJx0 + (1 − αn,i)Jzn,i),

Cn+1,i =
{
u ∈ Cn,i : φ

(
u, yn,i

)
� φ(u, xn) + αn,i

(
‖x0‖2 + 2〈u, Jxn − Jx0〉

)}
,

Cn+1 =
⋂
i∈I

Cn+1,i,

xn+1 = ΠCn+1x0, ∀n ≥ 0,

(4.5)

where J is the duality mapping on E, and {λn,i}, {αn,i}, and {β(j)n,i} (j = 1, 2, 3) are sequences in (0, 1)
such that

(i) limn→∞αn,i = 0 for all i ∈ I;

(ii) for all i ∈ I, {λn,i} ⊂ [a, b] for some a, b with 0 < a < b < c2α/2, where 1/c is the 2
uniformly convexity constant of E;

(iii) β(1)n,i + β
(2)
n,i + β

(3)
n,i = 1 for all i ∈ I and if one of the following conditions is satisfied:

(a) lim infn→∞β
(1)
n,i β

(l)
n,i > 0 for all l = 2, 3 and for all i ∈ I,

(b) lim infn→∞β
(2)
n,i β

(3)
n,i > 0 and limn→∞β

(1)
n,i = 0 for all i ∈ I.

Then the sequence {xn} converges strongly to ΠFx0, where ΠF is the generalized projection from C

onto F.

Proof. From [29, Lemma 7.1.1], we have V I(A,X) = CP(A,X). From Theorem 3.1, we can
obtain the desired conclusion easily.
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We consider a hybrid projection algorithm basing on the shrinking projection method for two
families of relatively weak quasi-nonexpansive mappings. We establish strong convergence
theorems for approximating the common fixed point of the set of the common fixed points of such
two families and the set of solutions of the variational inequality for an inverse-strongly monotone
operator in the framework of Banach spaces. At the end of the paper, we apply our results to
consider the problem of finding a solution of the complementarity problem. Our results improve
and extend the corresponding results announced by recent results.

1. Introduction

Let E be a Banach space and let C be a nonempty, closed and convex subset of E. LetA : C →
E∗ be an operator. The classical variational inequality problem [1] forA is to find x∗ ∈ C such
that

〈Ax∗, y − x∗〉 ≥ 0, ∀y ∈ C, (1.1)

where E∗ denotes the dual space of E and 〈·, ·〉 the generalized duality pairing between E

and E∗. The set of all solutions of (1.1) is denoted by V I(A,C). Such a problem is connected
with the convex minimization problem, the complementarity, the problem of finding a point
x∗ ∈ E satisfying 0 = Ax∗, and so on. First, we recall that a mapping A : C → E∗ is said to be

(i) monotone if 〈Ax −Ay, x − y〉 ≥ 0, for all x, y ∈ C.

(ii) α-inverse-strongly monotone if there exists a positive real number α such that

〈
Ax −Ay, x − y

〉 ≥ α
∥∥Ax −Ay

∥∥2
, ∀x, y ∈ C. (1.2)
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Let J be the normalized duality mapping from E into 2E
∗
given by

Jx = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖‖x∗‖, ‖x‖ = ‖x∗‖}, ∀x ∈ E. (1.3)

It is well known that if E∗ is uniformly convex, then J is uniformly continuous on bounded
subsets of E. Some properties of the duality mapping are given in [2–4].

Recall that a mappings T : C → C is said to be nonexpansive if

∥∥Tx − Ty
∥∥ ≤ ∥∥x − y

∥∥, ∀x, y ∈ C. (1.4)

If C is a nonempty closed convex subset of a Hilbert space H and PC : H → C is the metric
projection of H onto C, then PC is a nonexpansive mapping. This fact actually characterizes
Hilbert spaces and, consequently, it is not available in more general Banach spaces. In this
connection, Alber [5] recently introduced a generalized projection operator C in a Banach
space E which is an analogue of the metric projection in Hilbert spaces.

Consider the functional φ : E × E → R defined by

φ
(
y, x

)
=
∥∥y∥∥2 − 2

〈
y, Jx

〉
+ ‖x‖2 (1.5)

for all x, y ∈ E, where J is the normalized duality mapping from E to E∗. Observe that, in a
Hilbert spaceH, (1.5) reduces to φ(y, x) = ‖x−y‖2 for all x, y ∈ H. The generalized projection
ΠC : E → C is a mapping that assigns to an arbitrary point x ∈ E the minimum point of the
functional φ(y, x), that is, ΠCx = x∗, where x∗ is the solution to the minimization problem:

φ(x∗, x) = inf
y∈C

φ
(
y, x

)
. (1.6)

The existence and uniqueness of the operatorΠC follows from the properties of the functional
φ(y, x) and strict monotonicity of the mapping J (see, e.g., [3, 5–7]). In Hilbert spaces, ΠC =
PC. It is obvious from the definition of the function φ that

(1) (‖y‖ − ‖x‖)2 � φ(y, x) � (‖y‖ + ‖x‖)2 for all x, y ∈ E,

(2) φ(x, y) = φ(x, z) + φ(z, y) + 2〈x − z, Jz − Jy〉 for all x, y, z ∈ E,

(3) φ(x, y) = 〈x, Jx − Jy〉 + 〈y − x, Jy〉 � ‖x‖‖Jx − Jy‖ + ‖y − x‖‖y‖ for all x, y ∈ E,

(4) If E is a reflexive, strictly convex and smooth Banach space, then, for all x, y ∈ E,

φ
(
x, y

)
= 0 iff x = y. (1.7)

For more detail see [2, 3]. Let C be a closed convex subset of E, and let T be a mapping
from C into itself. We denote by F(T) the set of fixed point of T . A point p in C is said to
be an asymptotic fixed point of T [8] if C contains a sequence {xn} which converges weakly to
p such that limn→∞‖xn − Txn‖ = 0. The set of asymptotic fixed points of T will be denoted

by F̂(T). A mapping T from C into itself is called relatively nonexpansive [7, 9, 10] if F̂(T)
= F(T) and φ(p, Tx) � φ(p, x) for all x ∈ C and p ∈ F(T). The asymptotic behavior of
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relatively nonexpansive mappings were studied in [7, 9]. A point p in C is said to be a strong
asymptotic fixed point of T if C contains a sequence {xn}which converges strongly to p such
that limn→∞‖xn − Txn‖ = 0. The set of strong asymptotic fixed points of Swill be denoted by

F̃(T). A mapping T from C into itself is called relatively weak nonexpansive if F̃(T) = F(T)
and φ(p, Tx) ≤ φ(p, x) for all x ∈ C and p ∈ F(T). If E is a smooth strictly convex and reflexive
Banach space, and A ⊂ E × E∗ is a continuous monotone mapping with A−10/= ∅, then it is
proved in [11] that Jr = (J +rA)−1J , for r > 0 is relatively weak nonexpansive. T is called rela-
tively weak quasi-nonexpansive if F(T)/= ∅ and φ(p, Tx) ≤ φ(p, x) for all x ∈ C and p ∈ F(T).

Remark 1.1. The class of relatively weak quasi-nonexpansive mappings is more general than
the class of relatively weak nonexpansive mappings [7, 9, 12–14] which requires the strong

restriction F̂(T) = F(T).

Remark 1.2. If T : C → C is relatively weak quasi-nonexpansive, then using the definition
of φ (i.e., the same argument as in the proof of [12, page 260]) one can show that F(T) is
closed and convex. It is obvious that relatively nonexpansive mapping is relatively weak

nonexpansive mapping. In fact, for any mapping T : C → C we have F(T) ⊂ F̃(T) ⊂ F̂(T).
Therefore, if T is a relatively nonexpansive mapping, then F(T) = F̃(T) = F̂(T).

Iiduka and Takahashi [15] introduced the following algorithm for finding a solution
of the variational inequality for an α-inverse-strongly monotone mapping A with ‖Ay‖ ≤
‖Ay − Au‖ for all y ∈ C and u ∈ V I(A,C) in a 2-uniformly convex and uniformly smooth
Banach space E. For an initial point x0 = x ∈ C, define a sequence {xn} by

xn+1 = ΠC J−1(Jxn − λnAxn), ∀n ≥ 0. (1.8)

where J is the duality mapping on E, and ΠC is the generalized projection of E onto C.
Assume that λn ∈ [a, b] for some a, b with 0 < a < b < c2α/2 where 1/c is the 2-
uniformly convexity constant of E. They proved that if J is weakly sequentially continuous,
then the sequence {xn} converges weakly to some element z in V I(A,C) where z =
limn→∞ΠV I(A,C)(xn).

The problem of finding a common element of the set of the variational inequalities
for monotone mappings in the framework of Hilbert spaces and Banach spaces has been
intensively studied by many authors; see, for instance, [16–18] and the references cited
therein.

On the other hand, in 2001, Xu and Ori [19] introduced the following implicit iterative
process for a finite family of nonexpansive mappings {T1, T2, . . . , TN}, with {αn} a real
sequence in (0, 1), and an initial point x0 ∈ C:

x1 = α1x0 + (1 − α1)T1x1,

x2 = α2x1 + (1 − α2)T2x2,

...

xN = αNxN−1 + (1 − αN)TNxN,

xN+1 = αN+1xN + (1 − αN+1)T1xN+1,

...

(1.9)
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which can be rewritten in the following compact form:

xn = αnxn−1 + (1 − αn)Tnxn, ∀n ≥ 1, (1.10)

where Tn = Tn(mod N) (here the modN function takes values in {1, 2, . . . ,N}). They obtained
the following result in a real Hilbert space.

Theorem XO

LetH be a real Hilbert space, C a nonempty closed convex subset ofH, and let T : C → C be
a finite family of nonexpansive self-mappings on C such that F =

⋂N
i=1 F(Ti)/= ∅. Let {xn} be a

sequence defined by (1.10). If {αn} is chosen so that αn → 0, as n → ∞, then {xn} converges
weakly to a common fixed point of the family of {Ti}Ni=1.

On the other hand, Halpern [20] considered the following explicit iteration:

x0 ∈ C, xn+1 = αnu + (1 − αn)Txn, ∀n ≥ 0, (1.11)

where T is a nonexpansive mapping and u ∈ C is a fixed point. He proved the strong
convergence of {xn} to a fixed point of T provided that αn = n−θ, where θ ∈ (0, 1).

Very recently, Qin et al. [21] proposed the following modification of the Halpern
iteration for a single relatively quasi-nonexpansive mapping in a real Banach space. More
precisely, they proved the following theorem.

Theorem QCKZ. Let C be a nonempty and closed convex subset of a uniformly convex and
uniformly smooth Banach space E and T : C → C a closed and quasi-φ-nonexpansive mapping
such that F(T)/= ∅. Let {xn} be a sequence generated by the following manner:

x0 = x ∈ C chosen arbitrary,

C1 = C, x1 = ΠC1 x0,

yn = J−1(αnJx1 + (1 − αn)JTxn),

Cn+1 =
{
z ∈ Cn : φ

(
z, yn

) ≤ αnφ(z, x1) + (1 − αn)φ(z, xn)
}
, n ≥ 1,

xn+1 = ΠCn+1 x1, n ≥ 1.

(1.12)

Assume that {αn} satisfies the restriction: limn→∞ αn = 0, then {xn} converges strongly toΠF(T)x1.

Motivated and inspired by the above results, Cai and Hu [22] introduced the hybrid
projection algorithm to modify the iterative processes (1.10), (1.11), and (1.12) to have strong
convergence for a finite family of relatively weak quasi-nonexpansive mappings in Banach
spaces. More precisely, they obtained the following theorem.
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Theorem CH

Let C be a nonempty and closed convex subset of a uniformly convex and uniformly
smooth Banach space E and {T1, T2, . . . , TN} be finite family of closed relatively weak quasi-
nonexpansive mappings of C into itself with F :=

⋂N
i=1 F(Ti)/= ∅. Assume that Ti is uniformly

continuous for all i ∈ {1, 2, . . . ,N}. Let {xn} be a sequence generated by the following
algorithm:

x0 = x ∈ C chosen arbitrary,

C1 = C, x1 = ΠC1 x0,

zn = J−1
(
βnJxn−1 +

(
1 − βn

)
JTnxn

)
, Tn = Tn(mod N),

yn = J−1(αnJx1 + (1 − αn)Jzn),

Cn+1 =
{
z ∈ Cn : φ

(
z, yn

) ≤ αnφ(z, x1) + (1 − αn)
[
βnφ(z, xn−1) +

(
1 − βn

)
φ(z, xn)

]}
,

xn+1 = ΠCn+1x1, n ≥ 1.

(1.13)

Assume that {αn} and {βn} are the sequences in [0, 1] satisfying limn→∞ αn = 0 and
limn→∞ βn = 0. Then {xn} converges strongly toΠF x1, whereΠF is the generalized projection
from C onto F.

Motivated and inspired by Iiduka and Takahashi [15], Xu and Ori [19], Qin et al.[21],
and Cai andHu [22], we introduce a new hybrid projection algorithm basing on the shrinking
projection method for two finite families of closed relatively weak quasi-nonexpansive
mappings to have strong convergence theorems for approximating the common element of
the set of common fixed points of two finite families of suchmappings and the set of solutions
of the variational inequality for an inverse-strongly monotone operator in the framework
of Banach spaces. Our results improve and extend the corresponding results announced by
recent results.

2. Preliminaries

ABanach spaceE is said to be strictly convex if ‖(x+y)/2‖ < 1 for all x, y ∈ Ewith ‖x‖ = ‖y‖ =
1 and x /=y. It is also said to be uniformly convex if limn→∞‖xn−yn‖ = 0 for any two sequences
{xn}, {yn} in E such that ‖xn‖ = ‖yn‖ = 1 and limn→∞‖(xn + yn)/2‖ = 1. Let U = {x ∈ E :
‖x‖ = 1} be the unit sphere of E. Then the Banach space E is said to be smooth provided

lim
t→ 0

∥∥x + ty
∥∥ − ‖x‖
t

(2.1)

exists for each x, y ∈ U. It is also said to be uniformly smooth if the limit is attained uniformly
for x, y ∈ U. It is well know that if E is smooth, then the duality mapping J is single valued.
It is also known that if E is uniformly smooth, then J is uniformly norm-to-norm continuous
on each bounded subset of E. Some properties of the duality mapping have been given in
[3, 23–25]. A Banach space E is said to have Kadec-Klee property if a sequence {xn} of E
satisfying that xn ⇀ x ∈ E and ‖xn‖ → ‖x‖, then xn → x. It is known that if E is uniformly
convex, then E has the Kadec-Klee property; see [3, 23, 25] for more details.
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We define the function δ : [0, 2] → [0, 1] which is called the modulus of convexity of
E as following

δ(ε) = inf

{
1 −

∥∥∥∥x + y

2

∥∥∥∥ : x, y ∈ C, ‖x‖ = ∥∥y∥∥ = 1,
∥∥x − y

∥∥ ≥ ε

}
. (2.2)

Then E is said to be 2-uniformly convex if there exists a constant c > 0 such that constant
δ(ε) > cε2 for all ε ∈ (0, 2]. Constant 1/c is called the 2-uniformly convexity constant of E. A
2-uniformly convex Banach space is uniformly convex, see [26, 27] for more details. We know
the following lemma of 2-uniformly convex Banach spaces.

Lemma 2.1 (see [28, 29]). Let E be a 2-uniformly convex Banach, then for all x, y from any bounded
set of E and jx ∈ Jx, jy ∈ Jy,

〈
x − y, jx − jy

〉 ≥ c2

2

∥∥x − y
∥∥2 (2.3)

where 1/c is the 2-uniformly convexity constant of E.

Now we present some definitions and lemmas which will be applied in the proof of
the main result in the next section.

Lemma 2.2 (Kamimura and Takahashi [30]). Let E be a uniformly convex and smooth Banach
space and let {yn}, {zn} be two sequences of E such that either {yn} or {zn} is bounded. If
limn→∞φ(yn, zn) = 0, then limn→∞‖yn − zn‖ = 0.

Lemma 2.3 (Alber [5]). Let C be a nonempty closed convex subset of a smooth Banach space E and
x ∈ E. Then, x0 = ΠCx if and only if 〈x0 − y, Jx − Jx0〉 � 0 for any y ∈ C.

Lemma 2.4 (Alber [5]). Let E be a reflexive, strictly convex and smooth Banach space, let C be a
nonempty closed convex subset of E and let x ∈ E. Then

φ
(
y,ΠCx

)
+ φ(ΠCx, x) � φ

(
y, x

)
(2.4)

for all y ∈ C.

Let E be a reflexive strictly convex, smooth and uniformly Banach space and the
duality mapping J from E to E∗. Then J−1 is also single-valued, one to one, surjective, and
it is the duality mapping from E∗ to E. We need the following mapping V which studied in
Alber [5]:

V (x, x∗) = ‖x‖2 − 2〈x, x∗〉 + ‖x‖2 (2.5)

for all x ∈ E and x∗ ∈ E∗. Obviously, V (x, x∗) = φ(x, J−1(x∗)). We know the following lemma.
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Lemma 2.5 (Kamimura and Takahashi [30]). Let E be a reflexive, strictly convex and smooth
Banach space, and let V be as in (2.5). Then

V (x, x∗) + 2
〈
J−1(x∗) − x, y∗

〉
≤ V

(
x, x∗ + y∗

)
(2.6)

for all x ∈ E and x∗, y∗ ∈ E∗.

Lemma 2.6 ([31, Lemma 1.4 ]). Let E be a uniformly convex Banach space and Br(0) = {x ∈ E :
‖x‖ � r} be a closed ball of E. Then there exists a continuous strictly increasing convex function
g : [0,∞) → [0,∞) with g(0) = 0 such that

∥∥λx + μy + γz
∥∥2 � λ‖x‖2 + μ

∥∥y∥∥2 + γ‖z‖2 − λμg
(∥∥x − y

∥∥), (2.7)

for all x, y, z ∈ Br(0) and λ, μ, γ ∈ [0, 1] with λ + μ + γ = 1.

An operatorA of C into E∗ is said to be hemicontinuous if for all x, y ∈ C, the mapping
F of [0, 1) into E∗ defined by F(t) = A(tx + (1 − t)y) is continuous with respect to the weak∗

topology of E∗. We denote by NC(v) the normal cone for C at a point v ∈ C, that is

NC(v) =
{
x∗ ∈ E∗ :

〈
v − y, x∗

〉 ≥ 0, ∀y ∈ C
}
. (2.8)

Lemma 2.7 (see [32]). Let C be a nonempty closed convex subset of a Banach space E and A a
monotone, hemicontinuous operator of C into E∗. Let T ⊂ E × E∗ be an operator defined as follows:

Tv =

⎧⎨⎩Av +NC(v), v ∈ C,

∅, v /∈C.
(2.9)

Then T is maximal monotone and T−10 = V I(A,C).

3. Main Results

In this section, we prove strong convergence theorem which is our main result.

Theorem 3.1. Let C be a nonempty, closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E, let A be an α-inverse-strongly monotone mapping of C into E∗ with
‖Ay‖ ≤ ‖Ay −Aq‖ for all y ∈ C and q ∈ F. Let {T1, T2, . . . , TN} and {S1, S2, . . . , SN} be two finite
families of closed relatively weak quasi-nonexpansive mappings from C into itself with F /= ∅, where
F :=

⋂N
i=1 F(Ti) ∩

⋂N
i=1 F(Si) ∩ V I(A,C). Assume that Ti and Si are uniformly continuous for all
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i ∈ {1, 2, . . . ,N}. Let {xn} be a sequence generated by the following algolithm:

x0 = x ∈ C, chosen arbitrary,

C1 = C, x1 = ΠC1x0,

wn = ΠCJ
−1(Jxn − rnAxn),

zn = J−1
(
αnJxn−1 + βnJTnxn + γnJSnwn

)
,

yn = J−1(δnJx1 + (1 − δn)Jzn),

Cn+1 =
{
u ∈ Cn : φ

(
u, yn

) ≤ δnφ(u, x1) + (1 − δn)
[
αnφ(u, xn−1) + (1 − αn)φ(u, xn)

]}
,

xn+1 = ΠCn+1x1, ∀n ≥ 1,

(3.1)

where Tn = Tn(mod N), Sn = Sn(mod N), and J is the normalized duality mapping on E. Assume that
{αn}, {βn}, {γn}, {δn} and {rn} are the sequences in [0, 1] satisfying the restrictions:

(C1) limn→∞ δn = 0;

(C2) rn ⊂ [a, b] for some a, b with 0 < a < b < c2α/2, where 1/c is the 2-uniformly convexity
constant of E;

(C3) αn + βn + γn = 1 and if one of the following conditions is satisfied

(a) lim infn→∞αnβn > 0 and lim infn→∞αnγn > 0 and
(b) limn→∞αn = 0 and lim infn→∞βnγn > 0.

Then {xn} converges strongly toΠFx1, where ΠF is the generalized projection from C onto F.

Proof. By the same method as in the proof of Cai and Hu [22], we can show that Cn is closed
and convex. Next, we show F ⊂ Cn for all n ≥ 1. In fact, F ⊂ C1 = C is obvious. Suppose
F ⊂ Cn for some n ∈ N. Then, for all q ∈ F ⊂ Cn, we know from Lemma 2.5 that

φ
(
q,wn

)
= φ

(
q,ΠCJ

−1(Jxn − rnAxn)
)

≤ φ
(
q, J−1(Jxn − rnAxn)

)
= V

(
q, Jxn − rnAxn

)
≤ V

(
q, (Jxn − rnAxn) + rnAxn

) − 2
〈
J−1(Jxn − rnAxn) − q, rnAxn

〉
= V

(
q, Jxn

) − 2rn
〈
J−1(Jxn − rnAxn) − q,Axn

〉
= φ

(
q, xn

) − 2rn
〈
xn − q,Axn

〉
+ 2

〈
J−1(Jxn − rnAxn) − xn,−rnAxn

〉
.

(3.2)

Since q ∈ V I(A,C) and A is α-inverse-strongly monotone, we have

−2rn
〈
xn − q,Axn

〉
=−2rn

〈
xn−q,Axn−Aq

〉−2rn〈xn−q,Aq
〉≤−2αrn∥∥Axn−Aq

∥∥2
. (3.3)
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Therefore, from Lemma 2.1 and the assumption that ‖Ay‖ ≤ ‖Ay − Aq‖ for all y ∈ C and
q ∈ F, we obtain that

2
〈
J−1(Jxn − rnAxn) − xn,−rnAxn

〉
= 2

〈
J−1(Jxn − rnAxn) − J−1(Jxn),−rnAxn

〉
≤ 2

∥∥∥J−1(Jxn − rnAxn) − J−1(Jxn)
∥∥∥‖rnAxn‖

≤ 4

c2

∥∥∥JJ−1(Jxn − rnAxn) − JJ−1(Jxn)
∥∥∥‖rnAxn‖

=
4

c2
‖(Jxn − rnAxn) − Jxn‖‖rnAxn‖

=
4

c2
r2n‖Axn‖2 ≤ 4

c2
r2n
∥∥Axn −Aq

∥∥2
.

(3.4)

Substituting (3.3) and (3.4) into (3.2) and using the condition that rn < c2α/2, we get

φ
(
q,wn

) ≤ φ
(
q, xn

)
+ 2rn

(
2

c2
rn − α

)∥∥Axn −Aq
∥∥2 ≤ φ

(
q, xn

)
. (3.5)

Using (3.5) and the convexity of ‖ · ‖2, for each q ∈ F ⊂ Cn, we obtain

φ
(
q, zn

)
= φ

(
q, J−1

(
αnJxn−1 + βnJTnxn + γnJSnwn

))
=
∥∥q∥∥2 − 2αn〈q, Jxn−1〉 − 2βn〈q, JTnxn〉 − 2γn

〈
q, JSnwn

〉
+
∥∥αnJxn−1 + βnJTnxn + γnJSnwn

∥∥2

≤ ∥∥q∥∥2 − 2αn

〈
q, Jxn−1

〉 − 2βn
〈
q, JTnxn

〉 − 2γn
〈
q, JSnwn

〉
+ αn‖Jxn−1‖2 + βn‖JTnxn‖2 + γn‖JSnwn‖2

= αnφ
(
q, xn−1

)
+ βnφ

(
q, Tnxn

)
+ γnφ

(
q, Snwn

)
≤ αnφ

(
q, xn−1

)
+ βnφ

(
q, xn

)
+ γnφ

(
q,wn

)
≤ αnφ

(
q, xn−1

)
+ βnφ

(
q, xn

)
+ γnφ

(
q, xn

)
= αnφ

(
q, xn−1

)
+ (1 − αn)φ

(
q, xn

)
.

(3.6)
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It follows from (3.6) that

φ
(
q, yn

)
= φ

(
q, J−1(δnJx1 + (1 − δn)Jzn)

)
=
∥∥q∥∥2 − 2δn〈q, Jx1〉 − 2(1 − δn)〈q, Jzn〉 + ‖δnJx1 + (1 − δn)Jzn‖2

≤ ∥∥q∥∥2 − 2δn〈q, Jx1〉 − 2(1 − δn)〈q, Jzn〉 + δn‖x1‖2 + (1 − δn)‖zn‖2

= δnφ
(
q, x1

)
+ (1 − δn)φ

(
q, zn

)
≤ δnφ

(
q, x1

)
+ (1 − δn)

[
αnφ

(
q, xn−1

)
+ (1 − αn)φ

(
q, xn

)]
.

(3.7)

So, q ∈ Cn+1. Then by induction, F ⊂ Cn for all n ≥ 1 and hence the sequence {xn} generated by
(3.1) is well defined. Next, we show that {xn} is a convergent sequence inC. From xn = ΠCn

x1,
we have

〈xn − u, Jx1 − Jxn〉 ≥ 0, ∀u ∈ Cn. (3.8)

It follows from F ⊂ Cn for all n ≥ 1 that

〈xn − z, Jx1 − Jxn〉 ≥ 0, ∀z ∈ F. (3.9)

From Lemma 2.4, we have

φ(xn, x1) = φ(ΠCn
x1, x1) ≤ φ(u, x1) − φ(u, xn) ≤ φ(u, x1), (3.10)

for each u ∈ F ⊂ Cn and for all n ≥ 1. Therefore, the sequence {φ(xn, x1)} is bounded.
Furthermore, since xn = ΠCn

x1 and xn+1 = ΠCn+1x1 ∈ Cn+1 ⊂ Cn, we have

φ(xn, x1) ≤ φ(xn+1, x1), ∀n ≥ 1. (3.11)

This implies that {φ(xn, x1)} is nondecreasing and hence limn→∞ φ(xn, x1) exists. Similarly,
by Lemma 2.4, we have, for any positive integer m, that

φ(xn+m, xn) = φ(xn+m,ΠCn
x1) ≤ φ(xn+m, x1) − φ(ΠCn

x1, x1)

= φ(xn+m, x1) − φ(xn, x1), ∀n ≥ 1.
(3.12)

The existence of limn→∞ φ(xn, x1) implies that φ(xn+m, xn) → 0 as n → ∞. From Lemma 2.2,
we have

‖xn+m − xn‖ −→ 0, as n −→ ∞. (3.13)

Hence, {xn} is a Cauchy sequence. Therefore, there exists a point p ∈ C such that xn → p as
n → ∞.
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Now, we will show that p ∈ ⋂N
i=1 F(Ti) ∩

⋂N
i=1 F(Si) ∩ V I(A,C).

(I) We first show that p ∈ ⋂N
i=1 F(Ti) ∩

⋂N
i=1 F(Si). Indeed, taking m = 1 in (3.12), we

have

lim
n→∞

φ(xn+1, xn) = 0. (3.14)

It follows from Lemma 2.2 that

lim
n→∞

‖xn+1 − xn‖ = 0. (3.15)

This implies that

lim
n→∞

‖xn+l − xn‖ = 0, ∀l ∈ {1, 2, . . . ,N}. (3.16)

The property of the function φ implies that

lim
n→∞

φ(xn+l, xn) = 0, ∀l ∈ {1, 2, . . . ,N}. (3.17)

Since xn+1 ∈ Cn+1, we obtain

φ
(
xn+1, yn

) ≤ δnφ(xn+1, xn) + (1 − δn)
[
αnφ(xn+1, xn−1) + (1 − αn)φ(xn+1, xn)

]
. (3.18)

It follows from the condition (3.14) and (3.17) that

lim
n→∞

φ
(
xn+1, yn

)
= 0. (3.19)

From Lemma 2.2, we have

lim
n→∞

∥∥xn+1 − yn

∥∥ = 0. (3.20)

Combining (3.15) and (3.20), we have

∥∥xn − yn

∥∥ ≤ ‖xn − xn+1‖ +
∥∥xn+1 − yn

∥∥ −→ 0 as n −→ ∞. (3.21)

Since J is uniformly norm-to-norm continuous on any bounded sets, we have

lim
n→∞

∥∥Jxn − Jyn

∥∥ = 0. (3.22)

On the other hand, noticing

∥∥Jyn − Jzn
∥∥ = δn‖Jx1 − Jzn‖ −→ 0 as n −→ ∞. (3.23)
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Since J−1 is uniformly norm-to-norm continuous on any bounded sets, we have

lim
n→∞

∥∥yn − zn
∥∥ = 0. (3.24)

Using (3.15), (3.20), and (3.24) that

lim
n→∞

‖xn − zn‖ = 0. (3.25)

Taking the constant r = supn≥1{‖xn+1‖, ‖Tnxn‖, ‖Snwn‖}, we have, from Lemma 2.6, that there
exists a continuous strictly increasing convex function g : [0,∞) → [0,∞) satisfying the
inequality (2.7) and g(0) = 0.

Case 1. Assume that (a) holds. Applying (2.7) and (3.5), we can calculate

φ(u, zn) = φ
(
u, J−1

(
αnJxn−1 + βnJTnxn + γnJSnwn

))
= ‖u‖2 − 2αn〈u, Jxn−1〉 − 2βn〈u, JTnxn〉 − 2γn〈u, JSnwn〉

+
∥∥αnJxn−1 + βnJTnxn + γnJSnwn

∥∥2

≤ ‖u‖2 − 2αn〈u, Jxn−1〉 − 2βn〈u, JTnxn〉 − 2γn〈u, JSnwn〉

+ αn‖Jxn−1‖2 + βn‖JTnxn‖2 + γn‖JSnwn‖2 − αnβng(‖Jxn−1 − JTnxn‖)

≤ αnφ(u, xn−1) + βnφ(u, Tnxn) + γnφ(u, Snwn) − αnβng(‖Jxn−1 − JTnxn‖)

≤ αnφ(u, xn−1) + βnφ(u, xn) + γnφ(u,wn) − αnβng(‖Jxn−1 − JTnxn‖)

≤ αnφ(u, xn−1) + βnφ(u, xn) + γnφ(u, xn)

+ 2rnγn

(
2

c2
rn − α

)
‖Axn −Au‖2 − αnβng(‖Jxn−1 − JTnxn‖)

≤ αnφ(u, xn−1) + (1 − αn)φ(u, xn) + 2rnγn

(
2

c2
rn − α

)
‖Axn −Au‖2

− αnβng(‖Jxn−1 − JTnxn‖).

(3.26)

This implies that

αnβng(‖Jxn−1 − JTnxn‖) ≤ αn

[
φ(u, xn−1) − φ(u, xn)

]
+ φ(u, xn) − φ(u, zn). (3.27)
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We observe that

αn

[
φ(u, xn−1) − φ(u, xn)

]
+ φ(u, xn) − φ(u, zn)

≤ αn

[
‖xn−1‖2 − ‖xn‖2 − 2〈u, Jxn−1 − Jxn〉

]
+ ‖xn‖2 − ‖zn‖2 − 2〈u, Jxn − Jzn〉

≤ αn[‖xn−1 − xn‖(‖xn−1‖ + ‖xn‖) + 2‖u‖‖Jxn−1 − Jxn‖]
+ ‖xn − zn‖(‖xn‖ + ‖zn‖) + 2‖u‖‖Jxn − Jzn‖.

(3.28)

It follows from (3.15), (3.22), (3.23) and (3.25) that

lim
n→∞

αn

[
φ(u, xn−1) − φ(u, xn)

]
+ φ(u, xn) − φ(u, zn) = 0. (3.29)

From lim infn→∞ αnβn > 0 and (3.27), we get

lim
n→∞

g(‖Jxn−1 − JTnxn‖) = 0. (3.30)

By the property of function g, we obtain that

lim
n→∞

‖Jxn−1 − JTnxn‖ = 0. (3.31)

Since J−1 is uniformly norm-to-norm continuous on any bounded sets, we have

lim
n→∞

‖xn−1 − Tnxn‖ = lim
n→∞

∥∥∥J−1(Jxn−1) − J−1(JTnxn)
∥∥∥ = 0. (3.32)

From (3.15) and (3.32), we have

lim
n→∞

‖xn − Tnxn‖ = 0. (3.33)

Noticing that

‖xn − Tn+lxn‖ ≤ ‖xn − xn+l‖ + ‖xn+l − Tn+lxn+l‖ + ‖Tn+lxn+l − Tn+lxn‖, (3.34)

for all l ∈ {1, 2, . . . ,N}. By the uniformly continuity of Tl, (3.16) and (3.33), we obtain

lim
n→∞

‖xn − Tn+lxn‖ = 0, ∀l ∈ {1, 2, . . . ,N}. (3.35)

Thus

lim
n→∞

‖xn − Tlxn‖ = 0, ∀l ∈ {1, 2, . . . ,N}. (3.36)
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From the closeness of Ti, we get p = Tip. Therefore p ∈
⋂N

i=1 F(Ti). In the same manner, we can
apply the condition lim infn→∞ αnγn > 0 to conclude that

lim
n→∞

‖xn − Snwn‖ = 0. (3.37)

Again, by (C2) and (3.26), we have

2γn

(
α − 2

c2
b

)
‖Axn −Au‖2 ≤ 1

a

[
αnφ(u, xn−1) + (1 − αn)φ(u, xn) − φ(u, zn)

]
=

1

a

[
αn

(
φ(u, xn−1) − φ(u, xn)

)
+ φ(u, xn) − φ(u, zn)

]
.

(3.38)

It follows from (3.29) and lim infn→∞ γn ≥ lim infn→∞ βnγn > 0 that

lim inf
n→∞

‖Axn −Au‖ ≤ 0. (3.39)

Since lim infn→∞‖Axn −Au‖ ≥ 0, we have

lim
n→∞

‖Axn −Au‖ = 0. (3.40)

From Lemmas 2.4, 2.5, and (3.4), we have

φ(xn,wn) = φ
(
xn,ΠCJ

−1(Jxn − rnAxn)
)
≤ φ

(
xn, J

−1(Jxn − rnAxn)
)
= V (xn, Jxn − rnAxn)

≤ V (xn, (Jxn − rnAxn) + rnAxn) − 2
〈
J−1(Jxn − rnAxn) − xn, rnAxn

〉
= φ(xn, xn) + 2

〈
J−1(Jxn − rnAxn) − xn,−rnAxn

〉
= 2

〈
J−1(Jxn − rnAxn) − xn,−rnAxn

〉
≤ 4

c2
b2‖Axn −Au‖2.

(3.41)

It follows from (3.40) that

lim
n→∞

φ(xn,wn) = 0. (3.42)

Lemma 2.2 implies that

lim
n→∞

‖xn −wn‖ = 0. (3.43)

Since J is uniformly norm-to-norm continuous on any bounded sets, we have

lim
n→∞

‖Jxn − Jwn‖ = 0. (3.44)
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Combining (3.37) and (3.43), we also obtain

lim
n→∞

‖wn − Snwn‖ = 0. (3.45)

Moreover

‖wn −wn+1‖ ≤ ‖wn − xn‖ + ‖xn − xn+1‖ + ‖xn+1 −wn+1‖. (3.46)

By (3.43), (3.15), we have

lim
n→∞

‖wn −wn+1‖ = 0. (3.47)

This implies that

lim
n→∞

‖wn −wn+l‖ = 0, ∀l ∈ {1, 2, . . . ,N}. (3.48)

Noticing that

‖wn − Sn+lwn‖ ≤ ‖wn −wn+l‖ + ‖wn+l − Sn+lwn+l‖ + ‖Sn+lwn+l − Sn+lwn‖, (3.49)

for all l ∈ {1, 2, . . . ,N}. Since Sl is uniformly continuous, we can show that limn→∞‖wn −
Slwn‖ = 0. From the closeness of Sl, we get p = Slp. Therefore p ∈ ⋂N

i=1 F(Si). Hence p ∈⋂N
i=1 F(Ti) ∩

⋂N
i=1 F(Si).

Case 2. Assume that (b) holds. Using the inequalities (2.7) and (3.5), we obtain

φ(u, zn) = φ
(
u, J−1

(
αnJxn−1 + βnJTnxn + γnJSnwn

))
= ‖u‖2 − 2αn〈u, Jxn−1〉 − 2βn〈u, JTnxn〉 − 2γn〈u, JSnwn〉

+
∥∥αnJxn−1 + βnJTnxn + γnJSnwn

∥∥2

≤ ‖u‖2 − 2αn〈u, Jxn−1〉 − 2βn〈u, JTnxn〉 − 2γn〈u, JSnwn〉

+ αn‖Jxn−1‖2 + βn‖JTnxn‖2 + γn‖JSnwn‖2 − βnγng(‖JTnxn − JSnwn‖)
≤ αnφ(u, xn−1) + βnφ(u, Tnxn) + γnφ(u, Snwn) − βnγng(‖JTnxn − JSnwn‖)
≤ αnφ(u, xn−1) + βnφ(u, xn) + γnφ(u,wn) − βnγng(‖JTnxn − JSnwn‖)
≤ αnφ(u, xn−1) + βnφ(u, xn) + γnφ(u, xn)

+ 2rnγn

(
2

c2
rn − α

)
‖Axn −Au‖2 − βnγng(‖JTnxn − JSnwn‖)

≤ αnφ(u, xn−1) + (1 − αn)φ(u, xn) + 2rnγn

(
2

c2
rn − α

)
‖Axn −Au‖2

− βnγng(‖JTnxn − JSnwn‖).

(3.50)
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This implies that

βnγng(‖JTnxn − JSnwn‖) ≤ αn

[
φ(u, xn−1) − φ(u, xn)

]
+ φ(u, xn) − φ(u, zn)

≤ αn

[
‖xn−1‖2 − ‖xn‖2 − 2〈u, Jxn−1 − Jxn〉

]
+ ‖xn‖2 − ‖zn‖2 − 2〈u, Jxn − Jzn〉

≤ αn[‖xn−1 − xn‖(‖xn−1‖ + ‖xn‖) + 2‖u‖‖Jxn−1 − Jxn‖]
+ ‖xn − zn‖(‖xn‖ + ‖zn‖) + 2‖u‖‖Jxn − Jzn‖.

(3.51)

It follows from (3.21), (3.24) and the condition lim infn→∞ βnγn > 0 that

lim
n→∞

g(‖JTnxn − JSnwn‖) = 0. (3.52)

By the property of function g, we obtain that

lim
n→∞

‖JTnxn − JSnwn‖ = 0. (3.53)

Since J−1 is uniformly norm-to-norm continuous on any bounded sets, we have

lim
n→∞

‖Tnxn − Snwn‖ = lim
n→∞

∥∥∥J−1(JTnxn) − J−1(JSnwn)
∥∥∥ = 0. (3.54)

On the other hand, we can calculate

φ(Tnxn, zn) = φ
(
Tnxn, J

−1(αnJxn−1 + βnJTnxn + γnJSnwn

))
= ‖Tnxn‖2 − 2〈Tnxn, αnJxn−1 + βnJTnxn + γnJSnwn〉

+
∥∥αnJxn−1 + βnJTnxn + γnJSnwn

∥∥2

≤ ‖Tnxn‖2 − 2αn〈Tnxn, Jxn〉 − 2βn〈Tnxn, JTnxn〉 − 2γn〈Tnxn, JSnwn〉

+ αn‖xn‖2 + βn‖Tnxn‖2 + γn‖Snwn‖2

≤ αnφ(Tnxn, xn) + γnφ(Tnxn, Snwn).

(3.55)

Observe that

φ(Tnxn, Snwn) = ‖Tnxn‖2 − 2〈Tnxn, JSnwn〉 + ‖Snwn‖2

= ‖Tnxn‖2 − 2〈Tnxn, JTnxn〉 + 2〈Tnxn, JTnxn − JSnwn〉 + ‖Snwn‖2

≤ ‖Snwn‖2 − ‖Tnxn‖2 + 2‖Tnxn‖‖JTnxn − JSnwn‖
≤ ‖Snwn − Tnxn‖(‖Snwn‖ + ‖Tnxn‖) + 2‖Tnxn‖‖JTnxn − JSnwn‖.

(3.56)
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It follows from (3.53) and (3.54) that

lim
n→∞

φ(Tnxn, Snwn) = 0. (3.57)

Applying limn→∞ αn = 0 and (3.57) and the fact that {φ(Tnxn, xn)} is bounded to (3.55), we
obtain

lim
n→∞

φ(Tnxn, zn) = 0. (3.58)

From Lemma 2.2, one obtains

lim
n→∞

‖Tnxn − zn‖ = 0. (3.59)

We observe that

‖Tnxn − xn‖ ≤ ‖Tnxn − zn‖ + ‖zn − xn‖. (3.60)

This together with (3.25) and (3.59), we obtain

lim
n→∞

‖Tnxn − xn‖ = 0. (3.61)

Noticing that

‖xn − Tn+lxn‖ ≤ ‖xn − xn+l‖ + ‖xn+l − Tn+lxn+l‖ + ‖Tn+lxn+l − Tn+lxn‖, (3.62)

for all l ∈ {1, 2, . . . ,N}. By the uniformly continuity of Tl, (3.16) and (3.61), we obtain

lim
n→∞

‖xn − Tn+lxn‖ = 0, ∀l ∈ {1, 2, . . . ,N}. (3.63)

Thus

lim
n→∞

‖xn − Tlxn‖ = 0, ∀l ∈ {1, 2, . . . ,N}. (3.64)

From the closeness of Ti, we get p = Tip. Therefore p ∈ ⋂N
i=1 F(Ti). By the same proof as in

Case 1, we obtain that

lim
n→∞

‖xn −wn‖ = 0. (3.65)

Hence wn → p as n → ∞ for each i ∈ I and

lim
n→∞

‖Jxn − Jwn‖ = 0. (3.66)
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Combining (3.54), (3.61), and (3.65), we also have

lim
n→∞

‖Snwn −wn‖ = 0. (3.67)

Moreover

‖wn −wn+1‖ ≤ ‖wn − xn‖ + ‖xn − xn+1‖ + ‖xn+1 −wn+1‖. (3.68)

By (3.43), (3.15), we have

lim
n→∞

‖wn −wn+1‖ = 0. (3.69)

This implies that

lim
n→∞

‖wn −wn+l‖ = 0, ∀l ∈ {1, 2, . . . ,N}. (3.70)

Noticing that

‖wn − Sn+lwn‖ ≤ ‖wn −wn+l‖ + ‖wn+l − Sn+lwn+l‖ + ‖Sn+lwn+l − Sn+lwn‖, (3.71)

for all l ∈ {1, 2, . . . ,N}. Since Sl is uniformly continuous, we can show that limn→∞‖wn −
Slwn‖ = 0. From the closeness of Si, we get p = Sip. Therefore p ∈ ⋂N

i=1 F(Si). Hence p ∈⋂N
i=1 F(Ti) ∩

⋂N
i=1 F(Si).

(II)We next show that p ∈ V I(C,A).
Let T ⊂ E × E∗ be an operator defined by:

Tv =

⎧⎨⎩Av +NC(v), v ∈ C;

∅, v /∈C.
(3.72)

By Lemma 2.7, T is maximal monotone and T−10 = V I(A,C). Let (v,w) ∈ G(T), since w ∈
Tv = Av +NC(v), we have w −Av ∈ NC(v). From xn = ΠCn

x ∈ Cn ⊂ C, we get

〈v − xn,w −Av〉 ≥ 0. (3.73)

Since A is α-inverse-strong monotone, we have

〈v − xn,w〉 ≥ 〈v − xn,Av〉 = 〈v − xn,Av −Axn〉 + 〈v − xn,Axn〉 ≥ 〈v − xn,Axn〉. (3.74)

On other hand, fromwn = ΠC J−1(Jxn−rnAxn) and Lemma 2.3, we have 〈v−wn, Jwn−(Jxn−
rnAxn〉 ≥ 0, and hence 〈

v −wn,
Jxn − Jwn

rn
−Axn

〉
≤ 0. (3.75)
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Because A is 1/α constricted, it holds from (3.74) and (3.75) that

〈v − xn,w〉 ≥ 〈v − xn,Axn〉 +
〈
v −wn,

Jxn − Jwn

rn
−Axn

〉

= 〈v −wn,Axn〉 + 〈wn − xn,Axn〉 − 〈v −wn,Axn〉 +
〈
v −wn,

Jxn − Jwn

rn

〉

= 〈wn − xn,Axn〉 +
〈
v −wn,

Jxn − Jwn

rn

〉

≥ −‖wn − xn‖ · ‖Axn‖ − ‖v −wn‖ · ‖Jxn − Jwn‖
a

,

(3.76)

for all n ∈ N∪{0}. By taking the limit as n → ∞ in (3.76) and from (3.43) and (3.44), we have
〈v − p,w〉 ≥ 0 as n → ∞. By the maximality of T we obtain p ∈ T−10 and hence p ∈ V I(A,C).
Hence we conclude that

p ∈
N⋂
i=1

F(Ti) ∩
N⋂
i=1

F(Si) ∩ V I(A,C). (3.77)

Finally, we show that p ∈ ΠFx1. Indeed, taking the limit as n → ∞ in (3.9), we obtain

〈p − z, Jx1 − Jp〉 ≥ 0, ∀z ∈ F (3.78)

and hence p = ΠF x1 by Lemma 2.3. This complete the proof.

Remark 3.2. Theorem 3.1 improves and extends main results of Iiduka and Takahashi [15],
Xu and Ori [19], Qin et al. [21], and Cai and Hu [22] because it can be applied to solving the
problem of finding the common element of the set of common fixed points of two families
of relatively weak quasi-nonexpansive mappings and the set of solutions of the variational
inequality for an inverse-strongly monotone operator.

Strong convergence theorem for approximating a common fixed point of two finite
families of closed relatively weak quasi-nonexpansive mappings in Banach spaces may not
require that E is 2-uniformly convex. In fact, we have the following theorem.

Corollary 3.3. Let C be a nonempty, closed, and convex subset of a uniformly convex and uniformly
smooth Banach space E. Let {T1, T2, . . . , TN} and {S1, S2, . . . , SN} be two finite families of closed
relatively weak quasi-nonexpansive mappings from C into itself with F /= ∅, where F :=

⋂N
i=1 F(Ti) ∩⋂N

i=1 F(Si). Assume that Ti and Si are uniformly continuous for all i ∈ {1, 2, . . . ,N}. Let {xn} be a
sequence generated by the following algolithm:
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x0 = x ∈ C, chosen arbitrary,

C1 = C, x1 = ΠC1x0,

zn = J−1
(
αnJxn−1 + βnJTnxn + γnJSnxn

)
,

yn = J−1(δnJx1 + (1 − δn)Jzn),

Cn+1 =
{
u ∈ Cn : φ

(
u, yn

) ≤ δnφ(u, x1) + (1 − δn)
[
αnφ(u, xn−1) + (1 − αn)φ(u, xn)

]}
,

xn+1 = ΠCn+1x1, ∀n ≥ 1,

(3.79)

where Tn = Tn(mod N), Sn = Sn(mod N), and J is the normalized duality mapping on E. Assume that
{αn}, {βn}, {γn} and {δn} are the sequences in [0, 1] satisfying the following restrictions:

(C1) limn→∞ δn = 0;

(C2) αn + βn + γn = 1 and if one of the following conditions is satisfied

(a) lim infn→∞ αnβn > 0 and lim infn→∞ αnγn > 0 and
(b) limn→∞ αn = 0 and lim infn→∞ βnγn > 0.

Then {xn} converges strongly toΠFx1, where ΠF is the generalized projection from C onto F.

Proof. Put A ≡ 40 in Theorem 3.1. Then, we get that wn = xn. Thus, the method of the proof
of Theorem 3.1 gives the required assertion without the requirement that E is 2-uniformly
convex.

Remark 3.4. Corollary 3.3 improves Theorem 3.1 of Cai and Hu [22] from a finite family of of
relatively weak quasi-nonexpansive mappings to two finite families of relatively weak quasi-
nonexpansive mappings.

If E = H, a Hilbert space, then E is 2-uniformly convex (we can choose c = 1) and
uniformly smooth real Banach space and closed relatively weak quasi-nonexpansive map
reduces to closed weak quasi-nonexpansive map. Furthermore, J = I, identity operator onH

and ΠC = PC, projection mapping fromH into C. Thus, the following corollaries hold.

Corollary 3.5. Let C be a nonempty, closed and convex subset of a Hilbert space H. Let
{T1, T2, . . . , TN} and {S1, S2, . . . , SN} be two finite families of closed weak quasi-nonexpansive
mappings from C into itself with F /= ∅, where F :=

⋂N
i=1 F(Ti) ∩

⋂N
i=1 F(Si) ∩ V I(A,C) with

‖Ay‖ ≤ ‖Ay − Aq‖ for all y ∈ C and q ∈ F. Assume that Ti and Si are uniformly continuous
for all i ∈ {1, 2, . . . ,N}. Let {xn} be a sequence generated by the following algorithm:

x0 = x ∈ C, chosen arbitrary,

C1 = C, x1 = PC1x0,

wn = PC(xn − rnAxn),

zn =
(
αnxn−1 + βnTnxn + γnSnwn

)
,

yn = (δnx1 + (1 − δn)zn),

Cn+1=
{
u ∈ Cn :

∥∥u−yn

∥∥2≤δn‖u−x1‖2+(1−δn)
[
αn‖u−xn−1‖2+(1−αn)‖u−xn‖2

]}
,

xn+1 = PCn+1x1, ∀n ≥ 1,

(3.80)
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where Tn = Tn(mod N), Sn = Sn(mod N), and J is the normalized duality mapping on E. Assume that
{αn}, {βn}, {γn}, {δn}, and {rn} are the sequences in [0, 1] satisfying the restrictions:

(C1) limn→∞ δn = 0;

(C2) rn ⊂ [a, b] for some a, b with 0 < a < b < c2α/2, where 1/c is the 2-uniformly convexity
constant of E;

(C3) αn + βn + γn = 1 and if one of the following conditions is satisfied

(a) lim infn→∞ αnβn > 0 and lim infn→∞αnγn > 0 and

(b) limn→∞αn = 0 and lim infn→∞βnγn > 0.

Then {xn} converges strongly to PFx1, where PF is the metric projection from C onto F.

Let X be a nonempty closed convex cone in E, and let A be an operator from X into
E∗. We define its polar in E∗ to be the set

X∗ =
{
y∗ ∈ E∗ :

〈
x, y∗

〉 ≥ 0 ∀x ∈ X
}
. (3.81)

Then an element x in X is called a solution of the complementarity problem if

Ax ∈ X∗, 〈x,Ax〉 = 0. (3.82)

The set of all solutions of the complementarity problem is denoted by CP(A,X). Several
problem arising in different fields, such as mathematical programming, game theory,
mechanics, and geometry, are to find solutions of the complementarity problems.

Theorem 3.6. Let X be a nonempty, closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E, let A be an α-inverse-strongly monotone mapping of X into E∗ with ‖Ay‖ ≤
‖Ay −Aq‖ for all y ∈ X and q ∈ F. Let {T1, T2, . . . , TN} and {S1, S2, . . . , SN} be two finite families
of closed relatively weak quasi-nonexpansive mappings from X into itself with F /= ∅, where F :=⋂N

i=1 F(Ti) ∩
⋂N

i=1 F(Si) ∩ CP(A,X). Assume that Ti and Si are uniformly continuous for all i ∈
{1, 2, . . . ,N}. Let {xn} be a sequence generated by the following algorithm:

x0 = x ∈ X, chosen arbitrary,

C1 = X, x1 = ΠC1x0,

wn = ΠCJ
−1(Jxn − rnAxn),

zn = J−1
(
αnJxn−1 + βnJTnxn + γnJSnwn

)
,

yn = J−1(δnJx1 + (1 − δn)Jzn),

Cn+1 =
{
u ∈ Cn : φ

(
u, yn

) ≤ δnφ(u, x1) + (1 − δn)
[
αnφ(u, xn−1) + (1 − αn)φ(u, xn)

]}
,

xn+1 = ΠCn+1x1, ∀n ≥ 1,

(3.83)
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where Tn = Tn(mod N), Sn = Sn(mod N), and J is the normalized duality mapping on E. Assume that
{αn}, {βn}, {γn}, {δn} and {rn} are the sequences in [0, 1] satisfying the restrictions:

(C1) limn→∞ δn = 0;

(C2) rn ⊂ [a, b] for some a, b with 0 < a < b < c2α/2, where 1/c is the 2-uniformly convexity
constant of E;

(C3) αn + βn + γn = 1 and if one of the following conditions is satisfied

(a) lim infn→∞αnβn > 0 and lim infn→∞αnγn > 0 and
(b) limn→∞αn = 0 and lim infn→∞βnγn > 0.

Then {xn} converges strongly toΠFx1, where ΠF is the generalized projection from X onto F.

Proof. From [25, Lemma 7.1.1], we have V I(A,X) = CP(A,X). From Theorem 3.1, we can
obtain the desired conclusion easily.
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Abstract The purpose of this paper is to introduce a hybrid projection algorithm
based on the shrinking projection method for two relatively weak nonexpansive map-
pings. We prove strong convergence theorem which approximate the common ele-
ment in the fixed point set of two such mappings, the solution set of the variational
inequality and the solution set of the equilibrium problem in the framework of Banach
spaces. Our results improve and extend previous results.

Keywords Banach space · Fixed point · Projection · Relatively weak nonexpansive
mapping · Shrinking projection method · Strong convergence
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1 Introduction

Let E be a Banach space and let E∗ be the dual of E and let C be a closed and convex
subset of E. Let J be the normalized duality mapping from E into 2E

∗
given by

Jx = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖‖x∗‖,‖x‖ = ‖x∗‖},∀x ∈ E,

where 〈·, ·〉 is the generalized duality pairing between E and E∗. It is well known that
if E∗ is uniformly convex, then J is uniformly continuous on bounded subsets of E.
Some properties of the duality mapping can be found in [9, 33, 39].
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Let A : C → E∗ be an operator. We consider the following variational inequality:

Find x ∈ C, such that 〈Ax,y − x〉 ≥ 0, for all y ∈ C. (1.1)

A point x0 ∈ C is called a solution of the variational inequality (1.1) if for every
y ∈ C, 〈Ax0, y − x0〉 ≥ 0. The solution set of the variational inequality (1.1) is de-
noted by VI(A,C).
If C is a nonempty, closed and convex subset of a Hilbert space H and PC :

H → C is the metric projection of H onto C, then PC is nonexpansive, i.e.,
‖PCx − PCy‖ ≤ ‖x − y‖, for all x, y ∈ H . This fact actually characterizes Hilbert
spaces and, consequently, it is not available in more general Banach spaces. In this
connection, Alber [1] recently introduced a generalized projection operator �C in a
Banach space E which is an analogue of the metric projection in Hilbert spaces. Most
recently, applying the generalized projection operator in uniformly convex and uni-
formly smooth Banach spaces, Li [19] established the following Mann type iterative
scheme for solving variational inequalities without assuming the monotonicity of A

in compact subsets of Banach spaces: For any x0 ∈ C, define a Mann type iteration
scheme as follows

xn+1 = (1− αn)xn + αn�C(Jxn − (Axn − ξ)), n = 1,2,3, . . . ,
where {αn} satisfies conditions 0≤ αn ≤ 1 and∑∞

n=1 αn(1− αn) = ∞, A : C → E∗
is a continuous mapping on a compact convex subset C of E such that

〈T x − ξ, J ∗(Jx1 − (Ax − ξ))〉 ≥ 0, for all x ∈ C,ξ ∈ E∗.

It is proved in [19] that the variational inequality

〈Ax − ξ, y − x〉 ≥ 0, ∀y ∈ C

has a solution x∗ ∈ C and there exists a subsequence {ni} ⊂ {n} such that {xni
} con-

verges strongly to x∗ as i → ∞. Moreover, Fan [13] established some existence re-
sults of solutions and the convergence of a Mann type iterative scheme for the vari-
ational inequality (1.1) in noncompact subsets of Banach spaces. More precisely, he
proved the following theorem:

Theorem Fan (Fan [13], Theorem 3.3) Let E be a uniformly convex and uniformly
smooth Banach space and let C be a closed and convex subset of E. Suppose that
there exists a positive number β , such that

〈Ax,J ∗(Jx − βAx)〉 ≥ 0, for all x ∈ C,

and J − βA : C → E∗ is compact. If

〈Ax,y〉 ≤ 0, for all x ∈ K, y ∈ VI(A,C),

then the variational inequality (1.1) has a solution x∗ ∈ C and the sequence {xn}
defined by the following iterative scheme:

xn+1 = (1− αn)xn + αn�C(Jxn − βAxn), n = 1,2,3, . . . ,
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where {αn} satisfies: 0 < a ≤ αn ≤ b < 1 for all n ∈ N, for some positive number
a, b ∈ (0,1) satisfying a < b, converges strongly to x∗.

Motivated by Li [19] and Fan [13], Liu [25] introduced an iterative sequence for
approximating a common element of the set of fixed points of a relatively weak non-
expansive mapping defined by Kohasaka and Takahashi [18] and the solution set of
the variational inequality in noncompact subset of Banach spaces without assuming
the compactness of the operator J − βA. More precisely, he proved the following
theorem.

Theorem Liu (Liu [25], Theorem 3.1) Let E be a uniformly convex and uni-
formly smooth Banach space and let C be a nonempty, closed and convex subset
of E. Assume that A is a continuous operator of C into E∗ that satisfy condi-
tions (2.7) and (2.8) and S : C → C is a relatively weak nonexpansive mapping with
F(S) ∩ VI(A,C) �= ∅. Then the sequence {xn} generated by the following manner:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x0 ∈ C chosen arbitrarily,
zn = �C(αnJxn + (1− αn)JSxn),

yn = J ∗(δnJxn + (1− δn)J�C(Jzn − βAzn)),

C0 = {u ∈ C : φ(u, y0) ≤ φ(u, x0)},
Cn = {u ∈ Cn−1 ∩ Qn−1 : φ(u, yn) ≤ φ(u, xn)},
Q0 = C,

Qn = {u ∈ Qn−1 ∩ Cn−1 : 〈Jx0 − Jxn, xn − u〉 ≥ 0},
xn+1 = �Cn∩QnJx0 ∀n ≥ 1,

(1.2)

where {αn}, {δn} satisfy:

0≤ δn < 1 and lim sup
n→∞

δn < 1; 0< αn < 1 and lim inf
n→∞ αn(1− αn) > 0,

converges strongly to �F(S)∩VI(A,C)Jx0.
Let f : C ×C → R be a bifunction. The equilibrium problem for f is to find x̂ ∈ C

such that

f (x̂, y) ≥ 0, ∀y ∈ C. (1.3)

The set of solutions of (1.3) is denoted by EP(f ).
Numerous problems in physics, optimization, and economics can be reduced to

find a solution of the equilibrium problem. Some methods have been proposed to
solve the equilibrium problem in a Hilbert space; see, for instance, Blum and Oet-
tli [4], Combettes and Hirstoaga [10], and Moudafi [23]. On the other hand, there
are several methods for approximation fixed points of a nonexpansive mapping; see,
for instance, [8, 11, 12, 14, 15, 19–22, 24–29, 33–36, 38]. Recently, Tada and Taka-
hashi [31, 32] and Takahashi and Takahashi [35] obtained weak and strong conver-
gence theorems for finding a common elements in the solution set of an equilibrium
problem and the set of fixed point of a nonexpansive mapping in a Hilbert space.
In particular, Tada and Takahashi [32] established a strong convergence theorem
for finding a common element of two sets by using the hybrid method introduced in
Nakajo and Takahashi [24]. They also proved such a strong convergence theorem
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in a uniformly convex and uniformly smooth Banach space. Recently, Takahashi et
al. [38] introduced a hybrid method which is different from Nakajo and Takahashi’s
hybrid method. It is called the shrinking projection method. They obtained strong
convergence theorem in the frame work of Hilbert spaces. Based on the so-called
shrinking projection method of Takahashi et al. [38], Takahashi and Zembayashi [36]
introduced the following iterative scheme:⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x0 = x ∈ C, C0 = C,

yn = J−1(αnJxn + (1− αn)JSxn),

un ∈ C such that f (un, y) + 1
rn

〈y − un, Jun − Jyn〉 ≥ 0, ∀y ∈ C,

Cn+1 = {v ∈ Cn : φ(v,un) ≤ φ(v, xn)},
xn+1 = �Cn+1x0, ∀n ≥ 0,

(1.4)

where S is a relatively nonexpansive mapping and �C is the generalized projec-
tion from E onto C. They proved that the sequence {xn} defined by (1.4) converges
strongly to q = �F(T )∩EP(f )x0 under appropriate conditions imposed on the para-
meters.

Motivated and inspired by Li [19], Fan [13], Liu [25] and Takahashi and Zem-
bayashi [36], we introduce a hybrid projection algorithm based on the shrinking pro-
jection method for two relatively weak nonexpansive mappings. We prove strong
convergence theorem which approximate the common element in the fixed points of
two such mappings, the solution set of the variational inequality and the solution set
of the equilibrium problem in the framework of Banach spaces.

2 Preliminaries

A Banach space E is said to be strictly convex if ‖ x+y
2 ‖ < 1 for all x, y ∈

E with ‖x‖ = ‖y‖ = 1 and x �= y. It is also said to be uniformly convex if
limn→∞ ‖xn − yn‖ = 0 for any two sequences {xn}, {yn} in E such that ‖xn‖ =
‖yn‖ = 1 and limn→∞ ‖ xn+yn

2 ‖ = 1. Let U = {x ∈ E : ‖x‖ = 1} be the unit sphere of
E. Then the Banach space E is said to be smooth provided

lim
t→0

‖x + ty‖ − ‖x‖
t

exists for each x, y ∈ U . It is also said to be uniformly smooth if the limit is attained
uniformly for x, y ∈ U . It is well know that if E is smooth, then the duality mapping
J is single valued. It is also known that if E is uniformly smooth, then J is uniformly
norm-to-norm continuous on bounded subsets of E. A Banach space E is said to
have Kadec-Klee property if a sequence {xn} of E satisfying that xn ⇀ x ∈ E and
‖xn‖ → ‖x‖, then xn → x. It is known that if E is uniformly convex, then E has the
Kadec-Klee property; see [9, 33, 34] for more details.
In [2, 3], Alber introduced the functional V : E∗ × E → R defined by

V (φ,x) = ‖φ‖2 − 2〈φ,x〉 + ‖x‖2,



Convergence theorems based on the shrinking projection method

where φ ∈ E∗ and x ∈ E.
It is easy to see that

V (φ,x) ≥ (‖φ‖ − ‖x‖)2. (2.1)

Thus the functional V : E∗ × E → R
+ is nonnegative.

Now we present several definitions and lemmas which will be used in the proof
for the main result in the next section.

Definition 2.1 (Kamimura and Takahashi [14]) If E is a uniformly convex and uni-
formly smooth Banach space, the generalized projection �C : E∗ → C is a mapping
that assigns an arbitrary point φ ∈ E∗ to the minimum point of the functional V (φ,x),
i.e., a solution to the minimization problem

V (φ,�C(φ)) = inf
y∈C

V (φ,y).

Li [20] proved that the generalized projection operator �C : E∗ → C is continu-
ous, if E is a reflexive, strictly convex and smooth Banach space.
Consider the function φ : E × E → R is defined by

φ(x, y) = V (Jy, x), ∀x, y ∈ E.

The following properties of the operator�C and V are useful for our paper. (See, for
example, [1, 20].)

(i) V : E∗ × E → R is continuous.
(ii) V (φ,x) = 0 if and only if φ = Jx.
(iii) V (J�C(φ), x) ≤ V (φ,x) for all φ ∈ E∗ and x ∈ E.
(iv) The operator �C is J fixed at each point x ∈ C, i.e., �C(Jx) = x.
(v) If E is smooth, then for any given φ ∈ E∗, x ∈ C, x ∈ �C(φ) if and only if

〈φ − Jx, x − y〉 ≥ 0, for all y ∈ C.
(vi) The operator �C : E∗ → C is single valued if and only if E is strictly convex.
(vii) If E is smooth, then for any given point φ ∈ E∗, x ∈ �C(φ), the following

inequality holds

V (Jx, y) ≤ V (φ,y) − V (φ,x) ∀y ∈ C.

(viii) V (φ,x) is convex with respect to φ when x is fixed and with respect to x when
φ is fixed.

(ix) If E is reflexive, then for any point φ ∈ E∗, �C(φ) is a nonempty, closed,
convex and bounded subset of C.

Remark 2.2 If E is a strictly convex and smooth Banach space, then for x, y ∈ E,
φ(y, x) = 0 if and only if x = y. It is sufficient to show that if φ(y, x) = 0 then
x = y. From (1), we have ‖x‖ = ‖y‖. This implies 〈y,Jx〉 = ‖y‖2 = ‖Jx‖2. From
the definition of J , we have Jx = Jy. Since J is one-to-one, we have x = y; see [9,
33, 34] for more details.
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Using the properties of generalized projection operator �C , Alber [1] proved the
following theorem.

Lemma 2.3 (Liu [25]) Let E be a reflexive, strictly convex and smooth Banach space
with dual space E∗. Let A be an arbitrary operator from Banach space E to E∗ and
β an arbitrary fixed positive number. Then x ∈ C ⊂ E is a solution of variational
inequality (1.1) if and only if x is a solution of the operator equation in E

x = �C(Jx − βAx).

Let S be a mapping from C into itself. We denote by F(S) the set of fixed point
of S. A point p in C is said to be an asymptotic fixed point of S [30] if C contains
a sequence {xn} which converges weakly to p such that limn→∞ ‖xn − Sxn‖ = 0.
The set of asymptotic fixed point of S will be denoted by F̂ (S). A mapping S from
C into itself is called relatively nonexpansive (see e.g., [5]) if F̂ (S) = F(S) and
φ(p,Sx) ≤ φ(p,x) for all x ∈ K and p ∈ F(S). The asymptotic behavior of rela-
tively nonexpansive mappings were studied in [5, 6]. A point p in C is said to be
a strong asymptotic fixed point of S if C contains a sequence {xn} which converges
strongly to p such that limn→∞ ‖xn − Sxn‖ = 0. The set of strong asymptotic fixed
points of S will be denoted by F̃ (S). A mapping S from C into itself is called rela-
tively weak nonexpansive if F̃ (S) = F(S) and φ(p,Sx) ≤ φ(p,x) for all x ∈ C and
p ∈ F(S). Moreover, if S : C → C is relatively weak nonexpansive, then using the
definition of φ (i.e. the same argument as in the proof of [22, p. 260]) one can show
that F(S) is closed and convex. It is obvious that relatively nonexpansive mapping
is relatively weak nonexpansive mapping. In fact, for any mapping S : C → C we
have F(S) ⊂ F̃ (S) ⊂ F̂ (S). Therefore, if S is a relatively nonexpansive mapping,
then F(S) = F̃ (S) = F̂ (S).

Example 2.4 Let E be a smooth strictly convex and reflexive Banach space, and
A ⊂ E × E∗ is a continuous monotone mapping with A−10 �= ∅, then it is proved
in [18] that Jr = (J + rA)−1J , for r > 0 is a relatively weak nonexpansive mapping.

Now we present several useful lemmas for the proof of our main theorem.

Lemma 2.5 (Kamimura and Takahashi [14]) Let E be a uniformly convex and
smooth Banach space and let {yn}, {zn} be two sequences of E such that either {yn}
or {zn} is bounded. If limn→∞ φ(yn, zn) = 0, then limn→∞ ‖yn − zn‖ = 0.

Lemma 2.6 (Chang [7]) Let E be a uniformly convex and uniformly smooth Banach
space.We have

‖φ + 	‖2 ≤ ‖φ‖2 + 2〈	,J (φ + 	)〉, ∀φ,	 ∈ E∗.

Lemma 2.7 ([8, Lemma 1.4]) Let X be a uniformly convex Banach space and
Br(0) = {x ∈ E : ‖x‖ � r} be a closed ball of X. Then there exists a continuous
strictly increasing convex function g : [0,∞) → [0,∞) with g(0) = 0 such that

‖λx + μy + γ z‖2 ≤ λ‖x‖2 + μ‖y‖2 + γ ‖z‖2 − λμg(‖x − y‖), (2.2)
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for all x, y, z ∈ Br(0) and λ,μ,γ ∈ [0,1] with λ + μ + γ = 1.

For solving the equilibrium problem, let us assume that a bifunction f satisfies the
following conditions:

(A1) f (x, x) = 0 for all x ∈ C;
(A2) f is monotone, that is, f (x, y) + f (y, x) ≤ 0 for all x, y ∈ C;
(A3) for all x, y, z ∈ C,

lim sup
t↓0

f (tz + (1− t)x, y) ≤ f (x, y); (2.3)

(A4) for all x ∈ C, f (x, ·) is convex and lower semicontinuous.
For example, let A be a continuous and monotone operator of C into E∗ and define

f (x, y) = 〈Ax,y − x〉, ∀x, y ∈ C.

Then, f satisfies (A1)–(A4).

Lemma 2.8 (Blum and Oettli [4]) Let C be a closed and convex subset of a smooth,
strictly convex, and reflexive Banach spaces E, let f be a bifunction from C × C to
R satisfying (A1)–(A4), and let r > 0 and x ∈ E. Then, there exists z ∈ C such that

f (z, y) + 1

r
〈y − z, J z − Jx〉 ≥ 0, ∀y ∈ C. (2.4)

Lemma 2.9 (Takahashi and Zembayashi [37]) Let C be a closed and convex subset
of a uniformly smooth, strictly convex, and reflexive Banach space E, and let f be a
bifunction from C × C to R which satisfies conditions (A1)–(A4). For all r > 0 and
x ∈ E, define the mapping

Trx =
{
z ∈ C : f (z, y) + 1

r
〈y − z, J z − Jx〉 ≥ 0, ∀y ∈ C

}
. (2.5)

Then, the following hold:

(1) Tr is single-valued;
(2) Tr is a firmly nonexpansive-type mapping [17], that is, for all x, y ∈ E,

〈Trx − Try, JTrx − JTry〉 ≤ 〈Trx − Try, Jx − Jy〉; (2.6)

(3) F(Tr) = F̂ (Tr ) = EP(f );
(4) EP(f ) is closed and convex.

Lemma 2.10 (Liu [25]) Let E be a uniformly convex and uniformly smooth Banach
space, let C be a nonempty, closed and convex subset of E. Suppose A is an operator
of C into E∗ and there exists a positive number β such that

〈Ax,J ∗(Jx − βAx)〉 ≥ 0, for all x ∈ C, (2.7)
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and

〈Ax,y〉 ≤ 0, ∀x ∈ C, y ∈ VI(A,C). (2.8)

Then VI(A,C) is closed and convex.

Lemma 2.11 (Liu [25]) If E is a reflexive, strictly convex and smooth Banach space,
then �C = J ∗.

3 Main result

Theorem 3.1 Let E be a uniformly convex and uniformly smooth Banach space and
C be a nonempty closed and convex subset of E. Let f be a bifunction from C ×C to
R satisfying (A1)–(A4). Assume that A is a continuous operator of C into E∗ satis-
fying conditions (2.7) and (2.8) and S,T : C → C are relatively weak nonexpansive
mappings with F := F(S) ∩ F(T ) ∩ VI(A,C) ∩ EP(f ) �= ∅. Let {xn} be a sequence
generated by the following manner:⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

x0 = x ∈ C chosen arbitrary, C0 = C,

zn = �C(αnJxn + βnJT xn + γnJSxn),

yn = J ∗(δnJxn + (1− δn)J�C(Jzn − βAzn)),

un ∈ C such that f (un, y) + 1
rn

〈y − un, Jun − Jyn〉 ≥ 0, ∀y ∈ C,

Cn+1 = {z ∈ Cn : φ(z,un) ≤ φ(z, xn)},
xn+1 = �Cn+1Jx ∀n ≥ 0.

(3.1)

Assume that {αn}, {βn}, {γn} and {δn} are the sequences in [0,1] satisfying the re-
strictions:

(C1) αn + βn + γn = 1;
(C2) 0≤ δn < 1, lim supn→∞ δn < 1;
(C3) {rn} ⊂ [a,∞) for some a > 0; and
(C4) lim infn→∞ αnβn > 0, lim infn→∞ αnγn > 0.

Then {xn} converges strongly to �F x.

Proof We divide the proof into five steps.

Step 1. �F x and �Cn+1x are well defined.

From Lemma 2.10, we know that VI(A,C) is closed and convex. By the same
argument as in the proof of [22, p. 260], one can show that F(T ) ∩ F(S) is closed
and convex. From Lemma 2.9(4), we also have that EP(f ) is closed and convex.
Hence F is a nonempty, closed and convex subset of C. Consequently, �F x is well
defined.
Clearly, C0 = C is closed and convex. Suppose that Ck is closed and convex for

some k ∈ N. For all z ∈ Ck+1, one obtains that

φ(z,un) ≤ φ(z, xn)
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is equivalent to

2(〈z, Jxk〉 − 〈z, Juk〉) ≤ ‖xk‖2 − ‖uk‖2.
It is easy to see that Ck+1 is closed and convex. Then, for all n ≥ 0, Cn is closed and
convex. Hence �Cn+1x is well defined.

Step 2. F ⊂ Cn for all n ∈ N ∪ {0}.
We observe that F ⊂ C0 = C is obvious. Suppose F ⊂ Ck for some k ∈ N. Let

w ∈ F ⊂ Ck , then, from the definitions of φ and V , property (iii) of V , Lemma 2.6,
conditions (2.7) and (2.8), we have

φ(w,�C(Jzn − βAzn)) = V (J�C(Jzn − βAzn),w)

≤ V (Jzn − βAzn,w)

= ‖Jzn − βAzn‖2 − 2〈Jzn − βAzn,w〉 + ‖w‖2
≤ ‖Jzn‖2 − 2β〈Azn,J

∗(J zn − βAzn)〉
− 2〈Jzn − βAzn,w〉 + ‖w‖2

≤ ‖Jzn‖2 − 2〈Jzn,w〉 + ‖w‖2 = φ(w, zn), (3.2)

for each n ∈ N ∪ {0}. From Lemma 2.9(2), one has that Trn is a relatively nonexpan-
sive mapping. Therefore, by properties (viii) and (iii) of the operator V and (3.2), we
obtain

φ(w,uk) = φ(w,Trkyk) ≤ φ(w,yk) = V (Jyk,w)

≤ δkV (Jxk,w) + (1− δk)V (J�C(Jzk − βAzk),w)

= δkφ(w,xk) + (1− δk)φ(w,�C(Jzk − βAzk))

≤ δkφ(w,xk) + (1− δk)φ(w, zk)

= δkφ(w,xk) + (1− δk)V (J zk,w)

≤ δkφ(w,xk) + (1− δk)V (αkJxk + βkJT xk + γkJSxk,w)

= δkφ(w,xk) + (1− δk)φ(w,J ∗(αkJxk + βkJT xk + γkJSxk))

= δkφ(w,xk) + (1− δk)[‖w‖2 − 2αk〈w,Jxk〉 − 2βk〈w,JT xk〉
− 2γk〈w,JSxk〉 + ‖αkJxk + βkJT xk + γkJSxk‖2]

≤ δkφ(w,xk) + (1− δk)[‖w‖2 − 2αk〈w,Jxk〉 − 2βk〈w,JT xk〉
− 2γk〈w,JSxk〉 + αk‖Jxk‖2 + βk‖JT xk‖2 + γk‖JSxk‖2]

= δkφ(w,xk) + (1− δk)[αkφ(w,xk) + βkφ(w,T xk) + γkφ(w,Sxk)]
≤ δkφ(w,xk) + (1− δk)φ(w,xk) = φ(w,xk), (3.3)

which shows that w ∈ Ck+1. This implies that F ⊂ Cn for all n ≥ 0.
Step 3. {xn} is a convergent sequence in C.
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Since xn = �CnJx and F ⊂ Cn, we have V (Jx, xn) ≤ V (Jx,w) for each w ∈ F .
Therefore, {V (Jx, xn)} is bounded. Moreover, from the definition of V , we have
that {xn} is bounded. Since xn+1 = �Cn+1Jx ∈ Cn+1 and xn = �CnJx, we have
V (Jx, xn) ≤ V (Jx, xn+1) for each n ∈ N ∪ {0}. Therefore {V (Jx, xn)} is nonde-
creasing. Hence

lim
n→∞V (Jx, xn) exists.

By the construction of Cn, we have that Cm ⊂ Cn and xm = �CmJx ∈ Cn for any
positive integer m ≥ n. From property (vii) of the operator �C , we have

V (Jxn, xm) ≤ V (Jx, xm) − V (Jx, xn), (3.4)

for each n ∈ N ∪ {0} and any positive integer m ≥ n. This implies that

V (Jxn, xm) → 0 as n,m → ∞. (3.5)

The definition of φ implies that

φ(xm,xn) → 0 as n,m → ∞. (3.6)

Applying Lemma 2.5, we obtain

‖xm − xn‖ → 0 as n,m → ∞. (3.7)

Hence {xn} is a Cauchy sequence. The completeness of a Banach space E and the
closeness of C imply that

lim
n→∞xn = p, for some p ∈ C.

Step 4. We show that p ∈ F .

(I) First we show that p ∈ F(S) ∩ F(T ).
Take m = n + 1 in (3.5), one arrives that

lim
n→∞V (Jxn, xn+1) = 0.

By the definition of φ, we have

lim
n→∞φ(xn+1, xn) = 0. (3.8)

Using Lemma 2.5, we obtain that

lim
n→∞‖xn+1 − xn‖ = 0. (3.9)

Note that xn+1 = �Cn+1Jx ∈ Cn+1 then

φ(xn+1, un) ≤ φ(xn+1, xn).
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It follows from (3.8) that

lim
n→∞φ(xn+1, un) = 0.

Using Lemma 2.5, we obtain

lim
n→∞‖xn+1 − un‖ = 0. (3.10)

Combining (3.13) with (3.10), one sees that

lim
n→∞‖xn − un‖ = 0. (3.11)

It follows from xn → p as n → ∞ that

un → p as n → ∞. (3.12)

On the other hand, since J is uniformly norm-to-norm continuous an bounded sets,
one has

lim
n→∞‖Jxn − Jun‖ = 0. (3.13)

Since {xn} is bounded, {Jxn}, {JT xn} and {JSxn} are also bounded. Since E is a
uniformly smooth Banach space, one knows that E∗ is a uniformly convex Banach
space. Let r = supn≥0{‖Jxn‖,‖JT xn‖,‖JSxn‖}. Therefore Lemma 2.7 implies that
there exists a continuous strictly increasing convex function g : [0,∞) → [0,∞) sat-
isfying g(0) = 0 and inequality (2.2). It follows from the property (iii) of the operator
V , (3.2) and the definition of S and T , that

φ(p, zn) = V (Jzn,p) ≤ V (αnJxn + βnJT xn + γnJSxn,p)

= φ(p,J ∗(αnJxn + βnJT xn + γnJSxn)

= ‖p‖2 − 2αn〈p,Jxn〉 − 2βn〈p,JT xn〉 − 2γn〈p,JSxn〉
+ ‖αnJxn + βnJT xn + γnJSxn‖2

≤ ‖p‖2 − 2αn〈p,Jxn〉 − 2βn〈p,JT xn〉 − 2γn〈p,JSxn〉
+ αn‖Jxn‖2 + βn‖JT xn‖2 + γn‖JSxn‖2 − αnβng(‖JT xn − Jxn‖)

= αnφ(p,xn) + βnφ(p,T xn) + γnφ(p,Sxn) − αnβng(‖JT xn − Jxn‖)
≤ φ(p,xn) − αnβng(‖JT xn − Jxn‖). (3.14)

From property (viii) of the operator V , (3.2) and (3.14), we obtain

φ(p,un) = φ(p,Trnyn) ≤ φ(p,yn) = V (Jyn,p)

≤ δnV (Jxn,p) + (1− δn)V (J�C(Jzn − βAzn),p)

= δnφ(p,xn) + (1− δn)φ(p,�C(Jzn − βAzn))

≤ δnφ(p,xn) + (1− δn)φ(p, zn)

≤ δnφ(p,xn) + (1− δn)[φ(p,xn) − αnβng(‖JT xn − Jxn‖)]
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= φ(p,xn) − (1− δn)αnβng(‖JT xn − Jxn‖).
Therefore,

(1− δn)αnβng(‖JT xn − Jxn‖) ≤ φ(p,xn) − φ(p,un). (3.15)

On the other hand, we have

φ(p,xn) − φ(p,un) = 2〈Jun − Jxn,p〉 + ‖xn‖2 − ‖un‖2
= 2〈Jun − Jxn,p〉 + (‖xn‖ − ‖un‖)(‖xn‖ + ‖un‖)
≤ 2‖Jun − Jxn‖‖w‖ + ‖xn − un‖(‖xn‖ + ‖un‖).

It follows from (3.11) and (3.13) that

lim
n→∞(φ(p,xn) − φ(p,un)) = 0. (3.16)

From the assumptions limsupn→∞ δn < 1, lim infn→∞ αnβn > 0, (3.15) and (3.20)
we have

lim
n→∞g(‖JT xn − Jxn‖) = 0. (3.17)

It follows from the property of g that

lim
n→∞‖JT xn − Jxn‖ = 0. (3.18)

Since J ∗ is also uniformly norm-to-norm continuous on bounded sets, we have

lim
n→∞‖xn − T xn‖ = lim

n→∞‖J ∗Jxn − J ∗JT xn‖ = 0. (3.19)

In a similar way, we can apply the condition lim infn→∞ αnγn > 0 to get

lim
n→∞‖xn − Sxn‖ = 0. (3.20)

Since xn → p, we have p ∈ F̃ (S) ∩ F̃ (T ) = F(S) ∩ F(T ). Moreover,

Sxn → p as n → ∞ and T xn → p as n → ∞. (3.21)

(II) p ∈ EP(f ).

From (3.3), we know that

φ(u, yn) ≤ φ(u, xn).

From un = Trnyn and Lemma 2.9(2), one has

φ(un, yn) = φ(Trnyn, yn) ≤ φ(w,yn) − φ(w,Trnyn)

≤ φ(w,xn) − φ(w,Trnyn) = φ(w,xn) − φ(w,un).
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It follows from (3.16) that

φ(un, yn) → 0 as n → ∞.

Applying Lemma 2.5, we obtain

‖un − yn‖ → 0 as n → ∞. (3.22)

Since J is uniformly norm-to-norm continuous on bounded sets, one has

lim
n→∞‖Jun − Jyn‖ = 0. (3.23)

From the assumption that rn ≥ a, one sees

lim
n→∞

‖Jun − Jyn‖
rn

= 0. (3.24)

Observe that un = Trnyn, one obtains

f (un, y) + 1

rn
〈y − un, Jun − Jy〉 ≥ 0, ∀y ∈ C. (3.25)

From (A2), one arrives that

‖y − un‖‖Jun − Jyn‖
rn

≥ 1

rn
〈y − un, Jun − Jyn〉 ≥ −f (un, y)

≥ f (y,un), ∀y ∈ C.

Take n → ∞ in the above inequality we get from (A4) and (3.12) that

f (y,p) ≤ 0, ∀y ∈ C.

For all 0< t < 1 and y ∈ C, define yt = ty+(1− t)p. Note that y,p ∈ C, one obtains
yt ∈ C, which yields that f (yt ,p) ≤ 0. It follows from (A1) that

0= f (yt , yt ) ≤ tf (yt , y) + (1− t)f (yt ,p) ≤ tf (yt , y).

That is,

f (yt , y) ≥ 0. (3.26)

Let t ↓ 0, from (A3), we obtain f (p,y) ≥ 0, for all y ∈ C. This implies that p ∈
EP(f ).

(III) p ∈ VI(A,C).

From (3.11) and (3.22) we have

lim
n→∞‖xn − yn‖ = 0. (3.27)
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Since J is uniformly norm-to-norm continuous on bounded set, we have

lim
n→∞‖Jyn − Jxn‖ = 0. (3.28)

Since ‖Jyn − Jxn‖ = (1− δn)‖J�C(Jzn − βAzn) − Jxn‖ and limsupn→∞ δn < 1,
we have

lim
n→∞‖J�C(Jzn − βAzn) − Jxn‖ = 0.

Since J ∗ is also uniformly norm-to-norm continuous on bounded set, we have

‖�C(Jzn − βAzn) − xn‖ = lim
n→∞‖J ∗J�C(Jzn − βAzn) − J ∗Jxn‖ = 0. (3.29)

From properties (iii) and (ii) of the operator V , we derive that

φ(xn, zn) = V (Jzn, xn)

≤ V (αnJxn + βnJT xn + γnJSxn, xn)

= φ(xn, J
∗(αnJxn + βnJT xn + γnJSxn)

= ‖xn‖2 − 2αn〈xn, Jxn〉 − 2βn〈xn, JT xn〉
− 2γn〈xn, JSxn〉 + ‖αnJxn + βnJT xn + γnJSxn‖2

≤ ‖xn‖2 − 2αn〈xn, Jxn〉 − 2βn〈xn, JT xn〉
− 2γn〈xn, JSxn〉 + αn‖Jxn‖2 + βn‖JT xn‖2 + γn‖JSxn‖2

= αnφ(xn, xn) + βnφ(xn,T xn) + γnφ(xn, Sxn).

By the continuity of the function φ and (3.21), we have

lim
n→∞φ(xn, zn) = 0.

From Lemma 2.5, we have

lim
n→∞‖xn − zn‖ = 0. (3.30)

Using inequalities (3.29) and (3.30) we obtain

‖�C(Jzn − βAzn) − zn‖ ≤ ‖�C(Jzn − βAzn) − xn‖ + ‖xn − zn‖ → 0. (3.31)

Since xn → p we get that zn → p. By the continuity of the operator J , A and �C ,
we have

lim
n→∞‖�C(Jzn − βAzn) − �C(Jp − βAp)‖ = 0. (3.32)

Note that

‖�C(Jzn − βAzn) − p‖ ≤ ‖�C(Jzn − βAzn) − zn‖ + ‖zn − q‖ → 0, as n → ∞.

(3.33)
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Hence, it follows from the uniqueness of the limit that p = �C(Jp − βAp). From
Lemma 2.3, we have p ∈ VI(A,C). By cases I, II and III, we conclude that p ∈ F .

Step 5. p = �F Jx.

Since p ∈ F , then from property (vii) of the operator �C , we have

V (J�F Jx,p) + V (Jx,�F Jx) ≤ V (Jx,p). (3.34)

On the other hand, since xn+1 = �Cn+1Jx, and F ⊂ Cn+1 for each n ∈ N ∪ {0}, then
it follows from property (vii) of the operator �C that

V (Jxn+1,�F Jx) + V (Jx, xn+1) ≤ V (Jx,�F Jx). (3.35)

Moreover, by the continuity of the operator V , we get that

lim
n→∞V (Jx, xn+1) = V (Jx,p). (3.36)

Combining (3.34), (3.35) with (3.36), we obtain that V (Jx,p) = V (Jx,�F Jx).
Therefore, it follows from the uniqueness of �F Jx that p = �F Jx. This completes
the proof. �

Remark 3.2 The following sequences of parameters are examples which support our
main result:

αn = 1

3
− 1

n + 1 , βn = 1

3
and γn = 1

3
+ 1

n + 1
rn = n + 3 and δn = n

2n + 1
for all n ∈ N.

Setting S = T in Theorem 3.1, we obtain the following result.

Corollary 3.3 Let E be a uniformly convex and uniformly smooth Banach space and
C be a nonempty, closed and convex subset of E. Let f be a bifunction from C × C

to R satisfying (A1)–(A4). Assume that A is a continuous operator of C into E∗
satisfying conditions (2.7) and (2.8) and T : C → C is a relatively weak nonexpansive
mapping with F := F(T )∩VI(A,C)∩EP(f ) �= ∅. Let {xn} be a sequence generated
by the following manner:⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

x0 = x ∈ C chosen arbitrary, C0 = C,

zn = �C(αnJxn + (1− αn)JT xn),

yn = J ∗(δnJxn + (1− δn)J�C(Jzn − βAzn)),

un ∈ C such that f (un, y) + 1
rn

〈y − un, Jun − Jyn〉 ≥ 0, ∀y ∈ C,

Cn+1 = {z ∈ Cn : φ(z,un) ≤ φ(z, xn)},
xn+1 = �Cn+1Jx ∀n ≥ 0.

(3.37)

Assume that {αn} and {δn} are the sequences in [0,1] satisfying the restrictions:
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(C1) 0≤ δn < 1, lim supn→∞ δn < 1;
(C2) {rn} ⊂ [a,∞) for some a > 0; and
(C3) 0< αn < 1 and lim infn→∞ αn(1− αn) > 0.

Then {xn} converges strongly to �F x.

Corollary 3.4 Let E be a uniformly convex and uniformly smooth Banach space and
C be a nonempty, closed and convex subset of E. Assume that A is an continuous
operator of C into E∗ satisfying conditions (2.7) and (2.8) and T : C → C is a
relatively weak nonexpansive mapping with F := F(T )∩VI(A,C)∩EP(f ) �= ∅. Let
{xn} be a sequence generated by the following manner:⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x0 = x ∈ C chosen arbitrary, C0 = C,

zn = �C(αnJxn + (1− αn)JT xn),

yn = J ∗(δnJxn + (1− δn)J�C(Jzn − βAzn)),

Cn+1 = {z ∈ Cn : φ(z, yn) ≤ φ(z, xn)},
xn+1 = �Cn+1Jx ∀n ≥ 0.

(3.38)

Assume that {αn} and {δn} are the sequences in [0,1] satisfying the restrictions:

(C1) 0≤ δn < 1, lim supn→∞ δn < 1;
(C2) 0< αn < 1 and lim infn→∞ αn(1− αn) > 0.

Then {xn} converges strongly to �F x.

Proof Setting S = T , f (x, y) = 0 for all x, y ∈ C and rn = 1 for all n ≥ 0 in Theo-
rem 3.1, we obtain that {xn} defined by (3.38) converges strongly to �F x. �

Now, we present two examples of mappings which are relatively weak nonexpan-
sive mappings and can be found in Kim and Lee’s results [16].

Example 3.5 [16, Example 3.13] Let U denote the unit ball in the space E = lp ,
where 1 < p < ∞. Obviously, E is uniformly convex and uniformly smooth. Let
T : E → E be defined by

T x = (0, x21 , λ2x2, λ3x3, . . .)

for all x = (x1, x2, x3, . . .) ∈ U , where λn = 1− 1
n2
for n ≥ 2 (hence ∏∞

n=2 λn = 1
2 ).

Therefore,

(1) F(T ) = {0= (0,0,0, . . .)}
(2) T is relatively nonexpansive and hence it is relatively weak nonexpansive.

Next, consider an example where F(T ) is not singleton.

Example 3.6 [16, Example 3.14] Let E = lp , where 2 < p < ∞, and C = {x =
(x1, x2, . . .) ∈ X;0≤ xn ≤ 1}. Then C is a closed convex subset of X. Note that C is
not bounded. Let S : C → C be defined by

Sx = (x1,0, x
2
2 , λ2x3, λ2x4, . . .)
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for all x = (x1, x2, x3, . . .) ∈ C, where λn = 1 − 1
n2
for n ≥ 2 as in Example 3.5.

Then

(1) F(S) = {p = (p1,0,0, . . .) : 0≤ p1 ≤ 1}
(2) S is relatively nonexpansive and hence it is relatively weak nonexpansive.

Remark 3.7 We observe that 0= (0,0, . . . , ) is a common fixed point of the mapping
T in Example 3.5 and the mapping S in Example 3.6.
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For a countable family {Tn}∞n=1 of strictly pseudo-contractions, a strong convergence of viscosity
iteration is shown in order to find a common fixed point of {Tn}∞n=1 in either a p-uniformly convex
Banach space which admits a weakly continuous duality mapping or a p-uniformly convex Banach
space with uniformly Gâteaux differentiable norm. As applications, at the end of the paper we
apply our results to the problem of finding a zero of accretive operators. The main result extends
various results existing in the current literature.

1. Introduction

LetE be a real Banach space andC a nonempty closed convex subset of E. Amapping f : C →
C is called k-contraction if there exists a constant 0 < k < 1 such that ‖f(x)− f(y)‖ ≤ k‖x−y‖
for all x, y ∈ C. We use

∏
C to denote the collection of all contractions on C. That is,

∏
C = {f :

f is a contraction on C}. A mapping T : C → C is said to be λ-strictly pseudo-contractive
mapping (see, e.g., [1]) if there exists a constant 0 ≤ λ < 1, such that

∥∥Tx − Ty
∥∥2 ≤ ∥∥x − y

∥∥2 + λ
∥∥(I − T)x − (I − T)y

∥∥2
, (1.1)

for all x, y ∈ C. Note that the class of λ-strict pseudo-contractions strictly includes the class of
nonexpansive mappings which are mapping T on C such that ‖Tx − Ty‖ ≤ ‖x − y‖, for all x,
y ∈ C. That is, T is nonexpansive if and only if T is a 0-strict pseudo-contraction. A mapping
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T : C → C is said to be λ-strictly pseudo-contractive mapping with respect to p if, for all x,
y ∈ C, there exists a constant 0 ≤ λ < 1 such that

∥∥Tx − Ty
∥∥p ≤ ∥∥x − y

∥∥p + λ
∥∥(I − T)x − (I − T)y

∥∥p
. (1.2)

A countable family of mapping {Tn : C → C}∞i=1 is called a family of uniformly λ-strict
pseudo-contractions with respect to p, if there exists a constant λ ∈ [0, 1) such that

∥∥Tnx − Tny
∥∥p ≤ ∥∥x − y

∥∥p + λ
∥∥(I − Tn)x − (I − Tn)y

∥∥p
, ∀x, y ∈ C, ∀n ≥ 1. (1.3)

We denote by F(T) the set of fixed points of T , that is, F(T) = {x ∈ C : Tx = x}.
In order to find a fixed point of nonexpansive mapping T , Halpern [2] was the first

to introduce the following iteration scheme which was referred to as Halpern iteration in a
Hilbert space: u, x1 ∈ C, {αn} ⊂ [0, 1],

xn+1 = αnx + (1 − αn)Txn, n ≥ 1. (1.4)

He pointed out that the control conditions (C1) limn→∞ αn = 0 and (C2)
∑∞

n=1 = ∞ are
necessary for the convergence of the iteration scheme (1.4) to a fixed point of T . Furthermore,
the modified version of Halpern iteration was investigated widely by many mathematicians.
Recently, for the sequence of nonexpansive mappings {Tn}∞n=1 with some special conditions,
Aoyama et al. [3] introduced a Halpern type iterative sequence for finding a common fixed
point of a countable family of nonexpansive mappings {Tn : C → C} satisfying some
conditions. Let x1 = x ∈ C and

xn+1 = αnx + (1 − αn)Tnxn (1.5)

for all n ∈ N, where C is a nonempty closed convex subset of a uniformly convex Banach
space E whose norm is uniformly Gâteaux differentiable, and {αn} is a sequence in [0, 1].
They proved that {xn} defined by (1.5) converges strongly to a common fixed point of {Tn}.
Very recently, Song and Zheng [4] also studied the strong convergence theorem of Halpern
iteration (1.5) for a countable family of nonexpansive mappings {Tn : C → C} satisfying
some conditions in either a reflexive and strictly convex Banach space with a uniformly
Gâteaux differentiable norm or a reflexive Banach space E with a weakly continuous duality
mapping. Other investigations of approximating common fixed points for a countable family
of nonexpansive mappings can be found in [3, 5–10] and many results not cited here.

On the other hand, in the last twenty years or so, there are many papers in the
literature dealing with the iteration approximating fixed points of Lipschitz strongly pseudo-
contractive mappings by using the Mann and Ishikawa iteration process. Results which had
been known only for Hilbert spaces and Lipschitz mappings have been extended to more
general Banach spaces and a more general class of mappings (see, e.g., [1, 11–13] and the
references therein).
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In 2007, Marino and Xu [12] proved that the Mann iterative sequence converges
weakly to a fixed point of λ-strict pseudo-contractions in Hilbert spaces, which extend Reich’s
theorem [14, Theorem 2] from nonexpansive mappings to λ-strict pseudo-contractions in
Hilbert spaces.

Recently, Zhou [13] obtained some weak and strong convergence theorems for λ-
strict pseudo-contractions in Hilbert spaces by using Mann iteration and modified Ishikawa
iteration which extend Marino and Xu’s convergence theorems [12].

More recently, Hu andWang [11] obtained that theMann iterative sequence converges
weakly to a fixed point of λ-strict pseudo-contractions with respect to p in p-uniformly convex
Banach spaces. To be more precise, they obtained the following theorem.

Theorem HW

Let E be a real p-uniformly convex Banach space which satisfies one of the following:

(i) E has a Fréchet differentiable norm;

(ii) E satisfies Opial’s property.

Let C a nonempty closed convex subset of E. Let T : C → C be a λ-strict pseudo-contractions
with respect to p, λ ∈ [0, min{1, 2−(p−2)cp}) and F(T)/= ∅. Assume that a real sequence {αn} in
(0, 1) satisfy the following conditions:

0 < ε ≤ αn ≤ 1 − ε < 1 − 2p−2λ
cp

, ∀n ≥ 1. (1.6)

Then Mann iterative sequence {xn} defined by

x1 = x ∈ C,

xn+1 = αnxn + (1 − αn)Txn, n ≥ 1,
(1.7)

converges weakly to a fixed point of T .
Very recently, Hu [15] obtained strong convergence theorems on a mixed iteration

scheme by the viscosity approximation methods for λ-strict pseudo-contractions in p-
uniformly convex Banach spaces with uniformly Gâteaux differentiable norm. To be more
precise, Hu [15] obtained the following theorem.

Theorem H. Let E be a real p-uniformly convex Banach space with uniformly Gâteaux differentiable
norm, and C a nonempty closed convex subset of E which has the fixed point property for
nonexpansive mappings. Let T : C → C be a λ-strict pseudo-contractions with respect to p,
λ ∈ [0, min{1, 2−(p−2)cp}) and F(T)/= ∅. Let f : C → C be a k-contraction with k ∈ (0, 1). Assume
that real sequences {αn}, {βn} and {γn} in (0, 1) satisfy the following conditions:

(i) αn + βn + γn = 1 for all n ∈ N,

(ii) limn→∞ αn = 0 and
∑∞

n=0 αn = +∞,

(iii) 0 < lim infn→∞ γn ≤ lim supn→∞ γn < ξ, where ξ = 1 − 2p−2λc−1p .
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Let {xn} be the sequence generated by the following:

x1 = x ∈ C,

xn+1 = αnf(xn) + βnxn + γnTxn, n ≥ 1.
(1.8)

Then the sequence {xn} converges strongly to a fixed point of T .

In this paper, motivated by Hu and Wang [11], Hu [15], Aoyama et al. [3] and
Song and Zheng [4], we introduce a viscosity iterative approximation method for finding
a common fixed point of a countable family of strictly pseudo-contractions which is a
unique solution of some variational inequality. We prove the strong convergence theorems
of such iterative scheme in either p-uniformly convex Banach space which admits a weakly
continuous duality mapping or p-uniformly convex Banach space with uniformly Gâteaux
differentiable norm. As applications, at the end of the paper, we apply our results to the
problem of finding a zero of an accretive operator. The results presented in this paper improve
and extend the corresponding results announced by Hu and Wang [11], Hu [15], Aoyama et
al. [3] Song and Zheng [4], and many others.

2. Preliminaries

Throughout this paper, let E be a real Banach space and E∗ its dual space. We write xn ⇀ x

(resp., xn⇀
∗x ) to indicate that the sequence {xn} weakly (resp., weak∗) converges to x; as

usual xn → x will symbolize strong convergence. Let S(E) = {x ∈ E : ‖x‖ = 1} denote the
unit sphere of a Banach space E. A Banach space E is said to have

(i) a Gâteaux differentiable norm (we also say that E is smooth), if the limit

lim
t→ 0

∥∥x + ty
∥∥ − ‖x‖
t

(2.1)

exists for each x, y ∈ S(E),

(ii) a uniformly Gâteaux differentiable norm, if for each y in S(E), the limit (2.1) is
uniformly attained for x ∈ S(E),

(iii) a Fréchet differentiable norm, if for each x ∈ S(E), the limit (2.1) is attained uniformly
for y ∈ S(E),

(iv) a uniformly Fréchet differentiable norm (we also say that E is uniformly smooth), if the
limit (2.1) is attained uniformly for (x, y) ∈ S(E) × S(E).

The modulus of convexity of E is the function δE : [0, 2] → [0, 1] defined by

δE(ε) = inf

{
1 −

∥∥∥∥x + y

2

∥∥∥∥ : ‖x‖ = 1,
∥∥y∥∥ = 1,

∥∥x − y
∥∥ ≥ ε

}
, 0 ≤ ε ≤ 2. (2.2)

E is uniformly convex if and only if, for all 0 < ε ≤ 2 such that δE(ε) > 0. E is said to be
p-uniformly convex, if there exists a constant a > 0 such that δE(ε) ≥ aεp.
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The following facts are well known which can be found in [16, 17]:

(i) the normalized duality mapping J in a Banach space E with a uniformly Gâteaux
differentiable norm is single-valued and strong-weak∗ uniformly continuous on
any bounded subset of E;

(ii) each uniformly convex Banach space E is reflexive and strictly convex and has fixed
point property for nonexpansive self-mappings;

(iii) every uniformly smooth Banach space E is a reflexive Banach space with
a uniformly Gâteaux differentiable norm and has fixed point property for
nonexpansive self-mappings.

Now we collect some useful lemmas for proving the convergence result of this paper.

Lemma 2.1 (see [11]). Let E be a real p-uniformly convex Banach space and C a nonempty closed
convex subset of E. let T : C → C be a λ-strict pseudo-contraction with respect to p, and {ξn} a real
sequence in [0, 1]. If Tn : C → C is defined by Tnx := (1 − ξn)x + ξnTx, for all x ∈ C, then for all x,
y ∈ C, the inequality holds

∥∥Tnx − Tny
∥∥p ≤ ∥∥x − y

∥∥p − (wp(ξn)cp − ξnλ
)∥∥(I − T)x − (I − T)y

∥∥p
, (2.3)

where cp is a constant in [18, Theorem 1]. In addition, if 0 ≤ λ < min{1, 2−(p−2)cp}, ξ = 1 − 2p−2λc−1p ,
and ξn ∈ [0, ξ], then ‖Tnx − Tny‖ ≤ ‖x − y‖, for all x, y ∈ C.

Lemma 2.2 (see [19, 20]). Let C be a nonempty closed convex subset of a Banach space E which
has uniformly Gâteaux differentiable norm, T : C → C a nonexpansive mapping with F(T)/= ∅ and
f : C → C a k-contraction. Assume that every nonempty closed convex bounded subset of C has
the fixed points property for nonexpansive mappings. Then there exists a continuous path: t → xt,
t ∈ (0, 1) satisfying xt = tf(xt) + (1 − t)Txt, which converges to a fixed point of T as t → 0+.

Lemma 2.3 (see [21]). Let {xn} and {yn} be bounded sequences in Banach space E such that

xn+1 = αnxn + (1 − αn)yn, n ≥ 0, (2.4)

where {αn} is a sequence in (0, 1) such that 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1. Assume

lim sup
n→∞

(∥∥yn+1 − yn

∥∥ − ‖xn+1 − xn‖
) ≤ 0. (2.5)

Then limn→∞‖yn − xn‖ = 0.

Definition 2.4 (see [3]). Let {Tn} be a family of mappings from a subset C of a Banach space E
into E with

⋂∞
n=1 F(Tn)/= ∅. We say that {Tn} satisfies the AKTT-condition if for each bounded

subset B of C,

∞∑
n=1

sup
z∈B

‖Tn+1z − Tnz‖ < ∞. (2.6)
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Remark 2.5. The example of the sequence of mappings {Tn} satisfying AKTT-condition is
supported by Lemma 4.1.

Lemma 2.6 (see [3, Lemma 3.2]). Suppose that {Tn} satisfies AKTT-condition. Then, for each y ∈
C, {Tny} converses strongly to a point in C. Moreover, let the mapping T be defined by

Ty = lim
n→∞

Tny, ∀y ∈ C. (2.7)

Then for each bounded subset B of C, limn→∞ supz∈B‖Tz − Tnz‖ = 0.

Lemma 2.7 (see [22]). Assume that {αn} is a sequence of nonnegative real numbers such that

αn+1 ≤
(
1 − γn

)
αn + δn, (2.8)

where {γn} is a sequence in (0, 1) and {δn} is a sequence such that
(a)

∑∞
n=1 γn = ∞;

(b) lim supn→∞ δn/γn ≤ 0 or
∑∞

n=1 |δn| < ∞.

Then limn→∞ αn = 0.

By a gauge function ϕ we mean a continuous strictly increasing function ϕ : [0,∞) →
[0,∞) such that ϕ(0) = 0 and ϕ(t) → ∞ as t → ∞. Let E∗ be the dual space of E. The duality
mapping Jϕ : E → 2E

∗
associated to a gauge function ϕ is defined by

Jϕ(x) =
{
f∗ ∈ E∗ :

〈
x, f∗

〉
= ‖x‖ϕ(‖x‖),∥∥f∗∥∥ = ϕ(‖x‖)}, ∀x ∈ E. (2.9)

In particular, the duality mapping with the gauge function ϕ(t) = t, denoted by J , is
referred to as the normalized duality mapping. Clearly, there holds the relation Jϕ(x) =
(ϕ(‖x‖)/‖x‖)J(x) for all x /= 0 (see [23]). Browder [23] initiated the study of certain classes of
nonlinear operators bymeans of the duality mapping Jϕ. Following Browder [23], we say that
a Banach space E has a weakly continuous duality mapping if there exists a gauge ϕ for
which the duality mapping Jϕ(x) is single-valued and continuous from the weak topology
to the weak∗ topology, that is, for any {xn} with xn ⇀ x, the sequence {Jϕ(xn)} converges
weakly∗ to Jϕ(x). It is known that lp has a weakly continuous duality mapping with a gauge
function ϕ(t) = tp−1 for all 1 < p < ∞. Set

Φ(t) =
∫ t

0

ϕ(τ)dτ, ∀t ≥ 0, (2.10)

then

Jϕ(x) = ∂Φ(‖x‖), ∀x ∈ E, (2.11)

where ∂ denotes the subdifferential in the sense of convex analysis (recall that the
subdifferential of the convex function φ : E → R at x ∈ E is the set ∂φ(x) = {x∗ ∈ E∗; φ(y) ≥
φ(x) + 〈x∗, y − x〉, for all y ∈ E}).
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The following lemma is an immediate consequence of the subdifferential inequality.
The first part of the next lemma is an immediate consequence of the subdifferential inequality
and the proof of the second part can be found in [24].

Lemma 2.8 (see [24]). Assume that a Banach space E has a weakly continuous duality mapping Jϕ
with gauge ϕ.

(i) For all x, y ∈ E, the following inequality holds:

Φ
(∥∥x + y

∥∥) ≤ Φ(‖x‖) + 〈y, Jϕ(x + y
)〉
. (2.12)

In particular, in a smooth Banach space E, for all x, y ∈ E,

∥∥x + y
∥∥2 ≤ ‖x‖2 + 2

〈
y, J

(
x + y

)〉
. (2.13)

(ii) Assume that a sequence {xn} in E converges weakly to a point x ∈ E.
Then the following identity holds:

lim sup
n→∞

Φ
(∥∥xn − y

∥∥) = lim sup
n→∞

Φ(‖xn − x‖) + Φ
(∥∥y − x

∥∥), ∀x, y ∈ E. (2.14)

3. Main Results

For T : C → C a nonexpansive mapping, t ∈ (0, 1) and f ∈∏C, tf + (1 − t)T : C → C defines
a contraction mapping. Thus, by the Banach contraction mapping principle, there exists a

unique fixed point x
f

t satisfying

x
f

t = tf(xt) + (1 − t)Txf

t . (3.1)

For simplicity we will write xt for x
f

t provided no confusion occurs. Next, we will prove the
following lemma.

Lemma 3.1. Let E be a reflexive Banach space which admits a weakly continuous duality mapping Jϕ
with gauge ϕ. Let C be a nonempty closed convex subset of E, T : C → C a nonexpansive mapping
with F(T)/= ∅ and f ∈∏C. Then the net {xt} defined by (3.1) converges strongly as t → 0 to a fixed
point x̃ of T which solves the variational inequality:

〈(
I − f

)
x̃, Jϕ(x̃ − z)

〉 ≤ 0, z ∈ F(T). (3.2)

Proof. We first show that the uniqueness of a solution of the variational inequality (3.2).
Suppose both x̃ ∈ F(T) and x∗ ∈ F(T) are solutions to (3.2), then

〈(
I − f

)
x̃, Jϕ(x̃ − x∗)

〉 ≤ 0,〈(
I − f

)
x∗, Jϕ(x∗ − x̃)

〉 ≤ 0.
(3.3)
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Adding (3.3), we obtain

〈(
I − f

)
x̃ − (I − f

)
x∗, Jϕ(x̃ − x∗)

〉 ≤ 0. (3.4)

Noticing that for any x, y ∈ E,

〈(
I − f

)
x − (I − f

)
y, Jϕ

(
x − y

)〉
=
〈
x − y, Jϕ

(
x − y

)〉 − 〈f(x) − f
(
y
)
, Jϕ

(
x − y

)〉
≥ ∥∥x − y

∥∥ϕ(∥∥x − y
∥∥) − ∥∥f(x) − f

(
y
)∥∥ϕ(∥∥x − y

∥∥)
≥ Φ

(∥∥x − y
∥∥) − αΦ

(∥∥x − y
∥∥)

= (1 − α)Φ
(∥∥x − y

∥∥) ≥ 0.

(3.5)

From (3.4), we conclude that Φ(‖x̃ − x∗‖) = 0. This implies that x̃ = x∗ and the uniqueness is
proved. Below we use x̃ to denote the unique solution of (3.2). Next, we will prove that {xt}
is bounded. Take a p ∈ F(T); then we have

∥∥xt − p
∥∥ =

∥∥tf(xt) + (1 − t)Txt − p
∥∥

=
∥∥(1 − t)Txt − (1 − t)p + t

(
f(xt) − p

)∥∥
≤ (1 − t)

∥∥xt − p
∥∥ + t

(
α
∥∥xt − p

∥∥ +
∥∥f(p) − p

∥∥).
(3.6)

It follows that

∥∥xt − p
∥∥ ≤ 1

1 − α

∥∥f(p) − p
∥∥. (3.7)

Hence {xt} is bounded, so are {f(xt)} and {T(xt)}. The definition of {xt} implies that

‖xt − Txt‖ = t
∥∥f(xt) − Txt

∥∥ −→ 0, as t −→ 0. (3.8)

If follows from reflexivity of E and the boundedness of sequence {xt} that there exists {xtn}
which is a subsequence of {xt} converging weakly to w ∈ C as n → ∞. Since Jϕ is weakly
sequentially continuous, we have by Lemma 2.8 that

lim sup
n→∞

Φ(‖xtn − x‖) = lim sup
n→∞

Φ(‖xtn −w‖) + Φ(‖x −w‖), ∀x ∈ E. (3.9)

Let

H(x) = lim sup
n→∞

Φ(‖xtn − x‖), ∀x ∈ E. (3.10)

It follows that

H(x) = H(w) + Φ(‖x −w‖), ∀x ∈ E. (3.11)
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Since

‖xtn − Txtn‖ = tn
∥∥f(xtn) − Txtn

∥∥ −→ 0, as n −→ ∞, (3.12)

we obtain

H(Tw) = lim sup
n→∞

Φ(‖xtn − Tw‖) = lim sup
n→∞

Φ(‖Txtn − Tw‖)

≤ lim sup
n→∞

Φ(‖xtn −w‖) = H(w).
(3.13)

On the other hand, however,

H(Tw) = H(w) + Φ(‖T(w) −w‖). (3.14)

It follows from (3.13) and (3.14) that

Φ(‖T(w) −w‖) = H(Tw) −H(w) ≤ 0. (3.15)

This implies that Tw = w. Next we show that xtn → w as n → ∞. In fact, since Φ(t) =∫ t
0 ϕ(τ)dτ, for all t ≥ 0, and ϕ : [0,∞) → [0,∞) is a gauge function, then for 1 ≥ k ≥ 0,
ϕ(kx) ≤ ϕ(x) and

Φ(kt) =
∫kt

0

ϕ(τ)dτ = k

∫ t

0

ϕ(kx)dx ≤ k

∫ t

0

ϕ(x)dx = kΦ(t). (3.16)

Following Lemma 2.8, we have

Φ(‖xtn −w‖) = Φ
(∥∥(1 − tn)Txtn − (1 − tn)w + tn

(
f(xtn) −w

)∥∥)
= Φ(‖(1 − tn)Txtn − (1 − tn)w‖) + tn

〈
f(xtn) −w, J(xtn −w)

〉
≤ Φ((1 − tn)‖xtn −w‖) + tn

〈
f(xtn) − f(w), J(xtn −w)

〉
+ tn

〈
f(w) −w, J(xtn −w)

〉
≤ (1 − tn)Φ(‖xtn −w‖) + tn

∥∥f(xtn) − f(w)
∥∥‖J(xtn −w)‖

+ tn
〈
f(w) −w, J(xtn −w)

〉
≤ (1 − tn)Φ(‖xtn −w‖) + tnα‖xtn −w‖∥∥Jϕ(xtn −w)

∥∥
+ tn

〈
f(w) −w, J(xtn −w)

〉
= (1 − tn)Φ(‖xtn −w‖) + tnαΦ(‖xtn −w‖)
+ tn

〈
f(w) −w, J(xtn −w)

〉
= (1 − tn(1 − α))Φ(‖xtn −w‖) + tn

〈
f(w) −w, J(xtn −w)

〉
.

(3.17)
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This implies that

Φ(‖xtn −w‖) ≤ 1

1 − α

〈
f(w) −w, J(xtn −w)

〉
. (3.18)

Now observing that xtn ⇀ w implies Jϕ(xtn − w) ⇀ 0, we conclude from the last inequality
that

Φ(‖xtn −w‖) −→ 0, as n −→ ∞. (3.19)

Hence xtn → w as n → ∞. Next we prove that w solves the variational inequality (3.2). For
any z ∈ F(T), we observe that

〈
(I − T)xt − (I − T)z, Jϕ(xt − z)

〉
=
〈
xt − z, Jϕ(xt − z)

〉
+
〈
Txt − Tz, Jϕ(xt − z)

〉
= Φ(‖xt − z‖) − 〈Tz − Txt, Jϕ(xt − z)

〉
≥ Φ(‖xt − z‖) − ‖Tz − Txt‖

∥∥Jϕ(xt − z)
∥∥

≥ Φ(‖xt − z‖) − ‖z − xt‖
∥∥Jϕ(xt − z)

∥∥
= Φ(‖xt − z‖) −Φ(‖xt − z‖) = 0.

(3.20)

Since

xt = tf(xt) + (1 − t)Txt, (3.21)

we can derive that

(
I − f

)
(xt) = −1

t
(I − T)xt + (I − T)xt. (3.22)

Thus

〈(
I − f

)
(xt), Jϕ(xt − z)

〉
= −1

t

〈
(I − T)xt − (I − T)z, Jϕ(xt − z)

〉
+
〈
(I − T)xt, Jϕ(xt − z)

〉
≤ 〈(I − T)xt, Jϕ(xt − z)

〉
.

(3.23)

Noticing that

xtn − Txtn −→ w − T(w) = w −w = 0. (3.24)

Now replacing t in (3.23) with tn and letting n → ∞, we have

〈(
I − f

)
w, Jϕ(w − z)

〉 ≤ 0. (3.25)
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So, w ∈ F(T) is a solution of the variational inequality (3.2), and hence w = x̃ by the
uniqueness. In a summary, we have shown that each cluster point of {xt} (at t → 0) equals
x̃. Therefore, xt → x̃ as t → 0. This completes the proof.

Theorem 3.2. Let E be a real p-uniformly convex Banach space with a weakly continuous duality
mapping Jϕ, and C a nonempty closed convex subset of E. Let {Tn : C → C} be a family of uniformly
λ-strict pseudo-contractions with respect to p, λ ∈ [0, min{1, 2−(p−2)cp}) and

⋂∞
n=1 F(Tn)/= ∅. Let

f : C → C be a k-contraction with k ∈ (0, 1). Assume that real sequences {αn}, {βn} and {γn} in
(0, 1) satisfy the following conditions:

(i) αn + βn + γn = 1 for all n ∈ N;

(ii) limn→∞ αn = 0 and
∑∞

n=0 αn = +∞;

(iii) 0 < lim infn→∞ γn ≤ lim supn→∞ γn < ξ, where ξ = 1 − 2p−2λc−1p .

Let {xn} be the sequence generated by the following:

x1 = x ∈ C,

xn+1 = αnf(xn) + βnxn + γnTnxn, n ≥ 1.
(3.26)

Suppose that {Tn} satisfies the AKTT-condition. Let T be a mapping of C into itself defined by Tz =
limn→∞ Tnz for all z ∈ C and suppose that F(T) =

⋂∞
n=1 F(Tn). Then the sequence {xn} converges

strongly to x̃ which solves the variational inequality:

〈(
I − f

)
x̃, Jϕ(x̃ − z)

〉 ≤ 0, z ∈ F(T). (3.27)

Proof. Rewrite the iterative sequence (3.26) as follows:

xn+1 = αnf(xn) + β′nxn + γ ′nSnxn, n ≥ 1, (3.28)

where β′n = βn − (γn/ξ)(1 − ξ), γ ′n = γn/ξ and Sn := (1 − ξ)I + ξTn, I is the identity mapping.
By Lemma 2.1, Sn is nonexpansive such that F(Sn) = F(Tn) for all n ∈ N. Taking any q ∈⋂∞

n=1 F(Tn), from (3.28), it implies that

∥∥xn+1 − q
∥∥ ≤ αn

∥∥f(xn) − q
∥∥ + β′n

∥∥xn − q
∥∥ + γ ′n

∥∥Snxn − q
∥∥

≤ αnk
∥∥xn − q

∥∥ + αn

∥∥f(q) − q
∥∥ + (1 − αn)

∥∥xn − q
∥∥

= αn(1 − k)
1

1 − k

∥∥f(q) − q
∥∥ + (1 − αn(1 − k))

∥∥xn − q
∥∥

≤ max

{∥∥x1 − q
∥∥, 1

1 − k

∥∥f(q) − q
∥∥}.

(3.29)
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Therefore, the sequence {xn} is bounded, and so are the sequences {f(xn)}, {Snxn}. Since
Snxn = (1 − ξn)xn + ξnTnxn and lim inf ξn > 0, we know that {Tnxn} is bounded. We note that
for any bounded subset B of C,

sup
z∈B

‖Sn+1z − Snz‖ = sup
z∈B

[‖((1 − ξn+1)z + ξn+1Tn+1z) − ((1 − ξn)z + ξnTnz)‖]

≤ |ξn+1 − ξn|sup
z∈B

‖z‖ + ξn+1sup
z∈B

‖Tn+1z − Tnz‖ + |ξn+1 − ξn|sup
z∈B

‖Tnz‖

= |ξn+1 − ξn|sup
z∈B

(‖z‖ + ‖Tz‖) + ξn+1sup
z∈B

‖Tn+1z − Tnz‖.

(3.30)

From
∑∞

n=1 |ξn+1 − ξn| < ∞ and {Tn} satisfing AKTT-condition, we obtain that

∞∑
n=1

sup
z∈B

‖Sn+1z − Snz‖ < ∞, (3.31)

that is, the sequence {Sn} satisfies AKTT-condition. Applying Lemma 2.6, we can take the
mapping S : C → C defined by

Sz = lim
n→∞

Snz, ∀z ∈ C. (3.32)

Moreover, we have S is nonexpansive and

Sz = lim
n→∞

Snz = lim
n→∞

((1 − ξn)z + ξnTnz) = (1 − ξ)z + ξTz. (3.33)

It is easy to see that F(S) = F(T). Hence F(S) =
⋂∞

n=1 F(Tn) =
⋂∞

n=1 F(Sn). The iterative
sequence (3.28) can be expressed as follows:

xn+1 = β′nxn +
(
1 − β′n

)
yn, (3.34)

where

yn =
αn

1 − β′n
f(xn) +

γ ′n
1 − β′n

Snxn. (3.35)
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We estimate from (3.35)

∥∥yn+1 − yn

∥∥ =

∥∥∥∥∥ αn+1

1 − β′n+1
f(xn+1) +

γ ′n+1
1 − β′n+1

Sn+1xn+1 − αn

1 − β′n
f(xn) +

γ ′n
1 − β′n

Snxn

∥∥∥∥∥
≤ αn+1

1 − β′n+1
k‖xn+1 − xn‖ +

γ ′n+1
1 − β′n+1

‖Sn+1xn+1 − Snxn‖

+

∣∣∣∣∣ αn+1

1 − β′n+1
− αn

1 − β′n

∣∣∣∣∣∥∥f(xn) − Snxn

∥∥
≤ αn+1

1 − β′n+1
k‖xn+1 − xn‖ +

γ ′n+1
1 − β′n+1

[‖Sn+1xn+1 − Sn+1xn‖ + ‖Sn+1xn − Snxn‖]

+

∣∣∣∣∣ αn+1

1 − β′n+1
− αn

1 − β′n

∣∣∣∣∣∥∥f(xn) − Snxn

∥∥
≤ αn+1

1 − β′n+1
k‖xn+1 − xn‖ +

γ ′n+1
1 − β′n+1

[
‖xn+1 − xn‖ + sup

z∈{xn}
‖Sn+1z − Snz‖

]

+

∣∣∣∣∣ αn+1

1 − β′n+1
− αn

1 − β′n

∣∣∣∣∣∥∥f(xn) − Snxn

∥∥.
(3.36)

Hence

∥∥yn+1 − yn

∥∥ − ‖xn+1 − xn‖ ≤ αn+1

1 − β′n+1
k‖xn+1 − xn‖ +

γ ′n+1
1 − β′n+1

sup
z∈{xn}

‖Sn+1z − Snz‖

+

∣∣∣∣∣ αn+1

1 − β′n+1
− αn

1 − β′n

∣∣∣∣∣∥∥f(xn) − Snxn

∥∥.
(3.37)

Since limn→∞ αn = 0, and limn→∞ supz∈{xn}‖Sn+1z − Snz‖ = 0, we have from (3.37) that

lim sup
n→∞

(∥∥yn+1 − yn

∥∥ − ‖xn+1 − xn‖
) ≤ 0. (3.38)

Hence, by Lemma 2.3, we obtain

lim
n→∞

∥∥yn − xn

∥∥ = 0. (3.39)

From (3.35), we get

lim
n→∞

∥∥yn − Snxn

∥∥ = lim
n→∞

αn

1 − β′n

∥∥f(xn) − Snxn

∥∥ = 0, (3.40)
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and so it follows from (3.39) and (3.40) that

lim
n→∞

‖xn − Snxn‖ = 0. (3.41)

It follows from Lemma 2.6 and (3.41), we have

‖xn − Sxn‖ ≤ ‖xn − Snxn‖ + ‖Snxn − Sxn‖
≤ ‖xn − Snxn‖ + sup{‖Snz − Sz‖ : z ∈ {xn}} −→ 0, as n −→ ∞.

(3.42)

Since S is a nonexpansive mapping, we have from Lemma 3.1 that the net {xt} generated by

xt = tf(xt) + (1 − t)Sx (3.43)

converges strongly to x̃ ∈ F(S), as t → 0+. Next, we prove that

lim sup
n→∞

〈
f(x̃) − x̃, Jϕ(xn − x̃)

〉 ≤ 0. (3.44)

Let {xnk
} be a subsequence of {xn} such that

lim
k→∞

〈
f(x̃) − x̃, Jϕ(xnk

− x̃)
〉
= lim sup

n→∞

〈
f(x̃) − x̃, Jϕ(xn − x̃)

〉
. (3.45)

If follows from reflexivity of E and the boundedness of sequence {xnk
} that there exists {xnki

}
which is a subsequence of {xnk

} converging weakly to w ∈ C as i → ∞. Since Jϕ is weakly
continuous, we have by Lemma 2.8 that

lim sup
i→∞

Φ
(∥∥∥xnki

− x
∥∥∥) = lim sup

i→∞
Φ
(∥∥∥xnki

−w
∥∥∥) + Φ(‖x −w‖), ∀x ∈ E. (3.46)

Let

H(x) = lim sup
i→∞

Φ
(∥∥∥xnki

− x
∥∥∥), ∀x ∈ E. (3.47)

It follows that

H(x) = H(w) + Φ(‖x −w‖), ∀x ∈ E. (3.48)

From (3.42), we obtain

H(Sw) = lim sup
i→∞

Φ
(∥∥∥xnki

− Sw
∥∥∥) = lim sup

i→∞
Φ
(∥∥∥Sxnki

− Sw
∥∥∥)

≤ lim sup
i→∞

Φ
(∥∥∥xnki

−w
∥∥∥) = H(w).

(3.49)
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On the other hand, however,

H(Sw) = H(w) + Φ(‖S(w) −w‖). (3.50)

It follows from (3.49) and (3.50) that

Φ(‖S(w) −w‖) = H(Sw) −H(w) ≤ 0. (3.51)

This implies that Sw = w, that is, w ∈ F(S) = F(T). Since the duality map Jϕ is single-valued
and weakly continuous, we get that

lim sup
n→∞

〈
f(x̃) − x̃, Jϕ(xn − x̃)

〉
= lim

k→∞
〈
f(x̃) − x̃, Jϕ(xnk

− x̃)
〉

= lim
i→∞

〈
f(x̃) − x̃, Jϕ

(
xnki

− x̃
)〉

=
〈(
I − f

)
x̃, Jϕ(x̃ −w)

〉 ≤ 0

(3.52)

as required. Finally, we show that xn → x̃ as n → ∞.

Φ(‖xn+1 − x̃‖) = Φ
(∥∥αn

(
f(xn) − f(x̃)

)
+ β′n(xn − x̃) + γ ′n(Snxn − x̃) + αn

(
f(x̃) − x̃

)∥∥)
≤ Φ

(∥∥αn

(
f(xn) − f(x̃)

)
+ β′n(xn − x̃) + γ ′n(Snxn − x̃)

∥∥)
+ αn

〈
f(x̃) − x̃, Jϕ(xn+1 − x̃)

〉
≤ Φ

(
αnk‖xn − x̃‖ + β′n‖xn − x̃‖ + γ ′n‖xn − x̃‖)

+ αn

〈
f(x̃) − x̃, Jϕ(xn+1 − x̃)

〉
= Φ((1 − αn(1 − k))‖xn − x̃‖) + αn

〈
f(x̃) − x̃, Jϕ(xn+1 − x̃)

〉
≤ (1 − αn(1 − k))Φ(‖xn − x̃‖) + αn

〈
f(x̃) − x̃, Jϕ(xn+1 − x̃)

〉
.

(3.53)

It follows that from condition (i) and (3.44) that

lim
n→∞

αn = 0,
∞∑
n=1

αn = ∞, lim sup
n→∞

〈
f(x̃) − x̃, Jϕ(xn+1 − x̃)

〉 ≤ 0. (3.54)

Apply Lemma 2.7 to (3.53) to conclude Φ(‖xn+1 − x̃‖) → 0 as n → ∞; that is, xn → x̃ as
n → ∞. This completes the proof.

If {Tn : C → C} is a family of nonexpansive mappings, then we obtain the following
results.

Corollary 3.3. Let E be a real p-uniformly convex Banach space with a weakly continuous duality
mapping Jϕ, and C a nonempty closed convex subset of E. Let {Tn : C → C} be a family of
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nonexpansive mappings such that
⋂∞

n=1 F(Tn)/= ∅. Let f : C → C be a k-contraction with k ∈ (0, 1).
Assume that real sequences {αn}, {βn} and {γn} in (0, 1) satisfy the following conditions:

(i) αn + βn + γn = 1 for all n ∈ N;

(ii) limn→∞ αn = 0 and
∑∞

n=0 αn = +∞;

(iii) 0 < lim infn→∞ γn ≤ lim supn→∞ γn < 1.

Let {xn} be the sequence generated by the following:

x1 = x ∈ C,

xn+1 = αnf(xn) + βnxn + γnTnxn, n ≥ 1.
(3.55)

Suppose that {Tn} satisfies the AKTT-condition. Let T be a mapping of C into itself defined by Tz =
limn→∞ Tnz for all z ∈ C and suppose that F(T) =

⋂∞
n=1 F(Tn). Then the sequence {xn} converges

strongly x̃ which solves the variational inequality:

〈(
I − f

)
x̃, Jϕ(x̃ − z)

〉 ≤ 0, z ∈ F(T). (3.56)

Corollary 3.4. Let E be a real p-uniformly convex Banach space with a weakly continuous duality
mapping Jϕ, and C a nonempty closed convex subset of E. Let T : C → C be a λ-strict pseudo-
contraction with respect to p, λ ∈ [0, min{1, 2−(p−2)cp}) and F(T)/= ∅. Let f : C → C be a k-
contraction with k ∈ (0, 1). Assume that real sequences {αn}, {βn} and {γn} in (0, 1) satisfy the
following conditions:

(i) αn + βn + γn = 1 for all n ∈ N;

(ii) limn→∞ αn = 0 and
∑∞

n=0 αn = +∞;

(iii) 0 < lim infn→∞ γn ≤ lim supn→∞ γn < ξ, where ξ = 1 − 2p−2λc−1p .

Let {xn} be the sequence generated by the following

x1 = x ∈ C,

xn+1 = αnf(xn) + βnxn + γnTxn, n ≥ 1.
(3.57)

Then the sequence {xn} converges strongly to x̃ which solves the following variational inequality:

〈(
I − f

)
x̃, Jϕ(x̃ − z)

〉 ≤ 0, z ∈ F(T). (3.58)

Theorem 3.5. Let E be a real p-uniformly convex Banach space with uniformly Gâteaux differentiable
norm, andC a nonempty closed convex subset of E which has the fixed point property for nonexpansive
mappings. Let {Tn : C → C} be a family of uniformlyλ-strict pseudo-contractions with respect to
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p, λ ∈ [0, min{1, 2−(p−2)cp}) and
⋂∞

n=1 F(Tn)/= ∅. Let f : C → C be a k-contraction with k ∈ (0, 1).
Assume that real sequences {αn}, {βn} and {γn} in (0, 1) satisfy the following conditions:

(i) αn + βn + γn = 1 for all n ∈ N;

(ii) limn→∞ αn = 0 and
∑∞

n=0 αn = +∞;

(iii) 0 < lim infn→∞ γn ≤ lim supn→∞ γn < ξ, where ξ = 1 − 2p−2λc−1p .

Let {xn} be the sequence generated by the following:

x1 = x ∈ C,

xn+1 = αnf(xn) + βnxn + γnTnxn, n ≥ 1.
(3.59)

Suppose that {Tn} satisfies the AKTT-condition. Let T be a mapping of C into itself defined by Tz =
limn→∞ Tnz for all z ∈ C and suppose that F(T) =

⋂∞
n=1 F(Tn). Then the sequence {xn} converges

strongly to a common fixed point x̃ of {Tn}.

Proof. It follows from the same argumentation as Theorem 3.2 that {xn} is bounded and
limn→∞‖xn − Sxn‖ = 0, where S is a nonexpansive mapping defined by (3.32). From
Lemma 2.2 that the net {xt} generated by xt = tf(xt) + (1 − t)Sxt converges strongly to
x̃ ∈ F(S) = F(T), as t → 0+. Obviously,

xt − xn = (1 − t)(Sxt − xn) + t
(
f(xt) − xn

)
. (3.60)

In view of Lemma 2.8, we calculate

‖xt − xn‖2 ≤ (1 − t)2‖Sxt − xn‖2 + 2t
〈
f(xt) − xn, J(xt − xn)

〉
≤
(
1 − 2t + t2

)
(‖xt − xn‖ + ‖Sxn − xn‖)2

+ 2t
〈
f(xt) − xt, J(xt − xn)

〉
+ 2t‖xt − xn‖2

(3.61)

and therefore

〈
f(xt) − xt, J(xn − xt)

〉 ≤ t

2
‖xt − xn‖2 + (1 + t)2‖xn − Sxn‖

2t
(2‖xt − xn‖ + ‖xn − Sxn‖).

(3.62)

Since {xn}, {xt} and {Sxn} are bounded and limn→∞(‖xn − Sxn‖/2t) = 0, we obtain

lim sup
n→∞

〈
f(xt) − xt, J(xn − xt)

〉 ≤ t

2
M, (3.63)

where M = supn≥1, t∈(0,1){‖xt − xn‖2}. We also know that

〈
f(x̃) − x̃, J(xn − x̃)

〉
=
〈
f(xt) − xt, J(xn − xt)

〉
+
〈
f(x̃) − f(xt) + xt − x̃, J(xn − xt)

〉
+
〈
f(x̃) − x̃, J(xn − x̃) − J(xn − xt)

〉
.

(3.64)
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From the fact that xt → x̃ ∈ F(T), as t → 0, {xn} is bounded and the duality mapping J is
norm-to-weak∗ uniformly continuous on bounded subset of E, it follows that as t → 0,

〈
f(x̃) − x̃, J(xn − x̃) − J(xn − xt)

〉 −→ 0, ∀n ∈ N,〈
f(x̃) − f(xt) + xt − x̃, J(xn − xt)

〉 −→ 0, ∀n ∈ N.
(3.65)

Combining (3.63), (3.64) and two results mentioned above, we get

lim sup
n→∞

〈
f(x̃) − x̃, J(xn − x̃)

〉 ≤ 0. (3.66)

From (3.28) and Lemma 2.8, we get

‖xn+1 − x̃‖2 ≤ ∥∥αn

(
f(xn) − f(x̃)

)
+ β′n(xn − x̃) + γ ′n(Snxn − x̃)

∥∥2

+ 2αn

〈
f(x̃) − x̃, J(xn+1 − x̃)

〉
≤ (1 − αn(1 − k))‖xn − x̃‖2 + 2αn

〈
f(x̃) − x̃, J(xn+1 − x̃)

〉
.

(3.67)

Hence applying in Lemma 2.7 to (3.67), we conclude that limn→∞‖xn − x̃‖ = 0.

Corollary 3.6. LetE be a real p-uniformly convex Banach space with uniformly Gâteaux differentiable
norm, andC a nonempty closed convex subset of E which has the fixed point property for nonexpansive
mappings. Let {Tn : C → C} be a family of nonexpansive mappings such that

⋂∞
n=1 F(Tn)/= ∅. Let

f : C → C be a k-contraction with k ∈ (0, 1). Assume that real sequences {αn}, {βn} and {γn} in
(0, 1) satisfy the following conditions:

(i) αn + βn + γn = 1 for all n ∈ N;

(ii) limn→∞ αn = 0 and
∑∞

n=0 αn = +∞;

(iii) 0 < lim infn→∞ γn ≤ lim supn→∞ γn < 1.

Let {xn} be the sequence generated by the following:

x1 = x ∈ C,

xn+1 = αnf(xn) + βnxn + γnTnxn, n ≥ 1.
(3.68)

Suppose that {Tn} satisfies the AKTT-condition. Let T be a mapping of C into itself defined by Tz =
limn→∞ Tnz for all z ∈ C and suppose that F(T) =

⋂∞
n=1 F(Tn). Then the sequence {xn} converges

strongly to a common fixed point x̃ of {Tn}.

Corollary 3.7. LetE be a real p-uniformly convex Banach space with uniformly Gâteaux differentiable
norm, and C a nonempty closed convex subset of E which has the fixed point property for
nonexpansive mappings. Let T : C → C be a λ-strict pseudo-contractions with respect to
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p, λ ∈ [0,min{1, 2−(p−2)cp}) and F(T)/= ∅. Let f : C → C be a k-contraction with k ∈ (0, 1).
Assume that real sequences {αn}, {βn} and {γn} in (0, 1) satisfy the following conditions:

(i) αn + βn + γn = 1 for all n ∈ N;

(ii) limn→∞ αn = 0 and
∑∞

n=0 αn = +∞;

(iii) 0 < lim infn→∞ γn ≤ lim supn→∞ γn < ξ, where ξ = 1 − 2p−2λc−1p .

Let {xn} be the sequence generated by the following:

x1 = x ∈ C,

xn+1 = αnf(xn) + βnxn + γnTxn, n ≥ 1.
(3.69)

Then the sequence {xn} converges strongly to a common fixed point x̃ of {Tn}.

4. Some Applications for Accretive Operators

We consider the problem of finding a zero of an accretive operator. An operator Ψ ⊂ E × E is
said to be accretive if for each (x1, y1) and (x2, y2) ∈ Ψ, there exists j ∈ J(x1−x2) such that 〈y1−
y2, j〉 ≥ 0. An accretive operator Ψ is said to satisfy the range condition if D(Ψ) ⊂ R(I + λΨ)
for all λ > 0, where D(Ψ) is the domain of Ψ, I is the identity mapping on E, R(I + λΨ) is the
range of I + λΨ, andD(Ψ) is the closure ofD(Ψ). If Ψ is an accretive operator which satisfies
the range condition, then we can define, for each λ > 0, a mapping Jλ : R(I + λΨ) → D(Ψ)
by Jλ = (I + λΨ)−1, which is called the resolvent of Ψ. We know that Jλ is nonexpansive
and F(Jλ) = Ψ−1(0) for all λ > 0. We also know the following [25]: For each λ, μ > 0 and
x ∈ R(I + λΨ) ∩ R(I + μΨ), it holds that

∥∥Jλx − Jμx
∥∥ ≤ ∣∣λ − μ

∣∣
λ

‖x − Jλx‖. (4.1)

By the proof of Theorem 4.3 in [3], we have the following lemma.

Lemma 4.1. Let E be a Banach space and C a nonempty closed convex subset of E. Let Ψ ⊆ E × E be
an accretive operator such that Ψ−10/= ∅ and D(Ψ) ⊂ C ⊂ ⋂

λ>0 R(I + λΨ). Suppose that {λn} is a
sequence of (0,∞) such that inf{λn : n ∈ N} > 0 and

∑∞
n=1 |λn+1 − λn| < ∞. Then

(i) The sequence {Jλn} satisfies the AKTT-condition.

(ii) limn→∞ Jλnz = Jλz for all z ∈ C and F(Jλ) =
⋂∞

n=1 F(Jλn) where λn → λ as n → ∞.

By Corollary 3.3, we obtain the following result.

Theorem 4.2. Let E be a real p-uniformly convex Banach space with a weakly continuous duality
mapping Jϕ, and C a nonempty closed convex subset of E. Let Ψ is an m-accretive operator in E such
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that Ψ−10/= ∅. Let f : C → C be a k-contraction with k ∈ (0, 1). Assume that real sequences {αn},
{βn} and {γn} in (0, 1) satisfy the following conditions:

(i) αn + βn + γn = 1 for all n ∈ N;

(ii) limn→∞ αn = 0 and
∑∞

n=0 αn = +∞;

(iii) 0 < lim infn→∞ γn ≤ lim supn→∞ γn < 1;

(iv) {λn} is a sequence of (0,∞) such that inf{λn : n ∈ N} > 0 and
∑∞

n=1 |λn+1 − λn| < ∞.

Let {xn} be the sequence generated by the following:

x1 = x ∈ C,

xn+1 = αnf(xn) + βnxn + γnJλnxn, n ≥ 1.
(4.2)

Then the sequence {xn} converges strongly x̃ which solves the following variational inequality:

〈(
I − f

)
x̃, Jϕ(x̃ − z)

〉 ≤ 0, z ∈ F(Jλ). (4.3)

By Corollary 3.6, we obtain the following result.

Theorem 4.3. Let E be a real p-uniformly convex Banach space with uniformly Gâteaux differentiable
norm, and C a nonempty closed convex subset of E. Let Ψ is an m-accretive operator in E such that
Ψ−10/= ∅. Let f : C → C be a k-contraction with k ∈ (0, 1). Assume that real sequences {αn}, {βn}
and {γn} in (0, 1) satisfy the following conditions:

(i) αn + βn + γn = 1 for all n ∈ N;

(ii) limn→∞ αn = 0 and
∑∞

n=0 αn = +∞;

(iii) 0 < lim infn→∞ γn ≤ lim supn→∞ γn < 1;

(iv) {λn} is a sequence of (0,∞) such that inf{λn : n ∈ N} > 0 and
∑∞

n=1 |λn+1 − λn| < ∞.

Let {xn} be the sequence generated by the following:

x1 = x ∈ C,

xn+1 = αnf(xn) + βnxn + γnJλnxn, n ≥ 1.
(4.4)

Then the sequence {xn} converges strongly x̃ in Ψ−10.
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Abstract In this paper, we introduce a general iterative approximation method for finding
a common fixed point of a countable family of nonexpansive mappings which is a unique
solution of some variational inequality. We prove the strong convergence theorems of such
iterative scheme in a reflexive Banach space which admits a weakly continuous duality map-
ping. As applications, at the end of the paper, we apply our results to the problem of finding
a zero of an accretive operator. The main result extends various results existing in the current
literature.
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1 Introduction

In recent years, the existence of common fixed points for a finite family of nonexpansive
mappings has been considered by many authors (see [1,2,24,25] and the references therein).
The well-known convex feasibility problem reduces to finding a point in the intersection
of the fixed point sets of a family of nonexpansive mappings (see [3,7]). The problem of
finding an optimal point that minimizes a given cost function over the common set of fixed
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points of a family of nonexpansivemappings is of wide interdisciplinary interest and practical
importance (see [2,6,19,33]). A simple algorithmic solution to the problem of minimizing
a quadratic function over the common set of fixed points of a family of nonexpansive map-
pings is of extreme value in many applications including set theoretic signal estimation (see
[11,33]).
Let E be a normed linear space. Recall that amapping T : E → E is called nonexpansive

if

‖T x − T y‖ ≤ ‖x − y‖, ∀x, y ∈ E . (1.1)

We use F(T ) to denote the set of fixed points of T , that is, F(T ) = {x ∈ E : T x = x}.
A self mapping f : E → E is a contraction on E if there exists a constant α ∈ (0, 1) and
x, y ∈ E such that

‖ f (x) − f (y)‖ ≤ α‖x − y‖. (1.2)

We use �E to denote the collection of all contractions on E . That is, �E = { f :
f is a contraction on E}.
One classical way to study nonexpansive mappings is to use contractions to approximate

a nonexpansive mapping ([4,23,32]). More precisely, take t ∈ (0, 1) and define a contraction
Tt : E → E by

Tt x = tu + (1− t)T x, ∀x ∈ E, (1.3)

where u ∈ E is a fixed point. Banach’s contraction mapping principle guarantees that Tt has
a unique fixed point xt in E . It is unclear, in general, what is the behavior of xt as t → 0, even
if T has a fixed point. However, in the case of T having a fixed point, Browder [4] proved that
if E is a Hilbert space, then xt converges strongly to a fixed point of T . Reich [23] extended
Browder’s result to the setting of Banach spaces and proved that if E is a uniformly smooth
Banach space, then {xt } converges strongly to a fixed point of T and the limit defines the
(unique) sunny nonexpansive retraction from E onto F(T ). Xu [32] proved Reich’s results
hold in reflexive Banach spaces which have a weakly continuous duality mapping.
In the last ten years or so, the iterative methods for nonexpansive mappings have recently

been applied to solve convex minimization problems; see, e.g., [8,29,30] and the references
therein. Let H be a real Hilbert space, whose inner product and norm are denoted by 〈·, ·〉
and ‖ · ‖, respectively. Let A be a strongly positive bounded linear operator on H : that is,
there is a constant γ̄ > 0 with property

〈Ax, x〉 ≥ γ̄ ‖x‖2 for all x ∈ H. (1.4)

A typical problem is to minimize a quadratic function over the set of the fixed points of a
nonexpansive mapping on a real Hilbert space H :

min
x∈C

1

2
〈Ax, x〉 − 〈x, b〉, (1.5)

where C is the fixed point set of a nonexpansive mapping T on H and b is a given point in
H . In 2003, Xu ([30]) proved that the sequence {xn} defined by the iterative method below,
with the initial guess x0 ∈ H chosen arbitrarily:

xn+1 = (I − αn A)T xn + αnu, n ≥ 0, (1.6)

converges strongly to the unique solution of the minimization problem (1.5) provided the
sequence {αn} satisfies certain conditions. Using the viscosity approximationmethod,Moud-
afi [16] introduced the following iterative iterative process for nonexpansive mappings
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(see [20,31] for further developments in both Hilbert and Banach spaces). Let f be a con-
traction on H . Starting with an arbitrary initial x0 ∈ H , define a sequence {xn} recursively
by

xn+1 = (1− σn)T xn + σn f (xn), n ≥ 0, (1.7)

where {σn} is a sequence in (0, 1). It is proved [16,31] that under certain appropriate condi-
tions imposed on {σn}, the sequence {xn} generated by (1.7) strongly converges to the unique
solution x∗ in C of the variational inequality

〈(I − f )x∗, x − x∗〉 ≥ 0, x ∈ H. (1.8)

Recently, Marino and Xu [15] mixed the iterative method (1.6) and the viscosity approxima-
tion method (1.7) and considered the following general iterative method:

xn+1 = (I − αn A)T xn + αnγ f (xn), n ≥ 0, (1.9)

where A is a strongly positive bounded linear operator on H . They proved that if the sequence
{αn} of parameters satisfies the following conditions
(C1) limn→∞ αn = 0,
(C2)

∑∞
n=1 αn = ∞, and

(C3)
∑∞

n=1 |αn+1 − αn | < ∞,
then the sequence {xn} generated by (1.9) converges strongly to the unique solution x∗ in H
of the variational inequality

〈(A − γ f )x∗, x − x∗〉 ≥ 0, x ∈ H (1.10)

which is the optimality condition for the minimization problem: minx∈C
1
2 〈Ax, x〉 − h(x),

where h is a potential function for γ f (i.e., h′(x) = γ f (x) for x ∈ H ).
On the other hand, in order to finding a fixed point of nonexpansive mapping T , Halpern

[10] was the first who introduced the following iteration scheme which was referred to as
Halpern iteration in a Hilbert space : u, x0 ∈ C, {αn} ⊂ [0, 1],

xn+1 = αn x + (1− αn)T xn, n ≥ 0. (1.11)

He pointed out that the control conditions (C1) limn→∞ αn = 0 and (C2)
∑∞

n=1 αn = ∞
are necessary for the convergence of the iteration scheme (1.11) to a fixed point of T .
Furthermore, the modified version of Halpern iteration was investigated widely by many
mathematicians. Recently, for the sequence of nonexpansive mappings {Tn}∞n=1 with some
special conditions, Aoyama et al. [1] introduced a Halpern type iterative sequence for find-
ing a common fixed point of a countable family of nonexpansive mappings {Tn : C → C}
satisfying some conditions. Let x0 = x ∈ C and

xn+1 = αn x + (1− αn)Tn xn, n ≥ 0, (1.12)

where C is a nonempty closed convex subset of a uniformly convex Banach space E whose
norm is uniformly Gáteaux differentiable, {αn} is a sequence in [0, 1]. They proved that
{xn} defined by (1.12) converges strongly to a common fixed point of {Tn} provided the
sequence {αn} satisfies certain conditions. Very recently, Song and Zheng [26] also studied
the strong convergence theorem of Halpern iteration (1.12) for a countable family of nonex-
pansive mappings {Tn : C → C} satisfying some conditions in either a reflexive and strictly
convex Banach space with a uniformly Gáteaux differentiable norm or a reflexive Banach
space E with a weakly continuous duality mapping. Other investigations of approximating
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common fixed points for a countable family of nonexpansive mappings can be found in Refs.
[1,12,14,17,18] and many results not cited here.
All of the above bring us the following conjectures?

Question 1 Can Theorem of Marino and Xu [15] be extended from Hilbert space to a gen-
eral Banach space? such as reflexive Banach space.

Question 2 Can we extend the iterative method of algorithm (1.9) to a general algorithm
defined by a countable family of nonexpansive mappings?.

Question 3 Could we weaken or remove the control condition
∑∞

n=1 |αn+1− αn | < ∞ on
parameter {αn} in [15, Theorem 3.4]?.

In this paper, motivated by Marino and Xu [15], Aoyama et al. [1] and Song and Zheng [26],
we introduce a general iterative approximation method for finding a common fixed point of
a countable family of nonexpansive mappings which is a unique solution of some variational
inequality. We prove the strong convergence theorems of such iterative scheme in a reflexive
Banach space which admits a weakly continuous duality mapping. As applications, at the end
of the paper, we apply our results to the problem of finding a zero of an accretive operator.
The results presented in this paper improve and extend the corresponding results announced
by Marino and Xu [15], Aoyama et al. [1] and many others.

2 Preliminaries

Throughout this paper, let E be a real Banach space and E∗ be its dual space.Wewrite xn ⇀ x
(respectively xn ⇀∗ x ) to indicate that the sequence {xn} weakly (respectively weak*) con-
verges to x ; as usual xn → x will symbolize strong convergence.LetU = {x ∈ E : ‖x‖ = 1}.
A Banach space E is said to uniformly convex if, for any ε ∈ (0, 2], there exists δ > 0 such
that, for any x, y ∈ U , ‖x − y‖ ≥ ε implies ‖ x+y

2 ‖ ≤ 1 − δ. It is known that a uniformly
convex Banach space is reflexive and strictly convex (see also [28]). A Banach space E is
said to be smooth if the limit limt→0

‖x+t y‖−‖x‖
t exists for all x, y ∈ U . It is also said to be

uniformly smooth if the limit is attained uniformly for x, y ∈ U .
By a gauge function ϕ we mean a continuous strictly increasing function ϕ : [0,∞) →

[0,∞) such that ϕ(0) = 0 and ϕ(t) → ∞ as t → ∞. Let E∗ be the dual space of E . The
duality mapping Jϕ : E → 2E∗

associated to a gauge function ϕ is defined by

Jϕ(x) = { f ∗ ∈ E∗ : 〈x, f ∗〉 = ‖x‖ϕ(‖x‖), ‖ f ∗‖ = ϕ(‖x‖)}, ∀x ∈ E .

In particular, the duality mapping with the gauge function ϕ(t) = t , denoted by J , is referred
to as the normalized duality mapping. Clearly, there holds the relation Jϕ(x) = ϕ(‖x‖)

‖x‖ J (x)

for all x �= 0 (see [5]). Browder [5] initiated the study of certain classes of nonlinear operators
by means of the duality mapping Jϕ . Following Browder [5], we say that a Banach space
E has a weakly continuous duali t y mapping if there exists a gauge ϕ for which the
duality mapping Jϕ(x) is single-valued and continuous from the weak topology to the weak*
topology, that is, for any {xn} with xn ⇀ x , the sequence {Jϕ(xn)} converges weakly* to
Jϕ(x). It is known that l p has a weakly continuous duality mapping with a gauge function
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ϕ(t) = t p−1 for all 1 < p < ∞. Set

	(t) =
t∫
0

ϕ(τ)dτ,∀t ≥ 0,

then

Jϕ(x) = ∂	(‖x‖),∀x ∈ E,

where ∂ denotes the sub-differential in the sense of convex analysis.
Now we collect some useful lemmas for proving the convergence result of this paper.
Thefirst part of the next lemma is an immediate consequence of the subdifferential inequal-

ity and the proof of the second part can be found in [13].

Lemma 2.1 ([13]) Assume that a Banach space E has a weakly continuous duality mapping
Jϕ with gauge ϕ.

(i) For all x, y ∈ E, the following inequality holds:

	(‖x + y‖) ≤ 	(‖x‖) + 〈y, Jϕ(x + y)〉.
In particular, for all x, y ∈ E,

‖x + y‖2 ≤ ‖x‖2 + 2〈y, J (x + y)〉.
(ii) Assume that a sequence {xn} in E converges weakly to a point x ∈ E.

Then the following identity holds:

lim sup
n→∞

	(‖xn − y‖) = lim sup
n→∞

	(‖xn − x‖) + 	(‖y − x‖), ∀x, y ∈ E .

Lemma 2.2 ([29]) Assume that {an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1− αn)an + bn,

where {αn} is a sequence in (0, 1) and {bn} is a sequence such that

(a)
∑∞

n=1 αn = ∞;
(b) lim supn→∞ bn/αn ≤ 0 or

∑∞
n=1 |bn | < ∞.

Then limn→∞ an = 0.

Lemma 2.3 ([27]) Let {xn} and {yn} be bounded sequences in a Banach space X such that

xn+1 = λn xn + (1− λn)yn, n ≥ 0
where {λn} is a sequence in [0, 1] such that

0 < lim inf
n→∞ λn ≤ lim sup

n→∞
λn < 1.

Assume

lim sup
n→∞

(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0.

Then limn→∞ ‖yn − xn‖ = 0.

Definition 2.4 Let {Tn} be a family of mappings from a subset C of a Banach space E into
E with ∩∞

n=1F(Tn) �= ∅. We say that
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(i) {Tn} satisfies the AKTT-condition [1] if for each bounded subset B of C ,

∞∑
n=1

sup
z∈B

‖Tn+1z − Tnz‖ < ∞. (2.1)

(ii) {Tn} satisfies the PU -condition [21] if for each bounded subset D of C , there exists a
continuous increasing and convex function h : R

+ → R
+ such that

h(0) = 0 and lim
k,l→∞ supz∈D

h(‖Tk z − Tl z‖) = 0. (2.2)

Remark 2.5 (i) The example of the sequence of mappings {Tn} satisfying AKTT-condi-
tion and PU-condition is supported by Lemma 4.1, respectively.

(ii) If {Tn} satisfies the AKTT-condition, then {Tn} satisfies the PU-condition by Remak 3.2
in [21].

Lemma 2.6 [21, Lemma 3.1] Suppose that there exists a continuous increasing function
h : R

+ → R
+ satisfying (2.2). Then

(i) For each x ∈ C, {Tn x} is a convergent sequence in C.
(ii) Let the mapping T : C → C be defined by

T x = lim
n→∞ Tn x, for all x ∈ C. (2.3)

Then limn→∞ supz∈D h(‖T z − Tnz‖) = 0 for each bounded subset D of C. Moreover, the
properties of h imply that limn→∞ supz∈D ‖T z − Tnz‖ = 0.

3 Main results

In a Banach space E having a weakly continuous duality mapping Jϕ with a gauge function
ϕ, an operator A is said to be strongly positive if there exists a constant γ̄ > 0 with the
property

〈Ax, Jϕ(x)〉 ≥ γ̄ ‖x‖ϕ(‖x‖) (3.1)

and

‖α I − β A‖ = sup
‖x‖≤1

|〈(α I − β A)x, Jϕ(x)〉|, α ∈ [0, 1], β ∈ [−1, 1], (3.2)

where I is the identity mapping. If E := H is a real Hilbert space, then the inequality (3.1)
reduce to (1.4). The next valuable lemma is proved for applying our main results.

Lemma 3.1 Assume that a Banach space E has a weakly continuous duality mapping Jϕ

with gauge ϕ. Let A be a strong positive linear bounded operator on E with coefficient γ̄ > 0
and 0 < ρ ≤ ϕ(1)‖A‖−1. Then ‖I − ρ A‖ ≤ ϕ(1)(1− ργ̄ ).

Proof From (3.2), we obtain that ‖A‖ = sup‖x‖≤1 |〈Ax, Jϕ(x)〉|. Now for any x ∈ E with
‖x‖ = 1, we see that

〈(I − ρ A)x, Jϕ(x)〉 = ϕ(1) − ρ〈Ax, Jϕ(x)〉 ≥ ϕ(1) − ρ‖A‖ ≥ 0.
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That is I − ρ A is positive. It follows that

‖I − ρ A‖ = sup{〈(I − ρ A)x, Jϕ(x)〉 : x ∈ E, ‖x‖ = 1}
= sup{ϕ(1) − ρ〈Ax, Jϕ(x)〉 : x ∈ E, ‖x‖ = 1}
≤ ϕ(1) − ργ̄ ϕ(1) = ϕ(1)(1− ργ̄ ).

��

Let E be a Banach space which admits a weakly continuous duality mapping Jϕ with
gauge ϕ such that ϕ is invariant on [0, 1] i.e. T ([0, 1]) ⊂ [0, 1]. For any nonexpansive map-
ping T : E → E , t ∈ (0, 1), f ∈ �E and A is a strongly positive bounded linear operator
with coefficient γ̄ > 0 and 0 < γ <

γ̄ϕ(1)
α
, the mapping St : E → E defined by

St (x) = tγ f (x) + (I − t A)T x,∀x ∈ E

is a contraction mapping. Indeed, for any x, y ∈ E ,

‖St (x) − St (y)‖ = ‖tγ ( f (x) − f (y)) + (I − t A)(T x − T y)‖
≤ tγ ‖ f (x) − f (y)‖ + ‖I − t A‖‖T x − T y‖
≤ tγα‖x − y‖ + ϕ(1)(1− t γ̄ )‖x − y‖
≤ [1− t (ϕ(1)γ̄ − γα)]‖x − y‖. (3.3)

Thus, by Banach contraction mapping principle, there exists a unique fixed point xt in E that
is

xt = tγ f (xt ) + (I − t A)T xt . (3.4)

Remark 3.2 We note that l p space has a weakly continuous duality mapping with a gauge
function ϕ(t) = t p−1 for all 1 < p < ∞. This show that ϕ is invariant on [0, 1].

Lemma 3.3 Let E be a reflexive Banach space which admits a weakly continuous duality
mapping Jϕ with gauge ϕ such that ϕ is invariant on [0, 1]. Let T : E → E be a nonexpansive
mapping with F(T ) �= ∅ and f ∈ �E , let A be a strongly positive bounded linear operator
with coefficient γ̄ > 0 and 0 < γ <

γ̄ϕ(1)
α

. Then the net {xt } defined by (3.4) converges
strongly as t → 0 to a fixed point x̃ of T which solves the variational inequality:

〈(A − γ f )x̃, Jϕ(x̃ − z)〉 ≤ 0, z ∈ F(T ). (3.5)

Proof We first show that the uniqueness of a solution of the variational inequality (3.5).
Suppose both x̃ ∈ F(T ) and x∗ ∈ F(T ) are solutions to (3.5), then

〈(A − γ f )x̃, Jϕ(x̃ − x∗)〉 ≤ 0 (3.6)

and

〈(A − γ f )x∗, Jϕ(x∗ − x̃)〉 ≤ 0. (3.7)

Adding (3.6) and (3.7), we obtain

〈(A − γ f )x̃ − (A − γ f )x∗, Jϕ(x̃ − x∗)〉 ≤ 0. (3.8)
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Noticing that for any x, y ∈ E ,

〈(A − γ f )x − (A − γ f )y, Jϕ(x − y)〉
= 〈A(x − y), Jϕ(x − y)〉 − γ 〈 f (x) − f (y), Jϕ(x − y)〉
≥ γ̄ ‖x − y‖ϕ(‖x − y‖) − γ ‖ f (x) − f (y)‖‖Jϕ(x − y)‖
≥ γ̄ 	(‖x − y‖) − γα	(‖x − y‖)
= (γ̄ − γα)	(‖x − y‖)
≥ (γ̄ ϕ(1) − γα)	(‖x − y‖) ≥ 0. (3.9)

Therefore x̃ = x∗ and the uniqueness is proved. Belowwe use x̃ to denote the unique solution
of (3.5). Next, we will prove that {xt } is bounded. Take a p ∈ F(T ), then we have

‖xt − p‖ = ‖tγ f (xt ) + (I − t A)T xt − p‖
= ‖(I − t A)T xt − (I − t A)p + t (γ f (xt ) − A(p))‖
≤ ϕ(1)(1− t γ̄ )‖xt − p‖ + t (γ α‖xt − p‖ + ‖γ f (p) − A(p)‖).

It follows that

‖xt − p‖ ≤ 1

γ̄ ϕ(1) − γα
‖γ f (p) − A(p)‖.

Hence {xt } is bounded, so are { f (xt )} and {AT (xt )}. The definition of {xt } implies that
‖xt − T xt‖ = t‖γ f (xt ) − A(T xt )‖ → 0 as t → 0. (3.10)

If follows from reflexivity of E and the boundedness of sequence {xt } that there exists {xtn }
which is a subsequence of {xt } converging weakly to w ∈ E as n → ∞. Since Jϕ is weakly
sequentially continuous, we have by Lemma 2.1 that

lim sup
n→∞

	(‖xtn − x‖) = lim sup
n→∞

	(‖xtn − w‖) + 	(‖x − w‖), for all x ∈ E .

Let

H(x) = lim sup
n→∞

	(‖xtn − x‖), for all x ∈ E .

It follows that

H(x) = H(w) + 	(‖x − w‖), for all x ∈ E .

Since

‖xtn − T xtn ‖ = tn‖γ f (xtn ) − A(T xtn )‖ → 0 as n → ∞.

We obtain

H(T w) = lim sup
n→∞

	(‖xtn − T w‖) = lim sup
n→∞

	(‖T xtn − T w‖)
≤ lim sup

n→∞
	(‖xtn − w‖) = H(w). (3.11)

On the other hand, however,

H(T w) = H(w) + 	(‖T (w) − w‖). (3.12)

It follows from (3.11) and (3.12) that

	(‖T (w) − w‖) = H(T w) − H(w) ≤ 0.
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This implies that T w = w. Next we show that xtn → w as n → ∞. In fact, since 	(t) =∫ t
0 ϕ(τ)dτ,∀t ≥ 0, and ϕ : [0,∞) → [0,∞) is a gauge function, then for 1 ≥ k ≥ 0,

ϕ(kx) ≤ ϕ(x) and

	(kt) =
kt∫
0

ϕ(τ)dτ = k

t∫
0

ϕ(kx)dx ≤ k

t∫
0

ϕ(x)dx = k	(t).

Following Lemma 2.1, we have

	(‖xtn − w‖) = 	((I − tn A)T xtn − (I − tn A)w + tn(γ f (xtn ) − A(w)))

= 	(‖(I − tn A)T xtn − (I − tn A)w‖) + tn〈γ f (xtn ) − A(w), Jϕ(xtn − w)〉
≤ 	(ϕ(1)(1− tn γ̄ )‖xtn − w‖) + tnγ 〈 f (xtn ) − f (w), Jϕ(xtn − w)〉

+tn〈γ f (w) − A(w), Jϕ(xtn − w)〉
≤ ϕ(1)(1− tn γ̄ )	(‖xtn − w‖) + tnγ ‖ f (xtn ) − f (w)‖‖Jϕ(xtn − w)‖

+tn〈γ f (w) − A(w), Jϕ(xtn − w)〉
≤ ϕ(1)(1− tn γ̄ )	(‖xtn − w‖) + tnγα‖xtn − w‖‖Jϕ(xtn − w)‖

+tn〈γ f (w) − A(w), Jϕ(xtn − w)〉
= ϕ(1)(1− tn γ̄ )	(‖xtn − w‖) + tnγα	(‖xtn − w‖)

+tn〈γ f (w) − A(w), Jϕ(xtn − w)〉
= (1− tn(γ̄ ϕ(1) − γα))	(‖xtn − w‖) + tn〈γ f (w) − A(w), Jϕ(xtn − w)〉.

(3.13)

This implies that

	(‖xtn − w‖) ≤ 1

γ̄ ϕ(1) − γα
〈γ f (w) − A(w), Jϕ(xtn − w)〉.

Now observing that xtn ⇀ w implies Jϕ(xtn −w) ⇀ 0, we conclude from the last inequality
that

	(‖xtn − w‖) → 0 as n → ∞.

Hence xtn → w as n → ∞. Next we prove thatw solves the variational inequality (3.5). For
any z ∈ F(T ), we observe that

〈(I − T )xt − (I − T )z, Jϕ(xt − z)〉 = 〈xt − z, Jϕ(xt − z)〉 + 〈T xt − T z, Jϕ(xt − z)〉
= 	(‖xt − z‖) − 〈T z − T xt , Jϕ(xt − z)〉
≥ 	(‖xt − z‖) − ‖T z − T xt‖‖Jϕ(xt − z)‖
≥ 	(‖xt − z‖) − ‖z − xt‖‖Jϕ(xt − z)‖
= 	(‖xt − z‖) − 	(‖xt − z‖) = 0. (3.14)

Since

xt = tγ f (xt ) + (I − t A)T xt ,

we can derive that

(A − γ f )(xt ) = −1
t
(I − T )xt + (A(I − T )xt .
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Thus

〈(A − γ f )(xt ), Jϕ(xt − z)〉 = −1
t
〈(I − T )xt − (I − T )z, Jϕ(xt − z)〉

+〈A(I − T )xt , Jϕ(xt − z)〉 ≤ 〈A(I − T )xt , Jϕ(xt − z)〉.
(3.15)

Noticing that

xtn − T xtn → w − T (w) = w − w = 0.

Now replacing t in (3.15) with tn and letting n → ∞, we have
〈(A − γ f )w, Jϕ(w − z)〉 ≤ 0.

So, w ∈ F(T ) is a solution of the variational inequality (3.5), and hence w = x̃ by the
uniqueness. In a summary, we have shown that each cluster point of {xt }(at t → 0) equals
x̃ . Therefore, xt → x̃ as t → 0. This completes the proof. ��
Theorem 3.4 Let E be a reflexive Banach space which admits a weakly continuous duality
mapping Jϕ with gauge ϕ such that ϕ is invariant on [0, 1]. Let {Tn : E → E}∞i=1 be a
countable family of nonexpansive mappings with ∩∞

n=1F(Tn) �= ∅ and f ∈ �E , let A be a

strongly positive bounded linear operator with coefficient γ̄ > 0 and 0 < γ <
γ̄ϕ(1)

α
. Let

the sequence {xn} be generated by the following:⎧⎨
⎩

x0 = x ∈ E,

yn = βn xn + (1− βn)Tn xn,

xn+1 = αnγ f (xn) + (I − αn A)yn, n ≥ 0
(3.16)

where {αn} ⊂ (0, 1) and {βn} ⊂ [0, 1] are real sequences satisfying the following conditions:

(C1) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞ and
∑∞

n=1 |αn+1 − αn | < ∞;
(C2) limn→∞ βn = 0,

∑∞
n=1 |βn+1 − βn | < ∞.

Suppose that {Tn} satisfies the AKTT-condition. Let the mapping T : E → E be defined
by (2.3) and suppose that F(T ) = ∩∞

n=1F(Tn). Then {xn} converges strongly to x̃ that is
obtained in Lemma 3.3.

Proof Since limn→∞ αn = 0, we may assume, without loss of generality, that αn <

ϕ(1)‖A‖−1 for all n. By Lemma 3.1, we have ‖I − αn A‖ ≤ ϕ(1)(1 − αn γ̄ ). We first
observe that {xn} is bounded. Indeed, pick any p ∈ F(T ) to obtain

‖yn − p‖ = ‖βn xn + (1− βn)T xn − p‖
= ‖βn(xn − p) + (1− βn)(T xn − T p)‖
≤ βn‖xn − p‖ + (1− βn)‖xn − p‖
= ‖xn − p‖, (3.17)

and so

‖xn+1 − p‖ = ‖αnγ f (xn) + (I − αn A)yn − p‖
= ‖αn(γ f (xn) − A(p)) + (I − αn A)yn − (I − αn A)p‖
≤ (1− αn(γ̄ ϕ(1) − γα))‖yn − p‖ + αn‖γ f (xn) − A(p)‖
= (1− αn(γ̄ ϕ(1) − γα))‖xn − p‖ + αn(γ̄ − γα)

‖γ f (xn) − A(p)‖
τ − γα

.
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It follows from induction that

‖xn − p‖ ≤ max
{
‖x0 − p‖, ‖γ f (xn) − A(p)‖

γ̄ ϕ(1) − γα

}
, n ≥ 0. (3.18)

The boundedness of {xn} implies that {yn}, {T xn} and { f (xn)} are bounded. Now we show
that

lim
n→∞ ‖xn+1 − xn‖ = 0.

From the definition of {xn}, it is easily seen that
‖xn+2 − xn+1‖ = ‖αn+1γ f (xn+1) + (I − αn+1A)yn+1 − αnγ f (xn) − (I − αn A)yn‖

= ‖αn+1 f (xn+1) + (I − αn+1A)yn+1 − (I − αn+1A)yn + (1− αn+1A)yn

−αnγ f (xn) − (I − αn A)yn − αn+1γ f (xn) + αn+1γ f (xn)‖
= ‖(I − αn+1A)(yn+1 − yn) + (αn − αn+1)(Ayn − γ f (xn))

+αn+1γ ( f (xn+1) − f (xn))‖
≤ ϕ(1)(1− αn+1γ̄ )‖yn+1 − yn‖ + |αn − αn+1|‖Ayn − γ f (xn)‖

+αn+1γ ‖ f (xn+1) − f (xn)‖ (3.19)

for all n ∈ N. Observe that

‖yn+1 − yn‖ = ‖βn+1xn+1 + (1− βn+1)Tn+1xn+1 − βn xn − (1− βn)Tn xn‖
= ‖βn+1xn+1 + (1− βn+1)Tn+1xn+1 − (1− βn+1)Tn+1xn

+(1− βn+1)Tn+1xn − βn xn − (1− βn)Tn xn − (1− βn)Tn+1xn

+(1− βn)Tn+1xn − βn+1xn + βn+1xn‖
= ‖(1− βn+1)(Tn+1xn+1 − Tn+1xn) + (βn − βn+1)(Tn+1xn − xn)

+(1− βn)(Tn+1xn − Tn xn) + βn+1(xn+1 − xn)‖
≤ (1− βn+1)‖xn+1 − xn‖ + |βn − βn+1|‖Tn+1xn − xn‖

+(1− βn)‖Tn+1xn − Tn xn‖ + βn+1‖xn+1 − xn‖
≤ ‖xn+1 − xn‖ + |βn − βn+1|‖Tn+1xn − xn‖ + ‖Tn+1xn − Tn xn‖

(3.20)

for all n ∈ N. Substitution (3.20) in (3.19), we obtain

‖xn+2 − xn+1‖ ≤ ϕ(1)(1− αn+1γ̄ ){‖xn+1 − xn‖ + |βn − βn+1|‖Tn+1xn − xn‖
+‖Tn+1xn − Tn xn‖} + |αn − αn+1|‖Ayn − γ f (xn)‖
+αn+1γ ‖ f (xn+1) − f (xn)‖

≤ ϕ(1)(1− αn+1γ̄ ){‖xn+1 − xn‖ + |βn − βn+1|‖Tn+1xn − xn‖
+‖Tn+1xn − Tn xn‖} + |αn − αn+1|‖Ayn − γ f (xn)‖
+αn+1γα‖xn+1 − xn‖

= (1− αn+1(γ̄ ϕ(1) − γα))‖xn+1 − xn‖ + (1− αn+1γ̄ )|βn − βn+1|
×‖Tn+1xn − xn‖ + (1− αn+1γ̄ )‖Tn+1xn − Tn xn‖
+|αn − αn+1|‖Ayn − γ f (xn)‖

≤ (1− αn+1(γ̄ ϕ(1) − αγ ))‖xn+1 − xn‖ + |βn − βn+1|‖Tn+1xn − xn‖
+‖Tn+1xn − Tn xn‖ + |αn − αn+1|‖Ayn − γ f (xn)‖
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≤ (1−αn+1(γ̄ ϕ(1)−αγ ))‖xn+1−xn‖ + (|βn−βn+1| + |αn−αn+1|)M

+‖Tn+1xn − Tn xn‖ (3.21)

for each n ∈ N, where M = supn≥1{‖Tn+1xn − xn‖, ‖Ayn − γ f (xn)‖}. Putting
μn = (|βn − βn+1| + |αn − αn+1|)M + ‖Tn+1xn − Tn xn‖,
we have
∞∑

n=1
μn =

∞∑
n=1

((|βn − βn+1| + |αn − αn+1|)M + ‖Tn+1xn − Tn xn‖)

≤ M
∞∑

n=1
(|βn − βn+1| + |αn − αn+1|) +

∞∑
n=1

sup{‖Tn+1z − Tnz‖ : z ∈ {xn}} < ∞.

Therefore it follows from Lemma 2.2 that limn→∞ ‖xn+1 − xn‖ = 0. From (3.16), we have

‖xn+1 − yn‖ = αn‖γ f (xn) − Ayn‖ → 0 as n → ∞. (3.22)

Next, we show that

‖xn − T xn‖ → 0 as n → ∞. (3.23)

Since limn→∞ βn = 0 holds, we obtain

‖Tn xn − xn‖ ≤ ‖xn − xn+1‖ + ‖xn+1 − yn‖ + ‖yn − Tn xn‖
≤ ‖xn − xn+1‖ + ‖xn+1 − yn‖ + βn‖xn − Tn xn‖.

This implies that

(1− βn)‖Tn xn − xn‖ ≤ ‖xn − xn+1‖ + ‖xn+1 − yn‖.
It follow from (3.22) that

‖Tn xn − xn‖ → 0 as n → ∞. (3.24)

Therefore, we have

‖T xn − xn‖ ≤ ‖T xn − Tn xn‖ + ‖Tn xn − xn‖
≤ sup{‖T z − Tnz‖ : z ∈ {xn}} + ‖Tn xn − xn‖ (3.25)

Hence, by (3.24) and Lemma 2.6, we get limn→∞ ‖T xn − xn‖ = 0.
Next, we prove that

lim sup
n→∞

〈γ f (x̃) − Ax̃, Jϕ(xn − x̃)〉 ≤ 0, (3.26)

Let {xnk } be a subsequence of {xn} such that
lim

k→∞〈γ f (x̃) − Ax̃, Jϕ(xnk − x̃)〉 = lim sup
n→∞

〈γ f (x̃) − Ax̃, Jϕ(xn − x̃)〉. (3.27)

If follows from reflexivity of E and the boundedness of sequence {xnk } that there exists {xnki
}

which is a subsequence of {xnk } converging weakly tow ∈ E as i → ∞. Since Jϕ is weakly
continuous, we have by Lemma 2.1 that

lim sup
n→∞

	(‖xnki
− x‖) = lim sup

n→∞
	(‖xnki

− w‖) + 	(‖x − w‖), for all x ∈ E .

Let

H(x) = lim sup
n→∞

	(‖xnki
− x‖), for all x ∈ E .
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It follows that

H(x) = H(w) + 	(‖x − w‖), for all x ∈ E .

From (3.39), we obtain

H(T w) = lim sup
i→∞

	(‖xnki
− T w‖) = lim sup

i→∞
	(‖T xnki

− T w‖)
≤ lim sup

i→∞
	(‖xnki

− w‖) = H(w) (3.28)

On the other hand, however,

H(T w) = H(w) + 	(‖T (w) − w‖) (3.29)

It follows from (3.28) and (3.29) that

	(‖T (w) − w‖) = H(T w) − H(w) ≤ 0.
This implies that T w = w. Since the duality map Jϕ is single-valued and weakly continuous,
we get that

lim sup
n→∞

〈γ f (x̃) − Ax̃, Jϕ(xn − x̃)〉 = lim
k→∞〈γ f (x̃) − Ax̃, Jϕ(xnk − x̃)〉

= lim
i→∞〈γ f (x̃) − Ax̃, Jϕ(xnki

− x̃)〉
= 〈(A − γ f )x̃, Jϕ(x̃ − w)〉 ≤ 0

as required. Finally, we show that xn → x̃ as n → ∞.
	(‖xn+1 − x̃‖) = 	(‖αn(γ f (xn) − Ax̃) + (I − αn A)yn − (I − αn A)x̃‖)

≤ 	(‖(I − αn A)yn − (I − αn A)x̃‖) + αn〈γ f (xn) − Ax̃, Jϕ(xn+1 − x̃)〉
≤ ϕ(1)(1− αn γ̄ )	(‖yn − x̃‖) + αn〈γ f (xn) − Ax̃, Jϕ(xn+1 − x̃)〉
≤ (1− αn γ̄ )	(‖xn − x̃‖) + αn〈γ f (xn) − Ax̃, Jϕ(xn+1 − x̃)〉. (3.30)

It follows that from condition (C1) and (3.26) that

lim
n→∞ αn = 0,

∞∑
n=1

αn = ∞ and lim sup
n→∞

〈γ f (xn) − Ax̃, Jϕ(xn+1 − x̃)〉 ≤ 0.

Apply Lemma 2.2 to (3.30) to conclude	(‖xn+1 − x̃‖) → 0 as n → ∞; that is, xn → x̃ as
n → ∞. This completes the proof. ��
By Theorem 3.4, we can obtain some new and interesting strong convergence theorems.

Now we give some examples as follows:
Setting βn = 0 and Tn := T a nonexpansive mapping in Theorem 3.4, we have the

following result.

Corollary 3.5 Let E be a reflexive Banach space which admits a weakly continuous duality
mapping Jϕ with gauge ϕ such that ϕ is invariant on [0, 1]. Let T be a nonexpansive map-
pings with F(T ) = ∅ and f ∈ �E , let A be a strongly positive bounded linear operator with
coefficient γ̄ > 0 and 0 < γ <

γ̄ϕ(1)
α

. Let the sequence {xn} be generated by the following:{
x0 = x ∈ E,

xn+1 = αnγ f (xn) + (I − αn A)T xn,

where {αn} ⊂ (0, 1) is a real sequence satisfying the following conditions:
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(C1) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞ and
∑∞

n=1 |αn+1 − αn | < ∞.

Then {xn} converges strongly to x̃ that is obtained in Lemma 3.3.

Setting E := H a real Hilbert space in Corollary 3.5, we have the following result.

Corollary 3.6 [15, Theorem 3.3] Let H be a real Hilbert space. Let T be a nonexpansive
mappings with F(T ) = ∅ and f ∈ �H , let A be a strongly positive bounded linear operator
with coefficient γ̄ > 0 and 0 < γ <

γ̄
α

. Let the sequence {xn} be generated by the following:{
x0 = x ∈ H,

xn+1 = αnγ f (xn) + (I − αn A)T xn, n ≥ 0
where {αn} ⊂ (0, 1) is a real sequence satisfying the following conditions:

limn→∞ αn = 0 and
∑∞

n=1 αn = ∞ and
∑∞

n=1 |αn+1 − αn | < ∞.

Then {xn} converges strongly to x̃ which solves the variational inequality:

〈(A − γ f )x̃, x̃ − z〉 ≤ 0, z ∈ F(T ).

Theorem 3.7 Let E be a reflexive Banach space which admits a weakly continuous duality
mapping Jϕ with gauge ϕ such that ϕ is invariant on [0, 1]. Let {Tn : E → E}∞i=1 be a
countable family of nonexpansive mappings with ∩∞

n=1F(Tn) �= ∅ and f ∈ �E , let A be a

strongly positive bounded linear operator with coefficient γ̄ > 0 and 0 < γ <
γ̄ϕ(1)

α
. Let

the sequence {xn} be generated by the following:⎧⎨
⎩

x0 = x ∈ E,

yn = βn xn + (1− βn)Tn xn,

xn+1 = αnγ f (xn) + (I − αn A)yn, n ≥ 0
(3.31)

where {αn} and {βn} are sequences in (0, 1) satisfying the following conditions:

(C1) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞, and
(C2) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.

Suppose that {Tn} satisfies the PU-condition. Let the mapping T : E → E be defined
by (2.3) and suppose that F(T ) = ∩∞

n=1F(Tn). Then {xn} converges strongly to x̃ that is
obtained in Lemma 3.3.

Proof By using the same arguments and techniques as those of Theorem 3.4, we note that
{xn} is bounded. This implies that {yn}, {T xn} and { f (xn)} are bounded. Now we show that

lim
n→∞ ‖xn+1 − xn‖ = 0.

We rewrite xn+1 in the form

xn+1 = (1− λn)xn + λnzn, (3.32)

where

λn = 1− (1− αn)βn

and

zn = αnβn

λn
(I − A)xn + (1− βn)

λn
(I − αn A)Tn xn + αn

λn
γ f (xn). (3.33)
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Since αn → 0 and 0 < a ≤ βn ≤ b < 1, then

0 < lim inf
n→∞ λn ≤ lim sup

n→∞
λn < 1.

Next some manipulations give us that

zn+1−zn = βn+1αn+1
λn+1

(I−A)xn+1 + (1−βn+1)
λn+1

(I−αn+1A)Tn+1xn+1 + αn+1
λn+1

γ f (xn+1)

−αnβn

λn
(I − A)xn − (1− βn)

λn
(I − αn A)Tn xn − αn

λn
γ f (xn)

= βn+1αn+1
λn+1

(I − A)xn+1 − αnβn

λn
(I − A)xn + (1− βn+1)

λn+1
Tn+1xn+1

− (1− βn+1)
λn+1

Tn xn + (1− βn+1)
λn+1

Tn xn

−αn+1
(1− βn+1)

λn+1
A(Tn+1xn+1) − (1− βn)

λn
Tn xn

−αn
(1−βn)

λn
A(Tn xn) + αn+1

λn+1
(γ f (xn+1)−γ f (xn)) +

(
αn+1
λn+1

−αn

λn

)
γ f (xn)

= βn+1αn+1
λn+1

(I − A)xn+1 − αnβn

λn
(I − A)xn + (1− βn+1)

λn+1
(Tn+1xn+1 − Tn xn)

+
(
1− βn+1

λn+1
− 1− βn

λn

)
Tn xn − αn+1

(1− βn+1)
λn+1

A(T xn+1)

+αn
(1−βn)

λn
A(T xn) + αn+1

λn+1
(γ f (xn+1)−γ f (xn)) +

(
αn+1
λn+1

−αn

λn

)
γ f (xn)

Hence

‖zn+1 − zn‖ − ‖xn+1 − xn‖ ≤ βn+1αn+1
λn+1

‖(I − A)xn+1‖ + αnβn

λn
‖(I − A)xn‖

+
(
1− βn+1

λn+1
− 1
)

‖xn+1 − xn‖

+1− βn+1
λn+1

‖Tn+1xn − Tn xn‖

+
(
1− βn+1

λn+1
− 1− βn

λn

)
‖T xn‖

+αn+1
(1− βn+1)

λn+1
‖A(T xn+1)‖ + αn

(1− βn)

λn
‖A(T xn)‖

+ αn+1
λn+1

‖(γ f (xn+1)−γ f (xn))‖ +
∣∣∣∣αn+1
λn+1

−αn

λn

∣∣∣∣ ‖γ f (xn)‖.
(3.34)

Since λn = 1− (1− αn)βn and αn → 0, then

lim
n→∞

1− βn

λn
= lim

n→∞

(
1− αnβn

λn

)
= 1. (3.35)
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Next, we will prove that limn→∞ ωn = 0, where ωn := ‖Tn+1xn − Tn xn‖. Indeed, Since
{xn} is bounded, there exists a bounded subset D of E such that {xn} ⊂ D. We observe that

1

2
ωn = 1

2
‖Tn+1xn − Tn xn‖ ≤ 1

2
‖Tn+1xn − T xn‖ + 1

2
‖T xn − Tn xn‖.

Since {Tn} satisfies PU-condition, then there exists an increasing, continuous and convex
function h from R

+ into R
+ such that (2.2) holds. Then

h

(
1

2
ωn

)
≤ 1

2
h(‖Tn+1xn − T xn‖) + 1

2
h(‖T xn − Tn xn‖)

= 1

2
sup
z∈D

h(‖Tn+1z − T z‖) + 1

2
sup
z∈D

h(‖Tnz − T z‖). (3.36)

Applying Lemma 2.6 to the above inequality, we obtain that

lim
n→∞ h

(
1

2
ωn

)
= 0

The properties of the function h implies that

lim
n→∞ ωn = 0. (3.37)

From (3.35), (3.37) and (3.34), we have

lim sup
n→∞

(‖zn+1 − zn‖ − ‖xn+1 − xn‖) ≤ 0.

Using Lemma 2.3, we obtain that

lim
n→∞ ‖zn − xn‖ = 0.

Consequently,

lim
n→∞ ‖xn+1 − xn‖ = lim

n→∞(1− λn)‖zn − xn‖ = 0. (3.38)

Next we show that

lim
n→∞ ‖xn − T xn‖ = 0. (3.39)

Indeed, we observe that

‖xn − Tn xn‖ ≤ ‖xn − xn+1‖ + ‖xn+1 − Tn xn‖
= ‖xn − xn+1‖ + ‖αnγ f (xn) + (I − αn A)yn − Tn xn‖
= ‖xn−xn+1‖+‖αn(γ f (xn)−A(Tn xn))+(I−αn A)yn−(I−αn A)Tn xn‖
≤ ‖xn−xn+1‖+αn‖γ f (xn)−A(Tn xn)‖+‖(I−αn A)yn−(I−αn A)Tn xn‖
≤ ‖xn−xn+1‖+αn‖γ f (xn)−A(Tn xn)‖+ϕ(1)(1−αn γ̄ )‖yn−Tn xn‖
= ‖xn−xn+1‖+αn‖γ f (xn)−A(Tn xn)‖+(1−αn γ̄ )βn‖xn−Tn xn‖. (3.40)

Hence

‖xn−Tn xn‖ ≤ 1

1−βn
‖xn−xn+1‖ + αn

1−βn
‖γ f (xn)−A(Tn xn)‖−αn γ̄ βn

1−βn
‖xn−Tn xn‖.

Using our assumptions and (3.38), we conclude that

lim
n→∞ ‖xn − Tn xn‖ = 0. (3.41)
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Using Lemma 2.6, we have

lim
n→∞ sup

y∈D
h(‖T y − Tn y‖) = 0. (3.42)

Next, we observe that

h

(
1

2
‖T xn − xn‖

)
≤ 1

2
h(‖T xn − Tn xn‖) + 1

2
h(‖Tn xn − xn‖)

≤ 1

2
sup
y∈D

h(‖T y − Tn y‖) + 1

2
h(‖Tn xn − xn‖).

Applying (3.41) and (3.42) to the last inequality, we have

lim
n→∞ h

(
1

2
‖T xn − xn‖

)
= 0. (3.43)

It follows from the properties of h that

lim
n→∞ ‖T xn − xn‖ = 0. (3.44)

It follows from the same arguments and techniques as those of Theorem 3.4 that xn → x̃ as
n → ∞. This completes the proof. ��

Remark 3.8 (i) In contrast to results in [15, Theorem 3.4], the restriction
∑∞

n=1 |αn+1 −
αn | < ∞ on parameter {αn} is removed.

(ii) In contrast to results in [15, Theorem 3.4], these results with respect to a nonexpansive
mapping are extended to a countable family of nonexpansive mappings.

Setting E := H a real Hilbert space, we obtain the following result.

Corollary 3.9 Let H be a real Hilbert space. Let {Tn : H → H}∞i=1 be a countable family
of nonexpansive mappings with ∩∞

n=1F(Tn) �= ∅ and f ∈ �H , let A be a strongly positive

bounded linear operator with coefficient γ̄ > 0 and 0 < γ <
γ̄
α

. Let the sequence {xn} be
generated by the following:⎧⎨

⎩
x0 = x ∈ H,

yn = βn xn + (1− βn)Tn xn,

xn+1 = αnγ f (xn) + (I − αn A)yn, n ≥ 0
(3.45)

where {αn} and {βn} are sequences in (0, 1) satisfying the following conditions:

(C1) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞, and
(C2) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.

Suppose that {Tn} satisfies the PU-condition. Let the mapping T : H → H be defined by
(2.3) and suppose that F(T ) = ∩∞

n=1F(Tn). Then {xn} converges strongly to x̃ which solves
the variational inequality:

〈(A − γ f )x̃, x̃ − z〉 ≤ 0, z ∈ F(T ).
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4 Some applications

We consider the problem of finding a zero of an accretive operator. An operator� ⊂ E × E
is said to be accretive if for each (x1, y1) and (x2, y2) ∈ �, there exists j ∈ J (x1 − x2)
such that 〈y1 − y2, j〉 ≥ 0. An accretive operator � is said to satisfy the range condition
if D(�) ⊂ R(I + λ�) for all λ > 0, where D(�) is the domain of �, I is the identity
mapping on E , R(I +λ�) is the range of I +λ�, and D(�) is the closure of D(�). If� is
an accretive operator which satisfies the range condition, then we can define, for each λ > 0,
a mapping Jλ : R(I + λ�) → D(�) by Jλ = (I − λ�)−1, which is called the resolvent of
�. We know that Jλ is nonexpansive and F(Jλ) = �−1(0) for all λ > 0.We also know the
following [9]: For each λ,μ > 0 and x ∈ R(I + λ�) ∩ R(I + μ�), it holds that

‖Jλx − Jμx‖ ≤ |λ − μ|
λ

‖x − Jλx‖. (4.1)

From the Resolvent identity, we have the following lemma.

Lemma 4.1 Let E be a Banach space and C a nonempty closed convex subset of E . Let
� ⊆ E×E be an accretive operator such that�−10 �= ∅ and D(�) ⊂ C ⊂ ∩λ>0R(I+λ�).

Suppose that {λn} is a sequence of (0,∞) such that inf{λn : n ∈ N} > 0 and
∑∞

n=1 |λn+1 −
λn | < ∞. Then

(i) The sequence {Jλn } satisfies the PU-condition and hence it satisfies AKTT-condition.
(ii) limn→∞ Jλn z = Jλz for all z ∈ C and F(Jλ) = ∩∞

n=1F(Jλn ) where λn → λ as
n → ∞.

Proof (i) By the proof of Theorem 4.3 in [1], we obtain that

∞∑
n=1

sup{‖Jλn+1 z − Jλn z‖ : z ∈ D} < ∞ (4.2)

for every bounded subset D ofC. If h : R
+ → R

+ is a continuous, increasing function
such that h(0) = 0, we have for each k > l,

‖Jλk z − Jλl z‖ ≤
k−1∑
n=l

‖Jλn+1 z − Jλn z‖ ≤
k−1∑
n=l

sup
z∈D

‖Jλn+1 z − Jλn z‖

≤
∞∑

n=l

sup
z∈D

‖Jλn+1 z − Jλn z‖ (4.3)

for every bounded subset D of C . Since h is increasing, we obtain that

h(‖Jλk z − Jλl z‖) ≤ h

( ∞∑
n=l

sup
z∈D

‖Jλn+1 z − Jλn z‖
)

= h(Vl)

for every z ∈ D, where Vl =∑∞
n=l supz∈D ‖Jλn+1 z − Jλn z‖. Then

sup
z∈D

h(‖Jλk z − Jλl z‖) ≤ h(Vl).

It follows from the continuity of h and (4.2) that h(Vl) → 0 as l → ∞. This implies
that

lim
l→∞ supz∈D

h(‖Jλk z − Jλl z‖) = 0.
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Hence {Jλn } satisfies the PU-condition.
(ii) By the proof of Theorem 4.3 in [1].

��
From Lemma 4.1 and Theorem 3.4, we obtain the following result.

Theorem 4.2 Let E be a reflexive Banach space which admits a weakly continuous duality
mapping Jϕ with gauge ϕ such that ϕ is invariant on [0, 1]. Let f ∈ �E , let A be a strongly

positive bounded linear operator with coefficient γ̄ > 0 and 0 < γ <
γ̄ϕ(1)

α
. Let � is an

m-accretive operator in E such that � := �−10 �= ∅. Let the sequence {xn} be generated
by the following: ⎧⎨

⎩
x0 = x ∈ E,

yn = βn xn + (1− βn)Jλn xn,

xn+1 = αnγ f (xn) + (I − αn A)yn, n ≥ 0
(4.4)

where {αn} ⊂ (0, 1) and {βn} ⊂ [0, 1] are real sequences satisfying the following conditions:

(C1) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞ and
∑∞

n=1 |αn+1 − αn | < ∞;
(C2) limn→∞ βn = 0,

∑∞
n=1 |βn+1 − βn | < ∞;

(C3) {λn} is a sequence of (0,∞) such that inf{λn : n ∈ N} > 0 and
∑∞

n=1 |λn+1 − λn | <

∞.

Then {xn} converges strongly to x̃ which solves the variational inequality:

〈(A − γ f )x̃, Jϕ(x̃ − z)〉 ≤ 0, z ∈ ∩∞
n=1F(Jλn ) = �−10.

From Lemma 4.1 and Theorem 3.7, we obtain the following result.

Theorem 4.3 Let E be a reflexive Banach space which admits a weakly continuous duality
mapping Jϕ with gauge ϕ such that ϕ is invariant on [0, 1]. Let f ∈ �E , let A be a strongly

positive bounded linear operator with coefficient γ̄ > 0 and 0 < γ <
γ̄ϕ(1)

α
. Let � is an

m-accretive operator in E such that � := �−10 �= ∅. Let the sequence {xn} be generated
by the following: ⎧⎨

⎩
x0 = x ∈ E,

yn = βn xn + (1− βn)Jλn xn,

xn+1 = αnγ f (xn) + (I − αn A)yn, n ≥ 0
(4.5)

where {αn} and {βn} are sequences in (0, 1) satisfying the following conditions:

(C1) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞;
(C2) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;
(C3) {λn} is a sequence of (0,∞) such that inf{λn : n ∈ N} > 0 and

∑∞
n=1 |λn+1 − λn | <

∞.

Then {xn} converges strongly to x̃ which solves the variational inequality:

〈(A − γ f )x̃, Jϕ(x̃ − z)〉 ≤ 0, z ∈ ∩∞
n=1F(Jλn ) = �−10.
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Abstract In this paper, we introduce two iterative schemes (one implicit and one explicit)
for finding a common element of the set of solutions of the generalized equilibrium problems
and the set of all common fixed points of a nonexpansive semigroup in the framework of a
real Hilbert space. We prove that both approaches converge strongly to a common element
of such two sets. Such common element is the unique solution of a variational inequality,
which is the optimality condition for a minimization problem. Furthermore, we utilize the
main results to obtain two mean ergodic theorems for nonexpansive mappings in a Hilbert
space. The results of this paper extend and improve the results of Li et al. (J Nonlinear Anal
70:3065–3071, 2009), Cianciaruso et al. (J Optim Theory Appl 146:491–509, 2010) and
many others.

Keywords Generalized equilibrium problem · Nonexpansive semigroup · Minimization
problem · Fixed point · Hilbert space

1 Introduction

Throughout this paper, we always assume that H is a real Hilbert space with inner product
〈·, ·〉 and norm ‖ · ‖. Let G : H × H → R be an equilibrium bifunction, i.e., G(u, u) = 0
for each u ∈ H and� : H → H is a mapping. Then, we consider the following generalized
equilibrium problem (for short, G E P):

Finding x∗ ∈ H such that G(x∗, y) + 〈�x∗, y − x∗〉 ≥ 0, ∀y ∈ H. (1.1)

The problem (1.1) was studied by Moudafi [11]. The set of solutions for the problem G E P
(1.1) is denoted by G E P(G, �).

U. Kamraksa · R. Wangkeeree (B)
Department of Mathematics, Faculty of Science, Naresuan University, Phitsanulok 65000, Thailand
e-mail: rabianw@nu.ac.th
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e-mail: uthaikam@hotmail.com

123



J Glob Optim

Special cases.

1. If � ≡ 0, then G E P (1.1) reduces to the following classical equilibrium problem (for
short, E P):

Finding x∗ ∈ H such that G(x∗, y) ≥ 0, ∀y ∈ H. (1.2)

The set of solutions for the problem E P (1.2) is denoted by E P(G).
2. If G ≡ 0, then G E P (1.1) reduces to the following classical variational inequality
problem (for short V I P):

Finding x∗ ∈ H such that 〈�x∗, y − x∗〉 ≥ 0, ∀y ∈ H. (1.3)

The set of solutions for the problem V I P (1.3) is denoted by V I (�, H).

The problem (1.1) is very general in the sense that it includes, as special cases, fixed
point problems, optimization problems, variational inequality problems, Nash equilibrium
problems, the classical equilibrium problems, and others; see e.g., [2,5,8,10,22,23,29].
Recall that a mapping � : H → H is said to be α-inverse-strongly monotone [4,16] if

there exists a positive real number α such that

〈�x − �y, x − y〉 ≥ α‖�x − �y‖2, ∀x, y ∈ H.

A mapping T of H into itself is said to be nonexpansive if ‖T x − T y‖ ≤ ‖x − y‖ for each
x, y ∈ H .We denote by F(T ) the set of fixed points of T . A familyS := {T (s) : 0 ≤ s < ∞}
of mappings of H into itself is called a nonexpansive semigroup on H if it satisfies the fol-
lowing conditions:

(i) T (0)x = x for all x ∈ H ;
(ii) T (s + t) = T (s)T (t) for all s, t ≥ 0;
(iii) ‖T (s)x − T (s)y‖ ≤ ‖x − y‖ for all x, y ∈ H and s ≥ 0;
(iv) for all x ∈ H, s �→ T (s)x is continuous.

We denote by F(T (s)) = {x ∈ C : T (s)x = x} the set of fixed points of T (s) and by F(S)

the set of all common fixed points of S, i.e. F(S) = ∩s≥0F(T (s)). It is known that F(S) is
closed and convex.
Iterative methods for nonexpansive mappings have recently been applied to solve convex

minimization problems; see e.g., [7,24–26] and the references therein. Let A be a strongly
positive bounded linear operator on H : that is, there is a constant γ̄ > 0 with property

〈Ax, x〉 ≥ γ̄ ‖x‖2 for all x ∈ H. (1.4)

A typical problem is to minimize a quadratic function over the set of the fixed points of a
nonexpansive mapping on a real Hilbert space H :

min
x∈C

1

2
〈Ax, x〉 − 〈x, b〉, (1.5)

where C is the fixed point set of a nonexpansive mapping T on H and b is a given point
in H . In 2003, Xu [27] proved that the sequence {xn} defined by the iterative method below,
with the initial guess x0 ∈ H chosen arbitrarily:

xn+1 = (I − αn A)T xn + αnu, n ≥ 0, (1.6)

converges strongly to the unique solution of the minimization problem (1.5) provided the
sequence {αn} satisfies certain conditions.
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Using the viscosity approximation method, Moudafi [15] introduced the following itera-
tive iterative process for nonexpansive mappings (see [28] for further developments in both
Hilbert and Banach spaces). Let f be a contraction on H . Starting with an arbitrary initial
x0 ∈ H , define a sequence {xn} recursively by

xn+1 = (1− σn)T xn + σn f (xn), n ≥ 0, (1.7)

where {σn} is a sequence in (0, 1). It is proved [15,28] that under certain appropriate condi-
tions imposed on {σn}, the sequence {xn} generated by (1.7) strongly converges to the unique
solution x∗ in C of the variational inequality

〈(I − f )x∗, x − x∗〉 ≥ 0, x ∈ H. (1.8)

Recently, Marino and Xu [14] was combine the iterative method (1.6) with the viscosity
approximation method (1.7) and consider the following general iterative method:

xn+1 = (I − αn A)T xn + αnγ f (xn), n ≥ 0, (1.9)

where A is a strongly positive bounded linear operator on H . They proved that if the sequence
{αn} of parameters satisfies appropriate conditions, then the sequence {xn} generated by (1.9)
converges strongly to the unique solution of the variational inequality

〈(A − γ f )x∗, x − x∗〉 ≥ 0, x ∈ H (1.10)

which is the optimality condition for the minimization problem

min
x∈C

1

2
〈Ax, x〉 − h(x),

where h is a potential function for γ f (i.e., h′(x) = γ f (x) for x ∈ H ).
In [12] motivated and inspired by Marino and Xu [14], Li, Li and Su introduced the fol-

lowing two iterative methods (see (1.11) and (1.12)) for the approximation of common fixed
points of a one-parameter nonexpansive semigroup {T (s) : 0 ≤ s < ∞} on a nonempty
closed convex subset C in a Hilbert space:

xn = αnγ f (xn) + (I − αn A)
1

sn

sn∫
0

T (s)xnds, (1.11)

yn+1 = αnγ f (yn) + (I − αn A)
1

sn

sn∫
0

T (s)ynds, (1.12)

where A : C → H is a linear bounded strongly positive operator and f : H → H is an
α-contraction, {αn} and {sn} are sequences in [0, 1] and (0,∞), respectively. They obtained
some convergence theorems under some appropriate control conditions on parameter {αn}
and {sn}.
Very recently, improving Plubtieng and Punpaeng [17], Cianciaruso et al. [6] introduced

the following iterative method, that include equilibrium problems and fixed points problems
for nonexpansive semigroups S = {T (s)}s≥0 on a Hilbert space H ,⎧⎨

⎩
x1 ∈ H chosen arbitrary,
G(un, y) + 1

rn
〈y − un, un − yn〉 ≥ 0, ∀y ∈ H,

xn+1 = αnγ f (xn) + (I − αn A) 1sn

∫ sn
0 T (s)unds, ∀n ≥ 1,

(1.13)
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where A : C → H is a linear bounded strongly positive operator and f : H → H is
an α-contraction. They proved that the iterative scheme {xn} defined by (1.13) converges
strongly to a common element of z ∈ F(S) ∩ E P(F) solving the variational inequality
〈(γ f − A)z, p−z〉 ≤ 0,∀p ∈ F(S)∩E P(G) provided {αn}, {rn} and {sn} are real sequences
satisfying the following control conditions:

(C1) limn→∞ αn = 0,
∑∞

n=1 αn = ∞,
∑∞

n=1 |αn+1 − αn | < ∞;
(C2) limn→+∞ rn > 0 and

∑∞
n=1 |rn+1 − rn | < ∞;

(C3) limn→+∞ sn = +∞ and limn→+∞ |sn−sn+1|
sn

1
αn

= 0.

All of the above bring us the following conjectures?

Question 1.1 (i) Could we weaken or remove the control condition
∑∞

n=1 |αn+1 − αn | <

∞ on parameter {αn} in (C1)?
(ii) Could we weaken the control condition

∑∞
n=1 |rn+1 − rn | < ∞ on parameter {rn} in

(C2)?
(iii) Could we weaken the control condition limn→+∞ |sn−sn+1|

sn

1
αn

= 0 in (C3)?
(iv) Could we construct an iterative algorithm to approximate a common element of the set

of solutions of the generalized equilibrium problem and the set of all common fixed
points of a nonexpansive semigroup?

In this paper, motivated by Li et al. [12], Plubtieng and Punpaeng [17] and Cianciaruso
et al. [6], we suggest and analyze an iterative scheme for finding a common element of the set
of solutions of the generalized equilibrium problem and the set of all common fixed points of
a nonexpansive semigroup in the framework of a real Hilbert space under weak conditions
imposed on the parameters. Furthermore, by using these results, we obtain two mean ergo-
dic theorems for a nonexpansive mapping in a real Hilbert spaces. The results in this paper
generalize and improve some well-known results in Li et al. [6,12,17] and many others.

2 Preliminaries

This section collects some results that will be used in the proofs of our main results.

Lemma 2.1 [20] Let C be a nonempty bounded closed convex subset of a Hilbert space H
and let (T (s))s≥0 be a nonexpansive semigroup on C. Then, for every h ≥ 0,

lim
t→+∞ supx∈C

∥∥∥∥ 1t
t∫
0

T (s)xds − T (h)
1

t

t∫
0

T (s)xds

∥∥∥∥ = 0.

Lemma 2.2 [3] (Demiclosedness Principle) Let X be a uniformly convex Banach space, let
C be a nonempty closed convex subset of X and let T : C → X be a nonexpansive mapping.
Then, the mapping (I − T ) is demiclosed on C, i.e., if {xn} is weakly convergent to x and
{(I − T )(xn)} is strongly convergent to y, then (I − T )x = y.

Lemma 2.3 For all x, y ∈ H, the inequality ‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉 holds.

Lemma 2.4 [21] Let {xn} and {yn} be bounded sequences in a Banach space X such that

xn+1 = λn xn + (1− λn)yn, n ≥ 0
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where {λn} is a sequence in [0, 1] such that

0 < lim inf
n→∞ λn ≤ lim sup

n→∞
λn < 1.

Assume

lim sup
n→∞

(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0.

Then limn→∞ ‖yn − xn‖ = 0.

We recall that, ifC is a closed convex subset of real Hilbert space H , the metric projection
PC : H → C is the mapping defined as follows: for each x ∈ H, PC x is the only point in C
with the property that ‖x − PC x‖ = inf y∈C ‖x − y‖.
Lemma 2.5 [3] Let C be a nonempty closed convex subset of a real Hilbert space H and let
PC be the metric projection from H onto C. Given x ∈ H and z ∈ C, z = PC x if and only
if 〈x − z, y − z〉 ≤ 0 for all y ∈ C.

Lemma 2.6 [14] Let H be a Hilbert space and let A : H → H be a strongly positive
linear bounded self-adjoint operator with coefficient γ̄ > 0. If 0 < ρ ≤ ‖A‖−1, then
‖I − ρ A‖ ≤ 1− ργ̄ .

Lemma 2.7 [14] Let C be a nonempty closed convex subset of a real Hilbert space H, let
f : H → H be an α-contraction (0 < α < 1) and let A be a strongly positive linear
bounded operator with coefficient γ̄ . Then, for every 0 < γ <

γ̄
α
, (A − γ f ) is a strongly

monotone with coefficient (γ̄ − αγ ), i.e.

〈x − y, (A − γ f )x − (A − γ f )y〉 ≥ (γ̄ − γα)‖x − y‖2, ∀x, y ∈ H.

Lemma 2.8 [27] Let {sn} be a sequence of nonnegative real numbers satisfying

sn+1 ≤ (1− γn)sn + σn + δn, ∀n ≥ 1,
where {γn} is a sequence in (0,1) and {σn}, {δn} are sequences of real numbers such that

(i) limn→∞ γn = 0 and
∑∞

n=1 γn = ∞;
(ii) lim supn→∞ σn

γn
≤ 0;

(iii) δn ≥ 0 and
∑∞

n=1 δn < ∞.

Then, limn→∞ sn = 0.

In order to solve the equilibrium problem for a function G : H × H → R, we assume
that:

(E1) G(x, x) = 0, for all x ∈ H ;
(E2) G(x, y) + G(y, x) ≤ 0, for all (x, y) ∈ H × H(i.e. G is monotone);
(E3) for each x, y, z ∈ H, lim supt→0 G(t z + (1− t)x, y) ≤ G(x, y);
(E4) the function y �→ G(x, y) is convex and lower semicontinuous for each x ∈ H .

Lemma 2.9 [2] Let C be a nonempty closed and convex subset of a real Hilbert space H
and G : C × C → R a function satisfying the conditions (E1)–(E4). Let r > 0 and x ∈ H.
Then, there exists z ∈ C such that

G(z, y) + 1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C.
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Lemma 2.10 [13] Let C be a nonempty closed and convex subset of a real Hilbert space H
and G : C × C → R a function satisfying the condition (E1)–(E4). For r > 0 and x ∈ H,
let Sr : H → C be a r-resolvent defined by

Tr (x) =
{

z ∈ C : G(z, y) + 1

r
〈y − z, z − x〉 ≥ 0,∀y ∈ C

}
, x ∈ H.

Then:

(i) Tr is single-valued;
(ii) Tr is firmly nonexpansive, i.e.

‖Tr x − Tr y‖2 ≤ 〈Tr x − Tr y, x − y〉, ∀x, y ∈ H ;
(iii) F(Tr ) = E P(G);
(iv) EP(G) is closed and convex.

Remark 2.11 For any x ∈ H and r > 0, by Lemma 2.10 (i), there exists u ∈ H such that

G(u, y) + 1

r
〈y − u, u − x〉 ≥ 0, ∀ y ∈ H. (2.1)

Replacing x with x − r�x ∈ H in (2.1), we have

G(u, y) + 〈�x, y − u〉 + 1

r
〈y − u, u − x〉 ≥ 0, ∀ y ∈ H, (2.2)

where � : H → H is an inverse-strongly monotone mapping.

3 Implicit iterative approximation methods

In this section, for finding a common element of the set of solutions of the generalized equi-
librium problem and the set of all common fixed points of a nonexpansive semigroup, we
prove a strong convergence theorem of an implicit iterative sequence.

Theorem 3.1 Let S = (T (s))s≥0 be a nonexpansive semigroup on a real Hilbert space H.
Let f : H → H be an α-contraction, A : H → H a strongly positive linear bounded
self adjoint operator with coefficient γ̄ , G : H × H → R a mapping satisfying hypotheses
(E1)–(E4) and � : H → H an inverse-strongly monotone mappings with coefficients δ such
that F(S) ∩ G E P(G, �) �= ∅. Let {αn} ⊂ (0, 1), {rn} ⊂ (0, 2δ) and {sn} ⊂ (0,∞) be the
real sequences. Then the following hold.

(i) For any 0 < γ <
γ̄
α

, there exists a unique sequence {xn} ⊂ H such that{
G(un, y) + 〈�xn, y − un〉 + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ H,

xn = αnγ f (xn) + (I − αn A) 1sn

∫ sn
0 T (s)unds, ∀n ≥ 1. (3.1)

(ii) If limn→∞ αn = 0, lim infn→∞ rn > 0, and limn→∞ sn = +∞, then the sequence
{xn} defined by (3.1) converges strongly to z, which is a unique solution in F(S) ∩
G E P(G, �) of the variational inequality

〈(γ f − A)z, p − z〉 ≤ 0, ∀p ∈ F(S) ∩ G E P(G, �). (3.2)
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Proof We first show that {xn} is well defined. For each n ≥ 1, we consider the mapping
Sn : H → H defined by

Sn x := αnγ f (x) + (I − αn A)
1

sn

sn∫
0

T (s)Trn (I − rn�)xds. (3.3)

for all x ∈ H . We claim that Sn is contractive with the coefficient (1 − αn(γ̄ − γα)). We
observe that Trn (I − rn�) is nonexpansive for all n ≥ 1. Indeed, for any x, y ∈ H ,

‖Trn (I − rn�)x − Trn (I − rn�)y‖2 ≤ ‖(I − rn�)x − (I − rn�)y‖2
= ‖(x − y) − rn(�x − �y)‖2
= ‖x−y‖2−2rn〈x−y, �x−�y〉+r2n ‖�x−�y‖2
≤ ‖x − y‖2 − 2rnδ‖�x − �y‖2 + r2n ‖�x − �y‖2
= ‖x − y‖2 + rn(rn − 2δ)‖�x − �y‖2
≤ ‖x − y‖2. (3.4)

It follows from Lemma 2.6 and (3.4) that

‖Sn x − Sn y‖ ≤
∥∥∥∥∥∥αnγ f (x) + (I − αn A)

1

sn

sn∫
0

T (s)Trn (I − rn�)xds

−αnγ f (y) − (I − αn A)
1

sn

sn∫
0

T (s)Trn (I − rn�)yds

∥∥∥∥∥∥
≤ αnγ ‖ f (x) − f (y)‖ + (1− αn γ̄ )

∥∥∥∥∥∥
1

sn

sn∫
0

[T (s)Trn (I − rn�)x

− T (s)Trn (I − rn�)y]ds

∥∥∥∥∥∥
≤ αnγα‖x − y‖ + (1− αn γ̄ )‖Trn (I − rn�)x − Trn (I − rn�)y‖
≤ αnγα‖x − y‖ + (1− αn γ̄ )‖x − y‖
= (1− αn(γ̄ − γα))‖x − y‖.

Since 0 < 1 − αn(γ̄ − γα) < 1, it follows that Sn is a contraction. Therefore by Banach
contraction principle, Sn has a unique fixed point xn ∈ H such that

xn = αnγ f (xn) + (I − αn A)
1

sn

sn∫
0

T (s)Trn (I − rn�)xnds.

Next, we will show that {xn} is bounded. Since αn → 0 as n → ∞, we may assume,
with no loss of generality, that αn < ‖A‖−1, for all n ≥ 1. Note that un can be writ-
ten as un = Trn (xn − rn�xn) for all n ≥ 1. Take p ∈ F(S) ∩ G E P(G, �). Applying
p = Trn (p − rn�p) and (3.4), we obtain the following

‖un − p‖2 ≤ ‖Trn (xn − rn�xn) − Trn (p − rn�p)‖2
≤ ‖xn − p‖2 + rn(rn − 2δ)‖�xn − �p‖2 ≤ ‖xn − p‖2. (3.5)

123



J Glob Optim

This implies that

‖xn − p‖ ≤ αn‖γ f (xn) − Ap‖ + (1− αn γ̄ )
1

sn

sn∫
0

‖T (s)un − T (s)p‖ds

≤ αnγα‖xn − p‖ + αn‖γ f (p) − Ap‖ + (1− αn γ̄ )‖xn − p‖.
Hence,

‖xn − p‖ ≤ 1

γ̄ − γα
‖γ f (p) − Ap‖,

i.e., {xn} is bounded and so is {un}. Now, we will prove that
lim

n→∞ ‖xn − un‖ = 0.

From Lemma 2.3 and (3.5), we have

‖xn − p‖2 ≤ (1− αn γ̄ )2

∥∥∥∥∥∥
1

sn

sn∫
0

T (s)unds − p

∥∥∥∥∥∥
2

+ 2αn〈γ f (xn) − Ap + γ f (p) − γ f (p), xn − p〉
≤ (1+ α2n γ̄ 2 − 2αn γ̄ )‖un − p‖2 − 2αnγα‖xn − p‖2

+2αn〈γ f (p) − Ap, xn − p〉
≤ (1+ α2n γ̄ 2)‖un − p‖2 − 2αnγα‖xn − p‖2 + 2αn〈γ f (p) − Ap, xn − p〉
≤ (1+ α2n γ̄ 2)(‖xn − p‖2 + rn(rn − 2δ)‖�xn − �p‖2)

− 2αnγα‖xn − p‖2 + 2αn〈γ f (p) − Ap, xn − p〉
= (1+ α2n γ̄ 2)‖xn − p‖2 + (1+ α2n γ̄ 2)rn(rn − 2δ)‖�xn − �p‖2

− 2αnγα‖xn − p‖2 + 2αn〈γ f (p) − Ap, xn − p〉
and hence

(1+ α2n γ̄ 2)rn(2δ − rn)‖�xn − �p‖2 ≤ αn(αn γ̄ 2 − 2γα)‖xn − p‖2
+ 2αn〈γ f (p) − Ap, xn − p〉.

From limn→∞ αn = 0 and lim infn→∞ rn > 0, we have

‖�xn − �p‖ → 0, as n → ∞. (3.6)

On the other hand, using Lemma 2.10 and (3.5), we have

‖un − p‖2 = ‖Trn (xn − rn�xn) − Trn (p − rn�p)‖2
≤ 〈xn − rn�xn − (p − rn�p), un − p〉
= 1

2
(‖(xn − rn�xn) − (p − rn�p)‖2 + ‖un − p‖2

−‖(xn − rn�xn) − (p − rn�p) − (un − p)‖2

≤ 1

2
(‖xn − p‖2 + ‖un − p‖2 − ‖(xn − un) − rn(�xn − �p)‖2)

= 1

2
(‖xn − p‖2 + ‖un − p‖2 − ‖xn − un‖2

+ 2rn〈xn − un, �xn − �p〉 − r2n ‖�xn − �p‖2).
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So, we have

‖un − p‖2 ≤ ‖xn − p‖2 − ‖xn − un‖2
+ 2rn〈xn − un, �xn − �p〉 − r2n ‖�xn − �p‖2. (3.7)

It follows from Lemma 2.3 and (3.7), for any p ∈ F(S) ∩ G E P(G, �),

‖xn − p‖2 ≤ (1− αn γ̄ )2

∥∥∥∥∥∥
1

sn

sn∫
0

T (s)unds − p

∥∥∥∥∥∥
2

+ 2αn〈γ f (xn) − Ap + γ f (p) − γ f (p), xn − p〉
≤ (1+ α2n γ̄ 2 − 2αn γ̄ )‖un − p‖2 − 2αnγα‖xn − p‖2

+ 2αn〈γ f (p) − Ap, xn − p〉
≤ (1+ α2n γ̄ 2)‖un − p‖2 − 2αnγα‖xn − p‖2 + 2αn〈γ f (p) − Ap, xn − p〉
≤ ‖un − p‖2 + αn γ̄ 2‖xn − p‖2 − 2αnγα‖xn − p‖2

+ 2αn〈γ f (p) − Ap, xn − p〉
≤ ‖xn − p‖2 − ‖xn − un‖2 + 2rn〈xn − un, �xn − �p〉 − r2n ‖�xn − �p‖2

+αn γ̄ 2‖xn − p‖2 − 2αnγα‖xn − p‖2 + 2αn〈γ f (p) − Ap, xn − p〉
≤ ‖xn − p‖2 − ‖xn − un‖2 + 2rn‖xn − un‖‖�xn − �p‖ − r2n ‖�xn − �p‖2

+αn γ̄ 2‖xn − p‖2 − 2αnγα‖xn − p‖2 + 2αn〈γ f (p) − Ap, xn − p〉. (3.8)

So, we have

‖xn − un‖2 ≤ ‖�xn − �p‖[2rn‖xn − un‖ − r2n ‖�xn − �p‖]
+αn[γ̄ 2‖xn − p‖2 + 2γα‖xn − p‖2 + 2〈γ f (p) − Ap, xn − p〉]. (3.9)

Using limn→∞ αn = 0 and (3.6), we can conclude that

‖xn − un‖ → 0, as n → ∞. (3.10)

On the other hand, let z1 = PF(S)x1 and D = {z ∈ H : ‖z − z1‖ ≤ 1
γ̄−γα

‖γ f (z1) − Az1‖}.
Then D is a nonempty closed bounded convex subset of H which is T (s)-invariant for each
s ∈ [0,∞) and contains {xn} and {un}. We may assume, without loss of generality, that
S = (T (s))s≥0 is a nonexpansive semigroup on D. In view of Lemma 2.1, we can obtain
that

lim
n→∞

∥∥∥∥∥∥
1

sn

sn∫
0

T (s)unds − T (s)

⎛
⎝ 1

sn

sn∫
0

T (s)unds

⎞
⎠
∥∥∥∥∥∥

≤ lim
n→∞ supz∈D

∥∥∥∥∥∥
1

sn

sn∫
0

T (s)zds − T (s)

⎛
⎝ 1

sn

sn∫
0

T (s)zds

⎞
⎠
∥∥∥∥∥∥ = 0 (3.11)
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for every s ∈ [0,∞). We observe that, for any 0 ≤ s < ∞,

‖T (s)xn − xn‖ ≤
∥∥∥∥∥∥T (s)xn − T (s)

1

sn

sn∫
0

T (s)unds

∥∥∥∥∥∥
+
∥∥∥∥∥∥T (s)

1

sn

sn∫
0

T (s)unds − 1

sn

sn∫
0

T (s)unds

∥∥∥∥∥∥
+
∥∥∥∥∥∥
1

sn

sn∫
0

T (s)unds − xn

∥∥∥∥∥∥
≤ 2

∥∥∥∥∥∥xn − 1

sn

sn∫
0

T (s)unds

∥∥∥∥∥∥
+
∥∥∥∥∥∥T (s)

1

sn

sn∫
0

T (s)unds − 1

sn

sn∫
0

T (s)unds

∥∥∥∥∥∥
= 2αn

∥∥∥∥∥∥γ f (xn) − A

sn

sn∫
0

T (s)unds

∥∥∥∥∥∥
+
∥∥∥∥∥∥T (s)

⎛
⎝ 1

sn

sn∫
0

T (s)unds

⎞
⎠− 1

sn

sn∫
0

T (s)unds

∥∥∥∥∥∥ .

Applying (3.11), Lemma 2.1 and the boundedness of {xn}, {un}, we obtain that
‖T (s)xn − xn‖ → 0, as n → ∞ for all 0 ≤ s < ∞. (3.12)

Consider a subsequence {xni} of {xn}. Since {xni} is bounded, there exists a subsequence {xni j
}

of {xni} which converges weakly to z ∈ H . Next, we show that z ∈ F(S) ∩ G E P(G, �).
Without loss of generality,we can assume that xni ⇀ z as i → ∞. From‖T (s)xni −xni ‖ → 0
and the demiclosedness principle of I − T (s) for all 0 ≤ s < ∞, one sees that

T (s)z = z for all 0 ≤ s < ∞ that is z ∈ F(S).

Next, we show that z ∈ G E P(G, �). From ‖xni − uni ‖ → 0, one sees that

uni ⇀ z and T (s)xni ⇀ z, as i → ∞ for all 0 ≤ s < ∞.

Putting {xi } := {xni}, {ui} := {uni} and {ri } := {rni}. Since un = Trn (xn − rn�xn), for any
y ∈ H we have

G(un, y) + 〈�xn, y − un〉 + 1

rn
〈y − un, un − xn〉 ≥ 0.

From (E2), we have

〈�xn, y − un〉 + 1

rn
〈y − un, un − xn〉 ≥ G(y, un).

Replacing n by ni , we have

〈�xi , y − ui 〉 + 1

ri
〈y − ui , uk − xi 〉 ≥ G(y, ui ), for all y ∈ H. (3.13)

123



J Glob Optim

Put ut = t y + (1− t)z for all t ∈ (0, 1] and y ∈ H . Then, we have ut ∈ H . So from (3.13)
we have

〈ut − ui , �ut 〉 ≥ 〈ut − ui , �ut 〉 − 〈ut − ui , �xi 〉 −
〈
ut − ui ,

ui − xi

ri

〉
+ G(ut , ui )

= 〈ut − ui , �ut − �ui 〉 + 〈ut − ui , �ui − �xi 〉 −
〈
ut − ui ,

ui − xi

ri

〉
+ G(ut , ui ).

Since ‖ui − xi‖ → 0, we have ‖�ui − �xi‖ → 0. Further, from monotonicity of �, we
have 〈ut − ui , �ut − �ui 〉 ≥ 0. So, from (E4) we have

〈ut − z, �ut 〉 ≥ G(ut , z), (3.14)

as i → ∞. From (E1) and (E4) and (3.14), we also have
0 = G(ut , ut ) ≤ tG(ut , y) + (1− t)G(ut , z)

≤ tG(ut , y) + (1− t)〈ut − z, �ut 〉
= tG(ut , y) + (1− t)〈y − z, �ut 〉

and hence

0 ≤ G(ut , y) + (1− t)〈y − z, �ut 〉.
Letting t → ∞, we have, for each y ∈ C ,

0 ≤ G(z, y) + 〈y − z, �z〉.
This implies z ∈ G E P(G, �). Hence z ∈ F(S) ∩ G E P(G, �) is proved. Next, we show
that z solves the variational inequality (3.2). We observe that

‖xn − z‖2 = αn〈γ f (xn) − Az, xn − z〉

+
〈
(I − αn A)

⎛
⎝ 1

sn

sn∫
0

T (s)unds − z

⎞
⎠ , xn − z

〉

≤ (1− αn γ̄ )‖xn − z‖2 + αn〈γ f (xn) − Az, xn − z〉
≤ (1− αn γ̄ )‖xn − z‖2 + αnγα‖xn − z‖2 + αn〈α f (z) − Az, xn − z〉.

This implies that

‖xn − z‖2 ≤ 1

γ̄ − γα
〈γ f (z) − Az, xn − z〉.

In particular, we have

‖xi − z‖2 ≤ 1

γ̄ − γα
〈γ f (z) − Az, xi − z〉. (3.15)

Since xi ⇀ z, it follows from (3.15) that xi → z as i → ∞. We rewrite (A − γ f )xn as

(A − γ f )xn = − 1

αn
(I − αn A)

⎡
⎣xn − 1

sn

sn∫
0

T (s)Trn (I − rn�)xnds

⎤
⎦
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and utilize the fact that (I − T ) is monotone if T is nonexpansive. Hence, for any p ∈
F(S) ∩ G E P(G, �), we have

〈(A−γ f )xn, xn−p〉 = − 1

αn

〈
(I−αn A)

⎡
⎣xn− 1

sn

sn∫
0

T (s)Trn (I−rn�)xnds

⎤
⎦ , xn−p

〉

= − 1

αn

⎡
⎣〈
⎛
⎝I − 1

sn

sn∫
0

T (s)Trn (I − rn�)ds

⎞
⎠ xn

−
⎛
⎝I − 1

sn

sn∫
0

T (s)Trn (I − rn�)ds

⎞
⎠ p, xn − p

〉⎤
⎦

+ 1

sn

〈
A

sn∫
0

[xn − T (s)un]ds, xn − p

〉
.

= − 1

αn

⎡
⎣
〈⎛
⎝I − 1

sn

sn∫
0

T (s)Trn (I − rn�)ds

⎞
⎠ xn

−
⎛
⎝I − 1

sn

sn∫
0

T (s)Trn (I − rn�)ds

⎞
⎠ p, xn − p

〉
ds

⎤
⎦

+ 1

sn

〈
A

sn∫
0

[xn − T (s)un]ds, xn − p

〉
. (3.16)

Since the map 1
sn

∫ sn
0 T (s)Trn (I − rn�)ds is nonexpansive, I − 1

sn

∫ sn
0 T (s)Trn (I − rn�)ds

is monotone. This implies that

〈⎛⎝I− 1

sn

sn∫
0

T (s)Trn (I−rn�)ds

⎞
⎠ xn−

⎛
⎝I− 1

sn

sn∫
0

T (s)Trn (I−rn�)ds

⎞
⎠ p, xn−p

〉
≥ 0.

This together with (3.16), we obtain that

〈(A − γ f )xn, xn − p〉 ≤
〈

Axn − A

sn

sn∫
0

T (s)unds, xn − p

〉
.

By the definition of xn , we obtain that

Axn − A

sn

sn∫
0

T (s)unds = αn A

⎛
⎝γ f (xn) − A

sn

sn∫
0

T (s)unds

⎞
⎠ .

Then,

〈(A − γ f )xn, xn − p〉 ≤ αn

〈
A

⎛
⎝γ f (xn) − A

sn

sn∫
0

T (s)unds

⎞
⎠ , xn − p

〉
. (3.17)
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In particular, we have

〈(A − γ f )xi , xi − p〉 ≤ αi

〈
A

⎛
⎝γ f (xi ) − A

si

si∫
0

T (s)ui ds

⎞
⎠ , xi − p

〉
. (3.18)

where αi := αni . Passing to the limit i → ∞, by the boundedness of xi and ui we obtain

〈(A − γ f )z, z − p〉 = lim
i→∞〈(A − γ f )xi , xi − p〉 ≤ 0, ∀p ∈ F(S) ∩ G E P(G, �).

(3.19)

That is, z ∈ F(S) ∩ G E P(G, �) is a solution of the variational inequality (3.2). Finally, we
will show that the sequence {xn} converges strongly to z. Assume that there exits a subse-
quence {xnk } of {xn} such that xnk → x∗ as k → ∞. By the same methods as in the above
proof, we obtain x∗ ∈ F(S) ∩ G E P(G, �). If follows from the inequality (3.19) that

〈(A − γ f )z, z − x∗〉 ≤ 0. (3.20)

Interchange z and x∗ to obtain

〈(A − γ f )x∗, x∗ − z〉 ≤ 0. (3.21)

Adding the inequalities (3.20) and (3.21), yields

(γ̄ − γα)‖z − x∗‖2 ≤ 〈z − x∗, (A − γ f )z − (A − γ f )x∗〉 ≤ 0
by Lemma 2.7. Hence z = x∗ and therefore xn → z as n → ∞. This completes the
proof. ��

Setting G ≡ 0, � ≡ 0, rn ≡ 1 in Theorem 3.1, we have the following result.

Corollary 3.2 [12, Theorem 3.1] Let C be nonempty closed convex subset of a real Hilbert
space H. Suppose that f : C → C is a fixed contractive mapping with coefficient 0 < α < 1,
and S = {T (s) : s ≥ 0} is a one-parameter nonexpansive semigroup on C such that F(S) is
nonempty, and A a strong positive linear bounded operator with coefficient γ̄ > 0, {αn} ⊂
(0, 1), {sn} ⊂ (0,∞) are real sequences such that limn→∞ αn = 0, limn→∞ sn = ∞, then
for any 0 < γ < γ̄ /α, there is a unique sequence {xn} ⊂ C such that

xn = (I − αn A)
1

sn

sn∫
0

T (s)xnds + αnγ f (xn)

and the sequence {xn} converges strongly to the unique solution z ∈ F(S) of the variational
inequality 〈(γ f − A)z, p − z〉 ≤ 0,∀p ∈ F(S).

4 Explicit iterative approximation methods

Theorem 4.1 Let S = (T (s))s≥0 be a nonexpansive semigroup on a real Hilbert space H.
Let f : H → H be an α-contraction, A : H → H a strongly positive linear bounded
self-adjoint operator with coefficient γ̄ and let γ be a real number such that 0 < γ <

γ̄
α

.
Let G : H × H → R be a mapping satisfying hypotheses (E1)–(E4) and � : H → H an
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inverse-strongly monotone mapping with coefficients δ such that F(S) ∩ G E P(G, �) �= ∅.
Let the sequences {xn}, {un} and {yn} be generated by⎧⎪⎪⎨

⎪⎪⎩
x1 ∈ H chosen arbitrary,
G(un, y) + 〈�xn, y − un〉 + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ H,

yn = βn xn + (1− βn) 1sn

∫ sn
0 T (s)unds,

xn+1 = αnγ f (xn) + (I − αn A)yn, ∀n ≥ 1,
(4.1)

where the real sequences {rn} ⊂ (0, 2δ), {sn} ⊂ (0,∞) and {αn}, {βn} in (0, 1) satisfy the
following conditions:

(D1) limn→∞ αn = 0,
∑∞

n=1 αn = +∞,
(D2) lim infn→∞ rn > 0, limn→∞ |rn+1 − rn | = 0,
(D3) limn→∞ sn = +∞, limn→∞ |sn−sn−1|

sn
= 0, and

(D4) 0 < a ≤ βn ≤ b < 1, limn→∞ |βn − βn−1| = 0.

Then the sequences {xn}, {un} and {yn} converge strongly to z which is a unique solution in
F(S) ∩ G E P(G, �) of the variational inequality (3.2).

Proof We divide the proof of Theorem 4.1 into five steps:

Step 1 Firstly, we show that {xn}, {yn} and {un} are bounded.
Note that un can be written as un = Trn (xn − rn�xn) for all n ≥ 1. Take p ∈ F(S) ∩
G E P(G, �). Since p = Trn (p − rn�p) and � : H → H is an inverse-strongly monotone
mapping with coefficients δ satisfying 0 ≤ rn ≤ 2δ, we obtain the following

‖un − p‖2 = ‖Trn (xn − rn�xn) − Trn (p − rn�p)‖2
≤ ‖(xn − rn�xn) − (p − rn�p)‖2
= ∥∥(xn − p) − rn(�xn − �p)‖2
= ‖xn − p‖2 − 2rn〈xn − p, �xn − �p〉 + r2n ‖�xn − �p‖2
≤ ‖xn − p‖2 − 2rnδ‖�xn − �p‖2 + r2n ‖�xn − �p‖2
= ‖xn − p‖2 + rn(rn − 2δ)‖�xn − �p‖2
≤ ‖xn − p‖2. (4.2)

Since limn→∞ αn = 0 we may assume, without loss of generality, that αn < ‖A‖−1 for all
n ∈ N. Applying Lemma 2.6 and (4.2), we obtain

‖xn+1 − p‖ =
∥∥∥∥∥∥αnγ f (xn) + (I − αn A)(βn xn + (1− βn)

1

sn

sn∫
0

T (s)unds) − p

∥∥∥∥∥∥
=
∥∥∥∥∥∥αnγ f (xn) − αnγ f (p) + αnγ f (p) − αn Ap

+ (I − αn A)(βn xn + (1− βn)
1

sn

sn∫
0

T (s)unds − p)

∥∥∥∥∥∥
≤ ‖αnγ ( f (xn) − f (p))‖ + ‖αn(γ f (p) − Ap)‖

+ (1− αn γ̄ )

∥∥∥∥∥∥βn xn + (1− βn)
1

sn

sn∫
0

T (s)unds − p

∥∥∥∥∥∥
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= ‖αnγ ( f (xn) − f (p))‖ + ‖αn(γ f (p) − Ap)‖

+ (1− αn γ̄ )

∥∥∥∥∥∥βn(xn − p) + (1− βn)
1

sn

sn∫
0

[T (s)un − T (s)p]ds

∥∥∥∥∥∥
≤ αnγ ‖ f (xn) − f (p)‖ + αn‖γ f (p) − Ap‖

+ (1− αn γ̄ )(βn‖xn − p‖ + (1− βn)‖un − p‖)
≤ αnγ ‖ f (xn) − f (p)‖ + αn‖γ f (p) − Ap‖

+ (1− αn γ̄ )(βn‖xn − p‖ + (1− βn)‖xn − p‖)
≤ (1− αn(γ̄ − γα))‖xn − p‖ + αn‖γ f (p) − Ap‖. (4.3)

From a simple inductive process, it follows that

‖xn − p‖ ≤ max
{
‖x1 − p‖, ‖γ f (p) − Ap‖

γ̄ − γα

}
, n ≥ 1,

which yields that {xn} is bounded, so is {un}. Moreover, since

‖yn − p‖ =
∥∥∥∥∥∥βn xn + (1− βn)

1

sn

sn∫
0

T (s)unds − p

∥∥∥∥∥∥
=
∥∥∥∥∥∥βn xn − βn p + (1− βn)

1

sn

sn∫
0

T (s)unds − (1− βn)p

∥∥∥∥∥∥
=
∥∥∥∥∥∥βn(xn − p) + (1− βn)

1

sn

sn∫
0

[T (s)un − T (s)p]ds

∥∥∥∥∥∥
≤ βn‖xn − p‖ + (1− βn)‖un − p‖
≤ βn‖xn − p‖ + (1− βn)‖xn − p‖
= ‖xn − p‖, (4.4)

{yn} is also bounded.
Step 2 Now we show that

lim
n→∞ ‖xn+1 − xn‖ = 0, lim

n→∞ ‖yn+1 − yn‖ = 0 and lim
n→∞ ‖un+1 − un‖ = 0.

We rewrite xn+1 in the form:

xn+1 = (1− λn)xn + λnzn, (4.5)

where

λn = 1− (1− αn)βn

and

zn = αnβn

λn
(I − A)xn + (1− βn)

λn
(I − αn A)

1

sn

sn∫
0

T (s)unds + αn

λn
γ f (xn). (4.6)

Since αn → 0 and 0 < a ≤ βn ≤ b < 1, we have

0 < lim inf
n→∞ λn ≤ lim sup

n→∞
λn < 1.
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Next some manipulations give us that

zn+1 − zn = βn+1αn+1
λn+1

(I − A)xn+1 − βnαn

λn
(I − A)xn

+1− βn+1
λn+1

⎛
⎝ 1

sn+1

sn+1∫
0

T (s)un+1ds − 1

sn

sn∫
0

T (s)unds

⎞
⎠

− (1− βn+1)αn+1
λn+1

A

⎛
⎝ 1

sn+1

sn+1∫
0

T (s)un+1ds − 1

sn

sn∫
0

T (s)unds

⎞
⎠

+
(
1− βn+1

λn+1
− 1− βn

λn

)
1

sn

sn∫
0

T (s)unds

−
(

αn+1
λn+1

− αn

λn

)
(1− βn)A

1

sn

sn∫
0

T (s)unds

+αn+1
λn+1

(βn − βn+1)A
1

sn

sn∫
0

T (s)unds

+αn+1
λn+1

(γ f (xn+1) − γ f (xn)) +
(

αn+1
λn+1

− αn

λn

)
γ f (xn).

Therefore

‖zn+1 − zn‖ − ‖xn+1 − xn‖
≤ βn+1αn+1

λn+1
‖(I − A)xn+1‖ + βnαn

λn
‖(I − A)xn‖ +

∣∣∣∣αn+1
λn+1

− αn

λn

∣∣∣∣ ‖γ f (xn)‖

+
(
1− βn+1

λn+1
− 1
)∥∥∥∥∥∥

1

sn+1

sn+1∫
0

T (s)un+1ds − T xn+1 + 1

sn

sn∫
0

T (s)unds

∥∥∥∥∥∥
+ (1− βn+1)αn+1

λn+1
‖A‖

∥∥∥∥∥∥
1

sn+1

sn+1∫
0

T (s)un+1ds − T xn+1 + 1

sn

sn∫
0

T (s)unds

∥∥∥∥∥∥
+
∣∣∣∣1− βn+1

λn+1
− 1− βn

λn

∣∣∣∣
∥∥∥∥∥∥
1

sn

sn∫
0

T (s)unds

∥∥∥∥∥∥
+
∣∣∣∣αn+1
λn+1

− αn

λn

∣∣∣∣
∥∥∥∥∥∥(1− βn)A

1

sn

sn∫
0

T (s)unds

∥∥∥∥∥∥
+αn+1

λn+1
|βn − βn+1|

∥∥∥∥∥∥A
1

sn

sn∫
0

T (s)unds

∥∥∥∥∥∥
+αn+1

λn+1
‖(γ f (xn+1) − γ f (xn))‖ +

∣∣∣∣αn+1
λn+1

− αn

λn

∣∣∣∣ ‖γ f (xn)‖.
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Since λn = 1− (1− αn)βn and αn → 0, then

lim
n→∞

1− βn

λn
= lim

n→∞

(
1− αnβn

λn

)
= 1.

Then last inequality implies

lim sup
n→∞

(‖zn+1 − zn‖ − ‖xn+1 − xn‖) ≤ 0

and so an application of Lemma 2.4 asserts that

lim
n→∞ ‖zn − xn‖ = 0. (4.7)

Consequently,

lim
n→∞ ‖xn+1 − xn‖ = lim

n→∞(1− λn)‖zn − xn‖ = 0. (4.8)

From the fact that (
1

a
− 1

b

)
b = −a − b

a
,

for all nonzero real numbers a, b, we obtain that, for any p ∈ F(S),

‖yn − yn−1‖ =
∥∥∥∥∥∥βn xn + (1− βn)

1

sn

sn∫
0

T (s)unds

−βn−1xn−1 − (1− βn−1)
1

sn−1

sn−1∫
0

T (s)un−1ds

∥∥∥∥∥∥
=
∥∥∥∥∥∥βn xn − βn−1xn−1 + 1

sn

sn∫
0

T (s)unds − 1

sn−1

sn−1∫
0

T (s)un−1ds

−βn

sn

sn∫
0

T (s)unds + βn−1
sn−1

sn−1∫
0

T (s)un−1ds

∥∥∥∥∥∥
≤
∥∥∥∥∥∥βn(xn − xn−1) + (βn − βn−1)xn−1 + (1− βn)

⎛
⎝ 1

sn

sn∫
0

T (s)unds

− 1

sn−1

sn−1∫
0

T (s)un−1ds

⎞
⎠− (βn − βn−1)

1

sn−1

sn−1∫
0

T (s)un−1ds

∥∥∥∥∥∥
=
∥∥∥∥∥∥βn(xn − xn−1) + (βn − βn−1)xn−1

+ (1− βn)

⎧⎨
⎩ 1sn

sn∫
0

[T (s)un − T (s)un−1]ds +
(
1

sn
− 1

sn−1

)
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×
sn−1∫
0

[T (s)un−1 − T (s)p]ds + 1

sn

sn∫
sn−1

[T (s)un−1 − T (s)p]ds

⎫⎬
⎭

− (βn − βn−1)
1

sn−1

sn−1∫
0

T (s)un−1ds

∥∥∥∥∥∥
≤ βn‖xn − xn−1‖ + |βn − βn−1|‖xn−1‖ + (1− βn) {‖un − un−1‖

+
(
2|sn − sn−1|

sn

)
‖un−1 − p‖

}
+ |βn − βn−1|

∥∥∥∥∥∥
1

sn−1

sn−1∫
0

T (s)un−1ds

∥∥∥∥∥∥ .

(4.9)

On the other hand, we observe that

un = Trn (xn − rn�xn) and un+1 = Trn+1(xn+1 − rn+1�xn+1)

we have

G(un, y) + 〈�xn, y − un〉 + 1

rn
〈y − un, un − xn〉 ≥ 0 for all y ∈ H (4.10)

and

G(un+1, y) + 〈�xn+1, y − un+1〉 + 1

rn+1
〈y − un+1, un+1 − xn+1〉 ≥ 0 for all y ∈ H.

(4.11)

Putting y = un+1 in (4.10) and y = un in (4.11), we have

G(un, un+1) + 〈�xn, un+1 − un〉 + 1

rn
〈un+1 − un, un − xn〉 ≥ 0

and

G(un+1, un) + 〈�xn+1, un − un+1〉 + 1

rn+1
〈un − un+1, un+1 − xn+1〉 ≥ 0.

Adding the above two inequalities, the monotonicity of F implies that

〈�xn+1 − �xn, un − un+1〉 +
〈
un+1 − un,

un − xn

rn
− un+1 − xn+1

rn+1

〉
≥ 0.

Hence

0 ≤ 〈un − un+1, rn(�xn+1 − �xn) + rn

rn+1
(un+1 − xn+1) − (un − xn)〉

=
〈
un+1 − un, un − un+1 +

(
1− rn

rn+1

)
un+1 + (xn+1 − rn�xn+1)

− (xn − rn�xn) − xn+1 + rn

rn+1
xn+1

〉

=
〈
un+1 − un, un − un+1 +

(
1− rn

rn+1

)
(un+1 − xn+1) + (xn+1 − rn�xn+1)

− (xn − rn�xn)

〉
.
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It follows that

‖un+1 − un‖2 ≤ ‖un+1 − un‖
{∣∣∣∣1− rn

rn+1

∣∣∣∣ ‖un+1 − xn+1‖ + ‖xn+1 − xn‖
}

and hence

‖un+1 − un‖ ≤
∣∣∣∣1− rn

rn+1

∣∣∣∣ ‖un+1 − xn+1‖ + ‖xn+1 − xn‖. (4.12)

Since lim infn→∞ rn is strictly positive, there exists b > 0 such that rn > b for large n ∈ N.
Then,

‖un+1 − un‖ ≤ ‖xn+1 − xn‖ + |rn+1 − rn |
b

‖un+1 − xn+1‖. (4.13)

Using (4.9) and (4.13), we can obtain

‖yn − yn−1‖ ≤ βn‖xn − xn−1‖ + |βn − βn−1|‖xn−1‖ + (1− βn)

{
‖xn − xn−1‖

+ |rn − rn−1|
b

‖un − xn‖ +
(
2|sn − sn−1|

sn

)
‖un−1 − p‖

}

+ |βn − βn−1|
∥∥∥∥∥∥
1

sn−1

sn−1∫
0

T (s)un−1ds

∥∥∥∥∥∥
= ‖xn − xn−1‖ + |βn − βn−1|‖xn−1‖ + (1− βn)

{ |rn − rn−1|
b

‖un − xn‖

+
(
2|sn − sn−1|

sn

)
‖un−1 − p‖

}
+ |βn − βn−1|

∥∥∥∥∥∥
1

sn−1

sn−1∫
0

T (s)un−1ds

∥∥∥∥∥∥ .

(4.14)

From (4.8) and (D2)–(D4), it follows that also

lim
n→∞ ‖un+1 − un‖ = lim

n→∞ ‖yn+1 − yn‖ = 0. (4.15)

Step 3 Now we will prove that

lim
n→∞ ‖xn − yn‖ = lim

n→∞ ‖un − yn‖ = lim
n→∞ ‖xn − un‖ = 0. (4.16)

In fact, since

‖xn − yn‖ ≤ ‖yn − yn−1‖ + αn−1‖γ f (xn−1) − Ayn−1‖,
and from the boundedness of { f (xn−1)}, {A(yn−1)} and limn→∞ ‖yn − yn−1‖ = 0, it follows
that

lim
n→∞ ‖xn − yn‖ = 0.

From Lemma 2.3, it follows that

‖xn+1 − p‖2 ≤ ‖(I − αn A)(yn − p)‖2 + 2αn〈γ f (xn) − Ap, xn+1 − p〉. (4.17)

i.e.,

‖xn+1 − p‖2 ≤ (1− αn γ̄ )2‖yn − p‖2 + 2αn〈γ f (xn) − Ap, xn+1 − p〉. (4.18)
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Using (4.4) and (3.5), we have

‖xn+1 − p‖2 ≤ (1− αn γ̄ )2(βn‖xn − p‖ + (1− βn)‖un − p‖)2
+ 2αn〈γ f (xn) − Ap, xn+1 − p〉

≤ (1− 2αn γ̄ + α2n γ̄ 2)(βn‖xn − p‖2 + (1− βn)‖un − p‖2)
+ 2αn〈γ f (xn) − Ap, xn+1 − p〉

≤ (1+ α2n γ̄ 2)(βn‖xn − p‖2 + (1− βn)‖un − p‖2)
+ 2αn〈γ f (xn) − Ap, xn+1 − p〉

= (1+ α2n γ̄ 2)βn‖xn − p‖2 + (1+ α2n γ̄ 2)(1− βn)‖un − p‖2
+ 2αn〈γ f (xn) − Ap, xn+1 − p〉

≤ (1+ α2n γ̄ 2)βn‖xn − p‖2 + (1+ α2n γ̄ 2)(1− βn)(‖xn − p‖2
+ rn(rn − 2δ)‖�xn − �p‖2)
+ 2αn〈γ f (xn) − Ap, xn+1 − p〉

= (1+ α2n γ̄ 2)‖xn − p‖2 + (1+ α2n γ̄ 2)(1− βn)rn(rn − 2δ)‖�xn − �p‖2
+ 2αn〈γ f (xn) − Ap, xn+1 − p〉

≤ ‖xn − p‖2 + α2n γ̄ 2‖xn − p‖2 + 2αn〈γ f (xn) − Ap, xn+1 − p〉
+(1+ α2n γ̄ 2)(1− βn)rn(rn − 2δ)‖�xn − �p‖2 (4.19)

and hence

(1+ α2n γ̄ 2)(1− βn)rn(2δ − rn)‖�xn − �p‖2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2
+ 2αn〈γ f (xn) − Ap, xn+1 − p〉
+α2n γ̄ 2‖xn − p‖2

≤ ‖xn − xn+1‖(‖xn+1 − p‖ + ‖xn − p‖)
+ 2αn〈γ f (xn) − Ap, xn+1 − p〉
+α2n γ̄ 2‖xn − p‖2.

From limn→∞ αn = 0, lim infn→∞ rn > 0 and (4.8), we have

‖�xn − �p‖ → 0, as n → ∞. (4.20)

Moreover, for p ∈ F(S) ∩ G E P(G, �), we have that,

‖un − p‖2 ≤ ‖xn − p‖2 − ‖xn − un‖2
+ 2rn〈xn − un, �xn − �p〉 − r2n ‖�xn − �p‖2. (4.21)

From (4.4), we obtain

‖yn − p‖2 ≤
∥∥∥∥∥∥βn(xn − p) + (1− βn)

1

sn

sn∫
0

[T (s)un − T (s)p]ds

∥∥∥∥∥∥
2

≤ βn‖xn − p‖2 + (1− βn)‖un − p‖2. (4.22)
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From (4.18), (4.21) and (4.22), we obtain

‖xn+1 − p‖2 ≤ (1− αn γ̄ )2βn‖xn − p‖2 + (1− αn γ̄ )2(1− βn)‖un − p‖2
+ 2αnγ 〈 f (xn) − f (p), xn+1 − p〉 + 2αn〈γ f (p) − Ap, xn+1 − p〉

≤ (1− αn γ̄ )2βn‖xn − p‖2 + (1− αn γ̄ )2(1− βn)(‖xn − p‖2 − ‖xn − un‖2
+ 2rn〈xn − un, �xn − �p〉 − r2n ‖�xn − �p‖2)
+ 2αnγ 〈 f (xn) − f (p), xn+1 − p〉 + 2αn〈γ f (p) − Ap, xn+1 − p〉

≤ (1− αn γ̄ )2‖xn − p‖2 − (1− αn γ̄ )2(1− βn)‖xn − un‖2
+ (1− αn γ̄ )2(1− βn)2rn‖xn − un‖‖�xn − �p‖
− (1− αn γ̄ )2(1− βn)r2n ‖�xn − �p‖2
+ 2αnγ 〈 f (xn) − f (p), xn+1 − p〉 + 2αn〈γ f (p) − Ap, xn+1 − p〉

(4.23)

and hence,

(1− αn γ̄ )2(1− b)‖xn − un‖2
≤ (1− αn γ̄ )2‖xn − p‖2 − ‖xn+1 − p‖2

+ (1− αn γ̄ )2(1− βn)2rn‖xn − un‖‖�xn − �p‖
− (1− αn γ̄ )2(1− βn)r2n ‖�xn − �p‖2 + 2αnγ 〈 f (xn) − f (p), xn+1 − p〉
+ 2αn〈γ f (p) − Ap, xn+1 − p〉

≤ (1− 2αn γ̄ + α2n γ̄ 2)‖xn − p‖2 − ‖xn+1 − p‖2
+ (1− αn γ̄ )2(1− βn)2rn‖xn − un‖‖�xn − �p‖
− (1− αn γ̄ )2(1− βn)r2n ‖�xn − �p‖2 + 2αnγ 〈 f (xn) − f (p), xn+1 − p〉
+ 2αn〈γ f (p) − Ap, xn+1 − p〉

≤ ‖xn − p‖2 − ‖xn+1 − p‖2 − 2αn γ̄ ‖xn − p‖2 + α2n γ̄ 2‖xn − p‖2
+ (1− αn γ̄ )2(1− βn)2rn‖xn − un‖‖�xn − �p‖
− (1− αn γ̄ )2(1− βn)r2n ‖�xn − �p‖2
+ 2αnγ 〈 f (xn) − f (p), xn+1 − p〉 + 2αn〈γ f (p) − Ap, xn+1 − p〉

≤ ‖xn+1 − xn‖(‖xn − p‖ + ‖xn+1 − p‖)
+αn[αn γ̄ 2‖xn − p‖2 − 2γ̄ ‖xn − p‖2 + 2γ 〈 f (xn) − f (p), xn+1 − p〉
+ 2〈γ f (p) − Ap, xn+1 − p〉]
+ ‖�xn − �p‖[(1− αn γ̄ )2(1− βn)2rn‖xn − un‖
− (1− αn γ̄ )2(1− βn)r2n ‖�xn − �p‖].

From (3.6), limn→∞ ‖xn+1 − xn‖ = 0, the boundedness of {xn} and hypothesis (D1), it
follows that

lim
n→∞ ‖xn − un‖ = 0, (4.24)

and consequently

lim
n→∞ ‖yn − un‖ = 0. (4.25)

From (4.24) and (4.25), we have

lim
n→∞ ‖xn − yn‖ = 0. (4.26)
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Putting tn = 1
sn

∫ sn
0 T (s)unds, since

‖xn − tn‖ ≤ ‖xn − yn‖ + ‖yn − tn‖
≤ ‖xn − yn‖ + ‖βn xn + (1− βn)tn − tn‖
≤ ‖xn − yn‖ + βn‖xn − tn‖,

we have

(1− βn)‖xn − tn‖ ≤ ‖xn − yn‖.
From (C4) and (4.26), it follows that

lim
n→∞ ‖xn − tn‖ = 0. (4.27)

By (4.24) and (4.27), we have

lim
n→∞ ‖tn − un‖ = 0. (4.28)

Step 4 Next, we show that

lim sup
n→∞

〈(A − γ f )z, z − xn〉 ≤ 0, (4.29)

where z = PF(S)∩G E P(G,�)(I − A+γ f )(z) is a unique solution of the variational inequality
(3.2). To show this inequality, we choose a subsequence {xni } of {xn} such that

lim
i→∞〈(A − γ f )z, z − xni 〉 = lim sup

n→∞
〈(A − γ f )z, z − xn〉.

Since {xni } is bounded, there exists a subsequence {xni j
} of {xni }which converges weakly to

w. Without loss of generality, we can assume that xni ⇀ w. From limn→∞ ‖xn − tn‖ = 0,
we obtain tni ⇀ w. Let z1 = PF(S)x1 and D = {z ∈ H : ‖z − z1‖ ≤ ‖x1 − z1‖ +
1

γ̄−γα
‖γ f (z1) − Az1‖}. Then D is a nonempty closed bounded convex subset of H which

is T (s)-invariant for each s ∈ [0,∞) and contains {xn}, {un}. We may assume, without loss
of generality, that S = (T (s))s≥0 is a nonexpansive semigroup on D. In view of Lemma 2.1,
we can obtain that, for every s ≥ 0,

lim
n→∞ ‖tn − T (s)tn‖ = 0.

By the same argument as in the proof of Theorem 3.1, we conclude that w ∈ F(S) ∩
GEP(G, �). This implies that

lim sup
n→∞

〈(A − γ f )z, z − xn〉 = lim
i→∞〈(A − γ f )z, z − xni 〉

= 〈(A − γ f )z, z − w〉 ≤ 0. (4.30)

Step 5 Finally, we prove that xn → z and un → z as n → ∞. From (4.18), we obtain
‖xn+1 − z‖2 ≤ (1− αn γ̄ )2‖xn − z‖2 + 2αnγ 〈 f (xn) − f (z), xn+1 − z〉

+ 2αn〈γ f (z) − Az, xn+1 − z〉
≤ (1− αn γ̄ )2‖xn − z‖2 + 2αnγα‖xn − z‖‖xn+1 − z‖

+ 2αn〈γ f (z) − Az, xn+1 − z〉
≤ (1− αn γ̄ )2‖xn − z‖2 + 2αnγα(‖xn − z‖2 + ‖xn+1 − z‖2)

+ 2αn〈γ f (z) − Az, xn+1 − z〉
≤ ((1− αn γ̄ )2 + αnγα)‖xn − z‖2 + αnγα‖xn+1 − z‖2

+ 2αn〈γ f (z) − Az, xn+1 − z〉.
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This implies that

‖xn+1 − z‖2 ≤ 1− 2αn γ̄ + (αn γ̄ )2 + αnγα

1− αnγα
‖xn − z‖2

+ 2αn

1− αnγα
〈γ f (z) − Az, xn+1 − z〉,

=
(
1− 2(γ̄ − γα)αn

1− αnγα

)
‖xn − z‖2 + (αn γ̄ )2

1− αnγα
‖xn − z‖2

+ 2αn

1− αnγα
〈γ f (z) − Az, xn+1 − z〉.

Setting

M := sup
n∈N

‖xn − z‖2, (4.31)

we obtain

‖xn+1 − z‖2 ≤
(
1− 2(γ̄ − γα)αn

1− αnγα

)
‖xn − z‖2 + 2(γ̄ − γα)αn

1− αnγα

×
(

αn γ̄ 2M

2(γ̄ − γα)
+ 1

(γ̄ − γα)
〈γ f (z) − Az, xn+1 − z〉

)
. (4.32)

Setting γn = 2(γ̄−γα)αn
1−αnγα

and βn := (αn γ̄ 2)M
2(γ̄−γα)

+ 1
γ̄−γα

〈γ f (z)− Az, xn+1− z〉. It is easily to see
that

∑∞
n=1 γn = ∞ and lim supn→∞ βn ≤ 0 by (4.29). Hence, by Lemma 2.8, the sequence

{xn} converges strongly to z. From limn→∞ ‖xn − yn‖ = 0 and limn→∞ ‖xn − un‖ = 0,
we conclude that {yn} and {un} also converge strongly to z as n → ∞. This completes the
proof of Theorem 4.1. ��
Setting � ≡ 0 in Theorem 4.1, we obtain the following results.

Corollary 4.2 Let S = (T (s))s≥0 be a nonexpansive semigroup on a real Hilbert space H.
Let f : H → H be an α-contraction, A : H → H a strongly positive linear bounded self
adjoint operator with coefficient γ̄ and let γ be a real number such that 0 < γ <

γ̄
α

. Let G :
H ×H → R be a mapping satisfying hypotheses (E1)-(E4). Assume that F(S)∩E P(G) �= ∅
and the sequences {xn}, {un} and {yn} be generated by⎧⎪⎪⎨

⎪⎪⎩
x1 ∈ H chosen arbitrary,
G(un, y) + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ H,

yn = βn xn + (1− βn) 1sn

∫ sn
0 T (s)unds,

xn+1 = αnγ f (xn) + (I − αn A)yn, ∀n ≥ 1,

where the real sequences {αn}, {βn}, {sn}, {rn} satisfy the following conditions:

(D1) limn→∞ αn = 0,
∑∞

n=1 αn = +∞,
(D2) lim infn→∞ rn ≥ 0, limn→∞ |rn+1 − rn | = 0,
(D3) limn→∞ sn = +∞, limn→∞ |sn−sn−1|

sn
= 0, and

(D4) 0 < a ≤ βn ≤ b < 1, limn→∞ |βn − βn−1| = 0.

Then the sequences {xn}, {un} and {yn} converge strongly to z which is a unique solution in
F(S)∩ E P(G) of the variational inequality 〈(γ f − A)z, p − z〉 ≤ 0,∀p ∈ F(S)∩ E P(G).
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Remark 4.3 Theorem 4.1 and Corollary 4.2 generalize and improve [6, Theorem 4.1]. In
fact,

(i) The conditions (C1) and (C2) can be replaced by the weaker conditions (D1) and (D2)
respectively.

(ii) The control condition limn→∞ |sn−sn−1|
sn

1
αn

= 0 on (C3) is placed by the strictly weaker

condition: limn→∞ |sn−sn−1|
sn

= 0 in (D3) as shown in the next example.

Example 4.4 (a) If limn→∞ |sn−sn−1|
sn

1
αn

= 0, then limn→∞ |sn−sn−1|
sn

= 0.
(b) The converse of (a) is not true.

Proof Since {sn} ⊂ (0,∞) and {αn} ⊂ (0, 1), we obtain

|sn − sn−1|
sn

≤ |sn − sn−1|
sn

1

αn
.

Then it is easy to see that (a) is true. Let sn = n and αn = 1
n for all n ∈ N. This implies that

limn→∞ |sn−sn−1|
sn

= limn→∞ 1
n = 0 but limn→∞ |sn−sn−1|

sn

1
αn

= 1. Then converse of (a) is
not true. Hence (b) is proved. ��
A strong mean convergence theorem for nonexpansive mappings was first established for

odd mappings by Baillon [1], and it was generalized to that for nonlinear semigroups by
Reich [9,18,19]. It follows from the above proof that Theorems 3.1 and 4.1 are valid for
nonexpansive mappings. Thus, we have the following mean ergodic theorems of implicit and
explicit iterative methods for nonexpansive mappings in a Hilbert space.

Corollary 4.5 Let H be a a real Hilbert space and f : H → H be an α-contraction,
A : H → H a strongly positive linear bounded self adjoint operator with coefficient γ̄ , T :
H → H a nonexpansive mapping and G : H × H → R be a mapping satisfying hypotheses
(E1)–(E4) and � : H → H an inverse-strongly monotone mapping with coefficients δ. If
F(T )∩G E P(G, �) �= ∅, then for any 0 < γ <

γ̄
α

, there exists a unique sequence {xn} ⊂ H
such that {

G(un, y) + 〈�xn, y − un〉 + 1
rn

〈y − un, un − xn〉 ≥ 0, ∀y ∈ H,

xn = αnγ f (xn) + (I − αn A) 1
n+1

∑n
j=0 T j un, ∀n ≥ 1, (4.33)

where {αn} and {rn} are real sequences in (0, 1) and (0, 2δ) respectively. Furthermore,
if limn→∞ αn = 0, and lim infn→∞ rn > 0, then the sequences {xn} and {un} converge
strongly to z which is a unique solution in F(T ) ∩ G E P(G, �) of the variational inequality
〈(γ f − A)z, p − z〉 ≤ 0,∀p ∈ F(T ) ∩ G E P(G, �).

Corollary 4.6 Let H be a a real Hilbert space, f : H → H an α-contraction, A : H → H
a strongly positive linear bounded self adjoint operator with coefficient γ̄ , γ a real number
such that 0 < γ <

γ̄
α

. Let T : H → H be a nonexpansive mapping, G : H × H → R

a mapping satisfying hypotheses (E1)-(E4), and � : H → H an inverse-strongly mono-
tone mapping with coefficients δ. Assume that F(T ) ∩ G E P(G, �) �= ∅. Let the sequences
{xn}, {un} and {yn} be generated by⎧⎪⎪⎨

⎪⎪⎩
x1 ∈ H chosen arbitrary,
G(un, y) + 〈�xn, y − un〉 + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ H,

yn = βn xn + (1− βn) 1
n+1

∑n
j=0 T j un,

xn+1 = αnγ f (xn) + (I − αn A)yn, ∀n ≥ 1,
(4.34)
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where the real sequences {βn}, {αn} ⊂ (0, 1) and {rn} ⊂ (0, 2δ) satisfy the following condi-
tions:

(i) limn→∞ αn = 0,
∑

n≥0 αn = +∞,
(ii) lim infn→∞ rn > 0 and limn→∞ |rn+1 − rn | = 0,
(iii) 0 < a ≤ βn ≤ b < 1 and limn→∞ |βn − βn−1| = 0.

Then the sequences {xn}, {un} and {yn} converge strongly to z which is a unique solu-
tion in F(T ) ∩ G E P(G, �) of the variational inequality 〈(γ f − A)z, p − z〉 ≤ 0,∀p ∈
F(T ) ∩ G E P(G, �).
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Abstract. In this paper, we introduce two general hybrid iterative approximation methods (one implicit and one explicit)

for finding a fixed point of a nonexpansive mapping which solving the variational inequality generated by two strongly
positive bounded linear operators. Strong convergence theorems of the proposed iterative methods are obtained in a

reflexive Banach space which admits a weakly continuous duality mapping. The results presented in this paper improve

and extend the corresponding results announced by Marino and Xu [ G. Marino, H.K. Xu, A general iterative method for
nonexpansive mapping in Hilbert spaces, J. Math. Anal. Appl. 318(2006) 43-52 ], Wangkeeree, Petrot and Wangkeeree

[ R. Wangkeeree, N. Petrot, and R. Wangkeeree, The general iterative methods for nonexpansive mappings in Banach

spaces, Journal of Global Optimization, DOI 10.1007/s10898-010-9617-6 ], and Ceng, Guu and Yao [ L. C. Ceng, S.M.
Guu and J.C. Yao, Hybrid viscosity-like approximation methods for nonexpansive mappings in Hilbert spaces, Computers

& Mathematics with Applications, 58,3,(2009),605-617].

Keywords: Nonexpansive mapping, strong convergence, weakly continuous duality mapping, strongly positive bounded
linear operator, Banach space, fixed point.
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1. Introduction

Let C be a nonempty subset of a normed linear space E. Recall that a mapping T : C −→ C is
called nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖, ∀x, y ∈ E. (1.1)

We use F (T ) to denote the set of fixed points of T , that is, F (T ) = {x ∈ E : Tx = x}. A self mapping
f : E → E is a contraction on E if there exists a constant α ∈ (0, 1) and x, y ∈ E such that

‖f(x)− f(y)‖ ≤ α‖x− y‖. (1.2)

One classical way to study nonexpansive mappings is to use contractions to approximate a non-
expansive mapping ([2, 9, 15]). More precisely, take t ∈ (0, 1) and define a contraction Tt : E → E
by

Ttx = tu + (1− t)Tx, ∀x ∈ E, (1.3)

where u ∈ E is a fixed point. Banach’s contraction mapping principle guarantees that Tt has a unique
fixed point xt in E. It is unclear, in general, what is the behavior of xt as t → 0, even if T has a fixed
point. However, in the case of T having a fixed point, Browder [2] proved that if E is a Hilbert space,
then xt converges strongly to a fixed point of T . Reich [9] extended Browder’s result to the setting of
Banach spaces and proved that if E is a uniformly smooth Banach space, then {xt} converges strongly
to a fixed point of T and the limit defines the (unique) sunny nonexpansive retraction from E onto
F (T ). Xu [15] proved Reich’s results hold in reflexive Banach spaces which have a weakly continuous
duality mapping.

The iterative methods for nonexpansive mappings have recently been applied to solve convex mini-
mization problems; see, e.g., [4, 11, 13, 14] and the references therein. Let H be a real Hilbert space,
whose inner product and norm are denoted by 〈·, ·〉 and ‖ · ‖, respectively. Let A be a strongly positive
bounded linear operator on H: that is, there is a constant γ̄ > 0 with property

〈Ax, x〉 ≥ γ̄‖x‖2 for all x ∈ H. (1.4)

Email address: rabianw@nu.ac.th.
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2 R. WANGKEEREE

A typical problem is to minimize a quadratic function over the set of the fixed points of a nonexpansive
mapping on a real Hilbert space H :

min
x∈F (T )

1
2
〈Ax, x〉 − 〈x, b〉, (1.5)

where T is a nonexpansive mapping on H and b is a given point in H. In 2003, Xu ([13]) proved
that the sequence {xn} defined by the iterative method below, with the initial guess x0 ∈ H chosen
arbitrarily:

xn+1 = (I − λnA)Txn + λnu, n ≥ 0, (1.6)
converges strongly to the unique solution of the minimization problem (1.5) provided the sequence
{λn} satisfies certain conditions. Using the viscosity approximation method, Moudafi [7] introduced
the following iterative iterative process for nonexpansive mappings (see [8, 16] for further developments
in both Hilbert and Banach spaces). Let f be a contraction on H. Starting with an arbitrary initial
x0 ∈ H, define a sequence {xn} recursively by

xn+1 = (1− λn)Txn + λnf(xn), n ≥ 0, (1.7)

where {λn} is a sequence in (0, 1). It is proved [7, 16] that under certain appropriate conditions imposed
on {λn}, the sequence {xn} generated by (1.7) strongly converges to the unique solution x∗ in C of
the variational inequality

〈(I − f)x∗, x− x∗〉 ≥ 0, x ∈ H. (1.8)
Recently, Marino and Xu [6] mixed the iterative method (1.6) and the viscosity approximation method
(1.7) and considered the following general iterative method:

xn+1 = (I − λnA)Txn + λnγf(xn), n ≥ 0, (1.9)

where A is a strongly positive bounded linear operator on H. They proved that if the sequence {λn} of
parameters satisfies the following appropriate conditions : limn−→∞ λn = 0,

∑∞
n=1 λn = ∞ and either∑∞

n=1 |λn+1 − λn | < ∞ or limn→∞ λn

λn+1
= 1, then the sequence {xn} generated by (1.9) converges

strongly to the unique solution x∗ in H of the variational inequality

〈(A− γf)x∗, x− x∗〉 ≥ 0, x ∈ H (1.10)

which is the optimality condition for the minimization problem: minx∈F (T )
1
2 〈Ax, x〉 − h(x), where h

is a potential function for γf(i.e., h′(x) = γf(x) for x ∈ H).
Very recently, Wangkeeree, Petrot and Wangkeeree [12] extended Marino and Xu’s result to the

setting of Banach spaces and obtained the strong convergence theorems in a reflexive Banach space
which admits a weakly continuous duality mapping. Let E be a reflexive Banach space which admits a
weakly continuous duality mapping Jϕ with gauge ϕ such that ϕ is invariant on [0, 1]. Let T : E −→ E
be a nonexpansive mapping with F (T ) 
= ∅, f a contraction with coefficient 0 < α < 1 and A a strongly
positive bounded linear operator with coefficient γ̄ > 0 and 0 < γ < γ̄ϕ(1)

α . Define the net {xt} by

xt = tγf(xt) + (I − tA)Txt. (1.11)

It is proved in [12] that {xt} converges strongly as t −→ 0 to a fixed point x̃ of T which solves the
variational inequality :

〈(A− γf)x̃, Jϕ(x̃− z)〉 ≤ 0, z ∈ F (T ). (1.12)
On the other hand, Ceng, Guu and Yao [3], introduced the iterative approximation method for

solving the variational inequality generated by two strongly positive bounded linear operators on a real
Hilbert space H. Let f : H −→ H be a contraction with coefficient 0 < α < 1 and let A,B : H −→ H
be two strongly positive bounded linear operators with coefficient γ̄ ∈ (0, 1) and β > 0, respectively.
Assume that 0 < γα < β, {λn} is a sequence in (0, 1), {μn} is a sequence in (0, min{1, ‖B‖−1}).
Starting with an arbitrary initial x0 ∈ H, define a sequence {xn} recursively by

xn+1 = (1− λnA)Txn + λn+1[Txn − μn+1(BTxn − γf(xn))], n ≥ 0. (1.13)

It is proved in [3, Theorem 3.1] that if the sequences {λn} and {μn} satisfy the following conditions :
(C1) limn−→∞ λn = 0;
(C2)

∑∞
n=1 λn = ∞;

(C3)
∑∞

n=1 |λn+1 − λn | <∞ or limn→∞ λn

λn+1
= 1;

(C4) 1−γ̄
β−γα < limn→∞ μn = μ < 2−γ̄

β−γα ;
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then the sequence {xn} generated by (1.13) converges strongly to the unique solution x̃ in H of the
variational inequality

〈(A− I + μ(B − γf))x̃, x̃− z〉 ≤ 0, z ∈ F (T ). (1.14)

Observe that if B = I and μn = 1 for all n ≥ 1, then algorithm (1.13) reduces to (1.9). Moreover,
the variational inequality (1.14) reduces to (1.10). Furthermore, the applications of these results to
constrained generalized pseudoinverse are studied.

In this paper, motivated by Marino and Xu [6], Wangkeeree, Petrot and Wangkeeree [12] and Ceng
Guu and Yao [3], we introduce two general iterative approximation methods (one implicit and one
explicit) for finding a fixed point of a nonexpansive mapping which solving the variational inequality
generated by two strongly positive bounded linear operators. Strong convergence theorems of the
proposed iterative methods are obtained in a reflexive Banach space which admits a weakly continuous
duality mapping. The results presented in this paper improve and extend the corresponding results
announced by Marino and Xu [6], Wangkeeree, Petrot and Wangkeeree [12] and Ceng, Guu and Yao
[3] and many others.

2. Preliminaries

Throughout this paper, let E be a real Banach space and E∗ be its dual space. We write xn ⇀ x
(respectively xn ⇀∗ x ) to indicate that the sequence {xn} weakly (respectively weak*) converges to
x; as usual xn −→ x will symbolize strong convergence. Let UE = {x ∈ E : ‖x‖ = 1}. A Banach space
E is said to uniformly convex if, for any ε ∈ (0, 2], there exists δ > 0 such that, for any x, y ∈ UE ,
‖x− y‖ ≥ ε implies ‖x+y

2 ‖ ≤ 1− δ. It is known that a uniformly convex Banach space is reflexive and
strictly convex (see also [10]). A Banach space E is said to be smooth if the limit limt→0

‖x+ty‖−‖x‖
t

exists for all x, y ∈ UE . It is also said to be uniformly smooth if the limit is attained uniformly for
x, y ∈ UE .

By a gauge function ϕ we mean a continuous strictly increasing function ϕ : [0,∞) −→ [0,∞) such
that ϕ(0) = 0 and ϕ(t) → ∞ as t → ∞. Let E∗ be the dual space of E. The duality mapping
Jϕ : E → 2E∗

associated to a gauge function ϕ is defined by

Jϕ(x) = {f∗ ∈ E∗ : 〈x, f∗〉 = ‖x‖ϕ(‖x‖), ‖f∗‖ = ϕ(‖x‖)}, ∀x ∈ E.

In particular, the duality mapping with the gauge function ϕ(t) = t, denoted by J , is referred to as the
normalized duality mapping. Clearly, there holds the relation Jϕ(x) = ϕ(‖x‖)

‖x‖ J(x) for all x 
= 0 (see [1]).
Browder [1] initiated the study of certain classes of nonlinear operators by means of the duality mapping
Jϕ. Following Browder [1], we say that a Banach space E has a weakly continuous duality mapping
if there exists a gauge ϕ for which the duality mapping Jϕ(x) is single-valued and continuous from
the weak topology to the weak* topology, that is, for any {xn} with xn ⇀ x, the sequence {Jϕ(xn)}
converges weakly* to Jϕ(x). It is known that lp has a weakly continuous duality mapping with a gauge
function ϕ(t) = tp−1 for all 1 < p < ∞. Set

Φ(t) =
∫ t

0

ϕ(τ)dτ, ∀t ≥ 0,

then
Jϕ(x) = ∂Φ(‖x‖),∀x ∈ E,

where ∂ denotes the sub-differential in the sense of convex analysis.
Now we collect some useful lemmas for proving the convergence result of this paper.

The first part of the next lemma is an immediate consequence of the subdifferential inequality and
the proof of the second part can be found in [5].

Lemma 2.1. ([5]) Assume that a Banach space E has a weakly continuous duality mapping Jϕ with
gauge ϕ.

(i) For all x, y ∈ E, the following inequality holds:

Φ(‖x + y‖) ≤ Φ(‖x‖) + 〈y, Jϕ(x + y)〉.
In particular, for all x, y ∈ E,

‖x + y‖2 ≤ ‖x‖2 + 2〈y, J(x + y)〉.
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(ii) Assume that a sequence {xn} in E converges weakly to a point x ∈ E.
Then the following identity holds:

lim sup
n→∞

Φ(‖xn − y‖) = lim sup
n→∞

Φ(‖xn − x‖) + Φ(‖y − x‖), ∀x, y ∈ E.

Lemma 2.2. ([14]) Assume that {an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1− αn)an + bn,

where {αn} is a sequence in (0, 1) and {bn} is a sequence such that
(a)

∑∞
n=1 αn = ∞;

(b) lim supn→∞ bn/αn ≤ 0 or
∑∞

n=1 |bn| < ∞.

Then limn→∞ an = 0.

In a Banach space E having a weakly continuous duality mapping Jϕ with a gauge function ϕ, an
operator A is said to be strongly positive [12] if there exists a constant γ̄ > 0 with the property

〈Ax, Jϕ(x)〉 ≥ γ̄‖x‖ϕ(‖x‖) (2.1)
and

‖αI − βA‖ = sup
‖x‖≤1

|〈(αI − βA)x, Jϕ(x)〉|, α ∈ [0, 1], β ∈ [−1, 1], (2.2)

where I is the identity mapping. If E := H is a real Hilbert space, then the inequality (2.1) reduce to
(1.4). The next valuable lemma can be found in [12].

Lemma 2.3. [12, Lemma 3.1] Assume that a Banach space E has a weakly continuous duality mapping
Jϕ with gauge ϕ. Let A be a strongly positive bounded linear operator on E with coefficient γ̄ > 0 and
0 < ρ ≤ ϕ(1)‖A‖−1. Then ‖I − ρA‖ ≤ ϕ(1)(1− ργ̄).

3. Main Results

Now, we are a position to state and prove our main results.

Lemma 3.1. Let E be a Banach space which admits a weakly continuous duality mapping Jϕ with
gauge ϕ such that ϕ is invariant on [0, 1] i.e. T ([0, 1]) ⊂ [0, 1]. Let T : E −→ E be a nonexpansive
mapping, f : E −→ E a contraction with coefficient α ∈ (0, 1). Let A and B be two strongly positive
bounded linear operators with coefficients γ̄ > 0 and β > 0, respectively. Let γ and μ be two constants
satisfying the condition (C∗) :

(C∗) : 0 < γ <
βϕ(1)

α
and

ϕ(1)− ϕ(1)γ̄
ϕ(1)β − γα

< μ ≤ min
{

1, ϕ(1)‖B‖−1,
1 + ϕ(1)− ϕ(1)γ̄

ϕ(1)β − γα

}
.

Then for any λ ∈ (0, min{1, ϕ(1)‖A‖−1}), the mapping Sλ : E −→ E defined by

Sλ(x) = (I − λA)Tx + λ[Tx− μ(BTx− γf(x))],∀x ∈ E. (3.1)

is a contraction with coefficient 1− λτ , where τ := ϕ(1)γ̄ − ϕ(1) + μ(ϕ(1)β − γα).

Proof. Observe that

μ ≤ 1 + ϕ(1)− ϕ(1)γ̄
ϕ(1)β − γα

⇔ μ(ϕ(1)β − γα) ≤ 1 + ϕ(1)− ϕ(1)γ̄

⇔ ϕ(1)γ̄ − ϕ(1) + μ(ϕ(1)β − γα) ≤ 1

and
ϕ(1)− ϕ(1)γ̄
ϕ(1)β − γα

< μ ⇔ ϕ(1)− ϕ(1)γ̄ < μ(ϕ(1)β − γα)

⇔ 0 < ϕ(1)γ̄ − ϕ(1) + μ(ϕ(1)β − γα).

This show that τ := ϕ(1)γ̄ − ϕ(1) + μ(ϕ(1)β − γα) ∈ (0, 1]. Using Lemma 2.3, we obtain

‖Sλ(x)− Sλ(y)‖ = ‖(I − λA)Tx + λ[Tx− μ(BTx− γf(x))]− (I − λA)Ty − λ[Ty − μ(BTy − γf(y))]‖
≤ ‖(I − λA)Tx− (I − λA)Ty‖+ λ‖Tx− μ(BTx− γf(x))− [Ty − μ(BTy − γf(y))]‖
≤ ‖I − λA‖‖Tx− Ty‖+ λ[‖(I − μB)Tx− (I − μB)Ty‖+ γμ‖f(x)− f(y)‖]
≤ ‖I − λA‖‖Tx− Ty‖+ λ[‖I − μB‖‖Tx− Ty‖+ γμ‖f(x)− f(y)‖]
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≤ ϕ(1)(1− λγ̄)‖x− y‖+ λ[ϕ(1)(1− μβ)‖x− y‖+ γμα‖x− y‖]
= [ϕ(1)(1− λγ̄) + λ[ϕ(1)(1− μβ) + γμα]]‖x− y‖
= [ϕ(1)(1− λγ̄) + λ[ϕ(1)− μ(ϕ(1)β − γα)]]‖x− y‖
= [ϕ(1)− λ[ϕ(1)γ̄ − ϕ(1) + μ(ϕ(1)β − γα)]]‖x− y‖
= (ϕ(1)− λτ)‖x− y‖
≤ (1− λτ)‖x− y‖. (3.2)

Hence Sλ is a contraction with coefficient 1− λτ . �
Applying the Banach contraction principle to Lemma 3.1, there exists a unique fixed point xλ of Sλ

in E, that is

xλ = (I − λA)Txλ + λ[Txλ − μ(BTxλ − γf(xλ))], for all λ ∈ (0, 1). (3.3)

Remark 3.2. For each 1 < p < ∞, lp space has a weakly continuous duality mapping with a gauge
function ϕ(t) = tp−1 which is invariant on [0, 1].

Theorem 3.3. Let E be a reflexive Banach space which admits a weakly continuous duality mapping
Jϕ with gauge ϕ such that ϕ is invariant on [0, 1]. Let T : E −→ E be a nonexpansive mapping with
F (T ) 
= ∅, f : E −→ E a contraction with coefficient α ∈ (0, 1), and A, B two strongly positive bounded
linear operators with coefficients γ̄ > 0 and β > 0, respectively. Let γ and μ be two constants satisfying
the condition (C∗). Then the net {xλ} defined by (3.3) converges strongly as λ −→ 0 to a fixed point
x̃ of T which solves the variational inequality :

〈(A− I + μ(B − γf))x̃, Jϕ(x̃− z)〉 ≤ 0, z ∈ F (T ). (3.4)

Proof. We first show that the uniqueness of a solution of the variational inequality (3.4). Suppose both
x̃ ∈ F (T ) and x∗ ∈ F (T ) are solutions to (3.4), then

〈(A− I + μ(B − γf))x̃, Jϕ(x̃− x∗)〉 ≤ 0, (3.5)

and
〈(A− I + μ(B − γf))x∗, Jϕ(x∗ − x̃)〉 ≤ 0. (3.6)

Adding (3.5) and (3.6), we obtain

〈(A− I + μ(B − γf))x̃− (A− I + μ(B − γf))x∗, Jϕ(x̃− x∗)〉 ≤ 0. (3.7)

On the other hand, we observe that
ϕ(1)− ϕ(1)γ̄
ϕ(1)β − γα

< μ ⇔ ϕ(1)− ϕ(1)γ̄ < μ(ϕ(1)β − γα)

⇔ 1− γ̄ < μ

(
β − γα

ϕ(1)

)

⇔ 0 < γ̄ − 1 + μ

(
β − γα

ϕ(1)

)
. (3.8)

It then follows that, for any x, y ∈ E,

〈(A− I + μ(B − γf))x− (A− I + μ(B − γf))y, Jϕ(x− y)〉
= 〈A(x− y)− (x− y) + μ[(B − γf)x− (B − γf)y], Jϕ(x− y)〉
= 〈A(x− y), Jϕ(x− y)〉 − 〈x− y, Jϕ(x− y)〉

+ μ〈(B − γf)x− (B − γf)y, Jϕ(x− y)〉
≥ γ̄‖x− y‖ϕ(‖x− y‖)− ‖x− y‖ϕ(‖x− y‖) + μ〈B(x− y), Jϕ(x− y)〉

−μγ〈f(x)− f(y), Jϕ(x− y)〉
≥ γ̄‖x− y‖ϕ(‖x− y‖)− ‖x− y‖ϕ(‖x− y‖) + μβ‖x− y‖ϕ(‖x− y‖)− μγ‖f(x)− f(y)‖‖Jϕ(x− y)‖
≥ γ̄Φ(‖x− y‖)− Φ(‖x− y‖) + μβΦ(‖x− y‖)− μγαΦ(‖x− y‖)
= (γ̄ − 1 + μβ − μγα)γ̄Φ(‖x− y‖)
= (γ̄ − 1 + μ(β − γα))γ̄Φ(‖x− y‖)
≥

(
γ̄ − 1 + μ

(
β − γα

ϕ(1)

))
γ̄Φ(‖x− y‖) ≥ 0. (3.9)
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Applying (3.9) to (3.7), we obtain that x̃ = x∗ and the uniqueness is proved. Below we use x̃ to denote
the unique solution of (3.4). Next, we will prove that {xλ} is bounded. Take a p ∈ F (T ), and denote
the mapping Sλ by

Sλ := (I − λA)T + λ[T − μ(BT − γf)], for all λ ∈ (0, 1).

From Lemma 3.1, we have

‖xλ − p‖ ≤ ‖Sλxλ − Sλp‖+ ‖Sλp− p‖
≤ (1− λτ)‖xλ − p‖+ ‖(I − λA)Tp + λ[Tp− μ(BTp− γfp)]− p‖
= (1− λτ)‖xλ − p‖+ λ‖ −Ap + p− μ(Bp− γfp)‖
≤ (1− λτ)‖xλ − p‖+ λ[‖I −A‖‖p‖+ μ‖Bp− γfp‖],

where τ := ϕ(1)γ̄ − ϕ(1) + μ(ϕ(1)β − γα) ∈ (0, 1]. It follows that

‖xλ − p‖ ≤ 1
τ

[‖I −A‖‖p‖+ μ‖Bp− γfp‖].
Hence {xλ} is bounded, so are {f(xλ)}, {AT (xλ)} and {BT (xλ)}. The definition of {xλ} implies that

‖xλ − Txλ‖ = λ‖Txλ − μ(BTxλ − γf(xλ))−ATxλ‖ −→ 0 as λ −→ 0. (3.10)

If follows from reflexivity of E and the boundedness of sequence {xλ} that there exists {xλn} which
is a subsequence of {xλ} converging weakly to w ∈ E as n −→ ∞. Since Jϕ is weakly sequentially
continuous, we have by Lemma 2.1 that

lim sup
n−→∞

Φ(‖xλn
− x‖) = lim sup

n−→∞
Φ(‖xλn

− w‖) + Φ(‖x− w‖), for all x ∈ E.

Let
H(x) = lim sup

n−→∞
Φ(‖xλn

− x‖), for all x ∈ E.

It follows that
H(x) = H(w) + Φ(‖x− w‖), for all x ∈ E.

Since
‖xλn

− Txλn
‖ = λn‖Txλn

− μ(BTxλn
− γf(xλn

))−ATxλn
‖ −→ 0 as n −→∞.

We obtain

H(Tw) = lim sup
n−→∞

Φ(‖xλn
− Tw‖) = lim sup

n−→∞
Φ(‖Txλn

− Tw‖)
≤ lim sup

n−→∞
Φ(‖xλn

− w‖) = H(w). (3.11)

On the other hand, however,
H(Tw) = H(w) + Φ(‖T (w)− w‖). (3.12)

It follows from (3.11) and (3.12) that

Φ(‖T (w)− w‖) = H(Tw)−H(w) ≤ 0

which gives us, Tw = w. Next we show that xλn −→ w as n −→ ∞. In fact, since Φ(t) =∫ t

0
ϕ(τ)dτ, ∀t ≥ 0, and ϕ : [0,∞) −→ [0,∞) is a gauge function, then for 1 ≥ k ≥ 0, ϕ(kx) ≤ ϕ(x) and

Φ(kt) =
∫ kt

0

ϕ(τ)dτ = k

∫ t

0

ϕ(kx)dx ≤ k

∫ t

0

ϕ(x)dx = kΦ(t).

Following Lemma 2.1, we have

Φ(‖xλn
− w‖) = Φ(‖(I − λnA)Txλn

+ λn[Txλn
− μ(BTxλn

− γf(xλn
))]− (I − λnA)w − λnAw‖)

≤ Φ(‖(I − λnA)Txλn
− (I − λnA)w‖)

+ λn〈Txλn
− μ(BTxλn

− γf(xλn
))−Aw, Jϕ(xλn

− w)〉
≤ Φ(ϕ(1)(1− λnγ̄)‖xλn

− w‖)
+ λn〈(I − μB)Txλn

+ μγf(xλn
)−Aw, Jϕ(xλn

− w)〉
≤ ϕ(1)(1− λnγ̄)Φ(‖xλn

− w‖)
+ λn〈(I − μB)Txλn

− (I − μB)w + μγf(xλn
)− μγf(w), Jϕ(xλn

− w)〉
+ λn〈(I − μB)w + μγf(w)−Aw, Jϕ(xλn

− w)〉
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≤ ϕ(1)(1− λnγ̄)Φ(‖xλn
− w‖) + λn〈(I − μB)Txλn

− (I − μB)w, Jϕ(xλn
− w)〉

+ λnμγ〈f(xλn
)− f(w), Jϕ(xλn

− w)〉+ λn〈(I − μB)w + μγf(w)−Aw, Jϕ(xλn
− w)〉

≤ ϕ(1)(1− λnγ̄)Φ(‖xλn
− w‖) + λn‖(I − μB)Txλn

− (I − μB)w‖‖Jϕ(xλn
− w)‖

+ λnμγ‖f(xλn
)− f(w)‖‖Jϕ(xλn

− w)‖+ λn〈(I − μB)w + μγf(w)−Aw, Jϕ(xλn
− w)〉

≤ ϕ(1)(1− λnγ̄)Φ(‖xλn
− w‖) + λnϕ(1)(1− μβ)‖xλn

− w‖‖Jϕ(xλn
− w)‖

+ λnμγα‖xλn
− w‖‖Jϕ(xλn

− w)‖+ λn〈(I − μB)w + μγf(w)−Aw, Jϕ(xλn
− w)〉

= [ϕ(1)(1− λnγ̄) + λn(ϕ(1)(1− μβ) + μγα)]Φ(‖xλn
− w‖)

+ λn〈(I − μB)w + μγf(w)−Aw, Jϕ(xλn
− w)〉

= [ϕ(1)− λn(ϕ(1)γ̄ − ϕ(1) + μ(ϕ(1)β − γα))]Φ(‖xλn
− w‖)

+ λn〈(I − μB)w + μγf(w)−Aw, Jϕ(xλn
− w)〉

≤ [1− λn(ϕ(1)γ̄ − ϕ(1) + μ(ϕ(1)β − γα))]Φ(‖xλn
− w‖)

+ λn〈(I − μB)w + μγf(w)−Aw, Jϕ(xλn
− w)〉. (3.13)

Thus,

Φ(‖xλn − w‖) ≤ 1
ϕ(1)γ̄ − ϕ(1) + μ(ϕ(1)β − γα)

〈(I − μB)w + μγf(w)−Aw, Jϕ(xλn − w)〉.

Now observing that xλn ⇀ w implies Jϕ(xλn − w) ⇀ 0, we conclude from the last inequality that

Φ(‖xλn
− w‖) −→ 0 as n −→∞.

Hence xλn
−→ w as n −→ ∞. Next we prove that w solves the variational inequality (3.4). For any

z ∈ F (T ), we observe that

〈(I − T )xλ − (I − T )z, Jϕ(xλ − z)〉 = 〈xt − z, Jϕ(xλ − z)〉+ 〈Txt − Tz, Jϕ(xλ − z)〉
= Φ(‖xλ − z‖)− 〈Tz − Txt, Jϕ(xλ − z)〉
≥ Φ(‖xλ − z‖)− ‖Tz − Txt‖‖Jϕ(xλ − z)‖
≥ Φ(‖xλ − z‖)− ‖z − xt‖‖Jϕ(xλ − z)‖
= Φ(‖xλ − z‖)− Φ(‖xλ − z‖) = 0. (3.14)

Since
xλ = (I − λnA)Txλn

+ λn[Txλn
− μ(BTxλn

− γf(xλn
))],

we can derive that

λn[Axλn
−(I−μB)xλn

] = (I−λnA)Txλn
−(I−λnA)xλn

+λn(I−μB)Txλn
−λn(I−μB)xλn

+λnγf(xλn
).

That is

[A− I + μ(B − γf)]xλn
= − 1

λn
[(I − λnA)(I − T )xλn + λn(I − μB)(I − T )xλn ].

Using (3.14), for each p ∈ F (T ), we have

〈[A− I + μ(B − γf)]xλn
, Jϕ(xλn

− p)〉

= − 1
λn

[
〈(I − λnA)(I − T )xλn

, Jϕ(xλn
− p)〉+ λn〈(I − μB)(I − T )xλn

, Jϕ(xλn
− p)〉

]

= − 1
λn
〈(I − T )xλn − (I − T )p, Jϕ(xλn − p)〉+ 〈A(I − T )xλn , Jϕ(xλn − p)〉

−〈(I − T )xλn
− (I − T )p, Jϕ(xλn

− p)〉+ μ〈B(I − T )xλn
, Jϕ(xλn

− p)〉
≤ 〈A(I − T )xλn

, Jϕ(xλn
− p)〉+ 〈B(I − T )xλn

, Jϕ(xλn
− p)〉

≤ ‖A‖‖xλn
− Txλn

‖‖Jϕ(xλn
− p)‖+ μ‖B‖‖xλn

− Txλn
‖‖Jϕ(xλn

− p)‖
≤ ‖xλn

− Txλn
‖M, (3.15)

where M is a constant satisfying M ≥ supn≥1{‖A‖‖Jϕ(xλn
− p)‖, μ‖B‖‖Jϕ(xλn

− p)‖}. Noticing that

xλn − Txλn −→ w − T (w) = w − w = 0.

It follows from (3.15) that
〈(A− I + μ(B − γf))w, Jϕ(w − p)〉 ≤ 0.
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So, w ∈ F (T ) is a solution of the variational inequality (3.4), and hence w = x̃ by the uniqueness. In
a summary, we have shown that each cluster point of {xλ}(at λ −→ 0) equals x̃. Therefore, xλ −→ x̃
as λ −→ 0. This completes the proof.

�
According to the definition of strongly positive operator A in a Banach space E having a weakly

continuous duality mapping Jϕ with a gauge function ϕ, an operator A is said to be strongly positive
[12] if there exists a constant γ̄ > 0 with the property

〈Ax, Jϕ(x)〉 ≥ γ̄‖x‖ϕ(‖x‖)
and

‖αI − βA‖ = sup
‖x‖≤1

|〈(αI − βA)x, Jϕ(x)〉|, α ∈ [0, 1], β ∈ [−1, 1],

where I is the identity mapping. We may assume, without loss of generality, that γ̄ < 1. Therefore, if
0 < γ < γ̄ϕ(1)

α , then we have the Corollary 3.4 immediately. Indeed, putting B = I and β = 1, we have

ϕ(1)− ϕ(1)γ̄
ϕ(1)β − γα

=
ϕ(1)− ϕ(1)γ̄
ϕ(1)− γα

< 1 <
1 + ϕ(1)− ϕ(1)γ̄

ϕ(1)− γα
=

1 + ϕ(1)− ϕ(1)γ̄
ϕ(1)β − γα

.

Taking μ ≡ 1 in Theorem 3.3, we obtain the following result.

Corollary 3.4. [12, Lemma 3.3] Let E be a reflexive Banach space which admits a weakly continuous
duality mapping Jϕ with gauge ϕ such that ϕ is invariant on [0, 1]. Let T : E −→ E be a nonexpansive
mapping with F (T ) 
= ∅, f : E −→ E a contraction with coefficient α ∈ (0, 1), and A a strongly positive
bounded linear operator with coefficient γ̄ > 0 and 0 < γ < γ̄ϕ(1)

α . Then the net {xλ} defined by

xλ = (I − λA)Txλ + λγf(xλ),

converges strongly as λ −→ 0 to a fixed point x̃ of T which solves the variational inequality :

〈(A− γf)x̃, Jϕ(x̃− z)〉 ≤ 0, z ∈ F (T ).

Corollary 3.5. [6, Theorem 3.2] Let H be a real Hilbert space. Let T : H −→ H be a nonexpansive
mapping with F (T ) 
= ∅, f : H −→ H a contraction with coefficient α ∈ (0, 1), and A a strongly positive
bounded linear operator with coefficient γ̄ > 0 and 0 < γ < γ̄

α . Then the net {xλ} defined by

xλ = (I − λA)Txλ + λγf(xλ),

converges strongly as λ −→ 0 to a fixed point x̃ of T which solves the variational inequality :

〈(A− γf)x̃, x̃− z〉 ≤ 0, z ∈ F (T ).

Theorem 3.6. Let E be a reflexive Banach space which admits a weakly continuous duality mapping
Jϕ with gauge ϕ such that ϕ is invariant on [0, 1]. Let T : E −→ E be a nonexpansive mapping with
F (T ) 
= ∅, f : E −→ E a contraction with coefficient α ∈ (0, 1), and A and B two strongly positive
bounded linear operators with coefficients γ̄ > 0 and β > 0, respectively. Let x0 ∈ E be arbitrary and
the sequence {xn} be generated by the following iterative scheme :

xn+1 = (I − λnA)Txn + λn[Txn − μ(BTxn − γf(xn))], for all n ≥ 0, (3.16)

where γ and μ are two constants satisfying the condition (C∗) and {λn} is a real sequence in (0, 1)
satisfying the following conditions :

(C1) limn→∞ λn = 0 and
∑∞

n=1 λn = ∞
(C2)

∑∞
n=1 |λn+1 − λn| <∞ or limn→∞ λn

λn+1
= 1.

Then the sequence {xn} defined by (3.16) converges strongly to a fixed point x̃ of T that is obtained by
Theorem 3.3.

Proof. We first prove that {xn} is bounded. Take a p ∈ F (T ), and denote

Sλn
:= (I − λnA)T + λn[T − μ(BT − γf)].

Using Lemma 3.1, we have

‖xn+1 − p‖ ≤ ‖Sλn
xn − Sλn

p‖+ ‖Sλn
p− p‖

≤ (1− λnτ)‖xn − p‖+ ‖(I − λnA)Tp + λn[Tp− μ(BTp− γfp)]− p‖
= (1− λnτ)‖xn − p‖+ λn‖ −Ap + p− μ(Bp− γfp)‖
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≤ (1− λnτ)‖xn − p‖+ λn[‖I −A‖‖p‖+ μ‖Bp− γfp‖]
= (1− λnτ)‖xn − p‖+ λnτ

[‖I −A‖‖p‖+ μ‖Bp− γfp‖]
τ

≤ max
{
‖xn − p‖, τ [‖I −A‖‖p‖+ μ‖Bp− γfp‖]

τ

}
where τ := ϕ(1)γ̄ − ϕ(1) + μ(ϕ(1)β − γα) ∈ (0, 1]. By induction, it is easy to see that

‖xn − p‖ ≤ max
{
‖x0 − p‖, τ [‖I −A‖‖p‖+ μ‖Bp− γfp‖]

τ

}
, for all n ≥ 0.

Thus, {xn} is bounded, and hence so are {yn}, {ATxn}, {BTxn} and {f(xn)}. Now we show that

lim
n−→∞ ‖xn+1 − xn‖ = 0.

From the definition of {xn}, it is easily seen that

Sλn+1xn − Sλn
xn = (I − λn+1A)Txn + λn+1[Txn − μ(BTxn − γf(xn))]

−(I − λnA)Txn − λn[Txn − μ(BTxn − γf(xn))]
= (λn − λn+1)ATxn + (λn+1 − λn)Txn + μ(λn − λn+1)(BTxn − γf(xn))
= (λn+1 − λn)(I −A)Txn + μ(λn − λn+1)(BTxn − γf(xn)).

It follows that

‖xn+2 − xn+1‖ = ‖Sλn+1xn+1 − Sλn
xn‖

≤ ‖Sλn+1xn+1 − Sλn+1xn‖+ ‖Sλn+1xn − Sλn
xn‖

≤ (1− λn+1τ)‖xn+1 − xn‖+ |λn+1 − λn|‖(I −A)Txn‖
+μ|λn − λn+1|‖BTxn − γf(xn)‖

≤ (1− λn+1τ)‖xn+1 − xn‖+ (1 + μ)|λn+1 − λn|M
= (1− λn+1τ)‖xn+1 − xn‖+ (1 + μ)λn+1τ

|λn+1 − λn|
λn+1τ

M,

where M is a constant satisfying M ≥ sup{‖(I − A)Txn‖, ‖BTxn − γf(xn)‖}. From condition (C2)
we deduce that either

∑∞
n=1 |λn+1 − λn|M < ∞ or limn→∞

λn+1−λn

λn+1τ M = 0. Therefore it follows from
Lemma 2.2 that limn−→∞ ‖xn+1 − xn‖ = 0. It then follows that

‖xn − Txn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − Txn‖
= ‖xn − xn+1‖+ λn‖Txn − μ(BTxn − γf(xn))−ATxn‖ −→ 0. (3.17)

Next, we prove that

lim sup
n−→∞

〈−(A− I + μ(B − γf))x̃, Jϕ(xn − x̃)〉 ≤ 0. (3.18)

Let {xnk
} be a subsequence of {xn} such that

lim
k−→∞

〈−(A− I + μ(B − γf))x̃, Jϕ(xnk
− x̃)〉 = lim sup

n−→∞
〈−(A− I + μ(B − γf))x̃, Jϕ(xn − x̃)〉. (3.19)

If follows from reflexivity of E and the boundedness of a sequence {xnk
} that there exists {xnki

} which
is a subsequence of {xnk

} converging weakly to w ∈ E as i −→ ∞. Since Jϕ is weakly continuous, we
have by Lemma 2.1 that

lim sup
n−→∞

Φ(‖xnki
− x‖) = lim sup

n−→∞
Φ(‖xnki

− w‖) + Φ(‖x− w‖), for all x ∈ E.

Let
H(x) = lim sup

n−→∞
Φ(‖xnki

− x‖), for all x ∈ E.

It follows that
H(x) = H(w) + Φ(‖x− w‖), for all x ∈ E.

From (3.17), we obtain

H(Tw) = lim sup
i−→∞

Φ(‖xnki
− Tw‖) = lim sup

i−→∞
Φ(‖Txnki

− Tw‖)
≤ lim sup

i−→∞
Φ(‖xnki

− w‖) = H(w). (3.20)
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On the other hand, however,
H(Tw) = H(w) + Φ(‖T (w)− w‖). (3.21)

It follows from (3.20) and (3.21) that

Φ(‖T (w)− w‖) = H(Tw)−H(w) ≤ 0.

This implies that Tw = w. Since the duality map Jϕ is single-valued and weakly continuous, we get
that

lim sup
n−→∞

〈−(A− I + μ(B − γf))x̃, Jϕ(xn − x̃)〉 = lim
k−→∞

〈−(A− I + μ(B − γf))x̃, Jϕ(xnk
− x̃)〉

= lim
i−→∞

〈−(A− I + μ(B − γf))x̃, Jϕ(xnki
− x̃)〉

= 〈−(A− I + μ(B − γf))x̃, Jϕ(w − x̃)〉
= 〈(A− I + μ(B − γf))x̃, Jϕ(x̃− w)〉 ≤ 0

as required. Finally, we show that xn −→ x̃ as n −→∞.

Φ(‖xn+1 − x̃‖) = Φ(‖(I − λnA)Txn + λn[Txn − μ(BTxn − γf(xn))]− (I − λnA)x̃− λnAx̃‖)
≤ Φ(‖(I − λnA)Txn − (I − λnA)x̃‖)

+λn〈Txn − μ(BTxn − γf(xn))−Ax̃, Jϕ(xn+1 − x̃)〉
≤ ϕ(1)(1− λnγ̄)Φ(‖xn − x̃‖) + λn〈(I − μB)Txn + γμf(xn))−Ax̃, Jϕ(xn+1 − x̃)〉
= ϕ(1)(1− λnγ̄)Φ(‖xn − x̃‖)

+λn

[
〈(I − μB)Txn + γμf(xn))− (I − μB)Txn+1 − γμf(xn+1), Jϕ(xn+1 − x̃)〉

+〈(I − μB)Txn+1 + γμf(xn+1)− (I − μB)x̃− γμf(x̃), Jϕ(xn+1 − x̃)〉

+〈(I − μB)x̃ + γμf(x̃)−A(x̃), Jϕ(xn+1 − x̃)〉
]

= ϕ(1)(1− λnγ̄)Φ(‖xn − x̃‖)

+λn

[
〈(I − μB)(Txn − Txn+1), Jϕ(xn+1 − x̃)〉+ γμ〈f(xn)− f(xn+1), Jϕ(xn+1 − x̃)〉

+〈(I − μB)(Txn+1 − x̃), Jϕ(xn+1 − x̃)〉+ γμ〈f(xn+1)− f(x̃), Jϕ(xn+1 − x̃)〉

+〈(I −A− μ(B − γf)x̃, Jϕ(xn+1 − x̃)〉
]

= ϕ(1)(1− λnγ̄)Φ(‖xn − x̃‖)

+λn

[
ϕ(1)(1− μβ)‖xn − xn+1‖‖Jϕ(xn+1 − x̃)‖+ γμα‖xn − xn+1‖‖Jϕ(xn+1 − x̃)‖

+ϕ(1)(1− μβ)‖xn+1 − x̃‖‖Jϕ(xn+1 − x̃)‖+ γμα‖xn+1 − x̃‖‖Jϕ(xn+1 − x̃)‖

+〈(I −A− μ(B − γf)x̃, Jϕ(xn+1 − x̃)〉
]

≤ ϕ(1)(1− λnγ̄)Φ(‖xn − x̃‖)

+λn

[
ϕ(1)(1− μβ)‖xn − xn+1‖M ′ + γμα‖xn − xn+1‖M ′

+〈(I −A− μ(B − γf)x̃, Jϕ(xn+1 − x̃)〉
]

+λn[ϕ(1)− μ(ϕ(1)β − γα)]Φ(‖xn+1 − x̃‖), (3.22)

where M ′ is a constant satisfying M ′ ≥ supn≥0 ‖Jϕ(xn+1 − x̃)‖. It then follows that

Φ(‖xn+1 − x̃‖) ≤ ϕ(1)(1− λnγ̄)
1− λn[ϕ(1)− μ(ϕ(1)β − γα)]

Φ(‖xn − x̃‖)
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+λn

[
ϕ(1)(1− μβ)

1− λn[ϕ(1)− μ(ϕ(1)β − γα)]
‖xn − xn+1‖M ′

+
γμα

1− λn[ϕ(1)− μ(ϕ(1)β − γα)]
‖xn − xn+1‖M ′

+
1

1− λn[ϕ(1)− μ(ϕ(1)β − γα)]
〈(I −A− μ(B − γf)x̃, Jϕ(xn+1 − x̃)〉

]

=
(

1− λn
[ϕ(1)γ̄ − (ϕ(1)− μ(ϕ(1)β − γα))]

1− λn[ϕ(1)− μ(ϕ(1)β − γα)]

)
Φ(‖xn − x̃‖)

+λn

[
ϕ(1)(1− μβ)

1− λn[ϕ(1)− μ(ϕ(1)β − γα)]
‖xn − xn+1‖M ′

+
γμα

1− λn[ϕ(1)− μ(ϕ(1)β − γα)]
‖xn − xn+1‖M ′

+
1

1− λn[ϕ(1)− μ(ϕ(1)β − γα)]
〈−(A− I + μ(B − γf)x̃, Jϕ(xn+1 − x̃)〉

]
.

(3.23)

Put

γn = λn
[ϕ(1)γ̄ − (ϕ(1)− μ(ϕ(1)β − γα))]

1− λn[ϕ(1)− μ(ϕ(1)β − γα)]
and

δn =
1− λn[ϕ(1)− μ(ϕ(1)β − γα)]

[ϕ(1)γ̄ − (ϕ(1)− μ(ϕ(1)β − γα))]

[
ϕ(1)(1− μβ)

1− λn[ϕ(1)− μ(ϕ(1)β − γα)]
‖xn − xn+1‖M ′

+
γμα

1− λn[ϕ(1)− μ(ϕ(1)β − γα)]
‖xn − xn+1‖M ′

+
1

1− λn[ϕ(1)− μ(ϕ(1)β − γα)]
〈−(A− I + μ(B − γf)x̃, Jϕ(xn+1 − x̃)〉

]
.

It follows that from condition (C1), limn−→∞ ‖xn+1 − xn‖ = 0 and (3.18) that

lim
n−→∞ γn = 0,

∞∑
n=1

γn = ∞ and lim sup
n−→∞

δn ≤ 0.

The inequality (3.23) reduces to the following :

Φ(‖xn+1 − x̃‖) ≤ (1− γn)Φ(‖xn − x̃‖) + γnδn

Applying Lemma 2.2, we conclude that Φ(‖xn+1− x̃‖) −→ 0 as n −→∞; that is, xn −→ x̃ as n −→∞.
This completes the proof.

�

Remark 3.7. In comparison to the results in [3, Theorem 3.1], the strong convergence in a real
Hilbert space is extended to the strong convergence in a reflexive Banach space which admits a weakly
continuous duality mapping.

Setting B ≡ I, and μ ≡ 1 in Theorem 3.6, we obtain the following result.

Corollary 3.8. Let E be a reflexive Banach space which admits a weakly continuous duality mapping
Jϕ with gauge ϕ such that ϕ is invariant on [0, 1]. Let T : E −→ E be a nonexpansive mapping with
F (T ) 
= ∅, f : E −→ E a contraction with coefficient α ∈ (0, 1), and A a strongly positive bounded
linear operator with coefficient γ̄ > 0 and 0 < γ < γ̄ϕ(1)

α . Let x0 ∈ E be arbitrary and the sequence
{xn} be generated by the following iterative scheme :

xn+1 = (I − λnA)Txn + λnγf(xn), for all n ≥ 0,

where {λn} is a real sequence in (0, 1) satisfying the following conditions :
(C1) limn→∞ λn = 0 and

∑∞
n=1 λn = ∞
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(C2)
∑∞

n=1 |λn+1 − λn| <∞ or limn→∞ λn

λn+1
= 1.

Then the sequence {xn} converges strongly to a fixed point x̃ of T which solves the variational inequality
:

〈(A− γf)x̃, Jϕ(x̃− z)〉 ≤ 0, z ∈ F (T ).

Acknowledgements. The author is supported by Naresuan university and the Thailand Research
Fund under Grant TRG5280011. Finally, the authors would like to thank the referees for reading this
paper carefully, providing valuable suggestions and comments, and pointing out a major error in the
original version of this paper.
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Abstract. In this paper, we introduce the iterative schemes for finding a common element of the set of solutions of a mixed

equilibrium problem, the set of common fixed points of a finite family of asymptotically k-strict pseudo-contractions,
and the set of the solutions of a variational inequality for a monotone, Lipschitz continuous mapping in the framework

of Hilbert spaces. Both weak and strong convergence theorems are obtained. Our results extend the corresponding

recent results of Peng [J. W. Peng, Iterative Algorithms for Mixed Equilibrium Problems, Strict Pseudocontractions and
Monotone Mappings, J Optim. Theory Appl. DOI 10.1007/s10957-009-9585-5.] and Qin, Cho, Kang and Shang [X.

Qin, Y. J. Cho, S. M. Kang, and M. Shang, A hybrid iterative scheme for asymptotically k-strict pseudo-contractions in

Hilbert spaces, Nonlinear Analysis, 70, 5,(2009), 1902-1911].
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1. Introduction

Throughout this paper, we always assume that H is a real Hilbert space with inner product 〈·, ·〉 and
norm ‖ · ‖, respectively, C is a nonempty closed convex subset of H. Let ϕ : C −→ R be a real-valued
function and F : C × C −→ R be an equilibrium bifunction, i.e., F (u, u) = 0 for each u ∈ C. The
mixed equilibrium problem (for short, MEP ) is to find x∗ ∈ C such that

MEP : F (x∗, y) + ϕ(y)− ϕ(x∗) ≥ 0,∀y ∈ C. (1.1)

The set of solutions for the problem MEP (1.1) is denoted by MEP (F,ϕ).
Special cases.
(1) If ϕ ≡ 0, then MEP (1.1) reduces to the following classical equilibrium problem (for short, EP ):

Finding x∗ ∈ C such that F (x∗, y) ≥ 0,∀y ∈ C. (1.2)

The set of solutions for the problem EP (1.2) is denoted by EP (F ).
(2) If ϕ ≡ 0 and F (x, y) = 〈Ax, y − x〉 for all x, y ∈ C, where A is a mapping from C into H, then

MEP (1.1) reduces to the following classical variational inequality problem (for short V IP ):

Finding x∗ ∈ C such that 〈Ax∗, y − x∗〉 ≥ 0,∀y ∈ C. (1.3)

The set of solutions for the problem V IP (1.3) is denoted by V I(C,A).
(3) If F ≡ 0, then MEP (1.1) becomes the following minimize problem:

Finding x∗ ∈ C such that ϕ(y)− ϕ(x∗) ≥ 0,∀y ∈ C. (1.4)

The set of solutions for the problem (1.4) is denoted by Argmin(ϕ).
The problem (1.1) is very general in the sense that it includes, as special cases, fixed point problems,

optimization problems, variational inequality problems, Nash equilibrium problems, the equilibrium
problems and others; see, e.g., [2, 6, 10, 29] and the reference therein. First we recall some relevant
important results as follows.

In 1997, Combettes and Hirstoaga [7] introduced an iterative method of finding the best approx-
imation to the initial data and proved a strong convergence theorem. Subsequently, Takahashi and
Takahashi [21] introduced another iterative scheme for finding a common element of the set of solutions
of EP and the set of fixed point points of a nonexpansive mapping. Using the idea of Takahashi and

∗Corresponding author:

Email address: uthaikam@hotmail.com(Uthai Kamraksa) and rabianw@nu.ac.th(Rabian Wangkeeree).
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Takahashi [21], Plubtieng and Punpaeng [15] introduced an the general iterative method for finding a
common element of the set of solutions of EP and the set of fixed points of a nonexpansive mapping
which is the optimality condition for the minimization problem in a Hilbert space. Furthermore, Yao,
Liou and Yao [27] introduced some new iterative schemes for finding a common element of the set
of solutions of EP and the set of common fixed points of finitely (infinitely) nonexpansive mappings.
Very recently, Ceng and Yao [4] considered a new iterative scheme for finding a common element of the
set of solutions of MEP and the set of common fixed points of finitely many nonexpansive mappings.
Their results extend and improve the corresponding results in [7, 21, 27].

Recall that a mapping T : C −→ C is said to be asymptotically k-strictly pseudo-contractive (The
class of asymptotically k-strict pseudo-contractive maps was first introduced in Hilbert spaces by Qihou
[16]) if there exists a sequence {kn} ⊂ [1,∞) with limn−→∞ kn = 1 such that there exists k ∈ [0, 1)
such that

‖Tnx− Tny‖2 ≤ k2
n‖x− y‖2 + k‖(I − Tn)x− (I − Tn)y‖2, (1.5)

for all x, y ∈ C and n ∈ N. Note that the class of asymptotically k-strict pseudo-contractions strictly
includes the class of asymptotically nonexpansive mappings [8] which are mappings T on C such that

‖Tnx− Tny‖2 ≤ kn‖x− y‖,∀x, y ∈ C, (1.6)

where the sequence {kn} ⊂ [1,∞) is such that limn−→∞ kn = 1. That is, T is asymptotically nonex-
pansive if and only if T is asymptotically 0-strict pseudo-contractive.

Recall that a mapping T : C −→ C is called a k-strict pseudo-contraction mapping if there exists a
constant 0 ≤ k < 1 such that

‖Tx− Ty‖2 ≤ ‖x− y‖2 + k‖(I − T )x− (I − T )y‖2, ∀x, y ∈ C. (1.7)

Note that the class of k-strict pseudo-contractions strictly includes the class of nonexpansive mappings
which are mappings T on C such that

‖Tx− Ty‖ ≤ ‖x− y‖,
for all x, y ∈ C. That is, T is nonexpansive if and only if T is 0-strict pseudo-contractive. Note that
the class of strict pseudo-contraction mappings strictly includes the class of nonexpansive mappings.
Clearly, T is nonexpansive if and only if T is a 0-strict pseudo-contraction.

For solving the mixed equilibrium problem for an equilibrium bifunction F : C × C −→ R, let us
assume that F satisfies the following conditions:

(A1) F (x, x) = 0 for all x ∈ C;
(A2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0 for any x, y ∈ C;
(A3) For each y ∈ C, x �→ F (x, y) is weakly upper semicontinuous;
(A4) For each x ∈ C, y �→ F (x, y) is convex;
(A5) For each x ∈ C, y �→ F (x, y) is lower semicontinuous;
(B1) For each x ∈ H and r > 0, there exist a bounded subset Dx ⊂ C and yx ∈ C such that, for

any z ∈ C\Dx

F (z, yx) + ϕ(yx)− ϕ(z) +
1
r
〈yx − z, z − x〉 < 0;

(B2) C is a bounded set.
Construction of fixed points of nonexpansive mappings via Manns algorithm [11] has extensively

been investigated in the literature; See, for example [3, 11, 23, 25, 26, 28] and references therein. If T
is a nonexpansive self-mapping of C, then Mann’s algorithm generates, initializing with an arbitrary
x1 ∈ C, a sequence according to the recursive manner

xn+1 = αnxn + (1− αn)Txn,∀n ≥ 1, (1.8)

where {αn} is a real control sequence in the interval (0, 1).
If T : C −→ C is a nonexpansive mapping with a fixed point and if the control sequence {αn} is

chosen so that
∑∞

n=1 αn(1−αn) =∞, then the sequence {xn} generated by Manns algorithm converges
weakly to a fixed point of T . Reich [19] showed that the conclusion also holds good in the setting of
uniformly convex Banach spaces with a Fréhet differentiable norm. It is well known that Reich’s result
is one of the fundamental convergence results. Recently, Marino and Xu [12] extended Reich’s result
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[19] to strict pseudo-contraction mappings in the setting of Hilbert spaces. Very recently, Ceng, AI-
Homidan, Ansari and Yao [5] introduced an iterative algorithm for finding a common element of the
set of solutions of an equilibrium problem and the set of fixed points of a strict pseudocontraction
mapping and obtained a weak convergence theorem.

Very recently, inspired and motivated by the above ideas, Peng [14] introduced some iterative al-
gorithms based on the extragradient method for finding a common element of the set of solutions of
a mixed equilibrium problem, the set of fixed points of a strict pseudocontraction and the set of the
solution sets of a variational inequality for a monotone, Lipschitz continuous mapping and obtained
both weak convergence theorem and strong convergence theorem for the sequences generated by these
processes. More precisely, Peng [14] proved the following strong and weak convergence theorems.

Theorem PS. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let F be
a bifunction from C × C to R satisfying (A1)-(A5) and let ϕ : C −→ R be a lower semicontinuous
and convex function. Let A be a monotone and δ-Lipschitz continuous mapping of C into H. Let
T : C −→ C be an k-strict pseudo-contractive mapping for some 0 ≤ k < 1 such that Ω := F (T ) ∩
V I(C,A)∩MEP (F,ϕ) 
= ∅. Assume that either (B1) or (B2) holds. Let {xn}, {un}, {yn}, {tn}, {zn}
be sequences generated by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x0 = x ∈ H, chosen arbitrary,
F (un−1, y) + ϕ(y)− ϕ(un−1) + 1

rn−1
〈y − un−1, un−1 − xn−1〉 ≥ 0, ∀y ∈ C,

yn−1 = PC(un−1 − λn−1Aun−1),
tn−1 = PC(un−1 − λn−1Ayn−1),
zn−1 = αn−1tn−1 + (1− αn−1)Ttn−1,

Cn−1 = {z ∈ C : ‖zn−1 − z‖2 ≤ ‖xn−1 − z‖2 − (1− αn−1)(αn−1 − k)‖tn−1 − Ttn−1‖2},
Qn−1 = {z ∈ H : 〈xn−1 − z, x− xn−1〉 ≥ 0},
xn = PCn−1∩Qn−1x, ∀n ≥ 1.

(1.9)

Assume that {λn} ⊂ [a, b] for some a, b ∈ (0, 1
δ ), {αn} ⊂ [c, d] for some c, d ∈ (k, 1) and {rn} ⊂ (0,∞)

such that lim infn−→∞ rn > 0. Then {xn} ,{un}, {yn}, {tn}, {zn} converge strongly to w = PΩ(x).

Theorem PW. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let F be
a bifunction from C × C to R satisfying (A1)-(A5) and let ϕ : C −→ R be a lower semicontinuous
and convex function. Let A be a monotone and δ-Lipschitz continuous mapping of C into H. Let
T : C −→ C be an k-strict pseudo-contractive mapping for some 0 ≤ k < 1 such that Ω := F (T ) ∩
V I(C,A)∩MEP (F,ϕ) 
= ∅. Assume that either (B1) or (B2) holds. Let {xn}, {un}, {yn}, {tn}, {zn}
be sequences generated by⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

x0 = x ∈ H, chosen arbitrary,
F (un−1, y) + ϕ(y)− ϕ(un−1) + 1

rn−1
〈y − un−1, un−1 − xn−1〉 ≥ 0, ∀y ∈ C,

yn−1 = PC(un−1 − λn−1Aun−1),
tn−1 = PC(un−1 − λn−1Ayn−1),
xn = αn−1tn−1 + (1− αn−1)Ttn−1.

(1.10)

Assume that {λn} ⊂ [a, b] for some a, b ∈ (0, 1
δ ), {αn} ⊂ [c, d] for some c, d ∈ (k, 1) and {rn} ⊂ (0,∞)

such that lim infn−→∞ rn > 0. Then {xn} ,{un}, {yn}, {tn}, {zn} converge weakly to w ∈ Ω, where
w = limn−→∞ PΩxn.

On the other hand, very recently, Qin, Cho, Kang and Shang [18] introduced the following algorithm
for a finite family of asymptotically k-strict pseudo-contractions. Let x0 ∈ C and {αn}∞n=0 be a sequence
in (0, 1). The sequence {xn} generated by the following way:

x1 = α0x0 + (1− α0)T1x0,

x2 = α1x1 + (1− α1)T2x1

. . .

xN = αN−1xN−1 + (1− αN−1)TNxN−1
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xN+1 = αNxN + (1− αN )T 2
1 xN

. . .

x2N = α2N−1x2N−1 + (1− α2N−1)T 2
Nx2N−1

x2N+1 = α2Nx2N + (1− α2N )T 3
1 x2N

. . .

is called the explicit iterative sequence of a finite family of asymptotically k-strict pseudo-contractions
{T1, T2, . . . , TN}. Since, for each n ≥ 1, it can be written as n = (h − 1)N + i, where i = i(n) ∈
{1, 2, . . . , N}, h = h(n) ≥ 1 is a positive integer and h(n) −→ ∞ as n −→ ∞. Hence the above table
can be written in the following form:

xn = αn−1xn−1 + (1− αn−1)T
h(n)
i(n) xn−1,∀n ≥ 1. (1.11)

Under appropriate conditions on the parameters, they obtained some strong and weak convergence
theorems for a finite family of asymptotically k-strict pseudo-contractions in the framework of Hilbert
spaces.

All of the above bring us the following conjectures?.

Question.
(i) Could both Theorem PS and Theorem PW be extended to more general class of asymptotically

strict pseudo-contractive mappings?.
(ii) Could we construct the iterative algorithms generalized algorithms (1.9), (1.10) and (1.11) to

approximate a common element of the set of solutions of a mixed equilibrium problem, the set
of common fixed points of asymptotically strict pseudo-contractions and the set of the solution
sets of a variational inequality for a monotone, Lipschitz continuous mapping?.

Inspired and motivated by the above researchs, we suggest and analyze the iterative schemes for
finding a common element of the set of solutions of a mixed equilibrium problem, the set of common
fixed points of a finite family of asymptotically k-strict pseudo-contractions, and the set of the solution
sets of a variational inequality for a monotone, Lipschitz continuous mapping in the framework of
Hilbert spaces. Both strong and weak convergence theorems are obtained. Our results extend the
corresponding recent results of Peng [14] and Qin, Cho, Kang and Shang [18] and many others.

2. Preliminaries

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖. Let C be a nonempty closed
convex subset of H. Let symbols −→ and ⇀ denote strong and weak convergence, respectively. In
Hilbert space H, it is well known that

‖x− y‖2 = ‖x‖2 − ‖y‖2 − 2〈x− y, y〉, ∀x, y ∈ H, (2.1)

and
‖tx + (1− t)y‖2 = t‖x‖2 + (1− t)‖y‖2 − t(1− t)‖x− y‖2, ∀t ∈ [0, 1],∀x, y ∈ H. (2.2)

For every point x ∈ H, there exists a unique nearest point in C, denoted by PCx such that

‖x− PCx‖ ≤ ‖x− y‖ for all y ∈ C.

PC is called the metric projection of H onto C. It is well known that PC is a nonexpansive mapping of
H onto C and satisfies

〈x− y, PCx− PCy〉 ≥ ‖PCx− PCy‖2 (2.3)

for every x, y ∈ H. Moreover, PCx is characterized by the following properties: PCx ∈ C and

〈x− PCx, y − PCx〉 ≤ 0, (2.4)

‖x− y‖2 ≥ ‖x− PCx‖2 + ‖y − PCx‖2 (2.5)

for all x ∈ H, y ∈ C. For more details see [24]. It is easy to see that the following is true:

u ∈ V I(A,C) ⇔ u = PC(u− λAu), λ > 0. (2.6)



ITERATIVE ALGORITHMS FOR MIXED EQUILIBRIUM PROBLEM 5

A set-valued mapping S : H −→ 2H is called monotone if for all x, y ∈ H, f ∈ Sx and g ∈ Sy
imply 〈x − y, f − g〉 ≥ 0. A monotone mapping S : H −→ 2H is maximal if the graph of G(S) of S
is not properly contained in the graph of any other monotone mapping. It is known that a monotone
mapping S is maximal if and only if for (x, f) ∈ H × H, 〈x − y, f − g〉 ≥ 0 for every (y, g) ∈ G(S)
implies f ∈ Sx. Let A be a monotone map of C into H, L-Lipschitz continuous mapping and let NCv
be the normal cone to C at v ∈ C, i.e., NCv = {w ∈ H : 〈u− v, w〉 ≥ 0,∀u ∈ C}. Define

Sv =
{

Av + NCv, v ∈ C;
∅, v /∈ C. (2.7)

Then S is the maximal monotone and 0 ∈ Sv if and only if v ∈ V I(A,C); see [20].

Lemma 2.1. [13] Let H be a real Hilbert space. Given a closed convex subset C ⊂ H and point
x, y, z ∈ H. Given also a real number a ∈ R the set

{v ∈ C : ‖y − v‖2 ≤ ‖x− v‖2 + 〈z, v〉+ a},
is convex and closed.

Lemma 2.2. ([12, Lemma 1.3])Let C be a closed convex subset of H. Given x ∈ H and z ∈ C. Then
z = PCx if and only if there holds the relation

〈x− z, y − z〉 ≥ 0,∀y ∈ C.

Lemma 2.3 (Kim and Xu [9]). Let H be a real Hilbert space. Let C be a nonempty closed convex subset
of H and T : C −→ C be an asymptotically k-strict pseudo-contractive mapping for some 0 ≤ k < 1
with a sequence {kn} such that

∑∞
n=1(kn − 1) < ∞ and the fixed point set of T is nonempty. Then

(I − T ) is demiclosed at zero.

Lemma 2.4. ([17, Lemma 2]) Let the sequence of numbers {an} and {bn} be satisfy that

an+1 ≤ (1 + bn)an, an ≥ 0, bn ≥ 0, and
∞∑

n=1

bn < ∞,∀n ≥ 1.

If lim infn−→∞ an = 0, then limn−→∞ an = 0.

Lemma 2.5. ([23]) Let {rn}, {sn} and {tn} be the three nonnegative sequences satisfying the following
condition:

tn+1 ≤ (1 + sn)rn + tn, ∀n ∈ N.

If
∑∞

n=1 sn <∞ and
∑∞

n=1 tn <∞, then limn−→∞ rn exists.

Lemma 2.6 (Kim and Xu [9]). Let H be a real Hilbert space, C a nonempty subset of H and T : C −→
C be an asymptotically k-strict pseudo-contractive mapping. Then T is uniformly L-Lipschitzian.

Lemma 2.7 (Qin, Cho, Kang, and Shang [18]). Let H be a real Hilbert space, C a nonempty subset
of H and T : C −→ C be an asymptotically k-strict pseudo-contractive mapping. Then the fixed point
set F (T ) is closed and convex.

Lemma 2.8. [7] Let C be a nonempty closed convex subset of H. Let F : C×C −→ R be a bifunction
satisfying (A1)-(A4) and let ϕ : C −→ R be a lower semicontinuous and convex function. For r > 0
and x ∈ H, define a mapping Tr : H −→ C as follows:

Tr(x) = {z ∈ C : F (z, y) + ϕ(y)− ϕ(z) +
1
r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C},

for all x ∈ H. Assume that either (B1) or (B2) holds. Then, the following conclusions hold:

(i) For each x ∈ H,Tr(x) 
= ∅.
(ii) Tr is single-valued;
(iii) Tr is firmly nonexpansive, i.e., for any x, y ∈ H, ‖Trx− Try‖2 ≤ 〈Trx− Try, x− y〉;
(iv) F (Tr) = MEP (F,ϕ).
(v) MEP (F,ϕ) is closed and convex.



6 U. KAMRAKSA AND R. WANGKEEREE

3. Main Results

We are now in a position to prove the main result of this paper.

Theorem 3.1. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let F be a
bifunction from C × C to R satisfying (A1)-(A5) and let ϕ : C −→ R be a lower semicontinuous and
convex function. Let A be a monotone and δ-Lipschitz continuous mapping of C into H. Let, for each
1 ≤ i ≤ N , Ti : C −→ C be an asymptotically ki-strict pseudo-contractive mapping for some 0 ≤ ki < 1
and a sequence {kn,i}. Let k = max{ki : 1 ≤ i ≤ N} and kn = max{kn,i : 1 ≤ i ≤ N}. Assume that
Ω := ∩N

i=1F (Ti) ∩ V I(C,A) ∩ MEP (F,ϕ) 
= ∅. Assume that either (B1) or (B2) holds. Let {xn},
{un}, {yn}, {tn}, {zn} be sequences generated by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x0 = x ∈ H, chosen arbitrary,
F (un−1, y) + ϕ(y)− ϕ(un−1) + 1

rn−1
〈y − un−1, un−1 − xn−1〉 ≥ 0, ∀y ∈ C,

yn−1 = PC(un−1 − λn−1Aun−1),
tn−1 = PC(un−1 − λn−1Ayn−1),
zn−1 = αn−1tn−1 + (1− αn−1)T

h(n)
i(n) tn−1,

Cn−1 = {z ∈ C : ‖zn−1 − z‖2 ≤ ‖xn−1 − z‖2 + θn−1},
Qn−1 = {z ∈ H : 〈xn−1 − z, x− xn−1〉 ≥ 0},
xn = PCn−1∩Qn−1x, ∀n ≥ 1,

(3.1)

where θn−1 = (k2
h(n)−1)(1−αn−1)ρ2

n−1 −→ 0 as n −→∞, where ρn−1 = sup{‖xn−1−z‖ : z ∈ Ω} < ∞.
Assume that {λn} ⊂ [a, b] for some a, b ∈ (0, 1

δ ), {αn} ⊂ [c, d] for some c, d ∈ (k, 1) and {rn} ⊂ (0,∞)
such that lim infn−→∞ rn > 0. Then {xn} ,{un}, {yn}, {tn}, {zn} converge strongly to w = PΩ(x).

Proof. It is obvious that V I(C,A) is closed and convex. By Lemma 2.7 and Lemma 2.8, we have
∩N

i=1F (Ti) and MEP (F,ϕ) are closed and convex. Hence Ω := ∩N
i=1F (Ti)∩ V I(C,A)∩MEP (F,ϕ) is

closed and convex. This implies that PΩ(x) is well defined.
Next, we prove that the sequence {xn} is well defined. From the definition of Cn−1 and Qn−1, it is

obvious that Cn−1 is closed and Qn−1 is closed and convex for each n ∈ N ∪ {0}. We prove that Cn−1

is convex. For any z1, z2 ∈ Cn−1 and t ∈ (0, 1), put z = tz1 + (1 − t)z2. It is sufficient to show that
z ∈ Cn−1. Since the inequality

‖zn−1 − z‖2 ≤ ‖xn−1 − z‖2 + θn−1

is equivalent to

2〈xn−1 − zn−1, z〉 ≤ ‖xn−1‖2 − ‖zn−1‖2 + θn−1,

we have z ∈ Cn−1. Therefore Cn−1 is convex and hence Cn−1 ∩Qn−1 is a closed and convex subset of
H for any n ∈ N.

Next, we show that Ω ⊂ Cn−1 for any n ∈ N. Indeed, let u ∈ Ω and let {Trn
} be a sequence of

mappings defined as in Lemma 2.8. Then u = PC(u− λnAu) = Trn
(u). From un−1 = Trn−1xn−1 ∈ C,

we have

‖un−1 − u‖ = ‖Trn−1(xn−1)− Trn−1(un−1)‖ ≤ ‖xn−1 − u‖. (3.2)

From (2.5), the monotonicity of A, and u ∈ V I(C,A), we have

‖tn−1 − u‖2 ≤ ‖un−1 − λn−1Ayn−1 − u‖2 − ‖un−1 − λn−1Ayn−1 − tn−1‖2
= ‖un−1 − u‖2 − ‖un−1 − tn−1‖2 + 2λn−1〈Ayn−1, u− tn−1〉
= ‖un−1 − u‖2 − ‖un−1 − tn−1‖2 + 2λn−1(〈Ayn−1 −Au, u− yn−1〉

+ 〈Au, u− yn−1〉+ 〈Ayn−1, yn−1 − tn−1〉)
≤ ‖un−1 − u‖2 − ‖un−1 − tn−1‖2 + 2λn−1〈Ayn−1, yn−1 − tn−1〉
= ‖un−1 − u‖2 − ‖un−1 − yn−1‖2 − 2〈un−1 − yn−1, yn−1 − tn−1〉

− ‖yn−1 − tn−1‖2 + 2λn−1〈Ayn−1, yn−1 − tn−1〉
= ‖un−1 − u‖2 − ‖un−1 − yn−1‖2 − ‖yn−1 − tn−1‖2

+ 2〈un−1 − λn−1Ayn−1 − yn−1, tn−1 − yn−1〉.
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Further, Since yn−1 = PC(un−1 − λn−1Aun−1) and A is δ-Lipschitz continuous, we have

〈un−1 − λnAyn−1 − yn−1, tn−1 − yn−1〉 = 〈un−1 − λn−1Aun−1 − yn−1, tn−1 − yn−1〉
+ 〈λn−1Aun−1 − λn−1Ayn−1, tn−1 − yn−1〉

≤ 〈λn−1Aun−1 − λn−1Ayn−1, tn−1 − yn−1〉
≤ λn−1δ‖un−1 − yn−1‖‖tn−1 − yn−1‖.

So, we have

‖tn−1 − u‖2 ≤ ‖un−1 − u‖2 − ‖un−1 − yn−1‖2 − ‖yn−1 − tn−1‖2
+ 2λn−1δ‖un−1 − yn−1‖‖tn−1 − yn−1‖

≤ ‖un−1 − u‖2 − ‖un−1 − yn−1‖2 − ‖yn−1 − tn−1‖2 + λ2
n−1δ

2‖un−1 − yn−1‖2
+ ‖tn−1 − yn−1‖2

= ‖un−1 − u‖2 + (λ2
n−1δ

2 − 1)‖un−1 − yn−1‖2
≤ ‖un−1 − u‖2. (3.3)

It follows from (3.2), (3.3), zn−1 = αn−1tn−1 + (1− αn−1)T
h(n)
i(n) tn−1 and u = T

h(n)
i(n) u that

‖zn−1 − u‖2 = ‖αn−1(tn−1 − u) + (1− αn−1)(T
h(n)
i(n) tn−1 − u)‖2

= αn−1‖tn−1 − u‖2 + (1− αn−1)‖Th(n)
i(n) tn−1 − u‖2

−αn−1(1− αn−1)‖Th(n)
i(n) tn−1 − tn−1‖

≤ αn−1‖tn−1 − u‖2 − αn−1(1− αn−1)‖Th(n)
i(n) tn−1 − tn−1‖2

+ (1− αn−1)[k2
h(n)‖tn−1 − u‖2 + k‖Th(n)

i(n) tn−1 − tn−1‖]
≤ ‖tn−1 − u‖2 + (k2

h(n) − 1)(1− αn−1)ρ2
n−1

− (1− αn−1)(αn−1 − k)‖Th(n)
i(n) tn−1 − tn−1‖2

≤ ‖un−1 − u‖2 + θn−1

− (1− αn−1)(αn−1 − k)‖Th(n)
i(n) tn−1 − tn−1‖2

≤ ‖xn−1 − u‖2 + θn−1. (3.4)

Therefore, u ∈ Cn−1 for all n ≥ 1.
Next, we show that

Ω ⊂ Qn−1, ∀n ≥ 1. (3.5)

We prove this by induction. For n = 1, we have Ω ⊂ C = Q0. Assume that Ω ⊂ Qn−1. Since xn is the
projection of x0 onto Cn−1 ∩Qn−1, by Lemma 2.2, we have

〈x0 − xn, xn − z〉 ≥ 0, ∀z ∈ Cn−1 ∩Qn−1.

In particular, we have

〈x0 − xn, xn − z〉 ≥ 0

for each u ∈ Ω and hence u ∈ Qn. Hence (3.5) holds for all n ≥ 1. Therefore, we obtain that

Ω ⊂ Cn−1 ∩Qn−1, ∀n ≥ 1.

Next, we show that limn−→∞ ‖xn−1 − x‖ exists. Let l0 = PΩx. From xn = PCn−1∩Qn−1x and l0 ∈ Ω ⊂
Cn−1 ∩Qn−1, we have

‖xn − x‖ ≤ ‖l0 − x‖, (3.6)

for every n = 1, 2, . . .. Therefore, {xn} is bounded. From (3.2)-(3.4), we also obtain that {tn}, {zn}
and {un} are bounded. Since xn ∈ Cn−1 ∩Qn−1 ⊂ Cn−1 and xn−1 = PQn−1(x), we have

‖xn−1 − x‖ ≤ ‖xn − x‖,
for every n = 1, 2, . . .. Therefore, limn−→∞ ‖xn−1 − x‖ exists.
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Since xn−1 = PQn−1(x) and xn ∈ Qn−1, using (2.1) we have

‖xn − xn−1‖2 = ‖(xn − x)− (xn−1 − x)‖2
= ‖xn − x‖2 − ‖xn−1 − x‖2 − 2〈xn − xn−1, xn−1 − x〉
≤ ‖xn − x‖2 − ‖xn−1 − x‖2 (3.7)

for every n = 1, 2, . . .. It follows from the existence of limn−→∞ ‖xn − x‖ that

lim
n−→∞ ‖xn − xn−1‖ = 0. (3.8)

Since xn ∈ Cn−1, we have

‖zn−1 − xn‖2 ≤ ‖xn−1 − xn‖2 + θn−1.

So we have

lim
n−→∞ ‖zn−1 − xn‖ = 0.

It follows from (3.8) and the last inequality that

‖xn−1 − zn−1‖ ≤ ‖xn−1 − xn‖+ ‖xn − zn−1‖ −→ 0 as n −→∞. (3.9)

for every n = 1, 2, . . .. For u ∈ Ω, from (3.4) we obtain

‖zn−1 − u‖2 ≤ ‖xn−1 − u‖2 + (λ2
n−1δ

2 − 1)‖un−1 − yn−1‖2 + θn−1 (3.10)

Thus, we have

‖un−1 − yn−1‖2 ≤ 1
1− λ2

n−1δ
2
(‖xn−1 − u‖2 − ‖zn−1 − u‖2 + θn−1)

≤ 1
1− b2δ2

[(‖xn−1 − u‖+ ‖zn−1 − u‖)‖xn−1 − zn−1‖+ θn−1].

It follows from (3.9), limn−→∞ θn−1 = 0 and the boundedness of the sequences {xn} and {zn} that

‖un−1 − yn−1‖ −→ 0 as n −→∞. (3.11)

From the definition of tn−1 and yn−1, we have

‖tn−1 − yn−1‖ = ‖PC(un−1 − λn−1Ayn−1)− PC(un−1 − λn−1Aun−1)‖
≤ ‖(un−1 − λn−1Ayn−1)− (un−1 − λn−1Aun−1)‖
≤ λn−1δ‖yn−1 − un−1‖. (3.12)

Using (3.11), we obtain that limn−→∞ ‖tn−1 − yn−1‖ = 0. From

‖un − tn‖ ≤ ‖un − yn‖+ ‖yn − tn‖.
Hence

‖un − tn‖ −→ 0 as n −→∞. (3.13)
Since A is δ-Lipschitz continuous, we have ‖Ayn−1 −Atn−1‖ −→ 0.

From the fact that k < c ≤ αn−1 ≤ d < 1 and (3.4), we have

(1− d)(c− k)‖tn−1 − T
h(n)
i(n) tn−1‖2 ≤ (1− αn−1)(αn−1 − k)‖tn−1 − T

h(n)
i(n) tn−1‖2

≤ ‖xn−1 − u‖2 − ‖zn−1 − u‖2 + θn−1

≤ (‖xn−1 − u‖+ ‖zn−1 − u‖)‖xn−1 − zn−1‖+ θn−1.

It follows from (3.9), limn−→∞ θn−1 = 0 that

lim
n−→∞ ‖tn−1 − T

h(n)
i(n) tn−1‖ = 0. (3.14)

For u ∈ Ω, we have from Lemma 2.8,

‖un−1 − u‖2 = ‖Trn−1xn−1 − Trn−1u‖2
≤ 〈Trn−1xn−1 − Trn−1u, xn−1 − u〉
=

1
2
{‖un−1 − u‖2 + ‖xn−1 − u‖2 − ‖xn−1 − un−1‖2}.

Hence,

‖un−1 − u‖2 ≤ ‖xn−1 − u‖2 − ‖xn−1 − un−1‖2. (3.15)
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It follows from (3.4) and (3.15) that

‖zn−1 − u‖2 ≤ ‖un−1 − u‖2 + θn−1

≤ ‖xn−1 − u‖2 − ‖xn−1 − un−1‖2 + θn−1. (3.16)

Hence

‖xn−1 − un−1‖2 ≤ ‖xn−1 − u‖2 − ‖zn−1 − u‖2 + θn−1

≤ (‖xn−1 − u‖+ ‖zn−1 − u‖)‖xn−1 − zn−1‖+ θn−1. (3.17)

Since ‖xn−1 − zn−1‖ −→ 0, {xn} and {zn} are bounded, we obtain

lim
n−→∞ ‖xn−1 − un−1‖ = 0. (3.18)

Observe that
‖tn−1 − xn−1‖ ≤ ‖tn−1 − un−1‖+ ‖xn−1 − un−1‖.

Using the inequality (3.13) and (3.18), we get

lim
n−→∞ ‖tn−1 − xn−1‖ = 0. (3.19)

Moreover, we have

‖tn − tn−1‖ ≤ ‖tn − xn‖+ ‖xn − xn−1‖+ ‖xn−1 − tn−1‖ −→ 0 as n −→∞. (3.20)

It follows that
lim

n−→∞ ‖tn − tn+j‖ = 0,∀j = 1, 2, . . . , N. (3.21)

We claim that
lim

n−→∞ ‖tn − Tltn‖ = 0,∀l = 1, 2, . . . , N.

Since, for any positive integer n > N , it can be written as n = (k(n) − 1)N + i(n), where i(n) ∈
{1, 2, . . . , N}. Observe that

‖tn−1 − Tntn−1‖ ≤ ‖tn−1 − T
h(n)
i(n) tn−1‖+ ‖Th(n)

i(n) tn−1 − Tntn−1‖
= ‖tn−1 − T

h(n)
i(n) tn−1‖+ ‖Th(n)

i(n) tn−1 − Ti(n)tn−1‖
≤ ‖tn−1 − T

h(n)
i(n) tn−1‖+ L‖Th(n)−1

i(n) tn−1 − tn−1‖
≤ ‖tn−1 − T

h(n)
i(n) tn−1‖+ L[‖Th(n)−1

i(n) tn−1 − T
h(n)−1
i(n−N)tn−N‖

+ ‖Th(n)−1
i(n−N)tn−N − t(n−N)−1‖+ ‖t(n−N)−1 − tn−1‖]. (3.22)

Since, for each n > N , n = (n−N)( mod N) and n = (k(n)− 1)N + i(n), we have

n−N = (k(n)− 1)N + i(n) = (k(n−N)− 1)N + i(n−N).

That is
k(n−N) = k(n)− 1, i(n−N) = i(n).

Observe that
‖Th(n)−1

i(n) tn−1 − T
h(n)−1
i(n−N)tn−N‖ ≤ L‖tn−1 − tn−N‖ (3.23)

and

‖Th(n)−1
i(n−N)tn−N − t(n−N)−1‖ = ‖Th(n−N)

i(n−N) tn−N − t(n−N)−1‖
≤ ‖Th(n−N)

i(n−N) tn−N − T
h(n)−N
i(n−N) t(n−N)−1‖+ ‖Th(n−N)

i(n−N) t(n−N)−1 − un−N−1‖
≤ L‖t(n−N)−1 − tn−N‖+ ‖Th(n−N)

i(n−N) t(n−N)−1 − tn−N−1‖. (3.24)

It follows from (3.22), (3.23) and (3.24) that

‖tn−1 − Tntn−1‖ ≤ ‖tn−1 − T
h(n)
i(n) tn−1‖+ L(L‖tn−1 − tn−N‖+ L‖t(n−N)−1 − tn−N‖

+ ‖Th(n−N)
i(n−N) t(n−N)−1 − un−N−1‖+ ‖t(n−N)−1 − tn−1‖). (3.25)

Applying (3.14) and (3.21) to (3.25), we obtain

lim
n−→∞ ‖tn−1 − Tntn−1‖ = 0. (3.26)
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Observing that

‖tn − Tntn‖ ≤ ‖tn − tn−1‖+ ‖tn−1 − Tntn−1‖+ ‖Tntn−1 − Tntn‖.
≤ (1 + L)‖tn − tn−1‖+ ‖tn−1 − Tntn−1‖.

From (3.19) and (3.26), one can easily see that

lim
n−→∞ ‖tn − Tntn‖ = 0.

We also have

‖tn − Tn+jtn‖ ≤ ‖tn − tn+j‖+ ‖tn+j − Tn+jtn+j‖+ ‖Tn+jtn+j − Tn+jtn‖.
≤ (1 + L)‖tn − tn+j‖+ ‖tn+j − Tn+jtn+j‖

for any j = 1, 2, ..., N , which give that

lim
n−→∞ ‖tn − Tltn‖ = 0; ∀l = 1, 2, . . . , N. (3.27)

Moreover, for each l ∈ {1, 2, . . . , N}, we obtain that

‖xn − Tlxn‖ ≤ ‖xn − tn‖+ ‖tn − Tltn‖+ ‖Tltn − Tlxn‖
≤ (1 + L)‖xn − tn‖+ ‖tn − Tltn‖ −→ 0 as n −→∞. (3.28)

As {xn} is bounded, there exists a subsequence {xni
} of {xn} such that xni

⇀ w. From the fact that

‖xn−1 − tn−1‖ −→ 0, ‖tn−1 − xn−1‖ −→ 0, ‖yn−1 − un−1‖ −→ 0,

we obtain that
uni

⇀ w, tni
⇀ w and yni

⇀ w, as i −→∞.

Since {xni
},⊂ C and C is closed and convex, we obtain w ∈ C.

Next, we prove that w ∈ Ω := ∩N
i=1F (Ti) ∩ V I(C,A) ∩MEP (F,ϕ).

(a) First, we show that w ∈ ∩N
i=1F (Ti).

From (3.27), we get

‖tni
− Tltni

‖ −→ 0 as i −→∞, ∀l = 1, 2, . . . , N.

By Lemma 2.3, we know that I − Tl is demiclosed at zero and hence w ∈ F (Tl),∀l = 1, 2, . . . , N . That
is

w ∈ ∩N
i=1F (Ti).

(b) Next we prove that w ∈MEP (F,ϕ).

By un = Trnxn, we know that

F (un, y) + ϕ(y) + ϕ(un) +
1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C.

It follows from (A2) that

ϕ(y) + ϕ(un) +
1
rn
〈y − un, un − xn〉 ≥ F (y, un), ∀y ∈ C.

Hence,

ϕ(y) + ϕ(uni
) + 〈y − uni

,
uni

− xni

rni

〉 ≥ F (y, uni
), ∀y ∈ C.

It follows from (A4), (A5), and the weakly lower semicontinuity of ϕ, uni
−xni

rni
−→ 0 and uni

⇀ w that

F (y, w) + ϕ(w)− ϕ(y) ≤ 0, ∀y ∈ C.

For 0 < t ≤ 1 and y ∈ C, let yt = ty + (1− t)w. Since y ∈ C and w ∈ C, we obtain yt ∈ C and hence
F (yt, w) + ϕ(w) + ϕ(yt) ≤ 0. So by (A4) and the convexity of ϕ, we have

0 = F (yt, yt) + ϕ(yt)− ϕ(yt)
≤ tF (yt, y) + (1− t)F (yt, w) + tϕ(y) + (1− t)ϕ(w)− ϕ(yt)
≤ t[F (yt, y) + ϕ(y)− ϕ(yt)].
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Dividing by t, we get

F (yt, y) + ϕ(y)− ϕ(yt) ≥ 0.

Letting t −→ 0, it follows from (A3) and the weakly lower semicontinuity of ϕ that

F (w, y) + ϕ(y)− ϕ(w) ≥ 0,

for all y ∈ C and hence w ∈MEP (F,ϕ).

(c) Next, we prove that w ∈ V I(A,C).

For this purpose, let S be the maximal monotone mapping defined by (2.7):

Sv =
{

Av + NCv, v ∈ C;
∅, v /∈ C.

For any given (v, q) ∈ G(S), hence q −Av ∈ NC(v). Since vn ∈ C, we have

〈v − vn, q −Av〉 ≥ 0.

On the other hand, from yn = PC(un − λnAun), we have

〈v − yn, yn − (un − λnAun)〉 ≥ 0 (3.29)

that is,

〈v − yn,
yn − un

λn
+ Aun〉 ≥ 0. (3.30)

Therefore, we obtain

〈v − yni , w〉 ≥ 〈v − yni , Av〉 ≥ 〈v − yni , Av〉 − 〈v − yni ,
yni

− uni

λni

+ Auni〉

= 〈v − yni , Av −Auni −
yni − uni

λni

〉

= 〈v − yni , Av −Ayni〉+ 〈v − yni , Ayni −Auni〉 − 〈v − yni ,
yni − uni

λni

〉

≥ 〈v − yni
, Ayni

〉 − 〈v − yni
,
yni − uni

λni

+ Auni
〉

= 〈v − yni
, Ayni

−Auni
〉 − 〈v − yni

,
yni − uni

λni

〉. (3.31)

Noting that ‖yni − uni‖ −→ 0 as i −→∞ and A is Lipschitz continuous, hence from (3.31), we obtain

〈v − w, q〉 ≥ 0.

Since S is maximal monotone, we have w ∈ S−10, and hence w ∈ V I(A,C). From (a), (b) and (c), we
conclude that w ∈ Ω.

From l0 = PΩ(x), w ∈ Ω and (3.6), we have

‖l0 − x‖ ≤ ‖w − x‖ ≤ lim inf
i−→∞

‖xni
− x‖ ≤ lim sup

i−→∞
‖xni

− x‖ ≤ ‖l0 − x‖.

So, we obtain

lim
i−→∞

‖xni − x‖ = ‖w − x‖.
From xni − x ⇀ w − x, we have xni − x −→ w − x and hence xni −→ w. Since xn = PQn(x) and
l0 ∈ Ω ⊂ Cn ∩Qn ⊂ Qn, we have

− ‖l0 − xni‖2 = 〈l0 − xni , xni − x〉+ 〈l0 − xni , x− l0〉 ≥ 〈l0 − xni , x− l0〉.
As i −→ ∞, we obtain −‖l0 − w‖2 ≥ 〈l0 − w, x − l0〉 ≥ 0 by l0 = PΩ(x) and w ∈ Ω. Hence we have
w = l0. This implies that xn −→ l0. It is easy to see un −→ l0, yn −→ l0, tn −→ l0 and zn −→ l0. The
proof is completed. �

Remark 3.2. Theorem 3.1 generalizes and improves Theorem PS in [14] from a k-strict pseudo-
contractive mapping to more general class of asymptotically k-strict pseudo-contractive mappings?.
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Theorem 3.3. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let F be
a bifunction from C × C to R satisfying (A1)-(A5) and let ϕ : C −→ R be a lower semicontinuous
and convex function. Let A be a monotone and δ-Lipschitz continuous mapping of C into H. Let,
for each 1 ≤ i ≤ N , Ti : C −→ C be an asymptotically ki-strict pseudo-contractive mapping for some
0 ≤ ki < 1 and a sequence {kn,i} such that

∑∞
n=0(kn,i − 1) < ∞. Let k = max{ki : 1 ≤ i ≤ N} and

kn = max{kn,i : 1 ≤ i ≤ N}. Assume that F := ∩N
i=1F (Ti) ∩ V I(C,A) ∩MEP (F,ϕ) 
= ∅. Assume

that either (B1) or (B2) holds. Let {xn}, {un}, {tn}, {yn} be sequences generated by⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x0 = x ∈ H, chosen arbitrary,
F (un−1, y) + ϕ(y)− ϕ(un−1) + 1

rn−1
〈y − un−1, un−1 − xn−1〉 ≥ 0, ∀y ∈ C,

yn−1 = PC(un−1 − λn−1Aun−1),
tn−1 = PC(un−1 − λn−1Ayn−1),
xn = αn−1tn−1 + (1− αn−1)T

h(n)
i(n) tn−1, ∀n ≥ 1,

(3.32)

where θn−1 = (k2
h(n) − 1)(1 − αn−1)ρ2

n−1 −→ 0 as n −→ ∞, where ρn−1 = sup{‖xn−1 − z‖ : z ∈
F} < ∞. Assume that {λn} ⊂ [a, b] for some a, b ∈ (0, 1

k ), {αn} ⊂ [c, d] for some c, d ∈ (k, 1) and
{rn} ⊂ (0,∞) such that lim infn−→∞ rn > 0. Then {xn}, {un}, {yn}, {tn} converge weakly to w ∈ Ω,
where w = limn−→∞ PΩxn.

Proof. Let u ∈ Ω and let {Trn} be a sequence of mappings defined as in Lemma 2.8. Then u =
PC(u− λnAu) = Trn(u). As in the proof of Theorem 3.1, we know that (3.2), (3.3), (3.12) and (3.15)
still hold. It follows from (3.2), (3.3) and xn = αn−1tn−1 + (1− αn−1)T

h(n)
i(n) tn−1 that

‖xn − u‖2 = ‖αn−1(tn−1 − u) + (1− αn−1)(T
h(n)
i(n) tn−1 − u)‖2

= αn−1‖tn−1 − u‖2 + (1− αn−1)‖Th(n)
i(n) tn+1 − u‖2

−αn−1(1− αn−1)‖Th(n)
i(n) tn−1 − un−1‖

≤ αn−1‖tn−1 − u‖2 − αn−1(1− αn−1)‖Th(n)
i(n) tn−1 − tn−1‖

+ (1− αn−1)[k2
h(n)‖tn−1 − u‖2 + k‖Th(n)

i(n) tn−1 − un−1‖]
≤ k2

h(n)‖tn−1 − u‖2 − (1− αn−1)(αn−1 − k)‖Th(n)
i(n) tn−1 − tn−1‖2

≤ k2
h(n)‖un−1 − u‖2 + k2

h(n)(λ
2
nk2 − 1)‖un−1 − yn−1‖2

− (1− αn−1)(αn−1 − k)‖Th(n)
i(n) tn−1 − tn−1‖2

≤ k2
h(n)‖xn−1 − u‖2 + k2

h(n)(λ
2
nk2 − 1)‖un−1 − yn−1‖2

− (1− αn−1)(αn−1 − k)‖Th(n)
i(n) tn−1 − tn−1‖2

≤ (1 + (k2
h(n) − 1))‖xn−1 − q‖2. (3.33)

It follows from Lemma 2.5 that limn−→∞ ‖xn − u‖ exists and hence {xn} is bounded. From (3.2) and
(3.3), we also obtain that {tn} and {un} are bounded. By (3.33), we have

k2
h(n)(1− λ2

nk2)‖un−1 − yn−1‖2 ≤ k2
h(n)‖xn−1 − u‖2 − ‖xn − u‖2.

and hence

‖un−1 − yn−1‖2 ≤ 1
k2

h(n)(1− λ2
nk2)

(k2
h(n)‖xn−1 − u‖2 − ‖xn − u‖2).

The existence of limn−→∞ ‖xn − u‖ and limn−→∞ kh(n) = 1 imply that

‖un−1 − yn−1‖ −→ 0 as n −→∞.

It follows from (3.12) that limn−→∞ ‖tn − yn‖ = 0. From ‖un − tn‖ ≤ ‖un − yn‖ + ‖yn − tn‖ we also
have

‖un − tn‖ −→ 0 as n −→∞.
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As A is δ-Lipschitz continuous, we have ‖Ayn−1 −Atn−1‖ −→ 0.
From (3.33) and (3.2), we also have

‖xn − u‖2 ≤ k2
h(n)‖xn−1 − u‖2 − (1− αn−1)(αn−1 − k)‖Th(n)

i(n) tn−1 − tn−1‖2, (3.34)

for every n = 1, 2, . . .. From k < c ≤ αn ≤ d < 1 and (3.34), we have

(1− d)(c− k)‖tn−1 − T
h(n)
i(n) tn−1‖2 ≤ (1− αn−1)(k − αn−1)‖tn−1 − T

h(n)
i(n) tn−1‖2

≤ k2
h(n)‖xn−1 − u‖2 − ‖xn − u‖2.

This implies that

lim
n−→∞ ‖tn−1 − T

h(n)
i(n) tn−1‖ = 0. (3.35)

Then, by (3.33) and (3.15), we have

‖xn − u‖2 ≤ k2
h(n)‖un−1 − u‖2

≤ k2
h(n)‖xn−1 − u‖2 − k2

h(n)‖xn−1 − un−1‖2.
Hence,

k2
h(n)‖xn−1 − un−1‖2 ≤ k2

h(n)‖xn−1 − u‖2 − ‖xn − u‖2.
(3.36)

Thus, we obtain
‖xn−1 − un−1‖ −→ 0.

From ‖tn−1 − xn−1‖ ≤ ‖tn−1 − un−1‖+ ‖xn−1 − un−1‖, we also have

‖tn−1 − xn−1‖ −→ 0.

The same methods as in the proof of Theorem 3.1 imply that for each l ∈ {1, 2, . . . , N},
lim

n−→∞ ‖xn − Tlxn‖ = 0. (3.37)

Since {xn} is bounded and H is reflexive, then there exists a subsequence {xni
} of {xn} such that

xni ⇀ w. From ‖xn−1 − un−1‖ −→ 0 and ‖tn−1 − xn−1‖ −→ 0, we obtain that uni ⇀ w and tni ⇀ w.
Since {uni} ⊂ C and C is closed and convex, we obtain w ∈ C. Exactly as in the proof of Theorem
3.1, we can obtain that w ∈ Ω.

Let {xnj
} be another subsequence of {xn} such that xnj

⇀ z. Then z ∈ Ω. Let us show w = z.
Assume that w 
= z. From the Opial condition, we have

lim
n−→∞ ‖xn − w‖ = lim inf

i−→∞
‖xni

− w‖
< lim

i−→∞
‖xni

− z‖ = lim
n−→∞ ‖xn − z‖

= lim inf
j−→∞

‖xnj − z‖
< lim inf

j−→∞
‖xnj

− w‖ = lim
n−→∞ ‖xn − w‖. (3.38)

This is a contradiction. Thus, we have w = z. This implies that xn ⇀ w ∈ Ω. Since ‖xn−1−un−1‖ −→
0, we have un ⇀ w ∈ Ω. Since ‖yn−1 − un−1‖ −→ 0, we have also yn ⇀ w ∈ Ω.

Now we put wn = PΩ(xn). We show that w = limn−→∞ wn. From wn = PΩ(xn) and w ∈ Ω, we
have

〈w − wn, wn − xn〉 ≥ 0. (3.39)

From (3.33) and Lemma 3.2 in [22], we know that {wn} converges strongly to some w0 ∈ Ω. Then, we
have

〈w − w0, w0 − w〉 ≥ 0

and hence w = w0. The proof is now complete. �
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Remark 3.4. (i) Theorem 3.3 generalizes and improves Theorem PW in [14] from a k-strict pseudo-
contractive mapping to more general class of asymptotically k-strict pseudo-contractive mappings.

(ii) Setting A = 0 and ϕ = 0 in Theorem 3.3, we obtain the result which generalizes and improves
Theorem 3.1 in Ceng, AI-Homidan, Ansari and Yao [5] from a k-strict pseudo-contractive mapping to
a finite family of asymptotically k-strict pseudo-contractive mappings?.

A direct consequences of Theorem 3.3, we derive the following theorem of Qin, Cho, Kang and Shang
[18].

Theorem 3.5. ([18, Theorem 2.1]) Let C be nonempty closed convex subset of a real Hilbert space H
and N ≥ 1 be an integer. Let, for each 1 ≤ i ≤ N,Ti : C −→ C be an asymptotically ki-strict pseudo-
contractive mapping for some 0 ≤ ki ≤ 1 and a sequence {kn,i} such that

∑∞
n=0(kn,i − 1) < ∞. Let

k = max{ki : 1 ≤ i ≤ N} and {kn} = max{kn,i : 1 ≤ i ≤ N}. Assume that ∩N
i=1F (Ti) is nonempty.

For any x0 ∈ C, let {xn} be a sequence generated initially by arbitrary element x0 ∈ C and then by

xn = αn−1xn−1 + (1− αn−1)T
h(n)
i(n) xn−1;∀n ≥ 1,

where {αn} is a sequence in [α, β] for some α, β ∈ (k, 1). Then, the sequences {xn} converges weakly
to a common fixed point of the family {Ti}N

i=1.

Proof. Put F (x, y) = 0 for all x, y ∈ C, rn = 1 for all n ≥ 0 and A = 0 in Theorem 3.3. Thus, we
have un = xn. Then the sequence {xn} generated in Theorem 3.5 converges weakly to a common fixed
point of the family {Ti}N

i=1.
�
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