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1. R. Wangkeeree, U. Kamraksa, An iterative approximation method for solving a general system of
variational inequality problems and Mixed equilibrium problems, Nonlinear Analysis: Hybrid Systems
3 (2009) 615-630.

In this paper, we first introduce our iterative scheme. Consequently, we will establish strong
convergence theorems for this iterative scheme. To be more specific, let S1,S2,... be infinite
mappings of C into itself and {¢;} be a nonnegative real sequence with 0 < & < 1, Vi > 1. For any
n € N, define a mapping W,, of C into itself as follows:

U1 = 1,
Uin = &SaUnmi1r + (1= &)1,

Unn-1 = &u-15n-1Unn+ (1 —E&—1)],

(0.1)

Uni = &SeUngt1+ (1— &),

Unjk—1 = Ep—1Sp—1Unp + (1 —&—1)I,
Uno = p2S2Ups+ (1—E&2)1,

Wo,=Up1 = &S1Un2+(1—-8&)I.

Nonexpansivity of each S; ensures the nonexpansivity of W,,. The mapping W, isis called a W-mapping
generated by S1,55,...,5, and &1, &, ..., &,.
The general system of variational inequality problem is to find (z*,y*) € C' x C such that
MNy* +z* —y*,x—2*) >0, Yz e C,
(uBy* +y* —a*,x —y*) >0, Vz € C,

(0.2)

where A > 0 and g > 0 are two constants.

Throughout this paper, we will assume that 0 < £, < £ < 1,¥n > 1. Concerning W,, defined by
(0.5), we have the following lemmas which are important to prove our main result. Now we only need
the following similar version in Hilbert spaces.

Algorithm 1 Let C' be a nonempty closed convex subset of a real Hilbert space H. Let o : C — R
be a lower semicontinuous and convex functional. Let © : C' x C — R be an equilibrium bifunction
satisfying conditions (H1)- (H3) and let {S,,} be an infinite family of nonexpansive mappings of C' into
itself. Let r,v > 0 be two constants. Let f be a contraction of C' into itself with coefficient a € (0,1)
and let T" be a strongly positive bounded linear operator with coefficient ¥ > 0 such that 0 <7 < 1.
Let A: C — H be a La-Lipchitzian and relaxed (¢, d)-cocoercive mapping and B : C — H be a
Lp-Lipchitzian and relaxed (¢, d")-cocoercive mapping. Suppose the sequences {x, }, {y.} and {u,}
are generated iteratively by

x1 € C chosen arbitrary,

O(un,y) +@(y) = p(un) + (K (un) — K'(z0),n(2,un)) 2 0, Va € C,
Yn = Pc(un — pBuy),

Tnt1 = oV f(2n) + Bnn + (1 = )] — anT)WoPo(yn — AAyn),

where {«a, }and {8, } are two sequences in (0,1) and W,, defined by (0.5).
1



Now we study the strong convergence of the hybrid iterative method (0.52).
Theorem 1. Let C' be a closed convex subset of a real Hilbert space H and let ¢ : C — R be a
lower semicontinuous and convex function. Let© : C' x C' — R be an equilibrium bifunction satisfying
conditions (H1)- (H3), A : C — H be a L4-Lipchitzian and relaxed (¢, d)-cocoercive mapping and
B: C — H be a Lg-Lipchitzian and relaxed (¢, d")-cocoercive mapping. Let {5, } be a sequence of
nonexpansive mappings of C into itself such that F := NS, F(S,) NQNGVI(C, A, B) # (. Let f be
a contraction of C' into itself with coefficient « € (0,1) and T be a strongly bounded linear operator on
H with coefficient 5 and 0 < v < Z. Assume that
(i) n: C x C — H is Lipschitz continuous with constant A > 0 such that
(@) n(z,y) +n(y,z) =0forallz,y € C,
(b) n(-,-) is affine in the first variable,
(c) for each fixed y € C, x — n(y, z) is sequentially continuous from the weak topology
to the weak topology;

(i) K : C — R is n-strongly convex with constant ¢ > 0 and its derivative K’ is not only
sequentially continuous from the weak topology to the weak topology but also Lipschitz
continuous with constant v > 0 such that o > \v;

(i) foreach z € C; there exist a bounded subset D,, C C' and u, € C such thatforanyy € C\D,,

O, ua) +olus) — (1) + (K () ~ K/ (@), nua,y)) < 0 0.4

2(d—cL?)
L2

(iv) limy,— oo oy = 0, Y00 jay = 00, 0 < liminf,,— o0 3, < limsup, B, <1, A <
A

and 1 S %
Givenz; € C arbitrary, then the sequence {z,}, {y»} and {u,, } generated iteratively by (0.52) converge
stronglytoz € Fwhere & = Pr(vf+(I—T))(Z), whichis the unique solution of the variational inequality

and (z, ¢) isasolution of general system of variational inequality problem (0.2) such that§ = Po (2 —uBz).
2. R. Wangkeeree, U. Kamraksa, A General Iterative Method for Solving the Variational Inequality
Problem and Fixed Point Problem of an Infinite Family of Nonexpansive Mappings in Hilbert Spaces, Fixed

Point Theory and Applications ,Volume 2009, Article ID 369215, 23 Pages doi:10.1155/2009/369215

In this paper, we study the mapping W,, defined by

Unny1 = 1,
Unn = pnTpUnpnsr + (1= pn)l,

Unn-1 = pn-1Tn-1Unn+ (1 — pin_1)1,

(0.5)

Unk = wTrUnp1+ (1 — pi),

Unj-1 = pk—1Tr—1Unp + (1 — prp—1)1,
Un2 = poToUns+ (1 — p2)l,

Wp=Up1 = wmTiUpo+ 1 —pm)l,

where {u;} is a nonnegative real sequence with 0 < u; < 1,Vi > 1, Ty, T3, ... form a family of infinitely
nonexpansive mappings of C' into itself. Nonexpansivity of each T; ensures the nonexpansivity of W,,.
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Such a W, is nonexpansive from C to C and itis called a W-mapping generated by T3, 1>, ..., T, and

M1y 25 - -5 U
In this paper, we will introduce a new iterative scheme:

r1 = x € C chosen arbitrary,

Yn = ﬂnxn + (1 - ﬁn)WnZny

Tnt1 = @Y f(@n) + 6nxn + (1 — 0,)] — anA)Po(yn — AnByn),
where W,, is a mapping defined by (0.5), f is a contraction , A is strongly positive linear bounded
self-adjoint operator, B is a a-inverse strongly monotone and prove that under certain appropriate
assumptions on the sequences {a,}, {6n}, {7} and {4,}, the sequences {z,} defined by (0.52)
converges strongly to a common element of the set of common fixed points of a family of {7, } and the

set of solutions of the variational inequality for an inverse-strongly monotone mapping, which solves
some variational inequality and is also the optimality condition for the minimization problem :

(0.6)

géiél %(Ax, z)y — h(x), (0.7)

where h is a potential function for v f(i.e., h'(z) = ~f(z) for x € H).

Theorem 1. Let C be a closed convex subset of a real Hilbert space H, f be a contraction of
C into itself, B be an a-inverse strongly monotone mapping of C into H and {T; : C — C'} be a
family of infinitely nonexpansive mappings with F := N2, F(T;) N VI(B,C) # 0. Let A be a strongly
positive linear bounded self-adjoint operator with the coefficient¥ > 0 such that || A|| < 1. Assume that
0 <y <2 Let{an}, {Ba}, {7n} and {4,} be sequences in [0, 1] satisfying the following conditions:
C1) lim,——oo ap = 0,307 @y = 00,

C2) 0 < liminf,, . d, <limsup,,_ . 6, <1,
C3) (14 Bn)yn — 208, > dforsome d € (0,1),
C4) limy,—— oo |Bns1 — Bnl = limy—— oo |Ynt1 — vn| = 0 and
(C5) 30 1 |1An = Anci] < 0o and {\,} C [a,b] for some a,b € (0, 2a).
Then the sequence {x,,} defined by (0.52) converges strongly to ¢ € F, where ¢ = Pr(vf + (I — A))q
which solves the following variational inequality

(vflg) —Ap,p—q) <0, VpeF.

(
(
(
(

In this section, we obtain two results by using a special case of the proposed method.

Theorem 2. Let H be a real Hilbert space. Let B be an a—inverse strongly monotone mapping on
H, {T; : H — H} be a family of infinitely nonexpansive mappings with F := N, F(T;) N B=1(0) # 0.
Let f : H — H acontraction with coefficient « € (0,1) and let A be a strongly positive bounded linear
operator on H with coefficienty > 0and 0 < v < g Suppose the sequences {z,},{yn} and {z,} be
generated by

x1 =z € H chosen arbitrary,

Zn = TnTn + (1 - 'Yn)anna

Tn+1 = O‘n’}/f(xn) +opTn + ((1 - 571)[ - anA)(yn - )‘nByn)’
where {a,}, {8n}, {7} and {\,} are sequences in [0, 1] satisfying the following conditions:

(C1) limy— oo ot = 0,207 | vy = 00,



(C2) 0 <liminf, .o 6, <limsup,,__ ., 0, <1,
(C3) (14 Bn)yn — 28, > aforsome a e (0,1),
(C4) limy o0 [Bnt1 — Bnl = limy— o0 [Ynt1 — 10| = 0,
(C5) >0 1A — An—1] < oo and {\,} C [a,b] for some a,b € (0, 2c).
Then {z,},{y} and {z,} converge strongly to ¢ = Pr(vf + (I — A))(q) which solves the variational
inequality:
(A=7vfla,q—=2) <0, z€F.

Theorem 3. Let C' be a closed convex subset of a real Hilbert space H. For any integer
N > 1, assume that, foreach 1 < i < N,S; : C — H is a k;-strictly pseudocontractive mapping
for some 0 < k; < 1. Let {T; : C — C} be a family of infinitely nonexpansive mappings with
F =02, F(T) NN, F(S;) # 0. Let f : C — C a contraction with coefficient a € (0,1) and let A be
a strongly positive bounded linear operator with coefficienty > 0and 0 < v < % Let the sequences
{zs},{y»} and {z,} be generated by

x1 = x € H chosen arbitrary,
Zp = YnTn + (1 - ’Yn)anna
Zn1 = 0V f (@) + Snn + (1= 00)T = anA)Po((L = Ma)yn — An Xily #iSiyn),
where {a,}, {6n}, {7} and {\,} are the sequences in [0, 1] satisfying the following conditions:
(C1) limy— oo v, = 0,207 | vy = 00,
(C2) 0 <liminf,, & 6, <limsup,,_ . 6, <1,
(C3) (1+ Bu)Yn — 26, > aforsome a € (0,1),
(C4) hmn—>oo |ﬂn+1 - ﬂn' = hmn—»oo |7n+1 - ’7n| = 07
(C5) >0 1A — An—1] < 0o and {\,} C [a,b] for some a,b € (0, 2a).
Then {z,},{yn} and {z,} converge strongly to ¢ = Pr(vf + (I — A))(g) which solves the variational
inequality:

3. P. Kumam, N. Petrot, R. Wangkeeree , A hybrid iterative scheme for equilibrium problems and fixed
point problems of asymptotically k-strict pseudo-contractions, Journal of Computational and Applied
Mathematics, 233,8(2010), 2013-2026

Let C be a closed convex subset of a real Hilbert space H. Let ¢ be a bifunction of C' x C into R,
where R is the set of real numbers. The equilibrium problem for ¢ : C x C — Riis to find 2 € C such
that

$(z,y) 20, VyeC. (0.8)
The set of solutions of (0.8) is denoted by EP(¢). Numerous problems in physics, optimization, and
economics are reduced to find a solution of (0.8). Some methods have been proposed to solve the
equilibrium problem. In 2005, Combettes and Hirstoaga introduced an iterative scheme of finding
the best approximation to the initial data when EP(¢) is nonempty and they also proved a strong
convergence theorem.

For solving the equilibrium problem, let us assume that the bifunction ¢ satisfies the
following conditions:

(A1) ¢(z,z) =0forallz € C,



(A2) ¢ is monotone, i.e., ¢(x,y) + ¢(y,z) < 0forany z,y € C;
(A3) ¢ is upper-hemicontinuous, i.e., for each z,y, 2z € C,

limsup, g+ ¢(tz + (1 — t)z,y) < ¢(x,y);
(Ad) ¢(z,-) is convex and lower semicontinuous for each z € C.
Theorem 1. Let C be nonempty closed convex subset of a real Hilbert space H and N > 1 be an
integer, ¢ : C x C — R be a bifunction satisfying (A1) — (44). Let, foreach1 <i< N,T; : C — C
be an asymptotically k;-strictly pseudo-contractive mapping for some 0 < k; < 1 and a sequence
{kn,i} suchthat > ((kn; — 1) < oo. Letk = max{k; : 1 <i < N} and k, = maz{k,;:1<i< N}
Assume that F := NY_, F(T;) N EP()) is nonempty. Forany =g € C, let {z,,} and {u,} be sequences
generated initially by arbitrary element zq € C and then by

Qs(unflay) + r"{l <y —Un—-1,Un-1 — In71> Z 07Vy € Ca

(0.9)
Ty = Qp—1Up—1 + (1 — an_l)Ti}Eg;)un_l;Vn > 1.

where {a, } and {r,} satisfy the following conditions:
(C1) {an} C e, 8], 0, 8 € (K, 1), and
(C2) {rn} C (0,00) and liminf, . r, > 0.
Then, the sequences {z,} and {u,} converge weakly to an element of F.

Theorem 2. Let C be nonempty closed convex subset of a real Hilbert space H and N > 1 be an
integer, ¢ : C x C — R be a bifunction satisfying (A1) — (A4). Let, foreach1 <:< N,T;: C — C
be an asymptotically k; strictly pseudo-Contractive mapping for some 0 < u; < 1 and a sequence
{kn i} suchthat >0 ((kn,; — 1) < co. Letk = max{k; : 1 <i < N} and k, = maz{k,,; : 1 <i < N}.
Assume that F' := N, F(T;) N EP(¢) is nonempty. For any zo € C, let {z,,} and {u,} be sequences
generated initially by arbitrary element zy € C' and

¢(un—17y) + rnlil <y — Up—1;Un—1 — $n—1> 2 O,Vy eC

h(n) (0.10)
Ty = Qp_1Un—1 + (1 — an,l)Ti(n) Up—1, Vn >1,
where {a,,} and {r,} satisfy the following conditions:
(1) {an} C [a, G] for some «, 5 € (k, 1), and
(2) {rn} € (0,00) and liminf,, . 7, > 0.
Then, thesequences {z, } and {u, } converge stronglytoanelementof Fifandonlyifliminf,, .. d(x,, F) =
0, where d(z,, F') denotes the metric distance from the point x,, to F'.

Theorem 3. Let C be nonempty closed convex subset of a real Hilbert space H and N > 1 be an
integer, ¢ : C'x C' — R be a bifunction satisfying (A1) — (A4). Let,foreach1 <i < N,T; : C — C be
an asymptotically k;-strictly pseudo-contractive mapping for some 0 < k; < 1 and a sequence {k,,;}.
Let k = maz{k; : 1 <i < N} and k, = maz{k,;:1<i< N}. Assume that F := N, F(T;) N EP(¢)
is nonempty and let z € H. For Cy = C, let {z,} and {u,} be sequences generated the following
algorithm:

To = PCoxa

Un—1 € C such that ¢(un—_1,y) +

<y —Up—-1,Un—-1 — xn—1> 2 07Vy S Cv

Tn—1

Yn—1 = Qp—1Up—1 + (1 — an_l)Tilzgg)un_l;Vn >1, (01 1)
Cn - {U S Cn—l : ||yn—1 - UHQ S ”xn—l - UHQ + 9n—1}7

Ty, = Po,z,Yn > 1,
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where by, 1 = (k3 )~ 1)(1=an_1)pj_; — coasn — co,where p,_1 = sup{|lz,—1—v| : v € F} < 0,
and {a,} C [a, 0] for some a, 8 € (k,1) and {r,} C (0,00) such that liminf,,_ .. 7, > 0. Then {z,}
converges strongly to Pay  p(7)nEp(¢)T-

Theorem 4. Let C be nonempty closed convex subset of a real Hilbert space H and N > 1 be an
integer, ¢ : C'x C' — R be a bifunction satisfying (A1) — (A4). Let,foreach1 <i < N,T; : C — C be
an asymptotically k;-strictly pseudo-contractive mapping for some 0 < k; < 1 and a sequence {k ;}.
Letk = maxz{k; : 1 <i < N} and k, = max{k,, : 1 <i < N}. Assume that F := N}, F(T;) N EP(¢)
is nonempty. Let {z,} and {u,} be sequences generated the following algorithm:

xo = u € C chosen arbitrarily ,

Un—1 € Csuch that ¢(up—1,y) + (Y — Un—1,Un—1 — Tn_1) > 0;Vy € C,

Tn—1

Yn—1 = Qp—1Up—1 + (1 - Oénfl)Ti}EEZ;)unfl;vn > 17

(0.12)
Cn1={ve€C: lyn—1 —|* < |zn1 —v[|> + 001},

Qn1={veC:{xg—p_1,Tn_1—v) >0},

Tn = Pcnflﬁanlx(hvn Z 17

wheref,,_; = (ki(n)—l)(l—an_l)p%_l — ocoasn — oo, wWherep,_1 = sup{||z,_1—v|| : v € F} < o0,

and {a,,} C [a, §] for some «, 3 € (k,1) and {r,} C (0,00) such that liminf, .., > 0. Then {z,}
converges strongly to Prxy.

4. R. Wangkeeree and R. Wangkeeree, The Shrinking Projection Method for Solving Variational
Inequality Problems and Fixed Point Problems in Banach Spaces, Abstract and Applied Analysis,
Volume 2009, Article ID 624798, 26 pages doi:10.1155/2009/624798

Let E' be a Banach space and let C' be a nonempty, closed and convex subsetof E. LetA : C — E*
be an operator. The classical variational inequality problem [?] for A is to find z* € C such that

(Az*,y —a*) > 0,Vy € C, (0.13)

where E* denotes the dual space of FE and (-, -) the generalized duality pairing between FE and E*.
The set of all solutions of (0.17) is denoted by VI(A, C). Such a problem is connected with the convex
minimization problem, the complementarity, the problem of finding a point * € FE satisfying 0 = Ax*,
and so on.

Theorem 1. Let E be a 2-uniformly convex and uniformly smooth Banach space, and let C' be a
nonempty closed convex subset of E. Let A be an operator of C'into E* satisfying (C1) and (C2), and
let {S;}icr and {T;};er be two families of closed quasi-¢-nonexpansive mappings of C into itself with
F:=NierF(T;) NNier F(S;) NVI(A,C) is nonempty, where I is an index set. Let {x,,} be a sequence



generated by the following manner:

xo € C chosen arbitrary

Ci,;=C,Cr=n2,Cyi,21 =g, (xg) Viel,

Wp; = Mo M (Jzy — A iAxy),

2ng = J B T + BT Tian + B TS wn.:),

Yni = J HaniJro + (1 — ani)2ni),

Cni1i ={u € Crit ¢(u,yni) < 0(u, 20) + i i(||0l|? + 2(u, Jz,, — J20))},

Crnt1 = NierCrs,,

(0.14)

T+l = ch+1x0, vn Z 0,

where J is the duality mapping on E, {A,;},{ax,:} and {ﬂfﬂ} (j = 1,2,3) are sequences in (0,1)
satisfying the following conditions:
(i) imy,— oo an; =0forallieI;
(i) Foralli e I, {\,;} C [a,b] for some a,b with 0 < a < b < ‘322‘1, where 1 is the 2-uniformly
convexity constant of F;
(iif) ﬁflll) + ﬂfi + ﬁf’z = 1foralli € I and if one of the following conditions is satisfied
(a) liminf, .. A)8Y; > 0foralll =23 andforalli e I and
(b) liminf, .o 876" > 0 and lim, .o ) = 0 foralli € I.

Then the sequence {x,,} converges strongly to IIpxq, where Il is the generalized projection from C
onto F.

From Theorem 1 we can obtain some new and interesting strong convergence theorems. Now we
give some examples as follows:

If ﬁf}} =0foralln>0,T; =S; foralli € I and A = 0in Theorem ??, then we have the following
result.

Theorem 2. Let E be a uniformly convex and uniformly smooth Banach space, and let C' be
a nonempty closed convex subset of E. Let {T;};c; be a family of closed quasi-¢-nonexpansive
mappings of C into itself with F' := N;c; F(T;) is nonempty, where I is an index set. Let {x,,} be a
sequence generated by the following manner:

xo € C chosen arbitrary

C1,=C,Ch=n2,C1 4,21 =g, (xg) Viel,

Yni = J HaniJro + (1 — ani)JTizn),

Crt1,i = {u € Cpi : G(u,yn i) < B, xn) + ani([|xo|* + 2(u, Tz, — Jz0))},

Crnt1 = NierCrs,,

(0.15)

Tny1 = g, 20, Yn >0,

where Jis the duality mappingon E, {«,, ; } isasequencein (0, 1) suchthatlimsup,, . a,; =0,Vi € I.
Then the sequence {z,} converges strongly to IIrzo, where Il is the generalized projection from C
onto F.

Now we consider the problem of finding a zero point of an inverse-strongly monotone operator of £
into E*. Assume that A satisfies the conditions:

(C1) A is a-inverse-strongly monotone,

(C2) A1 0={ue E: Au=0}#0.



Theorem 3. Let E be a 2-uniformly convex and uniformly smooth Banach space. Let A be an
operator of E into E* satisfying (C1) and (C2), and let {S;}icr and {T; }.er be two families of closed
guasi-¢-nonexpansive mappings of F into itself with F := N1 F(T;) N Nier F(S;) N A~10 is nonempty,
where I is an index set. Let {x,,} be a sequence generated by the following manner:

xo € E chosen arbitrary

Ci;=FE,Ci =n2,C1,21 =1¢, (zg) Viel,

Whi = J N2y — A Azy),

i = I B Tz + B I Ty, + B TS wn,),

Yni = J HaniJro + (1 — ani)2ni),

Crr1,i = {u € Cpji : G, Yni) < S, 2) + ani([|2oll* + 2(u, Jo — Jwo))},

Cnt1 = NierCrs,

(0.16)

Tny1 = g, 20, Yn >0,

where J is the duality mapping on E, {\,,;}, {a..: } and {ﬁff;z} ( =1,2,3) are sequencesin (0,1) such
that
(1) lim,— oo avn; =0foralli e I;
(i) Foralli e I, {\,:} C [a,b] for some a,b with 0 < a < b < CZT“ where % is the 2-uniformly
convexity constant of E;
(iii) ﬁfll’z + ﬁfz + ﬁfff = 1forall i € I and if one of the following conditions is satisfied
(@) liminf,, o ﬁﬁjzﬁfﬂ > 0foralll=2,3and foralli € I and
(b) liminf, o 876" > 0and lim, .o B') = 0foralli € I.
Then the sequence {x,,} converges strongly to IIpxq, where I1r is the generalized projection from C
onto F'.

5. U. Kamraksa, R. Wangkeeree, A hybrid iterative scheme for variational inequality problems for finite
families of relatively weak quasi-nonexpansive mappings, Journal of Inequalities and Applications,
Volume 2010, Article ID 724851, 23 pages

Let E be a Banach space and let C be a nonempty, closed and convex subsetof E. LetA : C — E*
be an operator. The classical variational inequality problem for A is to find z* € C such that

(Az™,y —2*) > 0,Vy € C, 0.17)

where E* denotes the dual space of E and (-, -) the generalized duality pairing between FE and E*.
The set of all solutions of (0.17) is denoted by VI(A, C). Such a problem is connected with the convex
minimization problem, the complementarity, the problem of finding a point * € E satisfying 0 = Ax*,
and so on. First, we recall that a mapping A : C' — E* is said to be:

(i) monotone if (Ax — Ay, x —y) >0, Va,y € C.
(i) a-inverse-strongly monotone if there exists a positive real number « such that

(Az — Ay, —y) > af|Az — Ay|*, Vz,y € C.
Let J be the normalized duality mapping from E into 2&” given by
Jo={x" € B": (z,2%) = [lz|[[|lz"[], =[] = [|="[},Vz € E.

Itis well known that if E* is uniformly convex, then J is uniformly continuous on bounded subsets of £
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Theorem 1. Let C be a nonempty, closed and convex subset of a 2-uniformly convex and
uniformly smooth Banach space E, let A be an a-inverse-strongly monotone mapping of C into E*
with ||Ay|| < ||[Ay — Ag|| forally € C and q € F. Let {T1,T5,..., Ty} and {51, S52,...,Sn} be two
finite families of closed relatively weak quasi-nonexpansive mappings from C' into itself with F' # (),
where F' := ﬂi]il F(T;)n ﬂi]il F(S;)NVI(A,C). Assume that T; and S; are uniformly continuous for
alli € {1,2,...,N}. Let{z,} be a sequence generated by the following algolithm:

zg = x € C, chosen arbitrary,

Cy =C,x1 =1l¢g, 20,

wy, = Mo Y (Jz, — rpAzy),

2n = J WoanJxn_1 + Bnd Tnan + Ynd Spwy),

Yn = J (6 Jzr + (1 — 6,) T 2p),

Crir = {1 € G+ (1 ) < 800t 21) + (1 80 nd(ut, 70 1) + (1 — )b 2]},

Tn+1 = HC”+1‘T17 Vn Z 17

(0.18)
where T, = T5,(mod N), Sn = Sn(mod n),» @nd J is the normalized duality mapping on E. Assume that
{an}t, {6n}, {1} {6} and {r,} are the sequences in [0, 1] satisfying the restrictions:

(C1) limy, 00 0, = 0

(C2) 7, C [a,b] forsome a,bwith 0 < a < b < c*«/2, where 1/c is the 2-uniformly convexity constant
of F;

(C3) ay + B, +7,» = 1 and if one of the following conditions is satisfied
(@) liminf,, o anB3, > 0and liminf,_ . a,v, > 0and
(b) lim,,_ .. a, = 0and liminf,, . B,y > 0.

Then {x,} converges strongly to Iz, where Il is the generalized projection from C onto F'.

Let X be a nonempty closed convex cone in E, and let A be an operator from X into E*. We define
its polar in E* 1o be the set

X*={y* € E*: (z,y") > 0forallz € X}.
Then an element = in X is called a solution of the complementarity problem if
Az € X* and (x, Az) = 0.

The set of all solutions of the complementarity problem is denoted by CP(A, X). Several problem
arising in different fields, such as mathematical programming, game theory, mechanics, and geometry,
are to find solutions of the complementarity problems.

Theorem 2. Let X be a nonempty, closed and convex subset of a 2-uniformly convex and
uniformly smooth Banach space E, let A be an a-inverse-strongly monotone mapping of X into E*
with ||Ay| < ||[Ay — Ag| forally € X and ¢ € F. Let {T1,T»,...,Tn} and {S1,53,...,Sn} be two
finite families of closed relatively weak quasi-nonexpansive mappings from X into itself with F # 0,
where F := X, F(T;) NN, F(S;) NCP(A, X). Assume that T; and S; are uniformly continuous for
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alli € {1,2,...,N}. Let{z,} be a sequence generated by the following algorithm:

xo = x € X, chosen arbitrary,

C1 = X, m; = llg, w0,

W, = HCJ_l(an — rpAzy,),

2 = J YWanJTn_ 1+ BnJTpzy + Ynd Spwy),

Yn = J N 6pJxy + (1 — 6,) T 2p),

Cnr =A{u € Cn : @(u,yn) < 0nd(u, 21) + (1 = bn)[and(u, 2n—1) + (1 — an)d(u, )]},

Tn41 = HCnJrlxl» vn > ]-»

where T, = T5,(mod N), Sn = Sn(mod n),» @nd J is the normalized duality mapping on E. Assume that
{ant, {6n}, {1} {6n} and {r,} are the sequences in [0, 1] satisfying the restrictions:

(C1) lim,, 00 6, = 0;

(C2) 7y, C [a,b] forsome a,bwith 0 < a < b < c2a/2, where 1/cis the 2-uniformly convexity constant

of E;
(C3) an + B, +v. = 1 and if one of the following conditions is satisfied
(a) liminf,, . anB, > 0and liminf, . a,vy, > 0and
(b) lim,,— s a,, = 0 and liminf,, .o Bpyn > 0.

Then {z,,} converges strongly to Ilrz, where Il is the generalized projection from X onto F.

6. U. Kamraksa, R. Wangkeeree, Convergence theorems based on the shrinking projection method
for variational inequality and equilibrium problems, J. Appl. Math. Comput, DOI 10.1007/s12190-010-
0427-2

Theorem 1. Let E be a uniformly convex and uniformly smooth Banach space and C' be a nonempty
closed and convex subset of E. Let f be a bifunction from C' x C' to R satisfying (A1) — (A4). Assume
that A is a continuous operator of C into E* satisfying conditions (0.19) and (0.20)

(Az, J*(Jx — BAx)) >0, for allz € C, (0.19)

and
(Az,y) <0, VzxeC, yeVIACQC). (0.20)

and S,T : C — C are relatively weak nonexpansive mappings with F := F(S)NF(T)NVI(A,C)N
EP(f)# 0. Let{z,} be a sequence generated by the following manner:
xo = x € Cchosen arbitrary, Cy = C,
2n = o (anJxn + BnJ Ty + v J Sty),
Yn = J*(OnJxy + (1 = 6p)J e (J 2z, — BAZ,)),
u, € C' such that f(un,y) + i@/ = Up, Jup — Jyn) >0, VyeC,
Cri1 =1{2€Cy: 9(z,upn) < d(z,2,)},
Ty =g, . Jr Yn2>0.

(0.21)

Assume that {a,, }, {Bn}, {7} and {4,,} are the sequences in [0, 1] satisfying the restrictions:
(C2) 0<6, <1,limsup,,__, . 0, <1;
(C3) {rn} C [a,o0) for some a > 0; and
(C4)

C4) liminf,, . a,B, > 0,liminf,, o a7y, > 0.



Then {x,} converges strongly to rz.

7. R. Wangkeeree and U. Kamraksa, Strong convergence theorems of viscosity iterative methods for a
countable family of strict pseudo-contractions in Banach spaces, Fixed Point Theory and Applications,
Volume 2010, Article ID 579725, 21 pages doi:10.1155/2010/579725

Let EbearealBanachspace, and C'anonempty closed convexsubsetof E. Amapping f : C — C'is
called k-contraction, ifthere existsaconstant0 < k < 1suchthat | f(z)—f(y)|| < k||lx—y] forallz,y € C.
We use I to denote the collection of all contractions on C. Thatis, Il = {f : f is a contraction on C'}.

Amapping T : C — C'is said to be A-strictly pseudocontractive mapping if there exists a constant
0 < A <1, such that

1Tz = Tyl> < o=yl + M = T)z — (I =Tyl (0.22)

for all z,y € C. Note that the class of A-strict pseudo-contractions strictly includes the class of
nonexpansive mappings which are mapping T on C such that ||Tz — Ty|| < ||z — y||, forall z,y € C.
That is, T is nonexpansive if and only if T is a 0-strict pseudocontraction. A mapping T : C — C
is said to be A-strictly pseudocontractive mapping with respect to p, if, for all z,y € C, there exists a
constant 0 < X\ < 1 such that

[Tz =Tyl|" < |z —yll" + (I = T)z = (I = T)yl|" (0.23)

A countable family of mapping {T}, : C — C}$2, is called a family of uniformly X-strict pseudo-
contractions with respect to p, if there exists a constant A € [0, 1) such that

[Toa = Toyll” < llz = ylI” + AT = To)z — (I = To)yl”, Va,y€C, Vn=>1.

We denote by F(T) the set of fixed points of T, i.e., F(T) = {z € C : Tx = x}.
Let {T,,} be a family of mappings from a subset C of a Banach space E into E with N2, F(T;,) # 0.
We say that {T;,} satisfies the AKTT-condition if for each bounded subset B of C,

[e.e]

> sup [|Thi1z — Tz < oo (0.24)
B

n=17%

Theorem 1. Let E be a reflexive Banach space which admits a weakly continuous duality mapping
J, with gauge ¢. Let C' be a nonempty closed convex subset of E, T': C' — C' a nonexpansive
mapping with F(T) # § and f € Ilc. Then the net {z;} defined by (0.25)

al =tf(z)+ (1 —t)Tx]. (0.25)
converges strongly as t — 0 to a fixed point & of T" which solves the variational inequality :

((I—f)z,J,(2—2)) <0,z€ F(T). (0.26)

Theorem 2. Let E be a real p-uniformly convex Banach space with a weakly continuous duality
mapping J,, and C'a nonempty closed convex subsetof E. Let {1}, : C — C} be a family of uniformly
A-strict pseudo-contractions with respect to p, A € [0, min{1,2-®"=2¢,}) and N, F(T;,) # 0. Let
f: C — C be a k-contraction with k € (0,1). Assume that real sequences {a,}, {8,} and {v,} in
(0, 1) satisfy the following conditions:

(i) ap+PBn+v,=1forallneN;
(i) lim,—oo a = 0and >°0° ) v, = +00;
(i) 0 <liminf,— oo vn < limsup,_ .7 <& wWhere{ =1 — 2p72)\c;1.
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Let {z,,} be the sequence generated by the following

1=z € C,
(0.27)
Tn+l = anf(xn) + ﬂnxn + ’YTLTn-rnv n Z 1.
Suppose that {T,} satisfies the AKTT-condition. Let T' be a mapping of C' into itself defined by
Tz = lim,_,o T,z for all z € C and suppose that F(T) = N2, F(T,). Then the sequence {z,}

converges strongly to £ which solves the variational inequality :

((I = )&, Jp(F — 2)) <0,z € F(T). (0.28)

Theorem 3. Let E be a real p-uniformly convex Banach space with uniformly Gateaux differentiable
norm, and C' a nonempty closed convex subset of E which has the fixed point property for nonexpansive
mappings. Let {T,, : C — C} be a family of uniformly A-strict pseudo-contractions with respect to
p, A € [0,min{1,2="=2)¢,}) and N2, F(T,,) # 0. Let f : C — C be a k-contraction with k € (0,1).
Assume that real sequences {«a,}, {8,} and {v,} in (0,1) satisfy the following conditions:
(i) ap+Bn+v,=1forallneN;
(ii) lim,,— oo @y =0and >°07  a, = +00;
(i) 0 <liminf, o, <limsup, v, <& where £ =1—2P72)c, .
Let {z,} be the sequence generated by the following
1=z € C, (0.29)
Tnt1 = O f(xn) + Bnn + YnTnn, n>1
Suppose that {T,,} satisfies the AKTT-condition. Let T' be a mapping of C' into itself defined by
Tz = lim,_ o T,z for all z € C and suppose that F(T) = N3, F(T,). Then the sequence {z,}
converges strongly to a common fixed point z of {T,, }.

Theorem 4. Let E be a real p-uniformly convex Banach space with a weakly continuous duality
mapping J,, and C a nonempty closed convex subset of E. Let ¥ is an m-accretive operator in E
such that =10 # (). Let f : C — C be a k-contraction with k € (0,1). Assume that real sequences
{an}, {Bn} and {7, } in (0,1) satisfy the following conditions:

() an+fn+yn =1foralneN,

(i) lim,— oo ay = 0@nd >_07 v, = +00;

(i) 0 < liminf, v, <limsup,, . vn < 1;

(iv) {\,} is a sequence of (0, 00) such that inf{\, : n € N} > 0and > 77, [At1 — An| < 0.
Let {z,,} be the sequence generated by the following

x1 =z € C,
Tn+l = anf(xn) + ﬁnxn + 'YnJ)\nxn» n > 1.
Then the sequence {z,,} converges strongly & which solves the variational inequality :

(I = 1)z, Jo(& = 2)) <0,z € F(Jy).

Theorem 5. Let E be a real p-uniformly convex Banach space with uniformly Gateaux differentiable
norm, and C' a nonempty closed convex subset of E. Let ¥ is an m-accretive operator in E such that
U104 (). Let f: C — C be a k-contraction with k € (0,1). Assume that real sequences {a,}, {3,.}
and {~,} in (0, 1) satisfy the following conditions:

() a4 fp+79, =1forallneN;



(i) lim,—oo ay = 0@nd >°0° ) vy, = +00;
(iii) 0 <liminf, oo vn <limsup,_ v < 1;
(iv) {\.} is a sequence of (0, 00) such that inf{\, : n € N} > 0and > | [Aj1 — M| < 00

Let {z,} be the sequence generated by the following

1=z ¢€C,
Tn+1 = anf(xn) + ﬁnxn + rYnJ)\nl'n» n 2 1.

Then the sequence {x,,} converges strongly Z in ¥~10.

8. R. Wangkeeree, N. Petrot, R. Wangkeeree , The general iterative methods for nonexpansive
mappings in Banach Spaces, Journal of Global Optimization, DOI 10.1007/s10898-010-9617-6.

In Hilbert space H let A be a strongly positive bounded linear operator on H: that is, there is a
constant 4 > 0 with property
(Az,x) > 7||z||* forallz € H. (0.30)
In a Banach space E having a weakly continuous duality mapping J,, with a gauge function ¢, an
operator A is said to be strongly positive if there exists a constant 5 > 0 with the property

(Az, Jo(2)) = Al (ll2]]) (0.31)
and
HCKI— BA” = Sup |<(CKI—6A).%',J¢(.%’)>‘, a € [Oa 1]7ﬂ € [_171]7 (032)

llzl<1
where I is the identity mapping. If E := H is a real Hilbert space, then the inequality (0.31) reduce to
(0.30). The next valuable lemma is proved for applying our main results.

Theorem 1.  Assume that a Banach space E has a weakly continuous duality mapping J, with
gauge ¢. Let A be a strong positive linear bounded operator on E with coefficient ¥ > 0 and
0<p <A~ Then [T — pAll < (1)(1 - p7).

Theorem 2. Let E be a reflexive Banach space which admits a weakly continuous duality mapping
J, with gauge ¢ such that ¢ is invariant on [0,1]. Let T : E — FE be a nonexpansive mapping with
F(T) # (0 and f € Ilg, let A be a strongly positive bounded linear operator with coefficient ¥ > 0 and
0 <~ < 220 Then the net {x,} defined by (0.33)

xy = tyf(ze) + ([ — tA) Ty (0.33)
converges strongly as t — 0 to a fixed point & of T" which solves the variational inequality :

(A=~f)E,J,(Z — 2)) <0,z € F(T). (0.34)

Theorem 3. Let F be a reflexive Banach space which admits a weakly continuous duality mapping
J, with gauge ¢ such that ¢ is invariant on [0,1] . Let {T,, : E — E}?2, be a countable family
of nonexpansive mappings with N>, F(T,,) # 0 and f € IIg, let A be a strongly positive bounded
linear operator with coefficienty > 0and 0 < v < W’T(l). Let the sequence {x,} be generated by the
following :

To=x € F,

Yn = Bntn + (1 = Bn)Thn, (0.35)

Tni1 = anVf(wn) + (I — anA)yn, n>0
where {a,,} C (0,1) and {3,} C [0, 1] are real sequences satisfying the following conditions :
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(C1) limy—oo ay =0and D07 oy =00 and 307 g1 — ay| < 005

(02) hmn%oo ﬂn = 01 Ezo:1 |6n+1 - Bn| < 00.
Suppose that {T,,} satisfies the AKTT-condition. Let the mapping T : E — E be defined by (0.36)

Tx = lim T,x, forallz € C. (0.36)

and suppose that F(T) = N¢2, F(T,,). Then {z,} converges strongly to & that is obtained in Theorem
1.

Theorem 4. Let F be a reflexive Banach space which admits a weakly continuous duality mapping
J, with gauge ¢ such that ¢ is invariant on [0,1]. Let {T,, : E — E}32, be a countable family of
nonexpansive mappings with N5, F(T;,) # @ and f € I1g, let A be a strongly positive bounded linear
operator with coefficienty > 0and 0 < vy < WT(”. Letthe sequence {z,, } be generated by the following

ro=2z € F,
Yn = BnZn + (1 — Bn)Thn, (0.37)
Tnt1 = anYf(Tn) + (I — anA)yn, n>0
where {a,,} and {,,} are sequences in (0, 1) satisfying the following conditions :
(C1) limy—oo oy = 0and >-07 | v, = 00, and
(C2) 0 <liminf,— s By <limsup,,_, . OB < 1.
Suppose that {T;,} satisfies the PU-condition. Let the mapping T': E — E be defined by (0.36) and
suppose that F(T) = N, F(T,,). Then {z,} converges strongly to & that is obtained in Theorem 1.
9. U. Kamraksa and R. Wangkeeree, Generalized Equilibrium Problems and fixed point problems
for nonexpansive semigroups in Hilbert spaces, Journal of Global Optimization, DO/ 10.1007/s
10898-011-9654-9

Throughout this paper, we always assume that H is a real Hilbert space with inner product (-, -) and
norm || - ||. Let G : H x H — R be an equilibrium bifunction, i.e., G(u,u) = 0 for each v € H and
¥ : H — H is a mapping. Then, we consider the following generalized equilibrium problem (for short,
GEP):

Finding #* € H such that G(z*,y) + (Va*,y — 2*) > 0,Vy € H. (0.38)
The set of solutions for the problem GEP (0.38) is denoted by GEP(G, ).
Special cases.
(1) If ¥ =0, then GEP (0.38) reduces to the following classical equilibrium problem (for short, EP):

Finding #* € H such that G(z*,y) > 0,Vy € H. (0.39)

The set of solutions for the problem EP (0.49) is denoted by EP(G).

(2) If G =0, then GEP (0.38) reduces to the following classical variational inequality problem (for
short VIP):

Finding z* € H such that (¥z*,y — z*) > 0,Vy € H. (0.40)

The set of solutions for the problem VIP (0.50) is denoted by VI(¥, H).

The problem (0.38) is very general in the sense that it includes, as special cases, fixed point
problems, optimization problems, variational inequality problems, Nash equilibrium problems, the
classical equilibrium problems, and others.

Theorem 1. Let S = (T'(s))s>0 be a nonexpansive semigroup on a real Hilbert space H. Let
f:+ H— H be an a-contraction, A : H — H a strongly positive linear bounded self adjoint operator
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with coefficient 4, G : H x H — R a mapping satisfying hypotheses (E1)-(E4) and ¥ : H — H
an inverse-strongly monotone mappings with coefficients § such that F(S) N GEP(G,¥) # (. Let
{an} € (0,1), {rn} C (0,26) and {s,} C (0,00) be the real sequences. Then the following hold.

(i) Forany 0 < < 2, there exists a unique sequence {z,,} C H such that

{ G(unvy)+<\Ijxnay_un>+%n<y_umun_xn>207 Yy € H, (04,])

Tp = oy f(xn) + (I — a,A) L fos" T(s)unds,¥n > 1.

(i) If lim,,— 00 @, = 0, liminf, o 7, > 0, and lim, . s, = +oo, then the sequence {z,}
defined by (0.41) converges strongly to z, which is a unique solution in F(S) N GEP(G, ¥) of

the variational inequality

(Wf—Az,p—2) <0, VpeF(S)NGEP(G,Y¥). (0.42)

Theorem 2. Let S = (T'(s))s>0 be a nonexpansive semigroup on a real Hilbert space H. Let
f: H— H be an a-contraction, A : H — H a strongly positive linear bounded self-adjoint operator
with coefficient 4 and let v be a real number such that 0 < v < g Let G: Hx H— R be a
mapping satisfying hypotheses (E1)-(E4) and ¥ : H — H an inverse-strongly monotone mapping with
coefficients § such that F(S)NGEP(G, ) # 0. Let the sequences {z,}, {u,} and {y,} be generated
by

x1 € H chosen arbitrary,
G(tn,y) + (U, y —up) + 2y — up,up —x,) >0, Vy€H,

Tn

Yn = BnTn + (1 — ﬁn)é (;n T (s)unds,
Tpi1 = anVf(zn) + (I — anA)yn,Vn > 1,

(0.43)

where the real sequences {r,,} C (0,26), {sn,} C (0,00) and {a,}, {Bn} in (0,1) satisfy the following
conditions:

(D1) limp— oo, =0, Y00 | @y, = +00,

(D2) liminf, o7y > 0, limy,—— o0 |71 — 7] = 0,

(D3) limy,, oo 85 = +00, lim, o ‘3”_57‘1"‘” =0, and

(D4) 0<a<p, <b<llim, o|Bpn—Bn1|=0.
Then the sequences {z,},{u,} and {y.} converge strongly to z which is a unique solution in
F(8)NGEP(G, ) of the variational inequality (0.42).

10. R. Wangkeeree, The general hybrid approximation methods for nonexpansive mappings in Banach
spaces, Abstract and Applied Analysis, (Accepted)

Theorem 1. Let E be a Banach space which admits a weakly continuous duality mapping J, with
gauge ¢ such that ¢ is invariant on [0,1] i.e. T([0,1]) € [0,1]. Let T : E — E be a nonexpansive
mapping, f : E — E a contraction with coefficient « € (0,1). Let A and B be two strongly positive
bounded linear operators with coefficients ¥ > 0 and 8 > 0, respectively. Let~ and u be two constants
satisfying the condition (C*) :
Bel) g 2L —e1)7 L+ (1) —<P(1)7}_
a P(1)B — ya P(1)8 —yor
Then for any A € (0, min{1, ¢(1)||A||~'}), the mapping Sy : E — E defined by

(C*):0<y<

< 4 < min {1,¢<1>B||-17

Sa(x) = (I = XA)Tx+ N\Tx — u(BTx —vf(x))],Vx € E. (0.44)

is a contraction with coefficient 1 — A7, where 7 := p(1)5 — (1) + u(p(1)8 — va).
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Applying the Banach contraction principle to Theorem 1, there exists a unique fixed point ) of Sy
in E, that is

xx = (I —AA)Tx) + ANTxx — u(BTzy —vf(xy))], forall A € (0,1). (0.45)

Theorem 2. Let F be a reflexive Banach space which admits a weakly continuous duality mapping
J, with gauge ¢ such that ¢ is invariant on [0,1]. LetT : E — E be a nonexpansive mapping with
F(T) #90, f : E — E acontraction with coefficienta € (0, 1), and A4, B two strongly positive bounded
linear operators with coefficients ¥ > 0 and 8 > 0, respectively. Let~ and u be two constants satisfying
the condition (C*). Then the net {z,} defined by (0.45) converges strongly as A — 0 to a fixed point
Z of T' which solves the variational inequality :

(A=T+ (B —~f))i, J,(i — 2)) <0,z € F(T). (0.46)

Theorem 3. Let E be a reflexive Banach space which admits a weakly continuous duality mapping
J, with gauge ¢ such that ¢ is invariant on [0,1]. LetT : E — FE be a nonexpansive mapping with
F(T) #0, f: E— FE a contraction with coefficient « € (0,1), and A and B two strongly positive
bounded linear operators with coefficients ¥ > 0 and 3 > 0, respectively. Let zy € E be arbitrary and
the sequence {z,} be generated by the following iterative scheme :

Tpy1 = (I = M\yA) Tz + Ay [Txy, — wW(BTxy, — v f ()], foralln >0, (0.47)
where v and p are two constants satisfying the condition (C*) and {\,} is a real sequence in (0, 1)
satisfying the following conditions :
(C1) lim,—oo Ay =0and Y07 | A\, = 00
(C2) Y07 [Ant1 — An| < 0o or limy, o A’\—L =1
Then the sequence {x,,} defined by (0.47) converges strongly to a fixed point Z of T that is obtained
by Theorem 1.

11. U. Kamraksa and R. Wangkeeree, lterative Algorithms for solving Mixed Equilibrium Problem and
variational inequality problem of a finite family of asymptotically strict pseudo-contractions,Journal of
Computational Analysis and Applications, (Accepted).

Throughout this paper, we always assume that H is a real Hilbert space with inner product (-, -) and
norm || - ||, respectively, C is a nonempty closed convex subset of H. Let ¢ : C — R be a real-valued
function and F' : C' x C — R be an equilibrium bifunction, i.e., F'(u,u) = 0 foreach u € C. The mixed
equilibrium problem (for short, M E'P) is to find z* € C such that

MEP : F(z*,y) + ¢(y) — p(z*) > 0,Vy € C. (0.48)

The set of solutions for the problem M EP (0.48) is denoted by M EP(F, ).
Special cases.
(1) If ¢ = 0, then MEP (0.48) reduces to the following classical equilibrium problem (for short, EP):

Finding z* € C such that F(z*,y) > 0,Vy € C. (0.49)

The set of solutions for the problem EP (0.49) is denoted by EP(F).
(2) If ¢ =0and F(z,y) = (Az,y — z) for all z,y € C, where A is a mapping from C' into H, then
MEP (0.48) reduces to the following classical variational inequality problem (for short VI P):

Finding 2* € C such that (Az*,y — z*) > 0,Vy € C. (0.50)
The set of solutions for the problem VIP (0.50) is denoted by VI(C, A).



(3) If F =0, then MEP (0.48) becomes the following minimize problem:
Finding z* € C such that p(y) — ¢(z*) > 0,Vy € C. (0.51)

The set of solutions for the problem (0.51) is denoted by Argmin(y).

The problem (0.48) is very general in the sense that it includes, as special cases, fixed point
problems, optimization problems, variational inequality problems, Nash equilibrium problems, the
equilibrium problems and others.

Theorem 1. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let F
be a bifunction from C x C to R satisfying (A1)-(A5) and let ¢ : C — R be a lower semicontinuous
and convex function. Let A be a monotone and §-Lipschitz continuous mapping of C into H. Let, for
each1 <i < N, T;:C — C be an asymptotically k;-strict pseudo-contractive mapping for some
0 < k; <1andasequence {ky;}. Letk =max{k;:1<4i<N}andk, =max{k,,:1<i<N}
Assume that Q := NN F(T;) N VI(C, A) N MEP(F, ) # (. Assume that either (B1) or (B2) holds. Let
{zn}, {un}, {yn}, {tn} {zn} be sequences generated by
xo = x € H, chosen arbitrary,
Flun—1,y) + ¢(y) — p(un—1) +
Yn—1 = Po(un—1 — An_1AUp_1),
tho1 = Po(Un—1 — An—14Yn_1),

Zn-1 = 0p_1tn_1 + (1 — anfl)Ti}zS)l)tnfl’
Crn1={2€C:||zn_1— 2> < ||lTn_1 — 2|> + 001},
Qn-1={2€H:{(xtn-1— 2,2 —xn_1) >0},

Tn = PcnflﬁQn71I7 vn 2 17

1

Tn—1

<y — Up—-1,Un—1 — l‘n—1> 2 07 Vy S Ca

(0.52)

where 0,1 = (kj () —1)(1—an—1)p;,_y — 0asn — oo, where p,_1 = sup{||z,—1—z[ : 2 € 2} < c0.
Assume that {\,,} C [a,b] for some a,b € (0, §), {on} C [c,d] for some ¢, d € (k,1) and {r,} C (0,00)
such that liminf, . r, > 0. Then {z,,} {un}, {yn}, {tn} {zn} converge strongly to w = Pqo(z).

Theorem 2. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let F
be a bifunction from C x C to R satisfying (A1)-(A5) and let ¢ : C — R be a lower semicontinuous
and convex function. Let A be a monotone and §-Lipschitz continuous mapping of C' into H. Let, for
each1 <i < N, T;: C — C be an asymptotically k;-strict pseudo-contractive mapping for some
0 < k; < 1and a sequence {k,;} such that > > (k,; —1) < co. Let k = max{k; : 1 <i < N} and
kn = max{k,; : 1 <i < N}. Assumethat F := N, F(T;) N VI(C,A)NMEP(F, ) # (. Assume that
either (B1) or (B2) holds. Let {x,}, {un}, {tn}, {yn} e sequences generated by

xog = x € H, chosen arbitrary,

F(un—1,9) + ¢y) — @(tn-1) + =y — up—1,Up—1 — Tn_1) >0, VyeC,

Tn—1

Yn—1 = Po(Un-1 — An—1Aun_1), (0.53)

tnfl = PC(unfl - )\nflAynfl)y

Ty = Qp_1lpn—1+ (1 - anfl)Ti}ZS;

Moi1,  Vn>1,

where 6,1 = (ki(n)—l)(l—ozn,l)pifl — 0asn — oo, where p,_1 = sup{||z,—1—2|| : 2 € F} < 0.
Assume that {\,,} C [a,b] for some a,b € (0, 1), {a} C [c,d] for some ¢, d € (k, 1) and {r,} C (0,00)
such that liminf,— .7, > 0. Then {z,}, {u.}, {yn}, {t»} converge weakly to w € Q, where

w = lim,_ . Poxy,.
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In this paper, we introduce an iterative algorithm for finding a common element of the set
of solutions of a mixed equilibrium problem, the set of fixed points of an infinite family
of nonexpansive mappings and the set of solutions of a general system of variational
inequalities for a cocoercive mapping in a real Hilbert space. Furthermore, we prove

Keywords:

Nonexpansive mapping

Cocoercive mapping

General system of variational inequality
Metric projection

Strong convergence

Fixed point

Hilbert space

that the proposed iterative algorithm converges strongly to a common element of the
above three sets. Our results extend and improve the corresponding results of Ceng,
Wang, and Yao [L.C. Ceng, C.Y. Wang, ].C. Yao, Strong convergence theorems by a relaxed
extragradient method for a general system of variational inequalities, Math. Methods
Oper. Res. 67 (2008) 375-390], Ceng and Yao [L.C. Ceng, ]J.C. Yao, A hybrid iterative
scheme for mixed equilibrium problems and fixed point problems, J. Comput. Appl. Math.
doi:10.1016/j.cam.2007.02.022], Takahashi and Takahashi [S. Takahashi, W. Takahashi,

Viscosity approximation methods for equilibrium problems and fixed point problems in
Hilbert spaces, J. Math. Anal. Appl. 331 (2007) 506-515] and many others.
© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Throughout this paper, we always assume that H is a real Hilbert space with inner product (-, -) and norm || - |,
respectively, C is a nonempty closed convex subset of H. Let ¢ : C — R be a real-valued functionand ® : C x C — Rbe an
equilibrium bifunction, i.e., ® (u, u) = 0 for each u € C. The mixed equilibrium problem (for short, MEP) is to find x* € C
such that

MEP : ©(x*,y) + ¢(y) —p(x*) >0, VyeC. (1.1)
In particular, if ¢ = 0, this problem reduces to the equilibrium problem (for short, EP), which is to find x* € C such that
EP:O®k",y) >0, VyeC. (1.2)

Denote the set of solutions of MEP by 2. The problem (1.1) is very general in the sense that it includes, as special cases,
fixed point problems, optimization problems, variational inequality problems, Nash equilibrium problems, the equilibrium
problems and others; see, e.g., [ 1-4]. Some methods have been proposed to solve the MEP and EP, see, e.g., [1,5,6,2,7-9,3,
10-18,4,19]. First we recall some relevant important results as follows.

In 1997, Combettes and Hirstoaga [8] introduced an iterative method for finding the best approximation to the initial
data and proved a strong convergence theorem. Subsequently, Takahashi and Takahashi [13] introduced another iterative
scheme for finding a common element of the set of solutions of EP and the set of fixed points of a nonexpansive mapping.

* Supported by The Thailand Research Fund Grant TRG5280011.
* Corresponding author. Tel.: +66 5963249.
E-mail addresses: rabianw@nu.ac.th (R. Wangkeeree), uthaikam@hotmail.com (U. Kamraksa).

1751-570X/$ - see front matter © 2009 Elsevier Ltd. All rights reserved.
doi:10.1016/j.nahs.2009.05.005
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Using the idea of Takahashi and Takahashi [13], Plubtieng and Punpaeng [10] introduced the general iterative method for
finding a common element of the set of solutions of EP and the set of fixed points of a nonexpansive mapping which is the
optimality condition for the minimization problem in a Hilbert space. Furthermore, Yao, Liou and Yao [18,20] introduced
some new iterative schemes for finding a common element of the set of solutions of EP and the set of common fixed points of
finitely (infinitely) nonexpansive mappings. Very recently, Ceng and Yao [7] considered a new iterative scheme for finding a
common element of the set of solutions of MEP and the set of common fixed points of finitely many nonexpansive mappings.
Their results extend and improve the corresponding results in [8,13,18].
Recall that a mapping f : C — C is called contractive if there exists a constant « € (0, 1) such that

If&x) —fWMI <allx—yll, Vx,yeC. (1.3)
A mapping S : C — C is said to be nonexpansive if
ISx =Syl < llx—yll, Vx,y€C. (1.4)
Denote the set of fixed points of S by F(S).
Recall that

(1) A mapping A of C into H is called monotone if
(Ax —Ay,x—y) >0, Vx,yeC.
(2) Ais called d-strongly monotone, if each x, y € C, we have
(Ax — Ay, x —y) > d|x — y|?,
for a constant d > 0. This implies that
lAx — Ay|| = d|lx — yI|,

that is, A is d-expansive and when d = 1, it is expansive.
(3) Ais said to be c-cocoercive [21,22], if each x, y € C, we have

(Ax — Ay, x —y) > c|Ax — Ay|1%,

for a constant ¢ > 0. Clearly, every c-cocoercive map A is %—Lipschitz continuous.
(4) Ais said to be (—c)-cocoercive, if there exists a constant ¢ > 0 such that

(Ax — Ay, x —y) > (=0)||Ax — Ay||*>, V¥x,y €C.
(5) Ais said to be relaxed (c, d)-cocoercive, if there exists two constants ¢, d > 0 such that
(Ax — Ay, x —y) = (=0)|Ax — Ay|*> + dlx — yII”>, Vx,yeC.

For ¢ = 0, A is d-strongly monotone. This class of maps is more general than the class of strongly monotone maps. It is
easy to see that we have the following implication: d-strongly monotonicity = relaxed (c, d)-cocoercivity.
(6) An operator T is strongly positive on H if there is a constant y > 0 with property

(Tx,x) > 7[>, Vxe€H.

Let A : C — H be a mapping. The classical variational inequality, denoted by VI(A, C), is to find x* € C such that
(AX*, v —Xx") >0

for all v € C. The variational inequality has been extensively studied in the literature. See, e.g. [15-17,23,20,24] and the
references therein.

For finding an element of F(S) N VI(A, C), under the assumption that a set C C H is nonempty, closed and convex, a
mapping S : C — C is nonexpansive and a mapping A : C — H is a-inverse-strongly monotone, Takahashi and Toyoda [25]
introduced the following iterative scheme:

Xnt1 = opXp + (1 — an)SPc (X — AnAxy) (1.5)

foreveryn =10, 1,2, ..., wherex, = x € C, {a,} is a sequence in (0, 1), and {X,} is a sequence in (0, 2«). They proved that
if F(S) N VI(A, C) # ¢, then the sequence {x,} generated by (1.5) converges weakly to some z € F(S) N VI(A, C). Recently,
motivated by the idea of Korpelevich’s extragradient method [26], Nadezhkina and Takahashi [27] introduced an iterative
scheme for finding an element of F(S) N VI(A, C) and the weak convergence theorem is presented. Moreover, Zeng and
Yao [28] proposed some new iterative schemes for finding elements in F(S) N VI(A, C) and obtained the weak convergence
theorem for such schemes. Yao, Liou and Yao [20] introduced new iterative scheme for finding an element of F(S) N VI(A, C),
under some mild conditions, they obtained the strong convergence theorems in a real Hilbert space.
Let A,B : C — H be two mappings. The general system of variational inequality problem (see [29]) is to find
(x*,y*) € C x C such that
{(AAy*+x*—y*,x—x*) vx € C,

>0,
(UWBy* +y* —x*,x —y*) >0, VxeC, (1.6)
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where A > 0 and u > 0 are two constants. In particular, if A = B, then problem (1.6) reduces to finding (x*,y*) € C x C
such that

(AMy* +x* —y*, x —x*) >0, VxeC, (17)

(UAY* +y* —x*,x —y*) >0, VxeC, .
which is defined by Verma [30] (see also Verma [31]), and is called the new system of variational inequalities. Further, if we
add up the requirement that x* = y*, then problem (1.7) reduces to the classical variational inequality VI(A, C). In order
to find the solutions of the general system of variational inequality problem (1.6), Ceng, Wang, and Yao [29] studied the
following approximation method. Let the mappings A, B : C — H be «-inverse-strongly monotone and S-inverse-strongly
monotone, respectively. Let S : C — C be a nonexpansive mapping. Suppose x; = u € C and {x,} is generated by

Yn = Pc(%q — uBxn), (1.8)
Xnp1 = ol + BnXy + VaSPc (Vn — AAyn), ’

where A € (0, 2a), u € (0,2p8), and {ay}, {8} and {y,} are three sequences in [0, 1] such that o, + B, + y» = 1. They
proved that, under quite mild conditions on the parameters, the iterative sequence defined by the relaxed extragradient
method (1.8) converges strongly to a fixed point of S which is a solution of general system of variational inequality (1.6).

On the other hand, Moudafi [32] introduced the viscosity approximation method for nonexpansive mappings (see [33]
for further developments in both Hilbert and Banach spaces). Let f be a contraction on C. Starting with an arbitrary initial
x1 € C, define a sequence {x,} recursively by

Xnt1 = (1= 0p)Sxn + 0uf (xy), n >0, (1.9)
where {o,} is a sequence in (0, 1). It is proved [32,33] that under certain appropriate conditions imposed on {o,}, the
sequence {x,} generated by (1.9) strongly converges to the unique solution q in C of the variational inequality

(=fa.p—q =0, peC.

Recently, Marino and Xu [34] introduced the following general iterative method:
Xnt1 = (I — anT)Sxn + onyf(xp), n>0 (1.10)

where T is a strongly positive bounded linear operator on H. They proved that if the sequence {«,} of parameters satisfies
appropriate conditions, then the sequence {x,} generated by (1.10) converges strongly to the unique solution of the
variational inequality

(T—yHX',x—x") =0, xeC (1.11)

which is the optimality condition for the minimization problem

1
I)PEICH 5 (Tx, x)— h(x),
where h is a potential function for yf (i.e., h'(x) = yf(x) for x € H).

On the other hand, Ceng and Yao [7] introduced a hybrid iterative scheme for finding a common element of the set of
solutions of MEP and the set of common fixed points of finitely many nonexpansive mappings. Furthermore, they proved
that the sequences generated by the hybrid iterative scheme converge strongly to a common element of the set of solutions
of MEP and the set of common fixed points of finitely many nonexpansive mappings.

In this paper, motivated and inspired by Ceng, Wang, and Yao [29], Moudafi [32], Marino and Xu [34], Ceng and Yao [7],
we introduce an iterative algorithm for finding a common element of the set of solutions of a mixed equilibrium problem, the
set of fixed points of an infinite family of nonexpansive mappings and the set of solutions of the general system of variational
inequality. Furthermore, we prove that the proposed iterative algorithm converges strongly to a common element of the
above three sets. Our results extend and improve the corresponding results of Ceng, Wang, and Yao [29], Ceng and Yao [7],
Takahashi and Takahashi [13] and many others.

2. Preliminaries

Let H be a real Hilbert space. It is well known that for any A € [0, 1]
1A%+ (1= 2ylI* = AMxI* + (1= D llyl> = 20 = x =y

Let C be a nonempty closed convex subset of H. For every point x € H, there exists a unique nearest point in C, denoted by
Pcx, such that

lx — Pex|| < |lx —y|| forally e C.

Pc is called the metric projection of H onto C. It is well known that Pc is a nonexpansive mapping of H onto C and satisfies

(X =y, Pcx — Pcy) = ||Pcx — Peyl|® (2.1)
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for every x, y € H. Moreover, Pcx is characterized by the following properties: Pcx € C and
(x —Pcx, y—Pcx) =0, (2.2)
Ix =yl = lIx = Pcx||* + lly — Pex|®
forallx e H,y € C.
Now we collect some useful lemmas for proving the convergence result of this paper.

Lemma 2.1 ([12]). Let {x,} and {z,} be bounded sequences in a Banach space E and let {B,} be a sequence in [0, 1] with
0 < liminf,_, o By < limsup,_, o, Bn < 1. Suppose x,+1 = (1 — Bn)zy + BuXy for all integersn > 1 and lim sup,,_, o, ([|zn41 —
Zn” - ||Xn+l - Xn”) =< 0. Then: limn—>oo ”Zn - Xn” =0.

Lemma 2.2 ([33]). Assume that {a,} is a sequence of nonnegative real numbers such that
a1 < (1 —ap)ap +6,, n>1
where {«a,} is a sequence in (0, 1) and {5,} is a sequence in R such that
(1) X o = 00
(2) limsup,_, o 2—2 <0o0r ) 22,18 < oo.
Then lim,_, » a, = 0.

Lemma 2.3 ([34]). Assume that T is a strongly positive linear bounded operator on a Hilbert space H with coefficient y > 0 and
0<p=|TI""Then |l — pT|| < 1— py.

Lemma 2.4 (Demi-Closedness Principle [9]). Assume that S is a nonexpansive self-mapping of a nonempty closed convex subset
C of a real Hilbert space H. If S has a fixed point, then I — S is demi-closed; that is, whenever {x,} is a sequence in C converging
weakly to some x € C (for short,x, — x € C), and the sequence {(I —S)x,} converges strongly to somey (for short, (I —S)x, — y),
it follows that (I — S)x = y. Here I is the identity operator of H.

For solving the mixed equilibrium problem for an equilibrium bifunction ® : C x C — R, let us assume that © satisfies
the following conditions:

(H1) © is monotone,i.e., ®(x,y) + @(y,x) <0,Vx,y € C;
(H2) for each fixedy € C,x — ®(x, y) is convex and upper semicontinuous;
(H3) foreachx € C,y — ©(x,y) is convex.

A mapping n : C x C — H is called Lipschitz continuous if there exists a constant A > 0 such that
Inx, M < Allx—yll, Vx,yeC.
A differentiable function K : C — R on a convex set C is called:
(K1) n-convex [5] if
K@) —Kx) > (K'(x),n(y,x)), Vx,ye€C,
where K'(x) is the Fréchet derivative at x;
(K2) n-strongly convex if there exists a constant o > 0 such that
o
K(y) =K — (K'(x), ny, %) > EIIX —ylI>, Vvx,yec.

Let C be a nonempty closed convex subset of a real Hilbert space H and let ¢ : C — R be a real-valued function, and
® : C x C — R be an equilibrium bifunction. Let r be a positive number. For a given point x € C, the auxiliary problem for
MEP consists of finding y € C such that

1
O,2) +9@) —e) + ;(K/(v) —K'(x),n(z,) >0, VzeC.
LetJ, : C — C be the mapping such that for each x € C, J.(x) is the solution set of the auxiliary problem MEP, that is

1
@) ={yeC:0,2) +¢@) — el + ;(K'(V) —K'(x),n(z,y)) 20,Vz e C}, VxeC.
The following lemmas appear implicitly in [5].

Lemma 2.5 ([5]). Let C be nonempty closed convex subset of a real Hilbert space H and let ¢ be a lower semicontinuous and
convex functional from C to R. Let ® be a bifunction from C x C to R satisfying (H1)-(H3). Assume that

(i) n : C x C — H is Lipschitz continuous with constant . > 0 such that;
(@) n(x,y) +n(y,x) =0,Vx,y € C,
(b) n(-, -) is affine in the first variable,
(c) foreach fixedy € C, x — n(y, x) is sequentially continuous from the weak topology to the weak topology;
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(ii) K : C — Ris n-strongly convex with constant o > 0 and its derivative K’ is sequentially continuous from the weak topology
to the strong topology;
(iii) for each x € C, there exist a bounded subset Dy C C and z, € C such that foranyy € C \ Dy

1
OW.z) +¢z) — o) + ;(K/(V) —K'(x), n(zv, y)) <0.

Then, there exists y € C such that

1
OW.2) +¢@) —e@y) + ;(K’(V) —K'®),n(z,y) =20, VzeC.

Lemma 2.6 ([5]). Assume that © satisfies the same assumptions as Lemma 2.5 for r > 0 and x € C, the mapping J, : C — C
can be defined as follows:

Jrx) = {y €eC:0U,2)+¢@ —e®) + ;<K’(y) —K'(x),n(z, ) > 0,Vz € C} , VxeC.

Then, the following hold:
(i) J; is single-valued;
(i) (a) (K'(x1) — K'(x2), n(u1, uz)) = (K'(u1) — K'(uz), n(uq, up)), ¥(x1, X2) € C x C, whereu; = J;(x;),i = 1,2;
(b) J, is nonexpansive if K’ is Lipschitz continuous with constant v > 0 such that o > \v;
(iii) F(J;) = $2; and
(iv) £2 is closed and convex.
We also need the following lemma for proving our main results.
Lemma 2.7 ([29]). For given x*, y* € C, (x*, y*) is a solution of the problem (1.6) if and only if x* is a fixed point the mapping
G : C — C defined by
G(x) = Pc[Pc(x — uBx) — AAPc(x — uBx)], Vx e C,
where y* = Pc(x* — uBx™), A, i are positive constants and A, B : C — H are two mappings.

Throughout this paper, the set of fixed points of the mapping G is denoted by GVI(C, A, B).
Now, we prove the following lemma which will be applied in the main theorem.

Lemma 2.8. Let G : C — C be defined in Lemma 2.7. If A : C — H is a Ly-Lipschitzian and relaxed (c, d)-cocoercive mapping

. . . . 2(d—cl? 2(d' —c' 12 .
and B : C — H a Lg-Lipschitzian and relaxed (c’, d’)-cocoercive mapping where . < % and p < % then G is
A B

nonexpansive.
Proof. For any x, y € C, we have
IG(x) — GW)II* = IPc[Pc(x — 1Bx) — AAPc(x — juBx)] — Pc[Pc(y — 14By) — AAPc(y — uBy)]|1*
< |IPc(x — uBx) — AAPc(x — uBx) — [Pc(y — uBy) — AAPc(y — uBy)]|)?
= ||[Pc(x — uBx) — Pc(y — uBy)] — A[APc(x — puBx) — APc(y — uBy)]||®
= ||Pc(x — uBx) — Pc(y — uBy)||* — 2A(Pc(x — 14Bx) — Pc(y — juBY),
APc(x — [1Bx) — APc(y — uBy)) 4+ A*[|APc(x — juBx) — APc(y — uBy)||®
< |IPc(x — uBx) — Pc(y — uBy)||> — 2A[—c||APc(x — uBx) — APc(y — uBy)||®
+d|[Pc(x — uBx) — Pc(y — uBy)|1*] + A*L3||Pc(x — uBx) — Pc(y — uBy)|I®
< |IPc(x — uBx) — Pc(y — uBy) || + 2AcL}||Pc(x — Bx) — Pc(y — uBy)|)?
—22d||Pc(x — uBx) — Pc(y — uBy)|I* + A*L3||Pc(x — uBx) — Pc(y — uBy)|*
= (1+ 2AcL; — 2xd + AL3)||Pc (x — uBx) — Pc(y — uBy)|?
< |IPc(x — uBx) — Pc(y — uBy)lI®
< |IXx— uBx — (y — uBy)|?
< lIx=ylI* = 2u(x — y, Bx — By) + pu*||Bx — By|)?
< Ix=ylI* = 2ul—c'IBx — By|* + d'llx — y|I*] + p*L3lIx — yII?
= (14 2uc'Ly — 2pd + p2L3)[1x — yl?
< lIx=yl* (2.4)

This show that G is nonexpansive on C. O
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3. Main results

In this paper, we first introduce our iterative scheme. Consequently, we will establish strong convergence theorems for
this iterative scheme. To be more specific, let S, S, . .. be infinite mappings of C into itself and {&;} be a nonnegative real
sequence with 0 < & < 1,Vi > 1. For any n € N, define a mapping W, of C into itself as follows:

Un,n+l =1,
Un,n = Ensnun,n-H + (1 - Eﬂ)17
Un,n—l = Sn—lsn—lun,n + (- gn—l)la

Un,k = EkSkUn,k+1 + (1 - ék)ly (3.1)
Unk—1 = E—1Sk—1Unk + (1 = &-1)1,

Un2 = m2SUns + (1= &),
Wy = Un,l = élslun,Z + (1 - 51)1-
Nonexpansivity of each S; ensures the nonexpansivity of W,. The mapping W, is is called a W-mapping generated by
51,52, ...,Snand%‘l,{-‘z, ...,En.
Throughout this paper, we will assume that0 < &, < £ < 1, Vn > 1.Concerning W, defined by (3.1), we have the follow-
ing lemmas which are important to prove our main result. Now we only need the following similar version in Hilbert spaces.

Lemma 3.1 ([35]). Let C be a nonempty closed convex subset of a Hilbert space H, S; : C — C be a family of infinitely
nonexpansive mapping with N2, F(S;) # ¥, {&} be a real sequence such that 0 < & < & < 1,Vi > 1. Then:
(1) Wy is nonexpansive and F(W,) = NI_; F(S;) for eachn > 1;
(2) for each x € C and for each positive integer k, the limit lim,_, o, Uy kX exists;
(3) the mapping W : C — C define by
Wx = lim Wyx = lim U, 1x, x€C, (3.2)
n—oo

n—oo
is a nonexpansive mapping satisfying F(W) = N2, F(S;) and it is called the W-mapping generated by S1,S,, ... and
§1,62,. .

Lemma 3.2 ([36]). Let C be a nonempty closed convex subset of a Hilbert space H, {S; : C — C} be a family of infinitely
nonexpansive mappings with N2, F(S;) # ¥, {&i} be a real sequence such that 0 < & < & < 1,Vi > 1.If K is any bounded
subset of C, then

lim sup ||[Wx — Wpx|| = 0.

=00 xek

Now we introduce the following iteration algorithm.

Algorithm 3.1. Let C be anonempty closed convex subset of areal Hilbert space H.Let ¢ : C — R be a lower semicontinuous
and convex functional. Let @ : C x C — R be an equilibrium bifunction satisfying conditions (H1)-(H3) and let {S,} be
an infinite family of nonexpansive mappings of C into itself. Let r, y > 0 be two constants. Let f be a contraction of C into
itself with coefficient @ € (0, 1) and let T be a strongly positive bounded linear operator with coefficient y > 0 such that
0<y< g LetA : C — H be a L4-Lipschitzian and relaxed (c, d)-cocoercive mapping and B : C — H be a Lg-Lipschitzian
and relaxed (c’, d’)-cocoercive mapping. Suppose the sequences {x,}, {y.} and {u,} are generated iteratively by

X1 € C chosen arbitrarily,

O(Uup,y) + o) — o) + %(K/(un) - K/(Xn)a nx, u,)) >0, VxecC, (3.3)

Yn = Pc(un — puBuy),
Xnt1 = oV f (Xn) + Buxn + (1 — Bl — cay T)WiPc(yn — AAyy),

where {«, }and {8, } are two sequences in (0, 1) and W, is defined by (3.1).
Now we study the strong convergence of the hybrid iterative method (3.3).

Theorem 3.3. Let C be a closed convex subset of a real Hilbert space H and let ¢ : C — R be a lower semicontinuous and convex
function. Let ® : C x C — R be an equilibrium bifunction satisfying conditions (H1)-(H3), A : C — H be a Ls-Lipschitzian
and relaxed (c, d)-cocoercive mapping and B : C — H be a Lg-Lipschitzian and relaxed (c’, d")-cocoercive mapping. Let {S,} be
a sequence of nonexpansive mappings of C into itself such that F := N72, F(S,) N £2 N GVI(C, A, B) # @. Let f be a contraction
of C into itself with coefficient @ € (0, 1) and T be a strongly bounded linear operator on H with coefficient y and 0 < y < g
Assume that

(i) n : C x C — H is Lipschitz continuous with constant A > 0 such that
@) n(x,y) +n(y,x) =0forallx,y € C,
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(b) n(-, -) is affine in the first variable,

(c) foreach fixedy € C, x — n(y, x) is sequentially continuous from the weak topology to the weak topology;
(ii) K : C — R is n-strongly convex with constant o > 0 and its derivative K’ is not only sequentially continuous from the

weak topology to the weak topology but also Lipschitz continuous with constant v > 0 such that o > Av;
(iii) for each x € C; there exist a bounded subset D, C C and u, € C such that foranyy € C \ Dy,

1 !
O, ux) + ¢(uy) — @) + ;(K’(v) —K'(x), n(ux, ) < 0; (3.4)
72 /72
(iv) limps oo p = 0, 20ty = 00, 0 < liminfy o0 By < limsup, o B < 1,4 < z(dL;A) and pu < %

Given x; € C arbitrarily, then the sequences {x,}, {yn} and {u,} generated iteratively by (3.3) converge strongly to x € F
where X = Pr(yf + (I — T))(X), which is the unique solution of the variational inequality

((yf =Dx,x—X) <0, VxeF,
and (x, y) is a solution of the general system of variational inequality problem (1.6) such that y = Pc(X — uBX).

Proof. Note that from control condition (iv), we may assume, without loss of generality, that e, < (1 — B,)||T||! for all
n € N. Since T is a linear bounded self-adjoint operator on H, then

ITII = sup{[{Ix, x)| : x € H, [|x|| = 1}.

Observe that
(((Q = Bl — anT)x, x)

1— By — an(Tx, x)
1—Bn—anllTl
0,
this shows that (1 — 8,)I — «,T is positive. It follows that
(1= B — Tl = sup{{((1 = Bn)] — e T)x,x) : x € H, ||Ix|| = 1}
= sup{1 — B — an(Tx, %) : x € H, [Ix|| = 1}
=< 1— ,Bn - an?-

Next we divide the following proofs into several steps.
Step 1. We claim that {x,,}, {y,} and {u,} are all bounded.
Let x* € F(W) N £2 N GVI(C, A, B). Then

X" = Pc[Pc(X* — uBx*™) — MAP-(x* — uBx™))].
Putting y* = Pc(x* — uBx*) and t, = Pc(y, — MAy,), we have x* = Pc(y* — nAy*) and
Xnt1 = oV f (Xn) + Buxn + (1 — Bl — cy T)Wiity,.

From the definition of J;, we know that u,, = J;x,. It follows that

IV 1V

lun = X*I| = Urxn = JoX*|| < lIXn — x"]|. (3.5)

g2
Since A : C — H is a Ly-Lipschitzian and relaxed (c, d)-cocoercive mapping and A < z(dLZCLA), we have
A

I = 2A)x — (I = AAWYII* = [Ix = ylI* = 2A(x — y, Ax — Ay) + 2% || Ax — Ay||®
< Ilx = ylI* = 2A[—c||Ax — Ay|)* + dllx — y[I*] + A*L;[Ix — yII?
< llx = yI* + 22cLllx = yII* = 22dllx — y|I* + 2L Ix — yII?
< (14 2xcl] — 2Ad + A*L3)||Ix — y||?
< lx—=yll>, Vx,yeC. (3.6)
This show that I — AA is nonexpansive. Similarly, since B : C — H is a Lg-Lipschitzian and relaxed (c’, d’)-cocoercive
2(d'—

ars .
TB, we obtain
B

mapping, and u <

I — uB)x — (I — uB)y||* = llx — ylI* — 2uu(x — y, Bx — By) + 1°||Bx — By||*
< lx = ylI> = 2u[—cIBx — By|* + d'l|lx — ylI’] + n’L3Ix — y|?
< lx =yl +2uc'Lillx — yII> — 2ud'|x — y|I* + p’LilIx — y|?
< (1+2uc'l2 —2pd + 12L3)|x — y|?
< llx=yl*, VxyeC. (3.7)
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Hence I — uB is nonexpansive. From (3.5) and nonexpansivities of | — AA and I — B, we have

ltn = x*|| = [[Pc(yn — AAyn) — Pc(y* — AAY) ||
< I = 2A)yn — (I = 2A)y"|
< lya =¥l
= ||Pc(up — pBuy) — Pc(x* — uBx™)||
< |II = uByu, — (I — uB)x*||
< lun —x*||
< lxa —x*|. (3.8)

Then, we have also

X041 — X" = llan(Vf %) = Tp) + Ba(Xn — p) + (1 = Bal — &y T) Wity — x)||
< (= Bn—any)lita = X*[| + Bullxn — X*I| + anllyf (xn) — Tpl|
< (= Bn—anP)lixa — X"l + Bullxn — X*|| + anllyf (x0) — Tpll
< (A =any)lxa = X"l + any If %) — @) + enllyf () — Tpll
< (A —any)lxn — X*[| + anyalxn — pll + anllyf (p) — Tpll

_ _ If () — Tpll
=(0—=F —yao)a)x, — x| + ¥ — ya)o———.
—ya
It follows from induction that
—T
I — ) < max] oy g, LRI sy (39)
Yy —vra

Thus the sequence {x,} is bounded. Consequently, the sets {u,}, {t,}, {Ay.}, {Bx,} and {Wt,} are bounded.
Step 2. We claim that ||x,+1 — x| — O.
We observe that
||tn+1 - tn” = ”PC(yn-H - )LA.Vn+l) - PC(Vn - )LAyn)”

= ”(.Vn-H - )\A.Vn-H) - (.Vn - )LA.Vn)”
= ”yn+1 _yn”
= [|Pc(tnt1 — uBUpy1) — Pc(un — uBuy)||
< |[(upt1 — uBupt1) — (uq — puBuy) ||
< llung1 — uall- (3.10)

Since uny1 = JyXny1 and u, = J;x,, from the nonexpansivity of J,, we get

lunt1 — unll < %01 — Xnll. (3.11)
Let X,41 = (1 — By)zn + Buxn. Thus, we get z, = ““f(x”)“(ll’_ﬂgrl”“"”w"t“
on1f Xnp1) + (1= B — an i T Wogatnyr anf (%) + (1 — )l — an )Wty
Zn41 —Zn = —
1- /3n+1 1-— lgn
Ont1 o On+1
= 1 _ngnJrl yf(errl) - 1 _nﬁn Vf(xn) + Whiitnyr — Wity + 1—7H,BHTWHI:H - 1 _ngn+] TWhi1tnp
o, o
= 1 ngl (Vf(XHJrl) - TWH+1tn+l) + 1 nﬂ (TWﬂtﬂ - Vf(xn)) + Wn+ltn+1 - Wn+1tn + Wn+1tn - Wntn- (312)
— Pn+1 ~ Pn

Since S; and U, ; are nonexpansive, we have
||Wn+1tn - Wntn” = ||§151Un+1,2tn - §1S1Un,2tn||
=< 5;'-1 ||Un+1,2tn - Un,Ztn”
= &1116252Uny1,3th — E252Un st
< &8 Unpr,3ty — Up sty

IA

";:152 e Sn”UnJrl,nJrltn - Un,n+1 tn”

My [ & (3.13)
i=1

IA
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where M; > 0is a constant such that ||Uny+1,n41tn — Upntatall < Mj foralln > 1. It follows from (3.10) and (3.12) and (3.13)
that

lznt1 — znll — %41 — Uy f Cne D + 1 TWay 1 taga )

”_1 ﬂn

o
+ _nﬂ (IIMTWata |l + IS %) D) + 1Watatnsr — Wapatall + [Wapatn — Watall — [IXn41 — Xall

1

= m(”yf(xn+l)” + I TWoi1tara ) + ﬂn

+ ||Wn+1tn - Wntn“ - ||Xn+l _Xn”

(ITWatall + lyvf ) D + tar — tall

";1 Uy f GneD Il + IITWn+1tn+1||)+ ﬂ (IITthII+I|Vf(xn)||)+M1]_[S,,
n+
which implies that

limsup([|zn1 — Znll — IXn+1 — Xall) < 0.

n—oo

Hence, by Lemma 2.1, we have

lim ||z, — x,|| = 0. (3.14)
n—oo

Consequently,
lim [[Xp41 — X[l = lim (1 = Bp) |20 — x|l = 0. (3.15)
n—oo n—oo

From (iv), (3.10) and (3.11), we also have ||t +1 — ty|| = O and ||yp+1 — yull = 0asn — oc.
Step 3. We claim that ||Wt, — t,|| — 0. To do this, we observe that

%041 — Xl = llaa(Vf xn) — Txy) + (1 — Bl — oy T) Wity — xp) ||
anllyf (n) — Txall + (1 = By — an V) [Waty — Xl

It follows from lim,,_, o, &, = 0 and (3.15) that

IA

Hm [|Waty — q]| = 0.
n—oo

Applying Lemma 3.2 and the last equation, we obtain

”th _Xn” = ”th - Wntn” + ”Wntn - xn” = sup ”Wt - Wnt” + ”Wntn _Xn” — 0 asn— oo. (316)

te{tn}
From (3.3), we get
i1 = 2712 = 111 = Bl = oaT) Wity = X) + it — ) + etn(yf (%) — X

11 = B — 0t T) Wty — x*) + Balén — X)* + ) 1y (%) — Tx*|)?
+ 20t (Xn — X*, Yf (%) — Tx") + 20 ((1 = B — anT) (Wytn — X*), yf (%) — Tx")
(1= B — an?) [Wata — X[l + Bullxa — x*1)* + cpllyf () — Tx*||?
+2Bnon (xn — X*, yf (%) — Tx") + 200 (((1 = B)l — anT) (Wit — X), yf (xa) — Tx")
= (1= Bo— cn?)’lta = X* 1> + B %0 — X* 1> 4+ 2(1 = Bn — ca?) Bullts — X*[[[1X0 — X || + ctaM>
< (1= B — cn?)?Itn — x> + B2 110 — x*|I?

+ (1= Bn — ) Bullltn — X* 1> + X0 — X*[1*) + taM>
= [(1 = an)* =21 — i) B + Billtw — X1 + B7 lxn — x*|?

+ (1= an?) B — B lta — X* 1> + [|xa — X*[1) + 0taMy
= (1= )’ lta = X1 = (1 — cn?)Ballts — X1 + (1 — an ) BullXn — X*II* + aaM,
= (1 —any)(1— Bn—ony)tn — X*”2 + (1= an?)Bnllxn — X*”2 + anMs, (3.17)

where M, is a constant such that
My > sup{anllyf (xn) — Tx*[|*, 2Bnll%n — X* [ 1 (xa) — TX*||,
n>1

2[[((1 = B — o T) (Watn — X)) [l vf (xa) — TX*|1}.

IA
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Since J, is firmly nonexpansive, we have
lun — x> = Urkn = Jx*1* < (rxa — JiX*, %0 — X°)
= (up — X", Xp —X*) = %(Ilun — X2 I = XFIP = [1%n — unll?)
and hence
[t — X*11% < [1X0 = %*1* = [|%a — ta|*.
This together with (3.17) implies that
X041 = x* 1> < (1 = @) (1 = B — cnP) ltta — X* |1 + (1 = € P) BallXn — X*[1> + ctMy
< (1= )1 = Bn = cn?)(IXn = x> = %0 = un1®) + (1 = €a?) BallXa — x* 11> + 0xM,
= (1= o)’ [0 = x| = (1 = a?)(1 = o — ouP) X0 — tnl|” + ctaM,

and hence
(1= )1 = B — o P)lIxn — tnll® < (X0 — x> = [Ixn41 — x> + €aMs
< %0 = Xop 1 I (lxn — XN + xne1 — X*[) + anMa.
From lim,_, o, @, = 0 and (3.15), we have
lim ||x, — u,|| = 0. (3.18)
n—oo
Moreover, we have
(IWhty — upll < [|Whath — Xall + [|xn — Unl| = 0 asn — oo. (3.19)

. . . . . d—cl?
Again from the Ls-Lipschitzian and relaxed (c, d)-cocoercive mapping on A and A < 2 L;LA), we have
A

lta — X*[I> = [IPc(yn — AAyn) — Pc(y* — 2Ay")|I?
< 0 —¥") — AAyn — AYH)|?
= [lyn = ¥*I* = 2A{yn — ¥*, Ayn — Ay*) + 2%|| Ay, — Ay*||?
< llyn = Y1 = 2A[—cllAyn — AV*II* + dllyn — y*1*] + 2% || Ay — Ay*||?

%, — x*||* + 2Ac|Ayn — Ay*[I* — 2Ad|lyn — y*II> + A*||Ayn — Ay*||?

2:d
= ||x, — x*||* + <2AC +22— 7) Ay, — Ay*||%. (3.20)
A

. . . . . d'—c'12
Similarly, from the Lg-Lipschitzian and relaxed (c’, d’)-cocoercive mapping on Band y < 2 L; LB), we have
B

Iyn — ¥*II> = IPc(uy — puBun) — Pc(x* — puBx*)||?
< ll(up — x*) — p1(Bu, — Bx")||?
= Jlup — x*|I* — 20 {uy — x*, Buy, — Bx*) + 11*||Bu, — Bx*|?
< llup — x*|1> = 2u[—c'||Bun — Bx*||* + d'[|un — y*II*1 + *||Buy — Bx*||?

= |l%y — X*|I> 4 2pu¢"|Bun — BX*|* — 2ud l[un — y* 11> + u?[|Buy — BX"||?

2ud
= llxn — x*II* + (2uc/ + = = ) 1Bun — By, (3.21)
B

Substituting (3.20) into (3.17), we have

_ _ 2xd
%1 = x*12 < (1 = )1 = By — aa¥) [len — X + (2/\0 +a2 - LT) l[Ayn —Ay*||2i|
A

+ (1 — an¥) Bullxn — X*II* + ctaM,

_ 2Ad
< (1= any)?[1Xn — X*|1* + 2 (xc + 2% - Lz) Ay — Ay* (1> + aaM

A
* 112 2 2id * (2
< lxg =X+ 2(Ac+ A7 — N l1Ayn — Ay*|I© + onMs. (3.22)
A
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Again from (3.17), we get
X1 — x* ”2 < A=) = By —any)llts — X*”Z + (1 — o) Bullxn — X*”Z + anM,

< A =oy)(A = By — an¥)llyn — y*”Z + (1 — on¥) Bullxn — X*”Z + anM,

B - 2ud
< (=)A= By —any) |:||Xn —x*|” + <2MC/ +u? - 2 > 1Bun — By*||2:|
B

+(1— an?)ﬂnnxn - X*”2 + anM;

_ , 2ud
< (1= any)?llxn — x*|I° + 2 (uc +u? - TZ) [|Bun — By*[I> + aaM,
B
2ud
< %0 — x*[1* + 2 (uc/ + - :‘—2) IBun — By*||* + otaMa.
B

Therefore, by (3.22) and (3.23), we have

2Ad
2

0<-2 <Ac + A% - T) Ay — Ay 1> < [Ix0 — X[ — [[Xnp1 — X*[|* 4 anMy

and

05—2<uc/+u2—

A
< X0 = Xna 110 — X* 1 + X1 — X*[]) + 0taMs

/

2ud
Ly

2 2 2
) [Bun — By*|I* < [1%0 — X"[I* = lIXn41 — X*[I” + anM,

= n = An+1 n *” + ||Xn+1 —X*H) +anM2-
< [1%0 = Xp1 [ (llxn — X

It follows from «,M, — 0 asn — oo and (3.15) that

From (

lim ||Ay, —Ay*|| =0 and lim |Bu, — Bx*|| = 0.
n—oo n—oo
2.1), we have

llyn = ¥*II> = IIPc(up — p1Buy) — Pe(x* — uBx")||?

625

(3.23)

(3.24)

< ((up — uBuy) — (x* — uBx*), yn — ¥y*)
1

= Sl — pBuy) — (" = UBX) P + llyn — y*II* — | (un — nBun) — (x* — uBx*) — (yo — y)II°}
1

< E{IIUn = X1+ llyn =Y I? = 1 n — yn) — w(Buy — Bx*) — (x* — y*)||*}

1 %12 %12 * Y (12
= 5l =X+ llyn =y 17 = 1w = yn) = & =y

+214((Up — Yn) — (X" — y*), Buy — Bx*) — 1% || Buy — Bx*||*}.

So, we obtain

lyn = Y¥I? < llun = %1% = 1@un = yn) = ¢ = Y + 20((ta — yn) — X" = y*), Buy — Bx*) — 12®[|Buy, — Bx*|*.

Hence

X041 — X[ = (1 — an¥)(1 = B — an¥)l|tn — X* |1 + (1 — 0tn) Bull¥n — X*||* + ctuM,

< (1= )1 = Bu = cw?)yn = ¥*I* + (1 = cn?) BullXn — X" + aaM>

< (=)A= By — [ lltg — X*[1> = | (tn — yn) — " = yO)1?
+2u{(ttn = yn) — (X" = ¥"), Buy — Bx") — p®||Buy — Bx"|1*]
+ (1 = on¥)Bullxn — XN + anMs,

< (=) = By — aaP)lllxa — X*[1> = | (tn — yn) — " = y")|I?
+20((n — Yn) — (= y*), Buy — Bx*) — p?||Buy — Bx*|°]
+ (1 —any)Ballxn — X*”2 + anM,

< A=) = By — any) 1%y — X* 1> = - oY) (1 = B — o) || |(un —yn) — X" =yl
+ (1 = ayy)(1 = B — an¥)2u|(Un — yn) — (X" =y ||[Buy — BX*||
—(1=oy)(1 = By — an?)MZHBun - BX*HZ + (1 = o) BallXn — X* ”2 + anM>

2
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= (1 —anyy)llxn — X*”Z — (1 —anyy)(1 = By — an¥)|(Un — yn) — (x* _y*)”z
+ (1 = an¥)(1 = By — ) [1Bun — BX* (2] (un — yn) — (X" = y*)|| — 12]|Bu, — Bx*||°]
+ M,

which implies that

(1= an?)(1 = B — cn?) (U — yn) — " = y)* < (1 = P l|%n — x> = [|Xns1 — X||* + ctaMy
+ (1 = oY) (1 = By — o) |Buty — BX*|*[2]| (tn — ) — (x* — y*)|| — ]| Bun — Bx*|1*]
< xa = %1 = [xa41 — x> + 2aM,
+ (1 = 0 ?)(1 = By — 0tn¥)||Bun — BX*[I*[2]| (un — yn) — (* — y*)I| — pl|Buy — Bx*||?]
< 1% = Xnga [1(1xn = X[+ [ Xn1 — X*[]) + otnMy
+ (1 = on¥)(1 = By — o) ||Buty — BX*|I*[2]| (ty — yn) — (" — y*)|| — ]| Bun — Bx*|1?].

From (3.24) and ||x;, — X;+1|| — 0asn — oo, we have

l(wn —yn) = &* =yl = 0 asn — oo. (3.25)

Observe that, we compute

[Wn = tn) + & = Y)II° = [lyn — Myn — ¢ = AAY*) — [Pc(Vn — AMAyn) — Pc(y* — AMAY")] + A(Ayn — AVH) |)?
< llyn — Myn — /* = AAY*) — [Pc(yn — AAyn) — Pc(y* — AAy")]|?
+ 20 (Ayn — AY", (V0 — ta) + (X" —y7))
< |lyn — 2Myn — ¢ = MY |1 = IPc(Vn — AMyn) — Pc(y* — 24y
+ 21 [1Ayn — AV I — ta) + (X =yl
< |lyn — Myn — F = MY |I> = IWaPc (Vn — AAyn) — WaPc(y* — AAY")|I?
+ 2Ml|Ayn — AV [ — ) + (" =yl
= |lyn — AMyn — (/" — 2AY") 1> — [Waty — Wax*[|* 4 2A[|Ayn — AY* ([ (7n — tn) + (" — ¥
=< ”J’n - )‘Ay" - (y* - )‘Ay*) - (Wntn - X*)”(Hyn - )LA.VH - O/* - )‘Ay*)” + ”Wntn _X*”)
+2)\||Ayn _Ay*” ”(yn - tn) + (X* _y*)”
= |luy — Wpty +x* _y* — (Up — Yn) — LAy, _Ay*)”(”.}’n — Myp — (y* - AAy*)”
+ [ Wata — x*) + 2A1|AY, — AY* [l (Vs — ta) + X — y)II. (3.26)

Since |Wyt, — up|| — oo, [[(uy —yn) — (x* —y*)|| — 0and ||Ay, — Ay*|| — 0asn — oo, we have

ln —t) + (x* —y")|| > 0 asn— oo.

Since
Wty — tall < IWtn — Xall + X0 — tnll + [|n — yn) — @ =y + 10 — ta) — &* =yl

and hence
lim [|Wt, —t,;|| = 0. (3.27)
n—o00

It is clear that Pr(yf + (I — T)) is contractive, then Pr(yf + (I — T)) has a unique fixed point, say X € H. That is
X=Pe(yf + T —-T)Hx.
Step 4. We claim that

limsup({(yf — T)X, x, — X) < 0. (3.28)

n—oo

To show this inequality, we choose a subsequence {t,,} of {t,} such that

limsup((yf — T)& Wt, — X) = lim ((yf — T)X, Wi, — X).

n—oo

Since {t;,} is bounded, there exists a subsequence {t”i]- } of {t,,} which converges weakly to z. Without loss of generality, we

can assume that t,, — z. From [|Wt, — || — 0, we obtain Wt;, — z. By Lemma 2.4, we obtainz € F(W) = N, F(S)).
Next, we show that z € GVI(C, A, B). Since |[Wt, — t,]| — O, |Wt, — x,]| = 0asn — oo and

Ity — Xpll < Wty — tall + Wty — x4,
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we conclude that ||t, — x,|| = 0asn — oo. Furthermore, by the nonexpansivity of G in Lemma 2.8, we have
itn — G(tw)|l = |IPc[Pc (%0 — uBxy) — AAPc(xn — uBxn)1G(tn)
= [|G(xn) — G(ta)]|
< %0 — tall. (3.29)
Thus limy,_, » |[t, — G(t;)|| = 0. According to Lemma 2.4 we obtain that z € GVI(C, A, B). Next we show that z € £2. Since
u, = J;X,, we derive

O, )+ 909 — ) + (K () — K'Gx) n ) 20, Ve C.

From the monotonicity of @, we have

1
;(K/(un) =K' (%), n(x, up)) + @(X) — @(Up) = —O (Up, X) > O(X, Up),
and hence

<1<’<un,.) — K’ (xn))

’ T](X, unj) + (P(X) - (p(unj) > @(X5 unj)~
r

Since (K/(unj) — K/(xnj))/r — 0, and u,, — z weakly, from the weak lower semicontinuity of ¢ and @ (x, ) in the second
variable y, we have
OK,2) +¢@@) —pkx) <0

forallx € C.For0 <t < landx € C,letx; = tx 4+ (1 — t)z. Sincex € Candz € C, we have x; € C and hence
O(x¢,2) + ¢(z) — ¢(x¢) < 0.From the convexity of equilibrium bifunction ® (x, y) in the second variable y, we have

0 = O, x) + o) — o(xt)
S tOXL,X) + (1 =00, 2) + teXx) + (1 - 1)) — e(x;)
< O, %) + o) — ex)],

and hence O (x;, x) + ¢(x) — ¢(x;) > 0. Then, we have
Oz, X)) +9(x) —¢@) =0
forall x € C and hence z € £2. Hence z € F. Now from (2.2), we have
limsup{(yf — T)X, x, — X) = limsup((yf — T)X, Wt, — x)
n—o0 n—00

= lim ((yf — T)X, Wt,, — %)

((yf —=DX,z—Xx <0. (3.30)

Step 5. We claim that x, — X. Indeed, we observe from (3.3) that

IXn1 = XI* = llanyf &n) + Baxa + (1 — Bl — anT)Wat, — |12
= [((1 = B — aaT)(Waty — &) + Bu(¥n — X) + an(yf (%) — TR)||?
= [[((1 = B)I — aaT)(Waty — &) + Bu(Xn — X)I* + o7 [|f (xa) — TX|?
+ 2B8n0n Xy — X, Yf (X)) — TX) + 20, (1 — B — oy T) (Wit — X), vf (xn) — TX)
< (1= Bu — o) [Waty — XI| + Bullxa — XID> + e} |1 ¥f (xa) — TX||?
+ 2Bnatny (¥n — X, f () = X)) + 2Bnotn (%0 — X, ¥f %) — TR))
+2(1 = Bo)yon(Wyty, — )’Z’f(xn) _f(i» +2(1 = Bo)an (Wit — X, Vf(;‘) - T;‘)
— 202 (T (Waty — %), yf (%) — TX)
(1= Bo — an?) %0 — XI| + Ballxn — XID> + 211y f (xa) — TR)||?
+ 2Bnatny Xy — XI|* + 2Bnctn (%0 — X, ¥ (%) — TX)
+2(1 = Bu)yomallxn — X|I* + 2(1 = Bu)an(Waty — X, ¥f (%) — TX)
—202(T(Waty — %), yf(®) — TR)
= [(1 — an¥)* + 2Bnany e + 2(1 — By anellx, — X|I* + ad ||y f (xn) — TX|)?
+ 2Bn0tn (X — X, YfX) — TX) + 2(1 — Bp)og Wity — X, yf (X) — TX)

IA
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— 20T (Wpty — X), yf () — TX)
< [1-2(F — ap)anllixn — X + V2o lxn — XI* + o llyf () — TXII?
+2Bnan (xn — X, yf(X) — TX) + 2(1 — Bp)otn (Wit — X, yf (%) — TX)
+ 207 |T(Waty — D) ||l ¥f &) — TX]|
= [1-2(7 — ay)anlllxa — XI* + anfan 7 [x0 — XII* + [l7f () — TX||?
+2[ITWaty — OIlyf R) — TXI) + 2B (xa — X, yf (%) — TX)
+2(1 = ) (Waty — X, yf(x) — TX)}. (3.31)
Since {x,}, {f (x,)} and {W,,t,,} are bounded, we can take a constant M3 > 0 such that
P2 lla = XI” + 17F () = TRI? + 20T (Waty — )| llyf ®) = TXI < Ms
for all n > 0. It then follows that

%41 — XII> < [1 =27 — ay)anlllxn — X|* + anon, (3.32)
where
On = 2Bn(xn — X, Yf(®) — TR) +2(1 — Bo) (Waty —X,  yfX) — TX) + anMs.

Using (iv) and (3.30), we get limsup,_, ., 0, < 0. Now applying Lemma 2.2 to (3.32), we conclude that x, — X. This
completes the proof. O

Corollary 3.4. Let C be a closed convex subset of a real Hilbert space H and let ¢ : C — R be a lower semicontinuous and
convex function. Let @ : C x C — R be an equilibrium bifunction satisfying conditions (H1)-(H3) and let A: C — H be a L-
Lipschitzian and relaxed (c, d)-cocoercive mapping and B : C — H be a Lg-Lipschitzian and relaxed (c’, d")-cocoercive mapping
such that 2 N GVI(C, A, B) # . Let f be a contraction of C into itself with coefficient « € (0, 1) and T be a strongly bounded

linear operator on H with coefficient y and 0 < y < g Assume that

(i) n : C x C — H is Lipschitz continuous with constant A > 0 such that
(@) n(x,y) + n(y,x) =0forallx,y € C,
(b) n(., -) is affine in the first variable,
(c) foreach fixedy € C, x — n(y, x) is sequentially continuous from the weak topology to the weak topology;
(ii) K : C — R is n-strongly convex with constant o > 0 and its derivative K’ is not only sequentially continuous from the
weak topology to the weak topology but also Lipschitz continuous with constant v > 0 such that ¢ > Av;
(iii) for each x € C; there exist a bounded subset D, C C and u, € C such that foranyy € C \ Dy,

1
O, ) + o) —ey) + ;(K'(V) —K'®), n(ux, y)) < 0; (3.33)

P 00 . . 2(d—ci3) 2(d'—c'13)
(iv) limpooo tn =0, oo g0 = 00,0 < liminf,, o By < limsup,_, o, Bn < 1, A < S and p < =2
A B

Then the sequences {x,}, {yn} and {u,} generated iteratively by

X1 € C chosen arbitrarily,

1
OUp,y) + o) — e(u,) + ;(K/(un) —K'(xy), nx,uy)) >0, ¥xeC, (3.34)

Yn = Pc(up — uBuy),
Xny1 = Othf(Xn) + ,ann + ((1 - ,Bn)l - O5nT)PC(.yn - )\A.Vn)a

converge strongly tox € 2NGVI(C, A, B) where X = Poncui(c.a.p (Vf + (I —T))(X), which is the unique solution of the variational
inequality

((yf =T)%,x—%) <0, Vxe R2NGVIC,A,B),
and (x, y) is a solution of the general system of variational inequality problem (1.6) such that y = Pc (X — uBX).
Proof. S,x = xforalln = 1,2,3,...,and forall x € C in (3.1). Then W,x = x for all x € C. The conclusion follows

immediately from Theorem 3.3. This completes the proof. O

Corollary 3.5. Let C be a closed convex subset of a real Hilbert space H. Let A : C — H be a Ls-Lipschitzian and relaxed (c, d)-
cocoercive mapping and B : C — H be a Lg-Lipschitzian and relaxed (c’, d")-cocoercive mapping. Let {S,} be a sequence of
nonexpansive mappings of C into itself such that F := N2, F(S;) NGVI(C, A, B) # . Let f be a contraction of C into itself with

coefficient o € (0, 1) and T be a strongly bounded linear operator on H with coefficient y and 0 < y < g Assume that

(i) limpsoo 0ty = 0, Y oo gty = 00
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(ii) 0 < liminf, » Bn < limsup,_, o, Bn < 1

2(d—cL? 2(d'—c'L2
(iii) » < « - i and p < w
- L - L

Given x; € C arbitrarily, then the sequences {x,} and {y,} generated iteratively by

Yn = Pc(xn — uBxn), (3.35)
Xnp1 = oV f (xn) + BuXn + (1 — B — oy T)WyPc (¥ — AAyn),

converge strongly to X € F where x = Pr(yf + (I — T))(x), which is the unique solution of the variational inequality

((yf —T)x,x—X) <0, VxeF,

{xl € C chosen arbitrarily,

and (x, y) is a solution of the general system of variational inequality problem (1.6) such that y = Pc(x — uBXx).
Proof. Set p(x) = 0and @(x,y) = Oforallx,y € C and putr = 1. Take K(x) = @ and n(y,x) =y —xforallx,y € C.
Then we have u, = Pcx,, = x,. Hence the conclusion follows immediately from Theorem 3.3. This completes the proof. O

Theorem 3.6. Let H be areal Hilbert space. Let ¢ : H — R be a lower semicontinuous and convex function.Let ® : HxH — R
be an equilibrium bifunction satisfying conditions (H1)-(H3), A : C — H be a Ly-Lipschitzian and relaxed (c, d)-cocoercive
mapping. Let {S,} be a sequence of nonexpansive mappings on H such that F := N3, F(S,)N$2 NA~'0 # @. Let f be a contraction

on H with coefficient o € (0, 1) and T be a strongly bounded linear operator on H with coefficient y and 0 < y < g Assume
that

(i) n : H x H — H is Lipschitz continuous with constant A > 0 such that
(a) n(x,y) + n(y,x) =0forallx,y € H,
(b) n(-, -) is affine in the first variable,
(c) foreach fixedy € H, x — n(y, x) is sequentially continuous from the weak topology to the weak topology;
(ii) K : H — R is n-strongly convex with constant o > 0 and its derivative K’ is not only sequentially continuous from the
weak topology to the weak topology but also Lipschitz continuous with constant v > 0 such that ¢ > Av;
(iii) for each x € H; there exist a bounded subset D, C H and u, € H such that foranyy € H \ Dy,

1
O, ux) + o) — ) + ;(K/(V) —K'(x), n(ux, y)) < 0; (3.36)

. .. . 2(d—clL?
(iv) limy o0 = 0, > e gty = 00,0 < liminfy_oo Bn < limsup,_, o, fn < 1, A < ¢ L; 7t
A

Given x; € H arbitrarily, then the sequences {x,}, {yn} and {u,} generated iteratively by

X1 € C chosen arbitrarily,

1
O (un, y) + () — ¢(un) + ;(K’(un) —K'(x), n(x, up)) > 0, Vx€H,
Yn =Up — )\Aunv
Xnp1 = oV (xn) + Buxn + (1 — B — oy )Wy (¥ — AAYy),

converge strongly to X € F where X = P (yf + (I — T))(X), which is the unique solution of the variational inequality

((yf =T)x,x—X) <0, VxeF.

(3.37)

Proof. Setting A = 1, C = H, A = B, we have Py = I. It follows from the proof of Theorem 4.1in [29] that A~10 = VI(H, A).
Hence the conclusion follows immediately from Theorem 3.3. This completes the proof. O
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1. Introduction

Throughout this paper, we always assume that H is a real Hilbert space with inner product
(+,+) and norm || - ||, respectively, C is a nonempty closed convex subset of H, and P¢ is the
metric projection of H onto C. In the following, we denote by — strong convergence and by
— weak convergence. Recall that a mapping T : C — C is called nonexpansive if

|ITu—-To|| <|lu-2v|, VYuovecC. (1.1)

We denote by F(T) the set of fixed points of T. Recall that a mapping B : C — H is said to
be
(i) monotone if (Bu — Bv,u—v) >0, forall u,v € C;

(ii) L-Lipschitz if there exists a constant L > 0 such that ||Bu — Bv|| < L|ju — v||, for all
u,vecC;
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(iii) a-inverse-strongly monotone [1, 2] if there exists a positive real number & such that

(Bu - Bv,u—v) >alBu-Bv|? VYu,veC. (1.2)

Remark 1.1. 1t is obvious that any a-inverse-strongly monotone mapping B is monotone and
(1/a)-Lipschitz continuous.

Let B: C — H be a mapping. The classical variational inequality problem is to find a
u € C such that

(Bu,v-u) >0, VveC. (1.3)

The set of solutions of variational inequality (1.3) is denoted by VI(B,C). The variational
inequality has been extensively studied in the literature; see, for example, [3, 4] and the
references therein.

A self-mapping f : C — C is a contraction if there exists a constant & € (0, 1) such that

| f@w) - f@)|| <allu-o|, Vu,veC. (1.4)

Iterative methods for nonexpansive mappings have recently been applied to solve
convex minimization problems; see, for example, [5-8] and the references therein. Convex
minimization problems have a great impact and influence in the development of almost all
branches of pure and applied sciences. A typical problem is to minimize a quadratic function
over the set of the fixed points a nonexpansive mapping on a real Hilbert space:

0(x) = r}{gg %(Ax,x} —(x,b), (1.5)

where A is a linear bounded operator, C is the fixed point set of a nonexpansive mapping
T, and b is a given point in H. Let H be a real Hilbert space. Recall that a linear bounded
operator B is strongly positive if there is a constant y > 0 with property

(Ax,x) >y|x||>, Vxe€H. (1.6)

Recently, Marino and Xu [9] introduced the following general iterative scheme based on the
viscosity approximation method introduced by Moudafi [10]:

X1 = (I = anA)Txy + anyf(xn), n2>0, (1.7)

where A is a strongly positive bounded linear operator on H. They proved that if the
sequence {a,} of parameters satisfies appropriate conditions, then the sequence {x,}
generated by (1.7) converges strongly to the unique solution of the variational inequality

((A-yf)x*,x-x*)>0, xeC, (1.8)
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which is the optimality condition for the minimization problem

nleig%(Ax,x) - h(x), (1.9)

where h is a potential function for y f (i.e., W' (x) = yf(x) for x € H).

On the other hand, two classical iteration processes are often used to approximate a
fixed point of a nonexpansive mapping. The first one is introduced by Mann [11] and is
defined as follows:

x1 = x € C chosen arbitrary,
(1.10)
Xpe1 = (1= an)xy + 2, Tx,, n>1,

where the sequence {a,} is in the interval (0, 1).
The second iteration process is referred to as Ishikawa’s iteration process [12] which is
defined recursively by

x1 = x € C chosen arbitrary,
Yn = Pnxn + (1= Bn)Txy, (1.11)

Xn+l = (1 - “n)xn +ta,Ty,, n>1,

where {a,} and {p,} are sequences in the interval (0, 1). However, both (1.16) and (1.11) have
only weak convergence in general (see [13], e.g.). Very recently, Qin and Cho [14] introduced
a composite iterative algorithm {x,} defined as follows:

x1 = x € C chosen arbitrary,
Zn = YnXn + (1= yn) Txp,
Yn = Puxn + (1= Pn)T2zn,
X1 = Ay f (%) + 6pxn + (1= 64)] —ayA)yn, n>1,

(1.12)

where f is a contraction, T is a nonexpansive mapping, and A is a strongly positive linear
bounded self-adjoint operator, proved that, under certain appropriate assumptions on the
parameters, {x,} defined by (1.12) converges strongly to a fixed point of T, which solves
some variational inequality and is also the optimality condition for the minimization problem
(1.9).

On the other hand, for finding an element of F(T) N VI(B,C), under the assumption
that a set C C H is nonempty, closed, and convex, a mapping T : C — C is nonexpansive
and a mapping B : C — H is a-inverse-strongly monotone, Takahashi and Toyoda [15]
introduced the following iterative scheme:

x1 = x € C chosen arbitrary, (113)
X1 = WXy + (1 = ay)TPc(xy — uBx,), n>1, '
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where {a,} is a sequence in (0,1), and {7, } is a sequence in (0, 2a). They proved that if F(T)N
VI(B, C) # @, then the sequence {x, } generated by (1.13) converges weakly to some z € F(T)N
VI(B, C). Recently, liduka and Takahashi [16] proposed another iterative scheme as follows

x1 = x € C chosen arbitrary, (1.14)
X1 = apx + (1= a,)TPc(xn — 1uBx,), n>1, '

where B is an a-inverse strongly monotone mapping, {a,} C (0,1) and {1,} C (0,2a) satisfy
some parameters controlling conditions. They showed that if F(T) N VI(B,C) is nonempty,
then the sequence {x,} generated by (1.14) converges strongly to some z € F(T) N VI(B, C).

The existence of common fixed points for a finite family of nonexpansive mappings has
been considered by many authors (see [17-20] and the references therein). The well-known
convex feasibility problem reduces to finding a point in the intersection of the fixed point
sets of a family of nonexpansive mappings (see [21, 22]). The problem of finding an optimal
point that minimizes a given cost function over the common set of fixed points of a family
of nonexpansive mappings is of wide interdisciplinary interest and practical importance (see
[18, 23]). A simple algorithmic solution to the problem of minimizing a quadratic function
over the common set of fixed points of a family of nonexpansive mappings is of extreme
value in many applications including set theoretic signal estimation (see [23, 24]).

In this paper, we study the mapping W,, defined by

un,n+1 = I/
un,n = ﬂnTnun,rHl + (1 - ﬂn)I/
un,n—l = ,un—lTn—l un,n + (1 - ,un—l)I/

Ui = Tl eer + (1= pic) I, (1.15)
Upj1 = pe-1Tiec1Un e + (1= per) 1,

U = ooz + (1 - o)1,
Wy =Uys =mTilp,+ (1-p1)I,

where {y;} is a nonnegative real sequence with 0 < y; <1, foralli > 1, T3, T, ..., form a family
of infinitely nonexpansive mappings of C into itself. Nonexpansivity of each T; ensures the
nonexpansivity of W,. Such a W,, is nonexpansive from C to C and it is called a W-mapping
generated by T1, Ty, ..., T, and p1, pa, . . ., pin.

In this paper, motivated and inspired by Su et al. [25], Marino and Xu [9], Takahashi
and Toyoda [15], and liduka and Takahashi [16], we will introduce a new iterative scheme:

x1 = x € C chosen arbitrary,
Zn = YnXn t+ (1 - Yn)ann/

Yn = ﬂnxn + (1 - ,ﬁn)WnZn/
X1 = A} f(%n) + 6pxn + ((1 = 60)I — anA) Pe (Y — XuByn),

(1.16)
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where W,, is a mapping defined by (1.15), f is a contraction, A is strongly positive linear
bounded self-adjoint operator, B is a a-inverse strongly monotone, and we prove that under
certain appropriate assumptions on the sequences {a,}, {f.}, {yx}, and {6,}, the sequences
{xn} defined by (1.16) converge strongly to a common element of the set of common fixed
points of a family of {T,} and the set of solutions of the variational inequality for an

inverse-strongly monotone mapping, which solves some variational inequality and is also
the optimality condition for the minimization problem (1.9).

2. Preliminaries
Let H be a real Hilbert space. It is well known that for any A € [0, 1]
[+ (1= Dy = AP + (1= Dy P = A0 =Dl = P (2.1)

Let C be a nonempty closed convex subset of H. For every point x € H, there exists a unique
nearest point in C, denoted by Pcx, such that

||x - Pex|| < lx-yl, VYyeC. (2.2)

Pc is called the metric projection of H onto C. It is well known that Pc is a nonexpansive
mapping of H onto C and satisfies

(x -y, Pcx - Pcy) > ||Pex - Pcy”2 (2.3)
for every x, y € H. Moreover, Pcx is characterized by the following properties: Pcx € C and

(x = Pcx,y — Pex) <0,

(2.4)
2 2
e = yII” 2 [|x = Pex||” + fly - Pex||",
forall x € H, y € C. Itis easy to see that the following is true:
ueVI(B,C) = u=Pc(u—-ABu), A>0. (2.5)

A Banach space X is said to satisfy the Opial’s condition if for each sequence {x,} in
X which converges weakly to a point x € X, we have

liminf||x, — x|| < liminf||x, - y||, y#x. (2.6)

It is well known that each Hilbert space satisfies the Opial’s condition.

A set-valued mapping T : H — 2H is called monotone if for all x,y € H, f € Tx and
g € Ty imply (x-v, f —g) > 0. A monotone mapping T : H — 2H is maximal if the graph of
G(T) of T is not properly contained in the graph of any other monotone mapping. It is known
that a monotone mapping T is maximal if and only if for (x, f) € Hx H, (x -y, f —g) > 0 for
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every (y,g) € G(T) implies f € Tx. Let B be a monotone map of C into H and let Ncv be the
normal cone to C at v € C, thatis, Ncv={w € H: (u—v,w) >0, for all u € C} and define

To =

Buv+ N ;
{ v+ Ncov, veC; 27)

@, v¢C.

Then T is the maximal monotone and 0 € Tv if and only if v € VI(B, C); see [26].
Now we collect some useful lemmas for proving the convergence result of this paper.

Lemma 2.1. In a Hilbert space H. Then the following inequality holds
llx + y|* < ||| + 2y, (x+y)), Vx,yeH. (2.8)

Lemma 2.2 (see [27]). Let {x,} and {z,} be bounded sequences in a Banach space E and let {f3,} be
a sequence in [0,1] with 0 < liminf, _, o, B, <limsup, , _ p, < 1. Suppose x,.1 = (1=Pn)zn+Pnxy
for all integers n > 1 and limsupnéw(”znﬂ = Zn|| = |1 = xnll) < 0. Then, limy —, o5 ||z — xn| = 0.

Lemma 2.3 (see [28]). Assume {a,} is a sequence of nonnegative real numbers such that

ap1 < (]- - Yn)an + 6n/ n> 1, (29)

where {a,} is a sequence in (0,1) and {6, } is a sequence in R such that
(1) X1 ¥n=o0
(2) limsup,, _, _ (6x/yn) <007 3721164 < oo.

Then lim,, _, o a,, = 0.

Lemma 2.4 (see [9]). Assume that A is a strongly positive linear bounded self-adjoint operator on a
Hilbert space H with coefficient Y > 0and 0 < p < ||A|| ™. Then ||I - pA|| < 1 - pY.

Throughout this paper, we will assume that 0 < p, < u < 1, for all n > 1. Concerning
W, defined by (1.15), we have the following lemmas which are important to prove our main
result.

Lemma 2.5 (see [29]). Let C be a nonempty closed convex subset of a Hilbert space H, let T; : C —
C be a family of infinitely nonexpansive mapping with (2 F (T;) # @, and let {p;} be a real sequence
suchthat 0 < y; < u <1, foralli > 1. Then
(1) Wy, is nonexpansive and F(W,) = N, F(T;) for each n > 1;
(2) for each x € C and for each positive integer k, the limit limy, _, ,, U kX exists;
(3) the mapping W : C — C define by
Wx = lim W,x = lim U,1x, x€C, (2.10)

n—oo n—oo

is a nonexpansive mapping satisfying F(W) = (2 F(T;) and it is called the W-mapping generated
by Tl,Tz,...,and‘ul,yz,....
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Lemma 2.6 (see [30]). Let C be a nonempty closed convex subset of a Hilbert space H, let {T; :
C — C} be a family of infinitely nonexpansive mappings with (\;2, F (I;) # @, and let {y;} be a real
sequence such that 0 < p; < p <1, for all i > 1. If K is any bounded subset of C, then

lim sup||Wx - W,x|| = 0. (2.11)

n—=%0 yek

3. Main Results
Now we are in a position to state and prove the main result in this paper.

Theorem 3.1. Let C be a closed convex subset of a real Hilbert space H, let f be a contraction of C
into itself, let B be an a-inverse strongly monotone mapping of C into H, and let {T; : C — C} bea
family of infinitely nonexpansive mappings with F := (\,_; F(T;) N VI(B, C) # @. Let A be a strongly
positive linear bounded self-adjoint operator with the coefficient y > 0 such that ||A|| < 1. Assume
that 0 < y < ¥y/a. Let {an}, {Bn}, {yn}, and {6} be sequences in [0,1] satisfying the following
conditions:

(C1) limy oy, =0, X074ty = 0,

(C2) 0 <liminf, ., 6, <limsup, , 6, <1,

(C3) (1 + Pn)yn —2Pn > d for some d € (0,1),

(C4) hmn—molﬁm—l - ﬂn| = limn—>oo|Yn+1 - Yn| =0,

(C5) >viilAn = Ap1| < 00 and {A,} C [a,b] for some a,b € (0,2a).

Then the sequence {x,} defined by (1.16) converges strongly to q € F, where g = Pr(yf + (I — A))gq
which solves the following variational inequality:

(yf(@)-Ap,p-q) <0, VYpeF. (3.1)

Proof. Since a, — 0 as n — oo by the condition (C1), we may assume, without loss of
generality that a,, < (1-6,)|| A" for all n > 0. First, we will show that I\, B is nonexpansive.
Indeed, for all x,y € C and A, € [0,2a],

I(T = 4uB)x = (I = LB)y|I* = || (x - y) - du(Ax - Ay)||®
= lx = y|* - 20, (x - y, Ax - Ay) + \2||Ax - Ay
<l =yl + Au (Ay = 20) | Ax — Ay
<|lx-ylP,

(3.2)

which implies that I — ,,B is nonexpansive. Noticing that A is a linear bounded self-adjoint
operator, one has

|All = sup {|(Ax,x)| : x € H, ||x|| = 1}. (3.3)
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Observing that

((1-6,)I-a,A)x,x) =1-6, —a,(Ax,x)
<1-6,—ayl|Al
<0,

we obtain (1 - 6,)I — a, A is positive. It follows that

||(1=6x)I-anAll =sup {{((1-6,)]-ay,A)x,x):x€H, |x|| =1}
=sup {1 -6, —a,(Ax,x) :x € H, ||x|| =1}
<1-6, —ayy.

Next, we observe that {x,} is bounded. Indeed, pick p € N2, F(T;) N VI(B, C) and notice that

Izn =PIl < vallxn =PIl + (U= y) [Waxn = ]| < [| 20 =PI,
[yn =PIl < Pulln =PIl + (1= ) [Waza —pl|
< Pullxn =pll + (1= ) |20
< [lxn = pl

(3.4)

It follows that

llxne1 = pl| = [lany f (xn) + 8nxn + ((1 = 6u)I = a0 A) Pc(yn — AByn) = p||
= |lan(yf (xn) = Ap) + 64 (xn = p) + (1 = 6n) I — @0 A) Pc(yn — AByn) — p||
< anlyf (xn) = Ap|| + 6n|2xn = p|| + (1 = 6n = 2a¥) [lyn - P
< any||f (en) = F@)| + ally () = Ap|| + (1 - aaT) [0~ p| (35)
= [1-au(y - ya)][|xa = p|| + aulyf(p) - Ap||

lvf () - Apll.

=|1-a,(y —ya)|||x, —p| + a,(y — ya —
(1= an (7 -yl = pll + an (¥ = ye) ===

By simple induction, we have

(3.6)

7

lAp-vf®)|| }

Xp — <max { |[xo — —
o=l < e { - ) 12217

which gives that the sequence {x,} is bounded, and so are {y,} and {z,}.
Next, we claim that

nh—{r;o”x"” - x,|| = 0. (3.7)
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Since T; and U,,; are nonexpansive, we have

([Waxtn = Wyaxs|| = ||[Un12n — Up-1,1]|
= || Tilpnox, = (1= p1) xn = pr Till o1 2% — (1 = pi1) x4 ||
< || Unpxn = U1 o4 ||
= p|| 2ol 3xn — (1 = p2) X — p2Toll o1 3% — (1 = pi2) x|

< I’[ll’[2||uﬂ/3x” - un—1,3xn ” (3 8)

< <H ,ul> ”un,nxn - un—l,nxn”
i=1

< M1<H#i>,
i=1

where M; > 0 is a constant such that ||U,,,x, — Up-1,,X,|| < M;. Similarly, there exists M, >0
such that ”un,n]/n - unfl,nyn” < MZ-
Observing that

Zn = YnXn + (1 - Yn)ann/ (3 9)

Zn-1 = Yn-1Xn-1 + (1 = Yno1) W X1,
we obtain that
zn=2Zn-1 = (1=¥n) (WanXn = W1 Xn-1) + ¥ (%0 = Xn-1) + (Y1 = V) (W1 X1 = %p-1). - (3.10)
It follows that

20 = zna || < (=) [Waxn = Waadua || + ¥l 20 = xna || + [¥n-1 = Yoo | | Wi Xnor = x|
< (1= 1) [[Watn = Waaxu|| + (1= ) [[ W1 xn = W2 |
+ aull2n = x|+ [yue1 = Y| | Wanor = x|
< (L= 1) [Waxn = Waea2u|| + (1= ya) [l = %1 |
+ Youll2n = x| + [¥u-1 = Y| [ Watn-1 = x|
= (1= yu) [Waxtn = Waaxu|| + [[xtn = xna || + [ya1 = ¥ [|[Waxn1 = xna |
<(1- Yn)Mlﬁ#i + (1% = o1 [ + [yt = Yl [Wanor = 21 |-

i=1
(3.11)
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Noticing that

Yn = ﬂnxn + (1 - ,Bn)WnZn/

(3.12)
Yn1= ﬂn—lxn—l + (1 - ﬁn—l)wn—lzn—lr

we obtain

Yn —Yna1= (1 - ,Bn) (ann - Wn—lzn—l) + ﬁn (xn - xn—l) + (Wn—lzn—l - xn—l) (ﬁn—l - ﬂn)
(3.13)

It follows that

19 = 9t € (L= B [Waza = Wz [+ Bull o = ot |+ [Wozacs = o1 [ Bt = il
< (1= ) [Woza = Waazall + (1= Bu) [Waaza ~ Waazoa |
#Bulltn = ot |+ [Warzacs = a1~ i
< (U= B [Woza - Waazall + (1 ) 120 - 20|
#Bulln = oot |+ [Waazocs = Xt ||~ i

< (U= p)M T+ (U= o) 120 - 2ot |+ Bullen = 0|
i=1

+ ”anlzn—l — Xn-1 ” |ﬂn71 - ﬂn'
(3.14)

Substituting (3.11) into (3.14), we get

lyn = ynall < (A= Bu)Ma] T+ (1= Bu) (1= yu) Ma ] [1i
i i

+ (1 - ﬂn) ”xn - Xn-1 ” + (1 - ﬁn) |Yn71 - Yn| ”anlxnfl - xn—l”
+ ﬁfl”xn — Xn-1 ” + |ﬁn—1 - ﬁnl ”Wn—lzn—l — Xn-1 ” (315)

= (L= )Mo T+ (1= Bu) (U= yu) Mu] T i + [lo0n = x|
i-1 i-1

+ M3 (1= Bn) [Yn1 = Ya| + |Bus = Bul),

where M3 is an appropriate constant such that

M; > max {sup”Wn,lxn,l — Xpq

n>1

, sup|[|Wi124-1 = X1 | } (3.16)
n>1

Putting I, = (x441 — 6nxy) /(1 — 6,), we get, xp41 = (1 = 6,) 1y + Op X
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Now, we compute l,+1 — I,,. Observing that

_ lxn+1Yf(-xn+1) + ((1 - 5n+1)I - lxn+1A)PC (yn+1 - )tn+1B]/n+1)

ln+1 - ln

1- 6n+1
_anyf(xn) + (1= 6n)] = anA)Pc(yn — AuByn)
1-6,
= M(Yf(xwrl) — APc (Y1 — Ans1 BYnsn)) (3.17)
1- 6n+1
uTl
t g, (APc(Yn = XuByn) — v f (xu))
+ Pc (yn+1 - )ln+1B]/n+1) - Pc (]/n - J\nByn).
It follows from (3.15) that
I = Lall < 725 [l f (onet) = AP (Yt = Anst Byen) |
n+1
= AuByn) = vf () || + [yner = v
Xy
< 1= 61 ||Yf(xn+1) AP (Yne1 — Ana1 By ||
(3.18)
= AuByn) =y f (x) |
~Pu)Me] Jpi+ (1= ) (L =) Mi] [ i
i=1 i=1
+ {20 = 2 || + M (1= Ba) |Yn1 = Yu| + | Br1 = Bul)-
It follows that
Ayt
Mo = ol =l = 0] € 2 61 I (o) = AP Wt = s By |
= AuByn) =y f (x) |
(3.19)

+ (=P Mo] [+ (1-B) (A=) Mi ] [ s
i=1 i=1
+ M ((1 = fu) |Yn-1 = Yu| + [Br1 = Bul)-
Observing the conditions (C1) and (C4) and taking the superior limitas n — oo, we get

lim sup (||lns1 = Ln|| = ||3n — xn-a||) <O. (3.20)

We can obtain limy, .., ||l; — x,|| = 0 easily by Lemma 2.2 since

X1 = Xn = (1= 64) (In — xn), (3.21)
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one obtains that (3.7) holds. Setting t, = Pc(y, — Ayy»), we have
X1 = AnY f(%n) + 6nxn + (1= 6,)1 — anA)ty. (3.22)
Observing that

Xp— by = Xy — Xpy1 + X1 — Iy
=Xy — Xpa1 + Ay f (%) + 6pxn + (1= 64)] — a A)ty — tn (3.23)
=Xy — Xpe1 + A (Y f () — Aby) + 6, (xn — 1),

we arrive at
(1=64) (20— tn) = Xn — Xni1 + an (yf (x0) — Aly). (3.24)
This implies
(1= 6,) [0 = tall < [0 = ot |+ @l £ () - Al (3:25)
From (3.7) and (C1) we obtain that

lim ||x, — || = 0. (3.26)
n— oo

Next, we will show that ||By, — Bp|| — 0asn — oo for any p € F. Observe that

ener = pII* = 1((1 = 62)1 = anA) (ta = p) + 6 (n = p) + au(yf (x) = Ap) |
= [1((1 = 82T = @nA) (ta = p) + 64 (en = p) | + @2 |y £ () - Ap]*
+ 26080, (%0 = P Yf (%) = AP) + 200 { (1= )T = 0 A) (b = ), Y () — Ap)
< (1= 85 = an)) It = pll + 6allxn = pI)* + @ llyf (xa) - Apll*
+ 2600, (%0 = P Y f (%) = AP) + 200 { (1= )T = 0 A) (b = ), Y () — Ap)
= (1= 60— @)’ |t = p|I” + 53l|x0 - |
+2(1= 6, = aa¥) 6w = pll | % =PIl +
< (1= 60 = @) [lta = p|I” + /|0 - p|*
+ (1= 64— @) ([ltw = pII” + lu ~ pI) + e
= [ - @) -2(1 - @) 60 + 8 [1tu = p|I* + 821 %0~ |1
+ (1= a)8n = 62) (lltn = pI* + 1 = pI) + €2

= (1= ) [ltw = plI* = (1= @) Sullt = p|I* + (1 = @) ullocn = p|I” + s
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= (1= ) (1= 65 = @) [[ta = plI* + (1 - )80l x0 = p||” + €2
< (1= a7) (1= 6, = &) [I| 4 = 1aBya) = (p - LuBp) ||
+ (1= an?)8allxa = p* +
< (1= @) (1= 60 = &) [y = I + An (n — 20) | By, - Bp||*]
+ (1= ai7)8nllxa = p” +
< |lxn = plI” + b(b —2a) || Byn - Bp||* + cu,

(3.27)
where
cn = ap|lyf (xu) = Apl|* + 26400 (xn = p, Y (x4) = Ap) (328)
+ 2, (((1 = 60)I = anA) (ta = p), v f (xn) = Ap).
This impies that
2 2 2
=b(b - 2a)||Byn = Bp||” < [|xn = p||” = [|2ne1 = p[|” + ca (3.29)
< [loen = 2 [ (f|xn = pIl + 201 = pII) + cn-
Since lim,, _, ,¢, = 0 and from (3.7), we obtain
lim || By, — Bp|| = 0. (3.30)

n—oo

From (2.3), we have

It = pII* = | Pc(yn = AuByn) = Pe(p - XuBp) ||
< ((¥n = AuByn) = (p — AuBp), ta — p)
1 2 2
= {11 = 4Byn) = (p = 1uBp) |+ |12 - p |
~ |0 = \uBya) = (p = 1uBp) - (ta - p) |}

2 2 2
< {lyn =2l + 1w = pI? = 1| = ) = 1 (Bys — Bp) |I*}

Nl = N =

{lyn =PI + 1t =PI = lyn = tall* + 200(n = ta, Bya = Bp) = 13| By = Bp|*},
(3.31)

S0, we obtain

tw =17 < lyn = I = |9n = tall” + 220 (¥n = tu, Byw - Bp) = A2|| By, - Bp||>.  (3.32)
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It follows that

s Pl < (- ) (1 60~ sl — I + (1 - )6l I+ 0
< (1= ) (1- 6, - aT)
<[l =pI* = 1y = tall* + 20 (s = b, By — Bp) = A2 By, - Bp|[’|
(= a)ouln - I +
< (1= ay) %0 = plI* = (1= @) (1 = 6 = @) lyn — ta|”
+ 24 (1= an¥) (1= 6n — au¥) |yn — tull | By — Bp||
= (1= ai¥) (1= 6, = au¥) || Byn = Bp||” + cu,

(3.33)
which implies that
(1= u7) (1= 6 = an?) |y~ tall”
< 1w = pII* = llner = pII* + 240 (1 = ¥) (1 = 85 = @a}) [y ~ | [ By — Bp|
)‘n(l “"Y) (1 6" a"Y) ”Byn Bp” +Cn (334)
< loew = xwea [ (llen = Pl + N1 = Il
+ 20 (1= a¥) (1= 64 = @n¥) ||yn =t [| By — Bp |
= X5 (1 = aa7) (1= 65 ~ ) | By ~ Bp||* + co.
Applying (3.7), (3.30), and lim,, _, .,c,, = 0 to the last inequality, we obtain that
lim ||y, — ta|| = 0. (3.35)
It follows from (3.26) and (3.35) that
l2n = v || < || = ta]| + ||tn = || — O as n — oo. (3.36)
On the other hand, one has
[Wan = x| < 1|20 = yul| + |30 = W]
< 1o =yl + [y = Waza| + [[Wazn = Waxa|
< e = ynull + Bullxn = Wizl + |20 - 22|
< e = yull + Bullxn = Waxal| + Pul|[Waxtn = Woza || + |20 = x| (3.37)

< [l%n = yull + Pullxn = Woxa|l + (14 fa) |20 = |
< [l =yl + Bullcn = Waea | + (14 ) (1 =) [Waren = x|
= {120 = yall = [+ Ba)yn = 2B = 1] [[Wan = xal,
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which implies
[(1 + ﬂ")Yﬂ - Zﬁn] ”ann - xn” < ”xn - yn” (3.38)
From the conditions (C3), it follows that

lim ||W,x, — x4 || = 0. (3.39)
n—oo

Applying Lemma 2.6 and (3.39), we obtain that

Wi~ xall < [ Wt~ Wt + [ Wt —

< sup ||[Wx = Wyx|| + ||[Wyx, — x4]| — 0 as n— oo.
x€{xn}

(3.40)

It follows from (3.26) and (3.40) that

W = tull < (W = Woxal| + [[Woxn = x| + || = ta

3.41
<2t = x| + [[Watn — x| — 0 a5 17— oo. (.41)

We observe that Pr(yf + (I — A)) is a contraction. Indeed, for all x, y € H, we have

|1 Pe(yf+I=A))(x) = Pe(yf+ (- A) )|
<|(rf+T-A)@) - (f+T-A)W)||
<yllf@) = f@)l + 1T - Allllx - yll (3.42)
<yalx =yl + 1 -7)lx -yl
<ylx -yl

Banach’s Contraction Mapping Principle guarantees that Pr(y f + (I — A)) has a unique fixed
point, say g € H. Thatis, g = Pr(y f + (I = A))(q).
Next, we claim that

limsup(yf(q) - Aq, t, —q) <0. (3.43)

n— oo
Indeed, we choose a subsequence {t,,} of {t,} such that

limsup(yf(q) - Aq, Wt, - ) = lim (yf(q) - Aq, Wty - q). (3.44)

n—oo
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Since {t,,} is bounded, there exists a subsequence {t,,,.]_ } of {ty,} which converges weakly to
z € C. Without loss of generality, we can assume that t,, — z. From |[Wt,, —t,] — 0, we
obtain Wt,, — z. Therefore, we have

limsup(yf(q) - Aq, Wty - q) = lim (yf(q) - Aq, Wt,, - q) 645)
n—o oo 3.45

=(yf(q) - Agq,z—q).

Next we prove that z € F := N2, F(T;) n VI(B, C).

First, we prove that z € F(W) = N2, F(T)).

Suppose the contrary, z ¢ F(W), that is, Wz # z. Since t,, — z, by the Opial’s condition
and (3.41), we have

lim inf||t,, - z|| < liminf||t,, - Wz||
1— 00 1— 00

<timin{[|t,, - W, | + [[Wt,, - W]}
"_>.°° (3.46)
<timin{[|t,,~ W | + 1t~ 2]
1— 00

= liminf||t,, - z||.
1— 00

This is a contradiction, which shows that z € F(W) = N2, F(T;).
Next, we prove z € VI(B,C). For this purpose, let T be the maximal monotone
mapping defined by (2.7):

To < {BZJ+Nc7J, veC; (347)
, v¢C.
For any given (v, w) € G(T), hence w — Bv € N¢(v). Since t, € C, we have
(v—ty,w—-Bv)>0. (3.48)
On the other hand, from t, = Pc(y, — A,By,), we have
(0 = tu,tn = (Yn = XaByn)) 20, (3.49)

that is,

tn —Yn
<v _t,, Ty + Byn> > 0. (3.50)
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Therefore, we obtian
(v —ty, w) > (v —t,, Bv)
tn, — Yn
> (v —ty, Bv) - <v—tm, "’)L +B]/n,~>
nj

tn, — Yn,
= <v—tni,Bv—Byni - n’)L yn‘>
i

i

tn, — Yn, 3.51
= (v —ty, Bo— Bty,) + (v —ty, Bty, — Byn,) — <U—tni,n’—yn’> (331)

.

i

t, —
> <U —tn,;, Btni> - <U —tu, le)t
n;i

tp = Yn,
:<v—tni,Btm—Byni>—<v—tm, ’)L y’>.

Noting that ||t,, — ¥,/ — 0 asn — oo and B is Lipschitz continuous, hence from (3.18), we
obtain

(v-2z,w) >0. (3.52)

Since T is maximal monotone, we have z € T~10, and hence z € VI(B, C).
The conclusion z € %, F(T;) N VI(B, C) is proved.
Hence by (3.45), we obtain

limsup(yf(q) - Aq,Wt, —q) = (yf(q) - Aq,z—q) <0. (3.53)

n— oo

Since g = Prf(q), it follows from (3.39), (3.41), and (3.53) that
q q

lim sup(yf(q) - Aq, tn — q) = limsup(yf(q) - Aq, (t. - Wts) + (Wt, —q))

n—oo n— oo

<limsup(yf(q) — Aq, Wt, - q) (3.54)

n—oo

<0.

Hence (3.43) holds. Using (3.26) and (3.54), we have

limsup(y f(q) -~ Aq,x» - q) =limsup(yf(q) - Aq, (xun —tn) + (t — q))

n— oo n— oo

<limsup(yf(q) — Aq, t, — q) (3.55)

n— oo

<0.
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Now, from Lemma 2.1, it follows that

2wt = qll* = @y f (xn) + 6u + (1= 62)T = @uA)t - g’

= /(1= 8)T = anA) (tn = q) + 6 (xn = q) + @n(vf (xa) = Ag) |

= (1= 82)T = anA) (tn = q) + 8u(xn = ) |* + a3y f (%) - Aq|®
+ 26,0, (Xn — 4,7 f (xn) — Aq)
+ 20, (1= 62)1 — an A) (tn = 9), Y f (xn) — Aq)
(1= 80 = @a?) It = qll + 8ullxa = qll)* + @Iy £ (xa) - Aq]l”
+ 26,0y (Xn = q, f (Xn) = f(@)) + 2600 (x0 — 4, Y f(9) — A(9))
+2(1 = 6n)yan(tn = q, f (xn) = f(q)) +2(1 = &) an(tn — q,Yf(q) — Aq)
-2, (A(ta ~ q),Yf(q) - Aqg)
((1 =8 = @) || = qll + 6ullxa = qll)* + @Iy f (xa) - Aq|]®
+26,anyal| s — q||° + 26,00 (xn — 4,7 f(q) - Aq)
+2(1=6,)yanal|x, = q|I* +2(1 - 6.)an(t — 4, Y f(q) - Aq)
—20,(A(ta — ), vf(q) - Aq)
= [(1- ) + 260nya + 21 = 80) yana] [ = gl + a1y f (o) - g
+ 265 (xn = 4,7f(q) = Aq) +2(1 = 6n) an(tn = 4,7 f(q) - Aq)
— 203 (A(tn = q), vf(q) - Aq)
[1-2(7 - )] 0 = qll” + Pecd [l = ql* + a1y £ (xa) - Aq?
+ 26,00 (x0 — 4,7 f(q) = Aq) +2(1 = 6,)an(tn — 4, Y (q) - Aq)
+ 2, | At = ) [[lvf(9) - Aq]|
= [1-2(7 - awy)an [0 - ql”

+ an{an(?zﬂxn = q||* + Iy f (xu) - Aq]’
+2||A(ta = @) | llvf (a) = Aql|) +264(xn - 0, ¥f () - Aq)
+2(1=6,)(ta = 4,f (@) - Aq) }.

IN

IN

(3.56)

IN

Since {x,}, { f(x,)}, and t, are bounded, we can take a constant M5 > 0 such that

Vlln = all” + llyf () = Aql* + 20| At - ) Iy £ () ~ Aq| < Ms, (3.57)
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for all n > 0. It then follows that
Ixs = qll” < [1 =27 — awy)aa] [lxn = 4l|” + an0n, (3.58)
where
On = 26(xn = q,Yf(q) = Aq) +2(1 = 6u)(tn = 4,Yf(q) = Aq) + anMi. (3.59)

Using (C1), (3.54), and (3.55), we get limsup, _, 6, < 0. Now applying Lemma 2.3 to (3.58),
we conclude that x,, — g. This completes the proof. O

Remark 3.2. Theorem 3.1 mainly improve the results of Qin and Cho [14] from a single
nonexpansive mapping to an infinite family of nonexpansive mappings.

4. Applications
In this section, we obtain two results by using a special case of the proposed method.

Theorem 4.1. Let H be a real Hilbert space, let B be an a-inverse strongly monotone mapping on H,
let {T; : H — HY} be a family of infinitely nonexpansive mappings with F := N, F(T;)NB™(0) # @.
Let f : H — H a contraction with coefficient a € (0,1), and let A be a strongly positive bounded
linear operator on H with coefficient y > 0 and 0 < y <y /a. Suppose the sequences {x,}, {yn}, and
{zn} be generated by

x1 = x € H chosen arbitrary,
Zn = YnXn + (1 - Yn)annr
Yn = ﬂnxn + (1 - ﬂn)annr
X1 = AnY f(%n) + 6020 + (1= 64)1 — anA) (Yn — AuByn),

(4.1)

where {an}, {Pn}, {yn}, and {A,} are sequences in [0, 1] satisfying the following conditions:
(C1) limy oty =0, 3774 @ty = 00,
(C2) 0 <liminf, ., 6, <limsup, ,_ 0,<1,
(C3) (14 Pn)yn —2Pn > a for some a € (0,1),
(C4) limy, oo |Prs1 = Pl = limy— olynar = ¥al = 0,
(C5) X1l — Ayoi| < o0 and {A,} C [a,b] for some a,b € (0,2a).

Then {x,}, {yn}, and {z,} converge strongly to q = Pr(y f + (I — A))(q) which solves the variational
inequality:

((A-yf)g.9-2)<0, z€F. (4.2)

Proof. We have B71(0) = VI(B, H) and Py = I. Applying Theorem 3.1, we obtain the desired
result. O
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Next, we will apply the main results to the problem for finding a common element of
the set of fixed points of a family of infinitely nonexpansive mappings and the set of fixed
points of a finite family of k-strictly pseudocontractive mappings.

Definition 4.2. A mappings S : C — H is said to be a k-strictly pseudocontractive mapping if
there exists k € [0, 1) such that

ISx - Sy|> < lx =yl + k||(I = S)x - (I - S)y|*, Vx,yeC. (4.3)

The following lemmas can be obtained from [31, Proposition 2.6] by Acedo and Xu,
easily.

Lemma 4.3. Let H be a Hilbert space, let C be a closed convex subset of H. For any integer N > 1
, assume that, for each 1 <i < N, S; : C — H is a k;-strictly pseudocontractive mapping for some
0 < ki < 1. Assume that {(pi}gl is a positive sequence such that XN, ¢; = 1. Then X%, ¢:S; is a
k-strictly pseudocontractive mapping with k = max{k; : 1 <i < N}.

Lemma 4.4. Let {S;}, and {(,o,-}f\zj1 be as in Lemma 4.3. Suppose that {S;}, has a common fixed
point in C. Then F(X, ¢;S:) = NN, F(Si).

Let S; : C — H be a k;-strictly pseudocontractive mapping for some 0 < k; < 1. We
define a mapping A = I - 3N, ¢;S; : C — H, where {¢;}, is a positive sequence such that
Zgl ;i = 1, then Ais a ((1 - k)/2)-inverse-strongly monotone mapping with k = max{k; :

1 <i < N}.In fact, from Lemma 4.3, we have

2 2

N N N N
> wiSix— > piSiy|| <lx-yl*+k (I -, (Pi5i>x - <I - (Pisi>y , Vx,yeC.
i-1 i-1 i=1 i-1
(4.4)
That is,
1T = A)x = (1 = Ayy||* < llx -yl + k|l Ax - AyIP. (45)
On the other hand
1= A)x = (1= Ay |* = lIx - yI? - 2(x -y, Ax - Ay) + |Ax - Ayl".  (46)
Hence, we have
1-k ,
(x—y, Ax = Ay) > —— | Ax - Ay[I" (4.7)

This shows that A is ((1 — k) /2)-inverse-strongly monotone.

Theorem 4.5. Let C be a closed convex subset of a real Hilbert space H. For any integer N > 1,
assume that, for each 1 <i < N, S; : C — H is a ki-strictly pseudocontractive mapping for
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some 0 < ki < 1. Let {T; : C — C} be a family of infinitely nonexpansive mappings with F :=
Nz F(Ti) N ﬂglF(Si) #@. Let f : C — C a contraction with coefficient a € (0,1) and let A be a
strongly positive bounded linear operator with coefficient y > 0 and 0 < y < y/a. Let the sequences
{xn}, {yn}, and {z,} be generated by

x1 = x € H chosen arbitrary,
Zn = YnXn t+ (1 - Yn)annr
Yn = ﬁnxn + (1 - ﬂn)wnznr (48)
N
Xn+l = aan(xn) + 6nxn + ((1 - 611)[ - anA)PC ((1 - )tn)yn - )th (Pisiyn>/

i=1

where {a,}, {Pn}, {yn}, and {A,,} are the sequences in [0,1] satisfying the following conditions:
(C1) limy, oy, =0, X074 aty = 00,
(C2) 0 <liminf, 6, <limsup, , 6, <1,
(C3) (14 Bn)yn —2Pn > a for some a € (0,1),
(C4) limy, o |Brs1 = Pl = limy— olynar = ¥al = 0,
(C5) X2 |An — Ap—1| < o0 and {A,} C [a,b] for some a,b € (0,2a).

Then {x,}, {yn}, and {z,} converge strongly to q = Pr(y f + (I — A))(q) which solves the variational
inequality:

((A-yf)g,9-2z)<0, z€eF. (4.9)

Proof. Taking B = I - ¥, ¢;S; : C — H, we know that B : C — H is a-inverse strongly
monotone with a = (1 — k) /2. Hence, B is a monotone L-Lipschitz continuous mapping with
L = 2/(1 - k). From Lemma 4.4, we know that 3N, ¢;S; is a k-strictly pseudocontractive
mapping with k = max{k; : 1 < i < N} and then F(Zf\i1 ¢iS;) = VI(B,C) by Chang [30,
Proposition 1.3.5]. Observe that

N
Pc (]/n - )LnByn> = Pc <(1 - An)yn - /\nz ‘Pisiyn> . (410)

i=1

The conclusion of Theorem 4.5 can be obtained from Theorem 3.1. O

Remark 4.6. Theorem 4.5 is a generalization and improvement of the theorems by Qin and
Cho [14], liduka and Takahashi [16, Thorem 3.1], and Takahashi and Toyoda [15].
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1. Introduction

Let C be a closed convex subset of a real Hilbert space H. Let ¢ be a bifunction of C x C into R, where R is the set of real
numbers. The equilibrium problem for ¢ : C x C — Ris to find x € C such that

o(x,y) >0, VyeC. (1.1)

The set of solutions of (1.1) is denoted by EP(¢). Numerous problems in physics, optimization, and economics are reduced
to find a solution of (1.1). Some methods have been proposed to solve the equilibrium problem (see [1-3,24-26]). In 2005,
Combettes and Hirstoaga [4] introduced an iterative scheme of finding the best approximation to the initial data when EP(¢)
is nonempty and they also proved a strong convergence theorem.

Recall thatamapping T : C — Cis said to be asymptotically k-strictly pseudo-contractive (the class of asymptotically k-
strictly pseudo-contractive maps was first introduced in Hilbert spaces by Qihou [5]) if there exists a sequence {k,} C [1, 00)
with lim,__, » k; = 1 such that there exists k € [0, 1) such that

IT"% — T"y|I> < k2llx — y|I> + kI — T"x — (I — T"y]|%, (12)

forallx,y € C and n € N. Note that the class of asymptotically k-strict pseudo-contractions strictly includes the class of
asymptotically nonexpansive mappings [6] which are mappings T on C such that

IT"x — T"y|I* < knllx —yll, Vx,y €C, (1.3)
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where the sequence {k,} C [1, 00) is such that lim,__, . k, = 1. That s, T is asymptotically nonexpansive if and only if T is
asymptotically O-strictly pseudo-contractive.

Recall that a mapping T : C — C is called a k-strict pseudo-contraction mapping if there exists a constant 0 < k < 1
such that

ITx = TylI* < lIx =yl + klld = Tx = (4 = Tyl*>, Vx,y €C. (14)

Note that the class of k-strict pseudo-contractions strictly includes the class of nonexpansive mappings which are mappings
T on C such that

ITx =Tyl < lix =yl

forall x, y € C.Thatis, T is nonexpansive if and only if T is 0-strict pseudo-contractive. Note that the class of strict pseudo-
contraction mappings strictly includes the class of nonexpansive mappings. Clearly, T is nonexpansive if and only if T is a
0-strict pseudo-contraction. Construction of fixed points of nonexpansive mappings via Mann'’s algorithm [7] has extensively
been investigated in the literature; See, for example [8,7,9-12] and references therein. If T is a nonexpansive self-mapping
of C, then Mann'’s algorithm generates, initializing with an arbitrary x; € C, a sequence according to the recursive manner

Xnt1 = QpXp + (1 —ap)Tx,, Vn > 1, (1.5)

where {«,} is a real control sequence in the interval (0, 1).

IfT : C — C is a nonexpansive mapping with a fixed point and if the control sequence {w,} is chosen so that
Z;’; an(1 — ay) = oo, then the sequence {x,} generated by Mann’s algorithm converges weakly to a fixed point of T.
Reich [13] showed that the conclusion also holds good in the setting of uniformly convex Banach spaces with a Fréchet
differentiable norm. It is well known that Reich’s result is one of the fundamental convergence results. Very recently, Marino
and Xu [ 14] extended Reich’s result [13] to strict pseudo-contraction mappings in the setting of Hilbert spaces.

Very recently, Motivated and inspired by the research work of Marino and Xu [14] and Takahashi and Takahashi [15],
Ceng, Homidan, Ansari and Yao [16], introduced a new implicit iterative scheme for finding a common element of the set of
solutions of equilibrium problems and the set of fixed points of a strict pseudo-contraction mapping defined in the setting
of real Hilbert spaces. They gave some weak and strong convergence theorems for such iterative scheme. More precisely,
they proved the following theorems.

Theorem 1.1 (Ceng, Homidan, Ansari and Yao [16]). Let C be a closed convex subset of a Hilbert space H, ¢ : C x C —> R be
a bifunction satisfying (A1) — (A4) and T : C — C be a k-strict pseudo-contraction mapping for some 0 < k < 1 such that
F(T) N EP(¢) # O. Let {x,} and {u,} be sequences generated initially by arbitrary element x, € H and then by

1

¢Up—1,y) + (Y —Up_1,Up—1 —Xp—1) =20, VyeC
Tn—1 (]6)
Xp=opqUp_1+ (1 —oy_)Tup_1; Vn =1,
where {«,} and {r,} satisfy the following conditions:

(1) {an} C [, B], for some«, B € (k, 1), and
(2) {rn} C (0, 00) and liminf, 1, > 0.

Then, the sequences {x,} and {u,} converge weakly to an element of F(T) N EP(¢).
Theorem 1.2 (Ceng, Homidan, Ansari and Yao [16]). Let C,H, T, ¢, {x,}, {u,} and {«,}, {r,} be as in Theorem 1.1. Then, the

sequences {x,} and {u,} converge strongly to an element of F if and only if liminf, ., d(x,, F) = 0, where d(x,, F) denotes
the metric distance from the point x, to F.

On the other hand, motivate and inspired in [17,14], very recently, Qin, Cho, Kang and Shang [ 18] introduced the following
algorithm for a finite family of asymptotically k-strict pseudo-contractions. Let xo € C and {o,};2, be a sequence in (0, 1).
The sequence {x,} generated by the following way:

X1 = agXo + (1 — ap)T1Xo,
X2 = a1x1 + (1 — o) Toxg

Xy = an_1Xn—1 + (1 —an_1)TnXn_1
Xn41 = anxy + (1 — o) Tixy

2
Xon = dan—1Xon—1 + (1 — OlZN—l)TNXZN—1

3
Xon41 = aonXon + (1 — oon) Ty XN
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is called the explicit iterative sequence of a finite family of asymptotically k-strict pseudo-contractions {Ty, To, ..., Tn}.
Since, for each n > 1, it can be writtenasn = (h — 1)N + i, wherei = i(n) € {1,2,...,N}, h = h(n) > 1is a positive
integer and h(n) — oo as n —> oo. Hence the above table can be written in the following form:

Xn = p_1Xp—1 + (1 — an—l)Tii(',(q')l)xn—la vn> 1. (1.7)
Then they proved some weak convergence theorems for a finite family of asymptotically k-strict pseudo-contractions by
algorithm (1.7). More precisely, they proved the following theorem.

Theorem 1.3. Let C be nonempty closed convex subset of a real Hilbert space H and N > 1 be an integer. Let, for each
1 <i<N,T;:C —> C bean asymptotically k;-strictly pseudo-contractive mapping for some 0 < k; < 1 and a sequence {kj, ;}
such that 2 ((kni — 1) < oo. Let k = max{k; : 1 < i < N} and k, = max{k,; : 1 < i < N}. Assume that N, F(T}) is
nonempty. For any xo € C, let {x,} be a sequence generated by (1.7). Assume that the control sequence {c,} is chosen such that
k4+e <o, <1—c¢foralln > 0andsome ¢ € (0, 1). Then {x,} converges weakly to a common fixed point of the family {Ti}§V=1.

On the other hand, recently Takahashi, Takeuchi and Kubota [ 19] introduced the new iterative methods for approximating
the common fixed point of a family of nonexpansive mappings {T, : C —> C} by using the hybrid method as follows: Let
x € H, for o = C and xy = P,x, they define a sequence {x,} as follows:

Yn—1 = Op—1Xp—1 + (1 - O‘n—l)Tnxn—la
Co=1{z € C1:llyn—1—2ll < lIxXn—1 —2zll}, (1.8)
Xp =Pc,x, Vn>1

where 0 < o, < o < 1foralln > 0. Then, under appropriate conditions on {T,}, they obtained a strong convergence
theorem for the iterative scheme (1.8) in the setting of a real Hilbert space.

In this paper, inspired and motivated by the above researches, we suggest and analyze an iterative scheme for finding a
common element of the set of common fixed points of a finite family of asymptotically k-strict pseudo-contraction and the
set of solutions of an equilibrium problem in the framework of Hilbert spaces. Then we modify our iterative scheme to get
strong convergence theorems by the hybrid algorithms. Our results extend and improve the corresponding recent results of
Ceng, Homidan, Ansari and Yao [16] and Qin, Cho, Kang and Shang [ 18] and some others.

2. Preliminaries

Throughout the paper, we write x, —> x (X, — x, resp.) if {x,} converges strongly (weakly, resp.) to x, and w,, (x,) =
{x: Xnj = X for some subsequence {xnj} of {x,}} denotes the weak w-limit set of {x,}.

Lemma 2.1 ([14, Lemma 1.1]). Let H be a real Hilbert space. There hold the following identities

(i) I =yl = X% = IyI? = 2(x = y. ). ¥x.y € H, )
(i) ltx + (1 = Oyll* = tlix[* + (1 = Ollyll* — t(1 = Ollx —ylI*, YVt € [0, 1], Vx,y € H,
(iii) If {x,} is a sequence in H weakly converging to z, then

limsup [|x, — y[I> = limsup [|x, — z||* + |z = y|?>, Vye€H.
n—o00 n—-00

Let C be a closed convex subset of H. For every point x € H, there exists a unique nearest point in C, denoted by Pcx such
that

lx — Pcx|| < |lx—y|| forally € C.

Pc is called the metric projection of H onto C. It is well known that P¢ is a nonexpansive mapping.
It is also known that H satisfies Opial’s condition [20], i.e., for any sequence {x,} with x,, — x, the inequality

liminf||x, — x|| < liminf|x, — y||
n—oo n—oo
holds for every y € H with y # x.

Lemma 2.2 ([21]). Let H be a real Hilbert space. Given a closed convex subset C C H and point x,y,z € H. Given also a real
number a € R the set

fveC:lly—vl* <lx—vl*+ (z,v) +a},
is convex and closed.

Lemma 2.3 ([14, Lemma 1.3]). Let C be a closed convex subset of H. Given x € H and z € C. Then z = Pcx if and only if there
holds the relation

x—z,y—2z)>0, VyeC.

Lemma 2.4 ([21, Lemma 1.5]). Let C be a closed convex subset of H. Let {x,} be a sequence in H and u € H. Let q = Pcu. If {x,}
is such that w,, (x,) C C and satisfies the condition ||x, — u|| < ||u — q|| for all n. Then x, — q.

Please cite this article in press as: P. Kumam, et al., A hybrid iterative scheme for equilibrium problems and fixed point problems of asymptotically
k-strict pseudo-contractions, Journal of Computational and Applied Mathematics (2009), doi:10.1016/j.cam.2009.09.036




4 P. Kumam et al. / Journal of Computational and Applied Mathematics I (1111) 11E-H1N

Lemma 2.5 (Kim and Xu [22]). Let H be a real Hilbert space. Let C be a nonempty closed convex subset of Hand T : C —> C be
an asymptotically k-strictly pseudo-contractive mapping for some 0 < k < 1 with a sequence {k,,} such that Z;’il (ky—1) < o0
and the fixed point set of T is nonempty. Then (I — T) is demiclosed at zero.

Lemma 2.6 ([23, Lemma 2]). Let the sequences of numbers {a,} and {b,} be satisfy that
o0
py1 = (1 +bn)an7 an = 07 bn > 07 and an < oo, vn > 1.
n=1

If liminf,__. . a, =0, thenlim,_,, a, = 0.

Lemma 2.7 ([9]). Let {r,}, {sn} and {t,} be the three nonnegative sequences satisfying the following condition:
g1 < (A +s)rn +t;, VneN.
If Y0l sp <ooandy 2, ty < 00, then lim,_, o 1y exists.

Lemma 2.8 (Kim and Xu [22]). Let H be a real Hilbert space, C a nonempty subset of Hand T : C —> C be an asymptotically
k-strictly pseudo-contractive mapping. Then T is uniformly L-Lipschitzian.

Lemma 2.9 (Qin, Cho, Kang, and Shang [18]). Let H be a real Hilbert space, C a nonempty subset of Hand T : C —> C be a k-
strictly asymptotically pseudo-contractive mapping. Then the fixed point set F(T) of T is closed and convex so that the projection
Pr(1y is well defined.

For solving the equilibrium problem, let us assume that the bifunction ¢ satisfies the following conditions:

(A1) ¢(x,x) =0forallx € C;
(A2) ¢ is monotone, i.e., ¢(x,y) + ¢(y,x) <Oforanyx,y € C;
(A3) ¢ is upper-hemicontinuous, i.e., for each x, y, z € C,

limsup,__,o+¢(tz + (1 — X, y) < ¢(x, y);
(A4) ¢(x, -) is convex and lower semicontinuous for each x € C.

The following lemma appears implicitly in [1].

Lemma 2.10 ([1]). Let C be a nonempty closed convex subset of H and let ¢ be a bifunction of C x C into R satisfying (A1)-(A4).
Let r > 0 and x € H. Then, there exists z € C such that

1
¢(Z,}’)+;(y—z,z—x) >0 forallyecC.

The following lemma was also given in [4].

Lemma 2.11 ([4]). Assume that ¢ : C x C —> R satisfies (A1)-(A4). For r > 0 and x € H, define a mapping S, : H —> C as
follows:

Si(x) = {zeC:q&(z,y)—k%(y—z,z—x) >0, VyeC},

forall z € H. Then, the following hold:

(i
(ii
(iii
(iv

S, is single-valued;

S, is firmly nonexpansive, i.e, forany x,y € H, ||S;x — S;y||*> < (S;x — S;y, x — ¥);
F(Sr) = EP(¢);

EP(¢) is closed and convex.

—_

3. Weak convergence theorems
We are now in a position to prove some weak convergence theorems.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H and N > 1 be an integer, ¢ : C x C — R
be a bifunction satisfying (A1)-(A4). Let, foreach 1 < i < N, T; : C —> C be an asymptotically k;-strictly pseudo-contractive
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mapping for some 0 < k; < 1 and a sequence {k;} such that Z;“;O(kn,,» — 1) < oo Letk = max{k; : 1 < i < N}and
kn = max{k,; : 1 < i < N}. Assume that F = ﬂfvzl F(T;) N EP(¢) is nonempty. Let {x,} and {u,} be sequences generated
initially by arbitrary element xo € C and then by

¢(Un-1,y) + (Y —Un—1,Up—1 —Xn—1) 2 0; Wy €C,
Th—1 (3-1)
Xn = dp—1Up—1 + (1 — 0oy—1)T, (n)un 15 vn > 1,
where {a,} and {r,} satisfy the following conditions:

(C1) {an} C e, B], forsomew, B € (k, 1), and
(C2) {r,} C (0, 00) and liminf,__, 1, > 0.
Then, the sequences {x,} and {u,} converge weakly to an element of F.

Proof. We divide the proof into five steps.

Step 1. We claim that lim,__, », ||X;, — q|| exists, Vq € F.
Indeed, Let q € F := ﬂﬁvzl F(T;) N EP(¢). Thus from the definition of S; in Lemma 2.11, we have u,_1 = S, _,X,—1 and
therefore

lun—1 = all = 1ISr,_ Xn-1 = Sr,._,4ll
Xo—1 —qll, foralln> 1.

IA

Since eachi € {1,2,...,N},T;: C — Cisan asymptotically k;-strictly pseudo-contractive mapping, we have

lIXn —Q||2 = [Jop_1(Up—1 — @) + (1 — o 1)( (n) un 1 _Q)Hz

= an-tlltn—1 — qlII* + (1 — on0) I Ty un+1—q|| — o1 (1 = o) I Tty — ttpy])?
< aptlltn—1 — ql1* — otn1 (1 — @) [Ty thn1 — U1 1>

+ (1 = ot )[Ry ltn—1 — qI1% + KT} 1—un_1||2]
< ki lltn—1 — qlI> = (1 — atn_1) (a1 — BT, (n) MUyt — U |)?

< ki(n)nxn—l - Q||2 — (1 —ap_1)(an—1 — BT, l(n) un 1 — Un— l”
< (1 + Kigwy — D) lIxa—1 — qll*. (32)

It follows from Lemma 2.7 that lim,__, », [|x, — q|| exists.
Step 2. We claim that lim,_, o [|uy — un4jll = 0;Vj = 1,2, ..., N. Observing (3.2) again, we have

(1 —ap—1)(op—1 — K)|IT, ,(n) Un 1 — Up— 1” =< kh(n)Hxn 1= QII — |lxp, — QII
It follows from our assumptions that

(1= B @ = RIT Vg =t 112 < K a1 — qlI” = 0 — qlI>

Taking the limit as n — oo yields that

lim | Ty tn—1 — tn—1]| = 0. (3.3)
n—-o00
This implies that
X0 — un—1ll = (1 — an—|IT, ,(n) un 1—Upq] — 0 asn —> oo. (34)

Let g € F.Thus as above u,_y = S;,_,x,—1 and we have

”un—l - Q||2 = ”Srn,lxn—l - Srn,1Q||2
<5rn,1xn - Srn,ﬁL Xn—1 — q>
= (un—l —q,Xp—1 — Q>

IA

1
E(Ilunq —ql® + lIxa—1 — qlI* = Xn—1 — un—11%),
and hence

2 2 2
ltun—1 = qll” = lX0—1 = qll” = IXn—1 = tn—1[I".
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Using (3.2), (C1), and the last inequality, we have

%0 — qlI* = llotn—1(Un—1 — @) + (1 = ot 1) (T 1 — @)1
< Ky llun—1 = ql* = (1 = 1) (@1 = R T ttn 1 = |
< ko llun—t — ql®
= Ko (IxXn—1 = qll* = [X0—1 — un—111%)
and hence

2 2 2 2 2
kh(n) IXp—1 — Un—1ll” < kh(n)”Xn—l —qll* = % — qll*.

The existence of lim,_, ||, — ql| and lim,_, o kny = 1imply that

Jim X1 — Ul = O. (3.5)
Using (3.4) and (3.5), we obtain
ltn — un—all < llttn = Xall + [IXp — tp—1]] — 0 asn —> oo. (36)
It follows that
nli_)moo lup — upgjll =0, Vi=1,2,...,N. (3.7)
Applying (3.5) and (3.6), we obtain that
X0 = Xn—1ll < [IX0 — tnll + lltn — tp—1 [l + -1 = Xp—1l — 0 asn —> oo.
This also implies that lim;_, o [|X, — Xyill =0, Vi =1,2,...,N.
Step 3. We claim that lim,,__, o, ||u, — Tius|| = 0, lim,__,  ||X, — Tix,|| = Oforalll = 1,2, ..., N. Since, for any positive
integer n > N, it can be written as n = (k(n) — 1)N + i(n), where i(n) € {1, 2, ..., N}. Observe that
ltn—1 = Tattn-all < luno1 — Ty tn—1 | + 1Ty o1 — Tuttn—1 |
= lltn-1 = To una | + 1Ty -1 — TignUn—1l
< et — Ty na |+ LIy ™ty — s |
< Nunet = T et |+ LT ey — Ty |
+ 1T tnn = Uiy |+ Ntpy—1 = - 1 (38)
Since, foreachn > N,n = (n — N)(mod N) and n = (k(n) — 1)N + i(n), we have
n—N=(k(n)— 1)N +i(n) = (k(n — N) — 1)N +i(n — N).
That is
k(n—N) =k(n) — 1, i(n—N) =i(n).
Observe that
1T~ tiner = Ty ol = 1T 1 = T "t |
< Lllup—1 — up—nll, (3.9)
and
||T,-’E,(1'1);,)1Un—1v —Ug—n-1ll = ||Ti7$7,\,[§)un—w — Um—ny—1l
< ||Ti’Z;':\,'§)un_N - Ti}(l,(qri),;;vu<n—w)—1l| + ||T,-[E,(1”:N[\)I)U(n—w)—1 — Up_n-1ll
< Llugeny—1 — tnon |l + [T 0y nmny—1 — tn—n—1ll. (3.10)
It follows from (3.8)—(3.10) that
ltn—1 = Tattn—1 1l < lttn—1 — Ty 11l + LLlun—1 — | + Llltin-ny—1 — tn_n]|
+ ||Tif(',(,n__NI\)])u(n7N)f1 — Up-n-1ll + lU@-n)—1 — Un—1lD)- (3.11)
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Applying (3.7) and (3.3) to (3.11), we obtain

lim ||up—q — Taus—q]| = 0. (3.12)
n—-oo

Notice that

lup — Tautgll < llun — tp—all + Nttn—1 — Tptip—1 || + | Tattn—1 — Tl
=< (1 + L)”un - un—l” + ”un—l - Tnun—l”-

From (3.6) and (3.12), one can easily see that

lim |lu, — Tyuy|| = 0.
n—oo
We also have

lun — Togjunll < lltn — Ungjll + ltunsy — Tajtnall + [ Tajtingg — Tagtiall
< (T + Dllup — tnjll + ltungj — Totjtingjll — 0 asn —> oo,

foranyj=1, 2, ..., N, which give that
lim |ju, — Tiu,||=0; VI=1,2,...,N.
n—oo

Moreover, for each [ € {1, 2, ..., N}, we obtain that
1 — Tixnll < l1X0 — tnll + llun — Tyt || + ITiuty — Tixa|
< (14 Dlxp — up|l + ljup — Tiuy|| — 0 asn — oo. (3.13)

Step 4. We claim that

wy(Xy) C F := N, F(T;) NEP(¢), (3.14)

where o, (X,) = {x € H : x;, — x for some subsequence {x,,} of {x,}}.

Indeed, since {x,} is bounded and H is reflexive, w,, (x,) is nonempty. Let w € w,, (x;) be an arbitrary element. Then there
exists a subsequence {x,, } of {x,} converging weakly to w. Applying (3.5), we can obtain that u,, — w asi —> oo. It follows
from ||u, — Tyju,|| —> O that

Tiup, -~ w, foralll=1,2,...,N.

Let us show w € EP(¢). Since u, = T;,u,, we have

1
¢y, y) + r—<y—un,un —x) >0, VyeC.

n

From (A2), we also have

1
70’ — Up, Up — Xn) = GV, Uy)
n

and hence

Up. — Xp:
<y - un,-’ nlrnl> = ¢(_y7 uﬂi)'

nj

. Un: —Xn;
Since % —> Oand u,, — w, from (A4) have
i

0>¢@y,w), VyecC.

Fort € (0,1]andy € C,lety, =ty + (1 — t)w.Sincey € C and w € C, we have y; € C and hence ¢(y;, w) < 0. So, from
(A1) and (A4) we have

0=0Wey) <t y) + (1 =)V, w) < td(Ve,y)
and hence 0 < ¢(y¢, y). From (A3), we have

0<¢(w.y), VyeC
and hence w € EP(¢).
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Next, we prove that w € ﬂf’:l F(T;). Assume that w & QL F(T;). Thus there exists | € {1, ..., N} such that w & F(T)).
From (3.13) and Opial’s condition,

liminf [|x,, — w|| < liminf|x, — Tiwl|
1—> 00 1—> 00

IA

tim inf{[|x,, — Tixn, | + |Tixn, — T}
1—> 00

IA

1im L, — ],
1—> 00

which derives a contradiction. This implies that w € ﬂ?’z L F(T).
Step 5. We show that {x,} and {u,} converge weakly to an element of ﬁiN: 1 F(T) NEP(¢).

Indeed, to verify that the assertion is valid, it is sufficient to show that w, (x,;) is a single-point set. We take wq,
wy € wy(Xy) arbitrarily and let {x;,} and {xm].} be subsequences of {x,} such that x;, — w, and Xm; — Wa, respectively.

Since lim,__, , ||X; — q|| exists foreach q € ﬂf’zl F(T;) NEP(¢) and w1, w; € ﬂf’zl F(T;) NEP(¢), by Lemma 2.1(iii), we obtain
lim %, — wql®> = lim [|xm — wy?
n—s 00 j—>00
= lim [[xm — wa? + Jwz — wy?
j—>00
= lim [lx, — wa])* + [[wy — w||
j—>00
= lim [xg — wi]* + 2]lwy — wy?
]—> 0
o 2 2
= lim |[Ix, — will” + 2[Jwz — wql”.
n—oo
Hence w, = w,. This shows that w,, (x,,) is a single-point set. This completes the proof. O

Remark 3.2. Theorem 3.1 mainly improve Theorem 3.1 of Ceng, Homidan, Ansari and Yao [16], from a k-strictly pseudo-
contractive mapping to an finite family of the asymptotically k;-strictly pseudo-contractive mappings.

A direct consequence of Theorem 3.1, we derive the following theorem of Qin, Cho, Kang and Shang [18].

Theorem 3.3 ([18, Theorem 2.1]). Let C be nonempty closed convex subset of a real Hilbert space H and N > 1 be an integer.
Let, foreach1 < i < N, T; : C —> C be an asymptotically k;-strictly pseudo-contractive mapping for some 0 < k; < 1and a
sequence {kp;} such that Zﬁio(kn,i — 1) < oo. Let k = max{k; : 1 <i < N}andk, = max{k,; : 1 <i < N}. Assume that
ﬂf"zl F(T;) is nonempty. Let {x,} be a sequence generated initially by arbitrary element x, € C and then by

Xn = ap_1Xp—1 + (1 — anfl)Ti’Zr(,';)xnfl; vn>1,
where {«,} is a sequence in [«, B8] for some «, B € (k, 1). Then, the sequences {x,} converges weakly to a common fixed point of
the family {T;}Y_,.

Proof. Put ¢(x,y) = Oforallx,y € C,r, = 1foralln > 0in Theorem 3.1. Thus, we have u,, = x,. Then the sequence {x,}
generated in Theorem 3.3 converges weakly to a common fixed point of the family {Ti}?’: - 0O

4. Strong convergence theorems

Theorem 4.1. Let C be nonempty closed convex subset of a real Hilbert space H and N > 1 be an integer, ¢ : C x C — R
be a bifunction satisfying (A1)-(A4). Let, foreach 1 < i < N, T; : C —> C be an asymptotically k;-strictly pseudo-contractive
mapping for some 0 < k; < 1 and a sequence {k,;} such that Zﬁ‘;o(kn,,— —1) < oo letk = max{k; : 1 <i < N}and
kn = max{k,; : 1 < i < N}. Assume that F = ﬂ?’:l F(T;) N EP(¢) is nonempty. Let {x,} and {u,} be sequences generated
initially by arbitrary element xo € C and

dUn-1,y) + (Y —Up—1, Up—1 — Xp—1) =0, VyeC
'n—1 (41)

Xn = Qp_1Up_1 + (1 — anfl)T,'[zS;)unfl’ vn>1,
where {«a,} and {r,} satisfy the following conditions:

(1) {an} C [, B] forsomea, B € (k, 1), and
(2) {ra} C (0, 00) and liminf, 1, > 0.

Then, the sequences {x,} and {u,} converge strongly to an element of F ifand only if lim inf,__, ., d(x,,, F) = 0, where d(x,,, F)
denotes the metric distance from the point x, to F.
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Proof. From the proof of Theorem 3.1, we know that lim,,_, o, ||X, — q|| exists for each q € F and lim,,_, o, ||X, — uy|| = O.
Hence {x,} is bounded. The necessity is apparent. We show the sufficiency. Indeed we suppose that lim inf,__, ., d(x,,, F) = 0.
h(n)

Since X, = ap_qUy_1 + (1 — an_1)Ti(n) u,_1, from (3.2), we have

Ixa — qll* < (1 + Ky — D) Ix0-1 — qll*.

From the fact thatx > 0, 1 + x < e*, we can calculate

i — % = (14 Ky — D) Xaarm—1 — ql>
2
< e inm ™V |ix gy m 1 — gl
n+m 2
Z (kh(n)_D 2
< e lIxn — qll
o0
X (=D X
< e=! l%, — ql|“, foralln,m e N. (4.2)

00 12 _ .
Let eXi=1% ™) — , for some nonnegative number M. Thus,
IXnm — qll*> < Mllx, — q||*, foralln,m € N.

This gives that

|Xnsm — qll < v'Mlx, —qll, foralln,m € N. (4.3)
From Lemma 2.6, we have
lim d(x,, F) =0.
n—>00
Here after, we will prove that {x,} is a Cauchy sequence. For any ¢ > 0 there exists N; € N such that,
d(x,. F) < % Vn > Ni.

&

In particular, we obtain that d(xy,, F) < VTR This implies that there exists q; € F such that

&
X, — qull = d(xny, F) = —=.
Ny 1 Nq 3\/M

It follows from (4.3) that n > Ny,

[Xn4m = Xall> = Xnem — Qll + 10 — g1l
< VMlxy, — a1l + VMlxy, —aill
< mﬁ + mﬁ =e. (44)
Thus {x,} is a Cauchy sequence. Suppose that x, —> x* € H. Then
d(x*,F) = lim d(x,, F) =0.
n—> 00
Since foreachi = 1, 2, ..., N, T; is an asymptotically k;-strictly pseudo-contractive mapping, we know form Lemma 2.9 that

ﬁf’: 1 F(Ty) is closed and convex. Note that EP(¢) is closed and convex according to Lemma 2.11. Thus F := ﬂfV: 1 F(T) NEP(¢)
is closed and convex. Consequently, x* € F. By using ||u, — x,|]| —> 0 asn —> oo, we conclude that both {x,} and {u,}
converge strongly to an element x* of F. O

Remark 4.2. Theorem 4.1 mainly improve Theorem 3.2 of Ceng, Homidan, Ansari and Yao [16], from a k-strictly pseudo-
contractive mapping to an finite family of the asymptotically k;-strictly pseudo-contractive mappings.

Theorem 4.3. Let C be nonempty closed convex subset of a real Hilbert space H and N > 1 be an integer, ¢ : C x C — R
be a bifunction satisfying (A1)-(A4). Let, foreach 1 < i < N, T; : C —> C be an asymptotically k;-strictly pseudo-contractive
mapping for some 0 < k; < 1 and a sequence {ky;}. Let k = max{k; : 1 < i < N} and k, = max{k,; : 1 < i < N}. Assume
that F == ﬂf"=1 F(T;) N EP(¢) is nonempty and let x € H. For Cy = C, let {x,} and {u,} be sequences generated the following
algorithm:
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Xo = PCOX,

(y — Up—1, Up—1 _Xn—l> = 07 Vy € C,

n—1
45
Yn—1 = Qp_qp_q + (1 — an—1)Ti’z:,r)l)un—1, (4.5)

G = {U € Gyt ”.VH—l - U||2 = ”Xn—l - U||2 +9n—l},
Xp =Pc,x, Vn>1,

1
Up—1 € C such that ¢(up—1,y) +
"

where 0,_1 = (ki(n)—1)(1—01,1_]),0571 — ocoasn —> oo, where p,_; = sup{||x,—1—v|| : v € F} < oo, and {a,} C [, B]
forsomea, B € (k, 1) and {r,} C (0, o0) such that liminf, . r, > 0. Then {x,} converges strongly to Prx.
Proof. We first show by inductionthatF := ﬂf’:1 F(T;)NEP(¢) C C,foralln > 0.ItisobviousthatF := ﬁﬁvzl F(T;)NEP(¢) C
C = Co. Suppose that F := NY_, F(T;) N EP(¢) C Cj_; for some j € N. Hence, forany g € F := NI, F(T;) N EP(¢) C Cj—4
andbyuj_ = S,jflxj_h we have

Iy — all = ISy Xa1 — Si;_,al

< [Ixi-1 —qll.

Hence

i1 — P = Nlogor oy — @) + (1 = )T u; —

)
= aj_1lluir — ql* + (1 — e DIIT) vy — gl

h(j 2
— o1 (1— )| Ty g — uja |

IA

2 h() 2
oj1lltj—1 — qlI” — -1 (1 — oi— ) | Ty Uj—1 — Uil

+ (1 — o)k -1 — gl + kITy g — uj—1 %]

IA

»
%1 — qll” + 61 — (1 — i—)(ej—1 — K1 Tyg i1 — wiq |2

IA

I%i-1 — qll* + 6j-1. (4.6)
Therefore, q € C;. This implies that
F:=nY,F(T)NEP(p) CC=C,, foralln>0.

Next, we prove that C, is closed and convex for all n > 0. It is obvious that C, = C is closed and conveX. Suppose that C_{
is closed and convex for some k € N. For v € C,_;, we know that ||yx_1 — v||®> < [|Xk—1 — v||® + 6k_1 is equivalent to

2(%—1 — Vi1, V) < Ixec11? = 1y—1l1? + Ot

So, G is closed and convex. Then, for any n > 0, G, is closed and convex. This implies that {x,} is well defined. From
Lemma 2.10, the sequence {u,} is also well defined. From x,, = P, x, we have

(X=X, X, —y) 2 0,
foreachy € G,. Using F C C,, we also have
(X —xn, X, —p) >0 foreachpe Fandn € N.
Hence, for p € F, we have
0 < (X —Xn, X — D)
= (X —Xn,Xn —X+X—p)
= —(Xp — X, Xp —X) + (X — X5, X — D)
= —llxa — x| 4 IIx = x4 [l X = plI.
This implies that
lx —xp|| <|lx—pl|l, forall pe Fandn e N. (4.7)
Hence {x,} is bounded. It follows that {y,} is also bounded. From x,_; = P¢,_,x and x;, = P¢,x € C, C C,_1, we obtain
(X — Xp—1,Xp—1 — Xn) > 0. (4.8)
It follow that, forn € N,

0 < (x—Xp—1, X1 — Xn)
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= (X—Xp_1,Xn—1 — X+ X — Xp)
= —lx — Xn—1]* 4+ (X — Xn—1, X — Xn)
< —lx = a1l + 1 = X0 11X = Xall,
and hence
X = Xn—1ll < X — Xl
Hence {||x, — x||} is nondecreasing, so lim,__, », ||X;, — X|| exists.
Next we can show that lim,__ » ||X; — X,—1|| = 0. Indeed, from (4.8) we get
[Xn-1 = Xll> = [Xn—1 — X 4+ x — x,?
= [Xn—1 — X1 + 2(x0—1 — X, X — Xy) + [|X — X
—lIxn—1 = XII* + 2(Xn_1 — X, X — Xn_1 + Xn_1 + Xa) + [|IX — Xg
< —lxn1 = X1 + lIx — x|

2
I

2
[

Since lim,,__, o, ||X — x,|| exists, we have

Jim flxg—q — Xy || = 0. (4.9)
On the other hand, x,, € C,, we have

1¥n—1 = Xall® < 1Xa—1 — %1 + 6n_1. (4.10)
So, we have lim,,__, » ||[yn—1 — Xx|| = 0. It follows that

¥n—1 = Xn—1ll < Iyn—1 — Xnll + [0 — Xp41]l — O asn —> oo. (4.11)

Next, we claim that lim,__, » ||X, — u,|| = 0. Indeed, let g € F. Thus as above u,_1 = S, . x,_; and we have

Tn—1

lup—1 — LIIIZ = ||Srn,1xn71 - SrHQIlz
=< (srn,lxnfl - Sr,,,ﬂ-]» Xn—1—q)
= (Up—1 — 4, Xn—1 — q)
1
= E(llun—1 —ql* + llon—1 — qlI* = Xn—1 — tn_111*).
and hence

ltn—1 = ql1* < lxa-1 = qlI” = lIXa-1 — una]1*.
This implies that
1yn—1 = qlI* = llon—1(un—1 — @) + (1 — ctn_1) (T tn_1 — @)1
= an_tlltn—1 — qlI* + (1 — DI T tn—1 — qII* = @n—1 (1 — an)) I Ti0) Un—1 — Un_1)?
< ntllunt — 1% — o1 (1 — ot | Ty tn—1 — tp—1 |

+ (1 = an- )k oy ltn1 — gl + KT un—1 — tn1]|%]

< Mtnm1 = gl + 6n1 — (1 = @n_1) (@n_1 — KT a1 — tin_1)?
< llun—1 — qllI* + 61
< xn1 = ql* = %n1 — tn—11® + On1. (4.12)

Hence

2 2 2
IXi—1 — tnall” < X1 — qll* = IYn—1 — qllI” + 1.

< l%n—1 = Yn-1l{lI%n—1 — qll = [lyn—1 — qlI} + On—1. (4.13)
It follows from (4.11) and the boundedness of the sequences {x,} and {y,} that
lim ||x,—1 — uy—1]| = 0. (4.14)
n—oo

From (4.9) and (4.14), we have

”un - un71|| = ”un - Xn” + ”Xn - Xn71|| + ||Xn71 - un71” —> 0 asn — oo.
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This implies that

lim |ju, —upyll =0, forallje({1,2,...,N}.
n—oo
Formy,—1 = dp_qup_q1 + (1 — an,1)Ti'Zfl';)un,1, Vn > 1, we have
h(n)
1- aﬂ*l)”Ti(n) Un—1 — Xp—1ll = I¥n—1 — an_1tp—1 — (1 — oty )Xy 1|l
< Yn—1 = xn—a1ll + onallxn—1 — un_1ll.

Applying (4.11) and (4.14) to the last inequality, we obtain
lim T tn—1 — X1l = 0. (4.15)
n—oo

From (4.14) and (4.15), we have

h h
1T ttn-1 = tn—1]l < I Tey tn1 — Xn1ll + 1Xn—1 — ]| —> O. (4.16)

By using the same method as in the proof of the Theorem 3.1, we easily obtain

lim ||Tju, —u,|| =0 foralll e {1,2,...,N} (4.17)
n—oo
and
Wy (Xy) C F := NI F(T}) N EP(¢). (4.18)

This, together with (4.7) and Lemma 2.4 guarantees the strong convergence of {x,} to p = Pgx. From (4.14), we also have
the strong convergence of {u,} to p = Prx. This completes the proof. O

5. The CQ method for asymptotically k-strictly pseudo-contractive mappings

Theorem 5.1. Let C be nonempty closed convex subset of a real Hilbert space H and N > 1 be an integer, ¢ : C x C — R
be a bifunction satisfying (A1)-(A4). Let, foreach 1 < i < N, T; : C —> C be an asymptotically k;-strictly pseudo-contractive
mapping for some 0 < k; < 1and a sequence {ky ;}. Let k = max{k; : 1 <i < N}and k, = max{k,; : 1 < i < N}. Assume that
F = ﬂf"zl F(T;) N EP(¢) is nonempty. Let {x,} and {u,} be sequences generated the following algorithm:

Xo = u € C chosen arbitrarily ,
1
Up—q € Csuchthat ¢(un—1,¥) + — (¥ —Up—1, U1 —Xp—1) = 0; Vy €C,
Th—1
Yn-1 = p_qlp—1 + (1 — anfl)T,'lZS;)unfl, (5.1)
Gt ={v € C: Iyn1 — vlI* < lIxact — vlI* + 601},

Qu-1 ={v e C: (X — X1, X1 — v) > 0},
Xn = Pc,_,ng,_ X0, Yn=>1,

where6,_1 = (kﬁ(n)—1)(1—0:,1_]),0,371 —> ooasn —> 0o, where p,_1 = sup{||x,.—1—v| : v € F} < 00, and {a,} C [a, B]
forsomea, B € (k, 1) and {r,} C (0, o0) such that liminf, . r, > 0. Then {x,} converges strongly to Prx,.

Proof. We show first that the sequence {x,} is well defined. From the definition of C,_; and Q,_;, it is obvious that C,_1 is
closed and Q,,_1 is closed and convex for eachn € NU{0}. We prove that C,_1 is convex. For any v{, v, € C,_1andt € (0, 1),
put v = tvy; + (1 — t)v,. It is sufficient to show that v € C,_;. Since

IYn—1 — U||2 < [|Xp—1 — U”Z + On_1
is equivalent to
2(%0-1 = Yn-1,0) < lxa1ll> = [Ya1l? + 6ncs.

One can easily see that v € C,_;. Therefore we can obtain that C,_ is convex. So, C;,_1 N Q,_1 is a closed convex subset of
H foranyn € N.

Next, we show that ﬂf-":1 F(T;) NEP(¢) C C,_1.Indeed, letq € ﬂﬁvzl F(S;)) NEP(¢) and let {S;, } be a sequence of mappings
defined as in Lemma 2.11. Then g = §;,q. From u,_; = S;,_,x,—1, we have

ltun—1 —all = ISr,_%n—1 — Sr,_, 4l
< X1 —qll- (52)
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By our assumptions, we have

1Yn-1 = alI* = llotn—1(n—1 — @) + (1 — an_1)(Tis) Un—1 — P>
= an—tlltn—1 — qlI* + (1 — ctn)) | Ty g1 — qll?
— atn_1(1 = o) 1Ty tny — Uy 2
< antlltn—t — ql1* — ot (1 — @) [ Ty ot — tn 1>
+ (1= o) Ky ltn—1 = ql1* + KT} tn—1 — tn—1 %]
< Ménct — @l + et — (1 — a1 (@1 — R)ITy tUny — s
< I%nmt — Il + by (5.3)

Therefore, q € C,_; foralln > 1.
Next, we show that

N F(T) NEP(¢) € Que1, Vn > 1. (5.4)

We prove this by induction. For n = 1, we have ﬂf’=1 F(T;) NEP(¢p) C C = Q. Assume that QL F(T;) NEP(¢p) C Qu—1.Since
X, is the projection of xo onto C;,_1 N Q,_1, by Lemma 2.3, we have

(XO_Xnvxn_U> 205 Vv € Cn—l ﬂQn—L

In particular, we have
(Xo —Xn,Xn —q) = 0

foreachq € ﬂf’: 1 F(Ty) N EP(¢) and hence q € Q,. Hence (5.4) holds for all n > 1. Therefore, we obtain that
N, F(T) NEP(¢) C Coo1 NQuy, Vn> 1.

Next, we show that lim,_. « [|X, — X;,—1]| = 0.
Since ﬂﬁvzl F(T;) NEP(¢) is a nonempty closed convex subset of H, there exists a unique z’ € ﬂf’zl F(T;) NEP(¢) such that

7 = Pon | krynep g Xo-
From x, = P¢,_,nq,_,Xo0, We have
|xn — xoll < |lz — %o|| forallz € C;_1NQ,—1 andalln € N.
Since z’ € N, F(T}) N EP(¢) C Cp—1 N Qq—1 We have
X — Xoll < 2" — Xol| alln € N. (5.5)

Therefore, {x,} is bounded, so are {u,} and {y,}. From the definition of Q,_1, we have x,_; = Py, ,Xo, which together with
the fact thatx, € C,_1 N Qu_1 C Q,_1 implies that

llxo — Xn—1ll =< lixo — Xnll. (5.6)
This show that the sequence {x, — X} is nondecreasing. So, we have lim,__ o, ||X, — Xo|| exists. Notice again that x,_{ =
Pq,_,Xo and X, € Qu_1, which give that (X, — X,_1, X,—1 — Xo) > 0. Therefore, we have

2 2
X2 — Xn—1ll® = (X0 — X0) — (Xn—1 — X0) ||
2 2
IX: — %o0ll* — l1Xn—1 — Xoll” — 2{Xn — Xn—1, Xn—1 — Xo)

IA

%0 = XolI* = IXn—1 — XolI*. (5.7)
This together with the existence of lim,,__, » ||X; — Xo|| implies that lim,__, o ||X, — X,_1]|| = 0. Since x,, € C,_1, we have

”yn—l _xn||2 =< ”Xn—l - Xn”2 + 9n—1~ (58)
So, we have lim,__, » ||Yn—1 — X»|| = O. It follows that

lVn—1 — Xn—1ll < I¥n—1 — Xnll + X0 — Xp—1l| — 0 asn —> oco. (5.9)
Similar to the proof of Theorem 4.1, we have

lim ||x,—1 —up—1]| =0 (5.10)
n—oo

and wy, (x;) C F.This, together with (5.5) and Lemma 2.4 guarantees the strong convergence of {x,} to P = Prx. From (5.10),
we also have the strong convergence of {u,} to p = Prx. This completes the proof. O

Please cite this article in press as: P. Kumam, et al., A hybrid iterative scheme for equilibrium problems and fixed point problems of asymptotically
k-strict pseudo-contractions, Journal of Computational and Applied Mathematics (2009), doi:10.1016/j.cam.2009.09.036
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1. Introduction

Let E be a Banach space and let C be a nonempty, closed, and convex subset of E. Let A : C —
E* be an operator. The classical variational inequality problem [1] for A is to find x* € C such
that

Ax*,y—-x*)>0, VyeC(C, (1.1)
y Yy

where E* denotes the dual space of E and (:,-) the generalized duality pairing between E
and E*. The set of all solutions of (1.1) is denoted by VI(A, C). Such a problem is connected
with the convex minimization problem, the complementarity, the problem of finding a point
x* € E satisfying 0 = Ax*, and so on. First, we recall that a mapping A : C — E* is said to be
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(i) monotone if (Ax — Ay, x—y) >0, for all x,y € C,

(ii) a-inverse-strongly monotone if there exists a positive real number a such that

(Ax - Ay, x - y) za”Ax—Ay“z, Vx,y € C. (1.2)

In this paper, we assume that the operator A satisfies the following conditions:

(C1) Ais a-inverse-strongly monotone,
(C2) |Ay|l £ |Ay — Au| forally e Cand u € VI(A,C).

Let J be the normalized duality mapping from E into 25" given by
Jx={x" € E*: (x,x") = [lx[lllx”|l, llx]l = Ix"|I}, Vx€E. (1.3)

It is well known that if E* is uniformly convex, then J is uniformly continuous on bounded
subsets of E. Some properties of the duality mapping are given in [2—4].
Recall that a mapping T : C — C is said to be nonexpansive if

[Tx-Ty| <|x-y|, YxyeC (1.4)

If C is a nonempty closed convex subset of a Hilbert space H and Pc : H — C is the metric
projection of H onto C, then P¢ is a nonexpansive mapping. This fact actually characterizes
Hilbert spaces and, consequently, it is not available in more general Banach spaces. In this
connection, Alber [5] recently introduced a generalized projection operator C in a Banach
space E which is an analogue of the metric projection in Hilbert spaces.

Consider the functional ¢ : E x E — R defined by

¢y, x) = |lylI* - 2(y, Jx) + [lx[? (1.5)

for all x,y € E, where ] is the normalized duality mapping from E to E*. Observe that,
in a Hilbert space H, (1.5) reduces to ¢(y,x) = [|x - y||* for all x,y € H. The generalized
projection I'lc : E — C is a mapping that assigns to an arbitrary point x € E the minimum
point of the functional ¢(y, x), that is, IIcx = x*, where x* is the solution to the minimization
problem:

90, x) = inf §(y, x). (1.6)

The existence and uniqueness of the operator I'l¢ follows from the properties of the functional
¢(y, x) and strict monotonicity of the mapping | (see, e.g., [2, 5-7]). In Hilbert spaces, I1lc =
Pc, where Pc is the metric projection. It is obvious from the definition of the function ¢ that

(D) Iyl = l1xI)* < ¢y, x) < (llyll + lIx])* for all x,y € E,

(2) p(x,y) =p(x,2) +P(z,y) +2(x -z, Jz— Jy) forall x,y,z € E,

(3) ¢(x,y) = {x, Jx = Jy) +{y = x,Jy) < llxlJx = Jyll + ly = x[lllyl for all x, y € E,
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(4) if E is a reflexive, strictly convex, and smooth Banach space, then for all x,y € E,

p(x,y) =0 iff x=1y. (1.7)

For more details see [2, 3]. Let C be a closed convex subset of E, and let T be a mapping from
C into itself. We denote by F(T) the set of fixed point of T. A point p in C is said to be an
asymptotic fixed point of T [8] if C contains a sequence {x,} which converges weakly to p such
that lim,, _ o ||x, — Tx,|| = 0. The set of asymptotic fixed points of T will be denoted by E(T).
A mapping T from C into itself is called nonexpansive if | Tx - Ty|| < |lx —y| forall x,y € C
and relatively nonexpansive [9-11] if F(T) = F(T) and ¢(p,Tx) < ¢(p,x) for all x € C
and p € F(T). The asymptotic behavior of relatively nonexpansive mappings which was
studied in [9-11] is of special interest in the convergence analysis of feasibility, optimization,
and equilibrium methods for solving the problems of image processing, rational resource
allocation, and optimal control. The most typical examples in this regard are the Bregman
projections and the Yosida type operators which are the cornerstones of the common fixed
point and optimization algorithms discussed in [12] (see also the references therein).

The mapping T is said to be ¢-nonexpansive if ¢(Tx, Ty) < ¢(x,y) forall x,y € C. T is
said to be quasi-¢-nonexpansive if F(T) #0 and ¢(p, Tx) < ¢(p,x) forall x € Cand p € F(T).

Remark 1.1. The class of quasi-¢-nonexpansive is more general than the class of relatively
nonexpansive mappings [9, 10, 13-15] which requires the strong restriction F(T) = F(T).

Next, we give some examples which are closed quasi-$-nonexpansive [16].

Example 1.2. (1) Let E be a uniformly smooth and strictly convex Banach space and let A
be a maximal monotone mapping from E to E such that its zero set A™'0 is nonempty. The
resolvent J, = (J + rA)™'J is a closed quasi-¢-nonexpansive mapping from E onto D(A) and
F(J,) = A7%0.

(2) Let I'lc be the generalized projection from a smooth, strictly convex, and reflexive
Banach space E onto a nonempty closed convex subset C of E. Then Il¢ is a closed and quasi-
¢-nonexpansive mapping from E onto C with F(Il¢) = C.

liduka and Takahashi [17] introduced the following algorithm for finding a solution
of the variational inequality for an operator A that satisfies conditions (C1)-(C2) in a 2
uniformly convex and uniformly smooth Banach space E. For an initial point xg = x € C,
define a sequence {x,} by

X1 = e (Jxn = Apxyn), Yn>0. (1.8)

where | is the duality mapping on E, and Ilc is the generalized projection of E onto C.
Assume that A\, € [a,b] for some a,b with 0 < a < b < c?a/2 where 1/c is the 2
uniformly convexity constant of E. They proved that if J is weakly sequentially continuous,
then the sequence {x,} converges weakly to some element z in VI(A,C) where z =

limy, — o Iy rea,c) (x0).
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The problem of finding a common element of the set of the variational inequalities
for monotone mappings in the framework of Hilbert spaces and Banach spaces has been
intensively studied by many authors; see, for instance, [18-20] and the references cited
therein.

On the other hand, one classical way to study nonexpansive mappings is to use
contractions to approximate a nonexpansive mapping (see [21]). More precisely, let t € (0,1)
and define a contraction G; : C — C by Gyx = txp + (1 —t)Tx for all x € C, where xg € C is
a fixed point in C. Applying Banach’s Contraction Principle, there exists a unique fixed point
x; of G; in C. It is unclear, in general, what is the behavior of x; ast — 0 evenif T has a fixed
point. However, in the case of T having a fixed point, Browder [21] proved that the net {x;}
defined by x; = txo+ (1-t)Tx; forall t € (0, 1) converges strongly to an element of F(T) which
is nearest to x¢ in a real Hilbert space. Motivated by Browder [21], Halpern [22] proposed the
following iteration process:

x0 € C, Xpi1 =apxo+ (1 —a,)Tx,, n>0 (1.9)

and proved the following theorem.

Theorem H. Let C be a bounded closed convex subset of a Hilbert space H and let T be a
nonexpansive mapping on C. Define a real sequence {ay} in [0,1] by a, = n7%,0 < 6 < 1. Define a
sequence {x,} by (1.9). Then {x,} converges strongly to the element of F(T) which is the nearest to
u.

Recently, Martinez-Yanes and Xu [23] have adapted Nakajo and Takahashi’s [24] idea
to modify the process (1.9) for a single nonexpansive mapping T in a Hilbert space H:

xo = x € C chosen arbitrary,

Yn = ApXo + (1 - an)Txn/
Co={veCtlya=ol <l - o + an(Ixol* + 2(xu = x0,0)) ), (110)
Qn={veC:{(x,—v,x0—x,) >0},

Xn+1 = Pc,no,Xo,

where Pc denotes the metric projection of H onto a closed convex subset C of H. They proved
that if {a,} C (0,1) and lim,,_, ., = 0, then the sequence {x,} generated by (1.10) converges
strongly to Pr(rx.

In [15] (see also [13]), Qin and Su improved the result of Martinez-Yanes and Xu [23]
from Hilbert spaces to Banach spaces. To be more precise, they proved the following theorem.

Theorem QS. Let E be a uniformly convex and uniformly smooth Banach space, let C be a nonempty
closed convex subset of E, and let T : C — C be a relatively nonexpansive mapping. Assume that
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{an} is a sequence in (0,1) such that lim,_, a, = 0. Define a sequence {x,} in C by the following
algorithm:

xo = x € C chosen arbitrary,
Yn =] (@] x0+ (1 - an) JTxy),
Co={veC:(,yn) < tnd(v,yn) + (1 - ) (v, %)}, (1.11)
Qn={veC:(xy-v,Jxo-Jxn) >0},

Xn+1 = Ilc,ng, X0,

where | is the single-valued duality mapping on E. If F(T) is nonempty, then {x,} converges to
HF(T)X().

In [14], Plubtieng and Ungchittrakool introduced the following hybrid projection
algorithm for a pair of relatively nonexpansive mappings:

xo = x € C chosen arbitrary,

zn = J (B T + B2 T T + PRV TS,

Yo = ] NanJxo+ (1 - an)]zy),
(1.12)

H, = {z € C: $(z,ya) < $(z x) + an(IlxolP +2(z, Jx, — J2)) |,
Wy={zeC:(x,—z Jx—Jx,) >0},

Xn+l1 = PHnﬁW,,xl n =0/1/2/-~-/

where {a,}, {8}, {7}, and {B’} are sequences in [0,1] satisfying ﬂﬁll) + ﬂ,(f) + ﬁ,<13) =1
foralln € NU {0} and T, S are relatively nonexpansive mappings and ] is the single-valued
duality mapping on E. They proved, under appropriate conditions on the parameters, that
the sequence {x,} generated by (1.12) converges strongly to a common fixed point of T and
S.

Very recently, Qin et al. [25] introduced a new hybrid projection algorithm for
two families of quasi-¢-nonexpansive mappings which are more general than relatively
nonexpansive mappings to have strong convergence theorems in the framework of Banach
spaces. To be more precise, they proved the following theorem.

Theorem QCKZ. Let E be a uniformly convex and uniformly smooth Banach space, and let C be
a nonempty closed convex subset of E. Let {S;};c; and {T;};c; be two families of closed quasi-¢-
nonexpansive mappings of C into itself with F := (e F(Ti) N et F(Si) being nonempty, where
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I is an index set. Let the sequence {x,} be generated by the following manner:

xo = x € C chosen arbitrary,
Zni = (BT + B T + ) T Sixa),
Yni= ]_1 (niJxo + (1 = ani)]zni),
Cui = {1 € C: (1, yni) < o, ) + an (%0l + 2w, Jx = Jxa)) },
(1.13)
Cn = ﬂ C‘rl,i/
iel
Qo =C,
Qu={u€Qn1:{(xn—uJxo-Jxn) >0},

Xnt1 = chﬂanO/ n= 0/ 1/ 2/ ey

where | is the duality mapping on E, and {a,;} and { ﬁs)l} (i=1,23,...) are sequences in (0,1)
satisfying

(1) ﬂflll) + ﬁ(z. + ﬂfl) =1foralliel,

n,i

(ii) limy, oy ; =0 forallie I,

(iii) lim inf, - oo BY) > 0 and lim, . oopL) = 0 forall i € I.

n,i

Then the sequence {x,} converges strongly to Irxo.

On the other hand, recently, Takahashi et al. [26] introduced the following hybrid
method (1.14) which is different from Nakajo and Takahashi’s [24] hybrid method. It is called
the shrinking projection method. They obtained the following result.

Theorem NT. Let C be a nonempty closed convex subset of a Hilbert space H. Let T be a
nonexpansive mapping of C into H such that F(T) #@ and let xo € H. For C1 = C and x1 = Pc, x,
define a sequence {x,} of C as follows:

Yn = 0pnXy + (1 —a,)Txy,
Cut = {2 € Cut [[yn—2|| < llxa - 21}, (114)

Xn+1 = PC Xo, vn Z O/

n+l

where 0 < a, < a <1 foralln € N. Then {x,} converges strongly to zg = Pr)(x0).

Motivated and inspired by liduka and Takahashi [17], Martinez-Yanes and Xu [23],
Matsushita and Takahashi [13], Plubtieng and Ungchittrakool [14], Qin and Su [15], Qin et al.
[25], and Takahashi et al. [26], we introduce a new hybrid projection algorithm basing on the
shrinking projection method for two families of quasi-$-nonexpansive mappings which are
more general than relatively nonexpansive mappings to have strong convergence theorems
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for approximating the common element of the set of common fixed points of two families of
quasi-¢-nonexpansive mappings and the set of solutions of the variational inequality for an
inverse-strongly monotone operator in the framework of Banach spaces. As applications, the
problem of finding a zero point of an inverse-strongly monotone operator and the problem
of finding a solution of the complementarity problem are studied. Our results improve and
extend the corresponding results announced by recent results.

2. Preliminaries

Let E be a real Banach space with duality mapping J. We denote strong convergence of {x,}
to x by x, — x and weak convergence by x, — x. A multivalued operator T : E — 2F
with domain D(T) and range R(T) is said to be monotone if (x; — x2, 1 — y2) > 0 for each
xi € D(T) and y; € Tx;,i = 1,2. A monotone operator T is said to be maximal if its graph
G(T) = {(x,y) : y € Tx} is not properly contained in the graph of any other monotone
operators.

A Banach space E is said to be strictly convex if ||(x + y)/2|| < 1 for all x,y € E with
lx|l = llyll = 1 and x#y. It is said to be uniformly convex if lim, _, . ||x, — y,|| = 0 for any
two sequences {x,}, {y,} in E such that ||x,|| = |ly.|| = 1 and lim, _, || (>, + y»)/2|| = 1. Let
U = {x € E : ||x|| = 1} be the unit sphere of E. Then the Banach space E is said to be smooth
provided that

i 1 A= Dl 2.1)
t—0 t

exists for each x, y € U. It is also said to be uniformly smooth if the limit is attained uniformly
for x,y € U. It is well know that if E is smooth, then the duality mapping J is single valued.
It is also known that if E is uniformly smooth, then ] is uniformly norm-to-norm continuous
on bounded subset of E. Some properties of the duality mapping are given in [2, 3, 27-29].
We define the function 6 : [0,2] — [0, 1] which is called the modulus of convexity of E as
follows:

5(e) = inf{l - ”x;—y'

cx,y €C x|l = |ly|| =1,

x-y| 25}. (2.2)

Then E is said to be 2 uniformly convex if there exists a constant ¢ > 0 such that constant
6(g) > ce* for all £ € (0,2]. Constant 1/c is called the 2 uniformly convexity constant of E. A
2 uniformly convex Banach space is uniformly convex; see [30, 31] for more details. We know
the following lemma of 2 uniformly convex Banach spaces.

Lemma 2.1 (see [32, 33]). Let E be a 2 uniformly convex Banach, then for all x, y from any bounded
setof Eand jx € Jx,jy € Jy,

2 (2.3)

2
. . C
(x-y.jx-jy) 2 S |x-y

where 1/ c is the 2 uniformly convexity constant of E.
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Now we present some definitions and lemmas which will be applied in the proof of
the main result in the next section.

Lemma 2.2 (Kamimura and Takahashi [7]). Let E be a uniformly convex and smooth Banach
space and let {y,}, {zn} be two sequences of E such that either {y,} or {z,} is bounded. If
limy, @ (Yn, zn) = 0, then lim, _, || yn — zn|| = 0.

Lemma 2.3 (Alber [5]). Let C be a nonempty closed convex subset of a smooth Banach space E and
x € E. Then, xo = Ilcx if and only if (xo —y, Jx — Jxo) = 0 forany y € C.

Lemma 2.4 (Alber [5]). Let E be a reflexive, strictly convex, and smooth Banach space, let C be a
nonempty closed convex subset of E, and let x € E. Then

¢(y, Tex) + p(Mex, x) < ¢(y, x) (2.4)

forally € C.

Lemma 2.5 (Qin et al. [25]). Let E be a uniformly convex and smooth Banach space, let C be a closed
convex subset of E, and let T be a closed quasi-¢-nonexpansive mapping of C into itself. Then F(T) is
a closed convex subset of C.

Let E be a reflexive strictly convex, smooth, and uniformly Banach space and the
duality mapping from E to E*. Then J™! is also single valued, one to one, and surjective, and
it is the duality mapping from E* to E. We need the following mapping V which is studied in
Alber [5]:

V(x,x*) = ||x|* = 2(x, x*) + ||x||? (2.5)

for all x € E and x* € E*. Obviously, V(x,x*) = ¢(x, 71 (x*)). We know the following lemma.

Lemma 2.6 (Kamimura and Takahashi [7]). Let E be a reflexive, strictly convex, and smooth
Banach space, and let V be as in (2.5). Then

Vi(x,x*) + 2<]‘1(x*) - x,y*> SV (x,x*+y") (2.6)

forall x € E and x*, y* € E*.

Lemma 2.7 (see [34, Lemma 1.4]). Let E be a uniformly convex Banach space and B,(0) = {x €
E : ||x|| < r} be a closed ball of E. Then there exists a continuous strictly increasing convex function
g:[0,00) — [0,00) with g(0) = 0 such that

e+ ay + yz|1” < Ml + plly [l + vlizl = g ([lx - y])) (27)

forall x,y,z € B,(0) and A, pi,y € [0, 1] with A + p+y = 1.
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An operator A of C into E* is said to be hemicontinuous if, for all x, y € C, the mapping
F of [0,1) into E* defined by F(t) = A(tx + (1 — t)y) is continuous with respect to the weak*
topology of E*. We denote by N¢(v) the normal cone for C at a point v € C, that is,

Nc(v) = {x* € E*: (v-y,x*) >0, Yy € C}. (2.8)

Lemma 2.8 (see [35]). Let C be a nonempty closed convex subset of a Banach space E and A a
monotone, hemicontinuous operator of C into E*. Let T C E x E* be an operator defined as follows:

To < {Av + Nc(v), wveC, (2.9)

0, v¢C.

Then T is maximal monotone and T™10 = VI(A,C).

3. Main Results

In this section, we prove strong convergence theorem which is our main result.

Theorem 3.1. Let E be a 2 uniformly convex and uniformly smooth Banach space, and let C be a
nonempty closed convex subset of E. Let A be an operator of C into E* satisfying (C1) and (C2), and
let {Si}icr and {T;};c; be two families of closed quasi-¢p-nonexpansive mappings of C into itself with
F = MietF(T7) NNt F(Si) N VI(A, C) being nonempty, where I is an index set. Let {x,} be a
sequence generated by the following manner:

xo € C chosen arbitrary,
Cl,i =C, C = ﬂ Cl,i/ X1 = HC1 (xo) Viel,
i=1

Wy, = l_IC]71 (]xn - }‘n,iAxn)r

Zn,i = ]71 (ﬁ,(,:l)]xn + ﬂizl) ]Tixn + ﬂ,(ji)]SiWn,i>r
(3.1)
Yni = ]_1 (“n,i]x() + (1 - an,i)jzn,i)r

Croti = {1 € Coi s $(, Yns) < Pl x0) + ani (I1x0ll> + 20w, T = Jx0)) |,

Cui1 =) Cusriv

i€l

Xne1 = 1e,, X0, Yn 20,

n+l

where ] is the duality mapping on E, and {A,;}, {an,}, and {ﬂfl]z } (j =1,2,3) are sequences in (0,1)
satisfying the following conditions:
(i) limy, gy ; =0 foralli e I;
(i) forall i € I, {A,;} C [a,b] for some a,b with 0 < a < b < c*a/2, where 1/c is the 2
uniformly convexity constant of E;
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(iii) ﬂflll) + ﬂfl + [55’3 =1 foralli € I and if one of the following conditions is satisfied:

(a) liminf, .} Y > 0 forall 1 =2,3 and for all i € I,
(b) liminf, . BY) > 0 and lim, —, B = 0 for all i € 1.

Then the sequence {x,} converges strongly to Ilpxy, where I1F is the generalized projection from C
onto F.

Proof. We divide the proof into six steps.

Step 1. Show that ITrx and Ilc,,, xo are well defined.

To this end, we prove first that F is closed and convex. It is obvious that VI(A,C) is a
closed convex subset of C. By Lemma 2.5, we know that (;c;F(T;) N ;7 F(Si) is closed and
convex. Hence F = (;c;F(T;) N\Nier F(Si) NVI(A, C) is a nonempty, closed, and convex subset
of C. Consequently, ITrx is well defined.

We next show that C,,,1 is convex for each n > 0. From the definition of C,,, it is obvious
that C,, is closed for each n > 0. Notice that

Croni = {#€ Coit $ (1, Yns) < P, x0) + i (0] + 241, T, = Jx0)) } (32)
is equivalent to

C;Hl,i = {u € Cn,i : 2<u, ]xn - ]yn,i> _2an,i<u/]xn - ]x0> < “anZ - ”yn,iHZ + an,inO”z}'
(3.3)

It is easy to see that C’n+1 ; is closed and convex for all n > 0 and i € I. Therefore, C,1 =

NierCn+1i = NierC,y,1; 18 closed and convex for every n > 0. This shows that I, ., xo is well
defined.

n+l

Step 2. Show that F := ;e F(Ti) N it F(Si) N VI(A,C) C Cy forall n > 0.
Put v,; = J 7' (Jx, — AyiAx,). We have to show that F ¢ C,, forall n > 0. For all u € F,
we know from Lemmas 2.4 and 2.6 that

P(u, wy;) = p(u,Icv,;)

< d)(ul vn,i)
= ¢ (1,17 U = dniAx))
=V(u, Jxn — ApiAxy) (34)

<V, X = i A%n) + AniAXn) = 2(J7 Jn = A Aa) = 4, A A )

=V(u, Jx,) — 24, (0ni — u, Axy)
=P, xn) — 20 (xy — U, AXp) + 2(Vpi — Xp, =Ly i AXp ).
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Since u € VI(A, C) and from condition (C1), we have

=2, i(xXn — U, AXy) = =2 i{xn — U, Axy — Au) — 24, (X, — U, Au)

(3.5)
< —2ak, | Ax, — AulP.
From Lemma 2.1, and condition (C2), we also have
2(0n, = Xy =dniA%n) = 2(J7 0 = AniAXn) = J 7 (%), =i A )
<27 Jn = AnsAxa) = J7 () Il A
4 -1 -1
< S |77 O = i) = 177 ) | i Al
4 (3.6)
= g“(]xn - -)Ln,iAxn) - (]xn)Han,iAxn”
4., 2
< S x|
4., 2
< S92 ]| Ax, - Aulf.
20
Subtituting (3.6) and (3.5) into (3.4) and using the assumption (ii), we obtain
4
P, W) < P(u, x,) = 2aM,,]| Ax, — Aul)* + C—Z)Lfl/inAxn - Aul.
< B, %) + 24 <%M- - a) | Ax, — Aul? (37)
c

< p(u, xp).
It follows from the convexity of || - |* and (3.7) that
P, 20) = (1, )7 (BY) T + B Tix + LT S0,

1 2 3
= [l = 2, B3 T + BT T + BT Sicons )

2
1 2 3
188 + B T T + BT St

< luall® = 280w, ) = 2B (u, JTixn) = 2B%) (u, J Siton,:)

(1) 2 2 2 @3 2
+ BTl + BN Tieal® + BT S 12wl
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= B, xa) + BLb (1, Trcy) + B (u, Siawn)
< B, x) + TP (1 x) + B b1t 1)
S 4)(”/ xn)/

(3.8)

and hence

$ (1t yni) = ¢(w ) (@i x0 + (1 - ) Jzn1))
= [[ull® = 2(s, @i Jx0 + (1= @) [z} + et J 20 + (1 = ) Tz il
< J[ull? = 2an,i(w, Jx0) = 2(1 = @ni) (s, Jzni) + anillxoll* + (1 = @n) ||zl
< anip(u, x0) + (1= ) P(1, zn,i) (3.9)
< atyip (1, x0) + (1= ) (1, x)
= P, %) + i [P, x0) = P, )]

< g, x0) + ani (%ol + 21, Jx, = Jx0)).
This show that u € C,,41; for each i € I. Thatis, u € C,, = (;¢;Cn,i for all n > 0. This show that

F:=(F(T;) n()F(S)NVI(A,C)CcCy Yn>0. (3.10)

i€l i€l

Step 3. Show that lim,, _, . (x,, x0) exists.
We note that C,;41; C Cp; for all n > 0 and for all i € I. Hence

Cn+1 = ﬂcnﬂ,i C Cn = m Cn,i~ (3.11)

i€l i€l

From x,41 =Ilc,,,x0 € Cp1 C Cp and x,, = Ilc, xg € C,,, we have

¢(xn, x0) < P(xpsi1,x0), Yn2>1. (3.12)
This shows that {¢(x,, x9)} is nondecreasing. On the other hand, from Lemma 2.4, we have
¢ (xn, x0) = p(Ilc, x0, x0) < P(w, X0) = P(w, xn) < P(w, Xxo) (3.13)

for each w € F C C,,. This show that {¢(x,,x0)} is bounded. Consequently, lim,, _, .. (x,,, x0)
exists.

Step 4. Show that {x,} is a convergent sequence in C.
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Since x,, = Ilc, xg € C,, for any m > n. It follows that

(;b(xm/ Xn) = (i)(xm/ Ic, x0)
< ¢ (xm, x0) — p(Ic,x0, x0) (3.14)
= d)(xm/ xO) - ¢(xn/ xO)'

Letting m,n — oo in (3.14), we have ¢(x,,, x,) — 0. It follows from Lemma 2.2 that

JAm [l = x| = 0. (3.15)

Hence {x,} is a Cauchy sequence in C. By the completeness of E and the closedness of C, we
can assume that

X, —p€C asn— oo. (3.16)

Step 5. We show that p € F := ";;F(T:) NNt F(Si) N VI(A,C).
(I) We first show that p € (N;e; F(Ti) NNt F(Si). Taking m = n+ 1 in (3.14), one arrives
that

lim ¢ (xns1, %) = 0. (3.17)

n
From Lemma 2.2, we obtain

Jijrc}o”xml — x| = 0. (3.18)

Noticing that x,.1 = I'lc,., xo, from the definition of C,,; for every i € I, we obtain

n+l

P (X1, Yni) < P(xns1, Xn) + an,i<||x0||2 +2(u, Jx, - ]xo>>' (3.19)

It follows from (3.17) and lim,,_, @, ; = 0 and the fact that { Jx,} is bounded that

Ji_r)rgo(])(xn+1,yn,i) =0, Viel. (3.20)
From Lemma 2.2, we obtain
11111130||xn+1 —Yni|| =0, Viel (3.21)
It follows from (3.18) that
lim ||x, — yui|| =0, Viel (3.22)

n—oo
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Since J is uniformly norm-to-norm continuity on bounded sets, for every i € I, one has
Jimn (172w = Tynill = Jim 1w = Jaall =0, Vi€ L. (3.23)
For every i € I, we obtain from the properties of ¢ that

¢(Zn,i/ xn) = (i)(zn,ir yn,i) + ¢(]/n,ir xn) + 2<zn,i — Yn,is ]yn,i - ]xn>

(3.24)
< ¢(Zn,ir yn,i) + ‘i)(yn,i/ xn) + 2”Zn,i - yn,i” ”]yn,i - ]xn||~

On the other hand, for all i € I, we have

¢(Zn,i/ yn,i): ”Zn,i||2 - 2<Zn,i/ lxn,i]-xO + (1 - an,i)]zn,i> + ”an,i]xO + (1 - an,i)]zn,i“z
< Nzl = 2an,i(zni, Jx0) = 2(1 = ani)(Znis J2ni) + illxol* + (1 = ti) | zn,ill°

= an,i<||zn,i||2 = 2(zni, Jx0) + ||x0||2> = ayiP(zn,i, X0)-

(3.25)
It follows form (ii) that
nlijr;od)(zn,i/ yn,i) = 0/ Viel. (326)
Notice that
¢ Ynisxn) = [Ynill* = 2(yni, Jxa) + 1l
= Nill® = 2(ym i Jxu) + Ixal® + st | = [ [P
= 2(xps1, ]yn,i> + 2<xn+1/ ]yn,i>
= ¢(xn+lr yn,i) - 2<yn,i/ ]xn> + ||xn”2 - ||xn+1||2 + 2<xn+1r ]yn,i>
= § o1, i) + (160 = X Dl + ) 62

= 2(Ynis J%n = JYni) = 2{Yni, JYni) + 2(Xns1, JYni)
= @ (%ne1, Yni) + (120 = 2psa [|) (|2l + [[%n411])

+ 2(Ynis JYni — JXn) + 2(Xns1 = Ynir JYn,i)
< P(nit, Yni) + (1xn = Xnsa ) (1xall + [26n41]])

+ 2 ynill 1Ty = Toull + 2l %01 = ymil [l Tyl
Applying (3.18), (3.20), (3.21), and (3.23) to the last inequality, we obtain

Tim ¢ (ymi, %) =0, ViEl (3.28)
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Combining (3.26) with (3.28) in (3.24), we have

,}Er;o(i)(zn’i’x") =0, Viel. (3.29)
From Lemma 2.2, we have
nlgl;lo”Z"’i —x,l| =0, Viel (3.30)

Since ] is uniformly norm-to-norm continuity on bounded sets, for every i € I, one has
lim [|Jzp; = Jxal| =0, Viel. (3.31)

Let r = sup,.i {lxnll, I Tixnll, [[Sixnl|} for every i € I. Therefore Lemma 2.7 implies that there
exists a continuous strictly increasing convex function g : [0,00) — [0, o) satisfying g(0) =0
and (2.7).

Case I. Assume that (a) holds. Applying (2.7), we can calculate
Bt z00) = ()7 () Jon + P I T + B} Sicon))
=l = 2w, B8 Tt + B T Tt + B T Sitons )

2
1 2 3
)+ BE T T + BL ) Siton,i

+| )

< Nl =285, Jx) = 28w, TTixn) — 250 (u, ] Siwn,)

3.32
4 Bl + BENT il + BONS 20l — B2 g (11 %0 — JTical) (3:32)
= BIp(w, xu) + b, Tixy) + Pt p(u, Siwon,) — P Bl g (1T xn = TTixull)
< B (u, x0) + PO P, x0) + B, w03,) = B AL g (1200 = T Tixull)
< B b, x0) + P (11, x0) + PP, ) — BB g (120 — JTixall)
= p(u, xn) = B2 g (1T xn = T Tixal)).
This implies that
B g% = JTixall) < (1, x0) = put, 2ni), Vi€ L (3.33)
On the other hand, for every i € I, one has
P, x0) = P, 20) = [2ul* = Zn,ill* = 2014, T2t = JZus) a4)

< Nlwn = znill (lxnll + znill) + 2lellll T 260 = Jznill-
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It follows from (3.30) and (3.31) that
¢(u,x,) —p(u,z,;) — 0 asn— oo, Vi€l (3.35)
Applying lim 1nfn_>ooﬁ(1)ﬁ 21) > 0 and (3.35) in (3.33) we get
g(lJxn = JTix,|]) — 0 asn— oo, Vi€ L (3.36)

It follows from the property of g that

[Jxn = JTixy|| — 0 asn— oo, Viel (3.37)

Since J~! is also uniformly norm-to-norm continuity on bounded sets, for every i € I, one has

nli_r)r;o”xn -Tix,|| =0, Viel. (3.38)
In a similar way, one has
;}i—{rc}o”x" - Siw,il|=0, Viel. (3.39)

On the other hand, we observe from (3.7) that
P, zns) = ¢, 7 (B T+ BT Tin + B I Siton,))
= Yl = 2, B8 Totn + B T Tt + B T Si0s )

1 2 3 2
|88 T + O I Tt + BT Siton,

< lul® = 2800w, o) = 2B (u, JTixw) = 2B (u, ] Sivon,)
+ BTl + BN Tieal® + BONT Siwnill® = B2 B2 g (1T xn = TTixull)
= BV, x0) + PAp(u, Tixw) + PL (1w, Siton,) = Bt B2 g (1ot = JTixull)

< BUb(w, x0) + B b, x0) + BO) P, w0n,) = P2 g (1T %0 = TTixull)

2
Zhui- )[4z, - Aul?|

< B b, x0) + b, x) + ) [¢<u, Xu) + nn,i(

= P, x4) + 2P0, < 2, i — a) | Ax, — Aul*.
C
(3.40)
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Hence
2a( a - =b )||Ax —Au2<d>ux —¢uz 3.41
) ” n ” = ( ’ n) ( ’ n,i)' ( . )

Using (3.35), we can conclude that

lim ||Ax, — Au|| =0, Viel (3.42)
n—oo

From (3.6), we can calculate
(i)(xn/ wn,i) = (;b(xn/ HCvn,i)
< ¢(xn/ vn,i)
= ¢ (x0T 20 = A AX))

= V(xnr ]xn - )‘n,iAxn)

< V(xp, (Jxn = )Ln,iAxn) + )Ln,iAxn)

3.43
- 2<]_1 (]xn - -)‘n,iAxn) —Uu, )Ln,iAxn> ( )

= V(xn/ ]xn) + 2<vn,i — Xn, _-)‘n,iAxn>
= ¢(xn/ xn) + 2<Un,i — Xn, _)Ln,iAxn>

= 2<vn,i — Xn, _)tn,iAxn>

4
< g)un/iHAxn - Au|.
It follows from (3.42) and the fact that {1,,;} is bounded that
lim ¢(x,, wyi) =0, VielL (3.44)

From Lemma 2.2, we have

lim |lx, = wpll =0, Vi€l (3.45)

n
Hence w,; — pasn — oo for eachi € I. From (3.39) and (3.45), we have

li_I)I;louwn,i - Siwyl| =0, Viel (3.46)

n

The closedness of T; and S; implies that p € ;e F(T;) N N F(Si).
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Case II. Assume that (b) holds. We observe that
P, zn0) = ¢ (1,77 (B T + Bl T it + B T Siton,))
= Nl = 24w, B T + ol T T + By T Siton,)

2
1 2 3
+ ﬁi}]xn + ﬁ,(q,,')]Tixn + ﬁ;}]siwn,i

< Nlull® = 285w, Jacn) = 25 (u, JTicn) = 25 (u, J Sizon,)

+ BTl + PO TixalP + BT Si10nall® = BB g (1] it — T Tixall)
= B (1, xn) + BT b (1, Tixn) + Bl p (1, Siton) = B B g (1] Siwni = JTial)
< B, xn) + BT b, x) + B D1, wn i) — BB S (1) Sit0ni - JTioeu)
<P, x0) + B P, x0) + Bl (it ) = B s & (1T Sitns = TTixull)

= P, xa) = BB g (11 Sitoni = JTiocal)).

(3.47)
This implies that
BB (1) Sitoni = JTixall) < $ut, %) =l z0i), Vi€ L (3.48)
On the other hand, for every i € I, one has
P, x) = P, Zni) = %l = |Z0ill” = 24, J 20 = JZn)
(3.49)
< Nloxn = znill lnll + Znill) + 2lellll 20 = T Znill-
It follows from (3.30) and (3.31) that
o(u,x,) —Pp(u,zp;) —0 asn— oo, Viel (3.50)
Applying lim 1nfnﬁooﬁ(2) p 31) > 0 and (3.50) we get
g(lJSiwn; — JTixu||) — 0 asn— oo, Viel. (3.51)

It follows from the property of g that

lJSiwni — JTixu|| — 0 asn— oo, Viel. (3.52)
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Since ]! is also uniformly norm-to-norm continuity on bounded sets, for every i € I, one has

Jim [|Tix, — Siwonil| =0, Viel. (3.53)
On the other hand, we can calculate
(T, 2n,) = ¢(Tixa, T (B0 J 00 + B T + i) T Siton ) )
= Tl = 2(Tioc, Y0 T + B T Tk + By T Siton, )
|2

<N Tieall? = 2B (T, Jotu) = 2B (T, JTitn) = 25 (i, J Siwni)

1 2 3
+ (|80 T+ B Tix + ) TSit0s)

1 2 2 2 3 2
+ B xall? + BTl + B 1S 20l

n,i

< B DT, %) + P P(Tixn, Siwn,).-

(3.54)
Observe that
$(Tix, Sit0n,) = [ Tixall” = 2T, JSitoni) + 1|S i,
= I Toxal® = 2(Tixu, JTixu) + 2(Tixn, JTidn = J Sitons) + | Sitom,|*
(3.55)
< NISiw0n,ll* = I Tixall® + 21| TiullllJ Tixn = J Sizon,
<|ISiwn,i = Tixu || (Siwnill + (1 Tixxnll) + 21| Tixnl[|J Tixxn = JSiwwn,ill-
It follows from (3.52) and (3.53) that
nli—r&d)(T"x”’ Siw,;) =0, Viel. (3.56)

Applying limnﬁmﬂ&) = 0 and (3.56) and the fact that {¢(T;x,, x,)} is bounded to (3.54), we
obtain

nlif;o(i’(Timen,i) =0, Viel (3.57)

From Lemma 2.2, one obtains

nli_{rgo||Tixn -z, =0, Viel (3.58)
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We observe that
I Tixn = xnll < I Tixn = Znill + 12ni = Xnll-
It follows from (3.30) and (3.58) that

lim || Tix, —x,|| =0, Viel
n—oo

By the same proof as in Case I, we obtain that

lim ||x, —wy;l| =0, Viel
n— oo

Hence w,; — pasn — oo foreachi € I and

lim ||Jx, — Jwnl| =0, Viel
n— oo

Combining (3.53), (3.60), and (3.61), we also have

lim ||S,'wn,i - wn,i|| =0, Viel.
n—oo

It follows from the closedness of T; and S; that p € (N\ic; F(Ti) N Nier F (Si)-

(II) Now, we show thatp € VI(A,C).
Let T C E x E* be an operator defined by

Av+ Nc(v), veC,
Tv=

0, v¢C.

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

By Lemma 2.8, we have that T is maximal monotone and T~!0 = VI(A, C). Let (v, w) € G(T).
Since w € Tv = Av + N¢(v), we obtain that w — Av € N¢(v). From x,, = I1¢,x9 ¢ C, C C, we

have

(v =x,,w - Av) > 0.

Since A is a-inverse strongly monotone, we can calculate

(v=x,,w) > (V- x,, AV)
= (v —x,, Av — Ax,) + (v — x,, Axy)

> (v —x,, Axy).

(3.65)

(3.66)
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From wy,; = IcJ 7 (Jx, — AyiAx,) and by Lemma 2.3, we have
(v =Wy, JWni — Jxn — AyiAxy) > 0. (3.67)

This implies that

<v — Wi, M - Axn> <. (3.68)

Since A is a-inverse strongly monotone, we have also that A is 1/a-Lipschitzian. Hence

(v=xp,w) > (V—x,, Axy) + <v — Wy, M - Axn>
n,i

= (0 — Wy,i, AXp) + (Wn,i — X, AXy)

Jxn — Jt0n,
- <U — Wi, Axn> + <’0 = Wi, # (369)
= (Wy,i — X, Axy) + <v — Wn,i, M>
n,i
]-xn - ]wn,i
2 ~llwni = xullll Axull = [l = wnill|| ———

for all n > 0. By Taking the limit as n — oo and by (3.61) and (3.62), we obtain (v —-p,w) > 0.
By the maximality of T we obtain p € T~'0 and hence p € VI(A,C). Hence p € F.

Step 6. Finally, we show that p = I'lrx.
From x,, = I'lc,xp, we have

<]x0_]xn/xn_z> 20/ VZECn. (370)

Since F ¢ C,, we also have

(Jxo— Jxp,xy—u) >0, VYue€eF (3.71)

By taking limit in (3.71), we obtain that
(Jxo—Jp,p-u)>0, VuekF (3.72)

By Lemma 2.3, we can conclude that p = I1rxq. This completes the proof.
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Remark 3.2. Theorem 3.1 improves and extends main results of liduka and Takahashi [17],
Martinez-Yanes and Xu [23], Matsushita and Takahashi [13], Plubtieng and Ungchittrakool
[14], Qin and Su [15], and Qin et al. [25] because it can be applied to solving the problem of
finding the common element of the set of common fixed points of two families of quasi-¢-
nonexpansive mappings and the set of solutions of the variational inequality for an inverse-
strongly monotone operator.

4. Applications

From Theorem 3.1 we can obtain some new and interesting strong convergence theorems.
Now we give some examples as follows.

If ﬂflll) =0foralln>0,T; = S; foralli € I and A = 0 in Theorem 3.1, then we have the
following result.

Corollary 4.1. Let E be a uniformly convex and uniformly smooth Banach space, and let C be a
nonempty closed convex subset of E. Let {T;};c; be a family of closed quasi-¢-nonexpansive mappings
of C into itself with F := (\;e; F (T;) being nonempty, where I is an index set. Let {x,} be a sequence
generated by the following manner:

xo € C chosen arbitrary,
Ci=C, C = ﬂcl,i, x1 =1l (x9) Viel,
i=1

Yni= ]_1 (lxn,i]x() + (1 - an,i)]Tixn)/

(4.1)
Cooti = {1 € Coi = $ (10, Ys) < P, x0) + tni (I120]2 + 241, T = Jx0)) |,

Cus1 =) Crstir

iel

Xne1 = e, %0, Yn 20,

n+l

where | is the duality mapping on E, and {a,;} is a sequence in (0,1) such that limsup, | _a,; =
0, for all i € I. Then the sequence {x,} converges strongly to Ilpxo, where I1F is the generalized
projection from C onto F.

Now we consider the problem of finding a zero point of an inverse-strongly monotone
operator of E into E*. Assume that A satisfies the following conditions:

(C1) Ais a-inverse-strongly monotone,

(C2) A '0={u€E:Au=0}#0.

Corollary 4.2. Let E be a 2 uniformly convex and uniformly smooth Banach space. Let A be an
operator of E into E* satisfying (C1) and (C2), and let {S;};c; and {T;},c; be two families of closed
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quasi-p-nonexpansive mappings of E into itself with F := (Nie/F(T;) N N F(Si) N A70 being
nonempty, where I is an index set. Let {x,} be a sequence generated by the following manner:

Xo € E chosen arbitrary,

[ee)
Cii=E, C= ﬂ Cui x1 =Tl¢ (x0) Viel,
i=1

Wn,; = ]_1 (]xn - /\n,iAxn)/
Zni=J! (ﬂ,(fl) Jxn + ﬁflzl) JTix, + ﬁff’l) J Siwn,i>,

(4.2)
Yni= ]71 (“n,i]JCO + (1 - “n,i)]zn,i)r

Croti = {0 € Cois (1, Yns) < Pl x0) + ani (I1x0l> + 20, T = o)) |,

Cue1 =) Crstir

i€l

Xne1 = 1e,, X0, Yn 20,

n+l

where | is the duality mapping on E, and {A,,;}, {a,;:}, and {ﬂfl]f} (j =1,2,3) are sequences in (0, 1)
such that
(i) limy, oy ; =0 forallie I;

(i) forall i € I, {A,;} C [a,b] for some a,b with 0 < a < b < c*a/2, where 1/c is the 2
uniformly convexity constant of E;

(iii) ,[31(111) + ﬁ(z? + ﬂ(3. =1 forall i € I and if one of the following conditions is satisfied:

n, n,z

(a) lim infn_,wﬂ(l.)ﬂfi)i >O0foralll=2,3and foralli€ I,

n,

(b) liminf, — o) BC) > 0 and lim, . .B.) = 0 forall i € I.

Then the sequence {x,} converges strongly to I1rxo, where I1F is the generalized projection from C
onto F.

Proof. Setting C = E in Theorem 3.1, we get that Il is the identity mapping, that is, ITgx = x
for all x € E. We also have VI(A,E) = A™'0. From Theorem 3.1, we can obtain the desired

conclusion easily. O

Let X be a nonempty closed convex cone in E, and let A be an operator from X into
E*. We define its polar in E* to be the set

X*={y*eE : (x,y") >0 Vx e X}. (4.3)
Then an element x in X is called a solution of the complementarity problem if

Ax e X*, (x,Ax)=0. (4.4)
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The set of all solutions of the complementarity problem is denoted by CP(A, X). Several
problems arising in different fields, such as mathematical programming, game theory,
mechanics, and geometry, are to find solutions of the complementarity problems.

Corollary 4.3. Let E be a 2 uniformly convex and uniformly smooth Banach space, and let X be a
nonempty closed convex subset of E. Let A be an operator of X into E* satisfying (C1) and (C2), and
let {Si}icr and {T;};c; be two families of closed quasi-¢-nonexpansive mappings of X into itself with
F = NietF(Ti) N Nt F(Si) N CP(A, X) being nonempty, where I is an index set. Let {x,} be a
sequence generated by the following manner:

X0 € X chosen arbitrary,

o]
Ci=X, Ci=(\Cui, x =T (x) Vi€l

i=1

Wn,i = l_IX]_1 (]xn - )‘n,iAxn)/

Zni=J7! (ﬂ,(fl) Jxn + ﬁflzl) JTix, + ﬁff’l) J Siwn,i>,
(4.5)
Yni = ]71 (“n,i]x0 + (1 - “n,i)]zn,i)r

Cuii = {u €Chui: (U, yni) < P, xp) + “n,i<||x0||2 +2(u, Jx, - ]x0>) },

Cus1 =) Crstir
iel
Xn1 =g, %0, Yn 20,

n+l

o)
n,i }

where J is the duality mapping on E, and {A,;}, {a,}, and {p
such that

(j =1,2,3) are sequences in (0,1)

(i) limy, gy ; =0 foralli e I;

(ii) forall i € I, {A,;} C [a,b] for some a,b with0 < a < b < c2a /2, where 1/c is the 2
uniformly convexity constant of E;

(iii) ﬂflll) + ﬂfz) + ﬂfl) =1 foralli € I and if one of the following conditions is satisfied:
(a) lim infnﬁwﬁff,i)ﬂs,)i >0 foralll=2,3 and foralli € I,
(b) lim infnﬁmﬁ,(fi)ﬁg > 0and limnﬁwﬁsz =0forallie I

Then the sequence {x,} converges strongly to I1rxo, where I1F is the generalized projection from C
onto F.

Proof. From [29, Lemma 7.1.1], we have VI(A,X) = CP(A, X). From Theorem 3.1, we can
obtain the desired conclusion easily. O



Abstract and Applied Analysis 25

Acknowledgments

The first author would like to thank The Thailand Research Fund, Grant TRG5280011 for
financial support. The authors would like to thank the referees for reading this paper
carefully, providing valuable suggestions and comments and pointing out a major error in
the original version of this paper.

References

[1] D. Kinderlehrer and G. Stampacchia, An Introduction to Variational Inequalities and Their Applications,
vol. 88 of Pure and Applied Mathematics, Academic Press, New York, NY, USA, 1980.

[2] 1. Cioranescu, Geometry of Banach Spaces, Duality Mappings and Nonlinear Problems, vol. 62 of
Mathematics and Its Applications, Kluwer Academic Publishers, Dordrecht, The Netherlands, 1990.

[3] W. Takahashi, Convex Analysis and Approximation Fixed points, vol. 2 of Mathematical Analysis Series,
Yokohama Publishers, Yokohama, Japan, 2000.

[4] M. M. Vainberg, Variational Methods and Method of Monotone Operators, John Wiley & Sons, New York,
NY, USA, 1973.

[5] Ya. I. Alber, “Metric and generalized projection operators in Banach spaces: properties and
applications,” in Theory and Applications of Nonlinear Operators of Accretive and Monotone Type, A.G.
Kartsatos, Ed., vol. 178 of Lecture Notes in Pure and Applied Mathematics, pp. 15-50, Marcel Dekker,
New York, NY, USA, 1996.

[6] Ya.I. Alber and S. Reich, “An iterative method for solving a class of nonlinear operator equations in
Banach spaces,” PanAmerican Mathematical Journal, vol. 4, no. 2, pp. 39-54, 1994.

[7] S. Kamimura and W. Takahashi, “Strong convergence of a proximal-type algorithm in a Banach
space,” SIAM Journal on Optimization, vol. 13, no. 3, pp. 938-945, 2002.

[8] S. Reich, “A weak convergence theorem for the alternating method with Bregman distances,” in
Theory and Applications of Nonlinear Operators of Accretive and Monotone Type, A. G. Kartsatos, Ed., vol.
178 of Lecture Notes in Pure and Applied Mathematics, pp. 313-318, Marcel Dekker, New York, NY, USA,
1996.

[9] D.Butnariu, S. Reich, and A. J. Zaslavski, “Asymptotic behavior of relatively nonexpansive operators
in Banach spaces,” Journal of Applied Analysis, vol. 7, no. 2, pp. 151-174, 2001.

[10] D. Butnariu, S. Reich, and A. J. Zaslavski, “Weak convergence of orbits of nonlinear operators in
reflexive Banach spaces,” Numerical Functional Analysis and Optimization, vol. 24, no. 5-6, pp. 489-508,
2003.

[11] Y. Censor and S. Reich, “Iterations of paracontractions and firmly nonexpansive operators with
applications to feasibility and optimization,” Optimization, vol. 37, no. 4, pp. 323-339, 1996.

[12] D. Butnariu and A. N. Iusem, Totally Convex Functions for Fixed Points Computation and Infinite
Dimensional Optimization, vol. 40 of Applied Optimization, Kluwer Academic Publishers, Dordrecht,
The Netherlands, 2000.

[13] S. Matsushita and W. Takahashi, “A strong convergence theorem for relatively nonexpansive
mappings in a Banach space,” Journal of Approximation Theory, vol. 134, no. 2, pp. 257-266, 2005.

[14] S. Plubtieng and K. Ungchittrakool, “Strong convergence theorems for a common fixed point of two
relatively nonexpansive mappings in a Banach space,” Journal of Approximation Theory, vol. 149, no. 2,
pp. 103-115, 2007.

[15] X. Qin and Y. Su, “Strong convergence theorems for relatively nonexpansive mappings in a Banach
space,” Nonlinear Analysis: Theory, Methods & Applications, vol. 67, no. 6, pp. 1958-1965, 2007.

[16] X. Qin, Y. J. Cho, and S. M. Kang, “Convergence theorems of common elements for equilibrium
problems and fixed point problems in Banach spaces,” Journal of Computational and Applied
Mathematics, vol. 225, no. 1, pp. 20-30, 2009.

[17] H.Iiduka and W. Takahashi, “Weak convergence of a projection algorithm for variational inequalities
in a Banach space,” Journal of Mathematical Analysis and Applications, vol. 339, no. 1, pp. 668-679, 2008.

[18] F. E. Browder and W. V. Petryshyn, “Construction of fixed points of nonlinear mappings in Hilbert
space,” Journal of Mathematical Analysis and Applications, vol. 20, no. 2, pp. 197-228, 1967.

[19] H. Iiduka, W. Takahashi, and M. Toyoda, “Approximation of solutions of variational inequalities for
monotone mappings,” PanAmerican Mathematical Journal, vol. 14, no. 2, pp. 49-61, 2004.

[20] E Liu and M. Z. Nashed, “Regularization of nonlinear ill-posed variational inequalities and
convergence rates,” Set-Valued Analysis, vol. 6, no. 4, pp. 313-344, 1998.



26 Abstract and Applied Analysis

[21] F. E. Browder, “Fixed-point theorems for noncompact mappings in Hilbert space,” Proceedings of the
National Academy of Sciences of the United States of America, vol. 53, pp. 1272-1276, 1965.

[22] B. Halpern, “Fixed points of nonexpanding maps,” Bulletin of the American Mathematical Society, vol.
73, pp. 957-961, 1967.

[23] C. Martinez-Yanes and H.-K. Xu, “Strong convergence of the CQ method for fixed point iteration
processes,” Nonlinear Analysis: Theory, Methods & Applications, vol. 64, no. 11, pp. 2400-2411, 2006.

[24] K. Nakajo and W. Takahashi, “Strong convergence theorems for nonexpansive mappings and
nonexpansive semigroups,” Journal of Mathematical Analysis and Applications, vol. 279, no. 2, pp. 372—
379, 2003.

[25] X. L. Qin, Y. J. Cho, S. M. Kang, and H. Y. Zhou, “Convergence of a hybrid projection algorithm in
Banach spaces,” Acta Applicandae Mathematicae, vol. 108, no. 2, pp. 299-313, 2009.

[26] W. Takahashi, Y. Takeuchi, and R. Kubota, “Strong convergence theorems by hybrid methods
for families of nonexpansive mappings in Hilbert spaces,” Journal of Mathematical Analysis and
Applications, vol. 341, no. 1, pp. 276-286, 2008.

[27] S. Reich, “Book Review: Geometry of Banach spaces, duality mappings and nonlinear problems by
loana Cioranescu,” Bulletin of the American Mathematical Society, vol. 26, no. 2, pp. 367-370, 1992.

[28] 1. Cioranescu, Geometry of Banach Spaces, Duality Mappings and Nonlinear Problems, vol. 62 of
Mathematics and Its Applications, Kluwer Academic Publishers, Dordrecht, The Netherlands, 1990.

[29] W. Takahashi, Nonlinear Functional Analysis, Fixed Point Theory and Its Application, Yokohama
Publishers, Yokohama, Japan, 2000.

[30] K. Ball, E. A. Carlen, and E. H. Lieb, “Sharp uniform convexity and smoothness inequalities for trace
norms,” Inventiones Mathematicae, vol. 115, no. 3, pp. 463-482, 1994.

[31] Y. Takahashi, K. Hashimoto, and M. Kato, “On sharp uniform convexity, smoothness, and strong type,
cotype inequalities,” Journal of Nonlinear and Convex Analysis, vol. 3, no. 2, pp. 267-281, 2002.

[32] B. Beauzamy, Introduction to Banach Spaces and Their Geometry, vol. 68 of North-Holland Mathematics
Studies, North-Holland, Amsterdam, The Netherlands, 2nd edition, 1985.

[33] R. E. Bruck and S. Reich, “Nonexpansive projections and resolvents of accretive operators in Banach
spaces,” Houston Journal of Mathematics, vol. 3, no. 4, pp. 459-470, 1977.

[34] Y.]. Cho, H. Y. Zhou, and G. Guo, “Weak and strong convergence theorems for three-step iterations
with errors for asymptotically nonexpansive mappings,” Computers & Mathematics with Applications,
vol. 47, no. 4-5, pp. 707-717, 2004.

[35] R. T. Rockafellar, “On the maximality of sums of nonlinear monotone operators,” Transactions of the
American Mathematical Society, vol. 149, pp. 75-88, 1970.



ATANNKRIN 5

A hybrid iterative scheme for variational

inequality problems for finite families of

relatively weak quasi-nonexpansive mappings

U. Kamraksa, R. Wangkeeree

Journal of Inequalities and Applications, Volume

2010, Article ID 724851, 23 pages



Hindawi Publishing Corporation
Journal of Inequalities and Applications
Volume 2010, Article ID 724851, 23 pages
doi:10.1155/2010/724851

Research Article

A Hybrid Iterative Scheme for Variational
Inequality Problems for Finite Families of
Relatively Weak Quasi-Nonexpansive Mappings

Uthai Kamraksa and Rabian Wangkeeree

Department of Mathematics, Faculty of Science, Naresuan University, Phitsanulok 65000, Thailand
Correspondence should be addressed to Rabian Wangkeeree, rabianw@nu.ac.th

Received 28 October 2009; Revised 23 December 2009; Accepted 29 January 2010

Academic Editor: Jong Kim

Copyright © 2010 U. Kamraksa and R. Wangkeeree. This is an open access article distributed
under the Creative Commons Attribution License, which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.

We consider a hybrid projection algorithm basing on the shrinking projection method for two
families of relatively weak quasi-nonexpansive mappings. We establish strong convergence
theorems for approximating the common fixed point of the set of the common fixed points of such
two families and the set of solutions of the variational inequality for an inverse-strongly monotone
operator in the framework of Banach spaces. At the end of the paper, we apply our results to
consider the problem of finding a solution of the complementarity problem. Our results improve
and extend the corresponding results announced by recent results.

1. Introduction

Let E be a Banach space and let C be a nonempty, closed and convex subset of E. Let A: C —
E* be an operator. The classical variational inequality problem [1] for A is to find x* € C such
that

(Ax",y-x*)>0, VyeC(C, (1.1)

where E* denotes the dual space of E and (:,-) the generalized duality pairing between E
and E*. The set of all solutions of (1.1) is denoted by VI(A, C). Such a problem is connected
with the convex minimization problem, the complementarity, the problem of finding a point
x* € E satisfying 0 = Ax*, and so on. First, we recall that a mapping A : C — E* is said to be

(i) monotone if (Ax — Ay, x —y) >0, forall x,y € C.

(ii) a-inverse-strongly monotone if there exists a positive real number a such that

(Ax - Ay, x - y) zzx”Ax—Ay”z, Vx,y € C. (1.2)
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Let ] be the normalized duality mapping from E into 25" given by
Jx={x" € E*: (x,x") = [lx[lllx*[l, llx]l = lx"|I},  Vx € E. (1.3)

It is well known that if E* is uniformly convex, then J is uniformly continuous on bounded
subsets of E. Some properties of the duality mapping are given in [2-4].
Recall that a mappings T : C — C is said to be nonexpansive if

|Tx-Ty| < ||x-y], YxyeC. (1.4)

If C is a nonempty closed convex subset of a Hilbert space H and Pc : H — C is the metric
projection of H onto C, then Pc is a nonexpansive mapping. This fact actually characterizes
Hilbert spaces and, consequently, it is not available in more general Banach spaces. In this
connection, Alber [5] recently introduced a generalized projection operator C in a Banach
space E which is an analogue of the metric projection in Hilbert spaces.

Consider the functional ¢ : E x E — R defined by

¢y, x) = |lylI* - 2(y, Jx) + [1x[? (1.5)

for all x,y € E, where ] is the normalized duality mapping from E to E*. Observe that, in a
Hilbert space H, (1.5) reduces to ¢(y, x) = [|x—y||* for all x, y € H. The generalized projection
Ilc : E — Cis a mapping that assigns to an arbitrary point x € E the minimum point of the
functional ¢(y, x), that is, [Tcx = x*, where x* is the solution to the minimization problem:

P, x) = inf p(y, x). (1.6)

The existence and uniqueness of the operator I'l¢ follows from the properties of the functional
¢(y, x) and strict monotonicity of the mapping J (see, e.g., [3, 5-7]). In Hilbert spaces, I1c =
Pc. It is obvious from the definition of the function ¢ that

@ (yll = llx)* < ¢, x) < (lyll + l|x]))* for all x, y € E,
(2) p(x,y) =d(x,2) +P(z,y) +2(x -z, Jz— Jy) forall x,y,z € E,

B) ¢(x,y) =(x,Jx=Jy) +{y —x,Jy) < |xllllJx - Jyll + lly — x[llly|l forall x,y € E,
(4) If E is a reflexive, strictly convex and smooth Banach space, then, for all x, y € E,

p(x,y) =0 iff x=y. (1.7)

For more detail see [2, 3]. Let C be a closed convex subset of E, and let T be a mapping
from C into itself. We denote by F(T) the set of fixed point of T. A point p in C is said to
be an asymptotic fixed point of T [8] if C contains a sequence {x,} which converges weakly to
p such that lim,,_, o ||x, — Tx,|| = 0. The set of asymptotic fixed points of T will be denoted
by F(T). A mapping T from C into itself is called relatively nonexpansive [7, 9, 10] if F(T)
= F(T) and ¢(p,Tx) < ¢(p,x) for all x € C and p € F(T). The asymptotic behavior of
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relatively nonexpansive mappings were studied in [7, 9]. A point p in C is said to be a strong
asymptotic fixed point of T if C contains a sequence {x,} which converges strongly to p such
that lim,, _, .|| x,, — Tx,|| = 0. The set of strong asymptotic fixed points of S will be denoted by
F (T). A mapping T from C into itself is called relatively weak nonexpansive if F (T) = F(T)
and ¢(p, Tx) < ¢(p, x) forall x € Cand p € F(T). If E is a smooth strictly convex and reflexive
Banach space, and A C E x E* is a continuous monotone mapping with A™10#§, then it is
proved in [11] that [, = (J +rA) ], forr > 0is relatively weak nonexpansive. T is called rela-
tively weak quasi-nonexpansive if F(T) #0 and ¢(p, Tx) < ¢(p, x) forall x € Cand p € F(T).

Remark 1.1. The class of relatively weak quasi-nonexpansive mappings is more general than
the class of relatively weak nonexpansive mappings [7, 9, 12-14] which requires the strong
restriction F (T) = F(T).

Remark 1.2. If T : C — C is relatively weak quasi-nonexpansive, then using the definition
of ¢ (i.e., the same argument as in the proof of [12, page 260]) one can show that F(T) is
closed and convex. It is obvious that relatively nonexpansive mapping is relatively weak
nonexpansive mapping. In fact, for any mapping T : C — C we have F(T) C F (T) c E(T).
Therefore, if T is a relatively nonexpansive mapping, then F(T) = F (T) = F(T).

liduka and Takahashi [15] introduced the following algorithm for finding a solution
of the variational inequality for an a-inverse-strongly monotone mapping A with [[Ay| <
|[Ay — Au|| for all y € C and u € VI(A,C) in a 2-uniformly convex and uniformly smooth
Banach space E. For an initial point xo = x € C, define a sequence {x,} by

Xpe1 = e JH(Jxn — \nAxy), Vn>0. (1.8)

where | is the duality mapping on E, and Ilc is the generalized projection of E onto C.
Assume that A, € [a,b] for some a,b with 0 < a < b < c*a/2 where 1/c is the 2-
uniformly convexity constant of E. They proved that if J is weakly sequentially continuous,
then the sequence {x,} converges weakly to some element z in VI(A,C) where z =
lim,, - o Iy r(a,c) (%0).

The problem of finding a common element of the set of the variational inequalities
for monotone mappings in the framework of Hilbert spaces and Banach spaces has been
intensively studied by many authors; see, for instance, [16-18] and the references cited
therein.

On the other hand, in 2001, Xu and Ori [19] introduced the following implicit iterative
process for a finite family of nonexpansive mappings {Ti,T,...,Tn}, with {a,} a real
sequence in (0,1), and an initial point x € C:

X1 = a1Xo + (1 - al)Tlxll
X2 = arx1 + (1= ax)Thxo,

(1.9)
xn = anxn-1 + (1 - an)Tnxn,

xN+1 = an+1xXN + (1= an1)Tixn4,
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which can be rewritten in the following compact form:

Xp=apxp1+(1—ay)Tyx,, VYn>1, (1.10)

where T;, = Tyy(mod N) (here the mod N function takes values in {1,2,..., N}). They obtained
the following result in a real Hilbert space.

Theorem XO

Let H be a real Hilbert space, C a nonempty closed convex subset of H,and let T : C — C be
a finite family of nonexpansive self-mappings on C such that F = ﬂf\:jl F(T;)#0. Let {x,} bea
sequence defined by (1.10). If {a,} is chosen so that a,, — 0,as n — oo, then {x,} converges
weakly to a common fixed point of the family of {T;}Y,.

On the other hand, Halpern [20] considered the following explicit iteration:

x9 € C, Xpi1 =apu+ (1—a,)Tx,, Vn>0, (1.11)

where T is a nonexpansive mapping and u € C is a fixed point. He proved the strong
convergence of {x,} to a fixed point of T provided that a,, = n™%, where 0 € (0,1).

Very recently, Qin et al. [21] proposed the following modification of the Halpern
iteration for a single relatively quasi-nonexpansive mapping in a real Banach space. More
precisely, they proved the following theorem.

Theorem QCKZ. Let C be a nonempty and closed convex subset of a uniformly convex and
uniformly smooth Banach space E and T : C — C a closed and quasi-$p-nonexpansive mapping
such that F(T) #@. Let {x,} be a sequence generated by the following manner:

xo=x € C chosen arbitrary,

Cl = C/ X1 = HC1 X0,

Yn = ]‘1(an]x1 + (1 —a,)JTxy), (1.12)
Cui1 = {Z €Cy: ¢(Z,yn) <apd(z,x1) + (1 - an)p(z, xn)}/ n>1,
Xpi1 =1lc,, x1, n>1

Assume that {a,} satisfies the restriction: lim,, _, o a, = 0, then {x,} converges strongly to Ilpryx1.

Motivated and inspired by the above results, Cai and Hu [22] introduced the hybrid
projection algorithm to modify the iterative processes (1.10), (1.11), and (1.12) to have strong
convergence for a finite family of relatively weak quasi-nonexpansive mappings in Banach
spaces. More precisely, they obtained the following theorem.
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Theorem CH

Let C be a nonempty and closed convex subset of a uniformly convex and uniformly
smooth Banach space E and {Ti,T>,...,Tn} be finite family of closed relatively weak quasi-
nonexpansive mappings of C into itself with F := Y, F(T;) #@. Assume that T; is uniformly
continuous for all i € {1,2,...,N}. Let {x,} be a sequence generated by the following
algorithm:

xo =x € C chosen arbitrary,
C1=C, x1=Tlc, x,

Zn = ]_1 (ﬁn]xnfl + (1 - ﬂn)]Tnxn)/ Ty = Ty(mod Ny,

(1.13)
Yn = ]_1 (anJx1 + (1 - ayn)]zn),
Cu1 = (2 €Crn: P(2z,yn) S and(z,x1) + (1= an) [Bup(z, xn-1) + (1= Bu) P(2, x4)] },
Xne1 = 1Ilc,,, 21, n2>1
Assume that {a,} and {f,} are the sequences in [0,1] satisfying lim, ., a, = 0 and

limy, o B = 0. Then {x,} converges strongly to I'lr x1, where I'lf is the generalized projection
from C onto F.

Motivated and inspired by Iiduka and Takahashi [15], Xu and Ori [19], Qin et al.[21],
and Cai and Hu [22], we introduce a new hybrid projection algorithm basing on the shrinking
projection method for two finite families of closed relatively weak quasi-nonexpansive
mappings to have strong convergence theorems for approximating the common element of
the set of common fixed points of two finite families of such mappings and the set of solutions
of the variational inequality for an inverse-strongly monotone operator in the framework
of Banach spaces. Our results improve and extend the corresponding results announced by
recent results.

2. Preliminaries

A Banach space E is said to be strictly convexif ||(x+y) /2| < 1forall x,y € Ewith ||x|| = ||y|| =
1and x # y. Itis also said to be uniformly convex if lim, _, o, || X, —¥x|| = 0 for any two sequences
{xn}, {yn} in E such that ||x,|| = ||y.l| = 1 and lim, o [[(xy + yn)/2|| =1. Let U = {x € E :
|lx]| = 1} be the unit sphere of E. Then the Banach space E is said to be smooth provided

i 1t = Dl @2.1)
t—0 t

exists for each x, y € U. Itis also said to be uniformly smooth if the limit is attained uniformly
for x,y € U. It is well know that if E is smooth, then the duality mapping ] is single valued.
It is also known that if E is uniformly smooth, then ] is uniformly norm-to-norm continuous
on each bounded subset of E. Some properties of the duality mapping have been given in
[3, 23-25]. A Banach space E is said to have Kadec-Klee property if a sequence {x,} of E
satisfying that x, — x € E and ||x,,|| — |[|x]|, then x,, — x. It is known that if E is uniformly
convex, then E has the Kadec-Klee property; see [3, 23, 25] for more details.
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We define the function 6 : [0,2] — [0,1] which is called the modulus of convexity of
E as following

5(¢) = inf{l - ”%'

tx,y €C x|l = |ly|| =1,

x—y| 25}. (2.2)

Then E is said to be 2-uniformly convex if there exists a constant ¢ > 0 such that constant
6(g) > ce? for all € € (0,2]. Constant 1/c is called the 2-uniformly convexity constant of E. A
2-uniformly convex Banach space is uniformly convex, see [26, 27] for more details. We know
the following lemma of 2-uniformly convex Banach spaces.

Lemma 2.1 (see [28, 29]). Let E be a 2-uniformly convex Banach, then for all x, y from any bounded
setof Eand jx € Jx,jy € Jy,

2
. . C
(x-yjx=jy) 2 S lx-yl’ (2:3)

where 1/ ¢ is the 2-uniformly convexity constant of E.

Now we present some definitions and lemmas which will be applied in the proof of
the main result in the next section.

Lemma 2.2 (Kamimura and Takahashi [30]). Let E be a uniformly convex and smooth Banach
space and let {y,}, {zn} be two sequences of E such that either {y,} or {z,} is bounded. If
limy, oo ¢(Yn, zn) = 0, then lim,, _, o ||y — zul| = 0.

Lemma 2.3 (Alber [5]). Let C be a nonempty closed convex subset of a smooth Banach space E and
x € E. Then, xo = Ilcx if and only if (xo —y, Jx — Jxo) = 0 forany y € C.

Lemma 2.4 (Alber [5]). Let E be a reflexive, strictly convex and smooth Banach space, let C be a
nonempty closed convex subset of E and let x € E. Then

¢(y, Tex) + ¢(Ilex, x) < $(y, x) (2.4)

forally e C.
Let E be a reflexive strictly convex, smooth and uniformly Banach space and the
duality mapping J from E to E*. Then J™! is also single-valued, one to one, surjective, and

it is the duality mapping from E* to E. We need the following mapping V which studied in
Alber [5]:

V(x,x") = [|x]” = 2(x, x7) + [1x|° (2.5)

for all x € E and x* € E*. Obviously, V(x,x*) = ¢(x, 71 (x*)). We know the following lemma.
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Lemma 2.5 (Kamimura and Takahashi [30]). Let E be a reflexive, strictly convex and smooth
Banach space, and let V be as in (2.5). Then

V(x,x*) + 2<]‘1(x*) - x,y*> <V(x,x* +y%) (2.6)

forall x € E and x*,y* € E*.

Lemma 2.6 ([31, Lemma 1.4 ]). Let E be a uniformly convex Banach space and B,(0) = {x € E :
llx|| < 7} be a closed ball of E. Then there exists a continuous strictly increasing convex function
g :[0,00) — [0,00) with g(0) = 0 such that

A + gy +yz||> < MixIP + gy |+ vllzl? = Apg (||x - v]), (2.7)

forall x,y,z € B,(0)and A\, y,y € [0, 1] with A+ p+y = 1.

An operator A of C into E* is said to be hemicontinuous if for all x, y € C, the mapping
F of [0,1) into E* defined by F(t) = A(tx + (1 - t)y) is continuous with respect to the weak”
topology of E*. We denote by N¢(v) the normal cone for C at a point v € C, that is

Nc(v) ={x*€E*: (v-y,x*) >0, Vy € C}. (2.8)

Lemma 2.7 (see [32]). Let C be a nonempty closed convex subset of a Banach space E and A a
monotone, hemicontinuous operator of C into E*. Let T C E x E* be an operator defined as follows:

A'U"I'NC(U), UECI
To = (2.9)

?, v¢C.

Then T is maximal monotone and T™'0 = VI(A, C).

3. Main Results
In this section, we prove strong convergence theorem which is our main result.

Theorem 3.1. Let C be a nonempty, closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E, let A be an a-inverse-strongly monotone mapping of C into E* with
Ayl < |Ay — Aql| forally € Cand g € F. Let {T1,Ty,...,Tn} and {S1,Ss, ..., SN} be two finite
families of closed relatively weak quasi-nonexpansive mappings from C into itself with F #@, where
F = NN, F(T) n Y, F(S:) N VI(A,C). Assume that T; and S; are uniformly continuous for all
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i€ {1,2,...,N}. Let {x,} be a sequence generated by the following algolithm:

xo=x€C, chosen arbitrary,

C=C  x;=Tlgxo,

Wy =] (Jxn = TaAxy),

zn = J (@] X1 + Bu) TnXn + Yo ] Snwn), (3.1)
Yn =] (6uJx1 + (1= 64)] zn),

Cns1 = {u € Cp: (1, yn) < 6up(ut, x1) + (1= 6,) [@nPp(ut, xp1) + (1 = ) P(u, x0)] },

Xpi1 =1c,,,x1, VYn2>1,

n+l

where Ty, = Ty(mod N), Sn = Su(mod N), and ] is the normalized duality mapping on E. Assume that
{an}, {Bu}, {yn}, {6n} and {r,} are the sequences in [0, 1] satisfying the restrictions:

(C1) limy o 6, = 0;

(C2) 1, C [a,b] for some a,b with 0 < a < b < c?a/2, where 1/c is the 2-uniformly convexity
constant of E;

(C3) ay + Pu + v = 1 and if one of the following conditions is satisfied

(a) liminf, , a,f, > 0 and liminf, ., ,a,y, > 0 and
(b) lim,—, xa, = 0 and lim inf, _, By, > 0.

Then {x,} converges strongly to Ilpxy, where I'f is the generalized projection from C onto F.

Proof. By the same method as in the proof of Cai and Hu [22], we can show that C,, is closed
and convex. Next, we show F C C, for all n > 1. In fact, F ¢ C; = C is obvious. Suppose
F c C, for some n € N. Then, for all g € F ¢ C,;, we know from Lemma 2.5 that

$(@,w0n) = §(a,Tc] " Jxn = raAAxs) )
< ¢<q/ ]_1 (Jxn — TnAxn)>

= V(q/ ]xn - rnAxn)

(3.2)
< V(q/ (Jxn = rnAxy) + rnAxn) - 2<]_1 (Jxy —1mAxy) — g, rnAxn>
=V(q,Jxn) - 2rn<]‘1(]xn — 12 AXy) - q, Axn>

= d)(q’ le) - 2rﬂ<xﬂ -4q Axn> + 2<]71 (]xn - rnAxn) — Xp, —TnAXy >
Since q € VI(A, C) and A is a-inverse-strongly monotone, we have

21Xy — 4, Axy ) =21 (Xn—q, AXp—Aqg) =214 (xn—q, Aq) <2ar,|| Axn—Aq”z. (3.3)
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Therefore, from Lemma 2.1 and the assumption that ||Ay|| < ||Ay — Agql| for all y € C and
q € F, we obtain that

2<]_1 (Jxp = 1nAxy) — Xp, _TnAxn> = 2<]_1 (Jxn — 1 Axy) — ]_1 (Jxn), _rnAxn>

< 2|77 Ut = rAx) = 17 ) ||l A

4
< {1 U = raAx) = 7 )

IrnAxall  (3.4)

4
= ;”(]xn =10 Axy) = J x|l Axy|

4 4
- ;rﬁHAanz < C—2r5||Axn - Aq|)”.

Substituting (3.3) and (3.4) into (3.2) and using the condition that r,, < c?a/2, we get
2 2
B(0,100) < 93 + 20 S = ) | A%, = Aql] < b4, %), (35)
Using (3.5) and the convexity of || - ||, for each g € F ¢ C,, we obtain

¢(q/ Zn) = ¢<q/ ]_1 (“n]xn—l + ﬁn]Tnxn + Yn]snwn)>
= ||q||2 - 2%(% ]xn—1> - 2ﬁn<q/ ]Tnxn> - 2Yn<q/ ]Snwn>
+ ”“n]xn—l + ﬁn]Tnxn + Yn]snu)n”2
< Nlall” = 2an(q, Jxn-1) = 284(q, JTuXn) = 2y2(q, JSuton)
+ aallT X |+ Bl I Tl + Yl TSt (30
= an(q, Xn1) + Pup (4, Tun) + Yu(q, Suwn)
< and(q, xn-1) + Pup(q, Xn) + Ynp (g, wn)
< and(q, xn-1) + Pud(q, Xn) + Y (4, Xn)

= an¢(q,xn_1) +(1- “n)‘i’(q/x")'
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It follows from (3.6) that

(@ yn) = (a7 GuJx1+ (1-62)Jz0) )
= ||qlI* = 264(q, Jx1) =21 = 6,)(q, Jzu) + [8aTx1 + (1 = 6,) T zal®
< |19I? = 264(q, Jx1) = 2(1 = 6,)(q, JZu) + Sullxa|* + (1 = 6,)||2a]>

= 6n¢(qr x1) +(1- 6n)¢(q/ Z”)
< 6u(q,x1) + (1= 6n) [anp (g, 2Xn-1) + (1= an)(q, xn)]-

(3.7)

S0, q € Cpi1. Then by induction, F € C,, foralln > 1 and hence the sequence {x,} generated by
(3.1) is well defined. Next, we show that {x,} is a convergent sequence in C. From x,, = I'lc, x1,
we have

(xp—u, Jx1— Jx,) >0, VYueC,. (3.8)

It follows from F c C,, for all n > 1 that

(xpy—2z,Jx1 - Jx,) >0, Vz€eF (3.9)

From Lemma 2.4, we have
P(xn, x1) = PIlc,x1,x1) < P(u, x1) = P(u, x) < P(u, x1), (3.10)

for each u € F C C, and for all n > 1. Therefore, the sequence {¢(x,, x1)} is bounded.

Furthermore, since x, = I'lc, x1 and x,,41 = I1¢c,,,x1 € Cyy1 C Cy, we have

n+l

P(xn, x1) < P(xns1,21), Yn2>1. (3.11)

This implies that {$(x,, x1)} is nondecreasing and hence lim,,_, ., $(x,,, x1) exists. Similarly,
by Lemma 2.4, we have, for any positive integer m, that

O (Xnem, Xn) = (Xpem, e, x1) < P(Xpam, x1) — P, x1,x1)

= ¢(xn+mrx1) - ¢(xn,X1), Vn > 1.

(3.12)

The existence of lim,, _, » ¢ (xy, x1) implies that ¢ (x4, x,) — 0asn — oo. From Lemma 2.2,
we have

|¢4m — x|l — 0, as n — oo. (3.13)

Hence, {x,} is a Cauchy sequence. Therefore, there exists a point p € C such that x, — p as
n — oo.
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Now, we will show that p € O, F(T;) n(Y, F(S;) N VI(A,C).

11

(I) We first show that p € ﬂgl F(T;) n ﬂgl F(Si). Indeed, taking m = 1 in (3.12), we

have
nlg}(}o P (xns1,x,) = 0.

It follows from Lemma 2.2 that

lim |[xp1 — x4] = 0.
n—oo

This implies that

lim [Jxps — Xall =0, VI€{L,2,...,N}.
n—oo

The property of the function ¢ implies that

lim ¢(xpi1,x,) =0, VIE({1,2,...,N}.

n

Since x,41 € C,41, we obtain

¢(xn+1/ yn) < 6n¢(xn+1/ xn) + (1 - 6n) [an(i)(xnﬂ/ xn—l) + (1 - “n)¢(xn+1r xn)]-

It follows from the condition (3.14) and (3.17) that
lim ¢ (xni1,yn) = 0.
From Lemma 2.2, we have
Tim [J01 - v = 0.
Combining (3.15) and (3.20), we have
l2cn = v || < llotn = Xl + || X1 = Y| — 0 as n — oo.
Since J is uniformly norm-to-norm continuous on any bounded sets, we have
Tim || ot = Jya || = 0.
On the other hand, noticing

|y = J2za|| = 6allJx1 = J2ull — 0 as n — co.

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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Since J~! is uniformly norm-to-norm continuous on any bounded sets, we have

Tim [y — za| = 0. (3.24)
Using (3.15), (3.20), and (3.24) that
nli_I)I;o”xn = zu|| = 0. (3.25)

Taking the constant r = sup ., {[|xn+1|l, | Tnxnll, [|Snwn||}, we have, from Lemma 2.6, that there
exists a continuous strictly increasing convex function g : [0,00) — [0, o0) satisfying the
inequality (2.7) and g(0) = 0.

Case 1. Assume that (a) holds. Applying (2.7) and (3.5), we can calculate

P, 20) = P (u, ] (@0 2w1 + PuJ Tokn + Ya] Suton))
= [|ull® = 2a (1, Jxn-1) = 2Bu{tt, JTudn) = 2y (14, J Suwn)
+ \|@nT Xno1 + B T + Y] S|
< Null® = 20 (w, Jtn-1) = 2B {1, JTuXn) = 2Yn {1, J Sutn)
+ || Jxna | + Ball T Tunl® + Yull T Snewnll* = dnug (1T xn1 = TTuul])
< (1t Xn1) + Pup (1, Takn) + Y, Suwn) = auPug (1 x-1 = JTuxall) - (3.26)
< (1, 2X-1) + Pup (1, %) + Yu (1, W) = nPug (1 Xn-1 = JTuxull)

< (xnd)(u, Xp-1) + ﬁnd)(ur Xp) + Ynd)(ur Xn)

2
20 5t = @) 1A%, = Aul - 20, (101 = TToal)
2 :
< fxn‘i’(u/ Xp-1) + (1= “n)(i)(u/ Xpn) + 270 Yn Sh—a [|Ax, — Aull
C

- ’xn,ﬁng(”]xn—l = JTuxn|))-
This implies that

anPrg (1T xn-1 = JTuXull) < an[P(1t, Xn1) = P, x0)] + P, x0) = P11, 20).- (3.27)
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We observe that

an [P(u, xp1) — P, )] + P(u, x0) — P(u, z,)
< It I = el = 2, Jotnos = )|

+ ||xn||2 - ”Zn||2 - 2<u/]xn - ]Zn>
< an[llxn-1 = xull(lxn-1 [l + |2nll) + 2[uel[ | Jxn-1 = Jxnll]

+l2xn = zall(l2xnll + [1zall) + 2[|ll | Jxn = J2al|-
It follows from (3.15), (3.22), (3.23) and (3.25) that

lim a, [(p(urxnfl) - ¢(u1xn)] + ¢(”1xn) - ¢(ulzﬂ) =0.

n— oo
From liminf, _, , a,,f, > 0 and (3.27), we get
nlgr;} g(IJxn-1 = JTuxul|) = 0.
By the property of function g, we obtain that

lim || Jxy—1 — JTuxn|| = 0.
n—oo
Since J™! is uniformly norm-to-norm continuous on any bounded sets, we have

B (x4 = Tl = lim || 77 (Jeae) = 7 U Txa) | = 0

From (3.15) and (3.32), we have

lim [|x,, — Tyxp|| = 0.
n—ooo

Noticing that

12¢n = Trsrnll < 110 = Xnatll + 1%041 = TnsrXnat|| + | TnsiXnar = Tnsrxal|,

foralll € {1,2,..., N}. By the uniformly continuity of Tj, (3.16) and (3.33), we obtain

lim ||y — Tyuxnll =0, YI€{1,2,...,N}.
n—oo

Thus

lim ||x, - Tix,|| =0, Vie{1,2,...,N}.
n— oo

13

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)
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From the closeness of T;, we get p = T;p. Therefore p € N\, F(T;). In the same manner, we can
apply the condition lim inf,, _,,, a,y; > 0 to conclude that

Tim ||, = Sy0n]| = 0. (3.37)

Again, by (C2) and (3.26), we have

2 1
21, (0= 50 ) 1A%, = Aul® < b, %) + (1= )bl %) = flu, =)
(3.38)
1
= —[@n (P, xn1) = P, X)) + P14, x0) = P14, 2]
It follows from (3.29) and liminf, ., y, > liminf,_ o .y, > 0 that
lim inf|| Ax, — Aul| < 0. (3.39)
Since liminf, _, o, ||Ax, — Au|| > 0, we have
Tim || Ax, - Auf = 0. (3.40)

From Lemmas 2.4, 2.5, and (3.4), we have
P n, W) = P (X, T T (T = 12 AX) ) < § (300, T (T = 10 AXR) ) = V (o, [ = T AX)
<V (%, (T = T A%) + 10 A%) = 2(] 7 (0 = FaAn) = X, T AX )
= P (Xn, Xn) + 2<]‘1(1xn — 1nAX) = X, —rnAxn>

4
= 2<]71 (]xn - rnAxn) — Xn, _TnAxn> < EbznAxn - Au”Z'

(3.41)
It follows from (3.40) that
Tim (x,, wy) = 0. (3.42)
Lemma 2.2 implies that
im [l — 2w, = 0. (3.43)

Since J is uniformly norm-to-norm continuous on any bounded sets, we have

Jim 1], = Jo, | = 0. (3.44)
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Combining (3.37) and (3.43), we also obtain

lim fjzo, = Speon| = 0. (3.45)
Moreover
llewn = wnall < llwn = xnll + X0 = Xnar |l + |01 = Whaa [l (3.46)
By (3.43), (3.15), we have
,}E&”w” — Wpi| = 0. (3.47)
This implies that
lim [lwy —wpal =0, V€ ({1,2,...,N}. (3.48)
Noticing that
lwn = Snrwnll < |wn = waall + w1 = Snr1@nsill + | Snriwns1 = Suriwnll, (3.49)

forall I € {1,2,...,N}. Since S; is uniformly continuous, we can show that lim,,_, o ||w, —
Siwy|| = 0. From the closeness of S;, we get p = Sip. Therefore p € ﬂf-\zjl F(S;). Hence p €

N F(T) N Y, F(Sh).
Case 2. Assume that (b) holds. Using the inequalities (2.7) and (3.5), we obtain
B, 2) = (1, ] (@n)Xn1 + u) Ton + 1] Sueon) )
= [lull® = 26t (u, Jotn1) = 2B (14, JTuXn) = 2yn(tt, J Spwn)
+ [|etnJ2tuor + Bu Tuxn + Y Suwon|®
< full® = 2 (1, Jxn-1) = 2B, TTuXn) = 2y (14, ] Suton)
+ anll J2n 1 |P + BullTTuxnll® + ¥l TSutoull® = Bu¥ug (1T Tun = J Suonl))
< (1, Xn-1) + Pup(u, TuXn) + Yu(t, Spwn) = PuYug I/ TnXn = JSuwnll)  (3.50)
< (1, X1) + Pup (1, %) + Yup (1, 03) = By (1] TuXns = JSuwull)
< (14, Xn1) + Pup (1, %) + Yup(1t, x)

2
20,5 (1= ) 1A = AU = Bu3ug (I Tt = IS0l

S an(u, xp-1) + (1= an)P(u, xn) + 21Yn <%rn - oc) | Ax, — Aul*

= BuYng (I Tuxn — JSpwnl]).-
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This implies that

Butng (T T — JSutoul)) < atu[d(1t, %u1) = dlat, %)) + blat, %) = blat, z0)
< atg [l = el = 2410, o1 = J2a)
1%l = 12l = 21, Jxn = J2n) (3.51)
< {101 = all (1t |+ 126a) + 2011501 = Tl

+ 1w = zall(llnll + zll) + 20l T2 = Jznl-
It follows from (3.21), (3.24) and the condition liminf, , o, By, > 0 that

Jim &(||JTuxn = JSpwall) = 0. (3.52)
By the property of function g, we obtain that

JLH;OHJTnxn = JSnwnl| = 0. (3.53)

Since J~! is uniformly norm-to-norm continuous on any bounded sets, we have

lim [T, = Sywll = lim [|77 (T T0) = J7 (S0 || = 0. (354)
On the other hand, we can calculate
¢(Tuxn, za) = ¢ <Tnxn, J (@] xna + Pu TuXn + Yu) Snwn)>
= ITall* = 2(Tun, @ J 21 + Bu) TuXn + Y] Suton)
+ Nl S X1 + Bu T + ¥ Suron]|* (355)

S ||Tnxn||2 - 2“n<Tnxnr ]xn> - 2ﬁn<Tnxn/ ]Tnxn> - 2Yn<Tnxnr ]Snwn>
+ “nllxnllz + ﬁn“Tnanz + Yn“snwnllz

L an(Tuxn, xn) + YuP(Tuxn, Snwn).

Observe that
P(TuxXn, Sutwn) = [ Tuxnll® = 2( T, JSuton) + || Snwonl®
= | Tuxull® = 2(Tuxn, JTuxn) + 2(TuXn, JTudn = JSuwon) + || Snwon|l® (356)
< 11Swe0ull? = ITukall* + 2 Tueall | T~ TSuton |

< N1Suwn = Tuxull([[Snwnll + [ Tuxull) + 2| Tuxnll|J Tnxn = J Snwonl.
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It follows from (3.53) and (3.54) that

lim ¢(T,xp, Spwy) = 0. (3.57)

n

Applying lim,, _, , a4, = 0 and (3.57) and the fact that {¢(T,,x,, x,)} is bounded to (3.55), we
obtain

nlgr;o ¢(Tuxn, zn) = 0. (3.58)
From Lemma 2.2, one obtains
Jim [Ty = 24l = 0. (3.59)
We observe that
ITnxn = xull < | Tun = zall + |20 = Xnl|. (3.60)

This together with (3.25) and (3.59), we obtain
i [| T x, = x| = 0. (3.61)
Noticing that
130 = Torxnll < %0 = Xpatll + %041 = Trst Xl + 1 TrsrXnet = TnarXnll, (3.62)

foralll € {1,2,..., N}. By the uniformly continuity of Tj, (3.16) and (3.61), we obtain

lim ||x, — Tpeix,|| =0, VIe{1,2,...,N}. (3.63)
Thus
lim ||lx, - Tixu|| =0, VI€{1,2,...,N}. (3.64)

From the closeness of T;, we get p = T;p. Therefore p € N, F(T;). By the same proof as in
Case 1, we obtain that

nlggo”xn —wyl| =0. (3.65)
Hence w, — pasn — oo foreachieand

Jim 1], = J | = 0. (3.66)
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Combining (3.54), (3.61), and (3.65), we also have

nlijr;OHSnwn —wy|| = 0. (3.67)
Moreover
lwn = W |l < [lwn = xull + 1%0 = Xnaa | + [| X041 = Wraa [|- (3.68)
By (3.43), (3.15), we have
lim [|w, —wpia ]| = 0. (3.69)
This implies that
nlif;o”w" —wu||=0, VIe{1,2,...,N}. (3.70)
Noticing that
lwn = Snrwnll < |wn = wnall + w1 = Snrtnill + |Snriwns1 = Snwnll, (3.71)

foralll € {1,2,...,N}. Since 5; is uniformly continuous, we can show that lim,, _, .-||w, —
Siw,|| = 0. From the closeness of S;, we get p = S;p. Therefore p € N, F(S;). Hence p €

N F(T) NN, F(S).

(II) We next show thatp € VI(C, A).
Let T C E x E* be an operator defined by:

Av+ N¢(v), veC;
To = (3.72)
@, v¢C.

By Lemma 2.7, T is maximal monotone and T7'0 = VI(A,C). Let (v,w) € G(T), since w €
Tv = Av + Nc(v), we have w — Av € N¢(v). From x,, = Tlc,x € C, C C, we get

(v —x,,w—Av) > 0. (3.73)
Since A is a-inverse-strong monotone, we have
(v=xp,w) > (v—x,,Av) = (V- x,, Av — Ax,) + (V- x,, Axy) > (v —x,, Axy). (3.74)

On other hand, from w,, = I'l¢ J"'(Jx, -1, Ax,) and Lemma 2.3, we have (v-w,, Jw,— (] x,—
rmAx,) >0, and hence

<v — Wy, JXn = JWn _ Axn> <0. (3.75)

Tn
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Because A is 1/a constricted, it holds from (3.74) and (3.75) that

<U _xn1w> > (U— xnrAxn> + <U — Whn, M _Axn>

n

= (v_wnrAxn> + (wn_xn/Axn> - <U_wn/Axn> + <v_wn/

]xn—]wn>

Tn

= (wn _xn/Axn> + <’Z) — Wy,
n

]xn_]wn>
. 1 xn — Jwn||

> —[lwn = xul| - [|Axn || = [|v = wyl| a

(3.76)

for all n € NU {0}. By taking the limitas n — oo in (3.76) and from (3.43) and (3.44), we have
(v—p,w) >0asn — oo. By the maximality of T we obtain p € T-'0 and hence p € VI(A, C).
Hence we conclude that

pe ﬁF(T,») N (N]F(Si) NVI(A,C). (3.77)
i=1 i=1

Finally, we show that p € ITrx;. Indeed, taking the limit as n — oo in (3.9), we obtain

(p-zJx1-Jp)20, VzeF (3.78)

and hence p = I'lr x; by Lemma 2.3. This complete the proof. O

Remark 3.2. Theorem 3.1 improves and extends main results of liduka and Takahashi [15],
Xu and Ori [19], Qin et al. [21], and Cai and Hu [22] because it can be applied to solving the
problem of finding the common element of the set of common fixed points of two families
of relatively weak quasi-nonexpansive mappings and the set of solutions of the variational
inequality for an inverse-strongly monotone operator.

Strong convergence theorem for approximating a common fixed point of two finite
families of closed relatively weak quasi-nonexpansive mappings in Banach spaces may not
require that E is 2-uniformly convex. In fact, we have the following theorem.

Corollary 3.3. Let C be a nonempty, closed, and convex subset of a uniformly convex and uniformly
smooth Banach space E. Let {T1,T,,...,Tn} and {S1,S,...,Sn} be two finite families of closed
relatively weak quasi-nonexpansive mappings from C into itself with F #@, where F := (N, F(T;) N
ﬂl]-\:jl F(Si). Assume that T; and S; are uniformly continuous for all i € {1,2,...,N}. Let {x,} be a
sequence generated by the following algolithm:
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xo=x€C, chosen arbitrary,

Ci=C, x1=Il¢xo,

zn = J N (anJxn1 + Bu] TuXn + Y] Snxn),

Yn =] Gulx1+ (1= 64)] z0),

Crv1 = {u€Cp: @p(u,yn) < 6,1, x1) + (1= 6,) [np (4, xp1) + (1 = )P, x)] },

X1, Vn > 1/

(3.79)

Xp41 = I

n+l

where Ty, = Ty(mod N), Sn = Sn(mod N), and | is the normalized duality mapping on E. Assume that
{an}, {Bn}, {yn) and {6, } are the sequences in [0, 1] satisfying the following restrictions:

(C1) lim, o, 6, = 0;

(C2) ay + Pu + yn = 1 and if one of the following conditions is satisfied
(a) liminf, o anf, > 0 and liminf, _, o, ayy, > 0 and
(b) limy, . o a, = 0 and liminf, o, By, > 0.

Then {x,} converges strongly to Ilrxy, where I'f is the generalized projection from C onto F.

Proof. Put A = 40 in Theorem 3.1. Then, we get that w, = x,. Thus, the method of the proof
of Theorem 3.1 gives the required assertion without the requirement that E is 2-uniformly
convex. ]

Remark 3.4. Corollary 3.3 improves Theorem 3.1 of Cai and Hu [22] from a finite family of of
relatively weak quasi-nonexpansive mappings to two finite families of relatively weak quasi-
nonexpansive mappings.

If E = H, a Hilbert space, then E is 2-uniformly convex (we can choose ¢ = 1) and
uniformly smooth real Banach space and closed relatively weak quasi-nonexpansive map
reduces to closed weak quasi-nonexpansive map. Furthermore, J = I, identity operator on H
and I'l¢c = Pc, projection mapping from H into C. Thus, the following corollaries hold.

Corollary 3.5. Let C be a nonempty, closed and convex subset of a Hilbert space H. Let
{T1,Ts,..., TN} and {S51,52,...,SN} be two finite families of closed weak quasi-nonexpansive
mappings from C into itself with F#@, where F := X, F(T;) N N, F(S;) N VI(A,C) with
Ayl < |[Ay — Aql| for all y € C and q € F. Assume that T; and S; are uniformly continuous
forallie {1,2,...,N}. Let {x,} be a sequence generated by the following algorithm:

xo=x €C, chosen arbitrary,

Ci1=C, x1=Pcxo,

wy, = Po(x, — 1, Axy),

Zn = (@nXn1 + PuTnXn + YnSnwn), (3.80)
Yn = (6nx1+ (1= 6n)z0),

Crir={u € Co t [[u=yull* SBullu=x1 |+ (1=8) [alle=2 1|+ (1= 1= 12] },

x1, Vnx1,

Xni1 = Pc

n+l
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where Ty, = Ty(mod N)» Sn = Su(mod N), and | is the normalized duality mapping on E. Assume that
{an}, {Pn}, {yn}, {60}, and {r,} are the sequences in [0, 1] satisfying the restrictions:

(C1) limy, o 6, = 0;

(C2) 1, C [a,b] for some a,bwith 0 < a < b < c*a/2, where 1/c is the 2-uniformly convexity
constant of E;

(C3) ay + Pn + yu = 1 and if one of the following conditions is satisfied

(a) liminf, o, a,pB, > 0 and liminf, _, ,a,y, > 0 and

(b) limy, —, o¥y, = 0 and liminf, _, o, B, yn > 0.

Then {x,} converges strongly to Prx1, where Pr is the metric projection from C onto F.

Let X be a nonempty closed convex cone in E, and let A be an operator from X into
E*. We define its polar in E* to be the set

X ={y*eE : (x,y")>0Vx e X}. (3.81)
Then an element x in X is called a solution of the complementarity problem if

Ax € X, (x,Ax) =0. (3.82)

The set of all solutions of the complementarity problem is denoted by CP(A, X). Several
problem arising in different fields, such as mathematical programming, game theory,
mechanics, and geometry, are to find solutions of the complementarity problems.

Theorem 3.6. Let X be a nonempty, closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E, let A be an a-inverse-strongly monotone mapping of X into E* with || Ay|| <
|Ay — Aql| forally € X and g € F. Let {T1,T,..., TN} and {S1,5,..., SN} be two finite families
of closed relatively weak quasi-nonexpansive mappings from X into itself with F # 0, where F :=
NN, F(T:) N NY, F(Si) N CP(A, X). Assume that T; and S; are uniformly continuous for all i €
{1,2,...,N}. Let {x,} be a sequence generated by the following algorithm:

xo=x € X, chosen arbitrary,

Ci =X, x1=Il¢x,

W, = Tlc] ™ (Jxn = 1 AXy),

zn = ] (@) X1 + Pu) TnXn + Y] Snwn), (3.83)
Yn =] Gu)x1 + (1-64)]za),

Cra1 = {u € Co: §(u, yn) < 6np(u,x1) + (1= 6p) [anp(t, Xn1) + (1 — an)p(u, x0)] },

X1 =1c,, %1, Vn2>1,

n+l
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where Ty, = Tp(mod N), Sn = Sn(mod N), and | is the normalized duality mapping on E. Assume that
{an}, {Pu}, {yn}, {6n} and {r,} are the sequences in [0, 1] satisfying the restrictions:

(C1) limy— o0 6, = 0;

(C2) 1, C [a,b] for some a, b with 0 < a < b < c*a/2, where 1/c is the 2-uniformly convexity
constant of E;

(C3) ay + Pu + v = 1 and if one of the following conditions is satisfied

(a) liminf, , ,a,p, > 0and liminf, _, ,a,y, > 0and
(b) lim,,—, xa, = 0 and liminf, , By, > 0.

Then {x,} converges strongly to I1rxy, where If is the generalized projection from X onto F.

Proof. From [25, Lemma 7.1.1], we have VI(A,X) = CP(A, X). From Theorem 3.1, we can
obtain the desired conclusion easily. O
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Abstract The purpose of this paper is to introduce a hybrid projection algorithm
based on the shrinking projection method for two relatively weak nonexpansive map-
pings. We prove strong convergence theorem which approximate the common ele-
ment in the fixed point set of two such mappings, the solution set of the variational
inequality and the solution set of the equilibrium problem in the framework of Banach
spaces. Our results improve and extend previous results.
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1 Introduction

Let E be a Banach space and let E* be the dual of E and let C be a closed and convex
subset of E. Let J be the normalized duality mapping from E into 2" given by

Jx ={x* € E*: (x,x™) = |Ix[[|lx*|l, lIx[l = |x*[I}, Vx € E,

where (-, -) is the generalized duality pairing between E and E*. It is well known that
if E* is uniformly convex, then J is uniformly continuous on bounded subsets of E.
Some properties of the duality mapping can be found in [9, 33, 39].
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Let A : C — E* be an operator. We consider the following variational inequality:
Find x € C, such that (Ax,y —x) >0, forallyeC. (1.1)

A point xp € C is called a solution of the variational inequality (1.1) if for every
yeC, (Axp,y — xo) > 0. The solution set of the variational inequality (1.1) is de-
noted by VI(A, C).

If C is a nonempty, closed and convex subset of a Hilbert space H and Pc :
H — C is the metric projection of H onto C, then Pc is nonexpansive, i.e.,
|Pcx — Pcy|l < ||lx — y|l, for all x,y € H. This fact actually characterizes Hilbert
spaces and, consequently, it is not available in more general Banach spaces. In this
connection, Alber [1] recently introduced a generalized projection operator Il¢ in a
Banach space E which is an analogue of the metric projection in Hilbert spaces. Most
recently, applying the generalized projection operator in uniformly convex and uni-
formly smooth Banach spaces, Li [19] established the following Mann type iterative
scheme for solving variational inequalities without assuming the monotonicity of A
in compact subsets of Banach spaces: For any xg € C, define a Mann type iteration
scheme as follows

Xpp1 =1 —ap)xy +ayc(Jx, — (Ax, —§)), n=1,2,3,...,

where {«,,} satisfies conditions 0 < «;, < 1 and 2311 op(l —ay)=00,A:C — E*
is a continuous mapping on a compact convex subset C of E such that

(Tx —&,J%(Jx1 — (Ax —&))) >0, forallxeC,& e E™.
It is proved in [19] that the variational inequality
(Ax —&,y—x)>0, VyeC

has a solution x* € C and there exists a subsequence {n;} C {n} such that {x,,} con-
verges strongly to x* as i — co. Moreover, Fan [13] established some existence re-
sults of solutions and the convergence of a Mann type iterative scheme for the vari-
ational inequality (1.1) in noncompact subsets of Banach spaces. More precisely, he
proved the following theorem:

Theorem Fan (Fan [13], Theorem 3.3) Let E be a uniformly convex and uniformly
smooth Banach space and let C be a closed and convex subset of E. Suppose that
there exists a positive number B, such that

(Ax, J*(Jx — BAx)) >0, forallx €C,
and J — BA : C — E* is compact. If
(Ax,y) <0, forallxe K, yeVI(A,C),

then the variational inequality (1.1) has a solution x* € C and the sequence {xy}
defined by the following iterative scheme:

Xpp1 = —ap)xy + e (Ux, — BAX,), n=1,2,3,...,

@ Springer
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where {a,} satisfies: 0 <a <&, <b <1 for all n € N, for some positive number
a,b e (0, 1) satisfying a < b, converges strongly to x*.

Motivated by Li [19] and Fan [13], Liu [25] introduced an iterative sequence for
approximating a common element of the set of fixed points of a relatively weak non-
expansive mapping defined by Kohasaka and Takahashi [18] and the solution set of
the variational inequality in noncompact subset of Banach spaces without assuming
the compactness of the operator J — SA. More precisely, he proved the following
theorem.

Theorem Liu (Liu [25], Theorem 3.1) Let E be a uniformly convex and uni-
formly smooth Banach space and let C be a nonempty, closed and convex subset
of E. Assume that A is a continuous operator of C into E* that satisfy condi-
tions (2.7) and (2.8) and S : C — C is a relatively weak nonexpansive mapping with
F(S)NVI(A, C) # (. Then the sequence {x,} generated by the following manner:

xo € C chosen arbitrarily,

zn = He(anJxp + (1 —an)J Sxy),

Yo =J* I xn + (1 =8,)JNc(Jzn — BAzZn)),
Co={ueC:9u,y) <¢u,x0}

1.2
Co= {1 € Co O Ot 1 (1, 3) < D, 30}, (12)
Qo=C,
On=1{ueQu1NCy_1:{Jxo— Jxn,x, —u) >0},
Xpt1 = chan]xo Vn>1,
where {a,}, {5,} satisfy:
0<d8,<1 and limsupd, <1; O<a, <1 and liminfo,(1 —ay) >0,
n—>oo

n—oo

converges strongly to Tl gs)nvia,c)J xo.
Let f : C x C — R be a bifunction. The equilibrium problem for f is to find x € C
such that

f&x,y)=0, VyeC. (1.3)

The set of solutions of (1.3) is denoted by EP(f).

Numerous problems in physics, optimization, and economics can be reduced to
find a solution of the equilibrium problem. Some methods have been proposed to
solve the equilibrium problem in a Hilbert space; see, for instance, Blum and Oet-
tli [4], Combettes and Hirstoaga [10], and Moudafi [23]. On the other hand, there
are several methods for approximation fixed points of a nonexpansive mapping; see,
for instance, [8, 11, 12, 14, 15, 19-22, 24-29, 33-36, 38]. Recently, Tada and Taka-
hashi [31, 32] and Takahashi and Takahashi [35] obtained weak and strong conver-
gence theorems for finding a common elements in the solution set of an equilibrium
problem and the set of fixed point of a nonexpansive mapping in a Hilbert space.
In particular, Tada and Takahashi [32] established a strong convergence theorem
for finding a common element of two sets by using the hybrid method introduced in
Nakajo and Takahashi [24]. They also proved such a strong convergence theorem
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in a uniformly convex and uniformly smooth Banach space. Recently, Takahashi et
al. [38] introduced a hybrid method which is different from Nakajo and Takahashi’s
hybrid method. It is called the shrinking projection method. They obtained strong
convergence theorem in the frame work of Hilbert spaces. Based on the so-called
shrinking projection method of Takahashi et al. [38], Takahashi and Zembayashi [36]
introduced the following iterative scheme:

xo=x€eC, Co=0C,

Yo =J NI xn + (1 — ay) J Sxp),

up € C such that f(un, y) + ;3-(y = tn, Juy — Jy,) 20, VyeC,  (1.4)
Cn+1 = {U €Ch:d(v,up) <P(v, -xl’l)}v

X1 =1I¢,, X0, Vn =0,

where S is a relatively nonexpansive mapping and Tlc is the generalized projec-
tion from E onto C. They proved that the sequence {x,} defined by (1.4) converges
strongly to ¢ = I p(rynEg p( )Xo under appropriate conditions imposed on the para-
meters.

Motivated and inspired by Li [19], Fan [13], Liu [25] and Takahashi and Zem-
bayashi [36], we introduce a hybrid projection algorithm based on the shrinking pro-
jection method for two relatively weak nonexpansive mappings. We prove strong
convergence theorem which approximate the common element in the fixed points of
two such mappings, the solution set of the variational inequality and the solution set
of the equilibrium problem in the framework of Banach spaces.

2 Preliminaries

x—+y

A Banach space E is said to be strictly convex if |=5=| < I for all x,y €
E with |x|| = |lyll =1 and x # y. It is also said to be uniformly convex if
lim,—  [|x, — yull = 0 for any two sequences {x,},{y,} in E such that |x,| =
lvall =1 and lim,, _, o ||@|| =1.Let U ={x € E : ||x|| = 1} be the unit sphere of
E. Then the Banach space E is said to be smooth provided

o Il =l

im—————

t—0 t

exists for each x, y € U. It is also said to be uniformly smooth if the limit is attained
uniformly for x, y € U. It is well know that if E is smooth, then the duality mapping
J is single valued. It is also known that if £ is uniformly smooth, then J is uniformly
norm-to-norm continuous on bounded subsets of E. A Banach space E is said to
have Kadec-Klee property if a sequence {x,} of E satisfying that x, — x € E and
lxn |l = llx||, then x,, — x. It is known that if E is uniformly convex, then E has the
Kadec-Klee property; see [9, 33, 34] for more details.
In [2, 3], Alber introduced the functional V : E* x E — R defined by

Vg, x)=llol> —2(p, x) + lIx|I?,
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where ¢ € E* and x € E.
It is easy to see that

Vg, x) = (Il — lIxID*. 2.1)

Thus the functional V : E* x E — R is nonnegative.
Now we present several definitions and lemmas which will be used in the proof
for the main result in the next section.

Definition 2.1 (Kamimura and Takahashi [14]) If E is a uniformly convex and uni-
formly smooth Banach space, the generalized projection I1¢ : E* — C is a mapping
that assigns an arbitrary point ¢ € E* to the minimum point of the functional V (¢, x),
i.e., a solution to the minimization problem

Vg, (@) = inf V (¢, y).
yeC

Li [20] proved that the generalized projection operator I1¢ : E* — C is continu-
ous, if E is a reflexive, strictly convex and smooth Banach space.
Consider the function ¢ : E x E — R is defined by

ox,y)=V({Jy,x), Vx,yekE.

The following properties of the operator I1¢ and V are useful for our paper. (See, for
example, [1, 20].)

(i) V:E* x E — R is continuous.
(i) V(¢,x)=0if and only if ¢ = Jx.
(iii) V(JIc(¢),x) < V(¢,x) forall¢p € E* and x € E.
(iv) The operator I1¢ is J fixed at each point x € C, i.e., [Ic(Jx) = x.
(v) If E is smooth, then for any given ¢ € E*, x € C, x € l1¢(¢) if and only if
(¢ —Jx,x—y)>0,forall y e C.
(vi) The operator I1¢ : E* — C is single valued if and only if FE is strictly convex.
(vii) If E is smooth, then for any given point ¢ € E*, x € I1¢(¢), the following
inequality holds

VUUx,y) <V(g,y)—V(¢,x) VyeC.

(viii) V (¢, x) is convex with respect to ¢ when x is fixed and with respect to x when
¢ is fixed.
(ix) If E is reflexive, then for any point ¢ € E*, T1c(¢) is a nonempty, closed,
convex and bounded subset of C.

Remark 2.2 If E is a strictly convex and smooth Banach space, then for x, y € E,
¢(y,x) =0 if and only if x = y. It is sufficient to show that if ¢(y,x) = 0 then
x =y. From (1), we have | x|| = ||y||. This implies (y, Jx) = lylI? = ||Jx]||%. From
the definition of J, we have Jx = Jy. Since J is one-to-one, we have x = y; see [9,
33, 34] for more details.
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Using the properties of generalized projection operator I1c, Alber [1] proved the
following theorem.

Lemma 2.3 (Liu [25]) Let E be a reflexive, strictly convex and smooth Banach space
with dual space E*. Let A be an arbitrary operator from Banach space E to E* and
B an arbitrary fixed positive number. Then x € C C E is a solution of variational
inequality (1.1) if and only if x is a solution of the operator equation in E

x=Ilc(Jx — BAX).

Let S be a mapping from C into itself. We denote by F(S) the set of fixed point
of S. A point p in C is said to be an asymptotic fixed point of S [30] if C contains
a sequence {x,} which converges weakly to p such that lim,_  ||x, — Sx,|| = 0.
The set of asymptotic fixed point of S will be denoted by F(S). A mapping S from
C into itself is called relatively nonexpansive (see e.g., [5]) if F (S) = F(S) and
d(p, Sx) <¢(p,x) for all x € K and p € F(S). The asymptotic behavior of rela-
tively nonexpansive mappings were studied in [5, 6]. A point p in C is said to be
a strong asymptotic fixed point of S if C contains a sequence {x,} which converges
strongly to p such that lim,_, » ||x, — Sx,|| = 0. The set of strong asymptotic fixed
points of § will be denoted by F(S). A mapping S from C into itself is called rela-
tively weak nonexpansive if F(S) =F(S)and ¢(p, Sx) <¢(p,x) forall x € C and
p € F(S). Moreover, if S: C — C is relatively weak nonexpansive, then using the
definition of ¢ (i.e. the same argument as in the proof of [22, p. 260]) one can show
that F(S) is closed and convex. It is obvious that relatively nonexpansive mapping
is relatively weak nonexpansive mapping. In fact, for any mapping S : C — C we
have F(S) C F(S) C F (S). Therefore, if S is a relatively nonexpansive mapping,
then F(S) = F(S) = F(S).

Example 2.4 Let E be a smooth strictly convex and reflexive Banach space, and
A C E x E* is a continuous monotone mapping with A~10 % @, then it is proved
in [18] that J, = (J +rA)~'J, for r > 0 is a relatively weak nonexpansive mapping.

Now we present several useful lemmas for the proof of our main theorem.

Lemma 2.5 (Kamimura and Takahashi [14]) Let E be a uniformly convex and
smooth Banach space and let {y,}, {z,} be two sequences of E such that either {y,}
or {z,} is bounded. If lim, s oo @ (Vn, 2n) =0, then limy,_ 0 ||y — 21| = 0.

Lemma 2.6 (Chang [7]) Let E be a uniformly convex and uniformly smooth Banach
space. We have

I+ @1 < 1> +2(, J( + D), Vo, PeE*

Lemma 2.7 ([8, Lemma 1.4]) Let X be a uniformly convex Banach space and
B, (0) ={x € E : ||x|| <r} be a closed ball of X. Then there exists a continuous
strictly increasing convex function g : [0, co) — [0, o0) with g(0) = 0 such that

IAx 4+ wy +yzl? < Alxll + pliyll® + ylizl® = auglx =y,  (2.2)
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forallx,y,z€ B,(0)and A, u,y € [0, 1]withA+u+y =1.

For solving the equilibrium problem, let us assume that a bifunction f satisfies the
following conditions:

(Al) f(x,x)=0forallx € C;
(A2) f is monotone, thatis, f(x,y)+ f(y,x) <Oforall x,y e C;
(A3) forall x,y,z€C,

limsup f(tz+ (1 —1t)x,y) < f(x,y); (2.3)
140

(A4) forall x € C, f(x,-) is convex and lower semicontinuous.

For example, let A be a continuous and monotone operator of C into E* and define
f,y)=(Ax,y—x), Vx,yeC.
Then, f satisfies (A1)—(A4).

Lemma 2.8 (Blum and Oettli [4]) Let C be a closed and convex subset of a smooth,
strictly convex, and reflexive Banach spaces E, let f be a bifunction from C x C to
R satisfying (A1)—(A4), and let r > 0 and x € E. Then, there exists z € C such that

1
f(z, y)-l-;(y—z,JZ—Jx) >0, VyeC. (2.4)

Lemma 2.9 (Takahashi and Zembayashi [37]) Let C be a closed and convex subset
of a uniformly smooth, strictly convex, and reflexive Banach space E, and let f be a
bifunction from C x C to R which satisfies conditions (A1)—(A4). For all r > 0 and
x € E, define the mapping

1
T,x:{zeC:f(z,y)+;(y—z,Jz—Jx)20, VyeC}. (2.5)

Then, the following hold:

(1) T; is single-valued,
(2) T; is a firmly nonexpansive-type mapping [17], that is, for all x, y € E,

(Tix =Ty, JT,x = JT,y) <(T,x =Ty, Jx — Jy); (2.6)

(3) F(T,) = F(T,) = EP(f);
(4) EP(Y) is closed and convex.

Lemma 2.10 (Liu [25]) Let E be a uniformly convex and uniformly smooth Banach

space, let C be a nonempty, closed and convex subset of E. Suppose A is an operator
of C into E* and there exists a positive number 8 such that

(Ax, J*(Jx — BAx)) >0, forallx €C, 2.7
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and
(Ax,y) <0, VxeC, yeVI(A,CQC). (2.8)
Then VI(A, C) is closed and convex.

Lemma 2.11 (Liu [25]) If E is a reflexive, strictly convex and smooth Banach space,
then Tl = J*.

3 Main result

Theorem 3.1 Let E be a uniformly convex and uniformly smooth Banach space and
C be a nonempty closed and convex subset of E. Let f be a bifunction from C x C to
R satisfying (A1)—(A4). Assume that A is a continuous operator of C into E* satis-
fying conditions (2.7) and (2.8) and S, T : C — C are relatively weak nonexpansive
mappings with F := F(S)NF(T)NVI(A, C) NEP(f) # . Let {x,} be a sequence
generated by the following manner-

xo = x € C chosen arbitrary, Co =C,

zn = c(anJxn + BnJ T xp + Y J Sxp),

Yo =J*@BnJxn + (1 = 82)JTc(Jzp — BAzn)),

u, € C such that f(u,,y) + %(y —up, Juy, —Jy,) =0, VyeC,
Chy1 = {zeCp:p(z,un) < P(z,x4)},

Jx VYn=>0.

3.1

Xn+1 =1Ilc,,,

Assume that {o,}, {Bn}, {yn} and {5,} are the sequences in [0, 1] satisfying the re-
strictions:

CD) aptBnt+vn=1

(C2) 0<é, <1, limsup,_,6n <1;

(C3) {r,} Cla, o) for some a > 0; and

(C4) liminf,— o @, Bn > 0, liminf,— o &, ¥, > 0.

Then {x,} converges strongly to I1px.

Proof We divide the proof into five steps.
Step 1. [1Fx and ¢, x are well defined.

From Lemma 2.10, we know that VI(A, C) is closed and convex. By the same
argument as in the proof of [22, p. 260], one can show that F(T) N F(S) is closed
and convex. From Lemma 2.9(4), we also have that EP(f) is closed and convex.
Hence F is a nonempty, closed and convex subset of C. Consequently, [Trx is well
defined.

Clearly, Cp = C is closed and convex. Suppose that Cy is closed and convex for
some k € N. For all z € Cy41, one obtains that

O (z,up) < P(z,x5)

@ Springer



Convergence theorems based on the shrinking projection method

is equivalent to
2({z, Jxr) — (2, Jur)) < llxell® — llugll.

It is easy to see that Cy4 is closed and convex. Then, for all n > 0, C,, is closed and
convex. Hence Ilc,,  x is well defined.

Step 2. F C C,, for all n € NU {0}.

We observe that F C Co = C is obvious. Suppose F' C Ci for some k € N. Let
w € F C Cg, then, from the definitions of ¢ and V, property (iii) of V, Lemma 2.6,
conditions (2.7) and (2.8), we have

¢, Mc(Jzn — BAZy)) = V(I TIc(Jzn — BAZr), w)
<V{zn — BAzZy, w)
=Tz — BAZu N> = 2(J 20 — BAZy. w) + 0]
< 1 znll> = 2B(Azn. J*(J2n — BAzy))
—2(Jzy — BAzZy, w) + |w]?
<zl =2(Jzp. w) + [w|* =pw.zx).  (32)

for each n € NU {0}. From Lemma 2.9(2), one has that 7,, is a relatively nonexpan-
sive mapping. Therefore, by properties (viii) and (iii) of the operator V and (3.2), we
obtain

d(w,ur) =¢w, Tr,yr) < dp(w, yu) =V Jyr, w)
<&V (Uxew)+ (1= 8)V(ITlc(Jzk — BAZ), w)
=8k (w, xi) + (1 — 8 (w, Te(Jzx — BAZL))
< Skp(w, xp) + (1 — ) (w, %)
=8k (w, xi) + (1 = 8V (Jzx, w)
< &P (w, xi) + (1 = 8) Vi xp + BrJ T xy + yieJ Sxg, w)
=8 p(w, xx) + (1 = 8 )@ (w, J* (ox I xx + B J Txi + v J Sxi))
= 8k (w, xi) + (1 = 8wl — 204 (w, Jxi) — 2Bk (w. JTxy)
— 2y (w, JSxi) + llow I xi + B Tox + vicJ Sxie )]
< Skp(w, xp) + (1 — S lwl|* — 2o (w, Jxg) — 2B (w, J Tx)
= 2piw, J Sxk) + o | Txell® + BellJ Txell® + viell T Sxie 1]
=8 (w, xx) + (1 = d)lokd (w, xi) + Brdp (w, Tx) + v (w, Sxi)]
< Sk (w, x) + (1 = S (w, xi) = p(w, xp), (3.3)

which shows that w € Cy4 1. This implies that F C C,, for all n > 0.

Step 3. {x,,} is a convergent sequence in C.
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Since x, =TIl¢c,Jx and F C C,,, we have V(Jx,x,) < V(Jx,w) foreachw € F.
Therefore, {V (Jx, x,,)} is bounded. Moreover, from the definition of V, we have

that {x,} is bounded. Since x,41 = Il¢,,,Jx € Cyy1 and x, = Il¢,Jx, we have

V(Jx,x,) < V(Jx,x,41) for each n € N U {0}. Therefore {V (Jx, x,)} is nonde-
creasing. Hence

lim V(Jx,x,) exists.
n—o0

By the construction of C,, we have that C,, C C, and x,, =Il¢, Jx € C, for any
positive integer m > n. From property (vii) of the operator [1c, we have

V(Ixp, xm) S V(Ix,x) — V(Ix,xp), (3.4)
for each n € NU {0} and any positive integer m > n. This implies that
V(Jxy,xm) — 0 asn,m— oo. (3.5
The definition of ¢ implies that
¢ (X, xp) — 0 asn,m— oo. (3.6)
Applying Lemma 2.5, we obtain
|xm — xnll > 0 asn,m— oo. 3.7

Hence {x,} is a Cauchy sequence. The completeness of a Banach space E and the
closeness of C imply that

lim x, = p, forsome peC.
n— o0

Step 4. We show that p € F.

(D) First we show that p € F(S) N F(T).
Take m =n + 1 in (3.5), one arrives that

lim V(Jx,,xp41) =0.
n—o00
By the definition of ¢, we have
lim ¢ (xp41, X) = 0. (3.8)
n—oo
Using Lemma 2.5, we obtain that
lim [lx,41 —x, [ =0. (3.9
n—oo

Note that x,41 =TIl¢,,, Jx € Cp41 then

n+1

O (Xni1, un) < P(Xpnr1, Xn).
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It follows from (3.8) that
lim ¢ (xp41,u,) =0.
n—oo
Using Lemma 2.5, we obtain
lim ||x,+1 —un||=0. (3.10)
n—>oo
Combining (3.13) with (3.10), one sees that
lim ||x, —u,|| =0. (3.11)
n—>oo
It follows from x,, — p as n — oo that
Uy, — pasn— o0. (3.12)

On the other hand, since J is uniformly norm-to-norm continuous an bounded sets,
one has

lim [|Jx, — Jun| =0. (3.13)
n—0o0

Since {x,} is bounded, {Jx,}, {JTx,} and {JSx,} are also bounded. Since E is a
uniformly smooth Banach space, one knows that E* is a uniformly convex Banach
space. Let r = sup,~o{ll Jxu I, | /T xp ||, |/ Sxpn|}. Therefore Lemma 2.7 implies that
there exists a continuous strictly increasing convex function g : [0, co) — [0, 00) sat-
isfying g(0) = 0 and inequality (2.2). It follows from the property (iii) of the operator
V, (3.2) and the definition of S and T, that

G (p.zn) = V(I zn, p) < V(@ndXn + Bud Ty + v d Sxu, p)
=¢(p, J*(anJxy + Bnd Txp + v J Sxy)
= [1plI* = 2an(p, Jxn) — 2Bu{p. JTXn) — 2¥u(p. J Sxn)
+ latn I xp + Bpnd Txp + vud Sxu|?
< P = 20 (p, Jxn) = 2Bu(p. I Txn) — 2u(p. J Sxn)
+an | Txnll> + Ball I Txn 1> + Yl J Sxa 1> — 0t Bug (1 Txn — Jxn])
= (P, xn) + B (p. Txn) + Ya@ (P, Sxn) — cnPug (1J Tty — T ))
< (. xn) — anPug (I Txn — J 2y ). (3.14)

From property (viii) of the operator V, (3.2) and (3.14), we obtain

d(p,un) =d(p, T, yn) < ¢ (P, yn) =V yn, p)
<6, V(Jxn, p)+ (1 —=38)V(ITIc(Jzn — BAzZn), P)
=8¢ (p, xn) + (1 =8¢ (p. e (Jzn — BAzZy))
<n¢(p,xn) + (1 =380 (p, z)
<@ (p,xn) + (1 =38P (p, xn) — ctuPug I Txp — Jxn ]
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=¢(p,xn) — (1 = 8)anBugUlJ Txy — Jxnl)).
Therefore,
(I =8)anBuglI Txy — Jxnll) < (p, xn) — P (P, upn). (3.15)

On the other hand, we have

(P, xn) — G (P, un) = 2(Juy — Jxn, p) + x> = Ntn |
= 2(Jup — Jx, p) + (a1l = atn 1) Nxn || + [l2an 1)
<201 Juy — Jxnllwll + 1% — |2 || + [l22n 1)

It follows from (3.11) and (3.13) that

Jim (¢ (p.x2) = ¢ (p.un)) = 0. (3.16)

From the assumptions limsup,,_, ., 8, < 1, liminf,_ o, B, > 0, (3.15) and (3.20)
we have

lim g(||JTx, — Jx,|)) =0. (3.17)
n—0o0
It follows from the property of g that
lim [|[JTx, — Jx,|| =0. (3.18)
n—oo
Since J* is also uniformly norm-to-norm continuous on bounded sets, we have
lim ||x, — Tx,|| = lim ||J*Jx, —J*JTx,| =0. (3.19)
n—od n—oo
In a similar way, we can apply the condition liminf,_, »c o, ¥, > 0 to get

lim ||x, — Sx,|| =0. (3.20)
n—>oo
Since x, — p, we have p € ﬁ(S) N F(T) = F(S) N F(T). Moreover,

Sx,—>p asn—>oo and Tx, —> p asn— oo. (3.21)

(D) p € EP(f).
From (3.3), we know that

O, yn) < (u, x,).

From u, =1T,,y, and Lemma 2.9(2), one has

¢ (U, yn) = ¢(Try,ynv ) < ¢ (w, yp) — d(w, Try,yn)
< ¢(w,xp) —d(w, Ty, yn) = ¢ (w, xp) — P (w, up).
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It follows from (3.16) that

¢(un, yu) >0 asn— oo,
Applying Lemma 2.5, we obtain

ly — yull >0 asn— oo. (3.22)
Since J is uniformly norm-to-norm continuous on bounded sets, one has

lim [|Jup — Jyn|l =0. (3.23)
n—oo

From the assumption that r,, > a, one sees

Ju, —J
fim 140 = Iyl _ (3.24)
n— 00 n
Observe that u,, = T}, y,, one obtains
1
f(un,Y)-i‘r—(y—MnJun—JY)ZO» VyeC. (3.25)

n

From (A2), one arrives that

I Jupn — Jyall _ 1
L > —(y—up, Jup — Jyn) = —f(un, y)

n T'n

Zf(yvun)a Vyec

Iy — unll

Take n — oo in the above inequality we get from (A4) and (3.12) that

f,p) <0, VyeC.

Forall0 <t <1landy e C,define yy =ty+ (1 —t)p. Note that y, p € C, one obtains
v € C, which yields that f(y;, p) <O0. It follows from (A1) that

0= fe,y) <tf (e, )+ A=) f s, p) < tf (1, y).
That is,

f(,y)=0. (3.26)

Let ¢ | 0, from (A3), we obtain f(p,y) > 0, for all y € C. This implies that p €
EP(f).

I p e VI(A, C).
From (3.11) and (3.22) we have

lim [xx — yull = 0. (3.27)
n—>oo
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Since J is uniformly norm-to-norm continuous on bounded set, we have
lim ||Jy, — Jxu|| =0. (3.28)
n— o0

Since [|Jy, — Jxp|l =1 =)/ c(Jzn — BAZy) — Jx, || and limsup,,_, o, 8n < 1,
we have

lim |[JTc(Jzy — BAZ) — Jxu] = 0.
n—oQ
Since J* is also uniformly norm-to-norm continuous on bounded set, we have
ITle(Jzn — BAzZn) — xu|| = lim || J*I0c(Jzn — BAzn) — J*Jxnll = 0. (3.29)
From properties (iii) and (ii) of the operator V, we derive that

& (X, 2n) = V(I z, Xn)
< V(anJxn + BnJ Txy + YnJd Sxn, Xn)
= ¢ (xXn, T (@ Jxn + Bn I Txp + v J Sxp)
=[x 1> — 200 X, Jxn) — 2B (X, J Txn)
— 29 (Xn, I SXn) + lotn I Xn + Bud TXn + Y J Sxnll®
< llxull* = 200 (X, JXn) — 2B (xn, T Txn)
— 29 (X, I Sxn) + o120 1> + Bull T T lI* + Y|l S )12
= o (Xn, Xn) + Bu® (X, TXn) + Y (xn, Sxn).

By the continuity of the function ¢ and (3.21), we have
lim ¢ (x,,z,) =0.
n—oQ
From Lemma 2.5, we have
lim [|x, — znll =0. (3.30)
n—o0
Using inequalities (3.29) and (3.30) we obtain
ITlc(Jzn — BAzZp) — zull < 1Ml (Jzn — BAZy) — Xl + X — zull = 0. (3.31)

Since x, — p we get that z, — p. By the continuity of the operator J, A and I1c,
we have

lim ||Tlc(Jz, — BAzy) — e (Jp — BAp)|| =0. (3.32)
n—oo
Note that

IMlc(Jzn — BAzZy) — pll < (Mlc(Jzp — BAZp) — zull + llzn — qll = 0, asn — oo.
(3.33)
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Hence, it follows from the uniqueness of the limit that p = II¢(Jp — BAp). From
Lemma 2.3, we have p € VI(A, C). By cases I, II and III, we conclude that p € F.

Step 5. p=TlgpJx.
Since p € F, then from property (vii) of the operator I1¢, we have

VUIOpJx,p)+V({Ux,IIpJx) <V (Jx, p). (3.34)

On the other hand, since x,+1 =Il¢, ,Jx, and F C Cy4 for each n € NU {0}, then
it follows from property (vii) of the operator Il that

V(Ixpy1, OpJx) + V(Ix,xp41) < VI, [IpJx). (3.35)
Moreover, by the continuity of the operator V, we get that

lim V(Jx,x,41) =V ({Jx, p). (3.36)
n—0oo

Combining (3.34), (3.35) with (3.36), we obtain that V(Jx, p) = V(Jx, [IrpJx).
Therefore, it follows from the uniqueness of 1z Jx that p = [T Jx. This completes
the proof. |

Remark 3.2 The following sequences of parameters are examples which support our
main result:
1 1 1 1 1

= — d = —
bo=3 and ya=3+ 77

3 n+1’

o, =

n
2n+1

rm=n+3 and §,=
for all n € N.
Setting S = T in Theorem 3.1, we obtain the following result.

Corollary 3.3 Let E be a uniformly convex and uniformly smooth Banach space and
C be a nonempty, closed and convex subset of E. Let [ be a bifunction from C x C
to R satisfying (Al)—(A4). Assume that A is a continuous operator of C into E*
satisfying conditions (2.7) and (2.8) and T : C — C is a relatively weak nonexpansive
mapping with F := F(T)NVI(A, C)NEP(f) # 0. Let {x,} be a sequence generated
by the following manner:

xo = x € C chosen arbitrary, Co=C,

zn =l xp + A — o) I Txy),

Yn = J*(pJxn + (1 =8)JTc(Jzn — BAZy)),

u, € C such that f(un,y) + %(y —up, Juy, —Jy,) =0, VyeC,
Cut1 ={z€Cp:9(z,un) < P(z,xn)}

Xpr1 =Il¢,  Jx Vn=>0.

(3.37)

Assume that {«,} and {5} are the sequences in [0, 1] satisfying the restrictions:
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(Cl) 0<6, <1, limsup,_, 6, <1;
(C2) {r,} Cla, o0o) for some a > 0; and
(C3) 0 <ay, <1 andliminf, 5 o, (1 — ) > 0.

Then {x,} converges strongly to T1px.

Corollary 3.4 Let E be a uniformly convex and uniformly smooth Banach space and
C be a nonempty, closed and convex subset of E. Assume that A is an continuous
operator of C into E* satisfying conditions (2.7) and (2.8) and T : C — C is a
relatively weak nonexpansive mapping with F := F(T)NVI(A, C)NEP(f) # @. Let
{x,} be a sequence generated by the following manner:

xo = x € C chosen arbitrary, Co = C,
zn = HclapJxp + (1 —0y) I Txy),
Yo =J"@nJxn + (1 = 82) I Nc(Jzn — BAzn)), (3.38)
Cor1={2€Cp: (2, yn) < P(z,x0)},
Xpt1 =1Ilc,,, Jx V¥n=>0.
Assume that {a, } and {5,} are the sequences in [0, 1] satisfying the restrictions:

(Cl) 0<6, <1, limsup,_, o, 6n <1;
(C2) 0 <ay <1 andliminf,_ 50 0t (1 — o) > 0.

Then {x,} converges strongly to I1px.

Proof Setting S=T, f(x,y)=0forall x,y € C and r, = 1 for all n > 0 in Theo-
rem 3.1, we obtain that {x,} defined by (3.38) converges strongly to [Trx. O

Now, we present two examples of mappings which are relatively weak nonexpan-
sive mappings and can be found in Kim and Lee’s results [16].

Example 3.5 [16, Example 3.13] Let U denote the unit ball in the space E = [?,
where 1 < p < oco. Obviously, E is uniformly convex and uniformly smooth. Let
T : E — E be defined by

Tx = (0,x12, A2Xxo, A3X3,...)

for all x = (x1,x2,x3,...) € U, where A, =1 — n% for n > 2 (hence 1_[212}‘” = %).
Therefore,

(1) F(T)={0=(0,0,0,...)}
(2) T is relatively nonexpansive and hence it is relatively weak nonexpansive.

Next, consider an example where F(T') is not singleton.
Example 3.6 [16, Example 3.14] Let E =1?, where 2 < p < o0, and C = {x =

(x1,x2,...) € X;0<x, <1}. Then C is a closed convex subset of X. Note that C is
not bounded. Let S : C — C be defined by

Sx = (x1,0, X3, A2x3, AoX4, ....)

@ Springer
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1

for all x = (x1, x2,x3,...) € C, where A, =1 — = for n > 2 as in Example 3.5.
Then

1 FS={p=(p1,0,0,..):0=p1 =1}
(2) S is relatively nonexpansive and hence it is relatively weak nonexpansive.

n2

Remark 3.7 We observe that 0 = (0, 0, ..., ) is a common fixed point of the mapping
T in Example 3.5 and the mapping S in Example 3.6.
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For a countable family {T,},; of strictly pseudo-contractions, a strong convergence of viscosity
iteration is shown in order to find a common fixed point of {T},},.; in either a p-uniformly convex
Banach space which admits a weakly continuous duality mapping or a p-uniformly convex Banach
space with uniformly Gateaux differentiable norm. As applications, at the end of the paper we
apply our results to the problem of finding a zero of accretive operators. The main result extends
various results existing in the current literature.

1. Introduction

Let E be a real Banach space and C a nonempty closed convex subset of E. A mapping f : C —
C is called k-contraction if there exists a constant 0 < k < 1 such that || f(x) — f ()| < k||x - y||
forall x, y € C. We use [ ] to denote the collection of all contractions on C. Thatis, [T- = {f :
f is a contraction on C}. A mapping T : C — C is said to be A-strictly pseudo-contractive
mapping (see, e.g., [1]) if there exists a constant 0 < A < 1, such that

I =Tyl < ey + A T =Ty (1)

for all x, y € C. Note that the class of A-strict pseudo-contractions strictly includes the class of
nonexpansive mappings which are mapping T on C such that ||Tx - Ty|| < ||x — y||, for all x,
y € C. That is, T is nonexpansive if and only if T is a 0-strict pseudo-contraction. A mapping
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T : C — Cis said to be A-strictly pseudo-contractive mapping with respect to p if, for all x,
y € C, there exists a constant 0 < A < 1 such that

ITx-Ty|]” < ||x-y|F +A|(I-T)x- (I -T)yl|". (1.2)

A countable family of mapping {T,, : C — C}Z; is called a family of uniformly A-strict
pseudo-contractions with respect to p, if there exists a constant A € [0, 1) such that

Tux = Tuy|l” < ||x - y||P + M| - T)x - I -Tw)yl|”, ¥x,yeC Vn>1. (1.3)

We denote by F(T) the set of fixed points of T, thatis, F(T) = {x € C : Tx = x}.

In order to find a fixed point of nonexpansive mapping T, Halpern [2] was the first
to introduce the following iteration scheme which was referred to as Halpern iteration in a
Hilbert space: u, x1 € C, {a,,} C [0,1],

Xp1 = X + (1 - a,)Tx,, n>1 (1.4)

He pointed out that the control conditions (C1) lim, ., a, = 0 and (C2) >, = oo are
necessary for the convergence of the iteration scheme (1.4) to a fixed point of T. Furthermore,
the modified version of Halpern iteration was investigated widely by many mathematicians.
Recently, for the sequence of nonexpansive mappings {T, },.; with some special conditions,
Aoyama et al. [3] introduced a Halpern type iterative sequence for finding a common fixed
point of a countable family of nonexpansive mappings {T, : C — C} satisfying some
conditions. Let x; = x € C and

Xpi1 = X + (1= ) Tyxy, (1.5)

for all n € N, where C is a nonempty closed convex subset of a uniformly convex Banach
space E whose norm is uniformly Gateaux differentiable, and {a,} is a sequence in [0, 1].
They proved that {x,} defined by (1.5) converges strongly to a common fixed point of {T,}.
Very recently, Song and Zheng [4] also studied the strong convergence theorem of Halpern
iteration (1.5) for a countable family of nonexpansive mappings {T,, : C — C} satisfying
some conditions in either a reflexive and strictly convex Banach space with a uniformly
Gateaux differentiable norm or a reflexive Banach space E with a weakly continuous duality
mapping. Other investigations of approximating common fixed points for a countable family
of nonexpansive mappings can be found in [3, 5-10] and many results not cited here.

On the other hand, in the last twenty years or so, there are many papers in the
literature dealing with the iteration approximating fixed points of Lipschitz strongly pseudo-
contractive mappings by using the Mann and Ishikawa iteration process. Results which had
been known only for Hilbert spaces and Lipschitz mappings have been extended to more
general Banach spaces and a more general class of mappings (see, e.g., [1, 11-13] and the
references therein).
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In 2007, Marino and Xu [12] proved that the Mann iterative sequence converges
weakly to a fixed point of A-strict pseudo-contractions in Hilbert spaces, which extend Reich’s
theorem [14, Theorem 2] from nonexpansive mappings to \A-strict pseudo-contractions in
Hilbert spaces.

Recently, Zhou [13] obtained some weak and strong convergence theorems for A-
strict pseudo-contractions in Hilbert spaces by using Mann iteration and modified Ishikawa
iteration which extend Marino and Xu’s convergence theorems [12].

More recently, Hu and Wang [11] obtained that the Mann iterative sequence converges
weakly to a fixed point of A-strict pseudo-contractions with respect to p in p-uniformly convex
Banach spaces. To be more precise, they obtained the following theorem.

Theorem HW

Let E be a real p-uniformly convex Banach space which satisfies one of the following:
(i) E has a Fréchet differentiable norm;
(ii) E satisfies Opial’s property.

Let C a nonempty closed convex subset of E. Let T : C — C be a A-strict pseudo-contractions
with respect to p, A € [0, min{1, 2‘(p‘2)cp}) and F(T) #0. Assume that a real sequence {a,} in
(0,1) satisty the following conditions:

2P72)

O<e<a,<l-e<1- - Vn > 1. (1.6)
P
Then Mann iterative sequence {x,} defined by
x1=x€C,
(1.7)

Xpi1 = opxp+ (1—a,)Tx,, n>1,

converges weakly to a fixed point of T

Very recently, Hu [15] obtained strong convergence theorems on a mixed iteration
scheme by the viscosity approximation methods for \-strict pseudo-contractions in p-
uniformly convex Banach spaces with uniformly Gateaux differentiable norm. To be more
precise, Hu [15] obtained the following theorem.

Theorem H. Let E be a real p-uniformly convex Banach space with uniformly Gateaux differentiable
norm, and C a nonempty closed convex subset of E which has the fixed point property for
nonexpansive mappings. Let T : C — C be a \-strict pseudo-contractions with respect to p,
L€ [0, min{1,2-%?D¢,}) and F(T) #0. Let f : C — C be a k-contraction with k € (0,1). Assume
that real sequences {a,}, {B.} and {y,} in (0,1) satisfy the following conditions:

(i) an+Pu+yn=1forallneN,

(ii) imy, oo a4y = 0 and X0 ay = +00,

(iii) 0 < lim inf, oy, < lim sup,, _,  yn <& where { =1 - 2P’2)Lc;,1.
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Let {x,,} be the sequence generated by the following:

x1=x€C,
(1.8)
Xn41 = A f (Xn) + PuXn + YuTx,, n>1.

Then the sequence {x,} converges strongly to a fixed point of T.

In this paper, motivated by Hu and Wang [11], Hu [15], Aoyama et al. [3] and
Song and Zheng [4], we introduce a viscosity iterative approximation method for finding
a common fixed point of a countable family of strictly pseudo-contractions which is a
unique solution of some variational inequality. We prove the strong convergence theorems
of such iterative scheme in either p-uniformly convex Banach space which admits a weakly
continuous duality mapping or p-uniformly convex Banach space with uniformly Gateaux
differentiable norm. As applications, at the end of the paper, we apply our results to the
problem of finding a zero of an accretive operator. The results presented in this paper improve
and extend the corresponding results announced by Hu and Wang [11], Hu [15], Aoyama et
al. [3] Song and Zheng [4], and many others.

2. Preliminaries

Throughout this paper, let E be a real Banach space and E* its dual space. We write x,, — x
(resp., x,—*x ) to indicate that the sequence {x,} weakly (resp., weak®) converges to x; as
usual x, — x will symbolize strong convergence. Let S(E) = {x € E : ||x|| = 1} denote the
unit sphere of a Banach space E. A Banach space E is said to have

(i) a Gateaux differentiable norm (we also say that E is smooth), if the limit

+ty|| -

et e 2.1)
t—0 t

exists for each x, y € S(E),

(ii) a uniformly Gateaux differentiable norm, if for each y in S(E), the limit (2.1) is
uniformly attained for x € S(E),

(iii) a Fréchet differentiable norm, if for each x € S(E), the limit (2.1) is attained uniformly
fory € S(E),

(iv) a uniformly Fréchet differentiable norm (we also say that E is uniformly smooth), if the
limit (2.1) is attained uniformly for (x,y) € S(E) x S(E).

The modulus of convexity of E is the function 6¢ : [0,2] — [0, 1] defined by

5E(e)=inf{1—”x;—yuz Ixl =1, |ly|| =1, x—y||2€}, 0<e<2 (22

E is uniformly convex if and only if, for all 0 < € < 2 such that 6g(e) > 0. E is said to be
p-uniformly convex, if there exists a constant a > 0 such that 6g(e) > ae?.
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The following facts are well known which can be found in [16, 17]:

(i) the normalized duality mapping J in a Banach space E with a uniformly Gateaux
differentiable norm is single-valued and strong-weak* uniformly continuous on
any bounded subset of E;

(ii) each uniformly convex Banach space E is reflexive and strictly convex and has fixed
point property for nonexpansive self-mappings;

(iii) every uniformly smooth Banach space E is a reflexive Banach space with
a uniformly Gateaux differentiable norm and has fixed point property for
nonexpansive self-mappings.

Now we collect some useful lemmas for proving the convergence result of this paper.

Lemma 2.1 (see [11]). Let E be a real p-uniformly convex Banach space and C a nonempty closed
convex subset of E. let T : C — C be a \-strict pseudo-contraction with respect to p, and {¢,} a real
sequence in [0,1]. If T,, : C — C is defined by T,x := (1 — &) x + &, Tx, for all x € C, then for all x,
y € C, the inequality holds

T = Ty | < llx = ylI" = (0pGn)ep = &I - T)x = (1 -T)y

|p/ (23)
where c, is a constant in [18, Theorem 1]. In addition, if 0 < A < min{1,2"?72¢,}, & =1-2P2)c, !,
and &, € [0,¢&], then | Tyx — Tuy|l < ||x - y|, forall x, y € C.

Lemma 2.2 (see [19, 20]). Let C be a nonempty closed convex subset of a Banach space E which
has uniformly Gateaux differentiable norm, T : C — C a nonexpansive mapping with F(T) #® and
f : C — C a k-contraction. Assume that every nonempty closed convex bounded subset of C has
the fixed points property for nonexpansive mappings. Then there exists a continuous path: t — x;,
t € (0,1) satisfying x¢ =t f (x;) + (1 — t)Tx;, which converges to a fixed point of T as t — 0*.

Lemma 2.3 (see [21]). Let {x,} and {y,.} be bounded sequences in Banach space E such that
Xpi1 = ApXp + (1 —ay)y,, n2>0, (2.4)
where {a,} is a sequence in (0,1) such that 0 < lim inf, ., a, <lim sup,_,  a, < 1. Assume

lim sup(||yn+1 - yn” = llxn+1 — xn”) <0. (2.5)

n—oo

Then limy, , o5 ||yn — xu| = 0.

Definition 2.4 (see [3]). Let {T,} be a family of mappings from a subset C of a Banach space E
into E with (", F(T},,) # 0. We say that {T,} satisfies the AKTT-condition if for each bounded
subset B of C,

S sup|| Tz - Tuzl| < co. (2.6)

n=1 z€B



6 Fixed Point Theory and Applications

Remark 2.5. The example of the sequence of mappings {T,} satisfying AKTT-condition is
supported by Lemma 4.1.

Lemma 2.6 (see [3, Lemma 3.2]). Suppose that {T,} satisfies AKTT-condition. Then, for each y €
C, {T,y} converses strongly to a point in C. Moreover, let the mapping T be defined by

Ty = lim T,y, VyeC. (2.7)

Then for each bounded subset B of C, lim,, _, o, sup,_zl|Tz — T,z|| = 0.

Lemma 2.7 (see [22]). Assume that {a,} is a sequence of nonnegative real numbers such that
ani1 < (1= yn)aty + 6n, (2.8)

where {y,} is a sequence in (0,1) and {6, } is a sequence such that

(@) X1 ¥n = o
(b) lim sup,, _,  6u/yn <007 32 |6] < c0.

Then lim,, _, o, at,, = 0.

By a gauge function ¢ we mean a continuous strictly increasing function ¢ : [0, c0) —
[0, o0) such that ¢(0) = 0 and ¢(t) — oo ast — oo. Let E* be the dual space of E. The duality
mapping J, : E — 2F associated to a gauge function ¢ is defined by

Jp(x) = {f* € E*: {x, f*) = Ixllp(llxI), [| f*]| = @(llx])}, V¥x € E. (2.9)

In particular, the duality mapping with the gauge function ¢(tf) = t, denoted by J, is
referred to as the normalized duality mapping. Clearly, there holds the relation J,(x) =
(@(llx) /11x|) ] (x) for all x #0 (see [23]). Browder [23] initiated the study of certain classes of
nonlinear operators by means of the duality mapping J,. Following Browder [23], we say that
a Banach space E has a weakly continuous duality mapping if there exists a gauge ¢ for
which the duality mapping J,(x) is single-valued and continuous from the weak topology
to the weak™ topology, that is, for any {x,} with x, — x, the sequence {J,(x,)} converges
weakly* to J,(x). It is known that I? has a weakly continuous duality mapping with a gauge
function ¢(t) = tP~! for all 1 < p < co. Set

D(t) = It p(T)dr, Vt>0, (2.10)
0
then
Jo(x) = 0D(||x]]), Vx€E, (2.11)

where 0 denotes the subdifferential in the sense of convex analysis (recall that the
subdifferential of the convex function ¢ : E — R at x € E is the set 0¢(x) = {x* € E*; ¢(y) >
P(x) + (x*,y - x), for all y € E}).
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The following lemma is an immediate consequence of the subdifferential inequality.
The first part of the next lemma is an immediate consequence of the subdifferential inequality
and the proof of the second part can be found in [24].

Lemma 2.8 (see [24]). Assume that a Banach space E has a weakly continuous duality mapping ],
with gauge .

(i) Forall x, y € E, the following inequality holds:
O(||x+ ) <@xll) + (v, Jp(x +y)). (2.12)

In particular, in a smooth Banach space E, for all x, y € E,
b+ yII” < xl* + 2y, T (x + ). (2.13)

(ii) Assume that a sequence {x,} in E converges weakly to a point x € E.
Then the following identity holds:

lim sup @(||x, - y||) = lim sup @(||x, — x||) + @(|ly - x||), Vx,y €E. (2.14)

n— oo n—oo

3. Main Results

ForT : C — C anonexpansive mapping, t € (0,1) and f € [, tf+ (1 -#)T : C — C defines
a contraction mapping. Thus, by the Banach contraction mapping principle, there exists a
unique fixed point x{ satisfying

x/ =tf(x)+ (1-HTx!. (3.1)
For simplicity we will write x; for x{ provided no confusion occurs. Next, we will prove the

following lemma.

Lemma 3.1. Let E be a reflexive Banach space which admits a weakly continuous duality mapping ],
with gauge ¢. Let C be a nonempty closed convex subset of E, T : C — C a nonexpansive mapping
with F(T) #@ and f € []c. Then the net {x;} defined by (3.1) converges strongly ast — 0 to a fixed
point X of T which solves the variational inequality:

(I1- )%, J,(-2)) <0, zeF(T). (3.2)

Proof. We first show that the uniqueness of a solution of the variational inequality (3.2).
Suppose both X € F(T) and x* € F(T) are solutions to (3.2), then

((I-f)X, J(x-x")) <0,

3.3
<(I_f)X*l ](p(x*—f»fo. (3.3)
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Adding (3.3), we obtain
(T-£x-T-f)x*, J,(x-x)) <0. (3.4)
Noticing that for any x, y € E,

((I=Hx=T=Hy Jp(x=y)) = (x =y Jp(x =) = (f(x) = f(¥), Jp(x = ¥))
2 [lx = yllellx =yl = 1f &) = F@) e llx - vl
2 ®([lx - yl)) - a®(flx - yl])
= 1-a)@([x-y[) 20
From (3.4), we conclude that @(||x — x*||) = 0. This implies that X = x* and the uniqueness is

proved. Below we use X to denote the unique solution of (3.2). Next, we will prove that {x;}
is bounded. Take a p € F(T); then we have

llxe = pl| = [|£f (xt) + (1= T2 = p||
=|A-HTx = A -t)p+t(f(x) - p)|| (3.6)
< (L=B)lxe = pll +tallxe - pl| + | £ () — -

It follows that

1
I pll < g l1£ ) ~pl 67)

Hence {x;} is bounded, so are { f(x;)} and {T(x;)}. The definition of {x;} implies that

llx; = Toxe|| = t|| f (1) = Txi|]| — 0, ast— 0. (3.8)

If follows from reflexivity of E and the boundedness of sequence {x;} that there exists {x;, }
which is a subsequence of {x;} converging weakly to w € C asn — 0. Since ], is weakly
sequentially continuous, we have by Lemma 2.8 that

lim sup @ (||x¢, — x||) = im sup D(||x;, — w||) + P(||]x —w]|), Vx €E. (3.9)
Let
H(x) = lim sup ©(||x;, — x||), Vx€E. (3.10)

It follows that

H(x) = H(w) + ®(||]x —w]||), Vx€E. (3.11)
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Since

llxt, = Ty, || = ta| f(x,) — Txy,

— 0, asn-— oo,

we obtain

H(Tw) = lim sup @(||x;, — Tw||) = lim sup @(||Tx;, — Tw||)

< lim sup @(||x¢, — w||) = H(w).
On the other hand, however,
H(Tw) = H(w) + @(||T(w) — w])).

It follows from (3.13) and (3.14) that

O(||T(w) - wl|) = H(Tw) - H(w) <0.

(3.12)

(3.13)

(3.14)

(3.15)

This implies that Tw = w. Next we show that x;, — w asn — oo. In fact, since ®(t) =

fé(p(T)dT, forallt > 0,and ¢ : [0,00) — [0,00) is a gauge function, then for 1 > k > 0,

p(kx) < p(x) and

kt t t
O (kt) = p(T)dr = kj p(kx)dx < kf p(x)dx = k@(t).
0 0 0

Following Lemma 2.8, we have

O(||loxy, —w|)) = D(|| (1 = t)Tx, = (1 = ta)w + £, (f(x1,) —w)||)

= O(||(1 - t) Ty, = (1 = t)wl]) + ta(f (x1,) = w, J (31, — w))

< O((L - tw)llxt, — wll) +ta(f (x1,) = f(w), J(x, —w))
+ta(f(w) —w, J(x1, — w))

< (1= t)@(||xy, = wll) +tul| f (x1,) = f @) [ 1] (xt, =)
+ta(f (W) —w, J(x1, -~ w))

< (1= t)D(||xs, — wll) + tallxs, — wll|| Jp(xe, — )|
+ta(f (w) —w, J(xi, —w))

= (1= t)O(llxt, — wl]) + tha®(||xt, — wl])
+ta(f (w) —w, J(x1, —w))

= (1= ta(1 = )0 ([lxs, = w0ll) + tn{f () — w0, ] (31, = w)).

(3.16)

(3.17)
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This implies that

1
(0} - <
(Ilxs, = w0l) < 37—

(f () —w, ] (x;, —w)). (3.18)

Now observing that x;, — w implies J,(x;, — w) — 0, we conclude from the last inequality
that

D(||xy, —w]]) — 0, asn— oo. (3.19)

Hence x;, — wasn — oo. Next we prove that w solves the variational inequality (3.2). For
any z € F(T), we observe that

(I-T)xi = (I =Tz, Jp(xi = 2)) = (xt = 2, Jo(x: = 2)) + (Txt = Tz, Jp(x; — 2))
=O(||x; - z||) - (Tz =Tx, Jp(xt = z))
> @(||x; - z|)) = 1Tz = Taxel|[| Jy (e = 2) | (3:20)
> O(||x; = z|)) = |z = x| | Jp (e = 2) |
= @(||x; - z)) = D([lx - z]]) = 0.

Since
xp=tf(x) + (1-6)Txy, (3.21)
we can derive that
(I f)(xr) = —%(I—T)xt + (I =T)x;. (3.22)
Thus

(1= F) @), Tl ~2)) =~ {T =Ty = (1= T)z, Jy(x = 2)) + (I - D), Jy(x - 2))

< (T =T)xp, Jp(xi — 2)).
(3.23)

Noticing that

xt, —Txy, —mw-T(w)=w-w=0. (3.24)

Now replacing t in (3.23) with t,, and letting n — oo, we have

((I-fw, J,(w-z)) <0. (3.25)
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So, w € F(T) is a solution of the variational inequality (3.2), and hence w = X by the
uniqueness. In a summary, we have shown that each cluster point of {x;} (att — 0) equals
X. Therefore, x; — X ast — 0. This completes the proof. O

Theorem 3.2. Let E be a real p-uniformly convex Banach space with a weakly continuous duality
mapping J,, and C a nonempty closed convex subset of E. Let {T,, : C — C} be a family of uniformly
A-strict pseudo-contractions with respect to p, A € [0, min{1,2‘(?"2)cp}) and (\;, F(T,) #0. Let
f : C — C bea k-contraction with k € (0,1). Assume that real sequences {a,}, {fn} and {y,} in
(0,1) satisfy the following conditions:

(i) ap+Pu+yn=1foralln e N;

(ii) imy oo ¥y = 0 and X7 ay = +00;

(iii) 0 <lim inf, . o y, <lim sup,, | y» < ¢ whereé =1~ 2p‘2)uc;1.

Let {x,} be the sequence generated by the following:

x1=x€C,
(3.26)
Xn+1 = anf(xn) + ﬁnxn + YnTnxn/ n2 1.

Suppose that {T,} satisfies the AKTT-condition. Let T be a mapping of C into itself defined by Tz =
lim,_, o Tz for all z € C and suppose that F(T) = ;24 F(Ty). Then the sequence {x,} converges
strongly to X which solves the variational inequality:

((I-f)% Jp(8-2)) <0, z€F(T). (327)
Proof. Rewrite the iterative sequence (3.26) as follows:
Xni1 = A f (Xn) + BXn + YpSuXn, n21, (3.28)

where 8, = B, — (ya/&) (1 = &), 15 = yu/éand S, := (1 - &)1 + ¢T,, I is the identity mapping.
By Lemma 2.1, S, is nonexpansive such that F(S,) = F(T,) for all n € N. Taking any g €
M1 F(Ty), from (3.28), it implies that

[l = qll < anllf () = gl + Bullxn = qll + y2ll Swxn =
< k|20 = gl| + @l £ () = qll + (@ = @) [|xa - 4]

1 .
= (=Rl f @ -all+ Q- an( -k o-gl O

elr@-al)

< max{ |x1—q
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Therefore, the sequence {x,} is bounded, and so are the sequences {f(x,)}, {Snx,}. Since
Spxy = (1= ¢)xy + &, Tyx, and lim inf &, > 0, we know that {T,,x, } is bounded. We note that
for any bounded subset B of C,

5uP||5n+1Z - Suz|| = Sup[”((l —&n+1)Z + &ni1 T z) — (1= &)z + & Tuz)|]

z€B z€B

<&nr1 = &nlsupllzll + gnersupl Tz = Tuz|l + [§n1 = Salsupl Tzl (3.30)

z€EB z€B z€EB

= [gne1 = Gulsup([|z[| + ITz[) + &nr15up||Trs1z = Trz|].

z€B z€B

From 350, [éns1 — &n| < oo and {T,,} satisfing AKTT-condition, we obtain that

N supl|Sue1z — Snzl| < oo, (3.31)

n=1 z€B

that is, the sequence {S,} satisfies AKTT-condition. Applying Lemma 2.6, we can take the
mapping S : C — C defined by

Sz=1im S,z, VzeC. (3.32)

n— o0
Moreover, we have S is nonexpansive and

Sz= lim S,z = lim (1~ &)z +&Tuz) = (1- )z +Tz. (3.33)

n—oo

It is easy to see that F(S) = F(T). Hence F(S) = Nyoq F(Tn) = (yeq F(Sy). The iterative
sequence (3.28) can be expressed as follows:

X1 = Bpxn + (1= B) Yn, (3.34)

where

an

_ Yn
"TIp,

f(xn) + Wsnxn- (335)
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We estimate from (3.35)

Anil Y;l1
lyner = yul| = f(na1) + 1Xps1 — —— f(Xn) + ——-Spx
n+ n 1 ﬁn+1 n+ 1 ﬂn+1 1’l+ n+ ﬂ, n 1 ﬂn n n
a Y,
< 7=kl = xall + 75— l1Sn1Xust = Syl
_ﬁn+1 ﬂn+1
Apil Ay
_— (xn) — Spx
=4, 1—/5:1‘”” ) = Sna]
a Y,
=71_ s k”xn+1 - xn” + 1_ nl ”Sn+1xn+1 - Sn+1xn” + ”Sn+1xn - Snxn”]
ﬂn+1 pn+1
A+l ay
-— (xn) — Spx
T 1—ﬁ;"'f w) = Sna]
a y!
< n+/1 k|| xn+1 — xa|| + ntl |2ps1 = Xull + sup |Sni1z = Suz|
1- 1-p
n+l n+1 z€{xp )
Apt1
, [l f (xn) = S]]
1_ﬂn+1 1 ﬁ"
(3.36)
Hence
a Y,
st = yall = s = xall < =" —Klltner = 2]l + 5= sup [[Susaz = Suz|
ﬁn+1 ﬁn+1 z€{xy} ( )
3.37

Xl Xp
£ 1 Sl

Since lim,, _, , a,, = 0, and lim,, _, o SUP ¢ (x,) ISzs1z — Syz|| = 0, we have from (3.37) that
lirnn_)sgp(llynﬂ = Y| = lltne1 = xall) <O. (3.38)
Hence, by Lemma 2.3, we obtain
nli—IEo”y" - x| =0. (3.39)
From (3.35), we get

tim 1, - 5,7,

=0, (3.40)
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and so it follows from (3.39) and (3.40) that

nli_I)Iolonn — SuXu|l = 0. (3.41)

It follows from Lemma 2.6 and (3.41), we have

260 = Sl < 260 = Spanll + [|Snxn — Sxull
(3.42)
<|xp = Suxp|| + sup{||Suz — Sz|| : z € {x,}} — 0, asn— oo.

Since S is a nonexpansive mapping, we have from Lemma 3.1 that the net {x;} generated by

xp=tf(x) +(1-1)Sx (3.43)
converges strongly to X € F(S),ast — 0*. Next, we prove that

lim sup({f (%) - %, J,(x, — %)) < 0. (3.44)

Let {x,, } be a subsequence of {x,} such that

Jim (f(X) = %, Jp(xn, = X)) = lim sup(f (%) = X, Jy(xn = %))- (3.45)

n— oo

If follows from reflexivity of E and the boundedness of sequence {x,, } that there exists {x,, }
which is a subsequence of {x,, } converging weakly to w € C asi — oo. Since ], is weakly
continuous, we have by Lemma 2.8 that

lim sup &( xn, ~w|)) +@x-wl), VxeE  (346)

1— 00

Xy, — x”) = lir;l_}&;lp@(

Let
H(x) = lim sup cD( X, x||) Vx e E. (3.47)
It follows that
H(x) = H(w) + ®(|x —w|), VxeE. (3.48)

From (3.42), we obtain

H(Sw) = lim sup (I)(|

i—oo

s 0] -t sup 5, -5
i~ (3.49)
< lim sup <D<|

i— oo

Xy, — w”) = H(w).
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On the other hand, however,
H(Sw) = H(w) + ©(]|S(w) — w||)- (3.50)
It follows from (3.49) and (3.50) that
O(||S(w) - w||) = H(Sw) - H(w) <0. (3.51)

This implies that Sw = w, thatis, w € F(S) = F(T). Since the duality map J,, is single-valued
and weakly continuous, we get that

lim sup(f () - %, Jy (ea = )) = lim (£(%) - %, Jo (v, - %))

n—oo

= lim (f(%) - %, Jy(xa, - %) ) (3.52)
=((I- )% Jp(F-w)) <0

as required. Finally, we show that x, — Xasn — co.

(201 = XlI) = (Jletn (f (xn) = (X)) + Byt = %) + 13 (Suxn = X) + aa (f(F) = F) )
< O(|lan(f (xn) = f(X)) + B on = X) + 1, (Snxn = D))
+ an(f(&) = %, Jp(xna — %))
< D (ankllxn = XI| + Bl = X + yyllxn = X)) (353)
+ an(f(X) = X, Jp(xn — %))
= O((1 - ay(1 - k))llxn = ZlI) + an(f (%) = X, J(xns1 — %))
< (1= an(1 = k)D([lxn = F[)) + an(f (X) = X, Jp (X1 = X))-

It follows that from condition (i) and (3.44) that

n—oo

lim a, =0, Zan = oo, lim sup(f (X) - X, Jp(xps1 — X)) <0. (3.54)
n— oo n:l

Apply Lemma 2.7 to (3.53) to conclude @(||xp1 — X||) — Oasn — oo; thatis, x, — X as
n — oo. This completes the proof. O

If {T, : C — C} is a family of nonexpansive mappings, then we obtain the following
results.

Corollary 3.3. Let E be a real p-uniformly convex Banach space with a weakly continuous duality
mapping J,, and C a nonempty closed convex subset of E. Let (T, : C — C} be a family of
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nonexpansive mappings such that (\;-q F(T,) #@. Let f : C — C be a k-contraction with k € (0,1).
Assume that real sequences {a,}, {B} and {y,} in (0,1) satisfy the following conditions:

(i) ap+Pp+yn=1foralln eN;
(11) hmn—>oo a, = 0 and Z;I“;O o, = +00;

(iii) 0 < lim inf, o ¥, <lim sup, |  y» <1.

Let {x,,} be the sequence generated by the following:

x1=x€C,
(3.55)
Xn+l = anf(xn) + ﬂnxn +YuTnxn, n2>1.

Suppose that {T,} satisfies the AKTT-condition. Let T be a mapping of C into itself defined by Tz =
lim,, o, Tyz for all z € C and suppose that F(T) = (\;-; F(T,). Then the sequence {x,} converges
strongly X which solves the variational inequality:

(I-£)x,J,(x-2)) <0, zeF(). (3.56)

Corollary 3.4. Let E be a real p-uniformly convex Banach space with a weakly continuous duality
mapping J,, and C a nonempty closed convex subset of E. Let T : C — C be a \-strict pseudo-
contraction with respect to p, A € [0, min{1,2‘(’”‘2)cp}) and F(T)#@. Let f : C — C bea k-
contraction with k € (0,1). Assume that real sequences {a,}, {f.} and {y,} in (0,1) satisfy the
following conditions:

() an+Pn+yn=1forallneN;
(11) llmnﬂoo a, = 0 al’ld Z:lo:() a, = +oo;

(iii) 0 < im inf, o y» <lim sup,  _ yn <& where { =1 - 2P‘2)Lc;,1.

Let {x,,} be the sequence generated by the following

x1=x€C,
(3.57)
Xne1 = O f(Xn) + PuXn + Y Tx,, n>1

Then the sequence {x,} converges strongly to X which solves the following variational inequality:
((I-£)x,J,(x-2)) <0, zeF(). (3.58)

Theorem 3.5. Let E be a real p-uniformly convex Banach space with uniformly Gateaux differentiable
norm, and C a nonempty closed convex subset of E which has the fixed point property for nonexpansive
mappings. Let {T,, : C — C} be a family of uniformlyA-strict pseudo-contractions with respect to
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p, L € [0, min{1,2°P D¢, }) and N2y F(T,) #0. Let f : C — C be a k-contraction with k € (0,1).
Assume that real sequences {a,}, {B} and {y,} in (0,1) satisfy the following conditions:
(i) an+Pun+yn=1forallneN;

(ii) imy oo ¥y = 0 and 377y ay = +00;

(iii) 0 < lim inf, -y, <Him sup, _ _ yn < ¢, where & =1-2P2)c, .
Let {x,,} be the sequence generated by the following:

x1=x€C,

(3.59)
Xn+1 = anf(xn) + ﬁnxn + YnTnxn/ n2 1.

Suppose that {T,} satisfies the AKTT-condition. Let T be a mapping of C into itself defined by Tz =
lim,, o, Tyz for all z € C and suppose that F(T) = (\;~ F(T,). Then the sequence {x,} converges
strongly to a common fixed point X of {T,}.

Proof. 1t follows from the same argumentation as Theorem 3.2 that {x,} is bounded and
lim, ., »|lx, — Sx,|| = 0, where S is a nonexpansive mapping defined by (3.32). From
Lemma 2.2 that the net {x;} generated by x; = tf(x;) + (1 — t)Sx; converges strongly to
X € F(S)=F(T),ast — 0*. Obviously,

xp =X = (1= 1) (Sxp — x) + £(f (1) = x). (3.60)

In view of Lemma 2.8, we calculate
20 = xall* < (1= )?[1Sxs = el + 26 f (x0) = %, T (20 = )
< (1—2t+t2>(||xt — x|l + 1S — x])? (3.61)
+ 2(f () = X1, J (21 = X)) + 2812 = x|
and therefore

1+8)?||x, — Sx
2y DT = SXull 0l fn = Sall.

(F ) =0, TG = 30)) < 2l = 0

2t
(3.62)
Since {x,}, {x:} and {Sx,} are bounded and lim,, _, o, (||x, — Sx,||/2t) = 0, we obtain
111;1%50319( Foxe) = xe, J(xn — x1)) < éM, (3.63)
where M = sup,; o1, { %t = xa|*}. We also know that
(fX) =X, J(xn = X)) = (f(x) =21, ] (00w = x2) ) + (f(X) = f (1) + 3 = X, ] (200 = 1)) (364)

+ (f(R) =X, J(xn = %) = J (30 = %))
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From the fact that x; — X € F(T),ast — 0, {x,} is bounded and the duality mapping | is
norm-to-weak* uniformly continuous on bounded subset of E, it follows thatast — 0,

<f(§)_g/](xn_g)_](xn_xt» — 0, VneN,

~ ~ (3.65)
(f(X) = f(x) +x: =X, J(xn —x)) — 0, VneN.
Combining (3.63), (3.64) and two results mentioned above, we get
lim SLlp(f(JNC) - f,](xn - £)> <0. (3.66)

n— oo

From (3.28) and Lemma 2.8, we get

%na1 = FI* < [law (f (xn) = F (&) + B (xn = F) + 1 (Suxn — D)
+ 20, (f(X) = %, J (X1 — %)) (3.67)

< (1= ay(1 = K)oy = F|* + 20, (f(X) = &, J (11 = X))

Hence applying in Lemma 2.7 to (3.67), we conclude that lim,, _, o, [|x, — X|| = 0. O

Corollary 3.6. Let E be a real p-uniformly convex Banach space with uniformly Gateaux differentiable
norm, and C a nonempty closed convex subset of E which has the fixed point property for nonexpansive
mappings. Let {T, : C — C} be a family of nonexpansive mappings such that (54 F(T,) #0. Let
f : C — C bea k-contraction with k € (0,1). Assume that real sequences {a,}, {fn} and {y,} in
(0,1) satisfy the following conditions:

Q) an+Pn+yn=1forallneN;
(11) hmn—>oo a, = O and Z;.zo:O a, = +00;

(iii) 0 < lim inf, o ¥, <lim sup, ,  y» <1.

Let {x,} be the sequence generated by the following:

x1=x€C,
(3.68)
Xn+l = “nf(xn) + ﬂnxn + YnTnxn/ n>1.

Suppose that {T,} satisfies the AKTT-condition. Let T be a mapping of C into itself defined by Tz =
lim,,_, o Tz for all z € C and suppose that F(T) = ;21 F(T). Then the sequence {x,} converges
strongly to a common fixed point X of {T,}.

Corollary 3.7. Let E be a real p-uniformly convex Banach space with uniformly Gateaux differentiable
norm, and C a nonempty closed convex subset of E which has the fixed point property for
nonexpansive mappings. Let T : C — C be a M-strict pseudo-contractions with respect to
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p, A € [0,min{1,2¥Dc,}) and F(T)#@. Let f : C — C be a k-contraction with k € (0,1).
Assume that real sequences {a,}, {B} and {y,} in (0,1) satisfy the following conditions:

(1) an+Pu+yn=1forallneN;
(11) hmn—>oo a, = 0 ﬂnd ZJ?;O o, = +oo;

(iii) 0 < lim inf, o ¥, <lim sup, . yn <& whereé=1- 27"2)“:;1,

Let {x,} be the sequence generated by the following:

x1=x€C,
(3.69)
Xne1 = O f(Xn) + PuXxn + Y Tx,, n2>1

Then the sequence {x,} converges strongly to a common fixed point X of {T,}.

4. Some Applications for Accretive Operators

We consider the problem of finding a zero of an accretive operator. An operator ¥ C E x E is
said to be accretive if for each (x1, y1) and (xp, y2) € ¥, there exists j € J(x1—x7) such that (y1—
Y2,j) > 0. An accretive operator ¥ is said to satisfy the range condition if D(¥) C R(I + A¥)
for all A > 0, where D(¥) is the domain of ¥, I is the identity mapping on E, R(I + A¥) is the
range of I + \¥, and W is the closure of D(¥). If ¥ is an accretive operator which satisfies
the range condition, then we can define, for each A > 0, a mapping J, : R(I + \¥) — D(¥)
by J, = (I+ A‘P)_l, which is called the resolvent of ¥. We know that J, is nonexpansive
and F(J,) = ¥71(0) for all A > 0. We also know the following [25]: For each A, 4 > 0 and
x € R(I + A\¥) N R(I + p¥), it holds that

A -
e el < B e ey (1)

By the proof of Theorem 4.3 in [3], we have the following lemma.

Lemma 4.1. Let E be a Banach space and C a nonempty closed convex subset of E. Let ¥ C E x E be

an accretive operator such that ¥710#@ and D(¥) C C C o9 R(I + A¥). Suppose that {\,} is a
sequence of (0, o0) such that inf{A, : n € N} > 0and 377 [Aps1 — Ay| < co. Then

(i) The sequence {]),} satisfies the AKTT-condition.
(ii) imy, o Ja,z = Jaz forall z € C and F(J,) = ;24 F(Ja,) where A,, — Lasn — oo.
By Corollary 3.3, we obtain the following result.

Theorem 4.2. Let E be a real p-uniformly convex Banach space with a weakly continuous duality
mapping J,, and C a nonempty closed convex subset of E. Let ¥ is an m-accretive operator in E such
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that ¥~10#0. Let f : C — C be a k-contraction with k € (0,1). Assume that real sequences {a,},
{Bn} and {y,} in (0,1) satisfy the following conditions:

(i) ap+Pu+yn=1forallneN;
(11) hmn—>oo a, = 0 ﬂnd Z;I“;O o, = +oo;
(iii) 0 < lim inf, Ly, <lim sup, |y, <1

(iv) {Ay} is a sequence of (0,00) such that inf{\, : n € N} > 0and 3,771 |1 — An| < o0.

Let {x,,} be the sequence generated by the following:

x1=x€C,
(4.2)
X1 = Anf (Xn) + PrXn + YnJr,xn, n21
Then the sequence {x,} converges strongly X which solves the following variational inequality:
((I-f)% Jp(X-2)) <0, zeF(J)). (4.3)

By Corollary 3.6, we obtain the following result.

Theorem 4.3. Let E be a real p-uniformly convex Banach space with uniformly Gateaux differentiable
norm, and C a nonempty closed convex subset of E. Let W is an m-accretive operator in E such that
W10+£0. Let f : C — C be a k-contraction with k € (0,1). Assume that real sequences {a}, {fn}
and {y,} in (0, 1) satisfy the following conditions:
(i) ap+Pu+yn=1foralln e N;
(ii) imy, o ¥y = 0 and X770 ay = +00;
(iii) 0 < lim inf, Ly, <lim sup, |y, <1

(iv) {Ay} is a sequence of (0,00) such that inf{\, : n € N} > 0and >, |1 — An| < o0.

Let {x,,} be the sequence generated by the following:

x1=x€C,
(4.4)
Xn+l = anf(xn) + ﬁnxn + Yn])tnxn/ n>1

Then the sequence {x,} converges strongly X in ¥~10.
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Abstract In this paper, we introduce a general iterative approximation method for finding
a common fixed point of a countable family of nonexpansive mappings which is a unique
solution of some variational inequality. We prove the strong convergence theorems of such
iterative scheme in a reflexive Banach space which admits a weakly continuous duality map-
ping. As applications, at the end of the paper, we apply our results to the problem of finding
a zero of an accretive operator. The main result extends various results existing in the current
literature.
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1 Introduction

In recent years, the existence of common fixed points for a finite family of nonexpansive
mappings has been considered by many authors (see [1,2,24,25] and the references therein).
The well-known convex feasibility problem reduces to finding a point in the intersection
of the fixed point sets of a family of nonexpansive mappings (see [3,7]). The problem of
finding an optimal point that minimizes a given cost function over the common set of fixed
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points of a family of nonexpansive mappings is of wide interdisciplinary interest and practical
importance (see [2,6,19,33]). A simple algorithmic solution to the problem of minimizing
a quadratic function over the common set of fixed points of a family of nonexpansive map-
pings is of extreme value in many applications including set theoretic signal estimation (see
[11,33]).
Let E be anormed linear space. Recall thatamapping 7 : E — E iscallednonexpansive
if
ITx =Tyl <llx —yll, Vx,y€E. (1.1)

We use F(T) to denote the set of fixed points of T, thatis, F(T) = {x € E : Tx = x}.
A self mapping f : E — E is a contraction on E if there exists a constant o € (0, 1) and
x,y € E such that

If ) = fODI < ellx =yl (1.2)

We use I1g to denote the collection of all contractions on E. That is, [Ig = {f :
f is a contraction on E}.

One classical way to study nonexpansive mappings is to use contractions to approximate
anonexpansive mapping ([4,23,32]). More precisely, take ¢ € (0, 1) and define a contraction
T; : E - E by

Tix=tu+(1—-1)Tx, Vx € E, (1.3)

where u € E is a fixed point. Banach’s contraction mapping principle guarantees that 7; has
aunique fixed point x; in E. Itis unclear, in general, what is the behavior of x; ast — 0, even
if T has a fixed point. However, in the case of T having a fixed point, Browder [4] proved that
if E is a Hilbert space, then x, converges strongly to a fixed point of 7. Reich [23] extended
Browder’s result to the setting of Banach spaces and proved that if £ is a uniformly smooth
Banach space, then {x;} converges strongly to a fixed point of 7" and the limit defines the
(unique) sunny nonexpansive retraction from E onto F (7). Xu [32] proved Reich’s results
hold in reflexive Banach spaces which have a weakly continuous duality mapping.

In the last ten years or so, the iterative methods for nonexpansive mappings have recently
been applied to solve convex minimization problems; see, e.g., [8,29,30] and the references
therein. Let H be a real Hilbert space, whose inner product and norm are denoted by (, -)
and || - ||, respectively. Let A be a strongly positive bounded linear operator on H: that is,
there is a constant y > 0 with property

(Ax, x) > )7||x||2 forallx € H. (1.4)

A typical problem is to minimize a quadratic function over the set of the fixed points of a
nonexpansive mapping on a real Hilbert space H :

1
min = (Ax, x) — {x, b), (1.5)

where C is the fixed point set of a nonexpansive mapping 7 on H and b is a given point in
H.In 2003, Xu ([30]) proved that the sequence {x,} defined by the iterative method below,
with the initial guess xo € H chosen arbitrarily:

Xpg1 = — 0y A)Txy + 0qu, n >0, (1.6)

converges strongly to the unique solution of the minimization problem (1.5) provided the
sequence {«, } satisfies certain conditions. Using the viscosity approximation method, Moud-
afi [16] introduced the following iterative iterative process for nonexpansive mappings
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(see [20,31] for further developments in both Hilbert and Banach spaces). Let f be a con-
traction on H. Starting with an arbitrary initial xgo € H, define a sequence {x,} recursively

by
Xpp1 = (1 —0)Txp + 0, f(xp), n >0, (L.7)

where {0} is a sequence in (0, 1). It is proved [16,31] that under certain appropriate condi-
tions imposed on {o, }, the sequence {x,} generated by (1.7) strongly converges to the unique
solution x* in C of the variational inequality

(- fHx*,x—x">0,x € H. (1.8)

Recently, Marino and Xu [15] mixed the iterative method (1.6) and the viscosity approxima-
tion method (1.7) and considered the following general iterative method:

Xn+1 = (I - O[nA)Txn + anyf(xn)’ n >0, (19)

where A is a strongly positive bounded linear operator on H. They proved that if the sequence
{on} of parameters satisfies the following conditions

(CD) limy— ooy =0,
(C2) 322 oy = 00, and
(C3) 202 lotng1 — an| < 00,

then the sequence {x,} generated by (1.9) converges strongly to the unique solution x* in H
of the variational inequality

(A=yf)x*,x —x*)=0,x e H (1.10)

which is the optimality condition for the minimization problem: min,¢c %(Ax, x) —h(x),
where / is a potential function for y f (i.e., h'(x) = y f (x) for x € H).

On the other hand, in order to finding a fixed point of nonexpansive mapping 7', Halpern
[10] was the first who introduced the following iteration scheme which was referred to as
Halpern iteration in a Hilbert space : u, xo € C, {o,} C [0, 1],

Xpt+1 = opx + (1 —ay)Tx,,n > 0. (1.11)

He pointed out that the control conditions (C1) lim, . o, = 0 and (C2) ZS’;I o, = 00
are necessary for the convergence of the iteration scheme (1.11) to a fixed point of T.
Furthermore, the modified version of Halpern iteration was investigated widely by many
mathematicians. Recently, for the sequence of nonexpansive mappings {7,};° | with some
special conditions, Aoyama et al. [1] introduced a Halpern type iterative sequence for find-
ing a common fixed point of a countable family of nonexpansive mappings {7, : C — C}
satisfying some conditions. Let xo = x € C and

Xpp1 = apx + (1 — o) Tyxy, n>0, (1.12)

where C is a nonempty closed convex subset of a uniformly convex Banach space E whose
norm is uniformly Gateaux differentiable, {c,} is a sequence in [0, 1]. They proved that
{x,} defined by (1.12) converges strongly to a common fixed point of {7,,} provided the
sequence {«,} satisfies certain conditions. Very recently, Song and Zheng [26] also studied
the strong convergence theorem of Halpern iteration (1.12) for a countable family of nonex-
pansive mappings {7,, : C — C} satisfying some conditions in either a reflexive and strictly
convex Banach space with a uniformly Gateaux differentiable norm or a reflexive Banach
space E with a weakly continuous duality mapping. Other investigations of approximating
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common fixed points for a countable family of nonexpansive mappings can be found in Refs.
[1,12,14,17,18] and many results not cited here.
All of the above bring us the following conjectures?

Question 1 Can Theorem of Marino and Xu [15] be extended from Hilbert space to a gen-
eral Banach space? such as reflexive Banach space.

Question 2 Can we extend the iterative method of algorithm (1.9) to a general algorithm
defined by a countable family of nonexpansive mappings?.

Question 3 Could we weaken or remove the control condition Z;’lozl |otp+1 — oty | < 00 on
parameter {«;,} in [15, Theorem 3.4]7.

In this paper, motivated by Marino and Xu [15], Aoyama et al. [1] and Song and Zheng [26],
we introduce a general iterative approximation method for finding a common fixed point of
a countable family of nonexpansive mappings which is a unique solution of some variational
inequality. We prove the strong convergence theorems of such iterative scheme in a reflexive
Banach space which admits a weakly continuous duality mapping. As applications, at the end
of the paper, we apply our results to the problem of finding a zero of an accretive operator.
The results presented in this paper improve and extend the corresponding results announced
by Marino and Xu [15], Aoyama et al. [1] and many others.

2 Preliminaries

Throughout this paper, let E be areal Banach space and E™* be its dual space. We write x, — x
(respectively x, —* x ) to indicate that the sequence {x,} weakly (respectively weak*) con-
verges to x;asusual x, — x will symbolize strong convergence.LetU = {x € E : ||x|| = 1}.
A Banach space E is said to uniformly convex if, for any € € (0, 2], there exists § > 0 such
that, for any x, y € U, ||x — y|| > € implies ||%|| < 1 — 4. It is known that a uniformly
convex Banach space is reflexive and strictly convex (see also [28]). A Banach space E is
said to be smooth if the limit lim;_, ¢ w exists for all x, y € U. It is also said to be
uniformly smooth if the limit is attained uniformly for x, y € U.

By a gauge function ¢ we mean a continuous strictly increasing function ¢ : [0, c0) —
[0, 0o0) such that ¢(0) = 0 and ¢(t) — oo ast — oo. Let E* be the dual space of E. The
duality mapping J, : E — 2E" associated to a gauge function ¢ is defined by

Jo() ={f* € E*: (x, f*) = lIxllp(lxID, IIf*I =elxID}, Vx € E.

In particular, the duality mapping with the gauge function ¢ () = ¢, denoted by J, is referred
to as the normalized duality mapping. Clearly, there holds the relation J,(x) = %J (x)
forall x # 0 (see [5]). Browder [5] initiated the study of certain classes of nonlinear operators
by means of the duality mapping J,. Following Browder [5], we say that a Banach space
E has a weakly continuous duality mapping if there exists a gauge ¢ for which the
duality mapping J,, (x) is single-valued and continuous from the weak topology to the weak*
topology, that is, for any {x,} with x, — x, the sequence {J,(x,)} converges weakly* to

Jy(x). It is known that /? has a weakly continuous duality mapping with a gauge function
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o) =tP~forall 1 < p < oo. Set

t
d(t) = /(p(r)dt,Vt >0,
0

then
Jo(x) = 0P(||x]]), Vx € E,

where d denotes the sub-differential in the sense of convex analysis.
Now we collect some useful lemmas for proving the convergence result of this paper.
The first part of the next lemma is an immediate consequence of the subdifferential inequal-
ity and the proof of the second part can be found in [13].

Lemma 2.1 ([13]) Assume that a Banach space E has a weakly continuous duality mapping
Jy with gauge ¢.

(i) Forall x,y € E, the following inequality holds:
C(lx +yl) = @UxID) + (y, Jp(x + ¥)).
In particular, forall x,y € E,
I+ ylI* < Il + 20y, J (x + y)).

(ii) Assume that a sequence {x,} in E converges weakly to a point x € E.
Then the following identity holds:

limsup ®([|x, — yll) = limsup ®(|lx, —x|) + P(ly —x[), Vx,y € E.
n—o00 n—0oo

Lemma 2.2 ([29]) Assume that {a,} is a sequence of nonnegative real numbers such that
apy] = (1 - an)an + bn7
where {o,} is a sequence in (0, 1) and {by,} is a sequence such that

(a) Zzil oy = O0;
(b) limsup,,_, o by /oty <0o0r > 02 |by| < 00.

Then limy,_, o a, = 0.

Lemma 2.3 ([27]) Let {x,,} and {y,} be bounded sequences in a Banach space X such that
Xnt1 = AnXp + (L= An)yn,n =0

where {1} is a sequence in [0, 1] such that

0 < liminf A, <limsupi, < 1.
o0

n— n—oo
Assume
lim sup([| yna1 — Yull = %1 — x) < O.
n—oo
Then limy,— 00 ||y — x|l = 0.

Definition 2.4 Let {7,} be a family of mappings from a subset C of a Banach space E into
E with N2 | F(T,) # ¥. We say that
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(i) {T,} satisfies the AKTT-condition [1] if for each bounded subset B of C,

o0

Zsup 1 Th+12 — Thzll < oo, .1

n=17%¢

(i1) {T,} satisfies the PU-condition [21] if for each bounded subset D of C, there exists a
continuous increasing and convex function / : RT™ — R™ such that

h(0) =0and lim suph(|Tkz — Tiz|l) = 0. 2.2)

J—00,cp

Remark 2.5 (i) The example of the sequence of mappings {7} satisfying AKTT-condi-
tion and PU-condition is supported by Lemma 4.1, respectively.

(i1) If{T,} satisfies the AKTT-condition, then {7},} satisfies the PU-condition by Remak 3.2
in [21].

Lemma 2.6 [21, Lemma 3.1] Suppose that there exists a continuous increasing function
h:RY — RT satisfying (2.2). Then

(i) Foreach x € C, {T,x} is a convergent sequence in C.
(ii) Let the mapping T : C — C be defined by

Tx = lim T,x, forallx € C. 2.3)
n—oo

Then lim,,— o0 sUp,cp h(|ITz — Tyz||) = 0 for each bounded subset D of C. Moreover, the
properties of h imply that lim,_, & sup,cp 1Tz — Tz|| = 0.

3 Main results

In a Banach space E having a weakly continuous duality mapping J, with a gauge function
@, an operator A is said to be strongly positive if there exists a constant y > 0 with the

property
(Ax, Jp(x)) = 7llxlledix) (3.1
and

lal = BA| = sup [((al = BA)x, J,(x))|, a€[0,1], 8 €[-1,1], (3.2

xli=<1

where [ is the identity mapping. If E := H is a real Hilbert space, then the inequality (3.1)
reduce to (1.4). The next valuable lemma is proved for applying our main results.

Lemma 3.1 Assume that a Banach space E has a weakly continuous duality mapping J,
with gauge ¢. Let A be a strong positive linear bounded operator on E with coefficient y > 0
and 0 < p < (DA™Y Then |1 — pAll < o(1)(1 — p).

Proof From (3.2), we obtain that ||A| = SUP| x| <i [(Ax, Jy(x))|. Now for any x € E with
lx|l = 1, we see that

(I = pA)x, Jp(x)) = ¢(1) = p(Ax, J,(x)) = ¢(1) — p[|A]| = 0.
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Thatis I — pA is positive. It follows that

11— pAll = sup{{({ — pA)x, J,(x)) : x € E, ||x]| = 1}
= sup{p(l) — p(Ax, Jy(x)) : x € E, |x|| = 1}

(1) = pyo(l) = ()1 = py).

IA

[m}

Let E be a Banach space which admits a weakly continuous duality mapping J, with
gauge ¢ such that ¢ is invariant on [0, 1] i.e. T ([0, 1]) C [0, 1]. For any nonexpansive map-
pingT : E — E,t € (0,1), f € g and A is a strongly positive bounded linear operator
with coefficient y > 0and 0 < y < %(1), the mapping S; : E — E defined by

S,(x) =ty f(x)+ (I —tA)Tx,Vx € E
is a contraction mapping. Indeed, for any x, y € E,

I1S:(x) = Sl = Nty (f(x) = f() + U —1tA(Tx =Ty

=yl f) = fOI+ I = tAITx = Tyll

< tyafx =yl + oA —1p)lx =yl

= [ =ty —ya)lllx =yl (3.3)

A

Thus, by Banach contraction mapping principle, there exists a unique fixed point x; in E that
is

xr=tyf(x))+ U —tA)Tx;. (3.4)

Remark 3.2 We note that [” space has a weakly continuous duality mapping with a gauge
function ¢(f) = P~ forall 1 < p < oo. This show that ¢ is invariant on [0, 1].

Lemma 3.3 Let E be a reflexive Banach space which admits a weakly continuous duality
mapping J, with gauge ¢ such that ¢ is invarianton [0, 1]. Let T : E — E be a nonexpansive
mapping with F(T) # W and f € T, let A be a strongly positive bounded linear operator
with coefficient y > 0and 0 < y < %(1). Then the net {x;} defined by (3.4) converges
strongly as t — 0 to a fixed point X of T which solves the variational inequality:

((A=yHx, Jpy(Xx —2)) =0,z € F(T). (3.5)

Proof We first show that the uniqueness of a solution of the variational inequality (3.5).
Suppose both X € F(T) and x* € F(T) are solutions to (3.5), then

((A=y)x, Jy(X —x%) <0 (3.6)
and

(A= yHx*, Jo(x* = 5)) <0. (3.7)
Adding (3.6) and (3.7), we obtain

(A=y)X = (A =y Hx", Jo(x —x")) <0. (3.8
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Noticing that forany x, y € E,

(A=yHx = (A=yy. Jp(x —y))

=(Alx =), Jo(x =) =y {(f(X) = f(3), Jp(x = ¥))

= 7lx = yllellx =y = vIf&x) = fFDIHTp(x =W

= y®(lx —yl) —ya®(x —yID

= —va)®(lx —ylD

= (Ye) —ya)@(lx — yl) = 0. (3.9
Therefore X = x™* and the uniqueness is proved. Below we use X to denote the unique solution
of (3.5). Next, we will prove that {x;} is bounded. Take a p € F(T), then we have

lxe — pll = lley f (o) + I —tA)Tx, — pll

= —1tA)Tx; — T —1tA)p +1(yfx) — AP

= eMA =tP)lx: — pll +1(yalx: — pll + lyf(p) — A(P)D.
It follows that

(% 5 17/ () = APl

1
-l < ———
7o) —y
Hence {x;} is bounded, so are { f (x;)} and {AT (x;)}. The definition of {x;} implies that
lxr — Tx¢ll = tllyf(x) — A(Txy)|| = O0ast — 0. (3.10)

If follows from reflexivity of E and the boundedness of sequence {x;} that there exists {x;,}
which is a subsequence of {x;} converging weakly to w € E asn — o0. Since J, is weakly
sequentially continuous, we have by Lemma 2.1 that

lim sup @ (||x;, — x||) = lim sup ®(||x;, — wl|) + ®(]x — w]), forallx € E.
n—00

n— oo

Let

H(x) = limsup ®(||x;, — x||), forallx € E.
n—0o0

It follows that

H(x) = Hw) + ®(|lx — w]|)), forallx € E.

Since
Ixt, — Txe, | = tally f(x,) = A(Txs,)| > Oasn — oo.
We obtain
H(Tw) = limsup ®(||x;, — Twl) = limsup (|| Tx;,, — Tw]|)
n—oo n—o0
< limsup ®(||lx;, — wl) = H(w). (3.11)
n—0o0

On the other hand, however,
H(Tw) = Hw) + ®(IT(w) — wl]). (3.12)
It follows from (3.11) and (3.12) that
(T (w) —wl) = H(Tw) — H(w) <0.
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This implies that 7w = w. Next we show that x,, — w as n — o0. In fact, since ® (1) =
fot ¢(t)dt,Vt > 0, and ¢ : [0,00) — [0, c0) is a gauge function, then for 1 > k > 0,
¢(kx) < ¢(x) and

kt t t
D kt) = /<p(f)dr = k/(p(kx)dx < k/(p(x)dx =kd(1).
0 0 0

Following Lemma 2.1, we have

O (|lxy, —wl) = (U = t, )T xy, — (I =ty Aw + 1, (Y f (xz,) — A(w)))

= Q(|[(I = ta A)Txy, — (I — tn Aw|) + ta (v f (x1,) — A(w), Jy (x5, — w))

< S(eM)A = taP)llxs, —wID) + 1y (f (x,) — f(w), Jp(xy, — w))
+in (v f(w) — A(w), Jy(xy, — w))

< o)A = t,y)P(llxs, — wI) + ta ¥ L.f (x1,) — f @) (xz, — W]
+h (v f(w) — A(w), J(p(xt,, —w))

< o)A = t, )P (llxs, — wl) + tayellxg, — wlllJy(x;, —w)l
+in (v f(w) — A(w), Jy(x;, — w))

= o)A = t,Y)P(llxs, — wl) + taya®@(llxy, — wl))
+in (v f(w) — Aw), Jy(xy, — w))

= =t,(ye() — ya))P(lx,, — wl) + 1 {yf(w) — A(w), Jp(x;, — w)).

(3.13)

This implies that

1
S(llxs, —wl) £ ————(f(w) — A(w), Jy(xs, — w)).
yo(l) —ya

Now observing that x;, — w implies J, (x;, —w) — 0, we conclude from the last inequality
that

D ([|lxs, — wl]) - Oasn — oo.

Hence x;, — w asn — o0o. Next we prove that w solves the variational inequality (3.5). For
any z € F(T), we observe that

(U =T)x; — (I =Tz, Jp(xt —2)) = (xy — 2, Jp(xt — 2)) + (Tx — Tz, Jp(x; — 2))
O(llx; —zl) = (Tz = Txz, Jp(xr — 2))

O(llxe —zID = 1Tz = Txe [l Jp e — 2) |

O(llxr — zll) = llz = x: |11 Jp (xr — 2) |

O(lxr — zll) = P(llx; — zl) = 0. (3.14)

IV v

Since
xp=tyf(x)+U—-tA)Tx,

we can derive that

1
(A—yHlx) = —;(1 — D)xi + (AU = T)x;.

@ Springer



J Glob Optim

Thus

1
(A =y, o = 2)) = =AU = T)xi = (I = Tz, Jp(x; = 2))
HAU = T)xs, Jp(xr — 2)) < (AU = T)xs, Jp(x; — 2)).
(3.15)

Noticing that
X, = Tx,, > w—T(w)=w—w=0.
Now replacing ¢ in (3.15) with #,, and letting n — o0, we have
((A=yHw, Jo,(w —2)) 0.

So, w € F(T) is a solution of the variational inequality (3.5), and hence w = X by the
uniqueness. In a summary, we have shown that each cluster point of {x,}(at # — 0) equals
X. Therefore, x; — X as t — 0. This completes the proof. O

Theorem 3.4 Let E be a reflexive Banach space which admits a weakly continuous duality
mapping J, with gauge ¢ such that ¢ is invariant on [0, 1]. Let {T, : E — E}2, be a
countable family of nonexpansive mappings with N2 | F(T,) # @ and f € Ig, let A be a
strongly positive bounded linear operator with coefficient y > 0 and 0 < y < %(1). Let
the sequence {x,} be generated by the following:

xo=x € E,

Yu = Buxn + (A = B)Tuxy, (3.16)

Xnt1 =y f () + I —ayA)yy, n >0

where {a,} C (0, 1) and {B,} C [0, 1] are real sequences satisfying the following conditions:
(CI) limy_ooan =0and Y oo oy =o00and Y oo lans1 — an| < 00;
(C2) lim,_ o Bn =0, zzozl |Brn+1 — Bul < o0

Suppose that {T,} satisfies the AKTT-condition. Let the mapping T : E — E be defined
by (2.3) and suppose that F(T) = N°2, F(T,). Then {x,} converges strongly to X that is
obtained in Lemma 3.3.

Proof Since lim,_, ®, = 0, we may assume, without loss of generality, that o, <
(DA~ for all n. By Lemma 3.1, we have || — «, Al < ¢(1)(1 — apy). We first
observe that {x,} is bounded. Indeed, pick any p € F(T) to obtain
lyn — pll = 1Bnxn + (1 = Bu)Txp — pll
= 1Bn(xn —p) + A = B)(Tx, — Tp)ll
< Bullxn — pll + (0 = B llxn — Pl
= llx, — pll. (3.17)

and so

X1 = pll = llotny f(xn) + (I — nA)ya — pli
= lloa (v f Gen) — A(p)) + (I — oy A)yp — (I =y A)pl|
= (@ —an(ye) —ya)lyn — pll + anlly f(xn) — A(p)|l
lvf ) — APl

T—ya

= —-ap(ye) —ya)lx, — pll +an(y — ya)
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It follows from induction that

I ALY 3.18)

yo(l) —ya

The boundedness of {x,} implies that {y,}, {T x,} and { f (x,)} are bounded. Now we show
that

lxn — pll < max [leo =rl,

lim [[xp41 — xpll = 0.
n—0oo
From the definition of {x,}, it is easily seen that

IXn42 = Xpt1ll = a1y f (1) + (I = dnp1 A)yngt — oV f (0n) — (I — A ynll
= llan+1.f (xnt1) + (I — anr1A)ynr1 — (I — anp1A) yn + (1 — anr14) yn
=y f(xn) — (I — anA)yn — an1v.f (xn) + anp1vf ()|l
= [l — opt1A) (Y1 — Yn) + (@ — A1) (Ayn — vf (xn))
Fant1y (f (Xnt1) — fx))l
<oA= ant 1Y) yn+1 — yull + lon — ant 1l Ayn — v f ()|l
tanp1yI1Lf Gut1) — F )l (3.19)

for all n € N. Observe that

Iynt1 = yall = 1Bnt1Xn41 + (1 = Bup ) T 1Xn41 — Bpxn — (1 — Br) Tuxall
= 1Bnt1Xn41 + (A = Bur D Tng1xn41 — (1 = By 1) Tag1Xn
+(1 = But ) Tnt1%0 — Buxn — (1 — ) Tuxn — (1 — Bp) Tht1%n
+(1 = B) Ty 1X0 — Bu1Xn + Bug1Xnll
= (L = But D) (Tn1Xn41 — D1 Xn) + (Bn — Bn1) (Tng1%n — Xp)
+( = Bu) (Ths1Xn — Tuxn) + But1 (ng1 — Xu) |
< (= Bt lxns1 — xull + 180 — Bu1 1 Tt 1% — Xall
+(1 = Bl Tw+1xn — Toxnll + But1 1Xn+1 — xal
=< xnt1 = Xnll + 180 = But 1l Tnp1xn — Xnll + 1 Tag1X0 — Tnxn |
(3.20)

for all n € N. Substitution (3.20) in (3.19), we obtain

IXn42 = xp1ll < @A = 1Y) xn41 = xnll + B0 — Bt 1 I Tng1%0 — xal
HNTowr1x0 — Tuxnll} + lan — cng 1l Ayn — vf ()|
tan1y I1Lf Gut1) — fxa)ll

< oM = ant1V){Ixn+1 — Xl + 180 — But 1/l Twt1Xn — X4l
H Tor1%n — Taxull} + lotn — 1| Ayn — v f ()|
+anrryellxpsr — Xl

= —ap1(Yel) —ya)lxp1 — xull + (1 = cn19)1Bn — But1l
X[ Tp1Xn — Xnll + (1 — cpp1 VI Tt 160 — Toxnl
Hlow — ang1lllAyn — vf ()l

< (I =apr1 (Vo) —ayDlxntr — Xall + 180 — But 11 Tns1xn — Xl
HN 10 — Toxnll + lotn — dps1 11 Ayn — v f ()|l
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< —apr1(yoM—ay)) 1xar1—xall + (B —But1] + lan—ctni1 DM
I Ta+1Xn — Toxnll (3.21)

for eachn € N, where M = sup,, o1 {| Tu+1xn — Xull, |Ayn — v f (xn)|[}. Putting

n = UBn — Buri1l + oy — an 1 DM + | Tr1xn — Tuxnll,
we have

o0 o
D =D By = Busi] + lotn — w1 DM + | Ty 1, — Tuxnll)

n=1 n=1

oo (e ¢]
<MD (1B — Bt + ot — anpil) + D sup{liTuriz — Tuzll < 2 € {xa}} < o0,

n=1 n=1
Therefore it follows from Lemma 2.2 that lim,,_,  ||X;+1 — X, || = 0. From (3.16), we have
lxpe1 — yull = anlly f(xn) — Ayull = 0 asn — oo. (3.22)

Next, we show that

|x, — Txu]| > 0 asn — oo. (3.23)
Since lim,_, o, B; = 0 holds, we obtain

1Tnxn — xnll < N0 = Xnt1ll + [ Xn1 = Yull + 11yn — Taxnll
< lxn = X1l + 141 = Yol + BullXn = Tuxall-
This implies that
(= BN Taxn — xnll < X0 = X1 | + X041 — Yall-

It follow from (3.22) that

|Tyx, — x| = 0 asn — o0. (3.24)
Therefore, we have

T xn — xull < 1 Txn — Tuxpll + 1 Tuxn — Xl

sup{| Tz — Tyzll : z € {xu}} + 1 Tyxn — x| (3.25)

IA

Hence, by (3.24) and Lemma 2.6, we get lim;,_, o || Tx, — x| = 0.
Next, we prove that

lim sup(y f(X) — AX, Jy(x, — X)) <0, (3.26)
n—o0
Let {x;,,} be a subsequence of {x,} such that
lim (yf(x) — Ax, Jy(xy, — X)) = limsup(y f(X) — AX, Jy(x, — X)). (3.27)
k— 00 n—o00

If follows from reflexivity of E and the boundedness of sequence {x;, } that there exists {x, i }
which is a subsequence of {x,, } converging weakly tow € E asi — o0. Since J, is weakly
continuous, we have by Lemma 2.1 that

lim sup <I>(||x,,ki — x|) = lim sup d>(||x,,k[ —wl) + &(|lx —w]|), forallx € E.

n—oo n—oo

Let

H(x) = limsup <I>(||x,,ki —x|), forallx € E.

n—oo
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It follows that
H(x) = Hw)+ o(|x — w]), forallx € E.
From (3.39), we obtain

H(Tw) = lim sup d>(||xnkl_ — Tw]) = limsup <I>(||Txnki — Tw])

i—00 i—00
< limsup ®(||x,,, — wl|) = H(w) (3.28)
i—00 !

On the other hand, however,
H(Tw)=Hw)+ ®(|T(w) —w|) (3.29)
It follows from (3.28) and (3.29) that
QT (w) —wl) =H(Tw) — Hw) <0.

This implies that 7w = w. Since the duality map Jj, is single-valued and weakly continuous,
we get that

limsup(y f (¥) — A%, Jo(xn — X)) = lim (y f(¥) — A%, Jy (X, — X))

n—oo

Jm (y f () — AX, Jp (o, — 5))
=((A—-yf)x, Jy(X —w)) <0

as required. Finally, we show that x, — X asn — oo.

Q(llxns1 = X[) = Pllota(vf (xn) — AX) + I — ayA)yn — (I — an A)X|)
= O —anA)yn — (I — aq A)X|) + an (v f(xn) — AX, Jy(Xpt1 — X))
< (A = anY) @y — XID) + an (v f (xn) — AX, Jp(Xny1 — X))

< (0 —oyP)@(lxy — X)) + o {yf(xn) — AX, Jp(Xn41 — X)). (3.30)
It follows that from condition (C1) and (3.26) that

o0
lim o, =0, > @, =00 and limsup(yf(x,) — A%, J,(xps1 — ) <0.
=00 p— n— 00

Apply Lemma 2.2 to (3.30) to conclude ®(||x,4+1 — X||) — 0 asn — oo; thatis, x,, — X as
n — oo. This completes the proof. O

By Theorem 3.4, we can obtain some new and interesting strong convergence theorems.
Now we give some examples as follows:

Setting 8, = 0 and 7, := T a nonexpansive mapping in Theorem 3.4, we have the
following result.

Corollary 3.5 Let E be a reflexive Banach space which admits a weakly continuous duality
mapping J, with gauge ¢ such that ¢ is invariant on [0, 1]. Let T be a nonexpansive map-
pingswith F(T) = W and f € Tlg, let A be a strongly positive bounded linear operator with
coefficienty > 0and0 < y < %(1). Let the sequence {x,} be generated by the following:

xo=x€E,
Xn1 = Quy f(xn) + U — ayA)Txy,

where {a,} C (0, 1) is a real sequence satisfying the following conditions:
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(C1) limyooty =0and > 02 ay = 00 and Y ey lont1 — otn| < 00.

Then {x,} converges strongly to X that is obtained in Lemma 3.3.
Setting E := H areal Hilbert space in Corollary 3.5, we have the following result.

Corollary 3.6 [15, Theorem 3.3] Let H be a real Hilbert space. Let T be a nonexpansive

mappings with F(T) =W and f € Ty, let A be a strongly positive bounded linear operator

with coefficient y > 0and0 < y < g Let the sequence {x,} be generated by the following:

xXo=x€H,

Xnt1 = oy f () + (I — 0y A)Txp, n =0
where {a,} C (0, 1) is a real sequence satisfying the following conditions:
lim, o0 ap = 0and D520 | oy = 00 and ;27 1 |otyq1 — 0| < 00.

Then {x,} converges strongly to X which solves the variational inequality:
(A—yf)x,x—z) <0,z € F(T).

Theorem 3.7 Let E be a reflexive Banach space which admits a weakly continuous duality
mapping J, with gauge ¢ such that ¢ is invariant on [0, 1]. Let {T,, : E — E}°| be a
countable family of nonexpansive mappings with N2 | F(T,) # @ and f € I, let A be a
strongly positive bounded linear operator with coefficient y > 0 and 0 < y < %(1). Let
the sequence {x,} be generated by the following:

xo=x € E,
Yn = Bnxn + (1 — B) Thxn, (3.31)
Xn+1 = oy f(xn) + (I —anA)yy, n >0

where {o,} and {B,,} are sequences in (0, 1) satisfying the following conditions:

(C) limysooy =0and > 02| oy = 00, and
(C2) 0 < liminf, o By <limsup,_, ., By < L.

Suppose that {T,} satisfies the PU-condition. Let the mapping T : E — E be defined
by (2.3) and suppose that F(T) = N°° | F(T,). Then {x,} converges strongly to X that is
obtained in Lemma 3.3.

Proof By using the same arguments and techniques as those of Theorem 3.4, we note that
{x,} is bounded. This implies that {y,}, {T x,} and { f (x,)} are bounded. Now we show that

lim |xp41 — x| = 0.
n—00
We rewrite x,1 in the form
Xpt1 = (1 = X)Xy + An2n, (3.32)
where
}\n =1- (1 - O5n),3n
and
o 1- o
= Lﬁ"u — A)x, + ﬂu — g A)Tpxn + —y f (). (3.33)
An An An
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Since o, > 0and 0 < a < B, < b < 1, then

0 < liminf A, <limsupa, < 1.
n—00 n—00

Next some manipulations give us that

Bn+10n+1 (1=Bn+1)
Znp1—2n = 2L (= A)xppt + 2 (=1 AT,
Ant1 Antl
1 —
_Bn g aywy = S AT — Yy )
An An An
1 —
= Pt e = P a0
)\.n+] n n+1
1— 1—
. ( .Bn-H) T,x, + ( IBn+1) T,x,
)Ln+l )\nJrl
(1 = But1) (1= B
—0n+1 7HA(Tn+lxn+l) - 7nTnxn
)\n+ An
(1 Bn) 1 Uyl
- AT + Int 0 )=y f (o)) + — ) yf )
An n )Ln+l An
Bun+10n+1 ﬂ ( — Bat1)
= Pttt Ay — ”(1 — A)xy + T (T X1 — Tuxn)
An+l An+1
1— 1— —
+ ( Pu1 - ‘Bn) Tyxy, — OanrlMA(Tanrl)
A.nJrl An )w1+1
(1-8,) 1 o
oy AT ) + Int S Gone) = ) + — ) v f )
n }"n }"n
Hence
Br+10tn11 5
Nzns1 = zall = ngt — xall < 2550 — Ayl + 222101 — A |
)\n+1
1 — Bt
+ (—+ - 1) %41 — X
)\n-ﬁ-l
1= Bus1
N T2 — Tl
An+1
1= o1 1-P
+ ( 2 ) IT x|
)\n+l )\n
(1 = But1) (1—By)
i1 N AT g D+ a2 | AT x) |
)\n-&-l )Ln
1 1
Int SO )=y )l + Int
(3.34)
Since A, =1 — (1 — o) B, and «;; — 0, then
1 —
im L2 (1 _ “Lﬁ”) =1. (3.35)
n—o0o Ay n—oo n
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Next, we will prove that lim,,_,  w, = 0, where w, := ||T,+1x, — T,,x|. Indeed, Since
{x,,} is bounded, there exists a bounded subset D of E such that {x,} C D. We observe that
1

1 1 1
Ewn = 5||Tn+1xn — Tpxpll < 5||Tn+1xn — Txy| + EHTxn — Tyxpll.

Since {7,} satisfies PU-condition, then there exists an increasing, continuous and convex
function 4 from RT into R such that (2.2) holds. Then

1
h Ewn
Applying Lemma 2.6 to the above inequality, we obtain that

1
lim A (7(1)") =0
n—00 2

The properties of the function / implies that
lim w, = 0. (3.37)

n—oo

From (3.35), (3.37) and (3.34), we have

IA

1 1
Eh(”Tn+1xn = Txul) + Eh(”Txn — TuxnlD)

1 1
Ssup h(|Tyr1z — Tzl) + 5 sup h( Thz — Tzl]). (3.36)
2 zeD 2 zeD

limsup(l|zn41 — zall — lxp+1 — Xull) < 0.
n—00

Using Lemma 2.3, we obtain that

lim |z, — x,|| = 0.
n—0o0
Consequently,
lim [lxp41 — xp [l = lim (1 —Ap)llzn — x5l = 0. (3.38)
n—oo n—o00
Next we show that
lim ||x, — Tx,| = 0. (3.39)
n—o0

Indeed, we observe that

X0 = Taxall < llxn = Xng1ll + X041 = Toxa|
= llxn = Xn1ll + ey fn) + (I =y A)yn — Tpxl
= lxn=Xns 1+ llan (v f () = AT X))+ =t A) yn— (I —n A) T X, |
< lxn=xnt1ll+anlly f Gn) = AT x) I+ 1 (I —an A) yo— (I —on A) Ty x|
< lxn=Xns1ll+anlly f (xn) = A(Taxn) |+ (D) (1= Y) [ yn —Toxn |l

= llxp—xpr1 I+ lly f ) = A(Tuxi) |+ (A= ¥) Bullxn—Tuxu . (3.40)
Hence
1 oy any B
— —A(T, —
-8, lxn —xn+11l + -8, lyf(xn) (Twx)|l -8,

Using our assumptions and (3.38), we conclude that

lxn —Thxnll < llxn —Tnxnll.

lim |x, — Tx,| = 0. (3.41)
n—oo
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Using Lemma 2.6, we have

lim sup h(||Ty — T,,y]) = 0. (3.42)
n—)OOyED

Next, we observe that

A

1 1 1
h (EHTxn - xn”) = Eh(”Txn — Tyxnl) + Eh(”Tnxn — xnlD)

IA

1 1
5 sup h(ITy — Tyl + Sh(Taxn — Xal))-
2 yeD 2

Applying (3.41) and (3.42) to the last inequality, we have

1
lim h (f||Tx,, — xn||) =0. (3.43)
n—00 2
It follows from the properties of % that

lim | Tx, — x|l = O. (3.44)
n—00

It follows from the same arguments and techniques as those of Theorem 3.4 that x, — X as
n — o0o. This completes the proof. O

Remark 3.8 (i) In contrast to results in [15, Theorem 3.4], the restriction ZZOZI lotpg1 —
oy | < oo on parameter {¢;,} is removed.

(i1) Incontrast to results in [15, Theorem 3.4], these results with respect to a nonexpansive
mapping are extended to a countable family of nonexpansive mappings.

Setting £ := H areal Hilbert space, we obtain the following result.

Corollary 3.9 Let H be a real Hilbert space. Let {T, : H — H}2, be a countable family
of nonexpansive mappings with N2 | F(T,) # ¥ and f € Iy, let A be a strongly positive

bounded linear operator with coefficient y > 0 and 0 < y < g Let the sequence {x,} be
generated by the following:

xXo=x € H,
Yn = Bnxn + (1 — B) Thxn, (3.45)
Xpp1 = apyfxy) + U —ayA)y,, n >0

where {o,} and {B,} are sequences in (0, 1) satisfying the following conditions:

(C) limysoo0y, =0and > 02| oy = 00, and
(C2) 0 < liminf, o By <limsup,_, ., Bn < 1.

Suppose that {T,} satisfies the PU -condition. Let the mapping T : H — H be defined by
(2.3) and suppose that F(T) = N7 | F(T,,). Then {x,} converges strongly to X which solves
the variational inequality:

(A=—yf)x,x—2z)<0,z€ F(T).
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4 Some applications

We consider the problem of finding a zero of an accretive operator. An operator ¥ C E x E
is said to be accretive if for each (x1, y;) and (x2, y2) € W, there exists j € J(x; — x2)
such that (y; — yz, j) > 0. An accretive operator W is said to satisfy the range condition
if D(W) C R(I + AW) for all A > 0, where D(W) is the domain of W, [ is the identity
mapping on E, R(I + AW) is the range of / + AW, and D (W) is the closure of D(W). If W is
an accretive operator which satisfies the range condition, then we can define, for each A > 0,
amapping J, : R +A¥) - D(W) by J, = ([ — AW)~L which is called the resolvent of
W. We know that J, is nonexpansive and F'(J,) = w=1(0) forall » > 0. We also know the
following [9]: Foreach A, u > 0 and x € R(I + AV) N R(I + W), it holds that

[/ax = Jux|l <

|2 — pl
- lx — x| 4.1)

From the Resolvent identity, we have the following lemma.

Lemma 4.1 Let E be a Banach space and C a nonempty closed convex subset of E. Let
W C E X E bean accretive operator such that W10 % Gand D(¥) C C C Ny=oRI+1V).
Suppose that {A,} is a sequence of (0, 00) such that inf{A, : n € N} > 0 and Z;’lozl [Ant1 —
M| < 00. Then

(1) The sequence {J,,} satisfies the PU-condition and hence it satisfies AKTT-condition.
(i) limy oo Jy,z2 = Jiz forall z € C and F(J,) = N2 F(J,,) where ., — A as
n — oo.

Proof (i) By the proof of Theorem 4.3 in [1], we obtain that

[e.¢]
> sup{llJa,, 12— Ja,zll 1z € D} < 00 (4.2)

n=1

for every bounded subset D of C. If h : RT — R™ is a continuous, increasing function
such that 4(0) = 0, we have for each k > [,

k—1 k—1
ez = Tzl < D Wz = 2l < D sup s, 2 — ozl
n=l n=lI €D
oo
< D sup i,z — Szl (4.3)
n=I %€

for every bounded subset D of C. Since h is increasing, we obtain that
o0
h([[ sz — Jnyzlh) < h (Z sup [ /3,2 — J/\HZII) =h(V)
n=l ze
for every z € D, where V; = 377 sup,cp /3,112 — Ja,zll. Then

sup (|| iz — Jyzl) = h(Vi).

zeD

It follows from the continuity of /4 and (4.2) that 7(V;) — 0 as [ — oo. This implies
that

lim sup h(||J5,z — J,z]l) = 0.

—XzeD
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Hence {J,,} satisfies the PU-condition.
(ii) By the proof of Theorem 4.3 in [1].

From Lemma 4.1 and Theorem 3.4, we obtain the following result.

Theorem 4.2 Let E be a reflexive Banach space which admits a weakly continuous duality
mapping J, with gauge ¢ such that ¢ is invariant on [0, 1]. Let f € Ilg, let A be a strongly
positive bounded linear operator with coefficient y > 0and 0 < y < @. Let V is an
m-accretive operator in E such that Q 1= W0 £ (. Let the sequence {x,} be generated
by the following:

xo=x € E,

Yn = BuXn + (1 = Bu) Jn, Xu, 4.4)

Xnt1 =y f(xn) + U —ayA)yy, n >0

where {a,} C (0, 1) and {B,} C [0, 1]are real sequences satisfying the following conditions:

(CD) limyo00ty =0and 3 02 apy =00 and Y 2| |1 — tn| < 00;

(C2) limy—o0 By =0, Ziil [Bn+1 — Bul < 00;

(C3) {\n}is a sequence of (0, 00) such that inf{}, : n € N} > 0 and Z;’;l Ant1 — Al <
Q.

Then {x,} converges strongly to X which solves the variational inequality:

(A= y)F, Jp(F —2)) <0,z € NJ2,F(J,) = w0,

n=1
From Lemma 4.1 and Theorem 3.7, we obtain the following result.

Theorem 4.3 Let E be a reflexive Banach space which admits a weakly continuous duality
mapping J, with gauge ¢ such that ¢ is invariant on [0, 1]. Let f € Ilg, let A be a strongly
positive bounded linear operator with coefficient y > 0 and 0 < y < %(1). Let V is an
m-accretive operator in E such that Q := W10 #£ @. Let the sequence {x,} be generated
by the following:

xo=x € E,

Yn = Bnxn + (1 — Bn) Ja, Xn, 4.5)

Xnpt = oy f () + (I — 0y A)yn, n=0
where {o,} and {B,} are sequences in (0, 1) satisfying the following conditions:

(CD) limysoo0y =0and > 02 oy = 00;

(C2) 0 < liminf, 0 By <limsup,_, ., Bn < 1;

(C3) {A,}is a sequence of (0, 00) such that inf{), : n € N} > 0 and ZZ‘;I [Ant1 — Al <
Q.

Then {x,} converges strongly to X which solves the variational inequality:

(A—yP)F, Jp(F —2)) <0,z € N2 F(J,) = V0.
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Abstract In this paper, we introduce two iterative schemes (one implicit and one explicit)
for finding a common element of the set of solutions of the generalized equilibrium problems
and the set of all common fixed points of a nonexpansive semigroup in the framework of a
real Hilbert space. We prove that both approaches converge strongly to a common element
of such two sets. Such common element is the unique solution of a variational inequality,
which is the optimality condition for a minimization problem. Furthermore, we utilize the
main results to obtain two mean ergodic theorems for nonexpansive mappings in a Hilbert
space. The results of this paper extend and improve the results of Li et al. (J Nonlinear Anal
70:3065-3071, 2009), Cianciaruso et al. (J Optim Theory Appl 146:491-509, 2010) and
many others.

Keywords Generalized equilibrium problem - Nonexpansive semigroup - Minimization
problem - Fixed point - Hilbert space

1 Introduction

Throughout this paper, we always assume that H is a real Hilbert space with inner product
(-,-) and norm || - ||. Let G : H x H — R be an equilibrium bifunction, i.e., G(u, u) = 0
foreachu € H and ¥ : H — H is a mapping. Then, we consider the following generalized
equilibrium problem (for short, GE P):

Finding x* € H such that G(x*, y) + (¥x*, y —x*) >0, Vye H. (1.1)

The problem (1.1) was studied by Moudafi [11]. The set of solutions for the problem GE P
(1.1) is denoted by GE P (G, V).

U. Kamraksa - R. Wangkeeree (B<)
Department of Mathematics, Faculty of Science, Naresuan University, Phitsanulok 65000, Thailand
e-mail: rabianw @nu.ac.th

U. Kamraksa
e-mail: uthaikam @hotmail.com

Published online: 02 February 2011 @ Springer



J Glob Optim

Special cases.

1. If ¥ =0, then GEP (1.1) reduces to the following classical equilibrium problem (for
short, EP):

Finding x* € H such that G(x*,y) >0, Vye€ H. (1.2)

The set of solutions for the problem E P (1.2) is denoted by E P (G).
2. If G = 0, then GEP (1.1) reduces to the following classical variational inequality
problem (for short VI P):

Finding x* € H such that (Ux*,y —x*) >0, Vye€ H. (1.3)
The set of solutions for the problem VI P (1.3) is denoted by VI (¥, H).

The problem (1.1) is very general in the sense that it includes, as special cases, fixed
point problems, optimization problems, variational inequality problems, Nash equilibrium
problems, the classical equilibrium problems, and others; see e.g., [2,5,8,10,22,23,29].

Recall that a mapping ¥ : H — H is said to be a-inverse-strongly monotone [4,16] if
there exists a positive real number « such that

(Wx — Wy, x —y) > a||Wx — Wy|%, Vx,yeH.
y y y y

A mapping T of H into itself is said to be nonexpansive if ||7x — Ty|| < |lx — y|| for each
x,y € H.Wedenoteby F(T) the setof fixed points of 7. A family S := {T'(s) : 0 < s < 00}
of mappings of H into itself is called a nonexpansive semigroup on H if it satisfies the fol-
lowing conditions:

(i) T(O)x =xforallx € H;

(i) T(s+1t)=T(s)T(t) foralls,t > 0;
(i) |T(s)x —T(s)y|| < |lx —y| forallx,y € H and s > 0;
(iv) forall x € H,s +— T (s)x is continuous.

We denote by F(T(s)) = {x € C : T(s)x = x} the set of fixed points of 7'(s) and by F(S)
the set of all common fixed points of S, i.e. F(S) = Ng>0F (T (s)). It is known that F'(S) is
closed and convex.

Iterative methods for nonexpansive mappings have recently been applied to solve convex
minimization problems; see e.g., [7,24-26] and the references therein. Let A be a strongly
positive bounded linear operator on H': that is, there is a constant y > 0 with property

(Ax, x) > )7||)c||2 forall x € H. (1.4)
A typical problem is to minimize a quadratic function over the set of the fixed points of a

nonexpansive mapping on a real Hilbert space H:

minl(Ax,x) — (x, b), (1.5)

xeC

where C is the fixed point set of a nonexpansive mapping 7 on H and b is a given point
in H.In 2003, Xu [27] proved that the sequence {x,} defined by the iterative method below,
with the initial guess xo € H chosen arbitrarily:

Xp41 = U —ayA)Tx, +ayu, n>0, (1.6)
converges strongly to the unique solution of the minimization problem (1.5) provided the

sequence {w,} satisfies certain conditions.
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Using the viscosity approximation method, Moudafi [15] introduced the following itera-
tive iterative process for nonexpansive mappings (see [28] for further developments in both
Hilbert and Banach spaces). Let f be a contraction on H. Starting with an arbitrary initial
Xxo € H, define a sequence {x,} recursively by

Xpp1 =1 —0)Txy +0,f(xp), n>0, (L.7)

where {0, } is a sequence in (0, 1). It is proved [15,28] that under certain appropriate condi-
tions imposed on {0, }, the sequence {x, } generated by (1.7) strongly converges to the unique
solution x* in C of the variational inequality

(I — fHx*,x—x*>0, xeH. (1.8)

Recently, Marino and Xu [14] was combine the iterative method (1.6) with the viscosity
approximation method (1.7) and consider the following general iterative method:

Xn+1 = (I - anA)Txn + anyf(xn)’ n >0, (19)

where A is a strongly positive bounded linear operator on H. They proved that if the sequence
{orn } of parameters satisfies appropriate conditions, then the sequence {x, } generated by (1.9)
converges strongly to the unique solution of the variational inequality

(A=yf)x*,x —x*) >0, xeH (1.10)
which is the optimality condition for the minimization problem

1
min > (Ax, x) — h(x),
where £ is a potential function for y f (i.e., h'(x) = y f (x) for x € H).

In [12] motivated and inspired by Marino and Xu [14], Li, Li and Su introduced the fol-
lowing two iterative methods (see (1.11) and (1.12)) for the approximation of common fixed
points of a one-parameter nonexpansive semigroup {7(s) : 0 < s < oo} on a nonempty
closed convex subset C in a Hilbert space:

Sn

1
Xn =anyf(xn) + U — oznA)—/ T (s)x,ds, (1.11)
Sn
0
1 Sn
Ynt+1 =y f () + U — anA)? /T(S)yndsv (1.12)
n .
0

where A : C — H is a linear bounded strongly positive operator and f : H — H is an
«-contraction, {«,} and {s,} are sequences in [0, 1] and (0, 00), respectively. They obtained
some convergence theorems under some appropriate control conditions on parameter {o;, }
and {s,}.

Very recently, improving Plubtieng and Punpaeng [17], Cianciaruso et al. [6] introduced
the following iterative method, that include equilibrium problems and fixed points problems
for nonexpansive semigroups S = {7 (s)}s>0 on a Hilbert space H,

X1 € H chosen arbitrary,
GUn, y) + (Y = tn, g — yu) = 0, ¥y € H, (1.13)
Xt = oy f o) + (I = aq A [7" T()unds, Yz 1,
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where A : C — H is a linear bounded strongly positive operator and f : H — H is
an a-contraction. They proved that the iterative scheme {x,} defined by (1.13) converges
strongly to a common element of z € F(S) N EP(F) solving the variational inequality
((yf—A)z,p—2z) <0,Vp € F(S)NE P(G) provided {«,}, {r,} and {s, } are real sequences
satisfying the following control conditions:

(CD) limy o0y =0, Z;.lil oy = 00, 2311 letn+1 — oy | < 00;
(C2) limy— 4007y > 0 and z;.,ozl |7nt1 — rnl < 003
[$n—Sn+1l 1

(C3) lim,— 400 Sp = 00 and lim,,, 4 5o g = 0

All of the above bring us the following conjectures?

Question 1.1 (i) Could we weaken or remove the control condition Z:ozl lotp1 —an| <
oo on parameter {«;,} in (C1)?
(i1)) Could we weaken the control condition Zf’o: 1 Irns1 — ry| < oo on parameter {r,} in
(C2)?
(iii) Could we weaken the control condition lim,_, ;o w é = 01in (C3)?
(iv) Could we construct an iterative algorithm to approximate a common element of the set
of solutions of the generalized equilibrium problem and the set of all common fixed

points of a nonexpansive semigroup?

In this paper, motivated by Li et al. [12], Plubtieng and Punpaeng [17] and Cianciaruso
etal. [6], we suggest and analyze an iterative scheme for finding a common element of the set
of solutions of the generalized equilibrium problem and the set of all common fixed points of
a nonexpansive semigroup in the framework of a real Hilbert space under weak conditions
imposed on the parameters. Furthermore, by using these results, we obtain two mean ergo-
dic theorems for a nonexpansive mapping in a real Hilbert spaces. The results in this paper
generalize and improve some well-known results in Li et al. [6,12,17] and many others.

2 Preliminaries

This section collects some results that will be used in the proofs of our main results.

Lemma 2.1 [20] Let C be a nonempty bounded closed convex subset of a Hilbert space H
and let (T (s))s>0 be a nonexpansive semigroup on C. Then, for every h > 0,

t

t
1 1
lim sup ;/T(s)xds—T(h);/T(s)xds =0.
0 0

1=>+400

Lemma 2.2 [3] (Demiclosedness Principle) Let X be a uniformly convex Banach space, let
C be a nonempty closed convex subset of X and let T : C — X be a nonexpansive mapping.
Then, the mapping (I — T) is demiclosed on C, i.e., if {x,} is weakly convergent to x and
{(I — T)(xy)} is strongly convergent to y, then (I — T)x = y.

Lemma 2.3 Forall x,y € H, the inequality || x + y||*> < x| + 2(y, x + y) holds.
Lemma 2.4 [21] Let {x,,} and {y,} be bounded sequences in a Banach space X such that

Xn41 = AnXp + (1 - )\n)ym n>0
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where {A,} is a sequence in [0, 1] such that

0 < liminf A, <limsupi, < 1.
n—0o0 n—00

Assume

lim sup(||yn+1 — ynll = lIxn+1 — xull) < 0.
n—00

Then lim;, o0 [y — xu|l = 0.

We recall that, if C is a closed convex subset of real Hilbert space H, the metric projection
Pc : H — C is the mapping defined as follows: for each x € H, Pcx is the only point in C
with the property that || x — Pcx| = infyec |x — y].

Lemma 2.5 [3] Let C be a nonempty closed convex subset of a real Hilbert space H and let
Pc be the metric projection from H onto C. Given x € H and z € C,z = Pcx if and only
if(x —z,y—2z)<O0forally € C.

Lemma 2.6 [14] Let H be a Hilbert space and let A : H — H be a strongly positive
linear bounded self-adjoint operator with coefficient v > 0. If 0 < p < ||A|~', then
11— pAll =1-—py.

Lemma 2.7 [14] Let C be a nonempty closed convex subset of a real Hilbert space H, let
f + H — H be an a-contraction (0 < a < 1) and let A be a strongly positive linear
bounded operator with coefficient y. Then, for every 0 < y < L (A — yf) is a strongly

monotone with coefficient (y — ay), i.e. “
=y (A=yNx— A=y y) = 7 —yo)lx—ylI>, Vx.yeH.
Lemma 2.8 [27] Let {s,,} be a sequence of nonnegative real numbers satisfying
Snt1 < (1= Yu)sp + 0 + 84, Vn =1,
where {y,} is a sequence in (0,1) and {0y}, {5, } are sequences of real numbers such that

(1) limy—oe va =0and X 07 yu = 00;
(i) limsup,_, o (;—Z <0;
(iil) 8, > 0and Y ;2 8, < oo.

Then, lim,_, oo 5, = O.
In order to solve the equilibrium problem for a function G : H x H — R, we assume
that:

(E1l) G(x,x) =0, forallx € H;

(E2) G(x,y)+G(y,x) <0, forall (x,y) € H x H(i.e. G is monotone);

(E3) foreachx, y, ze H, limsup,_,oG(tz+ (1 —t)x,y) < G(x,y);

(E4) the function y — G(x, y) is convex and lower semicontinuous for each x € H.

Lemma 2.9 [2] Let C be a nonempty closed and convex subset of a real Hilbert space H
and G : C x C — R a function satisfying the conditions (E1)—(E4). Letr > 0 and x € H.
Then, there exists z € C such that

1
G(z,y)—i—;(y—z,z—x)zo, VyeC.
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Lemma 2.10 [13] Let C be a nonempty closed and convex subset of a real Hilbert space H
and G : C x C — R a function satisfying the condition (E1)—(E4). Forr > 0 and x € H,
let Sy : H — C be a r-resolvent defined by

1
T,(x):[zeC:G(z,y)—F;(y—z,z—x)zO,VyeC], x € H.

Then:

(i) T; is single-valued;
(ii) T, is firmly nonexpansive, i.e.

IT,x — Try|> < (T,x — Ty, x —y), Vx,ye€ H;

(iii) F(T,) = EP(G);
(iv) EP(G) is closed and convex.

Remark 2.11 For any x € H and r > 0, by Lemma 2.10 (i), there exists # € H such that
1
Gu,y)+ —(y—u,u—x)>0, VyeH. 2.1
r
Replacing x with x — rWx € H in (2.1), we have

1
Gu,y)+ (¥x,y—u)+ —-(y—u,u—x)>0, VyeH, 2.2)
r

where W : H — H is an inverse-strongly monotone mapping.

3 Implicit iterative approximation methods

In this section, for finding a common element of the set of solutions of the generalized equi-
librium problem and the set of all common fixed points of a nonexpansive semigroup, we
prove a strong convergence theorem of an implicit iterative sequence.

Theorem 3.1 Let S = (T (s))s>0 be a nonexpansive semigroup on a real Hilbert space H.
Let f : H — H be an a-contraction, A : H — H a strongly positive linear bounded
self adjoint operator with coefficient y, G : H x H — R a mapping satisfying hypotheses
(E1)-(E4) and WV : H — H an inverse-strongly monotone mappings with coefficients § such
that F(S)N GEP(G, V) # 0. Let {a,} C (0, 1), {ry} C (0, 28) and {s,} C (0, 00) be the
real sequences. Then the following hold.

(i) Forany0 <y < g, there exists a unique sequence {x,} C H such that

[Gwmw+0Mwy—mn+;w—umw—mazo,VyeH, A

Xn = any f () + (I — a@uA) - [§" T(s)upds, Yn > 1.

(i) Iflimyeoan = 0, liminf, o1, > 0, and lim,_, o s, = +00, then the sequence

{x,} defined by (3.1) converges strongly to z, which is a unique solution in F(S) N
GEP(G, V) of the variational inequality

(yf—Az,p—2) <0, Vpe F(SYNGEP(G, V). (3.2)
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Proof We first show that {x,} is well defined. For each n > 1, we consider the mapping
S, : H — H defined by

Sn
Spx = apyfx)+ U — chnA)i / T(s)T, (I —ryW)xds. (3.3)
Sn )
for all x € H. We claim that S, is contractive with the coefficient (1 — o, (y — y)). We
observe that 7,, (I — r, V) is nonexpansive for all n > 1. Indeed, for any x,y € H,
I T, (I = g W)x — T, (I — i )y [* < (1 — 1y ¥)x — (I — r ©)y|

=[x = y) = ra(Wx — ¥y)|?
= [lx—y[I? =2, (x—y, Wx—Wy)+ry | Wx—Wy]?
< lx = yII* = 2811 Wx — Wy|* + ry [ Wx — Wy|?
= llx = yII* 4+ ra(ra — 28) | Wx — Wyl
< Ilx —yl* (3.4)

It follows from Lemma 2.6 and (3.4) that
Sn
1
1Snx — Suyll < |anyf )+ U — anA): / T ()T, (I —rpW)xds

n
0

L
—anrf () = (0 =) [ TOT, (1 = rwivds
0

IA

7
@y 1£ ) — FO + (1 — an7) S—/[T(smn(l Y
0

—T ()T, (I —r,¥)ylds

apyallx =yl + A = a1, I —rp,W)x = T,,(I —r, W)yl
apyellx =yl + 0 —any)lx —yl
= —an(y —yo))lx =yl

IATA

Since 0 < 1 —a,(y — ya) < 1, it follows that S, is a contraction. Therefore by Banach
contraction principle, S, has a unique fixed point x,, € H such that

Sn

Xp = Oanf(Xn) + (I - anA)Si/T(S)Trn(I - rn"p)xnds-
" 0

Next, we will show that {x,} is bounded. Since o, — 0 as n — 00, we may assume,
with no loss of generality, that o, < ||A||”!, for all n > 1. Note that u, can be writ-
ten as u, = T,,(x, —r,¥x,) forall n > 1. Take p € F(S) N GEP(G, ¥). Applying
p =T, (p—r,¥p) and (3.4), we obtain the following

lin — plI* < 1Ty, Gen — 1aVxn) — Ty, (p — 1 ¥p)||*
< lxn = pI? + ra(r = 28) [ Wx, — ¥p|* < llxy — plI*. 3.5
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This implies that

1
len — pll < @nlly (o) — Apll + (1 — any)s—/ 1T (S)uw — T(s)plids
0

< apyalx, — pll+aullyf(p) — Apl + (A — auy)llxn — pll.

Hence,

1

lxn — pll < = llyf(p) — Apll,
Y —ya

i.e., {x,} is bounded and so is {u,}. Now, we will prove that

lim |x, —u,| =0.
n—o0

From Lemma 2.3 and (3.5), we have
2

Sn

B 1
lxn — plI* < (1 — ap)? S—/T(s)unds —p
n
0

+ 20, (yf(xn) —Ap+vf(p) —vf(p), xn — p)
< (1 +a27% = 20,7 lun — plI* = 2anyallx, — pl?
20, (yf(p) — Ap, X — p)
< (U +a27Dlun — plI* = 20 yalx, — pl* + 2au (v f(p) — Ap, X — p)
< (1 + 27D (1% — Pl + ra(rn — 28)1Wx, — ¥p|%)
— 2y ya|xy — plI? + 20, (v f(p) — Ap, X — )
=+ a2 lxn — plI* + (A + a27Hra(ry — 28)|Wx, — Wp|?
=20y yalxy — pl* + 20, (yf(p) — Ap, X0 — p)
and hence
2-2 2 =2 2
I+ o,y )rn (26 —r)|Wx, — Vpll© < aplany” —2ya)llx, — pll
+2an (J/f(P) - AP7 Xp — P)
From lim,,_, o o, = 0 and liminf,,_, 5o 7, > 0, we have
Wx, —¥p| — 0, asn — oo. 3.6)
On the other hand, using Lemma 2.10 and (3.5), we have
litn — plI* = 1T, (n — ra¥xn) — Ty, (p — 1 ¥p)||>
< {xp —ra¥x, — (P - ”n‘I’P)v Uy — P)
1
= 5 UIGon = ra W) = (p = P+ llun — plI?
—[1Gen = raWxn) — (p — ra¥p) — (un — p)II?

1
5 Uln = PIZ 4 Ny — plI> = 1o — ) — ra (Wx, — W) |1

IA

1
= 5 (b — Pl + llun — pI* = llxn — unll?
+ 20 (X — 1y, WX, — Wp) — 12| W, — Wp|?).
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So, we have

Iy — plI* < llxn — pI* = llxn — unll®
+ 27 (X — U, WX, — Wp) — 12| W, — Wp|*. 3.7

It follows from Lemma 2.3 and (3.7), for any p € F(S) N GEP(G, V),

Sn 2

_ 1
o = pIP < (1= e | = / T()inds — p
n
0

+ 200 (yf(xn) —Ap+vf(p) —vf(P), Xn — p)

< (I+ ;7% = 207 lun — plI* — 20y a|x, — pl?
+ 20, (yf(p) — Ap, Xu — P)

< (L+ a2 7)) lun — plI* = 2eyalixg, — plI> + 20, (v f (p) — Ap, x4 — p)

< llun — pI* + 07 lxn — plI* = 20myalx, — pll*
+ 2an(yf(p) — Ap, xn — p)

< |lxn — pI* = N0 — > + 270 0 — ttn, W, — Wp) — rZ|[Wx, — Upl?
+ani?lxn — plI* = 2anyelxn — plI* + 20 (yf(p) — Ap. xp — p)

< llxn = pI* = %0 — wnll* + 2rnllxn — wn | 1Wx, — Wp|| — r2||Wx, — ¥pl|?
+an i xn — plI* = 2apyelxy — plI* + 20 (yf(p) — Ap. xn — p). (3.8)

So, we have

120 — wunll® < W — Wpl2ryllxn — unll — r2 [ Wx, — ¥p|]
+ a7 %0 — plI* + 2yallx, — pli* +2(vf(p) — Ap, xp — P)1. (3.9)

Using lim,,_, 5, @, = 0 and (3.6), we can conclude that

X, — unll = 0, asn — oo. (3.10)

On the other hand, let z; = Pr(s)xjand D = {z € H : |z —z1]| < 52—y f(z1) — Az ||}
Then D is a nonempty closed bounded convex subset of H which is 7 (s)-invariant for each
s € [0, 00) and contains {x,} and {u,}. We may assume, without loss of generality, that
S = (T (s))s>0 1is a nonexpansive semigroup on D. In view of Lemma 2.1, we can obtain

that

Sn

. 1 /
lim ||—
n—>0o0 || §,
0

Sn
1
T (s)uy,ds — T(s) —/T(s)u,,ds H
Sn
0

Sn Sn
1 1
< lim sup f/T(S)ZdS—T(S) f/T(S)ZdS =0 (3.11)
=00 ¢eD || Sn Sn )
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for every s € [0, 0c0). We observe that, for any 0 < 5 < oo,

Sn

IT($)xn — Xnll < | T($)xn — T(S)%/T(S)unds

0
Sn Sn
1 1
+ T(s)—/T(s)unds— —/T(s)u,,ds
Sn Sn
0 0

Sn
1
+ —/T(s)unds—xn
Sn
0

Sn
1
< 2|lx, — —/T(s)unds
Sn
0

Sn Sn

+ T(s)l/T(s)u,,ds— %/T(s)unds
"0

n

Sn

=20 ||V f(xn) — ?/T(S)unds

n

0
1 f 1 F
+ (T (s) —/T(s)unds ——/T(s)unds
Sn Sn
0 0

Applying (3.11), Lemma 2.1 and the boundedness of {x,}, {u, }, we obtain that
T (s)x, —xp|l = 0, asn — oo forall0 <s < oo. (3.12)

Consider a subsequence {x,,} of {x,}. Since {x,,} is bounded, there exists a subsequence {xnij}

of {x,;} which converges weakly to z € H. Next, we show that z € F(S) N GEP(G, V).
Without loss of generality, we can assume that x,,, — zasi — o0o0.From ||T (s)x,, —x,, || = 0
and the demiclosedness principle of I — T (s) for all 0 < s < 0o, one sees that

T(s)z =z forall0 <s < oothatisz e F(S).
Next, we show that z € GEP(G, V). From ||x,; — uy,; || — 0, one sees that
up, ~z and T(s)x,; — 2z, asi — ooforall0 <s < oc0.

Putting {x;} := {x,;}, {u;} := {up;} and {r;} := {r,;}. Since u,, = T}, (x, — r,¥x,), for any
y € H we have

1
G@un,y) + (Wxp, y —up) + —(y — un, uy — x) = 0.

n
From (E2), we have

1
(Wxn, y —up) + 7()’ — Up, Uy — Xp) = G(y, up).

n

Replacing n by n;, we have

1
<\lei’y_ui)+7<y_uivuk_xi>EG(yaui)7 f0rally€H~ (313)
7

1
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Putu; =ty + (1 —t)zforallt € (0,1] and y € H. Then, we have u; € H. So from (3.13)
we have

uj — Xj

(r —ui, Yug) > (up —ui, W) — (up —ug, Wx;) — <uz — uj, >+ G(uy, u;)

ri

u; — Xj

i

= (uy —uj, Vur — V) + (up —ui, Yu; — Wx;) — <Mt —u;, >+ G(uy, u;).

Since |lu; — x;|| — 0, we have ||Wu; — Wx;|| — 0. Further, from monotonicity of ¥, we
have (u; — u;, Yu; — Yu;) > 0. So, from (E4) we have

(u; — z, Yuy) > G(uy, 2), (3.14)
as i — oo. From (E1) and (E4) and (3.14), we also have

0=Gup,u) <tGu, y) + (1 =0Gus, 2)
=tGup, y) + (= ){uy — z, Yuy)
=1G(up, y) + (1 =0)(y — z, Wuy)

and hence
0<Gu,y)+ A —1t)y—2z,Vuy).
Letting ¢+ — o0, we have, for each y € C,
0<G(z,y)+{y—1z ¥z).

This implies z € GEP(G, V). Hence z € F(S) N GEP(G, W) is proved. Next, we show
that z solves the variational inequality (3.2). We observe that

2 — zlI* = (¥f (xn) — Az, Xy — 2)

Sn

0
< (I —onP)lxn — z* + an{yf (xn) — Az, Xy — 2)
< (1=l — zlI* + anyalxg — 2l + anlaf (2) — Az, x4 — 2).

+ <(I—oznA) i/T(s)u,,als—z ,xn—z>

This implies that

2
llxn — zll” <

- (yf(2) — Az, x, — 2).
Yy —va

In particular, we have

1
lx; — 2l < g @~ Az — ). (3.15)

Since x; — z, it follows from (3.15) that x; — z asi — oo. We rewrite (A — y f)x, as

1
A—-yflxy=——

n

Sn
1
I —ayA) | x, — —/T(S)Tr” (I —rp¥)x,ds
Sn
0
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and utilize the fact that (/ — T') is monotone if T is nonexpansive. Hence, for any p €
F(S)NGEP(G, V), we have

Sn

1 1
(A=yf)xn, xyp—p) = _OT <(I_anA) xn_:/T(S)Trn(l_rnw)xnds ,xn_p>
n n 5
Sn
1 1
= —— 1 — —/T(S)Trn(l —rp,W)ds | x,
oy, Sn

0

Sn
1
—| 17— —/T(S)T,n (I —r,W)ds | p, xp —p>
Sn

0

41 <A/[xn T ()l Xy — p>.

0
Sn
1 1
= —— < I——/T(s)T,n(I—rn\Il)ds Xn
s
! 0
Sn

./
- =
Sn

T()T, I —r,W)ds | p,x, — p>ds
0

—i—i <A/[xn — T (S)uylds, x, — p>. (3.16)

Sn
0

Since the map i OS" T(s)T,, (I —r,W)ds is nonexpansive, I — é OS” T)T, (I —r,W)ds
is monotone. This implies that

n n

Sn Sn

1 1

< I——/T(S)Tr"(l—rnlll)ds Xp— I——/T(S)Tr"(l—rnlll)ds p,xn—p> > 0.

S S
0 0

This together with (3.16), we obtain that

((A=y)xn, xp —p) < <Axn - é\/T(S)Mndsvxn - P>-

Sn
0

By the definition of x,,, we obtain that
Sn

Sn
A A
Ax, — — / T(s)upds = anA | yf(xy) — — / T (s)uyds
Sn S
0

n
0

Then,

(A = yf)xns 20 — ) < <A Y Gn) — sé / T()unds | o — p>. 3.17)

n
0
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In particular, we have
Si

A
((A=yf)xi,xi —p) <« <A vf(xi) — ;/T(S)uids S Xi = P>- (3.18)

l

0

where «; := oy, . Passing to the limit i — oo, by the boundedness of x; and u; we obtain
(A=yfz,z—p)=lim{((A—-yf)xi,xi—p) <0, Vpe F(SYNGEP(G, V).
11— 00
3.19)

Thatis, z € F(S)NGEP(G, V) is a solution of the variational inequality (3.2). Finally, we
will show that the sequence {x,} converges strongly to z. Assume that there exits a subse-
quence {x,, } of {x,} such that x,, — x* as k — oco. By the same methods as in the above
proof, we obtain x* € F(S) N GE P(G, V). If follows from the inequality (3.19) that

((A=yfz,z—x") <0. (3.20)
Interchange z and x™ to obtain
(A=yf)x*,x* —z) <0. (3.21)
Adding the inequalities (3.20) and (3.21), yields
(7 = yo)llz = x*I? < {2 = x*, (A = yf)z = (A= yf)x*) <0
by Lemma 2.7. Hence z = x* and therefore x, — z as n — oo. This completes the
proof. O

Setting G = 0, ¥ =0, r, = 1 in Theorem 3.1, we have the following result.

Corollary 3.2 [12, Theorem 3.1] Let C be nonempty closed convex subset of a real Hilbert
space H. Suppose that f : C — C is a fixed contractive mapping with coefficient 0 < o < 1,
and § = {T(s) : s = 0} is a one-parameter nonexpansive semigroup on C such that F (S) is
nonempty, and A a strong positive linear bounded operator with coefficient y > 0, {a,} C
0, 1), {sn} C (0, 00) are real sequences such that lim,_, 5 o;, = 0, lim,,_, 5 5, = 00, then
forany 0 <y < y/a, there is a unique sequence {x,} C C such that

Sn
1
Xy = — anA)? / T (s)xpds + any f(xn)
n
0

and the sequence {x,} converges strongly to the unique solution z € F(S) of the variational
inequality ((yf — A)z, p —z) <0,Vp € F(S).

4 Explicit iterative approximation methods

Theorem 4.1 Let S = (T (s))s>0 be a nonexpansive semigroup on a real Hilbert space H.
Let f : H — H be an a-contraction, A : H — H a strongly positive linear bounded
self-adjoint operator with coefficient y and let y be a real number such that 0 < y < g

Let G : H x H — R be a mapping satisfying hypotheses (E1)—-(E4) and V : H — H an
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inverse-strongly monotone mapping with coefficients § such that F(S) NGEP(G, V) # 0.
Let the sequences {x,}, {u,} and {y,} be generated by

x1 € H chosen arbitrary,
G(un;y)+<\I’xn7y_un>+%(y_un,un_xn>Zo» VyEH, (4 1)
Yn = Buxn + (1= Ba) i Jo" T()unds, ‘

Xpp1 =V f(xp) + (I — 0y A)y,, Vn>1,

where the real sequences {r,} C (0, 28), {s,} C (0, 00) and {a,}, {Bn} in (0, 1) satisfy the
following conditions:

(D1) limyseoey =0, D00 oy = +00,

(D2) liminf, o7y > 0, limy oo [Fps1 — 1l =0,

(D3) limy o0 5y = +00, limy oo 22221 = 0, and

D4) O0<a<pBy<b<l,lim_00l|Bn— Pn-1l=0.

Then the sequences {x,}, {u,} and {y,} converge strongly to z which is a unique solution in
F(S)NGEP(G, V) of the variational inequality (3.2).

Proof We divide the proof of Theorem 4.1 into five steps:

Step 1 Firstly, we show that {x,}, {y,} and {u,} are bounded.

Note that u, can be written as u, = T, (x, — r,Wx,) foralln > 1. Take p € F(S) N
GEP(G,V¥).Since p=T,,(p —r,¥p) and ¥ : H — H is an inverse-strongly monotone
mapping with coefficients § satisfying 0 < r,, < 26, we obtain the following

lun = pI* = 1T, o — raWxy) — Ty, (p — 1 ¥p) |12
< 1w — ra¥xa) — (p — ra¥p)|I?
= | (tn = p) = ra(Wx,, — Wp)|?
= |y — pII* = 2rn (%0 — p, Wy — W) + r2{|Wx, — Wp]|
< llxn = plI* = 20811 W, — Wp| + 17| Wx, — Wp|?
= %0 — pI? + ru(ra — 28)|Wx, — Wp|*
< llxa — pII*. 4.2)
Since lim,,_, oo o, = 0 we may assume, without loss of generality, that a;, < ||A|~! for all
n € N. Applying Lemma 2.6 and (4.2), we obtain
Sn
Ixns1 = Pl = |y f ) + (I — anA)(Bpxn + (1 — ﬁn)si / T(s)unds) — p

n

0

= ey f(xu) —anyf(p) +onyf(p) —anAp

Sn

FU = A+ (1= ) / T()itnds — p)
" 0
loy (FGon) = £V + lan (v £(P) — AP

Sn

+ (I —ay) ||Buxn + (1 — lgn)sl/T(s)undS - P
0

IA
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= llony (f Cen) = F(PDI + llan (v f (p) — Ap)l

S
+d —any) | Bn(xn —p)+ (1 = ,Bn)é/[T(S)un —T(s)plds
0
< oyl f ) = (P +anllyf(p) — Apll
+ (1 =eny)Bullxn — pll + (1 = Bu)llun — plD)
< oy I f () = (P + anllyf(p) — Apll
+ A = anp)Bullxn — pll+ (1 = Bo)llxn — P
= (I —an(y —ya))lxn — pl +anllyf(p) — Apll. (4.3)
From a simple inductive process, it follows that
lvf(p) — Apll ]
—ya
which yields that {x,} is bounded, so is {u,}. Moreover, since

lxn — pll < max [lel =l

Sn

1

lyn — pll = || Buxn + (1 — ﬂ,,):/T(S)undS - P
n

0

Sn

1
= || Bnxn — Bup + (1 — ﬁn)?/T(s)unds - =B8)p
0

1 Sn

= BnCxn —p)+ (1 — ﬂn); /[T(S)un —T(s)plds

0

< Bullxn — pll + (1 = B lun — pll

< Bullxn — pll + A = B)lxn — pll

= |lx, — pll. 4.4)

{yn} is also bounded.

Step 2 Now we show that

lim g1 — 2l =0, lim [lyuri —yull =0 and  lim |luys1 — unll = O,
n—o0 n—o0 n—0o0

We rewrite x,,41 in the form:

Xn41 = (1 - )‘n)xn + AnZn, (45)
where
An = 1 - (1 _O{n)ﬂn
and
Sn
ap B (I = Bn) 1 ap
=——U-Axp+——U—-anA)— [ T(Oupds + —yf(xp). (4.6)
An An Sn An

0

Sincea, > 0and 0 < a < B, <b < 1, we have

0 < liminf A, <limsupi, < 1.
n—00 n—00
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Next some manipulations give us that

(0% (07
tnst — gy = PRI gy B

}\n-‘rl )‘-n
Sn+1 Sn
1- 1 1
+ﬂ e / T(s)up41ds — —/T(s)unds
An+1 Sn+1 Sn 0

Sn+1

_ (I = B+ 1)n+1 A 1
Antl Sn+1

Sn
1-— 1-— 1
+( Bn+1 _ ,Bn) f/T(S)MndS
Antl An Sn
0
Sn

B (om+1 _ ‘Ln) (1— 5H)A%/T(s)unds
"0

Sn
1
T(s)upy1ds — —/T(s)unds
Sn
0

)Ln+1 An
Sn
(e P 1
SBaiiss wn—ﬂHoAgi/T@nmm
Anti Sn
0
Ap+1 AUp+1 o
+"+04uﬁn—yﬂﬁn+(’” —Jﬂyﬂ%y
)\nJrl )\nJrl )Ln
Therefore
Izn+1 — Znll = I%nt1 — Xal
Brn+10y41 Bua Uptl
< TN = A)xpt |+ =T = Axall 4+ | == — 2y f )
)‘n+l An }\n+l An
Sn+1 Sn
1— 1 1
+ (ﬁ - 1) / T($)utps1ds — Txps1 + —/T(s)unds
Antl Sn+1 ) Sn )

Sn+1

Sn

1— o 1 !

_I_M”A” S / T(S)upi1ds — Txpyyq + —/T(s)u,,ds
An+l Sn+1 0 Sn 0

Sn

1
— / T (s)uyds

+‘1_,3n+1 _1_I3n

An+1 An Sn
17
o o
I bR —,Bn)A—/T(s)u,,ds
)\n+1 An Sn 0

Sn

« 1
A8, = B AS—/T(s)u,,ds

)Ln+1 n
0
Apnt1 Upnt1
+ G f Cong1) — YL@ |+ [ 255 — 2y f @)l
)Ln+1 }Ln—&-l )Ln
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Since A, =1 — (1 — o) B, and «;;, — 0, then

. 1= B, . an B
= lim {(1-— =1.
n—oo A, n—00 A

n

Then last inequality implies
lim sup([[zn+1 = 2n |l = llXn+1 — x1)) =0
n—oo
and so an application of Lemma 2.4 asserts that
lim |z, — x,|| = 0.
n—00

Consequently,

lim [x,41 — x,ll = lim (1 — Ap)llzp — xxll = 0.
n—00 n—00

From the fact that

(l_l)b=_a—b’
a b a

for all nonzero real numbers a, b, we obtain that, for any p € F(S),

Sn

B + (1 — mvi / T ($)uyds

0

l¥n — Yn—1ll

Sn—1

1
= Bn—1xp—1 — (1 = Bu—1) / T (s up—_1ds

Sp—1

Sn—1

Sn
1 1
= || Buxn — Bn—1Xn—1 + —/T(S)unds - / T(s)up—1ds
Sn ) Sn—1 )

Sn Sn—1

—&/T(s)unds—i- Pu-t / T(S)up—_1ds
0

n Sn—1
0

IA

Brn(xn — xp—1) + Bn — Bu—DXn—1 + (L = Bu) | —

on

Sn—1 Sn—1

1

Sp—1

Sn—1

Brn(xn — xn—1) + By — Bu—1)Xn—1

Sn

+ (1 =By %/[T(S)un —T(u,—11ds + (i —

n Sn
0

Sn

0

1

Sn—1

)

4.7

4.8)

! / T (s)upds
s

1
/ T(S)up—1ds | — (Bu — Bn-1) / T(s)up—1ds
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Sn—1 Sn
1
< / [Tt~ T(5)plds + — / [T($)itn_1 — T(s)plds
0 n

Sn—1
1
/ T(s)up—1ds
n—1
0
=< Bullxn — xp—1ll + 1B — Bt lllxn—1ll + (1 = Bo) {llutn — up—1ll

Sn—1
2|5y — Su—1]
+ ("Si" lun—1 — pllt + 180 — Bu—1l / T (s)uy—1ds
n
0

_(,3n -

n—1
4.9)
On the other hand, we observe that

Up = Tr,, (xp —rWx,) and wu,y) = Tr,,+1(xn+l — 1 Yxug)

we have

G, y)+ (Vx,, y —up) + %(y — Uy, Uy —Xp) >0 forally e H (4.10)
and
Glte1,3)+ (V1,3 = t) + (3 =ttt = 5100) 2 0 forally € H

4.11)

Putting y = uy,41 in (4.10) and y = u,, in (4.11), we have
1
G(una Mn+l) + (\pxns Up+1 — un) + 7(“n+1 — Up,Un — xn) >0
n
and
1

n+1

G(upg1,up) + (Wxpqn, Uy — Ups1) + (p — tpy1, Upt1 — Xpg1) = 0.

Adding the above two inequalities, the monotonicity of F' implies that

Uy — X, u — X
n no_ n+1 n+]>20.

(“lerH»l — Wx,, u, — un+l) + <un+1 — Up
I'n 'n+1

Hence

0 < (up—ups1,rn(Wxpqq —

— Xnt1) — (Up — X))

<un+1 — Up, Up — Upy] + ( ) U1 + Gng1 — 1 VXn41)

n+1

— (xp — 1 Wx,) — Xp41 + xn+ >

= <un+1 — Up, Uy — Upy1 + ( ) (Un+1 — xp+1) + Gnp1 — rnWxn41)

—(xp — rn\pxn)>~
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It follows that

2 "n
luntr — unll”™ < Nupt1 — unll Hl - lunt1 — xprll + llxn+1 — xall
Tn+1
and hence
'n
lupsr —unll < |1 — " lunt1 — xnrll + llxn+1 — xall- 4.12)
n+1

Since lim inf,,_, o, 1, is strictly positive, there exists b > O such that r, > b for large n € N.
Then,

[Fn1 — 7l

3 luns1 = Xngrll- (4.13)

lttns1 — unll < lxpe1 — xull +

Using (4.9) and (4.13), we can obtain
lyn = yn—1ll < Bullxn — xu—1ll + 180 — Ba—1lllxn—1ll + (1 — ,Bn)[”xn — Xp—1l

|70 — 1n—1] 218y, — Sp—1l
+ "ty — xpll + | ") lun—1 — pll
b Sn

Sn—1

1
+1Bn — Bu-1l / T(s)up—1ds
Sn—1 5

[rn — rn—1l
= llxp — xn—1ll + 180 — Bu—1lllxn—1ll + (1 = By) T”un — xn||
Sp—1
2|80 — Sp—1| 1
+ (7 lun—1 = pllt + 180 = a1l / T(s)up—1ds|) .
Sn Sn—1
0
(4.14)
From (4.8) and (D2)—(D4), it follows that also
lim (lup1 —upll = Hm ||yp1 — yull = 0. (4.15)
n—o0 n—o0
Step 3 Now we will prove that
lim [lx, — yull = lim [Juy — yull = lim Jlx, — u, | = 0. (4.16)
n—oo n—oo n—oo

In fact, since

Ixn = Yull < lyn — Yu—1ll + an—1llyf n—1) — Ayn—1ll,

and from the boundedness of { f (x,—1)}, {A(yp—1)} and lim,,—, ¢ ||y — Yn—1]l = O, it follows
that

lim |x, — yu|l = 0.
n—0o0
From Lemma 2.3, it follows that

%01 — PI? < I = @n A — P + 200y f (Xn) — Ap, X1 — p). (417)

%01 — pII> < (1= @) ?Mlyn — pI? + 200 (Y f (xp) — Ap, X1 — ). (4.18)
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Using (4.4) and (3.5), we have

Ix%n41 =PI < (1 — a2 Bullxa — pll + (1 = B)llun — pID?
+ 20, (y f (xn) — Ap, Xp41 — D)
< (1 =207 + o7 Bullxa — plII* + (1 = B lun — plI*)
+ 2y (v f (xn) — Ap, Xut1 — P)
< A+ ap 7)) Ballxn — plI* + (1 = B)llun — pI*)
+ 200 (v f (xn) — Ap, Xut1 — p)
= (457D Bullxa — plI* + A+ a7 (1 = B llun — plI*
+ 20, (Y f (xn) — AP, Xut1 — p)
< A+ az7H)Bullxn — pIIP + A+ o271 = B (lxn — plI*
+ 1 (rg = 28)[|Wx, — Up1?)
+ 20,y f(xn) — Ap, Xu+1 — p)
= U+ ap7D)lxn — plI* + A+ o7 (1 = B)ra(ra — 28) || Wx, — Wp|?
+ 20, (Y f (xn) — AP, Xut1 — p)
< lxn = pI? + o272 1% — pI? + 200 (v f (¥n) — Ap, Xng1 — P)
+(1+ 27 (A = Bu)ra(ry —28)|Wx, — ¥p]|? (4.19)

and hence

(147D (1= B)ra(28 — r) [ Wxy — WplI* < |y — plI* = lxnst — plI?
+ 20 (¥ f (Xn) — AP, Xns1 — P)
+op 72, — pl?
< 1xn = Xpg1 [ (xne1 — Pl A+ llxa — pID)
+ 20, (v f (xp) — Ap, Xug1 — P)
+o27 % xa — plI*.

From lim,,_, 5o @, = 0, lim inf,,_, o, r, > 0 and (4.8), we have
Wx, —Yp| — 0, asn — oo. (4.20)
Moreover, for p € F(S) N GEP(G, V), we have that,

ln — pI* < llxn — pII* = lxn — unll?
+ 27 (Xp — iy, Wx, — Wp) — 12| Wx, — Wp|°. 4.21)

From (4.4), we obtain
2

| Sn

lye = plI> < | Baen — p) + (1 — B — / [T (s)un — T (s)plds
0

< Bullxa — plI> + (1 = B)llun — plI*. (4.22)
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From (4.18), (4.21) and (4.22), we obtain

%041 — PIZ < (1 = a?)?Bullxn — pI* + (1 — a7)*(1 = B lun — plII*

+ 20,y (f (xn) — f(P), Xnt1 — p) + 200 (y f(p) — Ap, Xn+1 — P)

< (1= an?)?Bullxn — pI* + (1 — an )1 = B)(lxn — pII* = lIxn — unl®
+ 27 (X — . Wxy — Wp) — 1| Wi, — Wpl|?)
+ 20,y (f (xn) — f(P), Xnt1 — p) + 2e0(y f(p) — Ap, Xpnt1 — P)

< (=) ?llxn — pIP = A = i) = B llxn — unll*
+ (1 =) (1 = Bu)2rullxn — unll[Wx, — Wp||
— (1 — ) (1 = B)ry || W, — Wpl|?
+ 20,y (f (xn) = f(P), Xnt1 — p) + 20 (v f(p) — Ap, Xnt1 — P)

(4.23)

and hence,
(1 — an?)*(1 = b)[1xn — upl?

< (1 —an?)?llxn — pI* = %041 — pII?
+ (1= oy ) (1 = B2y lIxn — unll[[¥x, — Up|
— (1= an?)* (1 = Brp Wy — UplI? + 20y (f (t) — f(P), Xns1 — P)
+ 20, (yf(p) — Ap, Xnt1 — p)

< (1 =207 + g7 %0 — pI* = lxag1 — pII?
+ (1= an i) (1 = Bu)2rallxn — unll||[Wx, — Wp||
— (1= an?)* (1 = BrplWxy — Wpl|* + 200, (f () — f(P), Xns1 — P)
+ 20, (yf(p) — Ap, Xut1 — p)

< [lxn — pI? = 1xXns1 — pI* = 2007 %0 — PI* + &27% x0 — plI?
+ (1= ey ?)?(1 = B2 llxn — unll[|[¥x, — ¥pl|
— (=) = BrpWx, — Wp|?
+ 200y (f (xn) — fF(P), Xnt1 — p) + 200 (v f(p) — Ap, Xn+1 — P)

< gt = xall (0 = pll + IxXn41 — PID
+anloni 2 lxn — plII* = 27 1%0 — pI* + 2y (f () = £ (D). Xns1 — P)
+2{yf(p) — Ap, xpt1 — p)]
+ W, — Wpll[(1 — an?)*(1 = B)2rnllxn — unll
— (1 =) = B)ra|Wx, — Upl].

From (3.6), lim;,— 0 ||Xn+1 — X»|| = 0, the boundedness of {x,} and hypothesis (D1), it
follows that

lim [lx, —u,| =0, (4.24)
n—oo

and consequently
lim |y, —un| = 0. (4.25)
n—oo

From (4.24) and (4.25), we have
lim [x, — yall = 0. (4.26)
n—oo
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Putting 1, = é o" T(s)unds, since
lxn — tnll < llxn — Yull + [lyn — tull
< |Ixn = Yull + 1 Bnxn + (1 = Bty — tull
< lxn = Yull + Bullxn — tull,
we have
(I = Bllxn — tall < llxn — yull.
From (C4) and (4.26), it follows that

lim |x, —t,]] =0. 4.27)
n—oo
By (4.24) and (4.27), we have
lim (¢, — u,|| = 0. (4.28)
n—oo
Step 4 Next, we show that
lim sup((A — yf)z,z — x,) <0, (4.29)
n—oo

where z = Pr(s)nGEPG,v)(I —A+yf)(z)is aunique solution of the variational inequality
(3.2). To show this inequality, we choose a subsequence {x,,} of {x,} such that

Iim ((A — yf)z, 2 — xp,) = limsup((A — ¥ )z, 2 — xn).

11— 00 n—00
Since {x, } is bounded, there exists a subsequence {xnij } of {x,, } which converges weakly to
w. Without loss of generality, we can assume that x,, — w. From lim,, . (X, — ;]| = 0,
we obtain t,, — w.Letz; = Pryxiand D = {z € H : lz—z1|l < llx1 — 21l +
?Jya lvf(z1) — Az1||}. Then D is a nonempty closed bounded convex subset of H which
is T'(s)-invariant for each s € [0, 0co) and contains {x,}, {u,}. We may assume, without loss
of generality, that S = (T'(s))s>0 is a nonexpansive semigroup on D. In view of Lemma 2.1,
we can obtain that, for every s > 0,

lim [ty — T(s)tall = O.
n—oo

By the same argument as in the proof of Theorem 3.1, we conclude that w € F(S) N
GEP(G, V). This implies that
limsup((A — yf)z, 2 — xp) = lim ((A — yf)z, 2 — xn;)
n— 00 i—00
=((A—-yfz,z—w) <0. (4.30)
Step 5 Finally, we prove that x, — z and u, — z as n — oo. From (4.18), we obtain
X1 — 21 < (= @)l — 2% + 200y (£ (n) = £ (@), Xng1 — 2)
+ 200 (yf(2) — Az, Xn41 — 2)
< (1= an?)llxn = 2> + 20y allxy — zlllXn 41 — 2|
+ 20, (y f(2) — Az, Xpt1 — 2)
< (1= @y Pl = 2l + 20y (b, — 2l + lxs1 — 2017
+20,(yf(2) — Az, xp41 — 2)
< (1 =) + any @) X0 — 2l1* + anyelxnps — 2
+2an(yf(2) — Az, Xnt1 — 2).
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This implies that

1 = 20,7 + (@, 7)> + apya
[xXn41 — 2I* < S 2 — 2
—ayya
20,
(vf(@ — Az, xp41 — 2),
1 —apya
27 — ya)e (@)
= (1 - fiy) I — 2l + 2, — 2]
—Upya — oy
20
" (yf (@) — Az, Xu1 — 2).
1 —oayya
Setting
M := sup |lx, — z|I*, 31
neN
we obtain
2(y —yo)a 2y —yo)a
Ixnpr — 2> < (1= =—— ) o —2l> + =———
1 —apya 1 —apya
o 7EM
> + = vf@ — Az, xpp1 —2)). (432
20y —ya) (¥ —vw)
Settin = M and (@, 7)M + f(2)— Az, x,41 —2). Itis easily to see
g Vn —apya n = 2y VJ/Oly »Antl : y
that anl yn = o0 and lim sup,,_, ., B, < 0 by (4.29). Hence, by Lemma 2.8, the sequence
{x,} converges strongly to z. From lim,_  ||[x, — y,|| = 0 and lim,— ||X, — un| = 0,
we conclude that {y,} and {u,} also converge strongly to z as n — oo. This completes the
proof of Theorem 4.1. O

Setting ¥ = 0 in Theorem 4.1, we obtain the following results.

Corollary 4.2 Let S = (T (s))s>0 be a nonexpansive semigroup on a real Hilbert space H.
Let f : H — H be an a-contraction, A : H — H a strongly positive linear bounded self
adjoint operator with coefficient y and let y be a real number such that) <y < Z .LetG:

H x H — R be a mapping satisfying hypotheses (E1)-(E4). Assume that F (S)N EP(G) #0

and the sequences {x,}, {u,} and {y,} be generated by

X1 € H chosen arbitrary,

G(un, y) + %(y —Up, Uy —xp) >0, VyeH,
Yn = Bnxn + (1 — ﬂn)%” (;" T(s)uyds,

Xpt1 =V f(xn) + (I —apA)y,, Vn =1,

where the real sequences {a,}, {Bn}, {sn}, {rn} satisfy the following conditions:

DD limyey =0, D07, ap = +00,

(D2) liminf, ooty >0, lim, oo [Frap1 — 7l =0,

(D3)  limy—o0 54 = +00, limy—oe ==t = 0, and

(D4) 0<a=<p,=<b<l1lim |5nn_ Bn-11=0.

Then the sequences {x,}, {u,} and {y,} converge strongly to z which is a unique solution in
F(S)N EP(G) of the variational inequality ((yf — A)z, p—2z) < 0,Vp € F(S)NEP(G).
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Remark 4.3 Theorem 4.1 and Corollary 4.2 generalize and improve [6, Theorem 4.1]. In
fact,

(i) The conditions (C1) and (C2) can be replaced by the weaker conditions (D1) and (D2)
respectively.

(ii) The control condition lim,, .o, 2=l L — 0 on (C3) is placed by the strictly weaker
condition: limy,_, oo % = 0in (D3) as shown in the next example.
Example 4.4 (a) If limy_ oo ==L L — 0 then lim,_ o0 22=52=1 — 0.

' Sn oy Sn
(b) The converse of (a) is not true.

Proof Since {s,,} C (0, co) and {«,,} C (0, 1), we obtain

Sp — Sp— Sp — Sp—1] 1
|n n1|§|n n1|7

Sn Sn (7]

Then it is easy to see that (a) is true. Let s, = n and «, = % for all n € N. This implies that
limy,— 00 ‘S”:#*'l = lim;_ % = 0 but lim,,_, » ls":#*'lai = 1. Then converse of (a) is
n n

not true. Hence (b) is proved. O

A strong mean convergence theorem for nonexpansive mappings was first established for
odd mappings by Baillon [1], and it was generalized to that for nonlinear semigroups by
Reich [9,18,19]. It follows from the above proof that Theorems 3.1 and 4.1 are valid for
nonexpansive mappings. Thus, we have the following mean ergodic theorems of implicit and
explicit iterative methods for nonexpansive mappings in a Hilbert space.

Corollary 4.5 Let H be a a real Hilbert space and f : H — H be an a-contraction,
A : H — H a strongly positive linear bounded self adjoint operator with coefficient y, T :
H — H anonexpansive mapping and G : H x H — R be a mapping satisfying hypotheses
(E1)-(E4) and ¥ : H — H an inverse-strongly monotone mapping with coefficients 8. If
F(T)NGEP(G, V) # 0, thenforany0 <y < g there exists a unique sequence {x,} C H
such that

I'n

Gn, y) + (W, y — tn) + 2y — . 1y — x,) =0, Vy€H, “33)
Xn = oV f () + (I =y A) sy Xi_g TV un, ¥n > 1, .

where {a,} and {r,} are real sequences in (0, 1) and (0, 28) respectively. Furthermore,
if im, o0y = 0, and liminf, .o r, > O, then the sequences {x,} and {u,} converge
strongly to z which is a unique solution in F(T) N GE P(G, V) of the variational inequality
((yf—Az,p—2)<0,Vpe F(TYNGEP(G, V).

Corollary 4.6 Let H be a a real Hilbert space, f : H — H an a-contraction, A : H — H
a strongly positive linear bounded self adjoint operator with coefficient y, y a real number
such that 0 < y < g Let T : H — H be a nonexpansive mapping, G : H x H — R
a mapping satisfying hypotheses (E1)-(E4), and V : H — H an inverse-strongly mono-
tone mapping with coefficients 5. Assume that F(T) N GE P(G, V) # (. Let the sequences
{xn}, {un} and {y,} be generated by

X1 € H chosen arbitrary,

Gtn, ¥) + (Wxn, y = tn) + 2y = tn, tn — %) 20, Vy € H,
Yo = Bnxp + (1 — ,Bn)# ?=0 T‘iun»

Xnt1 = oy f () + U —oyA)yn, VYn>1,

(4.34)
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where the real sequences {f,}, {o,} C (0, 1) and {r,} C (0, 268) satisfy the following condi-
tions:

1) limpseo 0y =0, ano oy = 409,
(i) liminf,oor, > 0andlim, o |ryy1 —rn|l =0,
(i) O<a <P, <b<landlim,_ oo |Bn — Pn-11=0.

Then the sequences {x,}, {u,} and {y,} converge strongly to z which is a unique solu-
tion in F(T) N GE P(G, V) of the variational inequality {((yf — A)z,p —z) < 0,Vp €
F(T)NGEP(G, V).
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Abstract. In this paper, we introduce two general hybrid iterative approximation methods (one implicit and one explicit)
for finding a fixed point of a nonexpansive mapping which solving the variational inequality generated by two strongly
positive bounded linear operators. Strong convergence theorems of the proposed iterative methods are obtained in a
reflexive Banach space which admits a weakly continuous duality mapping. The results presented in this paper improve
and extend the corresponding results announced by Marino and Xu [ G. Marino, H.K. Xu, A general iterative method for
nonexpansive mapping in Hilbert spaces, J. Math. Anal. Appl. 318(2006) 43-52 ], Wangkeeree, Petrot and Wangkeeree
[ R. Wangkeeree, N. Petrot, and R. Wangkeeree, The general iterative methods for nonexpansive mappings in Banach
spaces, Journal of Global Optimization, DOI 10.1007/s10898-010-9617-6 ], and Ceng, Guu and Yao [ L. C. Ceng, S.M.
Guu and J.C. Yao, Hybrid viscosity-like approximation methods for nonexpansive mappings in Hilbert spaces, Computers
& Mathematics with Applications, 58,3,(2009),605-617].

Keywords: Nonexpansive mapping, strong convergence, weakly continuous duality mapping, strongly positive bounded
linear operator, Banach space, fixed point.
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1. INTRODUCTION

Let C be a nonempty subset of a normed linear space E. Recall that a mapping T : C — C'is
called nonexpansive if

[Te =Tyl < |z —yll, Va,yekE. (L.1)

We use F(T') to denote the set of fixed points of T, that is, F(T) = {z € E : Tz = z}. A self mapping
f: E — E is a contraction on E if there exists a constant « € (0,1) and z,y € F such that

1f(x) = FWll < allz =yl (1.2)

One classical way to study nonexpansive mappings is to use contractions to approximate a non-

expansive mapping ([2, 9, 15]). More precisely, take ¢t € (0,1) and define a contraction T} : E — E
by

Tz =tu+ (1 —¢t)Tz, Vx € FE, (1.3)

where u € F is a fixed point. Banach’s contraction mapping principle guarantees that 7; has a unique
fixed point z; in F. It is unclear, in general, what is the behavior of x; as t — 0, even if T" has a fixed
point. However, in the case of T having a fixed point, Browder [2] proved that if E is a Hilbert space,
then x; converges strongly to a fixed point of T. Reich [9] extended Browder’s result to the setting of
Banach spaces and proved that if F is a uniformly smooth Banach space, then {z;} converges strongly
to a fixed point of 7' and the limit defines the (unique) sunny nonexpansive retraction from E onto
F(T). Xu [15] proved Reich’s results hold in reflexive Banach spaces which have a weakly continuous
duality mapping.

The iterative methods for nonexpansive mappings have recently been applied to solve convex mini-
mization problems; see, e.g., [4, 11, 13, 14] and the references therein. Let H be a real Hilbert space,
whose inner product and norm are denoted by (-,-) and || - ||, respectively. Let A be a strongly positive
bounded linear operator on H: that is, there is a constant 4 > 0 with property

(Az,z) > 7||z||* for all z € H. (1.4)

Email address: rabianw@nu.ac.th.
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A typical problem is to minimize a quadratic function over the set of the fixed points of a nonexpansive
mapping on a real Hilbert space H :

.1
min —

L min | 2<Ax,a:) — (z,b), (1.5)

where T is a nonexpansive mapping on H and b is a given point in H. In 2003, Xu ([13]) proved
that the sequence {z,} defined by the iterative method below, with the initial guess g € H chosen
arbitrarily:

Tpt1 = (I = A\gA) Tz + Apu, n >0, (1.6)
converges strongly to the unique solution of the minimization problem (1.5) provided the sequence
{An} satisfies certain conditions. Using the viscosity approximation method, Moudafi [7] introduced
the following iterative iterative process for nonexpansive mappings (see [3, 16] for further developments
in both Hilbert and Banach spaces). Let f be a contraction on H. Starting with an arbitrary initial
xo € H, define a sequence {x,,} recursively by

Tnt1 = (1= Ap)Txy + A f(zn), n >0, (1.7)

where {\, } is a sequence in (0, 1). It is proved [7, 16] that under certain appropriate conditions imposed
on {\,}, the sequence {z,} generated by (1.7) strongly converges to the unique solution xz* in C' of
the variational inequality

((I—fz*,z—a*) >0,z € H. (1.8)
Recently, Marino and Xu [6] mixed the iterative method (1.6) and the viscosity approximation method
(1.7) and considered the following general iterative method:

Tpy1 = (I = M A)Txp, + Ay f(20),n > 0, (1.9)

where A is a strongly positive bounded linear operator on H. They proved that if the sequence {\,,} of
parameters satisfies the following appropriate conditions : lim, .o A, =0, Y07 | A, = 0o and either
S A1 — An | < o0 or limy, oo ﬁ = 1, then the sequence {z,} generated by (1.9) converges
strongly to the unique solution z* in H of the variational inequality

(A=~fz*,z —2*) >0,z € H (1.10)

which is the optimality condition for the minimization problem: minge g %(Ax, x) — h(z), where h
is a potential function for v f(i.e., h'(z) = v f(z) for z € H).

Very recently, Wangkeeree, Petrot and Wangkeeree [12] extended Marino and Xu’s result to the
setting of Banach spaces and obtained the strong convergence theorems in a reflexive Banach space
which admits a weakly continuous duality mapping. Let E be a reflexive Banach space which admits a
weakly continuous duality mapping J, with gauge ¢ such that ¢ is invariant on [0,1]. Let T : E — FE
be a nonexpansive mapping with F(T') # 0, f a contraction with coefficient 0 < o < 1 and A a strongly
positive bounded linear operator with coefficient ¥ > 0 and 0 < vy < W’T(l). Define the net {x:} by

xe =tyf(xe) + (I — tA)T . (1.11)

It is proved in [12] that {z;} converges strongly as ¢ — 0 to a fixed point & of T" which solves the
variational inequality :

(A=~f)z,J (T —2)) <0,z € F(T). (1.12)

On the other hand, Ceng, Guu and Yao [3], introduced the iterative approximation method for

solving the variational inequality generated by two strongly positive bounded linear operators on a real
Hilbert space H. Let f: H — H be a contraction with coefficient 0 < o« < 1 and let A, B: H — H
be two strongly positive bounded linear operators with coefficient 4 € (0,1) and 3 > 0, respectively.
Assume that 0 < ya < 8, {\,} is a sequence in (0,1), {u,} is a sequence in (0, min{1, ||B||~'}).
Starting with an arbitrary initial g € H, define a sequence {x,} recursively by

Tpnt1 = (1 - )\nA)T-Tn + >\n+1[Txn - /~Ln+1(BTxn - ’Yf(xn))]vn > 0. (113)

It is proved in [3, Theorem 3.1] that if the sequences {\,,} and {u,} satisfy the following conditions :
(C2) X202, A =005
(C3) S0 A1 — An | < 00 or limy, oo ﬁ =1;
( 2-7 .
B—ya?

04) gl__,ja <limy o0 fin = p <
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then the sequence {x,} generated by (1.13) converges strongly to the unique solution Z in H of the
variational inequality
(A=T+u(B-7f)z,z—2 <0,z€ F(T). (1.14)

Observe that if B = I and p, = 1 for all n > 1, then algorithm (1.13) reduces to (1.9). Moreover,
the variational inequality (1.14) reduces to (1.10). Furthermore, the applications of these results to
constrained generalized pseudoinverse are studied.

In this paper, motivated by Marino and Xu [6], Wangkeeree, Petrot and Wangkeeree [12] and Ceng
Guu and Yao [3], we introduce two general iterative approximation methods (one implicit and one
explicit) for finding a fixed point of a nonexpansive mapping which solving the variational inequality
generated by two strongly positive bounded linear operators. Strong convergence theorems of the
proposed iterative methods are obtained in a reflexive Banach space which admits a weakly continuous
duality mapping. The results presented in this paper improve and extend the corresponding results
announced by Marino and Xu [6], Wangkeeree, Petrot and Wangkeeree [12] and Ceng, Guu and Yao
[3] and many others.

2. PRELIMINARIES

Throughout this paper, let E' be a real Banach space and E* be its dual space. We write z,, — x
(respectively z, —* 2 ) to indicate that the sequence {z,} weakly (respectively weak™) converges to
x; as usual 2, — z will symbolize strong convergence. Let Ug = {x € E : ||z|| = 1}. A Banach space
E is said to uniformly convez if, for any e € (0,2], there exists § > 0 such that, for any z,y € Ug,
|z — y|| > e implies ||Z5¥|| < 1 — 4. It is known that a uniformly convex Banach space is reflexive and
strictly convex (see also [10]). A Banach space E is said to be smooth if the limit lim; ¢ Ww
exists for all z,y € Ug. It is also said to be uniformly smooth if the limit is attained uniformly for
z,y € Ug.

By a gauge function ¢ we mean a continuous strictly increasing function ¢ : [0, 00) — [0, 00) such
that ¢(0) = 0 and ¢(t) — oo as t — oo. Let E* be the dual space of E. The duality mapping
Jo B — 2" associated to a gauge function ¢ is defined by

Jo() ={f € E" : (2, f) = llzlle(ll=l)), I/l = ()}, Vxe€ E.

In particular, the duality mapping with the gauge function ¢(t) = ¢, denoted by J, is referred to as the
normalized duality mapping. Clearly, there holds the relation J,(z) = %J (z) for all  # 0 (see [1]).
Browder [1] initiated the study of certain classes of nonlinear operators by means of the duality mapping
J,. Following Browder [1], we say that a Banach space E has a weakly continuous duality mapping
if there exists a gauge ¢ for which the duality mapping J,(z) is single-valued and continuous from
the weak topology to the weak™ topology, that is, for any {z,} with z, — x, the sequence {J,(zn)}
converges weakly™* to J, (). It is known that [? has a weakly continuous duality mapping with a gauge
function ¢(t) = tP~1 for all 1 < p < co. Set

t
D(t) = / o(7)dr,Vt > 0,
0
then
Jo(@) = 09 (all), ¥z € E,
where 0 denotes the sub-differential in the sense of convex analysis.
Now we collect some useful lemmas for proving the convergence result of this paper.
The first part of the next lemma is an immediate consequence of the subdifferential inequality and
the proof of the second part can be found in [5].
Lemma 2.1. ([5]) Assume that o Banach space E has o weakly continuous duality mapping J, with
gauge ¢.
(i) For all z,y € E, the following inequality holds:
O(llz +yl) < @(ll=l)) + {y, Jo(z +y)).
In particular, for all x,y € F,

lz+ylI* < llel® + 2{y, J (z +y))-



4 R. WANGKEEREE

(ii) Assume that a sequence {x,} in E converges weakly to a point x € E.
Then the following identity holds:

limsup ®(||zy, — y||) = limsup ®(||z, — z||) + ®(|ly — z||), Vz,y € E.

Lemma 2.2. ([14]) Assume that {a,} is a sequence of nonnegative real numbers such that
an+1 S (1 - an)an + bn7

where {a,} is a sequence in (0,1) and {b,} is a sequence such that

(a) Zzozl a, = 00; N
(b) limsup,,_,. bp/on <0 or Y " |by| < co.

Then lim,, .o a,, = 0.

In a Banach space I having a weakly continuous duality mapping J, with a gauge function ¢, an

operator A is said to be strongly positive [12] if there exists a constant 4 > 0 with the property
(Az, Jo(z)) = 7llzlle(lz]) (2.1)
and
ol — BA|| = Sup [((ad = BA)z, Jp(x))], a€l0,1],8 € [-1,1], (22)

where [ is the identity mapping. If £ := H is a real Hilbert space, then the inequality (2.1) reduce to
(1.4). The next valuable lemma can be found in [12].

Lemma 2.3. [12, Lemma 3.1] Assume that a Banach space E has a weakly continuous duality mapping
J, with gauge ¢. Let A be a strongly positive bounded linear operator on E with coefficient ¥ > 0 and
0<p<eM)A|~". Then I — pA| < (1)(1 - p7).

3. MAIN RESULTS
Now, we are a position to state and prove our main results.

Lemma 3.1. Let E be a Banach space which admits a weakly continuous duality mapping J, with
gauge ¢ such that ¢ is invariant on [0,1] i.e. T([0,1]) C [0,1]. Let T : E — E be a nonexpansive
mapping, f : E — E a contraction with coefficient o € (0,1). Let A and B be two strongly positive
bounded linear operators with coefficients 4 > 0 and 8 > 0, respectively. Let v and p be two constants
satisfying the condition (C*) :

Be(1) and (1) — (1)

N , 1 L) = w(1)y
(C7):0< < et <u§mm{1,s0(1)||3 e }
Then for any A € (0, min{1, p(1)||A||=1}), the mapping Sy : E — E defined by
Sa(x) = (I —AA)Tx+ N\Tx — u(BTx —vf(x))],Vx € E. (3.1)

is a contraction with coefficient 1 — A1, where 7 := p(1)7 — p(1) + u(p(1)8 — va).
Proof. Observe that
<1t —e(1)y

BE G e O AP =70) S1p(l) - ()7
& p(1)y =)+ u(pl)s—vya) <1
and
W <p e p) =)y < ple(l)f —a)

& 0<p(1)y = (1) + pulp(1)8 = ya).
This show that 7 := p(1)7 — (1) + u(e(1)8 — va) € (0,1]. Using Lemma 2.3, we obtain
[1Sx(z) = Sx(y)l I(I = AA)Tx + A[Te — p(BTx —~f(2))] = (I = AM)Ty = ATy — w(BTy —~vf(y))]l
(I = AA) Tz — (I = M) Ty[| + A[Tw — u(BTw — v f(x)) — [Ty — (BTy —vf ()
11 = ATz = Tyl| + A = pB)Tz — (I = uB)Ty|| + yp|| f(x) = f(y)]]
11 = M| Tz = Tyl + Al = pB|l[| Tz = Tyl| + yullf(z) = F(W)I]

IAIA A
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< e =M)lle =yl + Alp(1) (1 = pB)llz — yll + ypellz — yl]

= ()1 =A7) + Ap(1)(1 = pB) +yual]llz -yl

= ()1 =) + A1) — u(e(1)8 = ya) ]z -yl

= [p(1) = A1)y — (1) + u(e(1)8 = ya)llllz =y

= (w(l) A7) ||z =yl

< (= A7)flz =yl (32)
Hence S, is a contraction with coefficient 1 — A7. O

Applying the Banach contraction principle to Lemma 3.1, there exists a unique fixed point x) of Sy
in F, that is

2y =T = AA)Txx + AN[Txy — p(BTxy —vf(xy))], for all A € (0,1). (3.3)

Remark 3.2. For each 1 < p < oo, [P space has a weakly continuous duality mapping with a gauge
function ¢(t) = t*P~! which is invariant on [0, 1].

Theorem 3.3. Let E be a reflexive Banach space which admits a weakly continuous duality mapping
J, with gauge @ such that ¢ is invariant on [0,1]. Let T : E — E be a nonexpansive mapping with
F(T)#0, f: E— E a contraction with coefficient o € (0,1), and A, B two strongly positive bounded
linear operators with coefficients ¥ > 0 and 3 > 0, respectively. Let v and p be two constants satisfying
the condition (C*). Then the net {x} defined by (3.3) converges strongly as A — 0 to a fized point
Z of T which solves the variational inequality :

(A =T+ p(B —~f)a, Jo(F — 2)) <0,z € F(T). (3.4)

Proof. We first show that the uniqueness of a solution of the variational inequality (3.4). Suppose both
Z € F(T) and z* € F(T) are solutions to (3.4), then

(A=T+uB=7f)x, (& —2")) <0, (3.5)
and
(A= T+ (B =), Jo(a" — &) < 0. (3.6)
Adding (3.5) and (3.6), we obtain
(A= T+ (B = 4)F— (A I+ (B — 1), Jo(@ — a*)) < 0. (3.7)
On the other hand, we observe that
AT i o e - ol < ale(1)5 = 10)

& 0<’y—1+u< —(Z(Ol‘)) (3.8)
It then follows that, for any xz,y € F,
(A=T+u(B=~f))x—(A=T+pu(B—vf)y, Jo(x —y))
(Al —y) — (. —y) + pu[(B=vf)z — (B =7 )yl, Jo(z — y))
= (Alx—y), Jo(z —y)) — (z —y, Jo(z — y))
+1{(B=7f)x — (B=7f)y, Jpo(z —y))

> Alle =ylellz = yll) = [l = yllellz = yll) + mBe = y), Jo(z = y))

—y{f () = f(y), Jo(z — y))
= Az —yllellz —yl) = Iz = yllellz —yll) + pBllz = ylle(lz = yll) — pyllf (@) = FWIITo(z = )l
= 70(llz = yl) — @(llz — yll) + uBe(llz = yll) — pya®((lz —yl)

= (=14 pp— pya)y2(llz —yl)
(¥ =1+ p(B = )72 (||lz — yl|)

(v=1u(- 255 ) ) votle —ul) =0 (39)

A%
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Applying (3.9) to (3.7), we obtain that & = z* and the uniqueness is proved. Below we use Z to denote
the unique solution of (3.4). Next, we will prove that {z} is bounded. Take a p € F(T'), and denote
the mapping S\ by

Sy =T = AA)T + A\[T — u(BT —~f)], for all A € (0,1).

From Lemma 3.1, we have

[zx —pll < [[Sxzx — Sapll + [1Sxp — 1|
< (A= A)llzx —pll + (I = AA)Tp + AMTp — u(BTp —vfp)] — p|
= (L=A7)[lzx —pll+ Al = Ap+p — pu(Bp — vfp)|
< (@ =An)llzx —pll + Al = Allllp|l + pllBp — ~foll],

where 7 := p(1)7 — p(1) + pu(p(1)8 — ya) € (0,1]. It follows that

1
lzx = ol < ~{IlF = Alllipll + ullBp = v fpl]-
Hence {z,} is bounded, so are {f(zx)}, {AT(z5)} and {BT(xz))}. The definition of {z,} implies that
lzx — Tay|| = M|Txx — p(BTzy —vf(xy)) — ATz)\|| — 0 as A — 0. (3.10)

If follows from reflexivity of E and the boundedness of sequence {x,} that there exists {zy, } which
is a subsequence of {z,} converging weakly to w € E as n — oo. Since J, is weakly sequentially
continuous, we have by Lemma 2.1 that

limsup (||, — z|) = limsup ®([|z,, — wl) + ®(||lz — wl)), for all x € E.

n—o0 n—oo

Let

H(z) =limsup ®(||zy, — z|)), for all z € E.
It follows that

H(x)=H(w) + ®(|]r — w||), for all z € E.

Since
lzx, — Tox, || = Ml Ty, — p(BTzN, —vf(25,)) — AT2), || — 0 as n — oco.

We obtain

H(Tw) = limsup®(||zx, — Tw|) = limsup ®(||Tzx, — Tw]|)
< limsup @(||zx, —w|) = H(w). (3.11)

On the other hand, however,
H(Tw) = H(w)+ ®(]|T(w) — w|). (3.12)
It follows from (3.11) and (3.12) that
(| T(w) —wl|) = H(Tw) = H(w) <0
which gives us, Tw = w. Next we show that z), — w as n — oo. In fact, since ®(t) =
fot o(7)dr,¥t > 0, and ¢ : [0,00) — [0, 00) is a gauge function, then for 1 > k > 0, ¢(kz) < p(z) and
kt t t
d(kt) = / o(r)dr = k/ p(kx)dx < k/ p(z)dr = kD(t).
0 0 0
Following Lemma 2.1, we have
O(fJxx,, — wl)) O(I(I = AnA)Tx, + An[Txy, — p(BTzr, —7f(25,)] = (I = AnA)w — Ay Aw|))
< ([ = AnA) Ty, — (I = AnAJwl])
+ ATy, — p(BTxy, —vf(2,)) — Aw, Jo(zn, —w))

< ()1 =AY llza, — wl])
+ 2 — uB)Tzy, + pyf(zs,) — Aw, Jo(xr, —w))
< (M)A = A @(llza, — wl])

+ (I = pB) Tz, — (I = pB)w + pyf(x,) = prf(w), Jo(zs, —w))
A = pB)w + py f(w) — Aw, Jy (x5, — w))
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IN

e =AW @([l2r, — wll) + Al = uB)Tzr, — (I — pB)w, Jy(zr, — w))
+ A (f(@r,) = f(w), Jp(xr, —w)) + A — pB)w + pyf(w) — Aw, Jy(xx, —w))
o)1 =AW @([|zr, —wl) + Aall( — uB)Tzr, — (I — pB)wll[|Jp(zr, — w)||
+ Y[ (@r,) = F()[[[[ T (2, — w)l| + An((I — pB)w + py f(w) — Aw, Jy(2x, — w))
e(L)(L = AW @([lzr, — wl) + Anp(1)(1 = pB) ||z, — wll|[Jp(zr, — w)|l
+Anpyallzy, — w|[|Jo(zr, —w)|| + Al — pB)w + py f(w) — Aw, Jy (2, —w))
= [p(M)(1 = A7) + An(p(1)(1 = pB) + pya)|@([|za, — wl)
+ Al = pB)w + pry f(w) — Aw, J, (25, — w))
= [p(1) = Anle(1)y = (1) + p(p(1)B — ya))]@([[xx, — wl)
+ Al = pB)w + pry f(w) — Aw, J, (25, — w))
(1= A1)y — (1) + pu(p(1)8 — ya))]@([|zx, — )
+ 2 (I — uB)w + py f(w) — Aw, Jy(xa, — w)). (3.13)

IN

IN

IN

Thus,

1
(17 = (1) + p(e(1)B — ya)
Now observing that z, — w implies J,(z, —w) — 0, we conclude from the last inequality that

O(flzn, —wl) < - (I = pB)w + py f(w) — Aw, Jo (x5, —w)).

O(||xx, —w|) — 0as n — oc.

Hence ), — w as n — co. Next we prove that w solves the variational inequality (3.4). For any
z € F(T), we observe that

((I-=T)xx— I -T)z,Jp(xr —2)) = (xr—2,Jo(xr—2))+ (Tar— Tz, Jo(zx — 2))
= O(||lex —z2||) — (T2 — Ty, Jp(zr — 2))
O(llzx = 2[) = 1Tz = T ||| Jp(xx — 2|
O(flzx — zlD) = Iz = 2| o (za — 2]
O(llzx — 2[) = @(lzx — 2[) = 0. (3.14)

AVANLY)

Since
zx = = AA) Tz, + Mp[Txr, — (BT, —7f(2r,))],

we can derive that

Mf[Azy, —(I—puB)zy, | = [-XA)Tzy, —(I-NA)zx, +A,(I—puB)Txy, — Ay (I—pB)xs, + Ay f(2A,,)-
That is

1
[A—T+ u(B—~f)zx, = o
Using (3.14), for each p € F(T'), we have

([A=T+uB—=vf)wr,, Jo(xr, =)

[(I - )‘nA)(I - T)IAn + /\n(I - MB)(I - T)z)\n]'

= {0 MY = Tyr, Tp(n, =)+ Ml = WB)T = T)as, To(er, — )

= */\%L((I =Ty, — (I =T)p, Jy(xx, —p)) + (AT = T)xx,, Jo(xx, — D))

—((I =T)zx, — (I —=T)p, Jp(xx, — p)) + W(B(I —T)xz,, Jo(zx, —p))

(A(I = T)ax,, Jo(@r, —p)) + (B(I = T)ax,, Jo(r, —p))

[Allllzx,, = Tox, T (2, — )| + pllBllllzx, = T, [l Jp(xx, — Pl

M, (3.15)

where M is a constant satisfying M > sup,,~1{[|Al[|J,(2x, —p)|I, ul| Bl|[| Jo(zx, —p)||}. Noticing that

IANIA A

[z, — Ty,

xx, — Tz, — w—T(w) =w—w=0.
It follows from (3.15) that
(A=T+pB—~f))w, Jo(w—p)) 0.
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So, w € F(T) is a solution of the variational inequality (3.4), and hence w = & by the uniqueness. In
a summary, we have shown that each cluster point of {x)}(at A — 0) equals . Therefore, )y — Z
as A — 0. This completes the proof.

O

According to the definition of strongly positive operator A in a Banach space E having a weakly
continuous duality mapping J, with a gauge function ¢, an operator A is said to be strongly positive
[12] if there exists a constant 7 > 0 with the property

(Az, Jo(x)) = 7zl (]l
and
lal — BA| = Sup, [((ad = BA)z, Jp(2))], a€l0,1],8 € [-1,1],

where I is the identity mapping. We may assume, without loss of generality, that 4 < 1. Therefore, if
0<y< %(1), then we have the Corollary 3.4 immediately. Indeed, putting B = I and # = 1, we have
P =917 _ e =7 _ | _ 1+e()=p()7 _ 1+o(1) —e()y
e(1)8 —na e(1) = ya p(1) —ya ©(1)8 — yo
Taking # = 1 in Theorem 3.3, we obtain the following result.

Corollary 3.4. [12, Lemma 3.3] Let E be a reflexive Banach space which admits a weakly continuous
duality mapping J, with gauge ¢ such that ¢ is invariant on [0,1]. Let T : E — E be a nonexpansive
mapping with F(T) # 0, f : E — E a contraction with coefficient « € (0,1), and A a strongly positive
bounded linear operator with coefficient ¥ >0 and 0 < v < %(1)‘ Then the net {x)} defined by

zx = (I = AA) T\ + Xy f(2a),
converges strongly as A — 0 to a fized point T of T which solves the variational inequality :

(A=f)2, Jo (2 — 2)) < 0,2 € F(T).
Corollary 3.5. [0, Theorem 3.2] Let H be a real Hilbert space. Let T : H — H be a nonexpansive
mapping with F(T) # 0, f : H — H a contraction with coefficient o € (0,1), and A a strongly positive
bounded linear operator with coefficient ¥ > 0 and 0 <y < L. Then the net {xx} defined by
xx = (I = AA)Tx\ + My f(zy),
converges strongly as A — 0 to a fized point T of T which solves the variational inequality :

Theorem 3.6. Let E be a reflexive Banach space which admits a weakly continuous duality mapping
J, with gauge @ such that ¢ is invariant on [0,1]. Let T : E — E be a nonexpansive mapping with
F(T)#0, f: E— E a contraction with coefficient o € (0,1), and A and B two strongly positive
bounded linear operators with coefficients ¥ > 0 and 8 > 0, respectively. Let xo € E be arbitrary and
the sequence {x,} be generated by the following iterative scheme :
Tnt1 = (I = AyA)Txy + M\ [Txy, — (BT, — vf(20))], for alln >0, (3.16)

where v and p are two constants satisfying the condition (C*) and {\,} is a real sequence in (0,1)
satisfying the following conditions :

(C1) limy—oo Ay =0 and Y07 | Ay = 0

(02) Z;O:I P‘n+1 - /\n| <00 or hmn—>oc ﬁ =1.
Then the sequence {x,,} defined by (3.16) converges strongly to a fized point & of T that is obtained by
Theorem 3.3.

Proof. We first prove that {z,} is bounded. Take a p € F(T), and denote
Sx, = (I = AA)T + M\ |T — (BT — ~f))-
Using Lemma 3.1, we have
193,20 — Sx,pll + [1Sx,p — 1l
(1= Au7)[[en = pll + [[(I = A A)Tp + A [Tp — u(BTp — vfp)] — pl|
(L= An7)l|2n = pll + Anll = Ap +p — u(Bp = v/l

|21 = pll

IAINA
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< (L= Anm)llzn = pll + Al = Allllpll + pl[ Bp — 7 fpll]
I-A + p||Bp —
(1 Al — i+ M A B 5
Tl — A + u||Bp —
< - pt, =AU 50 =301

where 7 := p(1)5 — p(1) + pu(p(1)8 — ya) € (0,1]. By induction, it is easy to see that

T[IlI = Allllpll + pl|Bp — v fpll]
’ T

lzn — pl| < max {Hl“o —pl } , for all n > 0.

Thus, {z,} is bounded, and hence so are {y, }, {ATz,}, {BTz,} and {f(x,)}. Now we show that

lim ||zp41 — z,| = 0.
— 00

From the definition of {z,}, it is easily seen that
SapiiZn = tn = = A1 A)Tay + A1 [Ty — (BT, — vf(2n))]
—(I = M\ A)Txy, — \y[Txy, — wW(BTxy — v f(20))]
A — A1) ATz + At — M) Tzn + p( Ay — A1) (BT, — vf(21))
= Ap1 =AU = ADTzp + p(An — A1) BTz, — v f(20)).
It follows that

Hmn+2 - In+1H = ||S/\n+1xn+1 - S)\nan
< ||S)\n+lxn+1 - S/\n+1xn|| + ||S/\n+1x7l - S)\nx’"”
< A=) [zngr = @all + Ansr = Aal[[(1 = A) T

+N|An - )\n+1|||BTxn - ’Yf(x'n)”
(1= A1) [Zng1 — zull + (14 )| Angr — An|M

IN

P\n+1 - A7L| M
>‘n+17—
where M is a constant satisfying M > sup{||(I — A)Tz,||, || BTz, — vf(x,)|}. From condition (C2)

we deduce that either >°° | [A\41 — A |M < 00 or limy, .o %M = 0. Therefore it follows from

= (=X zns — ool + (L+ @) Anga

)

Lemma 2.2 that lim,,— o ||Znt1 — || = 0. It then follows that
[2n = Ton|l < flon — 2pgall + 041 — Tl
= Hxn - xn-‘rl” + )‘n“Txn - M(BTxn - ’Vf(xn)) - AT{L‘n” — 0. (317)
Next, we prove that
limsup(—(A —I + u(B — 7))z, Jp(xn — Z)) < 0. (3.18)
Let {z,,} be a subsequence of {x,} such that
S (—(A =T+ p(B =7f))Z, Jo(@n, — 7)) = limsup(—(A — I + (B = 1f))Z, Jo(zn — &)). (3.19)
If follows from reflexivity of £ and the boundedness of a sequence {z,, } that there exists {z,, } which
is a subsequence of {z,, } converging weakly to w € E as i — oo. Since J, is weakly continuous, we
have by Lemma 2.1 that

limsup @(||zn,, — z||) = limsup ®(||zn,, — wl|) + @(lz — wl]), for all z € E.

Let
H(z) = limsup &(|n,, — 2]}, for all z € F.

n—ao0

It follows that
H(z) = H(w) + ®(||]z — wl|), for all z € E.
From (3.17), we obtain

H(Tw) = limsup @([|zy,,, — Twl||) = limsup &(||Tzn,, — Tw|)

11— 00

IN

limsup (|zn,, —w|) = H(w). (3.20)
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On the other hand, however,
H(Tw) = H(w) + ®(|T(w) — w]]). (3.21)
It follows from (3.20) and (3.21) that
(|7 (w) —wl) = H(Tw) — H(w) <0.

This implies that Tw = w. Since the duality map J,, is single-valued and weakly continuous, we get
that

limsup(—(A =T+ u(B =f))3, Jo(zn —2)) = Tim (—(A =T+ B =5), Jo(n, — )
= lim (—(A=T+p(B —1f)E Jy(wn,, — 7))

= (A= T+ (B =), Jo(w — 7))
= (A=T+uB=7[)ZJo(T —w)) <0
as required. Finally, we show that x,, — 2 as n — oo.
([|lwntr — 2] O(|[( = ApA)Tzn + An[Tn — (BT — vf(20))] — (I = A A)Z — A AZ|)
O(|[(I — X\ A) Ty, — (I — XNy A)Z||)
+An (Txn — p(BTxn —vf(zn)) — AZ, Jo(nt1 — T))
e()(1 = X)) @([n — Z[|) + A ((I = uB)Tp + yuf (xn)) — AT, Jp(2pi1 — E))
()1 = A7) @([Jn — ])

(I = pB)Twn +yuf(n) = (I = pB)Twni1 =y f (@ns1), Jp(Tns1 = T))

IN I

(VAN

+)\'n,

I = pB)Twp1 +ypuf (@ns1) — (I = pB) — ypf(Z), Jp(Tn+1 — 2))
U = pB)T +ypuf (&) — A(Z), Jo(Tni1 — CE)>]
= o)1 =AY 2([|zr — Z()

A (L = pB)(Tan — Tangr), Jp(@nta — T)) +yulf (@n) = f(@nt1), Jo(@n — )

HU = pB)(Tani1 — 2), Jp(Tns1 — D)) + vl f(@nt1) = f(2), Jo (@1 — 7))
HUI = A= pw(B=71)2, Jp(Tns1 — f))}
= o)A = A 2(|zn — Z))

+)\n

e = pB)lzn — 2psall|Jp(@nt1 — )| + ypel|n — Tpia ||| Jp(@nr — T
T = pb)lens1 = ZllJo (@n1 = D + ypelznir = 2| Jo(@nir = D)
I = A= pu(B=7f)2, Jo(xni1 — f))}

e(1)(1 = A7) @([ln — Z])

IN

A [o(D) (X = uB)||en — Tpg1 | M+ ypc||z, — Tpgr || M

I = A= pu(B=7f)2, Jo(xni1 — i))}

FAnlp(1) = ()8 = y)|@(([[en 1 — ), (3.22)
where M’ is a constant satisfying M’ > sup,,> || Jo(ny1 — T)||. It then follows that

‘P(l)(l B >\n:7)
L= Aafp(1) = pu(p(1)B — ya)]

O(f|lznsr —2l) < O([|zn — )
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e(1)(1 — pp) . )
N TR T (0) — alp(D)F — a1~ Tt
+ e |0 — g || M
1= Aufp(1) = p(e(1)B — ya)]
1 . .
+1 — /\n[#?(l) — ﬂ(%p(l)ﬂ — ’}/Oz)} <(I - A- M(B - ’Yf)% Jv(anrl - :L‘)>
(1 M7 = (1) = ple(1)B —a))] . _ %
- (1 M AT — e (U8 —7a) ) Plfln = 2)
o)1~ ) o
TN TR T (0) — alp(D)F — a1~ Tt
+ e |0 — g || M
1= Aufp(1) = p(e(1)B — ya)]
1 - .
TR — sl ] AT BN Tl = 2
(3.23)
Put
= A [p(1)7 — (p(1) — ple(1)B — yo))]
A e — (1) — a)]
and
5. = L= Aafe(d) —ule(1)s —ra)] p(1)( — ) o — e | M
" T - (p() = alp(DB — 0] | T= Mlp(l) — alp(D)F — )] 1o ™
Yo ,
TR — B — a1~ M
+ ! (—(A— I+ (B — 7 )i Tp(tnss — 5))].

1= Anlp(1) = u(e(1)B = ya)]
It follows that from condition (C1), lim,,— ||Zn+1 — Zn]| = 0 and (3.18) that

oo
lim ~, =0, Z*yn =00 and limsupd, <O0.
n—aoo n—1 n—-aoo

The inequality (3.23) reduces to the following :
O([lznts —2[) < (1 =) @([l2n = Z[) + yndn

Applying Lemma 2.2, we conclude that ®(||z,,+1 —Z||) — 0 as n — oo; that is, z,, — T as n — oo.
This completes the proof.
O

Remark 3.7. In comparison to the results in [3, Theorem 3.1], the strong convergence in a real
Hilbert space is extended to the strong convergence in a reflexive Banach space which admits a weakly
continuous duality mapping.

Setting B =1, and i = 1 in Theorem 3.6, we obtain the following result.

Corollary 3.8. Let E be a reflexive Banach space which admits a weakly continuous duality mapping
J, with gauge @ such that ¢ is invariant on [0,1). Let T : E — E be a nonexpansive mapping with
F(T)+#0, f : E — FE a contraction with coefficient a € (0,1), and A a strongly positive bounded
linear operator with coefficient ¥ > 0 and 0 < v < AWT(U. Let xo € E be arbitrary and the sequence
{zn} be generated by the following iterative scheme :

Tny1 = (I = XNyA) Tz + Ay f (), for alln >0,

where {\,} is a real sequence in (0,1) satisfying the following conditions :
(C1) limy—oo Ap =0 and Y07 | Ay = 0
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(C2) 3071 Ang1 — A < 00 or limy, oo ﬁ =1

Then the sequence {x,,} converges strongly to a fized point & of T which solves the variational inequality

(A=7)F, Jp(Z - 2)) <0,z € F(T).
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original version of this paper.
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ITERATIVE ALGORITHMS FOR SOLVING MIXED EQUILIBRIUM PROBLEM
AND VARIATIONAL INEQUALITY PROBLEM OF A FINITE FAMILY OF
ASYMPTOTICALLY STRICT PSEUDO-CONTRACTIONS*

UTHAI KAMRAKSA AND RABIAN WANGKEEREE*

Department of Mathematics, Faculty of Science, Naresuan University, Phitsanulok 65000,
Thailand.

Abstract. In this paper, we introduce the iterative schemes for finding a common element of the set of solutions of a mixed
equilibrium problem, the set of common fixed points of a finite family of asymptotically k-strict pseudo-contractions,
and the set of the solutions of a variational inequality for a monotone, Lipschitz continuous mapping in the framework
of Hilbert spaces. Both weak and strong convergence theorems are obtained. Our results extend the corresponding
recent results of Peng [J. W. Peng, Iterative Algorithms for Mixed Equilibrium Problems, Strict Pseudocontractions and
Monotone Mappings, J Optim. Theory Appl. DOI 10.1007/s10957-009-9585-5.] and Qin, Cho, Kang and Shang [X.
Qin, Y. J. Cho, S. M. Kang, and M. Shang, A hybrid iterative scheme for asymptotically k-strict pseudo-contractions in
Hilbert spaces, Nonlinear Analysis, 70, 5,(2009), 1902-1911].

Keywords: Mixed equilibrium problem, Variational inequality problem, Asymptotically k-strict pseudo-contraction,
Fixed point, Hilbert space.

AMS Subject Classification: 47H09, 47TH10, 47H17.

1. INTRODUCTION

Throughout this paper, we always assume that H is a real Hilbert space with inner product (-, -) and
norm || - ||, respectively, C' is a nonempty closed convex subset of H. Let ¢ : C — R be a real-valued
function and F : C x C — R be an equilibrium bifunction, i.e., F(u,u) = 0 for each u € C. The
mixed equilibrium problem (for short, M EP) is to find z* € C such that

MEP : F(z*,y) + ¢(y) — ¢(z*) > 0,Vy € C. (1.1)

The set of solutions for the problem M EP (1.1) is denoted by M EP(F, p).
Special cases.
(1) If ¢ =0, then MEP (1.1) reduces to the following classical equilibrium problem (for short, EP):

Finding z* € C such that F(z*,y) > 0,Vy € C. (1.2)

The set of solutions for the problem EP (1.2) is denoted by EP(F).
(2) If ¢ =0 and F(z,y) = (Az,y — x) for all z,y € C, where A is a mapping from C' into H, then
MEP (1.1) reduces to the following classical variational inequality problem (for short VIP):

Finding z* € C such that (Az*,y —2*) > 0,Vy € C. (1.3)

The set of solutions for the problem VIP (1.3) is denoted by VI(C, A).
(3) If F =0, then MEP (1.1) becomes the following minimize problem:

Finding 2* € C such that p(y) — ¢(z*) > 0,Vy € C. (1.4)

The set of solutions for the problem (1.4) is denoted by Argmin(y).

The problem (1.1) is very general in the sense that it includes, as special cases, fixed point problems,
optimization problems, variational inequality problems, Nash equilibrium problems, the equilibrium
problems and others; see, e.g., [2, 6, 10, 29] and the reference therein. First we recall some relevant
important results as follows.

In 1997, Combettes and Hirstoaga [7] introduced an iterative method of finding the best approx-
imation to the initial data and proved a strong convergence theorem. Subsequently, Takahashi and
Takahashi [21] introduced another iterative scheme for finding a common element of the set of solutions
of EP and the set of fixed point points of a nonexpansive mapping. Using the idea of Takahashi and

*Corresponding author:
Email address: uthaikam@hotmail.com(Uthai Kamraksa) and rabianw@nu.ac.th(Rabian Wangkeeree).
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Takahashi [21], Plubtieng and Punpaeng [15] introduced an the general iterative method for finding a
common element of the set of solutions of EP and the set of fixed points of a nonexpansive mapping
which is the optimality condition for the minimization problem in a Hilbert space. Furthermore, Yao,
Liou and Yao [27] introduced some new iterative schemes for finding a common element of the set
of solutions of EP and the set of common fixed points of finitely (infinitely) nonexpansive mappings.
Very recently, Ceng and Yao [4] considered a new iterative scheme for finding a common element of the
set of solutions of M EP and the set of common fixed points of finitely many nonexpansive mappings.
Their results extend and improve the corresponding results in [7, 21, 27].

Recall that a mapping 7' : C — C is said to be asymptotically k-strictly pseudo-contractive (The
class of asymptotically k-strict pseudo-contractive maps was first introduced in Hilbert spaces by Qihou
[16]) if there exists a sequence {k,} C [1,00) with lim,,_ . k, = 1 such that there exists k € [0,1)
such that

1T = Ty ||* < Kplle = yl* + kI = T)a — (I = T")ylP?, (1.5)

for all z,y € C' and n € N. Note that the class of asymptotically k-strict pseudo-contractions strictly
includes the class of asymptotically nonexpansive mappings [8] which are mappings T on C such that

1T = T"y|* < knllz =y, Yo,y € C, (1.6)

where the sequence {k,} C [1,00) is such that lim, .. k, = 1. That is, T is asymptotically nonex-
pansive if and only if T is asymptotically O-strict pseudo-contractive.

Recall that a mapping T': C — C is called a k-strict pseudo-contraction mapping if there exists a
constant 0 < k£ < 1 such that

T2 = Ty|* < llo = ylI* + k(I = T)x — (I = T)yl*, Va,yeC. (L.7)

Note that the class of k-strict pseudo-contractions strictly includes the class of nonexpansive mappings
which are mappings T on C such that

[Tz =Tyl < |z —yl,

for all z,y € C. That is, T' is nonexpansive if and only if T" is 0-strict pseudo-contractive. Note that
the class of strict pseudo-contraction mappings strictly includes the class of nonexpansive mappings.
Clearly, T is nonexpansive if and only if T is a 0-strict pseudo-contraction.

For solving the mixed equilibrium problem for an equilibrium bifunction F' : C' x C' — R, let us
assume that F' satisfies the following conditions:

(Al) F(z,z) =0 for all z € C;

(A2) F is monotone, i.e., F(z,y) + F(y,x) <0 for any z,y € C;

(A3) For each y € C, x — F(x,y) is weakly upper semicontinuous;

(A4) For each z € C, y — F(x,y) is convex;

(A5) For each z € C, y — F(x,y) is lower semicontinuous;

(B1) For each z € H and r > 0, there exist a bounded subset D, C C and y, € C such that, for

any z € C\D,,

F(pa) + () = 9(2) + 3 {pe = 22— 2) <0,

(B2) C is a bounded set.

Construction of fixed points of nonexpansive mappings via Manns algorithm [11] has extensively
been investigated in the literature; See, for example [3, 11, 23, 25, 26, 28] and references therein. If T'
is a nonexpansive self-mapping of C, then Mann’s algorithm generates, initializing with an arbitrary
z1 € C, a sequence according to the recursive manner

Tpt1 = 0Ty + (1 — ap)Txn, V0 > 1, (1.8)

where {«a,} is a real control sequence in the interval (0, 1).

If T: C — C is a nonexpansive mapping with a fixed point and if the control sequence {c,,} is
chosen so that > ° | a,(1—ay) = oo, then the sequence {z,,} generated by Manns algorithm converges
weakly to a fixed point of T. Reich [19] showed that the conclusion also holds good in the setting of
uniformly convex Banach spaces with a Fréhet differentiable norm. It is well known that Reich’s result
is one of the fundamental convergence results. Recently, Marino and Xu [12] extended Reich’s result



ITERATIVE ALGORITHMS FOR MIXED EQUILIBRIUM PROBLEM 3

[19] to strict pseudo-contraction mappings in the setting of Hilbert spaces. Very recently, Ceng, Al-
Homidan, Ansari and Yao [5] introduced an iterative algorithm for finding a common element of the
set of solutions of an equilibrium problem and the set of fixed points of a strict pseudocontraction
mapping and obtained a weak convergence theorem.

Very recently, inspired and motivated by the above ideas, Peng [14] introduced some iterative al-
gorithms based on the extragradient method for finding a common element of the set of solutions of
a mixed equilibrium problem, the set of fixed points of a strict pseudocontraction and the set of the
solution sets of a variational inequality for a monotone, Lipschitz continuous mapping and obtained
both weak convergence theorem and strong convergence theorem for the sequences generated by these
processes. More precisely, Peng [14] proved the following strong and weak convergence theorems.

Theorem PS. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let F be
a bifunction from C x C to R satisfying (A1)-(A5) and let ¢ : C — R be a lower semicontinuous
and convex function. Let A be a monotone and d-Lipschitz continuous mapping of C into H. Let
T :C — C be an k-strict pseudo-contractive mapping for some 0 < k < 1 such that Q := F(T) N
VI(C,A)NMEP(F,p) # 0. Assume that either (B1) or (B2) holds. Let {xzyn}, {un}, {yn}, {tn}, {zn}
be sequences generated by

xo =z € H, chosen arbitrary,
Flun-1,9) +¢(y) = @lun—1) + 77
Yn—1 = Po(un—1 — An—1Aun_1),
tno1 = Po(Un—1— Ap—1AYn_1),
Zn-1=p_1tn_1+ (1 — ap_1)Tty_1,

Cn1={2€C: |lzn1— 2> < lwn1 — 2* = (1 — an—1)(@n-1 = k)ltn—1 — Ttn1|*},
Qun-1={2€H:{(xp_1— 2,2 —xHh_1) >0},

zn=FPc, ng,_.T, VYn>1.

<y — Up—1,Un—1 — xn—l) > 07 Vy € 07

(1.9)

Assume that {\,} C [a,b] for some a,b € (0, %), {an} C e, d] for somec, d € (k,1) and {r,} C (0,00)
such that liminf,,_ o r, > 0. Then {z,} {un}, {yn}, {tn}, {zn} converge strongly to w = Pqo(x).

Theorem PW. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let F be
a bifunction from C x C to R satisfying (A1)-(A5) and let ¢ : C — R be a lower semicontinuous
and convex function. Let A be a monotone and 6-Lipschitz continuous mapping of C into H. Let
T :C — C be an k-strict pseudo-contractive mapping for some 0 < k < 1 such that Q := F(T) N
VI(C,A)\NMEP(F,p) # 0. Assume that either (B1) or (B2) holds. Let {x,}, {un}, {yn}, {tn}, {zn}
be sequences generated by

xo =x € H, chosen arbitrary,

F(unfby) + 90(3/) - @(unfl) + Tn171 <y —Un—1,Up—1 — xn71> > Oa VZ/ € Cv

Yn—1 = PC(unfl - )\nflAunfl)v (110)

tnfl == PC(unfl - /\nflAynfl)a

Tp = OQp_1lpn_1+ (1 - Oénfl)Ttnfh

Assume that {\,} C [a,b] for some a,b € (0, %), {an} C [c,d] for some ¢, d € (k,1) and {r,} C (0,00)
such that iminf, .o r, > 0. Then {xn} {un}, {yn}, {tn}, {zn} converge weakly to w € Q, where
w = lim,,__, o PoTn,.

On the other hand, very recently, Qin, Cho, Kang and Shang [18] introduced the following algorithm
for a finite family of asymptotically k-strict pseudo-contractions. Let zg € C and {a, }52, be a sequence
in (0,1). The sequence {z,} generated by the following way:

r1 = Qorg+ (1 — O{())Tlxo,

To a1xr) + (1 — Oél)TQ.’L'l

ey = an-—1zy—1+ (1 —an_1)TneN_1
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2
zn+1 = anyzy+ (1 —an)Tizy
2
xon = aoan—1Zan—1+ (1 —aan_1)TNTan—_1
3
Ton+1 = oonTon + (1 — aon)Tizon

is called the explicit iterative sequence of a finite family of asymptotically k-strict pseudo-contractions
{T1,T5,...,Tn}. Since, for each n > 1, it can be written as n = (b — 1)N + ¢, where i = i(n) €
{1,2,...,N}, h = h(n) > 1 is a positive integer and h(n) — oo as n — oo. Hence the above table
can be written in the following form:

h
T = n12n 1+ (1= an )Tl 201, Y0 > 1. (1.11)
Under appropriate conditions on the parameters, they obtained some strong and weak convergence
theorems for a finite family of asymptotically k-strict pseudo-contractions in the framework of Hilbert
spaces.

All of the above bring us the following conjectures?.

Question.

(i) Could both Theorem PS and Theorem PW be extended to more general class of asymptotically
strict pseudo-contractive mappings?.

(ii) Could we construct the iterative algorithms generalized algorithms (1.9), (1.10) and (1.11) to
approzimate a common element of the set of solutions of a mized equilibrium problem, the set
of common fized points of asymptotically strict pseudo-contractions and the set of the solution
sets of a variational inequality for a monotone, Lipschitz continuous mapping?.

Inspired and motivated by the above researchs, we suggest and analyze the iterative schemes for
finding a common element of the set of solutions of a mixed equilibrium problem, the set of common
fixed points of a finite family of asymptotically k-strict pseudo-contractions, and the set of the solution
sets of a variational inequality for a monotone, Lipschitz continuous mapping in the framework of
Hilbert spaces. Both strong and weak convergence theorems are obtained. Our results extend the
corresponding recent results of Peng [14] and Qin, Cho, Kang and Shang [18] and many others.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let C' be a nonempty closed
convex subset of H. Let symbols — and — denote strong and weak convergence, respectively. In
Hilbert space H, it is well known that

lz —ylI* = ll=lI* = lyll* = 2(z —y,y), Va,y€H, (2.1)
and
[tz + (1 = t)y)|* = tllz|* + (1 = OllylI* =t = )[lx —yl*, Vte[0,1],Va,y € H. (2:2)
For every point x € H, there exists a unique nearest point in C', denoted by Pox such that
|z — Pox|| < ||z —y| forallyeC.

P¢ is called the metric projection of H onto C. It is well known that Pz is a nonexpansive mapping of
H onto C and satisfies

(x —y, Pox — Poy) > ||Pex — Peyll? (2.3)
for every x,y € H. Moreover, Pcox is characterized by the following properties: Pox € C' and
(x — Pex,y — Pex) <0, (2.4)
lz = ylI* = |z — Pea|® + |ly — Pez|® (2.5)
for all z € H,y € C. For more details see [24]. It is easy to see that the following is true:

ueVIAC) &S u= Pc(u— Nu),\ > 0. (2.6)
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A set-valued mapping S : H — 2% is called monotone if for all z,y € H, f € Sz and ¢ € Sy
imply (x —y, f —g) > 0. A monotone mapping S : H — 2 is maximal if the graph of G(S) of S
is not properly contained in the graph of any other monotone mapping. It is known that a monotone
mapping S is maximal if and only if for (z, f) € H x H, (x —y, f — g) > 0 for every (y,g) € G(S5)
implies f € Sz. Let A be a monotone map of C into H, L-Lipschitz continuous mapping and let Ncv
be the normal cone to C at v € C, i.e., Nov ={w € H : (u —v,w) > 0,YVu € C}. Define

| Av+ Nev, veC;
so={ S 27)
Then S is the maximal monotone and 0 € Sv if and only if v € VI(A, C); see [20].
Lemma 2.1. [13] Let H be a real Hilbert space. Given a closed convexr subset C C H and point

x,y,z € H. Given also a real number a € R the set
{veC:|y—v|? < llz —ol* + (2,0) +a},
is convex and closed.

Lemma 2.2. ([12, Lemma 1.3])Let C be a closed convex subset of H. Given xz € H and z € C. Then
z = Pox if and only if there holds the relation

(x —z,y—2) >0,y € C.

Lemma 2.3 (Kim and Xu [9]). Let H be a real Hilbert space. Let C be a nonempty closed convex subset
of H and T : C — C be an asymptotically k-strict pseudo-contractive mapping for some 0 < k < 1
with a sequence {ky} such that > > (k, — 1) < co and the fized point set of T is nonempty. Then
(I —T) is demiclosed at zero.

Lemma 2.4. ([17, Lemma 2]) Let the sequence of numbers {an} and {b,} be satisfy that

an+1 < (1 +bp)an,an > 0,b, >0, and an < oo,Vn > 1.

n=1
If liminf,, . a, =0, then lim,, .o, a, = 0.
Lemma 2.5. ([23]) Let {r,},{sn} and {t,} be the three nonnegative sequences satisfying the following
condition:
tnt1 < (1 + Sn)rn +tn, YneN.

If > sy <00 and Y o | t, < 0o, then lim, 1), ezists.

Lemma 2.6 (Kim and Xu [9]). Let H be a real Hilbert space, C' a nonempty subset of H and T : C —
C be an asymptotically k-strict pseudo-contractive mapping. Then T is uniformly L-Lipschitzian.

Lemma 2.7 (Qin, Cho, Kang, and Shang [18]). Let H be a real Hilbert space, C' a nonempty subset
of H and T : C — C be an asymptotically k-strict pseudo-contractive mapping. Then the fized point
set F(T) is closed and conver.

Lemma 2.8. [7] Let C' be a nonempty closed convex subset of H. Let F': C' x C' — R be a bifunction
satisfying (A1)-(A4) and let ¢ : C — R be a lower semicontinuous and convex function. For r > 0
and x € H, define a mapping T, : H — C' as follows:

Tr(x):{zeC:F(z,y)+g0(y)fgo(z)+%(yfz,zfx) >0, Yy € C},

for all x € H. Assume that either (B1) or (B2) holds. Then, the following conclusions hold:

(i) For each z € H,T,(x) # 0.
(ii) T, is single-valued;
(iii) 7T} is firmly nonexpansive, i.e., for any v,y € H, | T,z — T,y||?> < (Trx — Try,z — y);
(iv) F(T,) = MEP(F, )
(v) MEP(F, ) is closed and convex.
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3. MAIN RESULTS
We are now in a position to prove the main result of this paper.

Theorem 3.1. Let C' be a nonempty closed and convez subset of a real Hilbert space H. Let F be a
bifunction from C x C to R satisfying (A1)-(A5) and let ¢ : C — R be a lower semicontinuous and
convex function. Let A be a monotone and §-Lipschitz continuous mapping of C into H. Let, for each
1<i<N,T;:C — C be an asymptotically k;-strict pseudo-contractive mapping for some 0 < k; < 1
and a sequence {ky;}. Let k = max{k; : 1 <i < N} and k,, = max{k,; : 1 <i < N}. Assume that
Q =N, F(T,)NVI(C,A) N MEP(F,p) # 0. Assume that either (B1) or (B2) holds. Let {x,},
{un}, {yn}, {tn}, {2n} be sequences generated by

xro =x € H, chosen arbitrary,
F(un,hy) + So(y) - (P(unfl) + 1
Yn—1 = Po(un—1 — Ap—14Un_1),
tn—1=Po(tn-1 — An—14Yn_1),
Zn—1 = Qp_1tp—1 + (1 - an—l)Ti}ZS;)t”_l’
Cho1=1{2€C: ||zn_1—2|? < ||wn1 — 2|2 + 001},
Qn-1={2€H:{xp_1— 2,2 —xy_1) >0},

zn =FPc, ng, ., Vn>1,

<y_un71:un71 _$n71> Zoa VyEC,

(3.1)

where 0,,_1 = (kzi(n)71)(17(%”,1),0%71 — 0 asn — 00, where pp—1 = sup{||zp_1—2| : z € Q} < c0.
Assume that {\,} C [a,b] for some a,b € (0, %), {an} C [c,d] for some ¢, d € (k,1) and {r,} C (0,00)
such that liminf,,_ o r, > 0. Then {z,} {un}, {yn}, {tn}, {zn} converge strongly to w = Pqo(z).

Proof. It is obvious that VI(C, A) is closed and convex. By Lemma 2.7 and Lemma 2.8, we have
NN, F(T;) and MEP(F, ) are closed and convex. Hence Q := NN, F(T;) N VI(C, A)N MEP(F,p) is
closed and convex. This implies that Pq(z) is well defined.

Next, we prove that the sequence {z,} is well defined. From the definition of C,,_; and @,,_1, it is
obvious that C,,_; is closed and Q,,—1 is closed and convex for each n € NU {0}. We prove that C,,_1
is convex. For any z1, 22 € Cp_q1 and ¢ € (0,1), put z = tz; + (1 — ¢)z2. It is sufficient to show that
z € Cp—1. Since the inequality

lzn—1 = 2[1* < llzn-1 — 2[* + s
is equivalent to
2<xn—1 - Z,,L_1,2’> S Hmn—IHZ - Hzn—IHZ + 07L—17

we have z € C,,_1. Therefore C,,_; is convex and hence C,,_1 N Q,_1 is a closed and convex subset of
H for any n € N.

Next, we show that Q@ C C,,_; for any n € N. Indeed, let u € © and let {T;, } be a sequence of
mappings defined as in Lemma 2.8. Then u = Po(u — A\, Au) =T, (u). From u,—1 =T, xp_1 € C,
we have

un—1 —ull = |Tr,_y (@n-1) = Tr,,_y (un—1)|| < [len—1 —ul|. (3.2)
From (2.5), the monotonicity of A, and u € VI(C, A), we have

th,1 - u”2 < Hunfl - )\nflAynfl - u||2 - Hunfl - )\nflAynfl - tn71||2

= Hun—l - uH2 - ||un—1 - tn—1||2 + 2)\n—1<Ayn—1»u - tn—1>

- Hun—l - ’LLH2 - ||Un—1 - tn—1||2 + 2)\n—1(<Ayn—1 - Auv u— yn—1>

+ <Au: u— yn71> + <Aynfl7 Yn—1 — tn71>)

S Hunfl - UH2 - ||un71 - tnflll2 + 2)\n71<Ayn717yn71 - tn71>
Hunfl - UH2 - ||’U,n,1 - yn71||2 - 2<un71 —Yn—1,Yn—1 — tn71>
- ”yn—l - tn—l”2 + 2)\n—1<Ayn—1a Yn—1 — tn—1>
[n—1 = ull® = llun—1 = yn-1l* = g1 = ta-l?

+2(tun—1 — A—1AYn—1 — Yn—1:tn—1 — Yn—1)-
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Further, Since y,,—1 = Po(un—1 — Ap—1Aun—_1) and A is 0-Lipschitz continuous, we have

<un—1 - )\nAyn—l — Yn—-1, th_1— yn—1> = <un—1 - )\n—lAun—l — Yn-1, tp—1— yn—1>
+ <AnflAun71 - AnflAynfla tnfl - yn71>
<)\n—1Aun—1 - )\n—lAyn—la tn—l - yn—1>
)\nfl(sHunfl - ynle ||tn71 - yn71||'

IN A

So, we have

[tn1 = ull® < fup—r = ull® = un—1 = yarll® = g1 = tna]?
+2Xn—16]|un—1 = Yn—1ll[tn—1 — Yn—1l
< Hun*l - u||2 - ||un,1 - ynle2 - ”ynfl - tn71||2 + /\%7152Hun71 - yn71||2
+ ltn—1 = yn-1l?
= w1 = ull® + A3-16" = Dllun—1 =y
< up—r —ul® (3.3)

It follows from (3.2), (3.3), zn—1 = apn—1tn—1 + (1 — ozn,l)Ti}(LS)l)tn,l and u = Ti}zfg)u that

a1 (t1 — ) + (1 = @) (T by — u)||?

h(n
= apotlltamt —ul? + (1= an- )T b0y — ul?

i(n)
— a1 (1= an )T b1 — |

1201 = ull?

< anafltnes = ull® = ano (1= an )T by =t
+ (1= an )k gy 1 tn 1 = wl® + TSt — £l
< e = ull? + By = DA = an1)pds
= (= an-1)(@n-1 = WITE s = o |
< lun—r —ul]* + 60,y
— (1= an-1)(an-1 = BTt = tna |
N | 71 | A (34)

Therefore, u € C,,_; for all n > 1.
Next, we show that

QCQn_1, Vn>1 (3.5)

We prove this by induction. For n =1, we have Q C C' = Q. Assume that Q C @,_1. Since x,, is the
projection of g onto Cp,_1 N @Q,—_1, by Lemma 2.2, we have

(to — Tnyp —2) 20, Vz€Cp_1NQn-1.
In particular, we have
(o — Tp,xn —2) >0
for each u € © and hence u € Q,,. Hence (3.5) holds for all n > 1. Therefore, we obtain that
QCCro1NQpo1, Yn2>1

Next, we show that lim, o ||zp—1 — z|| exists. Let lo = Pox. From x, = Pc,_,nq,_,* and lp € Q C
Ch_1NQp_1, we have

[en =[] < llo — ], (3.6)

for every n = 1,2,.... Therefore, {z,,} is bounded. From (3.2)-(3.4), we also obtain that {t,}, {z.}
and {u,} are bounded. Since z,, € Cr,—1 N Qp—1 C Cp_1 and z,_1 = Py, _, (x), we have

[2n—1 = 2| < [lzn =],

for every n = 1,2,.... Therefore, lim,,_ ., ||zn—1 — x| exists.
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Since zp—1 = Py, _,(z) and z, € Qn_1, using (2.1) we have

lzn = zn-al* = ll(zn —2) = (2n-1 — 2)|?

= |lzn - tz —[|en_1 — x”Q — 2Ty — Tp_1,Tp-1—T)

A

< llwn —2l* = lon—1 — =)?
for every n = 1,2,.... It follows from the existence of lim, . ||z, — z|| that
lim ||z, — 2p-1] = 0.
n—-ao0
Since z,, € C),_1, we have
||Zn—1 - anQ < ”xn—l - anQ + en—l-
So we have
lim ||zp—1 —z,]| =0.
n—-=:o0
It follows from (3.8) and the last inequality that
[Zn-1 = zn-1ll < l[Tn—1 — @all + [|2n — 2n-1]| — 0 as n — o0.
for every n =1,2,....  For u € Q, from (3.4) we obtain
lzn—1 —ull® < Jlea-r —ul® + (A2_16% = Djun—1 = yar[|* + 60

Thus, we have

1
s = yn-al? < gz (lnms = wl? = llzams =l + 6,0)
1
< 1opglllen —ull +llz-1 = ul)lzn-1 = 2ol +6a-a].

(3.7)

(3.8)

(3.9)

(3.10)

It follows from (3.9), lim,,_, 6,,—1 = 0 and the boundedness of the sequences {x,} and {z,} that

|tn—1 — yn—1|| — 0 as n — oo.

From the definition of t,,_; and y,_1, we have

th,1 - yn71|| = ”PC(unfl - )\nflAynfl) - PC(unfl - )\nflAunfl)”
S ||(un71 - )\nflAynfl) - (Un71 - )\nflAunfl)H
S An—lé.Hyn—l _un—lH-

Using (3.11), we obtain that lim, o [[tn—1 — Yn—1/ = 0. From

tn —toll < llun = ynll + Yn — tall-
Hence
[lun, — tn]] — 0 as n — oo.

Since A is ¢-Lipschitz continuous, we have ||Ay,—1 — At,—1| — 0.
From the fact that k¥ < ¢ < a,—1 < d < 1 and (3.4), we have

A —d)(c—I)taor = T4t < (1= ano) (@t = k) ltat — T Wt |2

i(n) i(n)

|Zn—1— uH2 = llzn—1— u||2 +6h-1

INIA

It follows from (3.9), lim,,— o 05,1 = 0 that

. h
ity = Tt = 0.
For u € 2, we have from Lemma 2.8,
[n—1 — uH2 = |Tr,_ &n-1— Trn—lu||2

S <Tr7,,,1xn—1 - Trn,lua Tn—1 — U)
1
= lllunr =l + llzn oy = ul® = [lzn -1 = unal?}

Hence,

lun—1 —ull® < Jlwnay —ull® = [lzn—1 — w1

(lzn—1 = ull + 1201 = wl)l[#n-1 = 201l + On—1.

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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It follows from (3.4) and (3.15) that
||un,1 - u||2 +6n—1
lZn—1— u||2 —lzn-1— un71||2 + Op—1. (3.16)

21— ull?

IN N

Hence
[#n-1 = tn-1]? < Nzt —ul® = 201 = ul|? + 01
< (lzn—1 —ull+ lzn—1 —ulDllzn—1 = 201l + On 1. (3.17)
Since ||€p—1 — zn-1]| — 0, {z,} and {z,} are bounded, we obtain
limoo |£pn—1 — upn—1|| = 0. (3.18)

n—-
Observe that
th—l - xn—l” S ||tn—1 - un—l” + H:En—l - Un—l”-
Using the inequality (3.13) and (3.18), we get

nliﬁmOo ltn-1 — xn-1] = 0. (3.19)
Moreover, we have
ltn — tno1ll < |ltn — Tnll + [|Tn — Tn—1|| + |Tn-1 — tn-1]] — 0 as n — 0. (3.20)
It follows that
b =ty = 0,9 = 1,2, N. (3.21)

We claim that
lim ||t, — Tita| = 0,¥1 =1,2,...,N.
n——aoo
Since, for any positive integer n > N, it can be written as n = (k(n) — 1)N + i(n), where i(n) €
{1,2,...,N}. Observe that

et = Totn-all < ltnor = Ty ||+ T b1 = Tutnall

ltn—1 = Tyt || + T4 tn 1 = Tiguytnal

< et = T b |+ LITH ) ™ 1 =t

h(n h(n 1 h(n 1
< tnoy = Ty tnall + LT e = T |

T 3yt =ty + -y -1 = ta-all] (3.22)
Since, for each n > N, n = (n — N)( mod N) and n = (k(n) — 1)N + i(n), we have

n—N=(k(n)—1)N +i(n)=(k(n—N)—1)N +i(n— N).

That is
k(n—N)=k(n)—1, i(n— N) =1i(n).
Observe that

1T 1 = T S tn N < Lty = o (3.23)
and
h(n 1 h(n—N
1Tyt~ =ty = T v = ey |
h(n—N
< T ten = Tt |+ 1T Ene )1 — tnen—1 |
< Lt—ny—1 — ta N||+HT]—E£L”7N))t(n Ny=1 — tn—n—1]- (3.24)

It follows from (3.22), (3.23) and (3.24) that

h
ltn1 = Totnall < lltny = T tna |l + L(Zltn—1 — tn- Il + Llit-n)—1 — ta-ll

1T )1 = tnen—t |+ -1 = taall). (3.25)
( )
Applying (3.14) and (3.21) to (3.25), we obtain

n—-oo
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Observing that
th - Tnth S ||tn - tn—l” + ”tn—l - Tntn—ln + HTntn—l - Tnth-
< (1 + L)”tn - tn—1|| + thfl - Tntnflu-
From (3.19) and (3.26), one can easily see that
lim |[t, — Tytn|| = 0.
n—-ao0
We also have
tn = Tatjtnll < lltn = tatjll + ltnts — Tosjtnaill + 1 Tatjtnsg — Tosstnll-
< (1 + L)th - tnﬂ'” + thﬂ' - Tn+jtn+j||
for any j = 1,2,..., N, which give that
lim ||t, — Tit,||=0; Vi=1,2,...,N. (3.27)
n—mo0

Moreover, for each | € {1,2,..., N}, we obtain that
[n = Tianll < llon = tall + 1tn — Titnll + [ Titn — Tizn ||

< (14 L)||zn —tnll + lltn — Titn]] — 0 as n — oo. (3.28)

As {z,} is bounded, there exists a subsequence {z,, } of {x,} such that x,, — w. From the fact that
||xn—1 - tn—l” — 07 ||tn—1 - xn—lH — 07 ”yn—l - un—l” — Oa
we obtain that
Up, — W, t,, = w and y,, — w, as i — 00.
Since {z,,},C C and C is closed and convex, we obtain w € C.
Next, we prove that w € Q := NN, F(T;) N VI(C,A) N MEP(F, ).
(a) First, we show that w € NY, F(T;).

From (3.27), we get
||tni - T‘ltnl

By Lemma 2.3, we know that I — 7} is demiclosed at zero and hence w € F(T;),Vl =1,2,...,N. That
is

—0asi—o00, VI=1,2,...,N.

w e N, F(T;).
(b) Next we prove that w € MEP(F, p).
By u, =T, x,, we know that

1

n

It follows from (A2) that

1
o(y) + p(un) + 77(1/ = Up,Up — Tn) > Fy,u), VyeC.

n
Hence,
I "I > Py, ug,), Yy eC.

U

o(y) + @(un,) + (Y — Un,,

Un; —Tn;

It follows from (A4), (A5), and the weakly lower semicontinuity of ¢, — 0 and u,, — w that

F(y,w) + ¢o(w) —¢(y) <0, VyeCl.

ForO<t<landyeC,let y. =ty+ (1 —t)w. Since y € C and w € C, we obtain y; € C' and hence
F(y, w) + o(w) + ¢(yr) < 0. So by (A4) and the convexity of ¢, we have

0

F(ye,yt) + ¢(y) — @(ve)
tF(ye, y) + (1 = ) F(y, w) + to(y) + (1 = t)p(w) — p(y:)
tE(ye,y) + o(y) — @(ye)]-

IN N
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Dividing by ¢, we get
Flye,y) +¢(y) — (ye) = 0.

Letting t — 0, it follows from (A3) and the weakly lower semicontinuity of ¢ that
F(w,y) +¢(y) — ¢(w) 20,

for all y € C and hence w € MEP(F, o).

(c) Next, we prove that w € VI(A,C).

For this purpose, let S be the maximal monotone mapping defined by (2.7):

| Av+ Nev, wveC;
SU{(Z)7 vé¢C.

For any given (v, q) € G(S), hence ¢ — Av € N¢(v). Since v, € C, we have
(v —vn,q — Av) > 0.

On the other hand, from y,, = Po(un — AnAuy, ), we have

<’U —YnsYn — (U'n - )\nAun» >0 (329)
that is,
(v = Yn, 7‘%; 4 Auy) > 0. (3.30)
Therefore, we obtain
(’U - ynmw> > <’U - yni:Av> > <U - yni>AU> - <U — Yn;» w + Aum)
= (v =y, Av — Aup, — Yni ~ Uniy
: A,
n; Uni
= <U - ynq',aAU - Ayn1> + <U - ynl’Ayn’L - Au’ﬂz> - <U — Yn;>s y)\7>
yni - uni
> <U - yniaAyn,) - <'U — Yn;» )\7 + Aun1>
= <U7ymiAym *Auni> - <’Ufynww>' (3'31)

An;

— 0 as i —> oo and A is Lipschitz continuous, hence from (3.31), we obtain

Noting that ||yn, — tn,
(v—w,q) >0.

Since S is maximal monotone, we have w € S0, and hence w € VI(A, C). From (a), (b) and (c), we
conclude that w € Q.
From [y = Po(z), w €  and (3.6), we have

o — z|| < |lw — z|| < liminf ||z, — || < limsup ||z, —z|| < ||lo — z]|.
1—>00 7 oo
So, we obtain
Nim |2y, — z|| = [Jw — ]|
1—00

From z,, — ¢ — w — x, we have z,, —* — w — z and hence z,, — w. Since z,, = Py, (z) and
lpeQcCC,N@Q, C Q,, we have

2 = (lo = Tnyy Tny, — ) + (lo — Ty, x — lo) = (lo — Tpy, ¢ — lo).

= llo — zn,

As i — o0, we obtain —||lp — w||? > (lp — w,x — lp) > 0 by Iy = Po(z) and w € Q. Hence we have
w = lp. This implies that z,, — lg. It is easy to see u, — lg, yn — lo, tn, — lp and z,, — ly. The
proof is completed. O

Remark 3.2. Theorem 3.1 generalizes and improves Theorem PS in [I4] from a k-strict pseudo-
contractive mapping to more general class of asymptotically k-strict pseudo-contractive mappings?.
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Theorem 3.3. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let F be
a bifunction from C x C to R satisfying (A1)-(A5) and let ¢ : C — R be a lower semicontinuous
and convex function. Let A be a monotone and d-Lipschitz continuous mapping of C into H. Let,
foreach 1 <i < N, T;: C — C be an asymptotically k;-strict pseudo-contractive mapping for some
0 < k; <1 and a sequence {ky;} such that > °° ((kn;—1) < oco. Let k = max{k; : 1 <i < N} and
kn = max{k,; : 1 <1i < N}. Assume that F := N F(T;) N VI(C,A) N MEP(F,¢) # (. Assume
that either (B1) or (B2) holds. Let {x,}, {un}, {t»}, {yn} be sequences generated by

x9 =x € H, chosen arbitrary,

F(un-1,9) + ¢(y) — p(un—1) + o1 (y = up—1,Un—1 —2n-1) >0, VyeC,

Yn—1 = Po(un—1 — Ap—1AuUp—_1), (3.32)
tn-1 = Po(tun—1— A—14yn—_1),

Tp = Qp_1tp-1+ (]- - Oén—l)Tl(S)L)tn 1, Vn > 1,

where 6,1 (kh(n) D1 — ap_1)p2_; — 0 as n — oo, where p,—1 = sup{||zn—1 — 2| : 2 €

F} < co. Assume that {\,} C [a,b] for some a,b € (0,%), {an} C [c,d] for some ¢, d € (k,1) and
{rn} C (0,00) such that liminf, . r, > 0. Then {z,}, {un} {yn}, {tn} converge weakly to w € Q,
where w = lim,,__, o PoT,.

Proof. Let u € Q and let {T,, } be a sequence of mappings defined as in Lemma 2.8. Then u =
Po(u— ApAu) =T, (u). As in the proof of Theorem 3.1, we know that (3.2), (3.3), (3.12) and (3.15)

still hold. It follows from (3.2), (3.3) and @y = an_1tn—1 + (1 — o 1)}ty 1 that
= ul® = Jan-1(ta—1—w) + (1 = o ) (T} tn 1 — )|

= anaftas =l + (1= @) 1Tt — ul?

— Qp— 1(1_an I)HT(”) n—1 — Up— 1”

< anealltnoy — ul = ano (1= an) [T bt — taa
+ (1= 1) [k oy o1 — 2l + BT b1 — i ]
< kpylltnr —ul? = (1= an_1)(an -1 — ||Tz(§:;)f 1=t
< Epyllun—1 = ull® + &7y A2 K% = Dllun—1 = Y|
— (1= an1)(an-1 = )T} a1 — a2
< kpyllen—1 = ull® + k3 oy A2k = Dllun—1 — yn|?
— (1= an-1)(an—1 = )T} tny — a2
< (U (K — D)l — alf. (3.33)

It follows from Lemma 2.5 that lim,, . ||z, — || exists and hence {z,} is bounded. From (3.2) and
(3.3), we also obtain that {¢,} and {u,} are bounded. By (3.33), we have

Ky (L= 22k lun—1 —ynall® < KRy llza—1 —ull® = flan — ul®.
and hence

1

7 Koy | Zn—1 — ull® = [lzn —ul?).
By (1= 2272) o)

”un—l - yn—1||2 <

The existence of lim,, o ||z, — u|| and lim, . k() = 1 imply that
ltn—1 — yn—1]] — 0 as n — oo.

It follows from (3.12) that lim, . ||tn — yn|| = 0. From |Ju, — tu|| < ||tn — Yn|l + |lyn — tn|l we also
have

ltn = tn|| — 0 as n — oco.
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As A is é-Lipschitz continuous, we have ||Ay,_1 — At,_1]] — 0.
From (3.33) and (3.2), we also have

lzn — uH2 < k}%(n)”xnfl - u||2 — (1 —anp-1)(an-1— k)HTi}(LS)l)tnfl - fn71||2» (3.34)
for every n =1,2,.... From k < ¢ < a, < d < 1 and (3.34), we have

(1= d)(c—k)tnr — TN taa]> < (1= an_1)(k = an-)|tn-1 — Ty}t |?

3

< Klleam = ul = flow —
This implies that
Jm s = Tt = 0. (3.35)

Then, by (3.33) and (3.15), we have
lon —ull* < Koy lun-1 —ul®
< pllen—1 =l = kg oy l2n—1 = wn—a .

Hence,

Fhmlltn—1 —un—1* < K lwn—1 — ull® = flan —ull*.

(3.36)
Thus, we obtain
||-Tn71 - un71|| — 0.
From |[t,—1 — Zn—1]] < [[tn—1 — Un—1]| + ||Tn—1 — un—1||, we also have
ltn—1 — Tn_1] — 0.
The same methods as in the proof of Theorem 3.1 imply that for each I € {1,2,..., N},
lim ||z, — Tix,|| = 0. (3.37)
n—so00

Since {z,} is bounded and H is reflexive, then there exists a subsequence {z,,} of {z,} such that
Zp, = w. From ||z,—1 —up—_1|| — 0 and ||t,—1 — n—1]| — 0, we obtain that u,, — w and ¢,, — w.
Since {un,} € C and C is closed and convex, we obtain w € C. Exactly as in the proof of Theorem
3.1, we can obtain that w € Q.

Let {xy,} be another subsequence of {z,} such that x,, — z. Then z € Q. Let us show w = z.
Assume that w # z. From the Opial condition, we have

lim ||z, — w]| liminf ||z, — w||
— 00 11— 00

< lim ||an, — 2| = lm |z, — 2|
1——00 n—-:o0

liminf ||z, — z||
j—00
< liminf [|z,;, —w| = lim |z, —w]. (3.38)
j—00 n—»- 00
This is a contradiction. Thus, we have w = z. This implies that z, — w € Q. Since ||zp_1 —Up_1] —
0, we have u, = w € Q. Since ||yn—1 — un—1] — 0, we have also y, — w € Q.

Now we put w, = Pq(z,). We show that w = lim,_, w,. From w, = Po(z,) and w € Q, we
have

(W — Wy, wy, — Tp) > 0. (3.39)

From (3.33) and Lemma 3.2 in [22], we know that {w,} converges strongly to some wy € €. Then, we
have

(w —wo,wy —w) >0

and hence w = wy. The proof is now complete. O
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Remark 3.4. (i) Theorem 3.3 generalizes and improves Theorem PW in [14] from a k-strict pseudo-
contractive mapping to more general class of asymptotically k-strict pseudo-contractive mappings.

(ii) Setting A = 0 and ¢ = 0 in Theorem 3.3, we obtain the result which generalizes and improves
Theorem 3.1 in Ceng, AI-Homidan, Ansari and Yao [5] from a k-strict pseudo-contractive mapping to
a finite family of asymptotically k-strict pseudo-contractive mappings?.

A direct consequences of Theorem 3.3, we derive the following theorem of Qin, Cho, Kang and Shang
[18].

Theorem 3.5. ([18, Theorem 2.1]) Let C' be nonempty closed conver subset of a real Hilbert space H
and N > 1 be an integer. Let, for each 1 < i < N,T; : C — C be an asymptotically k;-strict pseudo-
contractive mapping for some 0 < k; < 1 and a sequence {k, ;} such that Zzozo(kn,i —1) < co. Let
k=mazx{k; : 1 <i < N} and {k,} = max{k,,; : 1 <i < N}. Assume that NN, F(T;) is nonempty.
For any xo € C, let {z,} be a sequence generated initially by arbitrary element xo € C and then by

Tp = Qp—1Tn—1 + (1 — an_l)Ti}Eg)xn_l;Vn >1,

where {a,} is a sequence in |a, (] for some a, 5 € (k,1). Then, the sequences {x,} converges weakly
to a common fized point of the family {T;} Y ,.

Proof. Put F(z,y) = 0 for all x,y € C, r, = 1 for all n > 0 and A = 0 in Theorem 3.3. Thus, we
have u,, = x,. Then the sequence {z,} generated in Theorem 3.5 converges weakly to a common fixed
point of the family {7}V ;.

O

Acknowledgements. The first author is supported by grant from under the program Strategic
Scholarships for Frontier Research Network for the Ph.D. Program Thai Doctoral degree from the
Office of the Higher Education Commission, Thailand and the second author is supported by the
Thailand Research Fund under Grant TRG5280011.

REFERENCES

1. G.L. Acedo, H.K. Xu, Iterative methods for strict pseudo-contractions in Hilbert spaces, Nonlinear Anal. 67 (2007)
22582271.

2. E. Blum and W. Oettli, From optimization and variational inequalities to equilibrium problems, Math. Student. 63
(1994), pp. 123-145.

3. C. Byrne, A unified treatment of some iterative algorithms in signal processing and image reconstruction, Inverse
Problems 20 (2004) 103-120.

4. L.C. Ceng and J.C. Yao, A hybrid iterative scheme for mixed equilibrium problems and fixed point problems, J.
comput. Appl. Math. 214 (2008), pp.186—201.

5. L.C. Ceng, S. Al-Homidan, Q.H. Ansari and J.C. Yao, An iterative scheme for equilibrium problems and fixed point
problems of strict pseudo-contraction mappings, J. comput. Appl. Math., 223, 2, 967-974.

6. O. Chadli, S. Schaible and J.C. Yao, Regularized equilibrium problems with an application to noncoercive hemivari-
ational inequalities, J. Optim. Theory Appl. 121, 571-596 (2004).

7. P. L. Combettes and S.A. Hirstoaga, Equilibrium programming in Hilbert spaces, J. Nonlinear Convex Anal. 6 (2005),
pp. 117-136.

8. K. Goebel, W.A. Kirk, A fixed point theorem for asymptotically nonexpansive mappings, Proc. Amer. Math. Soc. 35
(1972) 171-174.

9. T.H. Kim, H.K. Xu, Convergence of the modified Manns iteration method for asymptotically strict pseudo-
contractions, Nonlinear Anal. 68 (2008) 2828-2836.

10. I. V. Konnov, S. Schaible and J.C. Yao, Combined relaxation method for mixed equilibrium problems, J. Optim.
Theory Appl. 126 (2005), 309-322.

11. W. R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc. 4 (1953), pp. 506-510.

12. G. Marino, H.K. Xu, Weak and strong convergence theorems for strict pseudo-contractions in Hilbert space, J. Math.
Anal. Appl. 329 (2007) 336-346.

13. C. Matinez-Yanes, H.K. Xu, strong convergence of the CQ method for fixed point processes, J. Nonlinear. Anal. 64
(2006), pp. 2400-2411.

14. J. W. Peng, Iterative Algorithms for Mixed Equilibrium Problems, Strict Pseudocontractions and Monotone Map-
pings, J Optim. Theory Appl. DOI 10.1007/s10957-009-9585-5.

15. S. Plubtieng and R. Punpaeng, A general iterative method for equilibrium problems and fixed point problems in
Hilbert spaces, J. Math. Anal. Appl. 336 (2007) 455-469.

16. L. Qihou, Convergence theorems of the sequence of iterates for asymptotically demicontractive and hemicontractive
mappings, Nonlinear Anal. 26 (1996) 1835-1842.

17. L. Qihou, Iterative Sequences for Asymptotically Quasi-nonexpansive Mappings, J. Math. Anal. Appl. 259 (2001),

pp. 1-7.



ITERATIVE ALGORITHMS FOR MIXED EQUILIBRIUM PROBLEM 15

18. X. Qin, Y. J. Cho, S. M. Kang, and M. Shang, A hybrid iterative scheme for asymptotically k-strict pseudo-
contractions in Hilbert spaces, Nonlinear Analysis, 70, 5,(2009), 1902-1911.

19. S. Reich, Weak convergence theorems for nonexpansive mappings, J. Math. Anal. Appl. 67 (1979), pp. 274-276.

20. R.T. Rockafellar, On the maximality of sums of nonlinear monotone operators, Trans. Amer. Math. Soc. 149 (1970)
75-88.

21. S. Takahashi and W. Takahashi, Viscosity approximation methods for equilibrium problems and fixed point problems
in Hilbert spaces, J. Math. Anal. Appl. 331 (2007), pp. 506-515.

22. W. Takahashi, and M. Toyoda, Weak convergence theorems for nonexpansive mappings and monotone mappings. J.
Optim. Theory Appl. 118, 417-428 (2003).

23. K.K. Tan, H.K. Xu, Approximating fixed points of nonexpansive mappings by the Ishikawa iteration process, J.
Math. Anal. Appl. 178 (1993) 301-308.

24. W. Takahashi, Nonlinear Functional Analysis, Yokohama Publishers, Yokohama, 2000

25. R. Wittmann, Approximation of fixed points of nonexpansive mappings, Arch. Math. 58 (1992) 486-491.

26. H.K. Xu, Iterative algorithms for nonlinear operators, J. London Math. Soc. 66 (2002) 240-256.

27. Y. Yao, J.-C. Liou, J.-C Yao, An Extragradient Method for Fixed Point Problems and Variational Inequality Prob-
lems, Journal of Inequalities and Applications, 2007, Article ID 38752, 12 pages doi:10.1155/2007 /38752

28. L.C. Zeng, A note on approximating fixed points of nonexpansive mappings by the Ishikawa iteration process, J.
Math. Anal. Appl. 226 (1998) 245-250.

29. L.C. Zeng, S.Y. Wu and J.C. Yao, Generalized KKM theorem with applications to generalized minimax inequalities
and generalized equilibrium problems, Taiwanese J. Math. 10 (2006) 1497-1514.



