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Abstract

Project Code : TRG5680029

Project Title : Dominations in Cayley digraphs of Clifford semigroups and of completely

simple semigroups

Investigator : Mr. Sayan Panma
E-mail Address : panmayan@yahoo.com

Project Period : 2 years

Abstract: Let S be a semigroup, AcC S and Cay(S, A) the Cayley digraph of S with respect
to A. In this research, we attempt to find the domination number and the total domination number of

Cayley digraphs of Clifford semigroups and completely simple semigroups.

Keywords : Cayley digraph, Clifford semigroup, Completely simple semigroup, domination number,

total domination number
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- A=KxR_lawfl K \ungudasves G ui ;/(Cay(S,A)):H

- ™ p,(A) =R _usa %37t(Cay(S,A))£|G|

W s=GxL, ilunjldre uaz AcS
uazld p(A) ={geG|(g.1) e A 1l el } aelei
- y(Cay(S,A)) =m-|G/(p,(A))]-7(Cay((p,(A)), p.(A))
- M pl(A)ms'cgam%maﬂé'ﬂmﬁmaa Guar H Lfluﬂgﬂsiawaa G figsuwan

guBnannfigafilwaadosves P, (A) ka7 6] Sy(cay(S’A))g[G:H]I@ﬂ
" [P (A)| L]

7 [G: H]fedwinlamanuandranuninuasai H lu G

- A=KxL, laof Kiunyudaslaguas G ud y(Cay(S, A) =[G :K]|L,|

- 7 (Cay(S, A)) =m| G/ {p,(A))| 7, (Cay(( p.(A)), P.(A))
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Bounds for the Domination and Total Domination Numbers
of Cayley Digraphs of Finite Clifford Semigroups
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Abstract : Let D = (V,E) be a digraph with vertex set V and edge set E. A subset X CV
is called dominating set of D if every vertex v € V \ X there exists x € X such that (x,v) € E.
The domination number y(D) of a digraph D is the minimum cardinality of a dominating
set of D. A dominating set X is called total dominating set of D if every vertex v € V there
exists x € X such that (x,v) € E. The rotal domination number ;(D) of a digraph D is the
minimum cardinality of a total dominating set of D. In this paper, we give bounds for the
domination numbers and total domination numbers of Cayley digraphs of finite Clifford
semigroups.

Keywords : Domination numbers; Dominating sets; Cayley digraphs; Clifford semi-
groups.
2010 Mathematics Subject Classification : 05C99; 05C69; 05C25; 20M99

1 Introduction

The study of domination have been started by Claude Berge in 1958 and Oystein
Ore in 1962. However, it was not until 1977, following an article by E. Cockayne and S.
Hedetniemi, that domination become an area of study by many. In 1998, a text devoted to
this subject was introduced by T. Haynes, S. Hedetniemi, and P. Slater. Over 2000 articles
have been written on domination. While domination in graphs(undirected graphs) have
been studied extensively, domination in digraphs(directed graphs) have not yet gained the
same amount of attention from researchers. For domination in digraphs, the properties of
dominating sets with the smallest cardinality in some special digraphs are introduced. Here
we investigate the domination in digraphs which are constructed by algebraic structure,
called Cayley digraphs.

The Cayley digraph of semigroup S relative to its subset A is a digraph with vertex set
S and edge set {(s,sa)|s € S,a € A}, denoted by Cay(S,A).

In 1998 [5], B. Zelinka studied dominating sets and domination numbers of products
of circuits. Such graphs are treated algebraically as Cayley graphs of direct products of
finite cyclic groups. In 2007 [2], T. T. Chelvam and I. Rani have found the domination
number of Cayley graphs of finite cyclic groups relative to its special subsets. In 2011 [1],
T. T. Chelvam and S. Mutharasu studied bounds for the domination numbers of Cayley
graphs of finite cyclic groups relative to other its special subsets.

*Corresponding author e-mail : panmayan@yahoo.com

Copyright © 2014 by the AMM?2014. All rights reserve.



In this paper, we attempt to determine the bounds for the domination numbers and the
total domination numbers of Cayley digraphs of semigroups S when those semigroups are
constructed by groups, called Clifford semigroups.

Let S be a semigroup. The set C(S) = {c € S|cs = sc for all s € S} is called the center
of S. An element e € S is called an idempotent element if > = e, the set of all idempotent
elements of S is denoted by E(S). An element s € S is called a regular element if s = sxs for
some x € S. A semigroup S is called a regular semigroup if all of its elements are regular.
A regular semigroup S is called a Clifford semigroup if E(S) C C(S).

Let Y be a partially ordered set and X C Y. An element b of Y is called a lower bound
of X if b < x for every x € X. A lower bound c of X is called greatest lower bound (meet)
of X if y < ¢ for every lower bound y in X. The upper bound and least upper bound (join)
are defined dually. For any x,y in partially ordered set Y, denote x Ay and x V' y the greatest
lower bound and least upper bound of {x,y}, respectively. A partially ordered set Y is
called a meet(join) semilattice if x ANy(xVy) € Y forall x,y € Y. A partially ordered set Y is
called a semilattic if Y is a meet semilattice or a join semilattice. In this paper, we suppose
that a semilattice Y is a meet semilattice. For a join semilattice, the results can be proved
by the same way.

For any family of nonempty sets {X;|i € I}, we write U X; :=U;e; X if X;NX; = 0 for
icl

all i # j.

Let ¥ be a semilattice and {(Gg,0q)|00 € Y} be a family of groups indexed by Y.
Suppose that, for all § > o in Y, there exists a group homomorphism fg o : Gg — Gg such
that

(i) forall a € Y, fo.o = idg, is the identity mapping on G,

(i) fayfop = fay forall o, B,y €Y with o > B >,

and the multiplication on S = |J Gy is defined for x € Go and y € Gg by
aey

Xy = foc.oc/\B (x) Canp fB,oc/\B ).

It is easy to check that S = U Gy, under that multiplication is a semigroup, and called a
oeY
strong semilattice of groups. We write S = [Y;Gq, fo.p]. From [3], we know that S is a

Clifford semigroup if and only if S is a strong semilattice of groups. In the sequel, we will
use the term strong semilattice of groups instead of Clifford semigroup.
Let S = [Y;Gq, fo p] be a Clifford semigroup, A C S and {C1,Ca,...,C, } the set of all
maximal chains in Y. Then we put
Y ={a €Y|Gy,NA # 0},
Aa={fpal@)la € ANGy,B > a},
M={oeYloAny#£a, VyeY'},
A=CiNnGCN...NCy,
A*={ocAlary=a, VyeY'},
m* = max A*,
M ={aecY\{m }|oa<m*},
C* = {o € Y|a is the maximum of a maximal chain in Y }, and
K=Y\ (MUY’ ' nC*UM*).
It is clear that Y = MJ(Y' NC*) UM* UK.
Let (Vi,E1),(V2,E2),...,(Vy,E,) be digraphs such that V;NV; = 0 for all i # j. The
disjoint union of (V1,E1),(Va,Ea), ..., (Vu, E,) is defined as U;_, (Vi, E;) := (Ur_ Vi, Ui E:).



. n
It is easy to check that Y(Ui_, (Vi,E))) = ¥ Y(V;, E;).
i=1

For any nonempty subset A of a grou;; G. Let (A) denote the subgroup generated by A
in G. If A ={a} C G, we write (a) in place of ({a}). By [4], we get the following lemma.

Lemma 1.1. Let G be a group and 0 # A C G. Then Cay(G,A) =2 J(V,, E;), where I =
i€l
{1,2,..., 5k} and (V;, Ei) = Cay((A),A) for all i € 1.

If (u,v) is an arc of a digraph D, then v is adjacent from u. The number of vertices
from which v is adjacent is the in-degree of v and is denoted by 7(1})

The following lemma gives all vertices of in-degree zero in Cayley digraphs of finite
Clifford semigroups.

Lemma 1.2. Let S = [Y; Gy, fo p] be a Clifford semigroup and A C S. Then, in Cay(S,A),
7(x) =0 ifand only if x € Gy, for some oL € M.

Proof. Let 7(x) = 0 where x € G, for some o0 € Y. Assume that o ¢ M. Then oAy =«
for some Y€ Y'. Let a € ANGy. Then fyyna(a) € Gyra = Go. Since Gy is a group, there
exists y € G such that

X = yoocfy,oc(a) = yoocfy.y/\(x(a) =ya

Thus 7()() > 0, which is a contradiction.

Conversely, let x € Gg for some B € M. Assume that 7(X) > 0, so there exists x’ € Gy for
some Y € Y such that (x’,x) is an arc in Cay(S,A). Therefore x = x'a for some a € ANG),
and A € Y'. Hence x = x'a = fyy(X') oy faya(@). Since x € Gg, YAL = B by the
definition of the multiplication of S. This implies that f <y and B < A. Thus BAA =B,
which is a contradiction since B € M. O

Lemma 1.3. Let S = [Y; G, fop] be a Clifford semigroup and A C S. Then Cay(S,A) =

Cay( U Gu, U GaNAU( U Cay(Ga,Ad)).
oY \M* oY \M* oeM*

Proof. LetD=Cay(S,A)and D' =Cay( U Go, U GoNA)U( U Cay(Gy,Aq)).
oY \M* oY \M* oEM*

It is easy to see that V(D) = V(D') = S. We prove that E(D) = E(D’). Let (x,y) be an arc

in D. Then x € Gg, y € Gy for some [,y € Y. We consider two cases.

Case 1. B € M*. Then B < m*. Since (x,y) is an arc of D, y = xa for some a € ANG,, for

some u € Y’ and m* < u. So B < u. This implies that

Y= fa.pru(®) opru fupru(@) = fpp(x) op fup(a) € Gp.

Thus § =v. This means that (x,y) € E(Cay(Gg,Ap)) € E(( U Cay(Gg,Aq))). Then

aEM*
(x,y) € E(D).
Case 2. p € Y \ M*. Assume that Y€ M*. Then Y < m* and by the definition of M* we have
m* AA=m" forall L € M. Since y = xa for some a € ANG,, for some u €Y', y=PBAuand
soy< Psince B Y \M*. If B ¢ M, then p Ao = [ for some o € Y'. Thus < o for some
o €Y' Since m* <aforallae Y’ p<m*orf > m*, we have the following subcases.
Subcase 2.1 B < m*. Then B < u. This means that B Au > B > v, it is impossible.
Subcase 2.2 B > m*. Since m* < o forall o € Y/, y < m* < B Ay, it is impossible. Then



B € M. Since m* € A*, m* ANk = m* for all A € Y'. Therefore m* Ay = m* because u € Y’'.
Since y € M*, yAm* = 1. Hence
BAm* =PBA(m"Au)
= (BAu) Am*
=yAm"*
=7
which is a contradiction. Therefore ¥ ¢ M*. This means that y € ¥ \ M*. Thus (x,y) €

E(Cay( U Gg U GgNA)). Therefore E(D) C E(D'). Next, we will prove that
ocY\M* ocY\M*
E(D') CE(D). Let (x,y) € E(D"). We consider two cases.
Casel. (x,y) €E(Cay( U Go, U GgNA)). Theny=xaforsomeae |J GgNA.
ocY\M* ocY\M* oY \M*
Hence (x,y) € E(D).

Case 2. (x,y) € E(( U Cay(Ggy,Aq))). Then (x,y) € E(Cay(Gy,Ay)) for some A € M*.
oeM*

This implies that y = x oy a for some a € Aj, where o, is the operation of the group Gj.
So a = f,)(b) for some b € G,NA, u> L. This means that y = fy 5 (x) op fua(b) =
Furnu(X) 0any furnu(b) = xb. Therefore (x,y) € E(D). Hence E(D) = E(D'), so D =
D'. O
Lemma 1.4. Let S = [Y; Gy, fop] be a Clifford semigroup, A C S, Y a totally ordered
set, and xq € Gg for some o € Y. Then, in Cay(S,A), xq ¢ N(x) :={y € S|(x,y) €
E(Cay(S,A))} forallx € U Gg.
B<a

Proof. Let xo € Gg, for some o € Y. Assume, to the contrary, that xo, € N (xB) for some
xp € Gg and B < a.. Hence (xg,xq) € E(Cay(S,A)). This implies that xo = xga for some
a € A. Suppose that a € AN Gy for some y € Y. By the definition of the multiplication of S,

we have BAY=a. So B > a, contrary to B < c. Therefore xo ¢ N(x) forallxe U Gp. O
B<o

2 Domination Numbers

The following lemma will be used in Theorem 2.2.

Lemma 2.1. Let S = [Y;Gq, fop] be a Clifford semigroup, A C S and X be a dominating
set of Cay(S,A) such that |X| = y(Cay(S,A)). Then

i) U GuCX,

acM

ii) Yo = XN Gy is a dominating set of Cay(Gg,Aq) for all o € Y' NC*, and U Yy C
aeY'NC*
X, and

iii) Xo =X NGy is a dominating set of Cay(Gq,Aq) such that |Xo| = Y(Cay(Gqy,Aq)) for

alloe M*, and |J Xy CX.
aEM*



Proof. i) By the definition of the dominating set, the vertices of in-degree zero must

belong to any dominating set. Hence |J Gy C X by Lemma 1.2.
oEM

ii) Letae Y'NC*and Yo = G NX. Letx € Gy \ Yy Thus x € S. Since X is a dominating
set of Cay(S,A), there exists y € X such that (y,x) € E(Cay(S,A)). Therefore y € Gg
for some f € Y and x = ya for some a € A. Hence a € Gy for some y € Y. Thus
x = fppry(y) opay frpay(a@). Since x € G, BAY= 0, s0 p > o and y > .. By the
definition of C*, we obtain that &« = B = 7. Then y € Gu N X. Therefore Yy is a
dominating set of Cay(Gg,Aq) for all a € Y NC*. Since Yy C X forall a € Y' NC*,

U YaCX.
aey’'nc*

iii) By Lemma 1.3, we have

Cay($,A)=Cay( U Gy U GoNAU( U Cay(Ga,Ag)).
acy\M* oeY\M* oaeM*

Then X N ( U Cay(Ggy,Ay)) is a dominating set of ( U Cay(Ggy,Aq)), and so Xo =
oM oEeM*

X NGy is a dominating set of Cay(Gg,Ag,) and |Xo| = Y(Cay(Gg,Aq)) for all o€ M*.
O

Here we give the bounds for the domination numbers of Cayley digraphs of Clif-
ford semigroups.

Theorem 2.2. Let S = [Y;Gq, fop] be a Clifford semigroup, A C S. If D = Cay(S,A), then
| U Gal+ Y 7Y(Cay(Go,Aa))+ ZM Y(Cay(Ga,Aw)) < Y(D) and
acM*

oaeM oeY’'NC*

Y(D) < |0LLEJMG(X‘+ Y Y(Cay(Go,An))+ L Y(Cay(Ge,Aq))+ ¥ Y(Cay(G,Aq)),

acY’'NC* aEM* ack

where K =Y\ (MU(Y' N C*)UM?).

Proof. Let D = Cay(S,A) and Dy, = Cay(Gy,Aq). We first show that
| U Gol+ Y Y(Da)+ Y Y(Do) <Y(D). Let X be a dominating set of D such that
oM

aEM acY'NC*
|X] =v(D). Let Yo, = X NG for all & € Y NC* and let Xo = X NGy for all o € M*. By

Lemma 1.5, we have ( U Go)U( U Yo)U( U Xo) € X. By the definition, we get
oeM oeY'NC* oeM*

M,Y' NC* and M* are disjoint, soare | Go, U Yygand | Xg. Hence
oaEM aeY’'NC* oaeM*

X2 1(U Gl U YlU(U Xa)l

aeM acY'NCc* acM*

“(UGa+ ¥ et ¥ 7Da).

aEM acY’'NC* oaEM*

Since Y, is a dominating set of D, for all o € Y/ NC*, |Yy| > 7(Dy) for all @ € Y NC*.
Therefore |X| > | U Gol+ Y 7v(Do)+ Y Y(Dq).
oM oeY’'NC* oaEM*

Let K=Y\ (MU(Y’ ﬁC*)UM*) and Z, be a dominating set of Dy such that |Zy| =
Y(Dg) for all o € K. It is easy to check that ¥ = MJ(Y' NC*)UM* UK. Since M, Y'N



C*, M* and K are disjoint, so are |J Gy, U Xo» U Xo and U Zy. Let X' =
oeM S dalen oeM* ack

( U GQ)U( U XQ)U( U Xo). We will show that X’U( U Z4) is a dominating set

aeM acYnNC* acM* aek
of D. Letx € S\ (X’U( U Zy)). Since U Go, €X', x¢ | G We need only consider
oek

) acM acM
the following three cases.

Case 1. x € Gy \ Xqg, 00 € Y NC*. Since X, is a dominating set of Cay(Gq, Ay, ), there exists
X €XeC U X suchthat (X',x) € E(Cay(S,A)).

aEeync*
Case 2. x € Gy \ Xq, O € M*. Since Xy, is a dominating set of Cay(Gq,Aq), there exists
X €Xo, C U Xq such that (x',x) € E(Cay(S,A)).

acM*
Case 3. x € Gy \ Zg, 0 € K. Since Z, is a dominating set of Cay(Gg,Aq), there exists
X €Zy C U Zg such that (x',x) € E(Cay(S,A)). Then X' J( U Zq) is a dominating set

aEK

of D. Therefore

<|X’U Uza

ack

#U%MMJMUU&mmﬂm

aeM oeync* acM* ack

U Gd+ Y 100+ Y 10+ ¥ 1(Da).

oM oeY’'NC* acM* oeK

O

Let G be a group and a € G. It is clear that Cay({(a),{a}) is a cycle of length |{a)|.
Therefore y(Cay({(a),{a})) = fK”TH]

Corollary 2.3. Let S = [Y; G, fo p| be a Clifford semigroup, Y a totally ordered set and
p the maximum element Y. Let D = Cay(S,A), where A = {a} for some a € G,. Then

YD) = [ + 2 ¥(Car(GooAa),

Proof. Leta € G,. Then Y’ = {p} and M = 0 since p is the maximum. Since C* = {p},
Y'NC* ={p}. Since Y is the only one maximal chainin¥,A=Y. Then A* =Y and m* =p.
This implies that M* =Y \ {p}. Hence y(Cay(Gp,Ap = {a})) + Z y(Cay(Ga,Aa)) <

v(D) by Theorem 2.1. By Lemma 1.1, we get that Cay(Gp,{a}) (V,,E ), where
el

I={1,2,..., 12} and (Vi, E:) 2 Cay((a), {a}) forall i € I.

Hence (21(T1517) + X ¥(Cay(Go,Aa)) < Y(D). Since (¥’ NCHYUM* =Y, K =¥\
acM*

(MU(Y’ ﬂC*)UM*) = 0. Therefore Y(D) < y(Cay(Gp,Ap)) + ): Y(Cay(Ga,Aa)) =

“fpl([ ‘1)—&— Z V(Cay(Ga,Aq)) by Theorem 2.1, Thlslmphesthaty( )= @((Q])—F

[(@)]
Y 'Y(CaY(G(xaA(x))

acM*

O



Corollary 2.4. Let S = [Y;Gq, fo.p] be a Clifford semigroup, Y a totally ordered set and m
the minimum element Y. Let D = Cay(S,A), where A = {a} for some a € Gy,. Then

|, Gl <D< Y Gel + S5 (155D
aeM oaEeM

Proof. Leta € Gy,. We have Y' = {m}. Since m is the minimum, Y’ NC* = 0. Since Y is
the only one maximal chainin ¥, A =Y. Then A* = {m}. Hence m* = m and so M* = 0.

Therefore | U Gg| <7(D) by Theorem 2.1. Since K =Y\ (MU(Y'NC*)UM*), K = {m}.
oEM

Let X;, be a dominating set of Cay(G,A, = {a}) such that |X,,| = y(Cay(Gy,{a})). By

Lemma 1.1, we have Cay(Gy,{a}) = U(V;, E;), where I = {1,2,...,%} and (V;,E;) &

i€l
Cay({a),{a}) for all i € I. Then |X,,| = ‘g”;‘l((&ﬁ]) By Theorem 2.1, we obtain that
' G”l
D) <| U Gol+ 12 (180, O
aEM

3 Total Domination Numbers

Recall that a dominating set X is called total dominating set of D if every vertex v eV
there exists x € X such that (x,v) € E. The total domination number v,;(D) of a digraph D
is the minimum cardinality of a total dominating set of D. So for that definition we get that
the total dominating set exists if and only if for every vertices in the digraphs has at least
one of its in-degree.

By Lemma 1.2, we get the following observation.

Observation 3.1. The total dominating set of Cay(S,A) exists if and only if M = 0.
Observation 3.2. If G is a cycle, then ¥,(G) = |G].
The following lemma shows the property of Cay(S,A) with M = 0.

Lemma 3.3. Let S = [Y;Gaq, fo,p] be a Clifford semigroup, A C S, and ¢; = maxC; for all
1<i<n ThenM=0ifand onlyifc; €Y' forall1 <i<n.

Proof. Let M = 0. Assume that ¢, ¢ Y’ for some 1 < k < n. Then G, NA = 0. Since ¢y is
the maximal of Cy, ¢y AY # ¢ for all y € Y'. Thus ¢, € M, which is a contradiction.
Conversely, suppose that ¢; € Y’ for all 1 <i < n. Assume to the contrary that M = 0. Let
o € M. Then ol Ay # o for all Y € Y'. We consider the following two cases.

Case 1. o =ci forsome 1 <k <n. Sincec; €Y' foralll <i<n,c, €Y' and cx Ack = ¢y,
o =c; ¢ M, it is impossible.

Case 2. v #c; €Y' forall 1 <i<n. Let o € Cy, for some 1 < k < n. Then ¢ > o. Since
ck €Y and a Ay =0, o ¢ M, it is impossible.

Therefore M = 0. O

So, for this section we will assume that M = 0. By lemma 3.3 we get the following
lemma that will be used in Theorem 3.6.

Lemma 3.4. Let S = [Y;Gaq, fop] be a Clifford semigroup, A C S and X be a total domi-
nating set of Cay(S,A) such that |X| =v,(Cay(S,A)). Then



i) Yo =X NGy is a total dominating set of Cay(Ggy,Aq) for all o € C*, and U Yo CX,
aeCt
and

ii) Xo is a total dominating set of Cay(Gy,Aq) such that |Xo| = v, (Cay(Ga,Aq)) for all

aeEM, and |J Xo CX,
aEM*

Proof. Similarlar to the proof of Lemma 2.1 i) and iii). O

Lemma 3.5. Let S = [Y; Gy, fo ] be a Clifford semigroup, A C S, and c¢; = maxC; where
1 <i<n If fop is an isomorphism for all &,B € Y and |ANGy| = 1 for all . € Y, then

Y (Cay(S,4)) = Ui, G|

Proof. Let fq g is an isomorphism for all o, € ¥ and [ANGg| = 1 foralla € Y.

First, we will show that y,(Cay(S,A)) > |Ji_;G.,|. Let X be a total dominating set of
Cay(S,A). By Lemma 3.4 i), we have X N G,, is a total dominating set of Cay(G,,,A,).
Since |[ANG,,| =1, Cay(G¢;,ANGy,) is a union of disjoint cycle.

Then v;(Cay(G,;,ANG,)) = |G,|- Thus X NG, = G, C X for all 1 <i < n. Therefore
Y (Cay(S,4)) > U, Ge, -

Next, we will show that y,(Cay(S,4)) < |U_,G,|. Let y € Gy for some o € Y. We will
show that there exists x € |J_; G, such that (x,y) € E(Cay(S,A)). Consider the following
two cases

Case 1. o= ¢ for some 1 < k < n. Since |[ANGg| = 1, there exists x € G, such that
(x.3) € E(Cay(5,4)).

Case 2. a # ¢ forall 1 <k <n. Let o € Cy for some 1 <k <nand ay € Go,NA. Since
Gy, is a group, there exists u € Gy, such that y = uaq. Since f, o is an isomorphism, there
exists x € G, such that f, «(x) = u. Then

Xdo, = fck,ckA(x(x) Ocr Aot fot,ckA(x(a) = fck,ot (x) Oq, fa,oc(a) =UOgd =Y.

Hence (x,y) € E(Cay(S,A)), this implies that | J;_; G, is a total dominating set of Cay(S,A).
Thus 7, (Cay(S,4)) < |Ui_; Gl
Therefore Y, (Cay(S,A)) = |, G| O

Here we give the bounds for the total domination numbers of Cayley digraphs of
Clifford semigroups.

Theorem 3.6. Let S = [Y;Gq, fo,p] be a Clifford semigroup, A C S. If D = Cay(S,A), then
ZC Y (Cay(Gy,Ag)) + ZM Y (Cay(Gy,Aq)) <Y (D) and
oeC* oaeM*

Y%(D) < ¥ %(Cay(Ga,Aa)) + X Yi(Cay(Go,Aa))+ L Y(Cay(Ga,Aq)),
oeC* acM* ack

where K =Y \ (C*|UM*).

Proof. Similar to the proof of Theorem 2.2. O
Example 3.7 and 3.8 illustrate the sharpness of the bounds in Theorem 2.2.

Example 3.7. Let Y = {o,B,V,A}, where A< y<B A<y<oaand a AP =Y. Let
Go =74 = {0q, 1a,20,30} Gp = Zy = {OB, 1[3,2[3,3[3}, Gy =174y = {Oy, 1fy,2'y,3'y}, G, =
Zo = {0y, 1n}. Let fuy(0a) = Oy foy(la) =1y fuy(2a) =2y fay(3a) =3y fpy(0p) =
fB,y(ZB) = OY?fﬁ,y(lﬁ) = fB,Y(3B) = 2Y’ and fy,X(OY) = fy,k(l‘{) = fy,k(zY) = fy,x(3Y) = 0.



Then S1 = [Y;Gq, fo,p] is a Clifford semigroup (see Fig.1). Consider Cay(S1,A), where

A= {2} (see Fig.2).
00 lg 20 3a om 3p

3

Ga=Z4 GB:Z4

o @ @
Fig.1. 5, = U Ga 0 !

ey Fig.2. Cay(S;,A)

We see that Y' = {B}, M = {a}, C* = {o,B}, m* =y, M* = {A}. ThenY' NC* = {B}. So
Y(Cay(S,A)) = |Go| +¥(Cay(Gp,Ap)) +¥Y(Cay(Gy,Ay)) =4+2+2=8

Example 3.8. Let Y = {o,B,Y,A}, where A <Y< B, A<y<oand aAB =Y. Let Go =
Z4 = {00, 10, 20,3}, Gp = Za = {03, 15,28,3p}, Gy = Za = {0y, 1,243y}, Gy = Zo =
{0y, 10}. Let foy and fy ), be zero mapping and fg,(0g) = Oy, fa(1p) = 1y, fp4(28) =2y,
fpy(3p) = 3y. Then Sy = [Y;Gq, fop] is a Clifford semigroup (see Fig.3). Consider
Cay(S2,B), where B = {23} (see Fig.4).

Go =724 Gg =274 0Og, Iy 2 3¢ Op lg 2 3p

o ©® @
Fig3. 5 = U Ga U0

acy Fig.4. Cay(S,,B)

We see that Y = {B}, M = {a}, C* = {a, B}, m* =1,
{B}. Sov(Cay($2,B)) = |Ga| +V(Cay(Gg, Bg)) +v(C
2+4+2+2=10.

M*={A}, K={y}. ThenY' NC* =
ay(Gy.,By)) +Y(Cay(Gy,By)) = 4+

Example 3.9 and 3.10 illustrate the sharpness of the bounds in Theorem 3.6.

Example 3.9. Let Y = {o,B,y}, where Y < B < o Let Gy = Z4 = {0 lots 200,30}
Gp = Z4 = {0p,1p,28,3p}, and Gy = Zy = {0y, 14,2y,3y}. Let fop and fp, be zero map-
ping. Then S3 = [Y;Gq, fo,p] is a Clifford semigroup (see Fig.5). Consider Cay(S3,A’),
where A" = {1q,24,3a,0g, 1,2p,3p} (see Fig.6).



Gy =74 0o, Lo 2q 3a

foc,B
Gg=7 *
p— &4
0 1 25 3

Tpay

| O O O O

Gy= Z4‘ 0y 1y 2y 3y

Fig.5.53 = (xLEJY Gq Fig.6. Cay(S3,A’)

We see thatY' = {a,B}, M =0, C* = {a}, m* =B, M* = {v}, K = {B}.
Then v (Cay(S3,4")) = i(Cay(Ga,Ay)) +Y(Cay(Gy,Ay)) = 1+4 =5.

Example 3.10. Ler Y = {a,B,y}, where Yy < B < . Let Go = Zs = {0, lots 200s 30}
Gp = Z4 = {0p,1p,2p,3p}, and Gy = Zys = {0y, 1y,2y,3y}. Let fop and fg, be zero map-
ping. Then S3 = [Y;Gq, fop] is a Clifford semigroup (see Fig.7). Consider Cay(S3,B'),
where B' = {14,2q,3a, 1p,2p,3p} (see Fig.8).

Go =74 Oy la 2 \3a
Jap
Gy = Zs '
0p 1 25 P35
Tox
6z, G O O O

Fig7.53= U G .
ig.7.85 = U Go Fig.8.Cay(S3,B))

We see thatY' = {a,B}, M =0, C* = {a}, m* =B, M* = {v}, K = {B}.
Then Y, (Cay(S3,B')) =Y (Cay(Ga, By)) +Y: (Cay(Gy, By)) +Y; (Cay(GB,BES)) =1+14+4=
6.
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Abstract A rectangular band is defined as a direct product of a left zero semigroup
and a right zero semigroup, and a rectangular group is defined as a direct product of
a group and a rectangular band. In this paper, we give some equivalent conditions for
Cayley graphs of a rectangular group to be isomorphic to each other.
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1 Introduction

One of the first investigations on Cayley graphs of algebraic structures can be found
in Maschke’s theorem from 1896 about groups of genus zero, that is, groups G which
possess a generating system A such that the Cayley graph Cay(G, A) is planar, see,
for example, [20]. For more results about Cayley graphs of groups, we refer the reader
to [3] and [19]. After this, it is natural to investigate Cayley graphs for semigroups
which are unions of groups, so-called completely regular semigroups, see, for example,
[15]. In [1,16] and [13], Cayley graphs of right(left) groups, rectangular group and
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finite simple semigroups, respectively, are characterized. Recent studies in a different
direction investigate some basic properties of Cayley graphs of ideal in a commutative
ring, see [2]. Necessary and sufficient conditions for a Cayley graph of a rectangular
group to be isomorphic to a given digraph were given in [16]. In the present paper, we
shall give the conditions for two Cayley graphs of a rectangular group to be isomorphic
to each other.

All sets in this paper are assumed to be finite. An element z of a semigroup S is
a left(right) zero of S if zs = z(sz = z) forall s € S. z is a zero of § if it is both a
left and right zero of S. A semigroup all of whose elements are left(right) zeros is a
left(right) zero semigroup. A direct product of a group and a left(right) zero semigroup
is called a left(right) group. A direct product of a left zero and a right zero semigroup
is called a rectangular band. A rectangular group is a direct product of a group and a
rectangular band.

The cardinality of a set X, denoted by | X|, is the number of elements in X. For any
nonempty subset A of a semigroups S, let (A) denote the subsemigroup generated by
Ain S. Let G be a group and a € G. The order of a is the cardinality of the cyclic
subsemigroup ({a}) and is denoted by ord(a).

Let (V1, E1) and (V», E;) be digraphs. A mapping ¢ : Vi — V, is called a
digraph homomorphism if (u, v) € Ej implies (¢(u), ¢(v)) € Ey, i.e., ¢ preserves
arcs. We write ¢ : (V1, E1) — (Va, E»). A digraph homomorphism ¢ : (V, E) —
(V, E) is called a digraph endomorphism. If ¢ : (V1, E1) — (Va, E») is a bijective
digraph homomorphism and ¢! is also a digraph homomorphism, then ¢ is called
a digraph isomorphism. If a digraph isomorphism ¢ : (V1, E;) — (Va2, E») exists,
then the graphs are called isomorphic and we write (V, E1) = (V2, E2). A digraph
isomorphism ¢ : (V, E) — (V, E) is called a digraph automorphism.

For any family of nonempty set {X;|i € I}, let U;c; X; denote the disjoint union of
Xi,iel.

Let (V1, E1), (V2, E2), ..., (Vy, E,) be digraphs such that V; N V; = @ for
all i # j. The disjoint union of (Vi, E1), (Va, E2), ..., (V,, E,) is defined as
Us Vi, E) = (U/_ Vi, U'_ E;). If Vi = V; = V for all i, j, then the edge
sumof (V1, Ey), (Va, E2), ..., (Vy, Ey) is defined as ®7_;(V;, E;) = (V, U!_| Ey).

Let S be a semigroup and A € S. We define the Cayley graph Cay(S, A) of §
relative to A as follows: S is the vertex set and (u, v), u, v € S, is an arc in Cay(S, A)
if there exists an element a € A such that v = ua. The set A is called the connection
set of Cay(S, A).

A digraph (V, E) is called a semigroup digraph or digraph of a semigroup if there
exist a semigroup S and a connection set A C S such that (V, E) is isomorphic to
the Cayley graph Cay(S, A). For any v € V , the number of arcs incident to v is the

indegree of v and is denoted by d (v). The number of arcs incident from v is called

the outdegree of v and is denoted by d (v).

Throughout the paper, a graph always means a directed graph without multiple
edges, but possibly with loops. A subgraph F of a graph D is called a strong subgraph
of D if and only if whenever u and v are vertices of F and (u, v) is an arc in D, then
(u,v) is an arc in F as well. If the vertex set of a strong subgraph F is H, then F is
said to be induced by H.
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2 Cayley Graphs of Rectangular Band

We consider an isomorphism of Cayley graphs of rectangular bands in this section.
From now on, G denotes a group, R,, = {ry, r2, ..., r,} aright zero semigroup, L,, =
{l1, >, ..., 1y} aleft zero semigroup, and p; the projection into the ith component.
For any subgroup K of G, G/K denotes the set of all distinct left cosets of K in G.
By the definition of right zero semigroups, we get the following lemma.

Lemma 2.1 Let A C R, and let v be a vertex in Cay(R,,, A). Then

(1) d () = |Ry| ifand only if v € A;
(2) d (v) = 0 ifand only if v ¢ A.

From the above lemma, we have the following lemma.

Lemma 2.2 Let A, B C R,,. Then Cay(R,, A) = Cay(R,, B) if and only if |A| =
|B|.

It is known that a rectangular band § = L,, X R, is isomorphic to the finite simple
semigroup M (G, I, A, P), where G = {e} is the trivial group, m = |I| and n = |A]|.
By Theorem 3 in [13], we have the following lemma.

Lemma 2.3 Let S = L, X R, be a rectangular band and A C S. Then Cay(S, A)
is the disjoint union of m isomorphic strong subgraphs Cay({l;} x Ry, {l;} x p2(A))
forie{l,2,...,m}.

Theorem 2.4 Let S = L,, X R, be a rectangular band and A, B C S. Then
Cay(S, A) = Cay(S, B) if and only if | p2(A)| = |p2(B)I.

Proof (=) Let Cay(S, A) = Cay(S, B). By Lemma 2.3, we get Cay(S,A) =
UL Cay({li} x Ry, {li} x pa(A)) = UiL Cay({li} x Ry, {Li} x p2(B)) = Cay(S, B).
Then Cay({li} x Rn, {li} x p2(A)) = Cay({li} x Ry, {li} x p2(B)) and thus
Cay(Rn, p2(A)) = Cay(Ry, p2(B)). By Lemma 2.2, we get [p2(A)| = [p2(B)].
(<) Let |p2(A)| = |p2(B)|. By Lemma 2.2, we get Cay(R,, p2(A)) =
Cay(R,,. p2(B)). Then UL, Cay({li} x Ry, {li} x p2(A)) = UiL Cay({l;} x Ry, {li} x
p2(B)). By Lemma 2.3, we get Cay(S, A) = Cay(S, B). O

3 Cayley Graphs of Right Groups

In this section, we present the conditions for Cayley graphs of a given right group to
be isomorphic. By the definition of a right group, we get the two following lemmas.

Lemma 3.1 Let S = G x R, be a right group, A a nonempty subset of S, g, g’ € G,

andr,r’ € R,. Then the following statements are equivalent:

(1) ((g,r), (g, r")isan arc in Cay(S, A);
(2) There exists (a,r’) € A such that g’ = ga;
(3) ((g,r), (g, 1) is an arc in Cay(S, A).
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Lemma 3.2 LetS = G X R, be aright group, A anonempty subset of S, G/{(p1(A)) =
{g1(P1(A)), 82(p1(A)), ..., guw(p1(A))}, and (gi{p1(A)) x p2(A), E;) a strong sub-
graph of Cay(S,A) for i = 1,2,...,w. Then (g;j(p1(A)) x p2(A), E;) and
(gk(p1(A)) x p2(A), Ex) are disjoint strong subgraphs of Cay(S, A) for all j # k.

Theorem 3.3 Let S = G x R, be a right group, A a nonempty subset of S,
G/(p1(A)) = {g1{p1(A)), &2(p1(A)), ..., gw(p1(A))}, and (gi(p1(A)) x p2(A), Ei)
a st'rong subgraph of Cay(S, A). Then Cay(S, A) = U:szl (gi(p1(A)) x pa(A), E})
U UiZ1(8i (p1(A) X Ry, E)), where E| = {((s, 1), (u,v)) | 1 & pa(A), (s, v), (u, v))
€ E,‘}.

Proof Let D = Ui (gi(p1(A)) x p2(A), E)) U UL (i (p1(A)) x Ry, E)). It is
clear that § = Ui, (gi(p1(A)) x p2(A) U UL (gi(p1(A)) x Ry) = V(D). We
will prove that E(Cay(S, A)) = E(D). Let ((g,r), (g, r")) be an arc in Cay(S, A).
By Lemma 3.1, there exists (a,7’) € A and g’ = ga. Hence g’ € gk, (p1(A)) and
g € 8k, (p1(A)) for some ki, kp € {1,2, ..., w}. We have the following cases.

(case 1) If r € pa(A), then (g,r), (g',r") € Ui(gi{p1(A)) x pa(A)). Since
UiZ1(gi(p1(A)) x pa(A), E;) is a strong subgraph of Cay(S, A), ((g, ),
(g'.r"))isanarcin UL (i (p1(A)) x p2(A), E;). Therefore (g, r), (g, "))
is an arc in D.

(case 2) If r ¢ pa(A), then ((g,r'), (g’,r")) is also an arc in Cay(S, A) by
Lemma 3.1 and ((g,r), (g’,r’)) is an arc in Cay(S, A). This implies that
((g, 1), (¢g',7") € E;. Then ((g, 1), (¢',1")) € E]. Hence ((g,r), (g'.1")
is an arc in D.

Therefore E(Cay(S, A)) € E(D).

To show that E(D) C E(Cay(S, A)), let ((g,r), (g’,r’)) be an arc in D. We
consider two cases.

(case 1) If ((g,r), (g, r’)) isan arc in U:-”Z] (gi (p1(A)) x pa(A), E;), then it is an arc
in Cay(S, A) because U:-”zl (gi(p1(A)) x p2(A), E;) is a strong subgraph of
Cay(S, A).

(case 2) If ((g,r), (g', 7)) is an arc in U;_ (gi(p1(A)) X Ry, E!), then it is an arc
in E; for some k. We get that ((g,7'),(g’,7)) € Ei and this implies
that ((g,r'), (g’,r")) is an arc in Cay(S, A). By Lemma 3.1, we have
((g,r), (g',r")) is also an arc in Cay(S, A).

Then E(D) C E(Cay(S, A)). Hence Cay(S, A) = D. O

Lemma 3.4 [14] Let S = G x R, be a right group, and let A be a nonempty subset
of S. Then (A) = (p1(A)) x p2(A).

Theorem 3.5 Let S = G x R, be a right group, A a nonempty subset of S,

G/(p1(A) ={g1(p1(A)), &2(p1(A)), ..., guw(p1(A))}, and (gi(p1(A)) X p2(A), E;)
a strong subgraph of Cay(S, A). Then (gi(p1(A)) x p2(A), E;) = Cay({A), A) for
i=1,2,...,w.

Proof We define f : (gi(p1(A)) x p2(A), Ej) — Cay((A), A) by (gia,r) — (a,r)
foralla € (p1(A)) andr € pr(A). Clearly, f is a bijection. We will prove that f and
£~ ! are homomorphisms.
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For (gia,r), (gia',r") € gi(p1(A)) x p2(A), let ((gia,r), (gia’,r")) be an arc
in (gi(p1(A)) x p2(A), E;). Since (g;i(p1(A)) x p2(A), E;) is a strong subgraph
of Cay(S, A), we get that ((g;a, '), (gia’, ")) is an arc in Cay(S, A). There exists
(a”,r") € A such that g;a’ = gijaa” so a’ = ad”. Since f(gia’,r") = (d',r) =
(aa”,r") = (a,r)d",r") = f(gia,r)(@",r"), we have (f(gia,r), f(gia',r")) is an
arc in Cay((A), A). Therefore f is a homomorphism.

Let(f(gia,r), f(gia’,r’))beanarcinCay({A), A). Thenthereexists (a’,r") € A
such that f(g;a’,r") = f(gia,r)(@”,r"”). Therefore (a’,r") = (a,r)@",r") =
(aa”,r"),a’ = aa”,andr’ = r”.Hence (g;a’,r') = (giaad”,r") = (gia,r) (@”,r"),
so((gia, r), (gia’,r"))isanarcinCay(S, A). Since (g;a, r), (g;a’, ') € gi(p1(A))x
p2(A) and (g; (p1(A)) x p2(A), E;) is a strong subgraph of Cay(S, A), we thus get
((gia,r), (gia’,r")) is an arc in (g; (p1(A)) x p2(A), E;). Therefore f~! is a homo-
morphism. This means that (g; (p1(A)) x p2(A), E;) = Cay((A), A). O

Lemma 3.6 LetS = G X R, bearight group, A anonempty subset of S, G/{p1(A)) =
{81(p1(A)). 82{p1(A)). ... guw(p1(A))}, and (gi{p1(A)) X p2(A), E;) a strong sub-
graph of Cay(S, A). Then for all v € V(Cay(S, A)), d (v) # 0 if and only if
v e ULy (gi(p1(A))) x pa(A).

Proof (=) Letv = (hy,r1) € S and 7(1}) # 0. Then there exists u = (hp, 1) € S
such that (u, v) is an arc in Cay(S, A). Hence there exists a = (g’,r") € A such
that v = ua. Therefore (hy,r1) = (ha,r2)(g’,r") = (hag’, r’), which implies that
ri = r' € pa(A). Since h; € G = U;_(gi(p1(A))), we have v = (hy,r1) €
Uiz (gi(p1(A))) x pa(A).

(<) Let v = (hy,r) € U:-”zl(gi(pl(A))) X p2(A). We get that h; € G and
r € p2(A). We need consider the two cases.

(case 1) If v € A, there exists (e,r) € S, where e is the identity of G. Since
(e,r)(hl,rl): (ehy,r) = (hy,r) = v, there is an arc from (e, r) to v.
Therefore d (v) # 0.

(case 2) Ifv ¢ A, then there exists (hy, r) € A forsome hy € G.Because G is a group
and A1, hy € G, this implies that h;l € G and hlhgl € G. Then we have
(hihy',r) € S. Since (hihy ', r)(ha,r) = (hihsy'ha,r) = (hi, 1) = v,
there exists an arc from (h1h; ! r) to v. Therefore _d)(v) # 0.

O

A path from a vertex ug to some vertex u, in a graph (V, E) is a sequence of
vertices ug, ui, uy, ..., u,, where (u; 1, u;) foralli,is an arcin (V, E). If (u;_1, u;)
or (u;,u;—1) is an arc in (V, E), then we say that there is semipath between uq and
u,. A graph (V, E) is connected if there is a semipath between any two vertices. The
following lemmas will be used in the proof of Theorem 3.14.

Lemma 3.7 LetS = G X R, be aright group, A anonempty subsetof S, G/{p1(A)) =

{g1{p1(A)), g2(p1(A)), ..., guw(p1(A))}, and (gi(p1(A)) x p2(A), E;) a strong sub-
graph of Cay(S, A). Then for any i € {1,2,...,w}, (gi(p1(A)) x p2(A), E;) is
connected.
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Proof Let (gix, ), (giy.y) € (gi(pi(A) x pa(A)). Then (x,B),(y,y) €
(P1(A)) x p2(A) = (A). There are aj,az,...,a; € A such that (y,y) =
(x,B)ajay ...aq for some g < |A| Hence (giy,y) = (gix,PBlaiaz...aq.
This means that there is an arc from (g;x, B)aiaz...aq—1 to (gy,y). Since
((gix. B). (gix, Byar), ((gix, Bar, (gix, Baraz), ..., ((gix, Paiay ...az2, (gix,
Blaias . ..aq,l) are arcs in Cay(S, A), there is a path (g;x, B), (gix, B)ai, (gix, B)
maz, ..., (gix,Blaiay...a,—1, (gy,y)inCay(S, A). We conclude that (g; (p1(A))
x p2(A), E;) is connected. O

Since a strong subgraph (g; (p1(A)) X p2(A), E;) isconnected, we have (g; (p1(A)) x
P2(A), EU(gi(p1(A)) x Ry, E))is also connected forany i € {1,2, ..., w}, where
E’ is defined as in Theorem 3.3.

Lemma 3.8 Let S = G x R, be a right group, A and B be nonempty subsets
of S, G/{p1(A)) = {g1(p1(A)), &2(p1(A)), ..., guw(p1(A))}, and G/(p1(B)) =
{h1(p1(B)), ha{p1(B)), ..., h:(p1(B))}. If UL, (i (p1(A)) x p2(A), Ep) U Uil
(8i(p1(A)) x Ry, E)) = Ui (hj(p1(B)) x pa(B), Ej) U Uj_;(hj(p1(B)) x
Ry, E}), then w = z and (gi{p1(A)) x p2(A), E;) = (hj{p1(B)) x p2(B), Ej)
foralli, j.

Proof LetU;_ (gi(p1(A)x p2(A), Et) U UiZ (8 {p1(A)) x Ry, E)) = Uiy (hj{p1
(B)) x p2(B), Ej) UL:J;:I(hj(pl(B)) X R,, E;.). Then there exists an isomor-
phism f : UL (gi (p1(A)) x pa(A)) U UL, (gi (p1(A)) x Ry) — Uiy (hj(p1(B)) x
p2(B) UUj_ (hj(p1(B)) x Ry,). By Lemma 3.6, we get that [U;_; (g (p1(A))) x
p2(A)| = |U;_; (hj(p1(B))) x pa(B)| and we have f (Ui (gi (p1(A))) x pa(A)) =
L'Jj-zl (hj(p1(B))) x p2(B). Since f is an isomorphism, we thus get the restriction of
0 UL (gi(p1(A))) x p2(A) is an isomorphism from U;_; (gi (p1(A)) x pa(A), E;)
to Uiy (hj(p1(B)) x pa(B), E;). Therefore Ui, (gi(p1(A)) x pa(A), Ei) =
U;Zl(hj(pl(B)) x p2(B), Ej). In view of Theorem 3.5 and Lemma 3.7, we get
that w = z and (g; (p1(A)) x p2(A), E;) = (hj(p1(B)) x p2(B), Ej). m

Lemma 3.9 Let S = G x Ry, be a right group, A and B nonempty subsets of S. If
Cay(S, A) = Cay(S, B), then |p2(A)| = [p2(B).

Proof LetG/(p1(A)) = {g1(p1(A)), &2(p1(A)), ..., guw(p1(A))}and G/(p1(B)) =
{h1(p1(B)), ha(p1(B)), ..., h{(p1(B))}. Assume that Cay(S, A) = Cay(S, B).
By Theorem 3.3 and Lemma 3.8, we get that |U:-U:1g,~(p1(A)) X p2(A)
|US_ihj(p1(B)) x pa(B)| for all gi,h; € G. Since Ui_;gi(pi(A) = G =
L'J?):lhj(pl(B)), we have |G X pz(A)| = |G X pz(B)|. Therefore |G‘ X |p2(A)| =
|G| x | p2(B)|. Hence | p2(A)| = | p2(B)|. o

By Theorem 4 in [13], we have the next lemma.

Lemma 3.10 Let S = G x R, be right group, and let (g, 1), (h, B) € S, where
g, h e Gand ), B € R,,. Then Cay(S, {(g,M)}) = Cay(S, {(h, B)}) if and only if
ord(g) = ord(h).
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Theorem 3.11 Let S = G X Ry, be a right group, A and B nonempty subsets of S. Let
A, = (p1(A)) x{r}, A, = ANA,and A = {A |r € p2(A)}. By, B andBaredeﬁned
similarly. If Cay((A), A) = Cay((B), B), then |A| = |B| and |(p1(A))| = |(p1(B))|.

Proof Let Cay((A), A) = Cay((B), = |p2(B)| and
then |A| = | B|. Since Cay((A), A) = Cay((B), B) , we get that |{A)| = |(B)|. By
Lemma 3.4,

[(P1(A)) x p2(A)| =
[(p1(A)] x [p2(A)| = |p1(B)l
[(p1(A))] = |[(p1(B))].

O

Theorem 3.12 Let S = G X Ry be a right group, A and B nonempty subsets of S.

Let A, = (p1(A)) x {r}, A =ANA, and A = {A |r € p2(A)}. By, B and B are

defined similarly. Then Cay({A), A) = Cay({B), B) if the following conditions hold:

(1) [A] = ||

(2) There exists a szectzon f A - B such that ‘A | = ’f(A )’for all A, € A;

(3) For each A € A, there exists a bl]ectlon Or A — f(A ) such that
ord(pi(a)) = ord(pi(¢,(a))) forall a € A,.

A)| = |[(B)|. By Lemma 3.10 and (3), we get that Cay((A), {a}) =
Cay((B), {¢,(a)}) for all a € A,. Then Cay((A), A,) = ®,ci Cay((A), {a) =

®,ci Cay((B), {p,(@)}) = Cay((B), pr(A,)).
By (2), Cay((A), A,) = Cay((B), f(A,)) forall A, € A. Then

®; ciCav((A), Ar) =@, iCay((B). f(A));
Cay((A), Uz _4A;) = Cay((B), Uy 4 f(A));
Cay(< ), A) = Cay((B), B).

O

Lemma3.13 Let S = G X R, be a right group, A a nonempty subset of S,
G/(p1(A) = {81(p1(A)), 82(p1(A)), ..., guw(p1(A))}. and (gi(p1(A)) X p2(A), E;)
a strong subgraph of Cay(S, A). Then for everyi € {1,2,..., w}, U;‘;l (gi(p1(A)) x
p2(A), EnUUL (8i(p1(A) x Ry E) = UZ((gi(p1(A) x pa(A), Ep) U
(gi{p1(A)) x R,, Elf)), where E' is defined as in Theorem 3.3.

Theorem 3.14 Let S = G X R, be a right group, A and B be nonempty subsets of
S. Then Cay(S, A) = Cay(S, B) if and only if Cay((A), A) = Cay((B), B).

Proof Let G/{p1(A)) = {g1(p1(A)), &2(p1(A)), ..., gw(p1(A))}and G/(p1(B)) =
{hi(p1(B)), ha(p1(B)), ..., h (p1(B))}.
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(=) Let Cay(S, A) = Cay(S, B). Then there exists an isomorphism f : Cay(S, A)
— Cay(S, B). By Theorem 3.3, we get that U;_, (g (p1(A)) x p2(A), Ei) U Ui,
(8 (P1(A) X Ry, E)) =U5_; (hj(p1(B))x p2(B), Ej) U Ui (hj(p1(B)) xRy, E%).
In view of Lemma 3.8, (g;(p1(A)) x p2(A), E;) = (h;j{p1(B)) x p2(B), E}). By
Theorem 3.5, we get Cay((A), A) = Cay((B), B).

(<) Let Cay((A), A) = Cay({(B), B). By Lemma 3.12, |[(p1(A))| = [(p1(B))|
and thus w = |G|/|{p1(A))| = |G|/I{p1(B))] = z. By Theorem 3.5, we get
(8i(p1(A)) X p2(A), Ei) = (hj(p1(B)) x p2(B), Ej) foralli, j € {1,2, ..., wh It
follows that L'JEUZI (gi(p1(A)) x p2(A), E)) = szl(hj(pl(B)) x p2(B), Ej). There
exists an isomorphism f : Ui, (g (p1(A)) x p2(A), Ei) — L'Jj-zl (hj(p1(B)) x
pa(B), Ej). Therefore |U;Z, (i (p1(A)) x pa(A)| = |U5_; (hj(p1(B)) x pa(B)|.
Since U;_,gi(p1(A)) = G = Ui_ihj(p1(B)), then |G x p2(A)| = |G x pa(B)|.
Hence |G| X |p2(A)| = G| X |p2(B)| and thus |p2(A)| = pz(B)|. Sup-
pose that R,\p2(A) = {q1,92,....qm} and R\\p2(B) = {q]. 5, ..., qy,}. Let
r € pa(A).Define T : UiZ (gi (p1(A)) x p2(A), E)) U UL (8 (p1(A)) X Ry, E]) —
Uiy (hj(p1(B)) x pa(B), Ej) U Ui (hj(p1(B)) X Ry, E}) by

f(s,r) ifr; € pa(A)

T =1 p1(Fis.m).gf) i n = g for some gy € R\ pa(A).

Clearly, T is well defined and is surjective. To show T is injective, let x; =
(uy, A1), x2 = (up,Ap) € S and T(x1) = T(xp). We need to consider the follow-
ing two cases:

(case 1) If A1, A2 € pa(A), then T(x;) = f(x1) and T(x2) = f(x2). Since
T(x1) = T(x2), we have f(x;) = f(x2) and x; = xp because f is a
graph isomorphism.

(case 2) If A1, X2 ¢ po(A), assume that Ay = ¢; and Ao = gi. Thus T(x;) =
(p1(f(u1,1)),q)) and T'(x2) = (p1(f(u2,7)), q;)- Since T (x1) = T (x2),
we have (p1(f (u1,7)), q)) = (p1(f(u2, 1)), q;). It follows that ¢, = ¢; and
p1(f(ui,r)) = p1(f(uz,r)). Hence by the definition of 7', A1 = A;. Since
f is a graph isomorphism, we have u; = uy. Therefore x; = x».

By the above two cases, we conclude that T is an injection. We will prove that T
and T~! are homomorphisms.

Assume that ((x, r.), (v, 7)) is an arc in U}, (g; (p1(A)) x pa(A), E;) U UL,
(gi(p1(A)) X Ry, Elf). Thus (y,rq) = (x,rc)(a,r;) for some (a,r;) € A. Hence
(y,rq) = (xa,r;) and thus rg = r; € p2(A) and y = xa. We have the following two
cases.

(case 1) ro € pa(A). Then (T(x, re), T (y, rd)) = (f(x, re), f(y, rd)) is an arc in
Uiy (hj(p1(B)) x pa(B), Ej) U Ui (hj(p1(B)) x Ry, E7) since f is an
isomorphism.

(case2) r. € R,\p2(A). Then r. = g for some k € {1,2,...,m}. Hence
((x,7e), (v, ra))isanarcin Ui 1(gi (p1(A)) X Ry, E}).Then ((x, ), (v, 74))
is an arc in U} (g: (p1(A)) x pa(A), E;). By Lemma 3.1, ((x, r), (y, 74)) is
alsoanarcinU;_ (g; (p1(A)) x p2(A), E;).Ttfollows that (f (x, r), f(¥,74))
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is an arc in L'J;:](hj(pl(B)) x p2(B), Ej). Let f(x,r) = (x',r) and
f(.ra) = (¥, r)). Therefore ((x’, ), (Y, rt/l)) isanarcin szl (hj{p1(B))
x p2(B), E ) and thus ((x/, . (Y, r;i)) is also an arc in szl (hj(p1(B))x
p2(B), Ej). Therefore ((x', q;), (¥, 1) is an arc in U5_;(hj(p1(B)) x
Ry, E})- This means that ((x", g;), (v'. 7)) = ((p1(f(x, 1), qp). (Y. 1))
= (T(x,r), T(y,ra)) is an arc in U5_; (h;(pi(B)) x Ry, E'). Hence
(T (x,re), T(y,rq))isanarcin Uizl(hj<P1(B)) x p2(B), E;) U szl(hj
(p1(B)) X Ry, E})-

Thus 7T is a homomorphism.
Assume that (T (x, ), T (y, ra)) isanarcinUj_ (h (p1(B)) x p2(B), E;) U Ui,
(hj{p1(B)) x Ry, E}). We have the following two cases.

(case 1) If (T (x,r¢), T(y,rg)) is an arc in L'Ji 1(hj{p1(B)) x p2(B), Ej), then
we get that T(x,r.) = f(x,r.) and T(y ra) = f(,rq). There-
fore (f(x,rc), f(y,rq)) is an arc in U, 1(hj{p1(B)) x p2(B), Ej).
Since f is a graph isomorphism from U,zl(gl(pl(A)) X p2(A), E;) to
Uiy (hj(p1(B)) x pa(B), Ej), we get that ((x,r.), (v,ra)) is an arc in
UL, (8i(p1(A)) x pa(A), E;) and it is also an arc in Ui (g (p1(A)) x
p2(A), Ei) UL (8i(p1(A)) X Ry, E).

(case 2) Suppose that (T (x, r.), T(y, r4)) is an arc in L'Jj-zl(hj(pl(B)) X Ry, E}).
Then r. = g for some k € {1,2,...,m}. Let T(y,rqy) = f(y,rq) =
O/, ry)- Then ((p1(f(x, 1), q;), (¥, 7)) is an arc in U_; (hj(p1(B)) x
Ry, E}) and so (p1(f (x, 7)), 1), (', 7)) is an arc in Uiy (hj(p1(B)) x
p2(B), Ej).Hencethereexists (b, r);) € Bsuchthat (y', 7)) = (p1(f(x,r)),
ri)(b,r)). Let f(x,r) = f&',r). Then f(y,ra) = &',r))(b.7r}) =
x'b, 1)) = (', r")(b,r)) = f(x,r) (b, r)). This means that (f(x,r), f(y,
rq)) is an arc in L:Jj 1 (hj{p1(B)) x pa(B), Ej). Then ((x,7), (y,74)) is
an arc in Ul 1 (8i(p1(A)) x p2(A), E;). Therefore ((x, rc) (y,rq)) is an
arc in Ul 1(8i (pl(A)) X Ry, E! 7) and it is also an arc in Ul 1(gi(p1(A)) x
p2(A), E)) U UL, (8 (p1(A)) X Ry, E)).

Thus 7! is a homomorphism. Hence U;” (g: (p1(A)) x p2(A), E)) U Ui, (g;
(P1(A)) X Ry, E}) = Ui (hj(p1(B)) x pa(B), Ej) UUj_; (hj(p1(B)) X Ry, E).

By Theorem 3.3, we have Cay(S, A) = Cay(S, B). |
Example 1 Let S = S3 x R» be a right group, where S3 = {(1), o, o2, 1,102, 0}
is the symmetric group with (1) an identity, o = (123), o2 = (132), 7 =

(12), 762 = (13),t0 = (23). Let A = {((1),r), (z,r1), (t,r2)} and B =
{(ro,r1), ((1),72), (tro,r)}. It is easily seen that Cay(S, A) = Cay(S, B) (see
Figs. 1 and 2). . . .
We have A, = {((1), 1), (z,r)}, Ay, = {(z,r2)}, By, = {(ro,r1)}, and B
{((1), r2), (to, r2)}. Therefore A = {A,,, A,,}, B = {B,,, B}, and thus |A| =
Since (p1(A)) = {e, t} and (p1(B)) = {e, o}, then [(p1(A))| = [{p1(B))I.

r =
B,
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Fig.1 Cay(S, A)

(1,72) (1,71

(702, r9) (to*,1q

(o,712) (o,

(0, r2) (021

(to,r9) (to,r1

We thus get |Arl| =2 = |}§,2| and |Ar2| =1= |1§r1 |. There exists a bijective
function f from A to B such that f(A,,) = B, and f(A,,) = By,.
Moreover, there are bijective functions

~

@r t Ay — B, such that g, (1), 1) = ((1),r2)
or (t,r1) = (T0,12)

and ¢, : A,z — érl such that ¢, (7, ) = (to,r)

such that ord(p1(a)) = ord(pi1(¢r, (@) and ord(p1(b)) = ord(pi(gr, (b)) for all
ae A, and b € A,,. According to Theorem 3.12, Cay((A), A) = Cay({B), B).

4 Cayley Graphs of Rectangular Groups
By Theorem 4 in [13], we have the following theorem, which presents an equivalent

condition for two Cayley graphs of a given rectangular group relative to one-element
subsets are isomorphic to each other.
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Fig. 2 Cay(S,
' W B 7'02,7’2) (7_027T1)

TO,T2) (to,r1)
(1,72) (1,71)
(o,7r2) (o,7r1)

Theorem 4.1 Let S = G x L, X Ry, be a rectangular group, a = (g1,11,r1), b =
(g2,12,2) € S. Then Cay(S, {a}) = Cay(S, {b}) if and only if ord(g1) = ord(g>).

Lemma 4.2 Let S = G x Ly, X R, be a rectangular group, A a nonempty subset of S,
and (g1,11,71), (82,12, r2) € S. Then ((g1, 11, 1), (82,12, r2)) is an arc in Cay(S, A)
if and only if there exists (a,l,r2) € A such that go = gia and [} = [5.

As a direct consequence of Lemma 4.2, we have the following lemma.
Lemmad4.3 Let S = G x L,,; X Ry, be a rectangular group, A a nonempty subset of
S. Then Cay(S, A) is the disjoint union of m isomorphic strong subgraphs (G x {l;} x
Ry, E)fori=1,2,...,m.

Lemmad4.4 Let S = G x L,, X R, be a rectangular group, A a nonempty subset of

S, G/{p1(A)) = {g1(p1(A)), g2(p1(A)), ..., guw(p1(A))}, and (gi(p1(A)) x {li} x
R, Eix) a strong subgraph of Cay(S, A). Then the following conditions hold:
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() (G x {l;} x Ry, E}) = U?:](gk(Pl(A)) x {li} x Ry, Eix); ' '
(2) (gk{p1(A)) x {l;} x Ry, Eix) = Cay(gk{p1(A)) x {l;} X Ry, A") where A" =
{(g,li,r)|(g,l,r) € A foralll € L,}.

Proof (1) Note that G = U} g (p1(A)), then G x {L;} x Ry = Ui, (ge(p1(A)) x
{li} x R,). Let ((g, Li,r), (g1, r/)) € E;. By Lemma4.2, there exists (a, [, r') €
A such that g’ = ga. Hence g € g,(pi(A)), & € g4(pi1(A)) for some
p,q € {1,2,...,w}. A simple computation shows that p = ¢ and then
(g.1i,1), (g, li,r") € (gp(p1(A)) x {li} x Ry). Because (g,(p1(A)) x {l;} x
Ry, Ejp) is the strong subgraph of Cay(S, A), therefore ((g, Li,r), (g1, r’)) €
Uy, Eix. Hence E; € U,_, Eix. Similarly, we can prove that U,_, Eix € E;, and
then E; = U,_, E;x. We conclude that (G x {l;} x Ry, E;) = U;_, (gk(p1(A)) x
{li} X Ry, Eif). .

(2) Let D = Cay(gk(p1(A)) x {l;} x R,, A"), we will prove that E;; = E(D). Let
((8.1i,r), (g, li,r")) € Eix. By Lemma 4.2, there exists (a, [, r') € A such that
¢’ = ga. By Lemma 4.2 again, we get that ((g, /i, r), (¢/.li,r')) € E(D). This
shows that Eqx € E(D). Let ((g,1i,r), (¢, li,r')) € E(D). By Lemma4.2, there
exists (a,l;,r’) € A’ such that g = ga. We get that (a, j, ') € A for some
Jj € L. Then by Lemma 4.2 again, ((g,l;,r), (g’,1;,r")) € Ejx. This shows
that E(D) C Eji. Therefore E;; = E(D). We conclude that (gx(p1(A)) x {l;} x
Ry, Eir) = Cay(gr({p1(A)) x {l;} x R,, A").

O

Theorem 4.5 Let S = G x Ly, X Ry, be a rectangular group, A, B nonempty subsets
of S. Let S = G x Ry. Then Cay(S, A) = Cay(S, B) if and only if Cay(S', A") =
Cay(S’, B), where A" = {(g,r) | (g,1,r) € Aforsomel € L,;} and B’ = {(g,r) |
(g,l,r) € B forsomel € Ly,}.

Proof Let G/(p1(A)) = {gi1{p1(A)), &2(p1(A)), ..., gu(p1(A)}, G/{p1(B)) =
{hi(p1(B)), ha(p1(B)). ... . h-(p1(B))}. We let (G x {li} x Ry, Ef), Af =
(k{p1(A)) x {l;} x Ry, Ejx) be a strong subgraph of Cay(S, A), and let (G x {l;} x
Ry, E?), Bi. = (h/(p1(B)) x {l;} x Ry, Ej) be a strong subgraph of Cay(S, B). By
Lemma 4.3 and Lemma 4.4(1), we have Cay(S, A) = Cay(S, B)

< Cay(G x L, X R, A) ZCay(G x L, x R,, B)
& UL (G x {li} x Ry, E} ZUT_ (G x {I;} x Ry, E})

m oz t

Y T
& UL U AF = U

Since Af.‘ and B;. are connected subgraphs, we get that w = z. Then for each

i, k, there exist j, ¢t such that A{.‘ = B;.. Let D,? = (gr{p1(A)) x pa(A"), E}) and

DE = (h/(p1(B)) x pa(B"), E;) be strong subgraphs of Cay(gk(p1(A)) x Ry, A”)
and Cay(h;(p1(B)) x R,, B'), respectively. Let A’ = {(g,l;,r)|(g,l,r) € A}, B/ =
{(h,1l;,r)|(h,1,r) € B}. By Lemma 4.4(2) and Theorem 3.3, we have

Cay(gx(p1(A)) x {li} x Ry, A") = Cay(h; (p1(B)) x {l;} X Ry, BY)
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& Cay(gi(p1(A)) x Ry, A') = Cay(h/(p1(B)) x Ry, B)
& U DR U (gk(p1(A) X Ry, Eqr) = Ui DB U (1, (p1(B)) x Ry, Ep).

By Lemma 3.8 and Theorem 3.5, we have U;_; D = U;_ DF « D} = D} &
Cay((A'), A') = Cay((B'), B') < Cay(S', A’) = Cay(§', B'). 0

Example 2 Let S = 83 x L, x Ry be a rectangular group, where S3 =
{(1), o, ol 1, r02, to'}is the symmetric group, and let A = {((1), Iy, r1), (t, 11, 71),
(t,011,m)}, B={(to,lr,r), ((1), 2, r), (to,lr, r)} be subsets of S.

We have A’ = {((1), r1), (t,71), (tr,72)} and B’ = {(z0, r1), (1), ), (o, r2)}.
By Example 1, Cay(S’, A") = Cay(S’, B’). By Theorem 4.5, Cay(S, A) = Cay(S, B).
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Domination in Cayley Digraphs of Right and Left Groups

Nuttawoot Nupo and Sayan Panma

Abstract

Let Cay(S, A) denote a Cayley digraph of a semigroup S with a con-
nection set A. A semigroup S is said to be a right group if it is isomorphic
to the direct product of a group and a right zero semigroup and S is called
a left group if it is isomorphic to the direct product of a group and a left
zero semigroup. In this paper, we attempt to find the value or bounds
for the domination number of Cayley digraphs of right groups and left
groups. Some examples which give sharpness of those bounds are also
shown. Moreover, we consider the total domination number and give the
necessary and sufficient conditions for the existence of the total dominat-
ing set in Cayley digraphs of right groups and left groups.
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Keywords: Cayley digraph, Right group, Left group, Domination number,
Total domination number

1 Introduction

Let S be a semigroup and A a subset of S. Recall that the Cayley digraph
Cay(S, A) of S with the connection set A is defined as the digraph with vertex
set S and arc set E(Cay(S, A)) = {(z,za)|x € S,a € A} (see [7]). Clearly, if A
is an empty set, then Cay(S, A) is an empty graph.

Arthur Cayley (1821-1895) introduced Cayley graphs of groups in 1878. Cay-
ley graphs of groups have been extensively studied and many interesting results
have been obtained (see for examples, [1], [12], [13], and [14]). Also, the Cayley
graphs of semigroups have been considered by many authors. Many new inter-
esting results on Cayley graphs of semigroups have recently appeared in various
journals (see for examples, [4], [8], [9], [10], [12], [15], [16], [17], [18], and [19]).
Furthermore, some properties of the Cayley digraphs of left groups and right
groups are obtained by some authors (see for examples, [11], [16], [17], [18], and
21]).

The concept of domination for Cayley graphs has been studied by various
authors (see for examples, [3], [5], [22], [24], and [25]). The total domination
in graphs was introduced by Cockayne, Dawes, and Hedetniemi (see [3]) and is
now well studied in graph theory. Tamizh Chelvam and Rani (see for examples,
[24], [25], and [26]) have obtained bounds for various domination parameters for
a class of Circulant graphs. Here we shall study some domination parameters of
Cayley digraphs of right groups and left groups. All graphs considered in this
paper are finite directed graphs. The terminologies and notations which related
to our paper will be defined in the next section.

2 Preliminaries and Notations

In this section, we give some preliminaries needed in what follows on digraphs,
semigroups, Cayley graphs of semigroups, domination number, and total dom-
ination number. For more information on digraphs, we refer to [2], and for



semigroups see [6]. All sets in this paper are assumed to be finite.

A semigroup S is said to be a right (left) zero semigroup if zy = y(zy = x)
for all z,y € S. A semigroup S is called a right (left) group if it is isomorphic
to the direct product G x R,,,(G X L,,) of a group G and an m— element right
(left) zero semigroup Ry, (Ly,). If m = 1, then we can consider a Cayley digraph
of a right (left) group G x R,,(G x L,,) as a Cayley digraph of a group G. So
in this paper, we will consider in the case where m > 2.

Let D = (V,E) be a digraph. A set X C V of vertices in a digraph D is
called a dominating set if every vertex v € V' \ X, there exists € X such that
(z,v) € E and we call that 2 dominates v or v is dominated by z. The domina-
tion number (D) of a digraph D is the minimum cardinality of a dominating
set in D and the corresponding dominating set is called a y—set. A set X CV
is called a total dominating set if every vertex v € V, there exists ¢ € X such
that (z,v) € E. The total domination number v¢(D) equals the minimum car-
dinality among all the total dominating sets in D and the corresponding total
dominating set is called a ~y;—set.

For any family of nonempty sets {X;|i € I}, we write U X;=UX;it X;n
i€l iel
X; =0 for all i # j. Let (V4, E1),(Va,Es), ..., (Vy, E,) be digraphs such that

V NV; =0 for all ¢ # j. The dzsyomt union of (Vl, Ey),(Va,Ea),...,(Vy,Ey) is
- n
defined as L_JZ Vi, Ey) = (Uz Vi Uz 1 Ei ) It is easy to verify that v((J,_, (Vi,

E;)) = Z Vi, E;), . (U1 Vi, Ey)) = Z v(Vi, E;), and if for each i,j € I

with (V;?E ) = (‘/}’E ), then y(V;, E;) = ’Y(Vv]vE ) and . (V;, E;) = ’yt(v}an)'
From now on, |A| denotes the cardinality of A where A is any finite set and p;
denotes the projection map on the i*" coordinate of a triple where i € {1,2,3}.
A subdigraph F of a digraph G is called a strong subdigraph of G if and only
if whenever « and v are vertices of F' and (u,v) is an arc in G, then (u,v) is an
arc in F' as well. Moreover, we denote by G a finite group and Gy a group of
order k, and let R,,(L,,) denote a right (left) zero semigroup with m elements.
Now, we recall some results which are needed in the sequel as below for further
references.

Lemma 2.1 ([20]). Let S = G X R, be a right group, A a nonempty subset of S

such that pa(A) = Ry, G/(p1(A)) = {g1(p1(A)), 92(p1(A)), ..., 9x(P1(A))}, and
let I ={1,2,...,k}. Then

1. §/(A4) = {g:(p1(A)) X Rynli € T} and 5 = ng<gi<p1<A>> X Ryy),

2. Cay($,4) = U (sl (A) x o). B where (ulpa(A)) x ), B5) 5 a
strong subdigraph of Cay(S, A) with ((g:(p1(A)) X Rp), E;) = Cay({A), A) for
alli e I.

Lemma 2.2 ([20]). Let S = G X Ry, be a right group and A a nonempty subset
of S. Then (A) = (p1(A)) x p2(A) is a right group contained in S.

Lemma 2.3 ([16]). Let S = G X Ly, be a left group and A a nonempty subset
of S. Then the following conditions hold :
1. for each l € L,,, Cay(G x {i},p1(A) x {I}) = Cay(G, p1(4)),

2. Cay(S,A) = ZELLJ Cay(G x {1},p1(A) x {I}).



Lemma 2.4 ([20]). Let S = G X Ly, be a left group, A a nonempty subset of S,

G£<p1(A)> = {g1(p1(A)), 92(p1(A)), ..., gk (P1(A))}, and let T = {1,2,... k}.
Then

1 S/(A) = {gi(pr(A) x {Mi € L€ L} and S= U (galp1(A)) x {1}),

i€l,l€L,y,

2. Cay(S,A)= U ((g:(p1(A)) x {1}), En) where ((g:(p1 (A)) x {13), Ea) is a

i€l 1€L
strong subdigraph of Cay(S, A) with ((g;(p1(A))x{l}), Fi) = Cay({p1(A)),p1(4))
foralliell e Ly,

The following lemmas give the results for the domination number and the
total domination number of Cayley graphs of the group Z,, relative to the specific
connection sets.

Lemma 2.5 ([23]). Let n > 3 be an odd integer, m = "+ and A = {m,n —
m,m—1n—(m-1),....m—(k—1),n—(m—(k—1))} CZ, wherel <k <m.
Then (Cay(Zo, A)) = [ 2],

n—1

Lemma 2.6 ([23]). Let n > 3 be an even integer, m = |"5=| and A =
g,m,n—mm—1n—(m-1),....m—(k—1),n—(m~—(k—-1))} CZ
where 1 <k <m. Then v(Cay(Zn, A)) = [557 1

3 Main results

In this section, we give some results for the domination parameters of Cayley
digraphs of right groups and left groups related to the according connection sets
such as the domination number and total domination number. We divide this
section into two parts. The first part gives some results for the domination in
Cayley digraphs of right groups and the second part for left groups. Hereafter,
we will denote by D the Cayley digraph Cay(S, A) of a semigroup S with a
connection set A.

3.1 The domination parameters of Cayley digraphs of right
groups

In this part, we study the domination parameters of Cayley digraphs of right
groups relative to the appropriate connection sets. We start with the theorem
which describes the domination number in Cayley digraphs of right groups with
any connection set A where |p2(A)| # |Rum|.

Theorem 3.1. Let S = G X R, be a right group and A a nonempty subset of
S. Af [p2(A)| # |Rm|, then v(D) = (|[Rm| = [p2(A)]) % |G].

Proof. Suppose that |p2(A)| # |Rm|, we have [p2(A)| < |Rm|. Let Y = {(z,a) €
Sla ¢ p2(A)}. We will show that Y is a dominating set of D. Let (b,¢) € S\Y.
Then b € G and ¢ € pa(A), i.e., there exists d € p1(A) C G such that (d,c) € A
Since G is a group, there exists y € G such that b = yd. From |R,,| > |p2(4)],
we get that there exists r € Ry, \ p2(A) which leads to (y,r) € Y. Thus
(b,c) = (yd,c) = (y,7)(d,c). Therefore, Y is a dominating set of D. Hence
v(D) < Y| = (JRm| — |p2(4)]) x |G|. Now, we assume in the contrary that



v(D) < (|Rm| — |p2(A)]) x |G|. Let X C S be a dominating set of D such that
X is a y—set, i.e., | X| =v(D) < (|Rm| — [p2(4)]) x |G|. We have

1S\ X|

IS = 1X|
nm — [(|Rm| — [p2(A4)]) x |G]]
=nm — [(m — |p2(A4)]) x n]

\%

nm —nm + n(|pa(A)))

n(|p2(A)[)
= |G x pa(A)].

Thus there exists at least one element (a,b) € (S\ X) \ (G x p2(4)), ie.,
(a,b) € S\ X and (a,b) ¢ G x p2(A). Since a € G, we obtain that b ¢ pa(A).
From (a,b) € S\ X and X is the dominating set of D, there exists (z,y) € X
such that ((z,v), (a,b)) € E(D). Thus (a,b) = (z,y)(c,d) = (xc,yd) = (xe,d)
for some (c,d) € A. We conclude that b = d € pa(A) which is a contradiction.
Therefore, ¥(D) £ (Rl — Ip2(A)]) % [G], i.e., 1D) = (| Bl — Ipa(A)]) |G,
as required. O]

The next theorem gives the bounds of the domination number in Cayley
digraphs of right groups with any connection set A where |p2(A)| = |Rp|.

Theorem 3.2. Let S = G x R, be a right group A a nonempty subset of S. If

p2(A)| = |Ru, then 2L < 4(D) <.

Proof. Assume that |pa(A)| = |Ryn|. We first prove the right inequality, i.e.,
v(D) < |G|. For each r € Ry, let Y = {(z,7)|lx € G} = G x {r}. We will
show that Y is a dominating set of D. Let (a,b) € S\Y. Then a € G and
b € R,, such that b # r. Since |p2(A)| = |Rm| and p2(A) C R,,, we get that
Ry, = p2(A) and then b € pa(A). Thus there exists ¢ € p1(A) C G such that
(¢,b) € A. Since G is a group, there exists g € G such that a = gc. We obtain
that (a,b) = (ge,b) = (g,7)(c,b) where (g,r) € Y. Hence Y is the dominating
set of D. Therefore, v(D) < |Y| = |G x {r}| = |G|.

Now, we will prove the left inequality. Let X be the dominating set of D such
that X is a y—set, ie., |X| = v(D). Then for each (a,b) € S\ X, we get
that (a,b) = (z,y)(s,t) for some (x,y) € X and (s,t) € A which implies that
S\ X C XA. Hence |S\ X| < |XA|. Since every element of X has the same
out-degree |A|, we obtain that

V(D)A] = [X||A] = [XA] = |S\ X| = [S]| = | X[ = [S| = ~(D).
Then v(D)|A| > |S|—~(D) which leads to |S| < v(D)|A|+~(D) = v(D)(JA|+1).

S
Hence (D) > |A||-|‘-1' O

In the following example, we present the sharpness of the bounds given in
Theorem 3.2.

Example 3.3. Let Z3 x Ry be a right group where Zs is a group of integers
modulo 3 under the addition and Ry = {r1,r2} is a right zero semigroup.



(1). Consider the Cayley digraph Cay(Zs x Ra,{(2,71),(2,72)}).

Figure 1: Cay(Zg x Ra, {(2,m1), (2,72)}).

We have X = {(0,r1),(1,r;
and y(Cay(Zz x Rz, {(2,71)
Ry, {(27T1)’ (27T2)})) = |Zn

(2). Consider the Cayley digraph Cay(Zs X Ra,{(0,71), (1,71), (1,72)}).

(2,72)})) = | X| = 3 = |Z3|. Similarly, v(Cay(Zy, x

); (2,11)} is ay—set of Cay(Zzx Ry, {(2,71), (2,72)})
| where n € N.

Figure 2: Cay(Zy x Ra,{(0,71),(1,71), (1,72)}).

We have Y = {(0,73),(2,7r2)} is a y—set of Cay(Zyx R, {(0,71), (1,71), (1,72)})
= - = ZaxR
and y(Cay(Zax Ra, {(0,71), (T, 1), (1,r2)}) = Y] = 2 = mmtot Ay
Similarly, we also obtain v(Cay(Zak x Ra,{(0,71), (1,71), (I,72)})) =k = 2& =
]2{(6’%)’(212’);5{%&[7”2)}+1 with a y—set {(0,72), (2,72), (4,72),...,(2k — 2,72)} where
€ N.

The following theorems show the values for the domination number in Cayley
digraphs of right groups according to the specific connection sets. We begin with
two lemmas which are refered in the proof of theorems.

Lemma 3.4. Let S =G X R, be a right group and A a nonempty subset of S
such that p1(A) = G, p2(A) = R, and |A| = |Ry,|. For each (x1,r1), (x2,72) €
S, if (x1,m1) (Y1, 1) = (¥2,72) (Y2, 52) for some (y1,51), (y2,82) € A, then x1 =
Ta.

Proof. Let (x1,71), (x2,72) € S be such that (z1,71)(y1, s1) = (x2,72)(y2, $2) for
some (yl, 51), (yg, 82) € A. Thus (l’lyl, 7’181) = (J?ng, 7‘282), that iS7 (Ilyl, 51) =
(z2y2,82). Then x1y; = x2ys and s; = sg. Since we know that pi(4) =
G, p2(A) = Ry, and |A| = |Ry|, these imply y13 = yo. From z1y; = xays



where x1, x3, y1, Y2 are elements of a group G and y; = ys, we can conclude that
x1 = xo by the cancellation law. O

Lemma 3.5. Let S =G X R, be a right group and A a nonempty subset of S
such that A = {a} X R,, where a € G. LetY be a dominating set of D. If there
exists x € G such that x ¢ p1(Y), then (xa,r) €Y for allr € R,,.

Proof. Let Y be a dominating set of D. Suppose that there exists x € G such
that © ¢ p1(Y) and assume in the contrary that there exists r € R,, such that
(za,r) ¢ Y. Since Y is a dominating set of D, there exists (y,7’) € Y such
that ((y,r'), (za,r)) € E(D), i.e., (za,r) = (y,7")(a,r) where (a,r) € A. Hence
xa = ya which implies that = y € p1(Y) which contradicts our supposition.
Therefore, (za,r) € Y for all r € R,y,. O

Theorem 3.6. Let S = G x R, be a right group and A a nonempty subset of
S such that p1(A) = G, p2(A) = Ry, and |A| = |Ry|. Then v(D) = |G].

Proof. Assume that the conditions hold. Since |p2(A4)| = |R,.|, we obtain that
v(D) < |G| by Theorem 3.2. Now, suppose that there exists a dominating set
Y such that |Y| < |G|. Then there exists g € G such that g ¢ p;(Y’). We first
prove that for each r € Ry, (¢9,7)A C Y. Let r € R,, and (z,y) € (g,7)A.
Then (z,y) = (g,7)(g1,71) for some (g1,71) € A. If (z,y) ¢ Y, then there
exists (¢',r") € Y such that (z,y) = (¢’,7")(g2,72) for some (go,72) € A since
Y is a dominating set of D. Thus (g,7)(g1,71) = (x,y) = (¢',7")(g2,72) where
(91,71), (g2,72) € A. By Lemma 3.4, we can conclude that g = ¢’ € p;(Y’) which
is a contradiction. Hence (z,y) € Y which leads to (g,7)A C Y. Since p;(A) =
G, we obtain that the identity element e of G lies in p;(A). Then there exists
s € p2(A) such that (e,s) € A and (g,s) = (g,7)(e, s) € (9,7)A CY. Whence
g € p1(Y) which contradicts the above supposition. Therefore, v(D) = |G|. O

Theorem 3.7. Let S = G X R, be a right group and A a nonempty subset of
S such that A = {a} X Ry, where a € G. Then v(D) = |G]|.

Proof. Let S = G x R, be a right group and A a nonempty subset of S such
that A = {a} x R,, where a € G. Then |p2(A)| = |Rn|- By Theorem 3.2,
we obtain that y(D) < |G|. Assume that there exists a dominating set Y of
D such that |Y| < |G|. Then there exists x € G such that = ¢ p1(Y). Let
U={ue€Glué¢p(Y)} Assume that |U| = k where 1 < k < n —1. For
each u € U, we obtain by Lemma 3.5 that (ua,r) € Y for all » € R,,. Hence
there exists at least one element ¢ € p1(Y') such that (¢,r) € Y for all r € R,,.
Let V = {v € p1(Y)|(v,r) € Y for all r € R,,}. Assume that |V| = [ where
1 <1 < n—k. By Lemma 3.5 again, we get that |Y| > mi+[(n—k)—1]+(k—1) =
ml+n—21 =n+ (m—2)Il. Since m > 2, we obtain that |Y| > n+ (m —2)l > n,
a contradiction. Therefore, v(D) = |G/, as required. O

Theorem 3.8. Let S = G X Ry, be a right group and A = K X R, a nonempty
[e]

subset of S where K is any subgroup of G. Then (D) = 1RT-

Proof. Let S =G x R,, be a right group and A = K X R,, a nonempty subset
of S where K is a subgroup of a group G. Consider the set of all left cosets
of K in G, G/K = {¢:1K, 2K, ...,g: K}, we obtain that the index of K in G
equals ¢, ie., [G: K] =t Let I = {1,2,...,t} be an index set. By Lemma



2.1, we have S/(A) = {g:K x Ry|i € I} such that § = |J(g;K x Ry) and
i€l
Cay(S, A) = U ((¢:K x Ry,), E;) where ((g: K X Ry,), E;) is a strong subdigraph
iel

of Cay(S, A) Z\;ith ((g:K X Rp), E;) =2 Cay({A), A) for all ¢ € I. Thus
V(D) = 7(Cay(S, A))
=1 J(9:K x Rm), E:))

el
= (9K x Rin), Ey)
i€l
= [I|[y(Cay((4), A))]
= t[y(Cay((A), A))].

By Lemma 2.2, we can conclude that (A) = (p1(A)) x p2(4) = (K) X R, =
KxR,, =A. Furthermore we can prove that v(Cay({(A ) A)) = 1 which implies
that (D )_t—[G.K]—% O

The next theorem gives the necessary and sufficient conditions for the ex-
istence of the total dominating set in Cayley digraphs of right groups with
connection sets.

Theorem 3.9. Let S = G X R, be a right group and A a nonempty subset of
S. Then the total dominating set of D exists if and only if p2(A) = Ryy.

Proof. We first prove the necessary condition by assume that the total domi-
nating set of D exists, say T. We will show that pa(A) = R,,. By the definition
of the connection set A, we know that po(A) C R,,,. Let r € R,,,. Then for each
a € G, we get that (a,r) is dominated by a vertex (x,y) for some (x,y) € T
since T is the total dominating set of D. Thus there exists (a’,7’) € A such
that (a,r) = (z,y)(d,r") = (xd',yr") = (za’,r") which implies that r =1/, i.e.,
r € pa(A). Therefore, pa(A) = R,,.

Conversely, we prove the sufficient condition by suppose that py(A) = R,,. We
will prove that every vertex has an in-degree in D. Let (g,7) € G X R,,. Then
r € Ry, = p2(A). Thus there exists a € p;(A) such that (a,r) € A. We obtain
that ((ga=1,7'), (g,7)) = ((ga=1,7"), (ga"1,7")(a,r)) € E(D), i.e., (g,7) is dom-
inated by (ga=!,7’). So we can conclude that every vertex of D always has an
in-degree in D. If we take T'= V(D) = S, then we can see that T is a total dom-
inating set of D since for each (x,y) € S, (z,y) is dominated by some vertices
in T. Hence the total dominating set of D always exists if pa(A4) = R,,. O

Theorem 3.10. Let S = G X R, be a right group and A a nonempty subset of
S such that p2(A) = R,,. Then % < (D) <|G|.

Proof. Let A be a connection set of D such that p2(A) = R,,. We know that
the total dominating set of D exists by Theorem 3.9. For each r € R,,, let
T ={(9,7)|g € G} = G x {r}. We will show that T is a total dominating set
of D. Let (z,y) € S = G x R,,. Since pa(A) = R,,, we get that y € pa(A)
which implies that there exists z € p;(A) such that (z,y) € A. Since G is a
group and z,z € G, we obtain that x = hz for some h € G. Thus there exists



(h,r) € T such that (z,y) = (hz,y) = (h,7)(2,y). Hence (z,y) is dominated by
the vertex (h,r) in T. We can conclude that T is the total dominating set of D
which leads to

(D) < |T| =[G x {r}| = |G].
Next, we will show that v, (D) > %. Assume in the contrary that there exists a

total dominating set T” such that |T7| < \l%‘l' Thus |T"A| < |T'||A] < | S| which
implies that there exists at least one element (p,q) € S but (p,q) ¢ T'A. Hence
there is no an element in 7" which dominates (p, ¢), this contradicts the property

of the total dominating set 7”. Consequently, v:(D) > %, as required. O

In the following example, we give the sharpness of the bounds given in The-
orem 3.10.

Example 3.11. Let Z3 x Ry be a right group where Zs is a group of integers
modulo 3 under the addition and Ry = {r1,r2} is a right zero semigroup.

(1). Consider the Cayley digraph Cay(Zs x Ra,{(2,71),(0,72), (2,72)}).

Figure 3: Cay(Zg X R27 {(i ’1"1)7 (0, TQ), (?, 7“2)}).

We have X = {(0,71), (1,71),(2,71)} is avi—set of Cay(Zz x Ra,{(2,71), (0,72),
(2,72)}) and v(Cay(Zs x Ra, {(2,71), (0,7“2),7(2, TQ)})) = |)f| =3 =[Zs].
Similarly, we can get that v:(Cay(Zn x Ra, {(2,71),(0,72),(2,72)})) = |Zy| with
a yi—set Ly, X {r1} where n € N.

(2). Consider Cay(Zs x Ra,{(0,71),(1,71),(2,71), (0,72), (1,72), (2,72)}).

Figure 4: Cay(Z3 X R2> {(67 7nl)v (Iv Tl)v (ia 7‘1), (0’ T'Q)’ (17 7”2), (2a TQ)})'



We obtain that Y = {(0,71)} is a vs—set of Cay(Zsz X Ra,{(0,71), (1,71), (2,71),
(0,72), (1,72),(2,72)}) and ’yt(Cay(ngRgi {(0,71),(1,71), (2,71 1
R

(2,r2)1) =Y =1= qammme rf) G ) Gl )
Similarly, v¢(Cay(Zsy, x Ra,{(0,71),(1,71),(2,71), (0,72), (1,72),(2,72)})) =

|Z3r X Ra| . - = _
O T @) O ) @) With the y—set {(0,71), (3,71), (6,7m1),.,

(3k —3,7r1)} where k € N.

3.2 The domination parameters of Cayley digraphs of left
groups

The following result gives us the domination number of a Cayley digraph of a
left group G x L,, with a connection set A in the term of a domination number
of a Cayley digraph of the subgroup (p;(A)) of G.

Theorem 3.12. Let S = G X Ly, be a left group, A a nonempty subset of S,
and G/(p1(A)) = {g1(p1(A)), 92(p1(A)), .., gr(p1(A))}. Then v(D) =m k-
V(Cay((p1(A)),p1(A))).

Proof. Let I ={1,2,...,k}. By Lemma 2.4, we have D = U ((gi{p1(A)) x
‘€Il Lm,

{l}), E;;) such that a digraph ((g;(p1(A)) x {l}), E;;) is the strong subdigraph
of D with ((gi(p1(A)) x {I}), Eiy) = Cay({p1(A)),p1(A)) for all i € 1,1 € Ly,

Therefore, v(D) = zi:llin:l v((gi(p1(A)) x {i}), E;) and we can conclude that
V(D) =m -k -y(Cay((pi(A)),p1(A))). H

Sometimes, it is not easy to find v(Cay({p1(A)),p1(A))) so we can not find
~v(D) actually. However, we can know the bound of v(D) which is not depend on
¥(Cay({p1(A)),p1(A))). The next theorem gives the bounds of the domination
number in Cayley digraphs of left groups with the according connection sets.

Theorem 3.13. Let S = G X L,, be a left group and A a nonempty subset

of S such that the identity of G lies in p1(A). If H is a subgroup of G with

a mazimum cardinality and contained in p1(A), then B |?‘)‘ < ?(D? <[G: H]

where |G : H] is the index of H in G.

Proof. Suppose that H is the subgroup of G with a maximum cardinality such
that H C p1(A). We will show that v(D) < [G : H||L.,|. Let [G : H] = k for
some k € N. Consider the set of all left cosets of H in G, {g1H, g2H,...,g.H}.
Choose only one element from each left coset g1 H, goH, ..., g H, say gihi, gahs,

. +s grhi, respectively. Let D; = Cay(Gx{l;},p1(A)x{l;}) and Y; = {g1h1, g2ho
yeesgkhet x {l;} € G x {l;}. We prove that Yi is a dominating set of D;. Let

(9,0;) € (G x{l;})\Y;. Since g € G = UgtH we get that g € g;H for

some 1 < j < k. Then g = g;h for some h € H. Thus (gjh;,l;) € Y; and
hy 'h € H C p1(A). So there exists [, € pa(A) such that (h; 'h,1,) € A and we
have (9,0) = (gjh,l;) = ((gjhj)(hjflh),li) = (gjhj,li)(hjlh,lq) € Y;A. Hence
Y; is the dominating set of D; and then v(D;) < |Y;| = k =[G : H]. By Lemma

2.3, we can conclude that v(D) = > v(D;) = v(D;)|Lm| < [G : H]|Ly,|. Now,
i=1

we will prove that (D) > %MM. By Lemma 2.3(1), we have



Cay(G X {ll},pl(A) X {ll}) = C(Ly(G X {l]},pl(A) X {l]}) for all li,lj € Ly,.

For each 1 < i < m, we will consider the domination number of D; and let X;
be the dominating set of D; such that X; is a y—set. Since the identity of G lies
in p1(A) and X; is the dominating set of D;, we get that (X;)(p1(4) x {l;}) =
G x {Li}. Hence |G| = |G x {l:}] = |(X:)(pr(A) x ()] < |Xillps (4) x {L:}] =
1 X,][p1(A)]. Thus v(D;) = |X;| > —9~. By Lemma 2.3(2), we obtain that

Ip1(A)]
D = U D;. Then we conclude that y(D) = ~v( U Di) = > ~(D;) =
1<i<m 1<i<m i=1
G

Corollary 3.14. Let S = G X Ly, be a left group and A = K X L,, a nonempty
subset of S where K is any subgroup of G. Then y(D) =[G : K||L,|.

Proof. Since A = K x L,, where K is any subgroup of G, we obtain that the
identity e of G lies in K = p;(A). Moreover, we get that K is the subgroup of
G with a maximum cardinality that contained in p;(A). By Theorem 3.13, we

obtain that %\LM < ¥(D) < |G : K]|Ly,|. Therefore, (D) = [G : K]|Lp,|
since [G:K]:%. O

The following example gives the sharpness of bounds given in Theorem 3.13.

Example 3.15. Let Zg x Lo be a left group where Zg is a group of integers
modulo 6 under the addition and Lo = {11,132} is a left zero semigroup.

(1). Consider the Cayley digraph Cay(Ze¢ x L2,{(0,11),(2,11), (4,11)}).

R 299
NS
(&Y
TP

Figure 5: Cay(Ze x L2, {(0,11),(2,11),(4,11)}).

We have X = {(0,11),(0,12), (1,11), (1,12)} is a y—set of Cay(Ze x L2,{(0,11),
(2,0), (4,1)}).  Thus v(Cay(Ze x L2,{(0,01),(2,l1),(4,11)})) = |X| = 4 =
2(2) = [Z¢ : H]|L2| where H = {0,2,4} is the subgroup with a maximum cardi-
nality of Ze that contained in p1({(0,11),(2,11), (4,11)}).

Similarly, if A = {(0,11),(2,11),(4,11),...,(2k — 2,11)} is a nonempty subset
of Zok X Lo where k € N, then {(0,11),(0,l2),(1,11),(1,12)} is a y—set of
Cay(Zsy, x Lo, A). Hence v(Cay(Zap X Lo, A)) = 4 = [Zoy : H]|Ls| where
H = {0,2,4,...,2k — 2} is the subgroup with a mazimum cardinality of Zay
that contained in p1(A).




(2). Consider the Cayley digraph Cay(Ze x La,{(0,11), (3,12)})-

¢ € €S %
D) @D D D) (i) G

@ @ @) @D (1) @
—

Figure 6: Cay(Z¢ x L2,{(0,11),(3,12)}).

We have Y = {(0,11), (1,11),(2,11), (0,12), (1,12),(2,12)} is a y—set ofC’ay(Z X
L2,{(0,11), (3,12)}) and v(Cay(Ze x L2,{(0,l1),(3,12)})) = [Y|=6= 5 x 2=

ozl
1 ({0.00),G. 1) D] * |La|.

Similarly, if A = {((_),ll), (k,l2)} is a nonempty subset of Zgy, x Ly where k €
N, then {0,1,2,...,k—1} X {ll,lg} is a y—set of Cay(Zak x Lo, A). Hence

Y(Cay(Zok x Ly, A) = 2k = B x 2 = 2L x| L.

Now, we show other results of the domination number of Cayley digraphs of
Zn, the group of integers modulo n, with a connection set {1,} C Z, in order
to apply to the domination number of Cayley digraphs of left groups Z, x L
where L is a left zero semigroup. Recall that N(z) is the set of all neighbours
of z and let N[z] = N(z) U {z}.

In general, it is easy to verify that [2] < v(Cay(Z,,{1,t})) < [5].

Proposition 3.16. Let n > 2 be a positive integer.
Then v(Cay(Zn,{1,2})) = [3].

Proof. We will consider the case n =1 (mod 3).

It is easy to see that {1,4,7,...,n — 3,1} is a dominating set of Cay(Z,, {1,2}).
Hence v(Cay(Z,, {1,2}) ) < \{1 4,7,...,n=3,n} =22 =[2].

Suppose that there exists a domlnatlng set X such that | X| < 22 e, |X| <

221 Since |N[z]| < 3 for all z € X, we obtain that | |J N[z]| < 3|X\ <
€X

x
n — 1 < n which is a contradiction. Therefore, v(Cay(Zy,{1,2})) = [%] and
we can prove other cases similarly. O

Lemma 3.17. Let n > 3 be a positive integer and X a dominating set of
Cay(Zn,{1,3}). For each x € X,|N[z] N\ N[v]| > 1 for some v € X \ {z}.

Proof. Let X be a dominating set of Cay(Z,,{1,3}) and z € X.
Then N[z] = {z,z+1,2+3}. Since x+2 ¢ N[z] and £+ 2 has to be dominated,
we can conclude that £ +2 € X or x +2 € NJy| for some y € X.
Ifz+2 € X, then N[z+2] = {+2,24+3,2+5}, i.e.,, x+3 € N[z]|NN[z+2]
which implies that |[N[z] N N[z 4 2]| > 1.
Ifz+2€ N[y, theny=z+1lory=z—1.
Ify=z+1,thenz+1€ X. Thus x4+ 1 € N[z] N Nz + 1] which leads
to [N[z]N Nz +1]| > 1.
If y=a2—1,then x —1 € X. Thus € N[z] N N[z — 1] which implies
that |N[z] N N[z —1]| > 1. O
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Proposition 3.18. Let n > 3 be a positive integer.
2121 -1 ifn=1,2 (mod 5),

Then v(Cay(Zn,{1,3})) = 2[21 ifn=0,3,4 (mod 5)
. =0,3, .

Proof. We will consider the case n =1 (mod 5). In this case, we can conclude

that y(Cay(Z,,{1,3})) < |T| = 22 = 2[2] — 1. Next, suppose that there

exists a dominating set X such that |[X| < 2[%] -2 = @ For each = € X,

we have by Lemma 3.17 that N[z] N N[y] > 1 for some y € X \ {z}. Since

|N[z]| < 3, we have | |J Nz]| < 3|X| — [%'] < % < n-—1 < n, that
reX

is, U Nz] € Z,. Hence X does not dominate Z, which is a contradiction.
reX

Therefore, v(Cay(Zn,{1,3})) = |T| = 2[2] - 1.
Similarly, we can prove the case n = 2 (mod 5).
Now, we will consider the case n = 3 (mod 5). We can obtain that T' =

< |T| = 22 = 2[2]. Assume in the contrary that there exists a dominating

set X such that |X| < 2[2] — 1 = 22=1. Again by Lemma 3.17, we have

| U Nz]| < % < 2ol < 20 — . Whence X does not dominate Z,, which
zeX
contradicts to the property of the dominating set X. So we can conclude that

Y(Cay(Zn,{1,3})) = |T| = 2[%]. For the cases n = 0,4 (mod 5), we can prove
them similarly. O

Proposition 3.19. Let n > 4 be a positive integer.
3[%] ifn=0,6 (mod 7),
Then v(Cay(Zn,{1,4})) < {3[2] =1 ifn=4,5 (mod 7),
3[2] -2 ifn=1,2,3 (mod 7).

Proof. Let n > 4 be a positive integer.

For n =0 (mod 7), we obtain that Xy is a dominating set where
Xo={1,8,15,22,...,n — 6)U{3,10,17.24, ..., n — 4}U{6,13,20,27,...,n — 1}
which implies that y(Cay(Zy,,{1,4})) < [Xo| = 3[%].

For n =1 (mod 7), we obtain that X; is a dominating set where
X, =1{1,8,15,22,...,m} U{3,10,17,24,...,n — 5} U {6,13,20,27,...,n — 2}
which implies that v(Cay(Zy,{1,4})) < |X;| =3[2] — 2.

For n = 2 (mod 7), we obtain that X5 is a dominating set where
Xy ={1,8,15,22,...,n — 1}U{3,10,17,24, ..., n — 6}U{6,13,20,27,...,n — 3}
which implies that v(Cay(Zn,{1,4})) < [Xa| = 3[%] — 2.

For n = 3 (mod 7), we obtain that X3 is a dominating set where
X3 ={1,8,15,22,...,n — 2}U{3,10,17,24, ..., n — 7}U{6,13,20,27,...,n — 4}
which implies that v(Cay(Zy,{1,4})) < |X3| =3[2] — 2.

For n =4 (mod 7), we obtain that X, is a dominating set where
X4 ={1,8,15,22,...,n — 3}U{3,10,17,24,...,n — 1}U{6,13,20,27,...,n — 5}
which implies that v(Cay(Zy,{1,4})) < |X4| =3[2] - 1.

For n =5 (mod T7), we obtain that X5 is a dominating set where
X5 ={1,8,15,22,...,n — 4}U{3,10,17,24, ..., n — 2}U{6,13,20,27,...,n — 6}
which implies that v(Cay(Zy,{1,4})) < |X5| =3[2] — 1.

For n = 6 (mod 7), we obtain that Xg is a dominating set where

12



X6 =1{1,8,15,22,...,n — 5} U {3,10,17,24,...,n — 3} U{6,13,20,27,..., 7}
which implies that v(Cay(Z,, {1,4})) < | X¢] —3[ 1. O

Proposition 3.20. Let n > 5 be a positive integer.
Then v(Cay(Zn, {1,5})) <[]+ 1.

Proof. Let n > 5 be a positive integer.

For n = 0 (mod 3), we obtain that X = {1,2,4,7,10,13,. p—2}isa
dominating set which leads to y(Cay(Zy, {1,5})) < |Xo| = [§]+

For n =1 (mod 3), we obtain that X; = {1,2,4,7,10,13,. ..,Ta} is a domi-
nating set which leads to v(Cay(Z,, {1,5})) < \X1| =[5]+

For n = 2 (mod 3), we obtain that X, = {1,2,4, 7 10, 13 ..,p—l} is a
dominating set which leads to v(Cay(Z,, {1,5})) < |Xs| = ( 1+1. O

Since a Cayley digraph of a left group can be considered as the disjoint union
of Cayley digraphs of groups as shown in Lemma 2.3, we can directly obtain
some results for the domination number of Cayley digraphs of left groups as
follows.

Theorem 3.21. Let n > 2 be a positive integer. If p1(A) = {1,2}, then

V(Cay(Zn x L, A)) = |L|[5].

Theorem 3.22. Let n > 3 be a positive integer. If p1(A) = {1,3}, then
LI2[21—=1) ifn=1,2 (mod 5),

Cout 1y < {HICIET =D 7= 1.2 (mod )
2|L|T%] if n=0,3,4 (mod 5).

Theorem 3.23. Let n > 4 be a positive integer. If p1(A) = {1,4}, then
3ILI[%] ifn=0,6 (mod 7),

Y(Cay(Zy x L, A)) < S |LI(3[%] = 1) ifn=4,5 (mod 7),
ILI(3[2] —2) ifn=1,2,3 (modT).

Theorem 3.24. Let n > 5 be a positive integer. If p1(A) = {1,5}, then

VCay(Zn x L, A)) <|LI([5]+1).

Next, we give some results of the total domination number in Cayley digraphs
of left groups with connection sets. We start with the lemma which gives the
condition for the existence of the total dominating set in Cayley digraphs of left
groups.

Lemma 3.25. Let S = G X Ly, be a left group and A a nonempty subset of S.
Then the total dominating set of D exists if and only if A # (.

Proof. Suppose that the total dominating set of D exists, say T. By the def-
inition of T', we obtain that for each (g,l) € S, (g,!) is dominated by (g1,11)
for some (g1,01) € T, i.e., ((91,11)7(971)) € E(D) Then (g,1) = (91,11)(a1,12)
where (a1,l3) € A which implies that A # ().

Conversely, assume that the connection set A # (), i.e., there exists (a,l) €
A. Hence for each (g1,l1) € S, we have (g1,l1) = (g1a71,11)(a,l) where
(gra=t,ly) € S. Thus (g1,01) is dominated by (gia=t,11) in S. If we take
T = S, then we can conclude that T is a total dominating set of D, i.e., the
total dominating set of D always exists when A # (). O
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The following result gives us the total domination number of a Cayley di-
graph of a left group G x L,, with a connection set A in the term of a total
domination number of a Cayley digraph of the subgroup (p;(A)) of G.

Theorem 3.26. Let S = G X L, be a left group, A a nonempty subset of S, and
G/{p1(A)) = {91(p1(A)), g2(p1(A)). .., gr(p1(A))}. Then v ((Cay(S, A)) =m-
kv (Cay({p1(A)),p1(A))).

Proof. The proof of this theorem is similar to the proof of Theorem 3.12. O

Proposition 3.27. Let n > 3 be an odd integer and ¢ = an Let S = Zy X Ly,
be a left group and A a nonempty subset of S such that p1(A) = {¢,n—c,c—1,n—
(c=1),...,c=(k—=1),n—(c—(k—1))} where 1 <k <c. Then (D) =m[g].

Proof. The result of this proposition follows from Lemma 2.3 and Lemma 2.5,
directly. O
Proposition 3.28. Let n > 3 be an even integer and ¢ = [251|. Let S =
Zpy X Ly, be a left group and A a nonempty subset of S such that p1(A) =
{§,en—c,e=1n—(c—1),...,.c—=(k=1),n—(c—(k—1))} where 1 <k < c.

Then v(D) = m| 55 1.

Proof. This proposition follows from Lemma 2.3 and Lemma 2.6, directly. [

Before we give the next lemmas, we will define some notations which are
used in the proof. Let I = [a,b] be an interval of consecutive integers = such
that ¢ < x < b. Furthermore, let (V, E) be a digraph and for each u € V,
let N(u) = {v € V|(u,v) € E} be the set of all neighbours of a vertex u and
N(A) = U N(a) where A is a subset of V.

a€A

Lemma 3.29. Let n > 3 be an odd integer. Let m = an and k be a fived

number such that 1 < k <m.
IfA={m,m—-1m—2,.... m—(k—1)} CZ,, then v(Cay(Zn, A)) =[]

Proof. Assume that A = {m,m —1,m —2,...,m — (k—1)} and let [ = [Z].
Since every vertex in D has an out-degree k, from the definition of the total
domination number, it follows that v (Cay(Z,, A)) > 1. Let x =m+k+ 1 and
Xt ={x,x+k,x+2k,..., 2+ (I — 1)k}. Note that |X;| = . Since [ =[], we
get that n = (I — 1)k + j for some j € N with 1 < j < k. Thus V(Cay(Z,, A))
can be partitioned into [ intervals as follows:

L= [Lk], L= [k+ 1,2k], Iy = 2k + 1,3K],..., L1 = [(1 — 2)k + 1, (I — 1)k],
and I} = [(I — 1)k + 1,n].

Note that |I;] = k for all ¢ with 1 <4 <[—1and 1 < |[;}] < k. For any
0 <i<1-2, wehave z +ik € X; and ;41 = [tk + 1,(¢ + 1)k]. Since
(x+ik)+(m—(k—1)) =ik+1 (mod n) and A is a set of k consecutive integers
with the least element m — (k — 1), we have N(x + ik) = I;41. Therefore,

(x+(0-1k)+m—(k—=1)=(1—-1)k+1 (modn) and so I; C N(z+ (I —1)k).

14



Consequently,
V(Cay(Z,,A) =L UL U...Ul,_1UI
CN(@)UN@Z+k)U...UN(@x+ (1 —-2k)UN(z+ (I-1)k)

= U M)

yeXt
Thus X; is a total dominating set of Cay(Z,,A). Hence v (Cay(Z,,A)) <
| X¢| =l and then v;(Cay(Z,,A)) =1 = [%]. O

Lemma 3.30. Let n > 3 be an even integer. Let m = L”T_lj and k be a fired
number such that 1 < k < m.
IfA={3,mm~—1,....m—(k—1)} CZy, then v(Cay(Zn, A)) =[5 1-

Proof. Suppose that A= {%,m,m—1,...,m—(k—1)}. Then |A| = k41 and
let | = [737]. Since every vertex of Cay(Z,, A) has an out-degree k + 1, we also
have v:(Cay(Zn, A)) > 1. Let t = m+k+2and Xy = {z, 2+ (k+1),z+2(k+
1),...,z+ (I —=1)(k+1)}. By partitioning the set of all vertices in Cay(Z,, A)
into [ intervals as follows :

I = [1,k+1), I = [(k+1)+1, 20k +1)], ..., i1 = [(1=2)(k+1)+1, (- 1) (k+1)],
and I; = [(I - 1)(k+ 1) + 1,n],

we can prove the remaining part of this lemma by applying the proof of the
previous lemma, similarly. We also have v:(Cay(Z,, A)) < |X¢| = l. Thus

11(Cay(Zn, A)) =1 =[5 1- -

Now, we apply the above two lemmas to obtain the results for the total
domination number of Cayley digraphs of a left group Z,, X L, with an according
connection set.

Theorem 3.31. Let n > 3 be an odd integer. Let ¢ = ”T_l and k be a fized
number such that 1 < k < c. Let S = Zyn X Ly, be a left group and A a nonempty
subset of S. If p1(A) ={c,c—1,c—2,...,c— (k—=1)}, then v(D) = m[].

Proof. This theorem is a direct result from Lemma 2.3 and Lemma 3.29. O

Theorem 3.32. Let n > 3 be an even integer. Let c = |5+ ] and k be a fived
number such that 1 < k < c¢. Let S = Zyp X Ly, be a left group and A a nonempty
subset of S. If p1(A) ={g,c,c—1,....c— (k= 1)}, then (D) = m[ 5]

Proof. This theorem follows from Lemma 2.3 and Lemma 3.30. O

4 Conclusion

In this paper, we give the backgrounds of the research and some preliminaries
together with the notations in section 1 and section 2, respectively. In the third
section, some results of the domination number and total domination number of
Cayley digraphs of right groups and left groups with appropriate connection sets
are obtained. In addition, we have the conditions for the existence of the total
dominating sets of Cayley digraphs of left groups and right groups. Moreover,
the sharpness of bounds for domination parameters in Cayley digraphs of left
groups and right groups are also shown.
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