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Abstract:  Let S  be a semigroup, A S⊆  and ),( ASCay  the Cayley digraph of S  with respect 

to A . In this research, we attempt to find the domination number and the total domination number of 

Cayley digraphs of Clifford semigroups and completely simple semigroups.  

 

Keywords : Cayley digraph, Clifford semigroup, Completely simple semigroup, domination number, 

total domination number 

 

  



1. ความสาํคญัและท่ีมาของปัญหา 

  การศกึษาเกีย่วกบัไดกราฟเคยเ์ลย ์(Cayley digraph) และกราฟเคยเ์ลย(์Cayley graph) มมีาแลว้

กว่า 130 ปี  ผูท้ีใ่หนิ้ยามและเริม่ศกึษาเป็นคนแรกคอื Prof. Arthur Cayley  ในปี ค.ศ. 1878 โดยเริม่แรกได้

นิยาม ไดกราฟเคยเ์ลย ์และกราฟเคยเ์ลย ์มาจากกรปุ ดงัน้ี ให ้G  เป็นกรปุ และ A G⊆  ไดกราฟเคยเ์ลย ์

ของG ทีส่อดคลอ้งกบั A  คอื ไดกราฟ (directed graph) ทีม่ ีG  เป็น เซตของจดุ (vertex set) 

และ {( , ) | , }E g ga g G a A= ∈ ∈ เป็น เซตของเสน้ (edge set) จะเขยีนแทน ไดกราฟเคยเ์ลยข์องG ที่

สอดคลอ้งกบั A  ดว้ยสญัลกัษณ์ ( , )Cay G A  และจะเรยีก ( , )Cay G A  สัน้ ๆ ว่า ไดกราฟเคยเ์ลยข์องกรปุ G  

และ ถา้ 1 1{ | }A A a a A− −= = ∈  แลว้จะเรยีก ( , )Cay G A  ว่า กราฟเคยเ์ลยข์องกรปุ G   

  จากนัน้ไดม้กีารนําไดกราฟเคยเ์ลยข์องกรปุและกราฟเคยเ์ลยข์องกรปุ ไปศกึษาอยา่งกวา้งขวาง เช่น 

ศกึษาลกัษณะเฉพาะของไดกราฟทีเ่ป็นไดกราฟเคยเ์ลยข์องกรปุ  ศกึษาลกัษณะเฉพาะของกราฟทีเ่ป็นกราฟ

เคยเ์ลยข์องกรปุ  ศกึษาลกัษณะของคลาสของ digraph endomorphism ของไดกราฟเคยเ์ลยข์องกรุปทัง้หมด  

ศกึษาลกัษณะของคลาสของ graph endomorphism ของกราฟเคยเ์ลยข์องกรปุทัง้หมด ศกึษาลกัษณะของ

คลาสของ digraph automorphism ของไดกราฟเคยเ์ลยข์องกรปุทัง้หมด และศกึษาลกัษณะของคลาสของ 

graph automorphism ของกราฟเคยเ์ลยข์องกรปุทัง้หมด เป็นตน้ 

  ต่อมาไดม้ผีูใ้หค้วามสนใจอยา่งแพรห่ลาย และนํากราฟเคยเ์ลยข์องไปประยกุตใ์ชใ้นหลายแขนงวชิา 

เช่น Biology, Chemistry, Physics, Computer science 

 อาทเิช่น  “ Simulations between cellular automata on cayley graphs” 

            “ Quantum expanders from any classical Cayley graph expander” 

    “ Quantum walks on Cayley graphs” 

  เน่ืองจากไดกราฟเคยเ์ลยข์องกรปุมกีารศกึษาอย่างแพรห่ลายอาทเิช่น [2], [4-7], [10], [18-19]  

ดงันัน้ จงึมผีูส้นใจทีจ่ะขยายการศกึษาไปบนไดกราฟเคยเ์ลยข์องกึง่กรุป ซึง่นิยามของไดกราฟเคยเ์ลยข์องกึง่

กรปุ จะนิยามเช่นเดยีวกนักบันิยามของไดกราฟเคยเ์ลยข์องกรปุ เพยีงแต่เปลีย่นพชีคณติจากกรุป G  ไป

เป็นกึง่กรุป S  แทน 

   ไดกราฟเคยเ์ลยข์องกึง่กรปุไดถู้กนําไปศกึษาอย่างกวา้งขวางดไูดจ้าก [1],[8],[13-14],[16-17] ซึง่

การศกึษาในเอกสารอา้งองิเหล่าน้ีส่วนใหญ่ไดข้ยายผลการศกึษามาจากไดกราฟเคยเ์ลยข์องกรปุ 

     ดว้ยเหตุน้ีผูว้จิยัจงึสนใจทีจ่ะขยายงานวจิยัทีม่ผีูท้ําใวบ้นไดกราฟเคยเ์ลยข์องกรุป ไปสู่ไดกราฟเคยเ์ลย ์

ของกึง่กรปุ ซึง่เรือ่งทีผู่ว้จิยัสนใจคอื จาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนัของไดกราฟเคยเ์ลยข์องกึง่

กรปุ ซึง่มนิียามดงัต่อไปน้ี 

  กําหนดให ้ ( , )D V E= เป็นไดกราฟ และ X V⊆ จะเรยีกเซต X ว่า เซตโดมเินตงิ(dominating set) 

ของ D  ถา้ทุกๆ \v V X∈ ม ี x X∈ ทีซ่ึง่ ( , )x v E∈ และกําหนด จาํนวนโดมเินชนั(domination number) 

( )Dγ =min{ :X X เป็นเซตโดมเินตงิของ }D  

 

1 

 

 



 

    จะเรยีกเซต X ว่า เซตโททอลโดมเินตงิ(total dominating set)ของ D  ถา้ทุกๆ v V∈ ม ี x X∈ ที่

ซึง่ ( , )x v E∈ และกําหนด จาํนวนโททอลโดมเินชนั(total domination number) ( )t Dγ =  min{ :X X เป็น

เซตโททอลโดมเินตงิของ }D  

  สาํหรบันิยามของจาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนัของกราฟ สามารถนิยามไดท้าํนอง

เดยีวกนัโดยเปลีย่นเสน้ ( , )x v  เป็น { , }x v  

  จาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนัของกราฟไดม้ผีูศ้กึษากนัอย่างกวา้งขวาง โดยในปี 

1998 [11] Prof. T. Haynes และคณะ ไดร้วบรวมทฤษฎใีนบทความต่าง ๆ เขยีนเป็นหนงัสอืชื่อว่า 

Fundamentals of domination in graphs และในปีเดยีวกนัน้ี [12] Prof. C. Lee ไดศ้กึษามเินชนัในไดกราฟ 

โดยไดใ้หข้อบเขตของจาํนวนโดมเินชนัของไดกราฟ และในปี 1998 น้ีเช่นกนั [19] Prof. B. Zelinka ไดศ้กึษา

จาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนัของกราฟเคยเ์ลยข์องกรปุซึง่กรุปดงักล่าวอยูใ่นรปูผลคณูของ

กรปุวฏัจกัรจาํกดั จากนัน้กไ็ดม้ผีูส้นใจศกึษาจาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนัของกราฟเคยเ์ลยข์

องกรปุอยา่งต่อเน่ืองดงัในเอกสารอา้งองิ [4-7] 

  ผูว้จิยัไดข้อ้สงัเกตว่าการศกึษาจาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนัของไดกราฟเคยเ์ลย ์

     ของกึง่กรปุยงัไมไ่ดม้กีารศกึษาดงันัน้ผูว้จิยัจงึสนใจทีจ่ะศกึษาเพื่อหาจาํนวนดงักล่าว 

  เน่ืองจากกึง่กรปุสามารถจาํแนกไดห้ลายชนิด และเพื่อทีจ่ะทาํใหส้ามารถเชื่อมโยงกบัทฤษฏบีทต่าง 

ๆ ทีเ่กีย่วกบัจาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนัของกราฟเคยเ์ลยข์องกรุป ผูว้จิยัจงึไดส้นใจ 

กึง่กรปุทีนิ่ยามมาจากกรุป กึง่กรปุดงักล่าวคอื กึง่กรปุคลฟิฟอรด์ (Clifford semigroup) และ กึง่กรปุเชงิเดยีว

บรบิรูณ์ (completely simple semigroup) ซึง่มนิียามดงัน้ี 

  ให ้Y เป็น กึง่แลตทซิ(semilattice) และ { | }G Yα α ∈ เป็นวงศข์องกรปุ และทุกๆ , Yα β ∈  และ 

α β≤ มฟัีงกช์นัสาทสิสณัฐาน , :f G Gα β α β→  ซึง่ 

 (1) สาํหรบัทุกๆ Yα ∈ แลว้ , Gf id
αα α =   ( Gid

α
คอืฟังกช์นัเอกลกัษณ์บน Gα ) และ 

 (2) สาํหรบัทุกๆ , , Yα β γ ∈ ซึง่ α β γ≤ ≤  แลว้ , , ,f f fβ α γ β γ α=  

กําหนด 
Y

S Gα
α∈

=
G

และการดําเนินการบน S ดงัน้ี 

 สาํหรบั x Gα∈  และ y Gβ∈  แลว้ , ,( ) ( )xy f x f yα αβ β αβ=  

สามารถพสิูจน์ไดไ้มย่ากว่า S  กบัการดําเนินการขา้งต้นเป็นกึง่กรปุ 

จะเรยีกกึง่กรุปน้ีว่า กึง่กรปุคลฟิฟอรด์ หรอืเรยีกอกีอยา่งหน่ึงว่า กึง่แลตทซิอย่างเขม้ของกรปุ (strong 

semilattice of groups) เขยีนแทนดว้ยสญัลกัษณ์ ,[ : , ]Y G fα α β   

  ในปี 2006  ผูว้จิยั Prof. U. Knauer   Prof.  N. Na Chiangmai และ Prof. Sr. Arworn [16] 

ไดใ้หล้กัษณะเฉพาะของไดกราฟเคยเ์ลยข์องกึง่กรปุคลฟิฟอรด์ 

ขอ้สงัเกต 1.  ถา้ กึง่แลตทซิ Y มสีมาชกิเพยีงตวัเดยีว แลว้กึง่กรปุคลฟิฟอรด์จะเป็นกรปุ  

  ให ้G เป็น กรปุ, I และΛ  เป็นเซตทีไ่มเ่ป็นเซตว่าง 

2 

 

 



และ λ  =
i

pP  เป็น IΛ×  เมทรกิซ ์ซึง่ ip Gλ ∈  ทุก i I∈   และ ทุก λ∈Λ  

ให ้ },,|),,{( Λ∈∈∈=Λ××= λλ IiGgigIGS     

และนิยามการดําเนินการบน S  ดงัน้ี  ),,(),,)(,,( ββλ λ ihgpjhig j=  

สามารถพสิูจน์ไดไ้มอ่ยากว่า S  เป็นเซมกิรุปภายใตก้ารดําเนินการขา้งต้น 

จะเรยีกกึง่กรุปน้ีว่า กึง่กรปุเชงิเดยีวบรบิรูณ์  เขยีนแทนดว้ยสญัลกัษณ์ ( , , ; )G I PΜ Λ  

  ในปี 2011  ผูว้จิยั J. Meksawang และ Prof. U. Knauer  [13] ไดใ้หล้กัษณะเฉพาะของไดกราฟเคย์

เลยข์องกึง่กรปุเชงิเดยีวบรบิรูณ์    

ขอ้สงัเกต 2. ถา้ I  และ Λ  ต่างมสีมาชกิเพยีงตวัเดยีวและ P เป็นเมทรกิซท์ีส่มาชกิทุกเป็นสมาชกิ

เอกลกัษณ์ใน G  แลว้กึง่กรปุเชงิเดยีวบรบิรูณ์จะเป็นกรปุ  

ให ้ S เป็นกึง่กรปุ  

1. จะเรยีก S ว่า กึง่กรปุศูนยข์วา (right zero semigroup) ถา้ xy y=  ทุก ๆ ,x y S∈  สาํหรบักึง่กรปุศูนย ์ 

    ขวาทีม่สีมาชกิ n  ตวั เราจะเขยีนแทนดว้ย nR   

2. จะเรยีก S ว่า กึง่กรปุศูนยซ์า้ย (left zero semigroup) ถา้ xy x=  ทุก ๆ ,x y S∈  สาํหรบักึง่กรปุศูนย ์

    ซา้ยทีม่สีมาชกิ n  ตวั เราจะเขยีนแทนดว้ย nL  

3. จะเรยีก S ว่า กรปุขวา (right group) ถา้ S เป็นผลคณูคารท์เีซยีน (Cartesian product) ของกรปุและกึง่ 

    กรปุศูนยข์วา 

4. จะเรยีก S ว่า กรปุซา้ย (left group) ถา้ S เป็นผลคณูคารท์เีซยีนของกรปุและกึง่กรุปศูนยซ์า้ย 

5. จะเรยีก S ว่า กรปุเชงิตัง้ฉาก (rectangular group) ถา้ S เป็นผลคณูคารท์เีซยีนของกรปุและกึง่กรปุศูนย ์

    ขวาและกึง่กรปุศูนยซ์า้ย  

ขอ้สงัเกต 3.  ให ้ ( , , ; )S G I P= Μ Λ  เป็นกึง่กรุปเชงิเดยีวบรบิรูณ์ 

3.1 ถา้ P  เป็นเมทรกิซท์ีส่มาชกิทุกเป็นสมาชกิเอกลกัษณ์ใน G  แลว้จะไดว้่า S  เป็นกรุปเชงิตัง้ฉาก 

3.2 ถา้ I  มสีมาชกิเพยีงตวัเดยีวและ P เป็นเมทรกิซท์ีส่มาชกิทุกเป็นสมาชกิเอกลกัษณ์ใน G  แลว้จะไดว้่า   

     S  เป็นกรปุขวา 

3.3 ถา้ Λ  มสีมาชกิเพยีงตวัเดยีวและ P เป็นเมทรกิซท์ีส่มาชกิทุกเป็นสมาชกิเอกลกัษณ์ใน G  แลว้จะไดว้่า   

     S  เป็นกรปุซา้ย 

  โดยนิยามของกึง่กรุปคลฟิฟอรด์ และกึง่กรปุเชงิเดยีวบรบิรูณ์ จะไดว้่ากึง่กรุปทัง้สองไมส่ามารถ

เปรยีบเทยีบกนัได ้และยงัไดอ้กีว่ากรปุเป็นทัง้กึง่กรปุคลฟิฟอรด์และกึง่กรปุเชงิเดยีวบรบิรูณ์ ซึง่เราสามารถ

วาดแผนภาพไดด้งัน้ี 
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     กึง่กรปุเชงิเดยีวบรบิูรณ์                  กึง่กรปุคลฟิฟอรด์ 

 

         กรปุเชงิตัง้ฉาก 

 

  กรปุขวา            กรปุซา้ย 

 

 

 

 

                   กรปุ 

  จะเหน็ว่ากึง่กรุปทัง้สองชนิดนิยามมาจากกรปุ และจากขอ้สงัเกต 1 และ 2 เรารูว้่าเมื่อไหรท่ีท่ ัง้สอง

กึง่กรปุดงักล่าวจะเป็นกรปุ ดงันัน้เราจงึสามารถทีจ่ะขยายทฤษฎทีีเ่กีย่วกบัจาํนวนโดมเินชนัและจาํนวนโท

ทอลโดมเินชนัของกราฟเคยเ์ลยข์องกรปุ ไปสู่การหาจาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนัของได

กราฟเคยเ์ลยข์องกึง่กรปุ   

  ผูว้จิยัจงึสนใจทีจ่ะศกึษา 

1. จาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนัของไดกราฟเคยเ์ลยข์องกึง่กรปุคลฟิฟอรด์  

2. จาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนัของไดกราฟเคยเ์ลยข์องกึง่กรปุเชงิเดยีวบรบิูรณ์  

  องคค์วามรูใ้หม่ทีไ่ดจ้ะทําใหท้ราบจาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนัของกราฟเคยเ์ลยข์

องกึง่กรปุคลฟิฟอรด์ และกึง่กรปุเชงิเดยีวบรบิูรณ์ ซึง่ยงัไมม่ผีูไ้มม่ผีูนํ้าไปศกึษา 
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             2.  วตัถปุระสงคง์านวิจยั 

2.1. หาจาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนัของไดกราฟเคยเ์ลยข์องกึง่กรปุคลฟิฟอรด์  

2.2. หาจาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนัของไดกราฟเคยเ์ลยข์องกึง่กรปุเชงิเดยีวบรบิูรณ์  

 

3. ระเบียบวิธีวิจยั 

ปีที ่1 

1.  รวบรวมความรูพ้ืน้ฐานและงานวจิยัทีเ่กี่ยวขอ้งเกีย่วกบัไดกราฟเคลเ์ลย ์และกึง่กรปุคลฟิฟอรด์  

     และกึง่กรปุเชงิเดยีวบรบิรูณ์  

2.  หาจาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนัของไดกราฟเคยเ์ลยข์องกึง่กรุปคลฟิฟอรด์ 

3.  ส่งผลงานใหน้กัวจิยัทีป่รกึษาตรวจสอบและขอคาํแนะนําเพื่อนํามาปรบัปรงุงานวจิยั 

4.  จดัพมิพ ์และส่งงานวจิยัใหว้ารสารทางคณติศาสตรพ์จิารณาเพื่อตพีมิพ ์ 
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ปีที ่2 

1.  หาจาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนัของไดกราฟเคยเ์ลยข์องกึง่กรุปเชงิเดยีวบรบิรูณ์ 

2.  ส่งผลงานใหน้กัวจิยัทีป่รกึษาตรวจสอบและขอคาํแนะนําเพื่อนํามาปรบัปรงุงานวจิยั 

3.  จดัพมิพ ์และส่งงานวจิยัใหว้ารสารทางคณติศาสตรพ์จิารณาเพื่อตพีมิพ ์ 

 

4. ผลการวิจยั 

4.1.  จาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนัของไดกราฟเคยเ์ลยข์องกึง่กรุปคลฟิฟอรด์ 

 จาํนวนโดมเินชนั ( ( , ))Cay S Aγ  และจาํนวนโทเทลิโดมเินชนั ( ( , ))t Cay S Aγ ของไดกราฟเคยเ์ลยข์อง

กึง่กรปุคลฟิฟอรด์ 
G

Y

GS
∈

=
α

α ซึง่ไดผ้ลดงัน้ีดงัน้ี 

  ให ้
G

Y

GS
∈

=
α

α เป็นกึง่กรปุคลฟิฟอรด์  และ  SA⊆  และกําหนด 

                      ,{ ( ) |A f a a A Gα γ α γ= ∈ ∩ ทุก γ α≥  ใน }Y  

                      M เป็นเซตของ maximal Chain ทัง้หมดใน Y  

           C  เป็นเซตของสมาชกิมากสุด (maximal element) ใน Y ทัง้หมด 

                      { | }Y Y G Aαα′ = ∈ ∩ ≠ ∅         * { |A Mα α γ α= ∈∩ ∧ = ทุก }Yγ ′∈  

           *m  เป็นสมาชกิมากสุดใน *A        { |M Yα α γ α= ∈ ∧ ≠ ทุก }Yγ ′∈  

                     * *{ | }M Y mα α= ∈ <     และ   *\ ( ( ' ) )K Y M Y C M= ∪ ∩ ∪   จะไดว้่า    

                     
' *

| | ( ( , )) ( ( , )) ( ( , ))
Y C MM

G Cay G A Cay G A Cay S Aα α α α α
α αα

γ γ γ
∈ ∩ ∈∈

+ + ≤∑ ∑

 และ 

                    
'

*

( ( , ))  | | ( ( , ))

                           ( ( , )) ( ( , ))

                         

Y CM

M K

Cay S A G Cay G A

Cay G A Cay G A

α α α
αα

α α α α
α α

γ γ

γ γ
∈ ∩∈

∈ ∈

≤ +

+ +

∑

∑ ∑



  

                     
*

( ( , )) ( ( , )) ( ( , ))t t t
C M

Cay G A Cay G A Cay S Aα α α α
α α

γ γ γ
∈ ∈

+ ≤∑ ∑  และ 

                    
*

( ( , ))  ( ( , ))

                           ( ( , )) ( ( , ))

                         

t t
C

t t
M K

Cay S A Cay G A

Cay G A Cay G A

α α
α

α α α α
α α

γ γ

γ γ
∈

∈ ∈

≤

+ +

∑

∑ ∑    

 ไดผ้ลงานวจิยัชื่อ Bounds for the Domination and Total Domination Numbers of Cayley Digraphs of  

                        Clifford Semigroups    
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4.2.  จาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนัของไดกราฟเคยเ์ลยข์องกึง่กรุปเชงิเดยีวบรบิรูณ์ 

 

  ในหวัขอ้น้ีเราสนใจทีจ่ะหาจาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนัของกราฟเคยเ์ลยข์องกึง่

กรปุเชงิเดยีวบรบิรูณ์ แต่เน่ืองจากกึง่กรปุเชงิเดยีวบรบิูรณ์มอียูห่ลายชนิด และเป็นการยากทีจ่ะลกัษณะของ

ไดกราฟเคยเ์ลยข์องกึง่กรปุเชงิเดยีวบรบิรูณ์ใด ๆ ทีเ่ป็นซไีอกราฟ ดงันัน้ผูว้จิยัจงึไดเ้ลอืกกรปุซา้ยและกรปุ

ขวาและกรุปเชงิตัง้ฉากซึง่ทัง้สามต่างเป็นกึง่กรปุเชงิเดยีวบรบิรูณ์ 

  ในระหว่างการวจิยัเน่ืองจากกรปุขวาและกรุปเชงิตัง้ฉาก มคีวามซบัซอ้นมาก 

ดงันัผู้ว้จิยัจงึตอ้งการรูล้กัษณะโครงสรา้งของกรึง่กรุปทัง้สอง เพื่อมาช่วยในการหาจาํนวนโดมเินชนัและ

จาํนวนโททอลโดมเินชนั ดงันัน้พสิูจน์ทฤษฎบีทต่าง ๆ ดงัน้ี 

1. ให ้ = × nS G R  เป็นกรุปซา้ย และ A S⊆  

และ 1( ) { | ( , )= ∈ ∈p A g G g r A  บาง }∈ nr R     และ    2 ( ) { | ( , )= ∈ ∈np A r R g r A  บาง }∈g G

และ 1 1 1 2 1 1/ ( ) { ( ) , ( ) ,..., ( ) }= wG p A g p A g p A g p A   และ 

1 2( ( ) ( ), )×i ig p A p A E เป็นกราฟยอ่ยของ ( , )Cay S A ทีก่่อกําเนิดโดย 1 2( ) ( )×ig p A p A  

     จะไดว้่า   -  '
1 1 2 1 1 2( , ) ( ( ( ) ( ), )) ( ( ( ) ( ), ))= == × × 

 

w w
i i i i i iCay S A g p A p A E g p A p A E  

                    เมือ่ '
2{(( , ), ( , )) | ( ), (( , ), ( , )) }= ∉ ∈i iE s t u v t p A s v u v E  

       -  1 2( ( ) ( ), ) ( , )× ≅i ig p A p A E Cay A A  

 

2. ให ้ m nS G L R= × ×  เป็นกรปุสีเ่หลีย่มมุมฉาก และ A S⊆  และ  

และ 1( ) { | ( , , )= ∈ ∈p A g G g l r A  บาง , }∈ ∈m nl L r R     

และ 1 1 1 2 1 1/ ( ) { ( ) , ( ) ,..., ( ) }= wG p A g p A g p A g p A   และ 

1( ( ) { } , )× ×k i n ikg p A l R E เป็นกราฟยอ่ยของ ( , )Cay S A ทีก่่อกําเนิดโดย 1( ) { }× ×k i ng p A l R  

และ ( { } , )× ×i n iG l R E เป็นกราฟยอ่ยของ ( , )Cay S A ทีก่่อกําเนิดโดย { }× ×i nG l R  

     จะไดว้่า   -  1 1( { } , ) ( ( ) { } , )=× × = × ×



w
i n i k k i n ikG l R E g p A l R E  

       -  1 1( ( ) { } , ) ( ( ) { } , )× × ≅ × × i
k i n ik k i ng p A l R E Cay g p A l R A   

          เมือ่ {( , , ) | ( , , )= ∈i
iA g l r g l r A } 

 

     ไดผ้ลงานวจิยัชื่อ Isomorphism Conditions for Cayley Graphs of Rectangular Groups      
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จาํนวนโดมิเนชนัและจาํนวนโททอลโดมิเนชนัของไดกราฟเคยเ์ลยข์องกรปุซ้ายและกรปุขวา 

 

  จาํนวนโดมเินชนั ( ( , ))Cay S Aγ  และจาํนวนโทเทลิโดมเินชนั ( ( , ))t Cay S Aγ ของ 

ไดกราฟเคยเ์ลยข์องกรปุขวา mS G R= ×  และกรปุซา้ย mS G L= ×  ซึง่ไดผ้ลดงัน้ี 

ให ้ mS G R= ×  เป็นกรุปขวา และ A S⊆  

                    และให ้ {1( ) | ( , )p A g G g r A= ∈ ∈ บาง }mr R∈ และ 

              2 ( ) { | ( , )mp A r R g r A= ∈ ∈  บาง }g G∈  จะไดว้า่ 

- ถา้ 2| ( ) |p A m≠  แลว้ 2( ( , )) ( ( ) )mCay S A R p A Gγ = − ×  

- ถา้ 2| ( ) |p A m=  แลว้ 
| | ( ( , )) | |

| | 1
S Cay S A G

A
γ≤ ≤

+
 

- ถา้ mA R= โดยที ่ 1( )p A G= และ 2 ( ) mp A R= แลว้ ( ( , ))Cay S A Gγ =  

- ถา้ { } mA a R= × โดยที ่ a G∈  แลว้ ( ( , ))Cay S A Gγ =  

- ถา้ mA K R= × โดยที ่ K  เป็นกรปุยอ่ยของ G แลว้ ( ( , ))
G

Cay S A
K

γ =  

- ถา้ 2 ( ) mp A R= แลว้ 
| | ( ( , ))
| | t
S Cay S A G
A

γ≤ ≤  

 

ให ้ mS G L= ×  เป็นกรปุซา้ย และ A S⊆  

                      และให ้ 1( ) { | ( , )p A g G g l A= ∈ ∈  บาง }ml L∈  จะไดว้่า 

- 1 1 1( ( , )) | / ( ) | ( ( ( ) , ( )))Cay S A m G p A Cay p A p Aγ γ= ⋅ ⋅  

- ถา้ 1( )p A บรรจสุมาชกิเอกลกัษณ์ของ G และ H เป็นกรปุยอ่ยของ G ทีม่จีาํนวน

สมาชกิมากทีสุ่ดทีเ่ป็นเซตย่อยของ 1( )p A แลว้ [ ]
1

( ( , )) :
( ) m

G Cay S A G H
p A L

γ
≤ ≤ โดย

ที ่[ ]:G H คอืจาํนวนโคเชตทีแ่ตกต่างกนัทัง้หมดของ H ใน G  

 

- ถา้ mA K L= ×  โดยที ่ K เป็นกรปุยอ่ยใดๆของ G แลว้ [ ]( ( , )) : mCay S A G K Lγ =  

 

- 1 1 1( ( , )) | / ( ) | ( ( ( ) , ( )))t tCay S A m G p A Cay p A p Aγ γ= ⋅ ⋅  
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    จาํนวนโดมิเนชนัและจาํนวนโททอลโดมิเนชนัของไดกราฟเคยเ์ลยข์องกรปุเชิงตัง้ฉาก 

 

ให ้ m nS G L R= × ×  เป็นกรปุสีเ่หลีย่มมุมฉาก และ A S⊆  และ  

                   ให ้ {( , ) | ( , , )nA g r G R g l r A= ∈ × ∈  บาง }ml L∈  จะไดว้่า 

- ( ( , )) ( ( , ))nCay S A m Cay G R Aγ γ= ⋅ ×  

- ถา้ 2 ( ) { | ( , )np A r R g r A= ∈ ∈  บาง } ng G R∈ =  แลว้ 

( ( , )) ( ( , ))t t nCay S A m Cay G R Aγ γ= ⋅ ×  

 

ไดผ้ลงานวจิยัช่ือ  Domination in Cayley digraphs of rectangular groups 

 

5. สรปุผลและอภิปรายผล 

 

5.1 จาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนัของไดกราฟเคยเ์ลยข์องกึง่กรุปคลฟิฟอรด์ 

 

 ผลการศกึษาทีไ่ด ้ไดท้ฤษฎบีททีใ่ชก้ําหนดขอบเขตบนและขอบเขตล่างของจาํนวนโดมเินชนัและจาํนวนโท

ทอลโดมเินชนัสาํหรบักึง่กรุปคลฟิฟอรด์ใดๆ อยา่ไรกต็าม เมือ่เรากําหนดเงือ่นไขใหก้บักึง่กรปุคลฟิฟอรด์ เรา

สามารถใชท้ฤษฎบีทดงักล่าวมากําหนดค่าทีแ่น่นอนของจาํนวนจาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนั

ได ้ 

 

 

5.2 จาํนวนโดมเินชนัและจาํนวนโททอลโดมเินชนัของไดกราฟเคยเ์ลยข์องกึง่กรุปเชงิเดยีวบรบิรูณ์ 

 

 ผลการศกึษาทีไ่ด ้ไดล้กัษณะของไดกราฟเคยเ์ลยข์องกรปุขวาและกรุปเชงิตัง้ฉาก ซึง่นําไปใชใ้นการหา
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Abstract : Let D = (V,E) be a digraph with vertex set V and edge set E. A subset X ⊆V
is called dominating set of D if every vertex v∈V \X there exists x∈X such that (x,v)∈E.
The domination number γ(D) of a digraph D is the minimum cardinality of a dominating
set of D. A dominating set X is called total dominating set of D if every vertex v ∈V there
exists x ∈ X such that (x,v) ∈ E. The total domination number γt(D) of a digraph D is the
minimum cardinality of a total dominating set of D. In this paper, we give bounds for the
domination numbers and total domination numbers of Cayley digraphs of finite Clifford
semigroups.

Keywords : Domination numbers; Dominating sets; Cayley digraphs; Clifford semi-
groups.
2010 Mathematics Subject Classification : 05C99; 05C69; 05C25; 20M99

1 Introduction

The study of domination have been started by Claude Berge in 1958 and Oystein
Ore in 1962. However, it was not until 1977, following an article by E. Cockayne and S.
Hedetniemi, that domination become an area of study by many. In 1998, a text devoted to
this subject was introduced by T. Haynes, S. Hedetniemi, and P. Slater. Over 2000 articles
have been written on domination. While domination in graphs(undirected graphs) have
been studied extensively, domination in digraphs(directed graphs) have not yet gained the
same amount of attention from researchers. For domination in digraphs, the properties of
dominating sets with the smallest cardinality in some special digraphs are introduced. Here
we investigate the domination in digraphs which are constructed by algebraic structure,
called Cayley digraphs.

The Cayley digraph of semigroup S relative to its subset A is a digraph with vertex set
S and edge set {(s,sa)|s ∈ S,a ∈ A}, denoted by Cay(S,A).

In 1998 [5], B. Zelinka studied dominating sets and domination numbers of products
of circuits. Such graphs are treated algebraically as Cayley graphs of direct products of
finite cyclic groups. In 2007 [2], T. T. Chelvam and I. Rani have found the domination
number of Cayley graphs of finite cyclic groups relative to its special subsets. In 2011 [1],
T. T. Chelvam and S. Mutharasu studied bounds for the domination numbers of Cayley
graphs of finite cyclic groups relative to other its special subsets.

∗Corresponding author e-mail : panmayan@yahoo.com

Copyright c⃝ 2014 by the AMM2014. All rights reserve.



In this paper, we attempt to determine the bounds for the domination numbers and the
total domination numbers of Cayley digraphs of semigroups S when those semigroups are
constructed by groups, called Clifford semigroups.

Let S be a semigroup. The set C(S) = {c ∈ S|cs = sc for all s ∈ S} is called the center
of S. An element e ∈ S is called an idempotent element if e2 = e, the set of all idempotent
elements of S is denoted by E(S). An element s∈ S is called a regular element if s= sxs for
some x ∈ S. A semigroup S is called a regular semigroup if all of its elements are regular.
A regular semigroup S is called a Clifford semigroup if E(S)⊆C(S).

Let Y be a partially ordered set and X ⊆ Y . An element b of Y is called a lower bound
of X if b ≤ x for every x ∈ X . A lower bound c of X is called greatest lower bound (meet)
of X if y ≤ c for every lower bound y in X . The upper bound and least upper bound (join)
are defined dually. For any x,y in partially ordered set Y , denote x∧y and x∨y the greatest
lower bound and least upper bound of {x,y}, respectively. A partially ordered set Y is
called a meet(join) semilattice if x∧y(x∨y)∈Y for all x,y ∈Y . A partially ordered set Y is
called a semilattic if Y is a meet semilattice or a join semilattice. In this paper, we suppose
that a semilattice Y is a meet semilattice. For a join semilattice, the results can be proved
by the same way.

For any family of nonempty sets {Xi|i ∈ I}, we write
·∪

i∈I
Xi :=

∪
i∈I Xi if Xi ∩X j = /0 for

all i ̸= j.
Let Y be a semilattice and {(Gα,◦α)|α ∈ Y} be a family of groups indexed by Y .

Suppose that, for all β ≥ α in Y , there exists a group homomorphism fβ,α : Gβ → Gα such
that

(i) for all α ∈ Y , fα,α = idGα is the identity mapping on Gα,
(ii) fβ,γ fα,β = fα,γ for all α,β,γ ∈ Y with α ≥ β ≥ γ,

and the multiplication on S =
·∪

α∈Y
Gα is defined for x ∈ Gα and y ∈ Gβ by

xy = fα,α∧β(x)◦α∧β fβ,α∧β(y).

It is easy to check that S =
·∪

α∈Y
Gα under that multiplication is a semigroup, and called a

strong semilattice of groups. We write S = [Y ;Gα, fα,β]. From [3], we know that S is a
Clifford semigroup if and only if S is a strong semilattice of groups. In the sequel, we will
use the term strong semilattice of groups instead of Clifford semigroup.

Let S = [Y ;Gα, fα,β] be a Clifford semigroup, A ⊆ S and {C1,C2, . . . ,Cn} the set of all
maximal chains in Y . Then we put

Y ′ = {α ∈ Y |Gα ∩A ̸= /0},
Aα = { fβ,α(a)|a ∈ A∩Gβ,β ≥ α},
M = {α ∈ Y |α∧ γ ̸= α, ∀γ ∈ Y ′},
Ā =C1 ∩C2 ∩ . . .∩Cn,
A∗ = {α ∈ Ā|α∧ γ = α, ∀γ ∈ Y ′},
m∗ = max A∗,
M∗ = {α ∈ Y \{m∗}|α ≤ m∗},
C∗ = {α ∈ Y |α is the maximum of a maximal chain in Y}, and

K = Y \ (M
·∪
(Y ′∩C∗)

·∪
M∗).

It is clear that Y = M
·∪
(Y ′∩C∗)

·∪
M∗

·∪
K.

Let (V1,E1),(V2,E2), . . . ,(Vn,En) be digraphs such that Vi ∩Vj = /0 for all i ̸= j. The
disjoint union of (V1,E1),(V2,E2), . . . ,(Vn,En) is defined as

∪̇n
i=1(Vi,Ei) :=(

∪̇n
i=1Vi,

∪̇n
i=1Ei).



It is easy to check that γ(
∪̇n

i=1(Vi,Ei)) =
n
∑

i=1
γ(Vi,Ei).

For any nonempty subset A of a group G. Let ⟨A⟩ denote the subgroup generated by A
in G. If A = {a} ⊆ G, we write ⟨a⟩ in place of ⟨{a}⟩. By [4], we get the following lemma.

Lemma 1.1. Let G be a group and /0 ̸= A ⊆ G. Then Cay(G,A) ∼=
·∪

i∈I
(Vi,Ei), where I =

{1,2, . . . , |G|
|⟨A⟩|} and (Vi,Ei)∼=Cay(⟨A⟩,A) for all i ∈ I.

If (u,v) is an arc of a digraph D, then v is adjacent from u. The number of vertices
from which v is adjacent is the in-degree of v and is denoted by

−→
d (v).

The following lemma gives all vertices of in-degree zero in Cayley digraphs of finite
Clifford semigroups.

Lemma 1.2. Let S = [Y ;Gα, fα,β] be a Clifford semigroup and A ⊆ S. Then, in Cay(S,A),
−→
d (x) = 0 if and only if x ∈ Gα for some α ∈ M.

Proof. Let
−→
d (x) = 0 where x ∈ Gα for some α ∈ Y . Assume that α /∈ M. Then α∧ γ = α

for some γ ∈ Y ′. Let a ∈ A∩Gγ. Then fγ,γ∧α(a) ∈ Gγ∧α = Gα. Since Gα is a group, there
exists y ∈ Gα such that

x = y◦α fγ,α(a) = y◦α fγ,γ∧α(a) = ya

Thus
−→
d (x)> 0, which is a contradiction.

Conversely, let x ∈ Gβ for some β ∈ M. Assume that
−→
d (x)> 0, so there exists x′ ∈ Gγ for

some γ ∈ Y such that (x′,x) is an arc in Cay(S,A). Therefore x = x′a for some a ∈ A∩Gλ
and λ ∈ Y ′. Hence x = x′a = fγ,γ∧λ(x′) ◦γ∧λ fλ,γ∧λ(a). Since x ∈ Gβ, γ∧ λ = β by the
definition of the multiplication of S. This implies that β ≤ γ and β ≤ λ. Thus β∧λ = β,
which is a contradiction since β ∈ M.

Lemma 1.3. Let S = [Y ;Gα, fα,β] be a Clifford semigroup and A ⊆ S. Then Cay(S,A) =

Cay(
·∪

α∈Y\M∗
Gα,

·∪
α∈Y\M∗

Gα
∩

A)
·∪
(

·∪
α∈M∗

Cay(Gα,Aα)).

Proof. Let D=Cay(S,A) and D′=Cay(
·∪

α∈Y\M∗
Gα,

·∪
α∈Y\M∗

Gα
∩

A)
·∪
(

·∪
α∈M∗

Cay(Gα,Aα)).

It is easy to see that V (D) =V (D′) = S. We prove that E(D) = E(D′). Let (x,y) be an arc
in D. Then x ∈ Gβ, y ∈ Gγ for some β,γ ∈ Y . We consider two cases.
Case 1. β ∈ M∗. Then β < m∗. Since (x,y) is an arc of D, y = xa for some a ∈ A∩Gµ for
some µ ∈ Y ′ and m∗ ≤ µ. So β ≤ µ. This implies that

y = fβ,β∧µ(x)◦β∧µ fµ,β∧µ(a) = fβ,β(x)◦β fµ,β(a) ∈ Gβ.

Thus β = γ. This means that (x,y) ∈ E(Cay(Gβ,Aβ)) ⊆ E((
·∪

α∈M∗
Cay(Gα,Aα))). Then

(x,y) ∈ E(D′).
Case 2. β ∈Y \M∗. Assume that γ ∈ M∗. Then γ < m∗ and by the definition of M∗ we have
m∗∧λ = m∗ for all λ ∈ M. Since y = xa for some a ∈ A∩Gµ for some µ ∈Y ′, γ = β∧µ and
so γ < β since β ∈Y \M∗. If β /∈ M, then β∧α = β for some α ∈Y ′. Thus β ≤ α for some
α ∈ Y ′. Since m∗ ≤ α for all α ∈ Y ′, β ≤ m∗ or β ≥ m∗, we have the following subcases.
Subcase 2.1 β ≤ m∗. Then β ≤ µ. This means that β∧µ ≥ β > γ, it is impossible.
Subcase 2.2 β ≥ m∗. Since m∗ ≤ α for all α ∈ Y ′, γ < m∗ ≤ β∧ µ, it is impossible. Then



β ∈ M. Since m∗ ∈ A∗, m∗∧λ = m∗ for all λ ∈ Y ′. Therefore m∗∧µ = m∗ because µ ∈ Y ′.
Since γ ∈ M∗, γ∧m∗ = γ. Hence

β∧m∗ = β∧ (m∗∧µ)

= (β∧µ)∧m∗

= γ∧m∗

= γ,

which is a contradiction. Therefore γ /∈ M∗. This means that γ ∈ Y \M∗. Thus (x,y) ∈
E(Cay(

·∪
α∈Y\M∗

Gα,
·∪

α∈Y\M∗
Gα

∩
A)). Therefore E(D) ⊆ E(D′). Next, we will prove that

E(D′)⊆ E(D). Let (x,y) ∈ E(D′). We consider two cases.

Case 1. (x,y)∈E(Cay(
·∪

α∈Y\M∗
Gα,

·∪
α∈Y\M∗

Gα
∩

A)). Then y= xa for some a∈
·∪

α∈Y\M∗
Gα

∩
A.

Hence (x,y) ∈ E(D).

Case 2. (x,y) ∈ E((
·∪

α∈M∗
Cay(Gα,Aα))). Then (x,y) ∈ E(Cay(Gλ,Aλ)) for some λ ∈ M∗.

This implies that y = x ◦λ a for some a ∈ Aλ, where ◦λ is the operation of the group Gλ.
So a = fµ,λ(b) for some b ∈ Gµ ∩ A, µ ≥ λ. This means that y = fλ,λ(x) ◦λ fµ,λ(b) =
fλ,λ∧µ(x) ◦λ∧µ fµ,λ∧µ(b) = xb. Therefore (x,y) ∈ E(D). Hence E(D) = E(D′), so D =
D′.

Lemma 1.4. Let S = [Y ;Gα, fα,β] be a Clifford semigroup, A ⊆ S, Y a totally ordered
set, and xα ∈ Gα for some α ∈ Y . Then, in Cay(S,A), xα /∈ N(x) := {y ∈ S|(x,y) ∈
E(Cay(S,A))} for all x ∈

·∪
β<α

Gβ.

Proof. Let xα ∈ Gα for some α ∈ Y . Assume, to the contrary, that xα ∈ N(xβ) for some
xβ ∈ Gβ and β < α. Hence (xβ,xα) ∈ E(Cay(S,A)). This implies that xα = xβa for some
a ∈ A. Suppose that a ∈ A∩Gγ for some γ ∈Y . By the definition of the multiplication of S,

we have β∧γ=α. So β≥α, contrary to β<α. Therefore xα /∈N(x) for all x∈
·∪

β<α
Gβ.

2 Domination Numbers
The following lemma will be used in Theorem 2.2.

Lemma 2.1. Let S = [Y ;Gα, fα,β] be a Clifford semigroup, A ⊆ S and X be a dominating
set of Cay(S,A) such that |X |= γ(Cay(S,A)). Then

i)
·∪

α∈M
Gα ⊆ X,

ii) Yα = X ∩Gα is a dominating set of Cay(Gα,Aα) for all α ∈Y ′∩C∗, and
·∪

α∈Y ′∩C∗
Yα ⊆

X, and

iii) Xα = X ∩Gα is a dominating set of Cay(Gα,Aα) such that |Xα|= γ(Cay(Gα,Aα)) for

all α ∈ M∗, and
·∪

α∈M∗
Xα ⊆ X.



Proof. i) By the definition of the dominating set, the vertices of in-degree zero must

belong to any dominating set. Hence
·∪

α∈M
Gα ⊆ X by Lemma 1.2.

ii) Let α∈Y ′∩C∗ and Yα =Gα∩X . Let x ∈Gα \Yα. Thus x ∈ S. Since X is a dominating
set of Cay(S,A), there exists y ∈ X such that (y,x) ∈ E(Cay(S,A)). Therefore y ∈ Gβ
for some β ∈ Y and x = ya for some a ∈ A. Hence a ∈ Gγ for some γ ∈ Y . Thus
x = fβ,β∧γ(y) ◦β∧γ fγ,β∧γ(a). Since x ∈ Gα, β∧ γ = α, so β ≥ α and γ ≥ α. By the
definition of C∗, we obtain that α = β = γ. Then y ∈ Gα ∩ X . Therefore Yα is a
dominating set of Cay(Gα,Aα) for all α ∈ Y ′∩C∗. Since Yα ⊆ X for all α ∈ Y ′∩C∗,

·∪
α∈Y ′∩C∗

Yα ⊆ X .

iii) By Lemma 1.3, we have

Cay(S,A) =Cay(
·∪

α∈Y\M∗
Gα,

·∪
α∈Y\M∗

Gα
∩

A)
·∪
(

·∪
α∈M∗

Cay(Gα,Aα)).

Then X ∩(
·∪

α∈M∗
Cay(Gα,Aα)) is a dominating set of (

·∪
α∈M∗

Cay(Gα,Aα)), and so Xα =

X ∩Gα is a dominating set of Cay(Gα,Aα) and |Xα|= γ(Cay(Gα,Aα)) for all α ∈ M∗.

Here we give the bounds for the domination numbers of Cayley digraphs of Clif-
ford semigroups.

Theorem 2.2. Let S = [Y ;Gα, fα,β] be a Clifford semigroup, A ⊆ S. If D =Cay(S,A), then

|
·∪

α∈M
Gα|+ ∑

α∈Y ′∩C∗
γ(Cay(Gα,Aα))+ ∑

α∈M∗
γ(Cay(Gα,Aα))≤ γ(D) and

γ(D) ≤ |
·∪

α∈M
Gα|+ ∑

α∈Y ′∩C∗
γ(Cay(Gα,Aα))+ ∑

α∈M∗
γ(Cay(Gα,Aα))+ ∑

α∈K
γ(Cay(Gα,Aα)),

where K = Y \ (M
·∪
(Y ′∩C∗)

·∪
M∗).

Proof. Let D =Cay(S,A) and Dα =Cay(Gα,Aα). We first show that
|
∪

α∈M
Gα|+ ∑

α∈Y ′∩C∗
γ(Dα)+ ∑

α∈M∗
γ(Dα) ≤ γ(D). Let X be a dominating set of D such that

|X | = γ(D). Let Yα = X ∩Gα for all α ∈ Y ′ ∩C∗ and let Xα = X ∩Gα for all α ∈ M∗. By

Lemma 1.5, we have (
·∪

α∈M
Gα)

·∪
(

·∪
α∈Y ′∩C∗

Yα)
·∪
(

·∪
α∈M∗

Xα) ⊆ X . By the definition, we get

M, Y ′∩C∗ and M∗ are disjoint, so are
·∪

α∈M
Gα,

·∪
α∈Y ′∩C∗

Yα and
·∪

α∈M∗
Xα. Hence

|X | ≥ |(
·∪

α∈M

Gα)
·∪
(

·∪
α∈Y ′∩C∗

Yα)
·∪
(

·∪
α∈M∗

Xα)|

= |
·∪

α∈M

Gα|+ ∑
α∈Y ′∩C∗

|Yα|+ ∑
α∈M∗

γ(Dα).

Since Yα is a dominating set of Dα for all α ∈ Y ′ ∩C∗, |Yα| ≥ γ(Dα) for all α ∈ Y ′ ∩C∗.
Therefore |X | ≥ |

∪
α∈M

Gα|+ ∑
α∈Y ′∩C∗

γ(Dα)+ ∑
α∈M∗

γ(Dα).

Let K = Y \ (M
·∪
(Y ′ ∩C∗)

·∪
M∗) and Zα be a dominating set of Dα such that |Zα| =

γ(Dα) for all α ∈ K. It is easy to check that Y = M
·∪
(Y ′ ∩C∗)

·∪
M∗

·∪
K. Since M, Y ′ ∩



C∗, M∗ and K are disjoint, so are
·∪

α∈M
Gα,

·∪
α∈Y ′∩C∗

Xα,
·∪

α∈M∗
Xα and

·∪
α∈K

Zα. Let X ′ =

(
·∪

α∈M
Gα)

·∪
(

·∪
α∈Y∩C∗

Xα)
·∪
(

·∪
α∈M∗

Xα). We will show that X ′
·∪
(

·∪
α∈K

Zα) is a dominating set

of D. Let x ∈ S \ (X ′
·∪
(

·∪
α∈K

Zα)). Since
·∪

α∈M
Gα ⊆ X ′, x /∈

·∪
α∈M

Gα. We need only consider

the following three cases.
Case 1. x ∈ Gα \Xα, α ∈Y ′∩C∗. Since Xα is a dominating set of Cay(Gα,Aα), there exists

x′ ∈ Xα ⊆
·∪

α∈Y∩C∗
Xα such that (x′,x) ∈ E(Cay(S,A)).

Case 2. x ∈ Gα \Xα, α ∈ M∗. Since Xα is a dominating set of Cay(Gα,Aα), there exists

x′ ∈ Xα ⊆
·∪

α∈M∗
Xα such that (x′,x) ∈ E(Cay(S,A)).

Case 3. x ∈ Gα \ Zα, α ∈ K. Since Zα is a dominating set of Cay(Gα,Aα), there exists

x′ ∈ Zα ⊆
·∪

α∈K
Zα such that (x′,x) ∈ E(Cay(S,A)). Then X ′

·∪
(

·∪
α∈K

Zα) is a dominating set

of D. Therefore

γ(D)≤ |X ′
·∪
(

·∪
α∈K

Zα)|

= |(
·∪

α∈M

Gα)
·∪
(

·∪
α∈Y∩C∗

Xα)
·∪
(

·∪
α∈M∗

Xα)|+ |(
·∪

α∈K

Zα)|

= |
·∪

α∈M

Gα|+ ∑
α∈Y ′∩C∗

γ(Dα)+ ∑
α∈M∗

γ(Dα)+ ∑
α∈K

γ(Dα).

Let G be a group and a ∈ G. It is clear that Cay(⟨a⟩,{a}) is a cycle of length |⟨a⟩|.
Therefore γ(Cay(⟨a⟩,{a})) = ⌈ |⟨a⟩|2 ⌉.

Corollary 2.3. Let S = [Y ;Gα, fα,β] be a Clifford semigroup, Y a totally ordered set and
ρ the maximum element Y . Let D = Cay(S,A), where A = {a} for some a ∈ Gρ. Then

γ(D) =
|Gρ|
|⟨a⟩| (⌈

|⟨a⟩|
2 ⌉)+ ∑

α∈M∗
γ(Cay(Gα,Aα)).

Proof. Let a ∈ Gρ. Then Y ′ = {ρ} and M = /0 since ρ is the maximum. Since C∗ = {ρ},
Y ′∩C∗= {ρ}. Since Y is the only one maximal chain in Y , Ā=Y . Then A∗=Y and m∗ = ρ.
This implies that M∗ = Y \ {ρ}. Hence γ(Cay(Gρ,Aρ = {a}))+ ∑

α∈M∗
γ(Cay(Gα,Aα)) ≤

γ(D) by Theorem 2.1. By Lemma 1.1, we get that Cay(Gρ,{a}) ∼=
·∪

i∈I
(Vi,Ei), where

I = {1,2, . . . , |Gρ|
|⟨a⟩|} and (Vi,Ei)∼=Cay(⟨a⟩,{a}) for all i ∈ I.

Hence |Gρ|
|⟨a⟩| (⌈

|⟨a⟩|
2 ⌉) + ∑

α∈M∗
γ(Cay(Gα,Aα)) ≤ γ(D). Since (Y ′ ∩C∗)

·∪
M∗ = Y , K = Y \

(M
·∪
(Y ′ ∩C∗)

·∪
M∗) = /0. Therefore γ(D) ≤ γ(Cay(Gρ,Aρ)) + ∑

α∈M∗
γ(Cay(Gα,Aα)) =

|Gρ|
|⟨a⟩| (⌈

|⟨a⟩|
2 ⌉)+ ∑

α∈M∗
γ(Cay(Gα,Aα)) by Theorem 2.1. This implies that γ(D)=

|Gρ|
|⟨a⟩| (⌈

|⟨a⟩|
2 ⌉)+

∑
α∈M∗

γ(Cay(Gα,Aα)).



Corollary 2.4. Let S = [Y ;Gα, fα,β] be a Clifford semigroup, Y a totally ordered set and m
the minimum element Y . Let D =Cay(S,A), where A = {a} for some a ∈ Gm. Then

|
·∪

α∈M
Gα| ≤ γ(D)≤ |

·∪
α∈M

Gα|+ |Gm|
|<a>| (⌈

|<a>|
2 ⌉).

Proof. Let a ∈ Gm. We have Y ′ = {m}. Since m is the minimum, Y ′∩C∗ = /0. Since Y is
the only one maximal chain in Y , Ā = Y . Then A∗ = {m}. Hence m∗ = m and so M∗ = /0.

Therefore |
·∪

α∈M
Gα| ≤ γ(D) by Theorem 2.1. Since K =Y \(M

·∪
(Y ′∩C∗)

·∪
M∗), K = {m}.

Let Xm be a dominating set of Cay(Gm,Am = {a}) such that |Xm| = γ(Cay(Gm,{a})). By

Lemma 1.1, we have Cay(Gm,{a}) ∼=
·∪

i∈I
(Vi,Ei), where I = {1,2, . . . , |Gm|

|⟨a⟩| } and (Vi,Ei) ∼=

Cay(⟨a⟩,{a}) for all i ∈ I. Then |Xm| = |Gm|
|<a>| (⌈

|<a>|
2 ⌉). By Theorem 2.1, we obtain that

γ(D)≤ |
·∪

α∈M
Gα|+ |Gm|

|<a>| (⌈
|<a>|

2 ⌉).

3 Total Domination Numbers
Recall that a dominating set X is called total dominating set of D if every vertex v ∈V

there exists x ∈ X such that (x,v) ∈ E. The total domination number γt(D) of a digraph D
is the minimum cardinality of a total dominating set of D. So for that definition we get that
the total dominating set exists if and only if for every vertices in the digraphs has at least
one of its in-degree.

By Lemma 1.2, we get the following observation.

Observation 3.1. The total dominating set of Cay(S,A) exists if and only if M = /0.

Observation 3.2. If G is a cycle, then γt(G) = |G|.

The following lemma shows the property of Cay(S,A) with M = /0.

Lemma 3.3. Let S = [Y ;Gα, fα,β] be a Clifford semigroup, A ⊆ S, and ci = maxCi for all
1 ≤ i ≤ n. Then M = /0 if and only if ci ∈ Y ′ for all 1 ≤ i ≤ n.

Proof. Let M = /0. Assume that ck /∈ Y ′ for some 1 ≤ k ≤ n. Then Gck ∩A = /0. Since ck is
the maximal of Ck, ck ∧ γ ̸= ck for all γ ∈ Y ′. Thus ck ∈ M, which is a contradiction.
Conversely, suppose that ci ∈ Y ′ for all 1 ≤ i ≤ n. Assume to the contrary that M ̸= /0. Let
α ∈ M. Then α∧ γ ̸= α for all γ ∈ Y ′. We consider the following two cases.
Case 1. α = ck for some 1 ≤ k ≤ n. Since ci ∈Y ′ for all 1 ≤ i ≤ n, ck ∈Y ′ and ck ∧ck = ck,
α = ck /∈ M, it is impossible.
Case 2. α ̸= ci ∈ Y ′ for all 1 ≤ i ≤ n. Let α ∈Ck for some 1 ≤ k ≤ n. Then ck > α. Since
ck ∈ Y ′ and α∧ ck = α, α /∈ M, it is impossible.
Therefore M = /0.

So, for this section we will assume that M = /0. By lemma 3.3 we get the following
lemma that will be used in Theorem 3.6.

Lemma 3.4. Let S = [Y ;Gα, fα,β] be a Clifford semigroup, A ⊆ S and X be a total domi-
nating set of Cay(S,A) such that |X |= γt(Cay(S,A)). Then



i) Yα = X ∩Gα is a total dominating set of Cay(Gα,Aα) for all α ∈C∗, and
·∪

α∈C∗
Yα ⊆ X,

and

ii) Xα is a total dominating set of Cay(Gα,Aα) such that |Xα| = γt(Cay(Gα,Aα)) for all

α ∈ M∗, and
·∪

α∈M∗
Xα ⊆ X,

Proof. Similarlar to the proof of Lemma 2.1 ii) and iii).

Lemma 3.5. Let S = [Y ;Gα, fα,β] be a Clifford semigroup, A ⊆ S, and ci = maxCi where
1 ≤ i ≤ n. If fα,β is an isomorphism for all α,β ∈ Y and |A∩Gα| = 1 for all α ∈ Y , then
γt(Cay(S,A)) = |

∪̇n
i=1Gci |

Proof. Let fα,β is an isomorphism for all α,β ∈ Y and |A∩Gα|= 1 for all α ∈ Y .
First, we will show that γt(Cay(S,A)) ≥ |

∪̇n
i=1Gci |. Let X be a total dominating set of

Cay(S,A). By Lemma 3.4 i), we have X ∩Gci is a total dominating set of Cay(Gci ,Aci).
Since |A∩Gci |= 1, Cay(Gci ,A∩Gci) is a union of disjoint cycle.
Then γt(Cay(Gci ,A∩Gci)) = |Gci |. Thus X ∩Gci = Gci ⊆ X for all 1 ≤ i ≤ n. Therefore
γt(Cay(S,A))≥ |

∪̇n
i=1Gci |.

Next, we will show that γt(Cay(S,A)) ≤ |
∪̇n

i=1Gci |. Let y ∈ Gα for some α ∈ Y . We will
show that there exists x ∈

∪̇n
i=1Gci such that (x,y) ∈ E(Cay(S,A)). Consider the following

two cases
Case 1. α = ck for some 1 ≤ k ≤ n. Since |A∩Gα| = 1, there exists x ∈ Gα such that
(x,y) ∈ E(Cay(S,A)).
Case 2. α ̸= ck for all 1 ≤ k ≤ n. Let α ∈Ck for some 1 ≤ k ≤ n and aα ∈ Gα ∩A. Since
Gα is a group, there exists u ∈ Gα such that y = uaα. Since fck,α is an isomorphism, there
exists x ∈ Gck such that fck,α(x) = u. Then

xaα = fck,ck∧α(x)◦ck∧α fα,ck∧α(a) = fck,α(x)◦α fα,α(a) = u◦α a = y.

Hence (x,y)∈E(Cay(S,A)), this implies that
∪̇n

i=1Gci is a total dominating set of Cay(S,A).
Thus γt(Cay(S,A))≤ |

∪̇n
i=1Gci |.

Therefore γt(Cay(S,A)) = |
∪̇n

i=1Gci |.

Here we give the bounds for the total domination numbers of Cayley digraphs of
Clifford semigroups.

Theorem 3.6. Let S = [Y ;Gα, fα,β] be a Clifford semigroup, A ⊆ S. If D =Cay(S,A), then
∑

α∈C∗
γt(Cay(Gα,Aα))+ ∑

α∈M∗
γt(Cay(Gα,Aα))≤ γt(D) and

γt(D)≤ ∑
α∈C∗

γt(Cay(Gα,Aα))+ ∑
α∈M∗

γt(Cay(Gα,Aα))+ ∑
α∈K

γ(Cay(Gα,Aα)),

where K = Y \ (C∗
·∪

M∗).

Proof. Similar to the proof of Theorem 2.2.

Example 3.7 and 3.8 illustrate the sharpness of the bounds in Theorem 2.2.

Example 3.7. Let Y = {α,β,γ,λ}, where λ ≤ γ ≤ β, λ ≤ γ ≤ α and α ∧ β = γ. Let
Gα = Z4 = {0α,1α,2α,3α}, Gβ = Z4 = {0β,1β,2β,3β}, Gγ = Z4 = {0γ,1γ,2γ,3γ}, Gλ =
Z2 = {0λ,1λ}. Let fα,γ(0α) = 0γ, fα,γ(1α) = 1γ, fα,γ(2α) = 2γ, fα,γ(3α) = 3γ, fβ,γ(0β) =
fβ,γ(2β) = 0γ, fβ,γ(1β) = fβ,γ(3β) = 2γ, and fγ,λ(0γ) = fγ,λ(1γ) = fγ,λ(2γ) = fγ,λ(3γ) = 0λ.



Then S1 = [Y ;Gα, fα,β] is a Clifford semigroup (see Fig.1). Consider Cay(S1,A), where
A = {2β} (see Fig.2).

b b

0α 1α
b b

2α 3α
b

1β0β
b b b

2β 3β

0γ 1γ

b b b b

2γ 3γ

b b

0λ 1λ

Fig.2. Cay(S1,A)

Gα = Z4 Gβ = Z4

Gγ = Z4

fβ,γfα,γ

Gλ = Z2

Fig.1. S1 =
·∪

α∈Y
Gα

fγ,λ

We see that Y ′ = {β}, M = {α}, C∗ = {α,β}, m∗ = γ, M∗ = {λ}. Then Y ′∩C∗ = {β}. So
γ(Cay(S,A)) = |Gα|+ γ(Cay(Gβ,Aβ))+ γ(Cay(Gλ,Aλ)) = 4+2+2 = 8

Example 3.8. Let Y = {α,β,γ,λ}, where λ ≤ γ ≤ β, λ ≤ γ ≤ α and α∧β = γ. Let Gα =
Z4 = {0α,1α,2α,3α}, Gβ = Z4 = {0β,1β,2β,3β}, Gγ = Z4 = {0γ,1γ,2γ,3γ}, Gλ = Z2 =
{0λ,1λ}. Let fα,γ and fγ,λ be zero mapping and fβ,γ(0β) = 0γ, fβ,γ(1β) = 1γ, fβ,γ(2β) = 2γ,
fβ,γ(3β) = 3γ. Then S2 = [Y ;Gα, fα,β] is a Clifford semigroup (see Fig.3). Consider
Cay(S2,B), where B = {2β} (see Fig.4).

b b

0α 1α
b b

2α 3α
b

1β0β
b b b

2β 3β

0γ 1γ

b b b b

2γ 3γ

b b

0λ 1λ

Fig.4. Cay(S2,B)

Gα = Z4 Gβ = Z4

Gγ = Z4

fβ,γfα,γ

Gλ = Z2

Fig.3. S2 =
·∪

α∈Y
Gα

fγ,λ

We see that Y ′ = {β}, M = {α}, C∗ = {α,β}, m∗ = γ, M∗ = {λ}, K = {γ}. Then Y ′∩C∗ =
{β}. So γ(Cay(S2,B)) = |Gα|+ γ(Cay(Gβ,Bβ))+ γ(Cay(Gλ,Bλ))+ γ(Cay(Gγ,Bγ)) = 4+
2+2+2 = 10.

Example 3.9 and 3.10 illustrate the sharpness of the bounds in Theorem 3.6.

Example 3.9. Let Y = {α,β,γ}, where γ ≤ β ≤ α. Let Gα = Z4 = {0α,1α,2α,3α},
Gβ = Z4 = {0β,1β,2β,3β}, and Gγ = Z4 = {0γ,1γ,2γ,3γ}. Let fα,β and fβ,γ be zero map-
ping. Then S3 = [Y ;Gα, fα,β] is a Clifford semigroup (see Fig.5). Consider Cay(S3,A′),
where A′ = {1α,2α,3α,0β,1β,2β,3β} (see Fig.6).



Gα = Z4

Gβ = Z4

Gγ = Z4

Fig.5.S3 =
·∪

α∈Y
Gα

b b b b
0α

0γ

1α 2α 3α

1γ 2γ 3γ

0β 1β 2β 3β

Fig.6. Cay(S3,A′)

b b b b

b b b b

fα,β

fβ,γ

We see that Y ′ = {α,β}, M = /0, C∗ = {α}, m∗ = β, M∗ = {γ}, K = {β}.
Then γt(Cay(S3,A′)) = γt(Cay(Gα,A′

α))+ γt(Cay(Gγ,A′
γ)) = 1+4 = 5.

Example 3.10. Let Y = {α,β,γ}, where γ ≤ β ≤ α. Let Gα = Z4 = {0α,1α,2α,3α},
Gβ = Z4 = {0β,1β,2β,3β}, and Gγ = Z4 = {0γ,1γ,2γ,3γ}. Let fα,β and fβ,γ be zero map-
ping. Then S3 = [Y ;Gα, fα,β] is a Clifford semigroup (see Fig.7). Consider Cay(S3,B′),
where B′ = {1α,2α,3α,1β,2β,3β} (see Fig.8).

Gα = Z4

Gβ = Z4

Gγ = Z4

Fig.7.S3 =
·∪

α∈Y
Gα

b b b b
0α

0γ

1α 2α 3α

1γ 2γ 3γ

0β 1β 2β 3β

Fig.8.Cay(S3,B′)

b b b b

b b b b

fα,β

fβ,γ

We see that Y ′ = {α,β}, M = /0, C∗ = {α}, m∗ = β, M∗ = {γ}, K = {β}.
Then γt(Cay(S3,B′))= γt(Cay(Gα,B′

α))+γt(Cay(Gγ,B′
γ))+γt(Cay(Gβ,B′

β))= 1+1+4=
6.
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Abstract A rectangular band is defined as a direct product of a left zero semigroup
and a right zero semigroup, and a rectangular group is defined as a direct product of
a group and a rectangular band. In this paper, we give some equivalent conditions for
Cayley graphs of a rectangular group to be isomorphic to each other.
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1 Introduction

One of the first investigations on Cayley graphs of algebraic structures can be found
in Maschke’s theorem from 1896 about groups of genus zero, that is, groups G which
possess a generating system A such that the Cayley graph Cay(G, A) is planar, see,
for example, [20]. For more results about Cayley graphs of groups, we refer the reader
to [3] and [19]. After this, it is natural to investigate Cayley graphs for semigroups
which are unions of groups, so-called completely regular semigroups, see, for example,
[15]. In [1,16] and [13], Cayley graphs of right(left) groups, rectangular group and
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finite simple semigroups, respectively, are characterized. Recent studies in a different
direction investigate some basic properties of Cayley graphs of ideal in a commutative
ring, see [2]. Necessary and sufficient conditions for a Cayley graph of a rectangular
group to be isomorphic to a given digraph were given in [16]. In the present paper, we
shall give the conditions for twoCayley graphs of a rectangular group to be isomorphic
to each other.

All sets in this paper are assumed to be finite. An element z of a semigroup S is
a left(right) zero of S if zs = z(sz = z) for all s ∈ S. z is a zero of S if it is both a
left and right zero of S. A semigroup all of whose elements are left(right) zeros is a
left(right) zero semigroup.A direct product of a group and a left(right) zero semigroup
is called a left(right) group. A direct product of a left zero and a right zero semigroup
is called a rectangular band. A rectangular group is a direct product of a group and a
rectangular band.

The cardinality of a set X , denoted by |X |, is the number of elements in X . For any
nonempty subset A of a semigroups S, let 〈A〉 denote the subsemigroup generated by
A in S. Let G be a group and a ∈ G. The order of a is the cardinality of the cyclic
subsemigroup 〈{a}〉 and is denoted by ord(a).

Let (V1, E1) and (V2, E2) be digraphs. A mapping ϕ : V1 → V2 is called a
digraph homomorphism if (u, v) ∈ E1 implies (ϕ(u), ϕ(v)) ∈ E2, i.e., ϕ preserves
arcs. We write ϕ : (V1, E1) → (V2, E2). A digraph homomorphism ϕ : (V, E) →
(V, E) is called a digraph endomorphism. If ϕ : (V1, E1) → (V2, E2) is a bijective
digraph homomorphism and ϕ−1 is also a digraph homomorphism, then ϕ is called
a digraph isomorphism. If a digraph isomorphism ϕ : (V1, E1) → (V2, E2) exists,
then the graphs are called isomorphic and we write (V1, E1) ∼= (V2, E2). A digraph
isomorphism ϕ : (V, E) → (V, E) is called a digraph automorphism.

For any family of nonempty set {Xi |i ∈ I }, let ∪̇i∈I Xi denote the disjoint union of
Xi , i ∈ I .

Let (V1, E1), (V2, E2), . . . , (Vn, En) be digraphs such that Vi ∩ Vj = ∅ for
all i 
= j. The disjoint union of (V1, E1), (V2, E2), . . . , (Vn, En) is defined as
⋃̇n

i=1(Vi , Ei ) = (∪̇n
i=1Vi , ∪̇n

i=1Ei
)
. If Vi = Vj = V for all i, j , then the edge

sum of (V1, E1), (V2, E2), . . . , (Vn, En) is defined as ⊕n
i=1(Vi , Ei ) = (V, ∪n

i=1En).
Let S be a semigroup and A ⊆ S. We define the Cayley graph Cay(S, A) of S

relative to A as follows: S is the vertex set and (u, v), u, v ∈ S, is an arc in Cay(S, A)

if there exists an element a ∈ A such that v = ua. The set A is called the connection
set of Cay(S, A).

A digraph (V, E) is called a semigroup digraph or digraph of a semigroup if there
exist a semigroup S and a connection set A ⊆ S such that (V, E) is isomorphic to
the Cayley graph Cay(S, A). For any v ∈ V , the number of arcs incident to v is the
indegree of v and is denoted by

−→
d (v). The number of arcs incident from v is called

the outdegree of v and is denoted by
←−
d (v).

Throughout the paper, a graph always means a directed graph without multiple
edges, but possibly with loops. A subgraph F of a graph D is called a strong subgraph
of D if and only if whenever u and v are vertices of F and (u, v) is an arc in D, then
(u, v) is an arc in F as well. If the vertex set of a strong subgraph F is H , then F is
said to be induced by H .
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2 Cayley Graphs of Rectangular Band

We consider an isomorphism of Cayley graphs of rectangular bands in this section.
From now on, G denotes a group, Rn = {r1, r2, . . . , rn} a right zero semigroup, Lm =
{l1, l2, . . . , lm} a left zero semigroup, and pi the projection into the i th component.
For any subgroup K of G, G/K denotes the set of all distinct left cosets of K in G.
By the definition of right zero semigroups, we get the following lemma.

Lemma 2.1 Let A ⊆ Rn, and let v be a vertex in Cay(Rn, A). Then

(1)
−→
d (v) = |Rn| if and only if v ∈ A;

(2)
−→
d (v) = 0 if and only if v /∈ A.

From the above lemma, we have the following lemma.

Lemma 2.2 Let A, B ⊆ Rn . Then Cay(Rn, A) ∼= Cay(Rn, B) if and only if |A| =
|B|.

It is known that a rectangular band S = Lm × Rn is isomorphic to the finite simple
semigroupM(G, I,�, P), where G = {e} is the trivial group, m = |I | and n = |�|.
By Theorem 3 in [13], we have the following lemma.

Lemma 2.3 Let S = Lm × Rn be a rectangular band and A ⊆ S. Then Cay(S, A)

is the disjoint union of m isomorphic strong subgraphs Cay({li } × Rn, {li } × p2(A))

for i ∈ {1, 2, . . . ,m}.
Theorem 2.4 Let S = Lm × Rn be a rectangular band and A, B ⊆ S. Then
Cay(S, A) ∼= Cay(S, B) if and only if |p2(A)| = |p2(B)|.
Proof (⇒) Let Cay(S, A) ∼= Cay(S, B). By Lemma 2.3, we get Cay(S, A) ∼=
∪̇m
i=1Cay({li }× Rn, {li }× p2(A)) ∼= ∪̇m

i=1Cay({li }× Rn, {li }× p2(B)) ∼= Cay(S, B).

Then Cay({li } × Rn, {li } × p2(A)) ∼= Cay({li } × Rn, {li } × p2(B)) and thus
Cay(Rn, p2(A)) ∼= Cay(Rn, p2(B)). By Lemma 2.2, we get |p2(A)| = |p2(B)|.

(⇐) Let |p2(A)| = |p2(B)|. By Lemma 2.2, we get Cay(Rn, p2(A)) ∼=
Cay(Rn, p2(B)).Then ∪̇m

i=1Cay({li }×Rn, {li }× p2(A)) ∼= ∪̇m
i=1Cay({li }×Rn, {li }×

p2(B)). By Lemma 2.3, we get Cay(S, A) ∼= Cay(S, B). ��

3 Cayley Graphs of Right Groups

In this section, we present the conditions for Cayley graphs of a given right group to
be isomorphic. By the definition of a right group, we get the two following lemmas.

Lemma 3.1 Let S = G × Rn be a right group, A a nonempty subset of S, g, g′ ∈ G,
and r, r ′ ∈ Rn. Then the following statements are equivalent:

(1) ((g, r), (g′, r ′)) is an arc in Cay(S, A);
(2) There exists (a, r ′) ∈ A such that g′ = ga;
(3) ((g, r ′), (g′, r ′)) is an arc in Cay(S, A).
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Lemma 3.2 Let S = G×Rn be a right group, A anonempty subset of S, G/〈p1(A)〉 =
{g1〈p1(A)〉, g2〈p1(A)〉, . . . , gw〈p1(A)〉}, and (gi 〈p1(A)〉× p2(A), Ei ) a strong sub-
graph of Cay(S, A) for i = 1, 2, . . . , w. Then (g j 〈p1(A)〉 × p2(A), E j ) and
(gk〈p1(A)〉 × p2(A), Ek) are disjoint strong subgraphs of Cay(S, A) for all j 
= k.

Theorem 3.3 Let S = G × Rn be a right group, A a nonempty subset of S,
G/〈p1(A)〉 = {g1〈p1(A)〉, g2〈p1(A)〉, . . . , gw〈p1(A)〉}, and (gi 〈p1(A)〉×p2(A), Ei )

a strong subgraph of Cay(S, A). Then Cay(S, A) = ∪̇w
i=1 (gi 〈p1(A)〉 × p2(A), Ei )⋃ ∪̇w

i=1(gi 〈p1(A)〉×Rn, E ′
i ), where E

′
i = {((s, t), (u, v)) | t /∈ p2(A), ((s, v), (u, v))

∈ Ei }.
Proof Let D = ∪̇w

i=1(gi 〈p1(A)〉 × p2(A), Ei )
⋃ ∪̇w

i=1(gi 〈p1(A)〉 × Rn, E ′
i ). It is

clear that S = ∪̇w
i=1(gi 〈p1(A)〉 × p2(A))

⋃ ∪̇w
i=1(gi 〈p1(A)〉 × Rn) = V (D). We

will prove that E(Cay(S, A)) = E(D). Let ((g, r), (g′, r ′)) be an arc in Cay(S, A).
By Lemma 3.1, there exists (a, r ′) ∈ A and g′ = ga. Hence g′ ∈ gk1〈p1(A)〉 and
g ∈ gk2〈p1(A)〉 for some k1, k2 ∈ {1, 2, . . . , w}. We have the following cases.

(case 1) If r ∈ p2(A), then (g, r), (g′, r ′) ∈ ∪̇w
i=1(gi 〈p1(A)〉 × p2(A)). Since

∪̇w
i=1(gi 〈p1(A)〉 × p2(A), Ei ) is a strong subgraph of Cay(S, A), ((g, r),

(g′, r ′)) is an arc in ∪̇w
i=1(gi 〈p1(A)〉× p2(A), Ei ).Therefore ((g, r), (g′, r ′))

is an arc in D.
(case 2) If r /∈ p2(A), then ((g, r ′), (g′, r ′)) is also an arc in Cay(S, A) by

Lemma 3.1 and ((g, r), (g′, r ′)) is an arc in Cay(S, A). This implies that
((g, r ′), (g′, r ′)) ∈ Ei . Then ((g, r), (g′, r ′)) ∈ E ′

i . Hence ((g, r), (g′, r ′))
is an arc in D.

Therefore E(Cay(S, A)) ⊆ E(D).
To show that E(D) ⊆ E(Cay(S, A)), let ((g, r), (g′, r ′)) be an arc in D. We

consider two cases.

(case 1) If ((g, r), (g′, r ′)) is an arc in ∪̇w
i=1(gi 〈p1(A)〉× p2(A), Ei ), then it is an arc

in Cay(S, A) because ∪̇w
i=1(gi 〈p1(A)〉 × p2(A), Ei ) is a strong subgraph of

Cay(S, A).

(case 2) If ((g, r), (g′, r ′)) is an arc in ∪̇w
i=1(gi 〈p1(A)〉 × Rn, E ′

i ), then it is an arc
in E ′

k for some k. We get that ((g, r ′), (g′, r ′)) ∈ Ek and this implies
that ((g, r ′), (g′, r ′)) is an arc in Cay(S, A). By Lemma 3.1, we have
((g, r), (g′, r ′)) is also an arc in Cay(S, A).

Then E(D) ⊆ E(Cay(S, A)). Hence Cay(S, A) = D. ��
Lemma 3.4 [14] Let S = G × Rn be a right group, and let A be a nonempty subset
of S. Then 〈A〉 = 〈p1(A)〉 × p2(A).

Theorem 3.5 Let S = G × Rn be a right group, A a nonempty subset of S,
G/〈p1(A)〉 = {g1〈p1(A)〉, g2〈p1(A)〉, . . . , gw〈p1(A)〉}, and (gi 〈p1(A)〉×p2(A), Ei )

a strong subgraph of Cay(S, A). Then (gi 〈p1(A)〉 × p2(A), Ei ) ∼= Cay(〈A〉, A) for
i = 1, 2, . . . , w.

Proof We define f : (gi 〈p1(A)〉 × p2(A), Ei ) → Cay(〈A〉, A) by (gia, r) �→ (a, r)
for all a ∈ 〈p1(A)〉 and r ∈ p2(A). Clearly, f is a bijection. We will prove that f and
f −1 are homomorphisms.
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For (gia, r), (gia′, r ′) ∈ gi 〈p1(A)〉 × p2(A), let ((gia, r), (gia′, r ′)) be an arc
in (gi 〈p1(A)〉 × p2(A), Ei ). Since (gi 〈p1(A)〉 × p2(A), Ei ) is a strong subgraph
of Cay(S, A), we get that ((gia, r ′), (gia′, r ′)) is an arc in Cay(S, A). There exists
(a′′, r ′) ∈ A such that gia′ = giaa′′ so a′ = aa′′. Since f (gia′, r ′) = (a′, r ′) =
(aa′′, r ′) = (a, r)(a′′, r ′) = f (gia, r)(a′′, r ′), we have ( f (gia, r), f (gia′, r ′)) is an
arc in Cay(〈A〉, A). Therefore f is a homomorphism.

Let ( f (gia, r), f (gia′, r ′))be an arc inCay(〈A〉, A). Then there exists (a′′, r ′′) ∈ A
such that f (gia′, r ′) = f (gia, r)(a′′, r ′′). Therefore (a′, r ′) = (a, r)(a′′, r ′′) =
(aa′′, r ′′), a′ = aa′′, and r ′ = r ′′. Hence (gia′, r ′) = (giaa′′, r ′′) = (gia, r) (a′′, r ′′),
so ((gia, r), (gia′, r ′)) is an arc inCay(S, A).Since (gia, r), (gia′, r ′) ∈ gi 〈p1(A)〉×
p2(A) and (gi 〈p1(A)〉 × p2(A), Ei ) is a strong subgraph of Cay(S, A), we thus get
((gia, r), (gia′, r ′)) is an arc in (gi 〈p1(A)〉 × p2(A), Ei ). Therefore f −1 is a homo-
morphism. This means that (gi 〈p1(A)〉 × p2(A), Ei ) ∼= Cay(〈A〉, A). ��
Lemma 3.6 Let S = G×Rn be a right group, A anonempty subset of S, G/〈p1(A)〉 =
{g1〈p1(A)〉, g2〈p1(A)〉, . . . , gw〈p1(A)〉}, and (gi 〈p1(A)〉× p2(A), Ei ) a strong sub-

graph of Cay(S, A). Then for all v ∈ V (Cay(S, A)),
−→
d (v) 
= 0 if and only if

v ∈ ∪̇w
i=1

(
gi 〈p1(A)〉) × p2(A).

Proof (⇒) Let v = (h1, r1) ∈ S and
−→
d (v) 
= 0. Then there exists u = (h2, r2) ∈ S

such that (u, v) is an arc in Cay(S, A). Hence there exists a = (g′, r ′) ∈ A such
that v = ua. Therefore (h1, r1) = (h2, r2)(g′, r ′) = (h2g′, r ′), which implies that
r1 = r ′ ∈ p2(A). Since h1 ∈ G = ∪̇w

i=1

(
gi 〈p1(A)〉), we have v = (h1, r1) ∈

∪̇w
i=1

(
gi 〈p1(A)〉) × p2(A).

(⇐) Let v = (h1, r) ∈ ∪̇w
i=1

(
gi 〈p1(A)〉) × p2(A). We get that h1 ∈ G and

r ∈ p2(A). We need consider the two cases.

(case 1) If v ∈ A, there exists (e, r) ∈ S, where e is the identity of G. Since
(e, r)(h1, r) = (eh1, r) = (h1, r) = v, there is an arc from (e, r) to v.

Therefore
−→
d (v) 
= 0.

(case 2) If v /∈ A, then there exists (h2, r) ∈ A for some h2 ∈ G. BecauseG is a group
and h1, h2 ∈ G, this implies that h−1

2 ∈ G and h1h
−1
2 ∈ G. Then we have

(h1h
−1
2 , r) ∈ S. Since (h1h

−1
2 , r)(h2, r) = (h1h

−1
2 h2, r) = (h1, r) = v,

there exists an arc from (h1h
−1
2 , r) to v. Therefore

−→
d (v) 
= 0.

��
A path from a vertex u0 to some vertex un in a graph (V, E) is a sequence of

vertices u0, u1, u2, . . . , un , where (ui−1, ui ) for all i , is an arc in (V, E). If (ui−1, ui )
or (ui , ui−1) is an arc in (V, E), then we say that there is semipath between u0 and
un . A graph (V, E) is connected if there is a semipath between any two vertices. The
following lemmas will be used in the proof of Theorem 3.14.

Lemma 3.7 Let S = G×Rn be a right group, A anonempty subset of S, G/〈p1(A)〉 =
{g1〈p1(A)〉, g2〈p1(A)〉, . . . , gw〈p1(A)〉}, and (gi 〈p1(A)〉× p2(A), Ei ) a strong sub-
graph of Cay(S, A). Then for any i ∈ {1, 2, . . . , w}, (gi 〈p1(A)〉 × p2(A), Ei ) is
connected.
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Proof Let (gi x, β), (gi y, γ ) ∈ (
gi 〈p1(A)〉 × p2(A)

)
. Then (x, β), (y, γ ) ∈

〈p1(A)〉 × p2(A) = 〈A〉. There are a1, a2, . . . , aq ∈ A such that (y, γ ) =
(x, β)a1a2 . . . aq for some q ≤ ∣

∣A
∣
∣. Hence (gi y, γ ) = (gi x, β)a1a2 . . . aq .

This means that there is an arc from (gi x, β)a1a2 . . . aq−1 to (gi y, γ ). Since(
(gi x, β), (gi x, β)a1

)
,
(
(gi x, β)a1, (gi x, β)a1a2

)
, . . . ,

(
(gi x, β)a1a2 . . . aq−2, (gi x,

β)a1a2 . . . aq−1
)
are arcs in Cay(S, A), there is a path (gi x, β), (gi x, β)a1, (gi x, β)

a1a2, . . . , (gi x, β)a1a2 . . . aq−1, (gi y, γ ) inCay(S, A).Weconclude that (gi 〈p1(A)〉
× p2(A), Ei ) is connected. ��

Since a strong subgraph (gi 〈p1(A)〉×p2(A), Ei ) is connected,wehave (gi 〈p1(A)〉×
p2(A), Ei )∪ (gi 〈p1(A)〉× Rn, E ′

i ) is also connected for any i ∈ {1, 2, . . . , w}, where
E ′ is defined as in Theorem 3.3.

Lemma 3.8 Let S = G × Rn be a right group, A and B be nonempty subsets
of S, G/〈p1(A)〉 = {g1〈p1(A)〉, g2〈p1(A)〉, . . . , gw〈p1(A)〉}, and G/〈p1(B)〉 =
{h1〈p1(B)〉, h2〈p1(B)〉, . . . , hz〈p1(B)〉}. If ∪̇w

i=1(gi 〈p1(A)〉 × p2(A), Ei )
⋃ ∪̇w

i=1
(gi 〈p1(A)〉 × Rn, E ′

i )
∼= ∪̇z

j=1(h j 〈p1(B)〉 × p2(B), E j )
⋃ ∪̇z

j=1(h j 〈p1(B)〉 ×
Rn, E ′

j ), then w = z and (gi 〈p1(A)〉 × p2(A), Ei ) ∼= (h j 〈p1(B)〉 × p2(B), E j )

for all i, j .

Proof Let ∪̇w
i=1(gi 〈p1(A)〉×p2(A), Ei )

⋃ ∪̇w
i=1(gi 〈p1(A)〉×Rn, E ′

i )
∼= ∪̇z

j=1 (h j 〈p1
(B)〉 × p2(B), E j )

⋃ ∪̇z
j=1(h j 〈p1(B)〉 × Rn, E ′

j ). Then there exists an isomor-

phism f : ∪̇w
i=1(gi 〈p1(A)〉× p2(A))

⋃ ∪̇w
i=1(gi 〈p1(A)〉×Rn) → ∪̇z

j=1 (h j 〈p1(B)〉×
p2(B))

⋃ ∪̇z
j=1(h j 〈p1(B)〉 × Rn). By Lemma 3.6, we get that |∪̇w

i=1

(
gi 〈p1(A)〉) ×

p2(A)| = |∪̇z
j=1

(
h j 〈p1(B)〉)× p2(B)| and we have f (∪̇w

i=1

(
gi 〈p1(A)〉)× p2(A)) =

∪̇z
j=1

(
h j 〈p1(B)〉) × p2(B). Since f is an isomorphism, we thus get the restriction of

f to ∪̇w
i=1

(
gi 〈p1(A)〉)× p2(A) is an isomorphism from ∪̇w

i=1 (gi 〈p1(A)〉× p2(A), Ei )

to ∪̇z
j=1(h j 〈p1(B)〉 × p2(B), E j ). Therefore ∪̇w

i=1 (gi 〈p1(A)〉 × p2(A), Ei ) ∼=
∪̇z

j=1(h j 〈p1(B)〉 × p2(B), E j ). In view of Theorem 3.5 and Lemma 3.7, we get
that w = z and (gi 〈p1(A)〉 × p2(A), Ei ) ∼= (h j 〈p1(B)〉 × p2(B), E j ). ��
Lemma 3.9 Let S = G × Rn be a right group, A and B nonempty subsets of S. If
Cay(S, A) ∼= Cay(S, B), then

∣
∣p2(A)

∣
∣ = ∣

∣p2(B)
∣
∣.

Proof LetG/〈p1(A)〉 = {g1〈p1(A)〉, g2〈p1(A)〉, . . . , gw〈p1(A)〉} andG/〈p1(B)〉 =
{h1〈p1(B)〉, h2〈p1(B)〉, . . . , hz〈p1(B)〉}. Assume that Cay(S, A) ∼= Cay(S, B).

By Theorem 3.3 and Lemma 3.8, we get that
∣
∣∪̇w

i=1 gi 〈p1(A)〉 × p2(A)
∣
∣ =∣

∣∪̇w
j=1h j 〈p1(B)〉 × p2(B)

∣
∣ for all gi , h j ∈ G. Since ∪̇w

i=1gi 〈p1(A)〉 = G =
∪̇w

j=1h j 〈p1(B)〉, we have ∣
∣G × p2(A)

∣
∣ = ∣

∣G × p2(B)
∣
∣. Therefore

∣
∣G

∣
∣ × ∣

∣p2(A)
∣
∣ =

∣
∣G

∣
∣ × ∣

∣p2(B)
∣
∣. Hence

∣
∣p2(A)

∣
∣ = ∣

∣p2(B)
∣
∣. ��

By Theorem 4 in [13], we have the next lemma.

Lemma 3.10 Let S = G × Rn be right group, and let (g, λ), (h, β) ∈ S, where
g, h ∈ G and λ, β ∈ Rn . Then Cay(S, {(g, λ)}) ∼= Cay(S, {(h, β)}) if and only if
ord(g) = ord(h).
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Theorem 3.11 Let S = G× Rn be a right group, A and B nonempty subsets of S. Let
Ar = 〈p1(A)〉×{r}, Âr = A∩Ar and Â = { Âr

∣
∣r ∈ p2(A)}. Br , B̂r and B̂ are defined

similarly. If Cay(〈A〉, A) ∼= Cay(〈B〉, B), then
∣
∣ Â

∣
∣ = ∣

∣B̂
∣
∣ and

∣
∣〈p1(A)〉∣∣ = ∣

∣〈p1(B)〉∣∣.
Proof Let Cay(〈A〉, A) ∼= Cay(〈B〉, B). By Lemma 3.9,

∣
∣p2(A)

∣
∣ = ∣

∣p2(B)
∣
∣ and

then
∣
∣ Â

∣
∣ = ∣

∣B̂
∣
∣. Since Cay(〈A〉, A) ∼= Cay(〈B〉, B) , we get that

∣
∣〈A〉∣∣ = ∣

∣〈B〉∣∣. By
Lemma 3.4,

∣
∣〈p1(A)〉 × p2(A)

∣
∣ = ∣

∣〈p1(B)〉 × p2(B)
∣
∣;

∣
∣〈p1(A)〉∣∣ × ∣

∣p2(A)
∣
∣ = ∣

∣〈p1(B)〉∣∣ × ∣
∣p2(B)

∣
∣;

∣
∣〈p1(A)〉∣∣ = ∣

∣〈p1(B)〉∣∣.

��
Theorem 3.12 Let S = G × Rn be a right group, A and B nonempty subsets of S.

Let Ar = 〈p1(A)〉 × {r}, Âr = A ∩ Ar and Â = { Âr
∣
∣r ∈ p2(A)}. Br , B̂r and B̂ are

defined similarly. Then Cay(〈A〉, A) ∼= Cay(〈B〉, B) if the following conditions hold:

(1)
∣
∣ Â

∣
∣ = ∣

∣B̂
∣
∣ and

∣
∣〈p1(A)〉∣∣ = ∣

∣〈p1(B)〉∣∣;
(2) There exists a bijection f : Â → B̂ such that

∣
∣ Âr

∣
∣ = ∣

∣ f ( Âr )
∣
∣ for all Âr ∈ Â;

(3) For each Âr ∈ Â, there exists a bijection ϕr : Âr → f ( Âr ) such that
ord(p1(a)) = ord(p1(ϕr (a))) for all a ∈ Âr .

Proof By (1),
∣
∣〈A〉∣∣ = ∣

∣〈B〉∣∣. By Lemma 3.10 and (3), we get that Cay(〈A〉, {a}) ∼=
Cay(〈B〉, {ϕr (a)}) for all a ∈ Âr . Then Cay(〈A〉, Âr ) = ⊕a∈ Âr

Cay(〈A〉, {a}) ∼=
⊕a∈ Âr

Cay(〈B〉, {ϕr (a)}) = Cay(〈B〉, ϕr ( Âr )).

By (2), Cay(〈A〉, Âr ) ∼= Cay(〈B〉, f ( Âr )) for all Âr ∈ Â. Then

⊕ Âr∈ ÂCay
(〈A〉, Âr

) ∼= ⊕ Âr∈ ÂCay
(〈B〉, f ( Âr )

);
Cay

(〈A〉,∪ Âr∈ Â Âr
) ∼= Cay

(〈B〉,∪ Âr∈ Â f ( Âr )
);

Cay
(〈A〉, A) ∼= Cay

(〈B〉, B)
.

��
Lemma 3.13 Let S = G × Rn be a right group, A a nonempty subset of S,
G/〈p1(A)〉 = {g1〈p1(A)〉, g2〈p1(A)〉, . . . , gw〈p1(A)〉}, and (gi 〈p1(A)〉×p2(A), Ei )

a strong subgraph of Cay(S, A). Then for every i ∈ {1, 2, . . . , w}, ∪̇w
i=1(gi 〈p1(A)〉 ×

p2(A), Ei )
⋃ ∪̇w

i=1(gi 〈p1(A)〉 × Rn, E ′
i ) = ∪̇w

i=1

(
(gi 〈p1(A)〉 × p2(A), Ei ) ∪

(gi 〈p1(A)〉 × Rn, E ′
i )

)
, where E ′ is defined as in Theorem 3.3.

Theorem 3.14 Let S = G × Rn be a right group, A and B be nonempty subsets of
S. Then Cay(S, A) ∼= Cay(S, B) if and only if Cay(〈A〉, A) ∼= Cay(〈B〉, B).

Proof LetG/〈p1(A)〉 = {g1〈p1(A)〉, g2〈p1(A)〉, . . . , gw〈p1(A)〉} andG/〈p1(B)〉 =
{h1〈p1(B)〉, h2〈p1(B)〉, . . . , hz〈p1(B)〉}.
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(⇒) Let Cay(S, A) ∼= Cay(S, B). Then there exists an isomorphism f :Cay(S, A)

→ Cay(S, B). By Theorem 3.3, we get that ∪̇w
i=1(gi 〈p1(A)〉 × p2(A), Ei )

⋃ ∪̇w
i=1

(gi 〈p1(A)〉×Rn, E ′
i )

∼= ∪̇z
j=1(h j 〈p1(B)〉×p2(B), E j )

⋃ ∪̇z
j=1 (h j 〈p1(B)〉×Rn, E ′

j ).
In view of Lemma 3.8, (gi 〈p1(A)〉 × p2(A), Ei ) ∼= (h j 〈p1(B)〉 × p2(B), E j ). By
Theorem 3.5, we get Cay(〈A〉, A) ∼= Cay(〈B〉, B).

(⇐) Let Cay(〈A〉, A) ∼= Cay(〈B〉, B). By Lemma 3.12,
∣
∣〈p1(A)〉∣∣ = ∣

∣〈p1(B)〉∣∣
and thus w = |G|/|〈p1(A)〉| = |G|/|〈p1(B)〉| = z. By Theorem 3.5, we get
(gi 〈p1(A)〉 × p2(A), Ei ) ∼= (h j 〈p1(B)〉 × p2(B), E j ) for all i, j ∈ {1, 2, . . . , w}. It
follows that ∪̇w

i=1 (gi 〈p1(A)〉 × p2(A), Ei ) ∼= ∪̇z
j=1(h j 〈p1(B)〉 × p2(B), E j ). There

exists an isomorphism f : ∪̇w
i=1(gi 〈p1(A)〉 × p2(A), Ei ) → ∪̇z

j=1 (h j 〈p1(B)〉 ×
p2(B), E j ). Therefore |∪̇w

i=1(gi 〈p1(A)〉 × p2(A)| = |∪̇z
j=1 (h j 〈p1(B)〉 × p2(B)|.

Since ∪̇w
i=1gi 〈p1(A)〉 = G = ∪̇z

j=1h j 〈p1(B)〉, then ∣
∣G × p2(A)

∣
∣ = ∣

∣G × p2(B)
∣
∣.

Hence
∣
∣G

∣
∣ × ∣

∣p2(A)
∣
∣ = ∣

∣G
∣
∣ × ∣

∣p2(B)
∣
∣ and thus

∣
∣p2(A)

∣
∣ = ∣

∣p2(B)
∣
∣. Sup-

pose that Rn\p2(A) = {q1, q2, . . . , qm} and Rn\p2(B) = {q ′
1, q

′
2, . . . , q

′
m}. Let

r ∈ p2(A).Define T : ∪̇w
i=1(gi 〈p1(A)〉× p2(A), Ei )

⋃ ∪̇w
i=1(gi 〈p1(A)〉×Rn, E ′

i ) →
∪̇z

j=1(h j 〈p1(B)〉 × p2(B), E j )
⋃ ∪̇z

j=1(h j 〈p1(B)〉 × Rn, E ′
j ) by

T (s, rl) =
{
f (s, rl) if rl ∈ p2(A)

(p1( f (s, r)), q ′
k) if rl = qk for some qk ∈ Rn\p2(A).

Clearly, T is well defined and is surjective. To show T is injective, let x1 =
(u1, λ1), x2 = (u2, λ2) ∈ S and T (x1) = T (x2). We need to consider the follow-
ing two cases:

(case 1) If λ1, λ2 ∈ p2(A), then T (x1) = f (x1) and T (x2) = f (x2). Since
T (x1) = T (x2), we have f (x1) = f (x2) and x1 = x2 because f is a
graph isomorphism.

(case 2) If λ1, λ2 /∈ p2(A), assume that λ1 = ql and λ2 = qk . Thus T (x1) =
(p1( f (u1, r)), q ′

l ) and T (x2) = (p1( f (u2, r)), q ′
k). Since T (x1) = T (x2),

we have (p1( f (u1, r)), q ′
l ) = (p1( f (u2, r)), q ′

k). It follows that q
′
l = q ′

k and
p1( f (u1, r)) = p1( f (u2, r)). Hence by the definition of T , λ1 = λ2. Since
f is a graph isomorphism, we have u1 = u2. Therefore x1 = x2.

By the above two cases, we conclude that T is an injection. We will prove that T
and T−1 are homomorphisms.

Assume that ((x, rc), (y, rd)) is an arc in ∪̇w
i=1(gi 〈p1(A)〉 × p2(A), Ei )

⋃ ∪̇w
i=1

(gi 〈p1(A)〉 × Rn, E ′
i ). Thus (y, rd) = (x, rc)(a, rt ) for some (a, rt ) ∈ A. Hence

(y, rd) = (xa, rt ) and thus rd = rt ∈ p2(A) and y = xa. We have the following two
cases.

(case 1) rc ∈ p2(A). Then
(
T (x, rc), T (y, rd)

) = (
f (x, rc), f (y, rd)

)
is an arc in

∪̇z
j=1(h j 〈p1(B)〉 × p2(B), E j )

⋃ ∪̇z
j=1(h j 〈p1(B)〉 × Rn, E ′

j ) since f is an
isomorphism.

(case 2) rc ∈ Rn\p2(A). Then rc = qk for some k ∈ {1, 2, . . . ,m}. Hence
((x, rc), (y, rd)) is an arc in ∪̇w

i=1(gi 〈p1(A)〉×Rn, E ′
i ). Then ((x, rd), (y, rd))

is an arc in ∪̇w
i=1(gi 〈p1(A)〉× p2(A), Ei ). By Lemma 3.1, ((x, r), (y, rd)) is

also an arc in ∪̇w
i=1(gi 〈p1(A)〉×p2(A), Ei ). It follows that ( f (x, r), f (y, rd))
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is an arc in ∪̇z
j=1(h j 〈p1(B)〉 × p2(B), E j ). Let f (x, r) = (x ′, r ′) and

f (y, rd) = (y′, r ′
d). Therefore

(
(x ′, r ′), (y′, r ′

d)
)
is an arc in ∪̇z

j=1(h j 〈p1(B)〉
× p2(B), E j ) and thus

(
(x ′, r ′

d), (y
′, r ′

d)
)
is also an arc in ∪̇z

j=1 (h j 〈p1(B)〉×
p2(B), E j ). Therefore ((x ′, q ′

k), (y
′, r ′

d)) is an arc in ∪̇z
j=1(h j 〈p1(B)〉 ×

Rn, E ′
j ). This means that ((x ′, q ′

k), (y′, r ′
d)) = (

(p1( f (x, r)), q ′
k), (y

′, r ′
d)

)

= (T (x, rc), T (y, rd)) is an arc in ∪̇z
j=1 (h j 〈p1(B)〉 × Rn, E ′

j ). Hence

(T (x, rc), T (y, rd)) is an arc in ∪̇z
j=1(h j 〈p1(B)〉 × p2(B), E j )

⋃ ∪̇z
j=1(h j

〈p1(B)〉 × Rn, E ′
j ).

Thus T is a homomorphism.
Assume that (T (x, rc), T (y, rd)) is an arc in ∪̇z

j=1(h j 〈p1(B)〉×p2(B), E j )
⋃ ∪̇z

j=1
(h j 〈p1(B)〉 × Rn, E ′

j ). We have the following two cases.

(case 1) If (T (x, rc), T (y, rd)) is an arc in ∪̇z
j=1(h j 〈p1(B)〉 × p2(B), E j ), then

we get that T (x, rc) = f (x, rc) and T (y, rd) = f (y, rd). There-
fore ( f (x, rc), f (y, rd)) is an arc in ∪̇z

j=1(h j 〈p1(B)〉 × p2(B), E j ).
Since f is a graph isomorphism from ∪̇w

i=1(gi 〈p1(A)〉 × p2(A), Ei ) to
∪̇z

j=1(h j 〈p1(B)〉 × p2(B), E j ), we get that ((x, rc), (y, rd)) is an arc in
∪̇w
i=1 (gi 〈p1(A)〉 × p2(A), Ei ) and it is also an arc in ∪̇i=1 (gi 〈p1(A)〉 ×

p2(A), Ei )
⋃ ∪̇w

i=1(gi 〈p1(A)〉 × Rn, E ′
i ).

(case 2) Suppose that (T (x, rc), T (y, rd)) is an arc in ∪̇z
j=1(h j 〈p1(B)〉 × Rn, E ′

j ).
Then rc = qk for some k ∈ {1, 2, . . . ,m}. Let T (y, rd) = f (y, rd) =
(y′, r ′

d). Then ((p1( f (x, r)), q ′
k), (y

′, r ′
d)) is an arc in ∪̇z

j=1 (h j 〈p1(B)〉 ×
Rn, E ′

j ) and so ((p1( f (x, r)), r ′
d), (y′, r ′

d)) is an arc in ∪̇z
j=1(h j 〈p1(B)〉 ×

p2(B), E j ).Hence there exists (b, r ′
d) ∈ B such that (y′, r ′

d) = (p1( f (x, r)),
r ′
d)(b, r

′
d). Let f (x, r) = f (x ′, r ′). Then f (y, rd) = (x ′, r ′

d)(b, r
′
d) =

(x ′b, r ′
d) = (x ′, r ′)(b, r ′

d) = f (x, r) (b, r ′
d). This means that ( f (x, r), f (y,

rd)) is an arc in ∪̇z
j=1 (h j 〈p1(B)〉 × p2(B), E j ). Then ((x, r), (y, rd)) is

an arc in ∪̇w
i=1 (gi 〈p1(A)〉 × p2(A), Ei ). Therefore ((x, rc), (y, rd)) is an

arc in ∪̇w
i=1(gi 〈p1(A)〉 × Rn, E ′

i ) and it is also an arc in ∪̇w
i=1(gi 〈p1(A)〉 ×

p2(A), Ei )
⋃ ∪̇w

i=1(gi 〈p1(A)〉 × Rn, E ′
i ).

Thus T−1 is a homomorphism. Hence ∪̇w
i=1(gi 〈p1(A)〉 × p2(A), Ei )

⋃ ∪̇w
i=1(g j

〈p1(A)〉 × Rn, E ′
i )

∼= ∪̇z
j∈I (h j 〈p1(B)〉 × p2(B), E j )

⋃ ∪̇z
j=1(h j 〈p1(B)〉 × Rn, E ′

j ).
By Theorem 3.3, we have Cay(S, A) ∼= Cay(S, B). ��
Example 1 Let S = S3 × R2 be a right group, where S3 = {(1), σ, σ 2, τ, τσ 2, τσ }
is the symmetric group with (1) an identity, σ = (123), σ 2 = (132), τ =
(12), τσ 2 = (13), τσ = (23). Let A = {((1), r1), (τ, r1), (τ, r2)} and B =
{(τσ, r1), ((1), r2), (τσ, r2)}. It is easily seen that Cay(S, A) ∼= Cay(S, B) (see
Figs. 1 and 2).

We have Âr1 = {((1), r1), (τ, r1)}, Âr2 = {(τ, r2)}, B̂r1 = {(τσ, r1)}, and B̂r2 =
{((1), r2), (τσ, r2)}. Therefore Â = { Âr1 , Âr2}, B̂ = {B̂r1 , B̂r2}, and thus | Â| = |B̂|.
Since 〈p1(A)〉 = {e, τ } and 〈p1(B)〉 = {e, τσ }, then |〈p1(A)〉| = |〈p1(B)〉|.
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Fig. 1 Cay(S, A) ((1), r2) ((1), r1)

(τ, r2) (τ, r1)

(τσ2, r2) (τσ2, r1)

(σ, r2) (σ, r1)

(σ2, r2) (σ2, r1)

(τσ, r2) (τσ, r1)

We thus get | Âr1 | = 2 = |B̂r2 | and | Âr2 | = 1 = |B̂r1 |. There exists a bijective
function f from Â to B̂ such that f ( Âr1) = B̂r2 and f ( Âr2) = B̂r1 .

Moreover, there are bijective functions

ϕr1 : Âr1 → B̂r2 such that ϕr1((1), r1) = ((1), r2)

ϕr1(τ, r1) = (τσ, r2)

and ϕr2 : Âr2 → B̂r1 such that ϕr2(τ, r2) = (τσ, r1)

such that ord(p1(a)) = ord(p1(ϕr1(a))) and ord(p1(b)) = ord(p1(ϕr2(b))) for all
a ∈ Âr1 and b ∈ Âr2 . According to Theorem 3.12, Cay(〈A〉, A) ∼= Cay(〈B〉, B).

4 Cayley Graphs of Rectangular Groups

By Theorem 4 in [13], we have the following theorem, which presents an equivalent
condition for two Cayley graphs of a given rectangular group relative to one-element
subsets are isomorphic to each other.
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Fig. 2 Cay(S, B) (τσ2, r2) (τσ2, r1)

(σ2, r2) (σ2, r1)

((1), r2) ((1), r1)

(τσ, r2) (τσ, r1)

(τ, r2) (τ, r1)

(σ, r2) (σ, r1)

Theorem 4.1 Let S = G × Ln × Rm be a rectangular group, a = (g1, l1, r1), b =
(g2, l2, r2) ∈ S. Then Cay(S, {a}) ∼= Cay(S, {b}) if and only if ord(g1) = ord(g2).

Lemma 4.2 Let S = G×Lm × Rn be a rectangular group, A a nonempty subset of S,
and (g1, l1, r1), (g2, l2, r2) ∈ S. Then

(
(g1, l1, r1), (g2, l2, r2)

)
is an arc in Cay(S, A)

if and only if there exists (a, l, r2) ∈ A such that g2 = g1a and l1 = l2.

As a direct consequence of Lemma 4.2, we have the following lemma.

Lemma 4.3 Let S = G × Lm × Rn be a rectangular group, A a nonempty subset of
S. Then Cay(S, A) is the disjoint union of m isomorphic strong subgraphs (G×{li }×
Rn, Ei ) for i = 1, 2, . . . ,m.

Lemma 4.4 Let S = G × Lm × Rn be a rectangular group, A a nonempty subset of
S, G/〈p1(A)〉 = {g1〈p1(A)〉, g2〈p1(A)〉, . . . , gw〈p1(A)〉}, and (gk〈p1(A)〉 × {li } ×
Rn, Eik) a strong subgraph of Cay(S, A). Then the following conditions hold:
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(1) (G × {li } × Rn, Ei ) = ∪̇w
k=1(gk〈p1(A)〉 × {li } × Rn, Eik);

(2) (gk〈p1(A)〉 × {li } × Rn, Eik) = Cay(gk〈p1(A)〉 × {li } × Rn, Ai ) where Ai =
{(g, li , r)|(g, l, r) ∈ A for all l ∈ Lm}.

Proof (1) Note that G = ∪̇w
k=1gk〈p1(A)〉, then G × {li } × Rn = ∪̇w

k=1 (gk〈p1(A)〉 ×
{li }× Rn). Let

(
(g, li , r), (g′, li , r ′)

) ∈ Ei .By Lemma 4.2, there exists (a, l, r ′) ∈
A such that g′ = ga. Hence g ∈ gp〈p1(A)〉, g′ ∈ gq〈p1(A)〉 for some
p, q ∈ {1, 2, . . . , w}. A simple computation shows that p = q and then
(g, li , r), (g′, li , r ′) ∈ (gp〈p1(A)〉 × {li } × Rn). Because (gp〈p1(A)〉 × {li } ×
Rn, Eip) is the strong subgraph of Cay(S, A), therefore

(
(g, li , r), (g′, li , r ′)

) ∈
∪̇w
k=1Eik . Hence Ei ⊆ ∪̇w

k=1Eik . Similarly, we can prove that ∪̇w
k=1Eik ⊆ Ei , and

then Ei = ∪̇w
k=1Eik . We conclude that (G × {li } × Rn, Ei ) = ∪̇w

k=1(gk〈p1(A)〉 ×
{li } × Rn, Eik).

(2) Let D = Cay(gk〈p1(A)〉 × {li } × Rn, Ai ), we will prove that Eik = E(D). Let(
(g, li , r), (g′, li , r ′)

) ∈ Eik . By Lemma 4.2, there exists (a, l, r ′) ∈ A such that
g′ = ga. By Lemma 4.2 again, we get that

(
(g, li , r), (g′, li , r ′)

) ∈ E(D). This
shows that Eik ⊆ E(D). Let

(
(g, li , r), (g′, li , r ′)

) ∈ E(D). By Lemma 4.2, there
exists (a, li , r ′) ∈ Ai such that g′ = ga. We get that (a, j, r ′) ∈ A for some
j ∈ Lm . Then by Lemma 4.2 again, ((g, li , r), (g′, li , r ′)) ∈ Eik . This shows
that E(D) ⊆ Eik . Therefore Eik = E(D). We conclude that (gk〈p1(A)〉 × {li } ×
Rn, Eik) = Cay(gk〈p1(A)〉 × {li } × Rn, Ai ).

��
Theorem 4.5 Let S = G × Lm × Rn be a rectangular group, A, B nonempty subsets
of S. Let S′ = G × Rn. Then Cay(S, A) ∼= Cay(S, B) if and only if Cay(S′, A′) ∼=
Cay(S′, B ′), where A′ = {(g, r) | (g, l, r) ∈ A for some l ∈ Lm} and B ′ = {(g, r) |
(g, l, r) ∈ B for some l ∈ Lm}.
Proof Let G/〈p1(A)〉 = {g1〈p1(A)〉, g2〈p1(A)〉, . . . , gw〈p1(A)〉}, G/〈p1(B)〉 =
{h1〈p1(B)〉, h2〈p1(B)〉, . . . , hz〈p1(B)〉}. We let (G × {li } × Rn, E A

i ), Ak
i =

(gk〈p1(A)〉 × {li } × Rn, Eik) be a strong subgraph of Cay(S, A), and let (G × {l j } ×
Rn, EB

j ), Bt
j = (ht 〈p1(B)〉 × {l j } × Rn, E jt ) be a strong subgraph of Cay(S, B). By

Lemma 4.3 and Lemma 4.4(1), we have Cay(S, A) ∼= Cay(S, B)

⇔ Cay(G × Lm × Rn, A) ∼= Cay(G × Lm × Rn, B)

⇔ ∪̇m
i=1(G × {li } × Rn, E

A
i ) ∼= ∪̇m

j=1(G × {l j } × Rn, E
B
j )

⇔ ∪̇m
i=1∪̇w

k=1A
k
i

∼= ∪̇m
j=1∪̇z

t=1B
t
j .

Since Ak
i and Bt

j are connected subgraphs, we get that w = z. Then for each

i, k, there exist j, t such that Ak
i

∼= Bt
j . Let D

A
k = (gk〈p1(A)〉 × p2(A′), Ek) and

DB
t = (ht 〈p1(B)〉 × p2(B ′), Et ) be strong subgraphs of Cay(gk〈p1(A)〉 × Rn, A′)

and Cay(ht 〈p1(B)〉× Rn, B ′), respectively. Let Ai = {(g, li , r)| (g, l, r) ∈ A}, B j =
{(h, l j , r)| (h, l, r) ∈ B}. By Lemma 4.4(2) and Theorem 3.3, we have

Cay(gk〈p1(A)〉 × {li } × Rn, A
i ) ∼= Cay(ht 〈p1(B)〉 × {l j } × Rn, B

j )
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⇔ Cay(gk〈p1(A)〉 × Rn, A
′) ∼= Cay(ht 〈p1(B)〉 × Rn, B

′)
⇔ ∪̇w

k=1D
A
k ∪ (gk〈p1(A)〉 × Rn, EA′) ∼= ∪̇z

t=1D
B
t ∪ (ht 〈p1(B)〉 × Rn, EB′).

By Lemma 3.8 and Theorem 3.5, we have ∪̇w
k=1D

A
k

∼= ∪̇z
t=1D

B
t ⇔ DA

k
∼= DB

t ⇔
Cay(〈A′〉, A′) ∼= Cay(〈B ′〉, B ′) ⇔ Cay(S′, A′) ∼= Cay(S′, B ′). ��
Example 2 Let S = S3 × L2 × R2 be a rectangular group, where S3 =
{(1), σ, σ 2, τ, τσ 2, τσ } is the symmetric group, and let A = {((1), l1, r1), (τ, l1, r1),
(τ, l1, r2)}, B = {(τσ, l2, r1), ((1), l2, r2), (τσ, l2, r2)} be subsets of S.

We have A′ = {((1), r1), (τ, r1), (τ, r2)} and B ′ = {(τσ, r1), ((1), r2), (τσ, r2)}.
By Example 1, Cay(S′, A′) ∼= Cay(S′, B ′). By Theorem4.5, Cay(S, A) ∼= Cay(S, B).
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manuscript. This work was supported by the Commission for Higher Education, the Thailand Research
Fund, and Chiang Mai University.
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Domination in Cayley Digraphs of Right and Left Groups

Nuttawoot Nupo and Sayan Panma

Abstract

Let Cay(S,A) denote a Cayley digraph of a semigroup S with a con-
nection set A. A semigroup S is said to be a right group if it is isomorphic
to the direct product of a group and a right zero semigroup and S is called
a left group if it is isomorphic to the direct product of a group and a left
zero semigroup. In this paper, we attempt to find the value or bounds
for the domination number of Cayley digraphs of right groups and left
groups. Some examples which give sharpness of those bounds are also
shown. Moreover, we consider the total domination number and give the
necessary and sufficient conditions for the existence of the total dominat-
ing set in Cayley digraphs of right groups and left groups.

2010 MSC: 05C20, 05C25, 05C69, 05C99, 20M99
Keywords: Cayley digraph, Right group, Left group, Domination number,
Total domination number

1 Introduction

Let S be a semigroup and A a subset of S. Recall that the Cayley digraph
Cay(S,A) of S with the connection set A is defined as the digraph with vertex
set S and arc set E(Cay(S,A)) = {(x, xa)|x ∈ S, a ∈ A} (see [7]). Clearly, if A
is an empty set, then Cay(S,A) is an empty graph.

Arthur Cayley (1821-1895) introduced Cayley graphs of groups in 1878. Cay-
ley graphs of groups have been extensively studied and many interesting results
have been obtained (see for examples, [1], [12], [13], and [14]). Also, the Cayley
graphs of semigroups have been considered by many authors. Many new inter-
esting results on Cayley graphs of semigroups have recently appeared in various
journals (see for examples, [4], [8], [9], [10], [12], [15], [16], [17], [18], and [19]).
Furthermore, some properties of the Cayley digraphs of left groups and right
groups are obtained by some authors (see for examples, [11], [16], [17], [18], and
[21]).

The concept of domination for Cayley graphs has been studied by various
authors (see for examples, [3], [5], [22], [24], and [25]). The total domination
in graphs was introduced by Cockayne, Dawes, and Hedetniemi (see [3]) and is
now well studied in graph theory. Tamizh Chelvam and Rani (see for examples,
[24], [25], and [26]) have obtained bounds for various domination parameters for
a class of Circulant graphs. Here we shall study some domination parameters of
Cayley digraphs of right groups and left groups. All graphs considered in this
paper are finite directed graphs. The terminologies and notations which related
to our paper will be defined in the next section.

2 Preliminaries and Notations

In this section, we give some preliminaries needed in what follows on digraphs,
semigroups, Cayley graphs of semigroups, domination number, and total dom-
ination number. For more information on digraphs, we refer to [2], and for
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semigroups see [6]. All sets in this paper are assumed to be finite.
A semigroup S is said to be a right (left) zero semigroup if xy = y(xy = x)

for all x, y ∈ S. A semigroup S is called a right (left) group if it is isomorphic
to the direct product G×Rm(G× Lm) of a group G and an m− element right
(left) zero semigroup Rm(Lm). If m = 1, then we can consider a Cayley digraph
of a right (left) group G× Rm(G× Lm) as a Cayley digraph of a group G. So
in this paper, we will consider in the case where m ≥ 2.

Let D = (V,E) be a digraph. A set X ⊆ V of vertices in a digraph D is
called a dominating set if every vertex v ∈ V \X, there exists x ∈ X such that
(x, v) ∈ E and we call that x dominates v or v is dominated by x. The domina-
tion number γ(D) of a digraph D is the minimum cardinality of a dominating
set in D and the corresponding dominating set is called a γ−set. A set X ⊆ V
is called a total dominating set if every vertex v ∈ V , there exists x ∈ X such
that (x, v) ∈ E. The total domination number γt(D) equals the minimum car-
dinality among all the total dominating sets in D and the corresponding total
dominating set is called a γt−set.

For any family of nonempty sets {Xi|i ∈ I}, we write
·∪

i∈I

Xi :=
∪
i∈I

Xi if Xi∩

Xj = ∅ for all i ̸= j. Let (V1, E1), (V2, E2), . . . , (Vn, En) be digraphs such that
Vi ∩Vj = ∅ for all i ̸= j. The disjoint union of (V1, E1), (V2, E2), . . . , (Vn, En) is

defined as
∪̇n

i=1(Vi, Ei) := (
∪̇n

i=1Vi,
∪̇n

i=1Ei). It is easy to verify that γ(
∪̇n

i=1(Vi,

Ei)) =
n∑

i=1

γ(Vi, Ei), γt(
∪̇n

i=1(Vi, Ei)) =
n∑

i=1

γt(Vi, Ei), and if for each i, j ∈ I

with (Vi, Ei) ∼= (Vj , Ej), then γ(Vi, Ei) = γ(Vj , Ej) and γt(Vi, Ei) = γt(Vj , Ej).
From now on, |A| denotes the cardinality of A where A is any finite set and pi
denotes the projection map on the ith coordinate of a triple where i ∈ {1, 2, 3}.
A subdigraph F of a digraph G is called a strong subdigraph of G if and only
if whenever u and v are vertices of F and (u, v) is an arc in G, then (u, v) is an
arc in F as well. Moreover, we denote by G a finite group and Gk a group of
order k, and let Rm(Lm) denote a right (left) zero semigroup with m elements.
Now, we recall some results which are needed in the sequel as below for further
references.

Lemma 2.1 ([20]). Let S = G×Rm be a right group, A a nonempty subset of S
such that p2(A) = Rm, G/⟨p1(A)⟩ = {g1⟨p1(A)⟩, g2⟨p1(A)⟩, . . . , gk⟨p1(A)⟩}, and
let I = {1, 2, . . . , k}. Then

1. S/⟨A⟩ = {gi⟨p1(A)⟩ ×Rm|i ∈ I} and S =
·∪

i∈I

(gi⟨p1(A)⟩ ×Rm),

2. Cay(S,A) =
·∪

i∈I

((gi⟨p1(A)⟩ × Rm), Ei) where ((gi⟨p1(A)⟩ × Rm), Ei) is a

strong subdigraph of Cay(S,A) with ((gi⟨p1(A)⟩ × Rm), Ei) ∼= Cay(⟨A⟩, A) for
all i ∈ I.

Lemma 2.2 ([20]). Let S = G×Rm be a right group and A a nonempty subset
of S. Then ⟨A⟩ = ⟨p1(A)⟩ × p2(A) is a right group contained in S.

Lemma 2.3 ([16]). Let S = G× Lm be a left group and A a nonempty subset
of S. Then the following conditions hold :
1. for each l ∈ Lm, Cay(G× {l}, p1(A)× {l}) ∼= Cay(G, p1(A)),

2. Cay(S,A) =
·∪

l∈Lm

Cay(G× {l}, p1(A)× {l}).
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Lemma 2.4 ([20]). Let S = G×Lm be a left group, A a nonempty subset of S,
G/⟨p1(A)⟩ = {g1⟨p1(A)⟩, g2⟨p1(A)⟩, . . . , gk⟨p1(A)⟩}, and let I = {1, 2, . . . , k}.
Then

1. S/⟨A⟩ = {gi⟨p1(A)⟩ × {l}|i ∈ I, l ∈ Lm} and S =
·∪

i∈I,l∈Lm

(gi⟨p1(A)⟩ × {l}),

2. Cay(S,A) =
·∪

i∈I,l∈Lm

((gi⟨p1(A)⟩×{l}), Eil) where ((gi⟨p1(A)⟩×{l}), Eil) is a

strong subdigraph of Cay(S,A) with ((gi⟨p1(A)⟩×{l}), Eil) ∼= Cay(⟨p1(A)⟩, p1(A))
for all i ∈ I, l ∈ Lm.

The following lemmas give the results for the domination number and the
total domination number of Cayley graphs of the group Zn relative to the specific
connection sets.

Lemma 2.5 ([23]). Let n ≥ 3 be an odd integer, m = n−1
2 and A = {m,n −

m,m−1, n− (m−1), . . . ,m− (k−1), n− (m− (k−1))} ⊆ Zn where 1 ≤ k ≤ m.
Then γt(Cay(Zn, A)) = ⌈ n

2k ⌉.

Lemma 2.6 ([23]). Let n ≥ 3 be an even integer, m = ⌊n−1
2 ⌋ and A =

{n
2 ,m, n − m,m − 1, n − (m − 1), . . . ,m − (k − 1), n − (m − (k − 1))} ⊆ Zn

where 1 ≤ k ≤ m. Then γt(Cay(Zn, A)) = ⌈ n
2k+1⌉.

3 Main results

In this section, we give some results for the domination parameters of Cayley
digraphs of right groups and left groups related to the according connection sets
such as the domination number and total domination number. We divide this
section into two parts. The first part gives some results for the domination in
Cayley digraphs of right groups and the second part for left groups. Hereafter,
we will denote by D the Cayley digraph Cay(S,A) of a semigroup S with a
connection set A.

3.1 The domination parameters of Cayley digraphs of right
groups

In this part, we study the domination parameters of Cayley digraphs of right
groups relative to the appropriate connection sets. We start with the theorem
which describes the domination number in Cayley digraphs of right groups with
any connection set A where |p2(A)| ̸= |Rm|.

Theorem 3.1. Let S = G× Rm be a right group and A a nonempty subset of
S. If |p2(A)| ̸= |Rm|, then γ(D) = (|Rm| − |p2(A)|)× |G|.

Proof. Suppose that |p2(A)| ̸= |Rm|, we have |p2(A)| < |Rm|. Let Y = {(x, a) ∈
S|a /∈ p2(A)}. We will show that Y is a dominating set of D. Let (b, c) ∈ S \Y .
Then b ∈ G and c ∈ p2(A), i.e., there exists d ∈ p1(A) ⊆ G such that (d, c) ∈ A.
Since G is a group, there exists y ∈ G such that b = yd. From |Rm| > |p2(A)|,
we get that there exists r ∈ Rm \ p2(A) which leads to (y, r) ∈ Y . Thus
(b, c) = (yd, c) = (y, r)(d, c). Therefore, Y is a dominating set of D. Hence
γ(D) ≤ |Y | = (|Rm| − |p2(A)|) × |G|. Now, we assume in the contrary that
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γ(D) < (|Rm| − |p2(A)|)× |G|. Let X ⊆ S be a dominating set of D such that
X is a γ−set, i.e., |X| = γ(D) < (|Rm| − |p2(A)|)× |G|. We have

|S \X| = |S| − |X|
> nm− [(|Rm| − |p2(A)|)× |G|]
= nm− [(m− |p2(A)|)× n]

= nm− nm+ n(|p2(A)|)
= n(|p2(A)|)
= |G× p2(A)|.

Thus there exists at least one element (a, b) ∈ (S \ X) \ (G × p2(A)), i.e.,
(a, b) ∈ S \X and (a, b) /∈ G × p2(A). Since a ∈ G, we obtain that b /∈ p2(A).
From (a, b) ∈ S \X and X is the dominating set of D, there exists (x, y) ∈ X
such that ((x, y), (a, b)) ∈ E(D). Thus (a, b) = (x, y)(c, d) = (xc, yd) = (xc, d)
for some (c, d) ∈ A. We conclude that b = d ∈ p2(A) which is a contradiction.
Therefore, γ(D) ≮ (|Rm| − |p2(A)|) × |G|, i.e., γ(D) = (|Rm| − |p2(A)|) × |G|,
as required.

The next theorem gives the bounds of the domination number in Cayley
digraphs of right groups with any connection set A where |p2(A)| = |Rm|.

Theorem 3.2. Let S = G×Rm be a right group A a nonempty subset of S. If

|p2(A)| = |Rm|, then |S|
|A|+1 ≤ γ(D) ≤ |G|.

Proof. Assume that |p2(A)| = |Rm|. We first prove the right inequality, i.e.,
γ(D) ≤ |G|. For each r ∈ Rm, let Y = {(x, r)|x ∈ G} = G × {r}. We will
show that Y is a dominating set of D. Let (a, b) ∈ S \ Y . Then a ∈ G and
b ∈ Rm such that b ̸= r. Since |p2(A)| = |Rm| and p2(A) ⊆ Rm, we get that
Rm = p2(A) and then b ∈ p2(A). Thus there exists c ∈ p1(A) ⊆ G such that
(c, b) ∈ A. Since G is a group, there exists g ∈ G such that a = gc. We obtain
that (a, b) = (gc, b) = (g, r)(c, b) where (g, r) ∈ Y . Hence Y is the dominating
set of D. Therefore, γ(D) ≤ |Y | = |G× {r}| = |G|.
Now, we will prove the left inequality. Let X be the dominating set of D such
that X is a γ−set, i.e., |X| = γ(D). Then for each (a, b) ∈ S \ X, we get
that (a, b) = (x, y)(s, t) for some (x, y) ∈ X and (s, t) ∈ A which implies that
S \ X ⊆ XA. Hence |S \ X| ≤ |XA|. Since every element of X has the same
out-degree |A|, we obtain that

γ(D)|A| = |X||A| ≥ |XA| ≥ |S \X| = |S| − |X| = |S| − γ(D).

Then γ(D)|A| ≥ |S|−γ(D) which leads to |S| ≤ γ(D)|A|+γ(D) = γ(D)(|A|+1).

Hence γ(D) ≥ |S|
|A|+1 .

In the following example, we present the sharpness of the bounds given in
Theorem 3.2.

Example 3.3. Let Z3 × R2 be a right group where Z3 is a group of integers
modulo 3 under the addition and R2 = {r1, r2} is a right zero semigroup.
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(1). Consider the Cayley digraph Cay(Z3 ×R2, {(2̄, r1), (2̄, r2)}).

b

b b b

0̄r1 1̄r1 2̄r1

1̄r2 2̄r20̄r2

b b

Figure 1: Cay(Z3 ×R2, {(2̄, r1), (2̄, r2)}).

We have X = {(0̄, r1), (1̄, r1), (2̄, r1)} is a γ−set of Cay(Z3×R2, {(2̄, r1), (2̄, r2)})
and γ(Cay(Z3×R2, {(2̄, r1), (2̄, r2)})) = |X| = 3 = |Z3|. Similarly, γ(Cay(Zn×
R2, {(2̄, r1), (2̄, r2)})) = |Zn| where n ∈ N.

(2). Consider the Cayley digraph Cay(Z4 ×R2, {(0̄, r1), (1̄, r1), (1̄, r2)}).

b b b

b b b

0̄r1 1̄r1 2̄r1

1̄r2 2̄r20̄r2

b

b

3̄r1

3̄r2

Figure 2: Cay(Z4 ×R2, {(0̄, r1), (1̄, r1), (1̄, r2)}).

We have Y = {(0̄, r2), (2̄, r2)} is a γ−set of Cay(Z4×R2, {(0̄, r1), (1̄, r1), (1̄, r2)})
and γ(Cay(Z4×R2, {(0̄, r1), (1̄, r1), (1̄, r2)})) = |Y | = 2 = |Z4×R2|

|{(0̄,r1),(1̄,r1),(1̄,r2)}|+1
.

Similarly, we also obtain γ(Cay(Z2k ×R2, {(0̄, r1), (1̄, r1), (1̄, r2)})) = k = 4k
4 =

|Z2k×R2|
|{(0̄,r1),(1̄,r1),(1̄,r2)}|+1

with a γ−set {(0̄, r2), (2̄, r2), (4̄, r2), . . . , (2k − 2, r2)} where

k ∈ N.

The following theorems show the values for the domination number in Cayley
digraphs of right groups according to the specific connection sets. We begin with
two lemmas which are refered in the proof of theorems.

Lemma 3.4. Let S = G×Rm be a right group and A a nonempty subset of S
such that p1(A) = G, p2(A) = Rm, and |A| = |Rm|. For each (x1, r1), (x2, r2) ∈
S, if (x1, r1)(y1, s1) = (x2, r2)(y2, s2) for some (y1, s1), (y2, s2) ∈ A, then x1 =
x2.

Proof. Let (x1, r1), (x2, r2) ∈ S be such that (x1, r1)(y1, s1) = (x2, r2)(y2, s2) for
some (y1, s1), (y2, s2) ∈ A. Thus (x1y1, r1s1) = (x2y2, r2s2), that is, (x1y1, s1) =
(x2y2, s2). Then x1y1 = x2y2 and s1 = s2. Since we know that p1(A) =
G, p2(A) = Rm, and |A| = |Rm|, these imply y1 = y2. From x1y1 = x2y2
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where x1, x2, y1, y2 are elements of a group G and y1 = y2, we can conclude that
x1 = x2 by the cancellation law.

Lemma 3.5. Let S = G×Rm be a right group and A a nonempty subset of S
such that A = {a}×Rm where a ∈ G. Let Y be a dominating set of D. If there
exists x ∈ G such that x /∈ p1(Y ), then (xa, r) ∈ Y for all r ∈ Rm.

Proof. Let Y be a dominating set of D. Suppose that there exists x ∈ G such
that x /∈ p1(Y ) and assume in the contrary that there exists r ∈ Rm such that
(xa, r) /∈ Y . Since Y is a dominating set of D, there exists (y, r′) ∈ Y such
that ((y, r′), (xa, r)) ∈ E(D), i.e., (xa, r) = (y, r′)(a, r) where (a, r) ∈ A. Hence
xa = ya which implies that x = y ∈ p1(Y ) which contradicts our supposition.
Therefore, (xa, r) ∈ Y for all r ∈ Rm.

Theorem 3.6. Let S = G× Rm be a right group and A a nonempty subset of
S such that p1(A) = G, p2(A) = Rm, and |A| = |Rm|. Then γ(D) = |G|.

Proof. Assume that the conditions hold. Since |p2(A)| = |Rm|, we obtain that
γ(D) ≤ |G| by Theorem 3.2. Now, suppose that there exists a dominating set
Y such that |Y | < |G|. Then there exists g ∈ G such that g /∈ p1(Y ). We first
prove that for each r ∈ Rm, (g, r)A ⊆ Y . Let r ∈ Rm and (x, y) ∈ (g, r)A.
Then (x, y) = (g, r)(g1, r1) for some (g1, r1) ∈ A. If (x, y) /∈ Y , then there
exists (g′, r′) ∈ Y such that (x, y) = (g′, r′)(g2, r2) for some (g2, r2) ∈ A since
Y is a dominating set of D. Thus (g, r)(g1, r1) = (x, y) = (g′, r′)(g2, r2) where
(g1, r1), (g2, r2) ∈ A. By Lemma 3.4, we can conclude that g = g′ ∈ p1(Y ) which
is a contradiction. Hence (x, y) ∈ Y which leads to (g, r)A ⊆ Y . Since p1(A) =
G, we obtain that the identity element e of G lies in p1(A). Then there exists
s ∈ p2(A) such that (e, s) ∈ A and (g, s) = (g, r)(e, s) ∈ (g, r)A ⊆ Y . Whence
g ∈ p1(Y ) which contradicts the above supposition. Therefore, γ(D) = |G|.

Theorem 3.7. Let S = G× Rm be a right group and A a nonempty subset of
S such that A = {a} ×Rm where a ∈ G. Then γ(D) = |G|.

Proof. Let S = G × Rm be a right group and A a nonempty subset of S such
that A = {a} × Rm where a ∈ G. Then |p2(A)| = |Rm|. By Theorem 3.2,
we obtain that γ(D) ≤ |G|. Assume that there exists a dominating set Y of
D such that |Y | < |G|. Then there exists x ∈ G such that x /∈ p1(Y ). Let
U = {u ∈ G|u /∈ p1(Y )}. Assume that |U | = k where 1 ≤ k ≤ n − 1. For
each u ∈ U , we obtain by Lemma 3.5 that (ua, r) ∈ Y for all r ∈ Rm. Hence
there exists at least one element q ∈ p1(Y ) such that (q, r) ∈ Y for all r ∈ Rm.
Let V = {v ∈ p1(Y )|(v, r) ∈ Y for all r ∈ Rm}. Assume that |V | = l where
1 ≤ l ≤ n−k. By Lemma 3.5 again, we get that |Y | ≥ ml+[(n−k)−l]+(k−l) =
ml+n−2l = n+(m−2)l. Since m ≥ 2, we obtain that |Y | ≥ n+(m−2)l ≥ n,
a contradiction. Therefore, γ(D) = |G|, as required.

Theorem 3.8. Let S = G×Rm be a right group and A = K×Rm a nonempty

subset of S where K is any subgroup of G. Then γ(D) = |G|
|K| .

Proof. Let S = G×Rm be a right group and A = K ×Rm a nonempty subset
of S where K is a subgroup of a group G. Consider the set of all left cosets
of K in G, G/K = {g1K, g2K, . . . , gtK}, we obtain that the index of K in G
equals t, i.e., [G : K] = t. Let I = {1, 2, . . . , t} be an index set. By Lemma
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2.1, we have S/⟨A⟩ = {giK × Rm|i ∈ I} such that S =
.∪

i∈I

(giK × Rm) and

Cay(S,A) =
.∪

i∈I

((giK×Rm), Ei) where ((giK×Rm), Ei) is a strong subdigraph

of Cay(S,A) with ((giK ×Rm), Ei) ∼= Cay(⟨A⟩, A) for all i ∈ I. Thus

γ(D) = γ(Cay(S,A))

= γ(
.∪

i∈I

((giK ×Rm), Ei))

=
∑
i∈I

γ((giK ×Rm), Ei)

= |I|[γ(Cay(⟨A⟩, A))]

= t[γ(Cay(⟨A⟩, A))].

By Lemma 2.2, we can conclude that ⟨A⟩ = ⟨p1(A)⟩ × p2(A) = ⟨K⟩ × Rm =
K×Rm = A. Furthermore, we can prove that γ(Cay(⟨A⟩, A)) = 1 which implies

that γ(D) = t = [G : K] = |G|
|K| .

The next theorem gives the necessary and sufficient conditions for the ex-
istence of the total dominating set in Cayley digraphs of right groups with
connection sets.

Theorem 3.9. Let S = G× Rm be a right group and A a nonempty subset of
S. Then the total dominating set of D exists if and only if p2(A) = Rm.

Proof. We first prove the necessary condition by assume that the total domi-
nating set of D exists, say T . We will show that p2(A) = Rm. By the definition
of the connection set A, we know that p2(A) ⊆ Rm. Let r ∈ Rm. Then for each
a ∈ G, we get that (a, r) is dominated by a vertex (x, y) for some (x, y) ∈ T
since T is the total dominating set of D. Thus there exists (a′, r′) ∈ A such
that (a, r) = (x, y)(a′, r′) = (xa′, yr′) = (xa′, r′) which implies that r = r′, i.e.,
r ∈ p2(A). Therefore, p2(A) = Rm.
Conversely, we prove the sufficient condition by suppose that p2(A) = Rm. We
will prove that every vertex has an in-degree in D. Let (g, r) ∈ G×Rm. Then
r ∈ Rm = p2(A). Thus there exists a ∈ p1(A) such that (a, r) ∈ A. We obtain
that ((ga−1, r′), (g, r)) = ((ga−1, r′), (ga−1, r′)(a, r)) ∈ E(D), i.e., (g, r) is dom-
inated by (ga−1, r′). So we can conclude that every vertex of D always has an
in-degree in D. If we take T = V (D) = S, then we can see that T is a total dom-
inating set of D since for each (x, y) ∈ S, (x, y) is dominated by some vertices
in T . Hence the total dominating set of D always exists if p2(A) = Rm.

Theorem 3.10. Let S = G×Rm be a right group and A a nonempty subset of

S such that p2(A) = Rm. Then |S|
|A| ≤ γt(D) ≤ |G|.

Proof. Let A be a connection set of D such that p2(A) = Rm. We know that
the total dominating set of D exists by Theorem 3.9. For each r ∈ Rm, let
T = {(g, r)|g ∈ G} = G × {r}. We will show that T is a total dominating set
of D. Let (x, y) ∈ S = G × Rm. Since p2(A) = Rm, we get that y ∈ p2(A)
which implies that there exists z ∈ p1(A) such that (z, y) ∈ A. Since G is a
group and x, z ∈ G, we obtain that x = hz for some h ∈ G. Thus there exists
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(h, r) ∈ T such that (x, y) = (hz, y) = (h, r)(z, y). Hence (x, y) is dominated by
the vertex (h, r) in T . We can conclude that T is the total dominating set of D
which leads to

γt(D) ≤ |T | = |G× {r}| = |G|.

Next, we will show that γt(D) ≥ |S|
|A| . Assume in the contrary that there exists a

total dominating set T ′ such that |T ′| < |S|
|A| . Thus |T

′A| ≤ |T ′||A| < |S| which
implies that there exists at least one element (p, q) ∈ S but (p, q) /∈ T ′A. Hence
there is no an element in T ′ which dominates (p, q), this contradicts the property

of the total dominating set T ′. Consequently, γt(D) ≥ |S|
|A| , as required.

In the following example, we give the sharpness of the bounds given in The-
orem 3.10.

Example 3.11. Let Z3 × R2 be a right group where Z3 is a group of integers
modulo 3 under the addition and R2 = {r1, r2} is a right zero semigroup.

(1). Consider the Cayley digraph Cay(Z3 ×R2, {(2̄, r1), (0̄, r2), (2̄, r2)}).

b

b b b

0̄r1 1̄r1 2̄r1

1̄r2 2̄r20̄r2

b b

Figure 3: Cay(Z3 ×R2, {(2̄, r1), (0̄, r2), (2̄, r2)}).

We have X = {(0̄, r1), (1̄, r1), (2̄, r1)} is a γt−set of Cay(Z3×R2, {(2̄, r1), (0̄, r2),
(2̄, r2)}) and γt(Cay(Z3 ×R2, {(2̄, r1), (0̄, r2), (2̄, r2)})) = |X| = 3 = |Z3|.
Similarly, we can get that γt(Cay(Zn×R2, {(2̄, r1), (0̄, r2), (2̄, r2)})) = |Zn| with
a γt−set Zn × {r1} where n ∈ N.

(2). Consider Cay(Z3 ×R2, {(0̄, r1), (1̄, r1), (2̄, r1), (0̄, r2), (1̄, r2), (2̄, r2)}).

b b b

b b b

0̄r1 1̄r1 2̄r1

1̄r2 2̄r20̄r2

Figure 4: Cay(Z3 ×R2, {(0̄, r1), (1̄, r1), (2̄, r1), (0̄, r2), (1̄, r2), (2̄, r2)}).
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We obtain that Y = {(0̄, r1)} is a γt−set of Cay(Z3×R2, {(0̄, r1), (1̄, r1), (2̄, r1),
(0̄, r2), (1̄, r2), (2̄, r2)}) and γt(Cay(Z3×R2, {(0̄, r1), (1̄, r1), (2̄, r1), (0̄, r2), (1̄, r2),
(2̄, r2)})) = |Y | = 1 = |Z3×R2|

|{(0̄,r1),(1̄,r1),(2̄,r1),(0̄,r2),(1̄,r2),(2̄,r2)}| .

Similarly, γt(Cay(Z3k ×R2, {(0̄, r1), (1̄, r1), (2̄, r1), (0̄, r2), (1̄, r2), (2̄, r2)})) =
|Z3k×R2|

|{(0̄,r1),(1̄,r1),(2̄,r1),(0̄,r2),(1̄,r2),(2̄,r2)}| with the γt−set {(0̄, r1), (3̄, r1), (6̄, r1), . . . ,
(3k − 3, r1)} where k ∈ N.

3.2 The domination parameters of Cayley digraphs of left
groups

The following result gives us the domination number of a Cayley digraph of a
left group G×Lm with a connection set A in the term of a domination number
of a Cayley digraph of the subgroup ⟨p1(A)⟩ of G.

Theorem 3.12. Let S = G × Lm be a left group, A a nonempty subset of S,
and G/⟨p1(A)⟩ = {g1⟨p1(A)⟩, g2⟨p1(A)⟩, . . . , gk⟨p1(A)⟩}. Then γ(D) = m · k ·
γ(Cay(⟨p1(A)⟩, p1(A))).

Proof. Let I = {1, 2, . . . , k}. By Lemma 2.4, we have D =
·∪

i∈I,l∈Lm

((gi⟨p1(A)⟩×

{l}), Eil) such that a digraph ((gi⟨p1(A)⟩ × {l}), Eil) is the strong subdigraph
of D with ((gi⟨p1(A)⟩ × {l}), Eil) ∼= Cay(⟨p1(A)⟩, p1(A)) for all i ∈ I, l ∈ Lm.

Therefore, γ(D) =
k∑

i=1

m∑
l=1

γ((gi⟨p1(A)⟩ × {l}), Eil) and we can conclude that

γ(D) = m · k · γ(Cay(⟨p1(A)⟩, p1(A))).

Sometimes, it is not easy to find γ(Cay(⟨p1(A)⟩, p1(A))) so we can not find
γ(D) actually. However, we can know the bound of γ(D) which is not depend on
γ(Cay(⟨p1(A)⟩, p1(A))). The next theorem gives the bounds of the domination
number in Cayley digraphs of left groups with the according connection sets.

Theorem 3.13. Let S = G × Lm be a left group and A a nonempty subset
of S such that the identity of G lies in p1(A). If H is a subgroup of G with

a maximum cardinality and contained in p1(A), then
|G|

|p1(A)| ≤
γ(D)
|Lm| ≤ [G : H]

where [G : H] is the index of H in G.

Proof. Suppose that H is the subgroup of G with a maximum cardinality such
that H ⊆ p1(A). We will show that γ(D) ≤ [G : H]|Lm|. Let [G : H] = k for
some k ∈ N. Consider the set of all left cosets of H in G, {g1H, g2H, . . . , gkH}.
Choose only one element from each left coset g1H, g2H, . . . , gkH, say g1h1, g2h2,
. . . , gkhk, respectively. LetDi = Cay(G×{li}, p1(A)×{li}) and Yi = {g1h1, g2h2

, . . . , gkhk} × {li} ⊆ G× {li}. We prove that Yi is a dominating set of Di. Let

(g, li) ∈ (G × {li}) \ Yi. Since g ∈ G =
k∪

t=1
gtH, we get that g ∈ gjH for

some 1 ≤ j ≤ k. Then g = gjh for some h ∈ H. Thus (gjhj , li) ∈ Yi and
h−1
j h ∈ H ⊆ p1(A). So there exists lq ∈ p2(A) such that (h−1

j h, lq) ∈ A and we

have (g, li) = (gjh, li) = ((gjhj)(h
−1
j h), li) = (gjhj , li)(h

−1
j h, lq) ∈ YiA. Hence

Yi is the dominating set of Di and then γ(Di) ≤ |Yi| = k = [G : H]. By Lemma

2.3, we can conclude that γ(D) =
m∑
i=1

γ(Di) = γ(Di)|Lm| ≤ [G : H]|Lm|. Now,

we will prove that γ(D) ≥ |G|
|p1(A)| |Lm|. By Lemma 2.3(1), we have
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Cay(G× {li}, p1(A)× {li}) ∼= Cay(G× {lj}, p1(A)× {lj}) for all li, lj ∈ Lm.

For each 1 ≤ i ≤ m, we will consider the domination number of Di and let Xi

be the dominating set of Di such that Xi is a γ−set. Since the identity of G lies
in p1(A) and Xi is the dominating set of Di, we get that (Xi)(p1(A)× {li}) =
G × {li}. Hence |G| = |G × {li}| = |(Xi)(p1(A) × {li})| ≤ |Xi||p1(A) × {li}| =
|Xi||p1(A)|. Thus γ(Di) = |Xi| ≥ |G|

|p1(A)| . By Lemma 2.3(2), we obtain that

D =
·∪

1≤i≤m

Di. Then we conclude that γ(D) = γ(
·∪

1≤i≤m

Di) =
m∑
i=1

γ(Di) =

γ(Di)|Lm| ≥ |G|
|p1(A)| |Lm|.

Corollary 3.14. Let S = G×Lm be a left group and A = K×Lm a nonempty
subset of S where K is any subgroup of G. Then γ(D) = [G : K]|Lm|.

Proof. Since A = K × Lm where K is any subgroup of G, we obtain that the
identity e of G lies in K = p1(A). Moreover, we get that K is the subgroup of
G with a maximum cardinality that contained in p1(A). By Theorem 3.13, we

obtain that |G|
|K| |Lm| ≤ γ(D) ≤ [G : K]|Lm|. Therefore, γ(D) = [G : K]|Lm|

since [G : K] = |G|
|K| .

The following example gives the sharpness of bounds given in Theorem 3.13.

Example 3.15. Let Z6 × L2 be a left group where Z6 is a group of integers
modulo 6 under the addition and L2 = {l1, l2} is a left zero semigroup.

(1). Consider the Cayley digraph Cay(Z6 × L2, {(0̄, l1), (2̄, l1), (4̄, l1)}).

b b b

b b b

0̄l1 1̄l1 2̄l1

1̄l2 2̄l20̄l2

b b b

b b b

3̄l1 4̄l1 5̄l1

3̄l2 4̄l2 5̄l2

Figure 5: Cay(Z6 × L2, {(0̄, l1), (2̄, l1), (4̄, l1)}).

We have X = {(0̄, l1), (0̄, l2), (1̄, l1), (1̄, l2)} is a γ−set of Cay(Z6 × L2, {(0̄, l1),
(2̄, l1), (4̄, l1)}). Thus γ(Cay(Z6 × L2, {(0̄, l1), (2̄, l1), (4̄, l1)})) = |X| = 4 =
2(2) = [Z6 : H]|L2| where H = {0̄, 2̄, 4̄} is the subgroup with a maximum cardi-
nality of Z6 that contained in p1({(0̄, l1), (2̄, l1), (4̄, l1)}).
Similarly, if A = {(0̄, l1), (2̄, l1), (4̄, l1), . . . , (2k − 2, l1)} is a nonempty subset
of Z2k × L2 where k ∈ N, then {(0̄, l1), (0̄, l2), (1̄, l1), (1̄, l2)} is a γ−set of
Cay(Z2k × L2, A). Hence γ(Cay(Z2k × L2, A)) = 4 = [Z2k : H]|L2| where
H = {0̄, 2̄, 4̄, . . . , 2k − 2} is the subgroup with a maximum cardinality of Z2k

that contained in p1(A).

10



(2). Consider the Cayley digraph Cay(Z6 × L2, {(0̄, l1), (3̄, l2)}).

0̄l1 1̄l1 2̄l1

1̄l2 2̄l20̄l2

3̄l1 4̄l1 5̄l1

3̄l2 4̄l2 5̄l2

b b b b b b

b b b b b b

Figure 6: Cay(Z6 × L2, {(0̄, l1), (3̄, l2)}).

We have Y = {(0̄, l1), (1̄, l1), (2̄, l1), (0̄, l2), (1̄, l2), (2̄, l2)} is a γ−set of Cay(Z6×
L2, {(0̄, l1), (3̄, l2)}) and γ(Cay(Z6 × L2, {(0̄, l1), (3̄, l2)})) = |Y | = 6 = 6

2 × 2 =
|Z6|

|p1({(0̄,l1),(3̄,l2)})| × |L2|.
Similarly, if A = {(0̄, l1), (k̄, l2)} is a nonempty subset of Z2k × L2 where k ∈
N, then {0̄, 1̄, 2̄, . . . , k − 1} × {l1, l2} is a γ−set of Cay(Z2k × L2, A). Hence

γ(Cay(Z2k × L2, A)) = 2k = 2k
2 × 2 = |Z2k|

|p1(A)| × |L2|.

Now, we show other results of the domination number of Cayley digraphs of
Zn, the group of integers modulo n, with a connection set {1̄, t̄} ⊆ Zn in order
to apply to the domination number of Cayley digraphs of left groups Zn × L
where L is a left zero semigroup. Recall that N(x) is the set of all neighbours
of x and let N [x] = N(x) ∪ {x}.

In general, it is easy to verify that ⌈n
3 ⌉ ≤ γ(Cay(Zn, {1̄, t̄})) ≤ ⌈n

2 ⌉.

Proposition 3.16. Let n ≥ 2 be a positive integer.
Then γ(Cay(Zn, {1̄, 2̄})) = ⌈n

3 ⌉.

Proof. We will consider the case n ≡ 1 (mod 3).
It is easy to see that {1̄, 4̄, 7̄, . . . , n− 3, n̄} is a dominating set of Cay(Zn, {1̄, 2̄}).
Hence γ(Cay(Zn, {1̄, 2̄})) ≤ |{1̄, 4̄, 7̄, . . . , n− 3, n̄}| = n+2

3 = ⌈n
3 ⌉.

Suppose that there exists a dominating set X such that |X| < n+2
3 , i.e., |X| ≤

n−1
3 . Since |N [x]| ≤ 3 for all x ∈ X, we obtain that |

∪
x∈X

N [x]| ≤ 3|X| ≤

n − 1 < n which is a contradiction. Therefore, γ(Cay(Zn, {1̄, 2̄})) = ⌈n
3 ⌉ and

we can prove other cases similarly.

Lemma 3.17. Let n ≥ 3 be a positive integer and X a dominating set of
Cay(Zn, {1̄, 3̄}). For each x ∈ X, |N [x] ∩N [v]| ≥ 1 for some v ∈ X \ {x}.

Proof. Let X be a dominating set of Cay(Zn, {1̄, 3̄}) and x ∈ X.
Then N [x] = {x, x+1, x+3}. Since x+2 /∈ N [x] and x+2 has to be dominated,
we can conclude that x+ 2 ∈ X or x+ 2 ∈ N [y] for some y ∈ X.

If x+2 ∈ X, then N [x+2] = {x+2, x+3, x+5}, i.e., x+3 ∈ N [x]∩N [x+2]
which implies that |N [x] ∩N [x+ 2]| ≥ 1.

If x+ 2 ∈ N [y], then y = x+ 1 or y = x− 1.
If y = x+ 1, then x+ 1 ∈ X. Thus x+ 1 ∈ N [x] ∩N [x+ 1] which leads
to |N [x] ∩N [x+ 1]| ≥ 1.
If y = x− 1, then x− 1 ∈ X. Thus x ∈ N [x] ∩N [x− 1] which implies
that |N [x] ∩N [x− 1]| ≥ 1.
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Proposition 3.18. Let n ≥ 3 be a positive integer.

Then γ(Cay(Zn, {1̄, 3̄})) =

{
2⌈n

5 ⌉ − 1 if n ≡ 1, 2 (mod 5),

2⌈n
5 ⌉ if n ≡ 0, 3, 4 (mod 5).

Proof. We will consider the case n ≡ 1 (mod 5). In this case, we can conclude
that T = {1̄, 2̄, 6̄, 7̄, 11, 12, . . . , n− 5, n− 4, n̄} is a dominating set which implies
that γ(Cay(Zn, {1̄, 3̄})) ≤ |T | = 2n+3

5 = 2⌈n
5 ⌉ − 1. Next, suppose that there

exists a dominating set X such that |X| ≤ 2⌈n
5 ⌉ − 2 = 2(n−1)

5 . For each x ∈ X,
we have by Lemma 3.17 that N [x] ∩ N [y] ≥ 1 for some y ∈ X \ {x}. Since

|N [x]| ≤ 3, we have |
∪

x∈X

N [x]| ≤ 3|X| − ⌈ |X|
2 ⌉ ≤ 5|X|

2 ≤ n − 1 < n, that

is,
∪

x∈X

N [x] ( Zn. Hence X does not dominate Zn which is a contradiction.

Therefore, γ(Cay(Zn, {1̄, 3̄})) = |T | = 2⌈n
5 ⌉ − 1.

Similarly, we can prove the case n ≡ 2 (mod 5).
Now, we will consider the case n ≡ 3 (mod 5). We can obtain that T =

{1̄, 2̄, 6̄, 7̄, 11, 12, . . . , n− 2, n− 1} is a dominating set. Then γ(Cay(Zn, {1̄, 3̄}))
≤ |T | = 2n+4

5 = 2⌈n
5 ⌉. Assume in the contrary that there exists a dominating

set X such that |X| ≤ 2⌈n
5 ⌉ − 1 = 2n−1

5 . Again by Lemma 3.17, we have

|
∪

x∈X

N [x]| ≤ 5|X|
2 ≤ 2n−1

2 < 2n
2 = n. Whence X does not dominate Zn which

contradicts to the property of the dominating set X. So we can conclude that
γ(Cay(Zn, {1̄, 3̄})) = |T | = 2⌈n

5 ⌉. For the cases n ≡ 0, 4 (mod 5), we can prove
them similarly.

Proposition 3.19. Let n ≥ 4 be a positive integer.

Then γ(Cay(Zn, {1̄, 4̄})) ≤


3⌈n

7 ⌉ if n ≡ 0, 6 (mod 7),

3⌈n
7 ⌉ − 1 if n ≡ 4, 5 (mod 7),

3⌈n
7 ⌉ − 2 if n ≡ 1, 2, 3 (mod 7).

Proof. Let n ≥ 4 be a positive integer.
For n ≡ 0 (mod 7), we obtain that X0 is a dominating set where

X0 = {1, 8, 15, 22, . . . , n− 6}∪{3, 10, 17, 24, . . . , n− 4}∪{6, 13, 20, 27, . . . , n− 1}
which implies that γ(Cay(Zn, {1̄, 4̄})) ≤ |X0| = 3⌈n

7 ⌉.
For n ≡ 1 (mod 7), we obtain that X1 is a dominating set where

X1 = {1, 8, 15, 22, . . . , n} ∪ {3, 10, 17, 24, . . . , n− 5} ∪ {6, 13, 20, 27, . . . , n− 2}
which implies that γ(Cay(Zn, {1̄, 4̄})) ≤ |X1| = 3⌈n

7 ⌉ − 2.
For n ≡ 2 (mod 7), we obtain that X2 is a dominating set where

X2 = {1, 8, 15, 22, . . . , n− 1}∪{3, 10, 17, 24, . . . , n− 6}∪{6, 13, 20, 27, . . . , n− 3}
which implies that γ(Cay(Zn, {1̄, 4̄})) ≤ |X2| = 3⌈n

7 ⌉ − 2.
For n ≡ 3 (mod 7), we obtain that X3 is a dominating set where

X3 = {1, 8, 15, 22, . . . , n− 2}∪{3, 10, 17, 24, . . . , n− 7}∪{6, 13, 20, 27, . . . , n− 4}
which implies that γ(Cay(Zn, {1̄, 4̄})) ≤ |X3| = 3⌈n

7 ⌉ − 2.
For n ≡ 4 (mod 7), we obtain that X4 is a dominating set where

X4 = {1, 8, 15, 22, . . . , n− 3}∪{3, 10, 17, 24, . . . , n− 1}∪{6, 13, 20, 27, . . . , n− 5}
which implies that γ(Cay(Zn, {1̄, 4̄})) ≤ |X4| = 3⌈n

7 ⌉ − 1.
For n ≡ 5 (mod 7), we obtain that X5 is a dominating set where

X5 = {1, 8, 15, 22, . . . , n− 4}∪{3, 10, 17, 24, . . . , n− 2}∪{6, 13, 20, 27, . . . , n− 6}
which implies that γ(Cay(Zn, {1̄, 4̄})) ≤ |X5| = 3⌈n

7 ⌉ − 1.
For n ≡ 6 (mod 7), we obtain that X6 is a dominating set where
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X6 = {1, 8, 15, 22, . . . , n− 5} ∪ {3, 10, 17, 24, . . . , n− 3} ∪ {6, 13, 20, 27, . . . , n}
which implies that γ(Cay(Zn, {1̄, 4̄})) ≤ |X6| = 3⌈n

7 ⌉.

Proposition 3.20. Let n ≥ 5 be a positive integer.
Then γ(Cay(Zn, {1̄, 5̄})) ≤ ⌈n

3 ⌉+ 1.

Proof. Let n ≥ 5 be a positive integer.
For n ≡ 0 (mod 3), we obtain that X0 = {1, 2, 4, 7, 10, 13, . . . , p− 2} is a

dominating set which leads to γ(Cay(Zn, {1̄, 5̄})) ≤ |X0| = ⌈n
3 ⌉+ 1.

For n ≡ 1 (mod 3), we obtain that X1 = {1, 2, 4, 7, 10, 13, . . . , p} is a domi-
nating set which leads to γ(Cay(Zn, {1̄, 5̄})) ≤ |X1| = ⌈n

3 ⌉+ 1.
For n ≡ 2 (mod 3), we obtain that X2 = {1, 2, 4, 7, 10, 13, . . . , p− 1} is a

dominating set which leads to γ(Cay(Zn, {1̄, 5̄})) ≤ |X2| = ⌈n
3 ⌉+ 1.

Since a Cayley digraph of a left group can be considered as the disjoint union
of Cayley digraphs of groups as shown in Lemma 2.3, we can directly obtain
some results for the domination number of Cayley digraphs of left groups as
follows.

Theorem 3.21. Let n ≥ 2 be a positive integer. If p1(A) = {1, 2}, then
γ(Cay(Zn × L,A)) = |L|⌈n

3 ⌉.

Theorem 3.22. Let n ≥ 3 be a positive integer. If p1(A) = {1̄, 3̄}, then

γ(Cay(Zn × L,A)) =

{
|L|(2⌈n

5 ⌉ − 1) if n ≡ 1, 2 (mod 5),

2|L|⌈n
5 ⌉ if n ≡ 0, 3, 4 (mod 5).

Theorem 3.23. Let n ≥ 4 be a positive integer. If p1(A) = {1̄, 4̄}, then

γ(Cay(Zn × L,A)) ≤


3|L|⌈n

7 ⌉ if n ≡ 0, 6 (mod 7),

|L|(3⌈n
7 ⌉ − 1) if n ≡ 4, 5 (mod 7),

|L|(3⌈n
7 ⌉ − 2) if n ≡ 1, 2, 3 (mod 7).

Theorem 3.24. Let n ≥ 5 be a positive integer. If p1(A) = {1̄, 5̄}, then
γ(Cay(Zn × L,A)) ≤ |L|(⌈n

3 ⌉+ 1).

Next, we give some results of the total domination number in Cayley digraphs
of left groups with connection sets. We start with the lemma which gives the
condition for the existence of the total dominating set in Cayley digraphs of left
groups.

Lemma 3.25. Let S = G×Lm be a left group and A a nonempty subset of S.
Then the total dominating set of D exists if and only if A ̸= ∅.

Proof. Suppose that the total dominating set of D exists, say T . By the def-
inition of T , we obtain that for each (g, l) ∈ S, (g, l) is dominated by (g1, l1)
for some (g1, l1) ∈ T , i.e., ((g1, l1), (g, l)) ∈ E(D). Then (g, l) = (g1, l1)(a1, l2)
where (a1, l2) ∈ A which implies that A ̸= ∅.
Conversely, assume that the connection set A ̸= ∅, i.e., there exists (a, l) ∈
A. Hence for each (g1, l1) ∈ S, we have (g1, l1) = (g1a

−1, l1)(a, l) where
(g1a

−1, l1) ∈ S. Thus (g1, l1) is dominated by (g1a
−1, l1) in S. If we take

T = S, then we can conclude that T is a total dominating set of D, i.e., the
total dominating set of D always exists when A ̸= ∅.
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The following result gives us the total domination number of a Cayley di-
graph of a left group G × Lm with a connection set A in the term of a total
domination number of a Cayley digraph of the subgroup ⟨p1(A)⟩ of G.

Theorem 3.26. Let S = G×Lm be a left group, A a nonempty subset of S, and
G/⟨p1(A)⟩ = {g1⟨p1(A)⟩, g2⟨p1(A)⟩, . . . , gk⟨p1(A)⟩}. Then γt((Cay(S,A)) = m ·
k · γt(Cay(⟨p1(A)⟩, p1(A))).

Proof. The proof of this theorem is similar to the proof of Theorem 3.12.

Proposition 3.27. Let n ≥ 3 be an odd integer and c = n−1
2 . Let S = Zn×Lm

be a left group and A a nonempty subset of S such that p1(A) = {c, n−c, c−1, n−
(c−1), . . . , c− (k−1), n− (c− (k−1))} where 1 ≤ k ≤ c. Then γt(D) = m⌈ n

2k ⌉.

Proof. The result of this proposition follows from Lemma 2.3 and Lemma 2.5,
directly.

Proposition 3.28. Let n ≥ 3 be an even integer and c = ⌊n−1
2 ⌋. Let S =

Zn × Lm be a left group and A a nonempty subset of S such that p1(A) =
{n
2 , c, n− c, c− 1, n− (c− 1), . . . , c− (k− 1), n− (c− (k− 1))} where 1 ≤ k ≤ c.

Then γt(D) = m⌈ n
2k+1⌉.

Proof. This proposition follows from Lemma 2.3 and Lemma 2.6, directly.

Before we give the next lemmas, we will define some notations which are
used in the proof. Let I = [a, b] be an interval of consecutive integers x such
that a ≤ x ≤ b. Furthermore, let (V,E) be a digraph and for each u ∈ V ,
let N(u) = {v ∈ V |(u, v) ∈ E} be the set of all neighbours of a vertex u and
N(A) =

∪
a∈A

N(a) where A is a subset of V .

Lemma 3.29. Let n ≥ 3 be an odd integer. Let m = n−1
2 and k be a fixed

number such that 1 ≤ k ≤ m.
If A = {m,m− 1,m− 2, . . . ,m− (k − 1)} ⊆ Zn, then γt(Cay(Zn, A)) = ⌈n

k ⌉.

Proof. Assume that A = {m,m − 1,m − 2, . . . ,m − (k − 1)} and let l = ⌈n
k ⌉.

Since every vertex in D has an out-degree k, from the definition of the total
domination number, it follows that γt(Cay(Zn, A)) ≥ l. Let x = m+ k+ 1 and
Xt = {x, x+ k, x+ 2k, . . . , x+ (l− 1)k}. Note that |Xt| = l. Since l = ⌈n

k ⌉, we
get that n = (l − 1)k + j for some j ∈ N with 1 ≤ j ≤ k. Thus V (Cay(Zn, A))
can be partitioned into l intervals as follows:

I1 = [1, k], I2 = [k + 1, 2k], I3 = [2k + 1, 3k], . . . , Il−1 = [(l − 2)k + 1, (l − 1)k],
and Il = [(l − 1)k + 1, n].

Note that |Ii| = k for all i with 1 ≤ i ≤ l − 1 and 1 ≤ |Il| ≤ k. For any
0 ≤ i ≤ l − 2, we have x + ik ∈ Xt and Ii+1 = [ik + 1, (i + 1)k]. Since
(x+ ik)+(m− (k−1)) ≡ ik+1 (mod n) and A is a set of k consecutive integers
with the least element m− (k − 1), we have N(x+ ik) = Ii+1. Therefore,

(x+ (l− 1)k) +m− (k− 1) ≡ (l− 1)k+1 (mod n) and so Il ⊆ N(x+ (l− 1)k).

14



Consequently,

V (Cay(Zn, A)) = I1 ∪ I2 ∪ . . . ∪ Il−1 ∪ Il

⊆ N(x) ∪N(x+ k) ∪ . . . ∪N(x+ (l − 2)k) ∪N(x+ (l − 1)k)

=
∪

y∈Xt

N(y)

= N(Xt).

Thus Xt is a total dominating set of Cay(Zn, A). Hence γt(Cay(Zn, A)) ≤
|Xt| = l and then γt(Cay(Zn, A)) = l = ⌈n

k ⌉.

Lemma 3.30. Let n ≥ 3 be an even integer. Let m = ⌊n−1
2 ⌋ and k be a fixed

number such that 1 ≤ k ≤ m.
If A = {n

2 ,m,m− 1, . . . ,m− (k − 1)} ⊆ Zn, then γt(Cay(Zn, A)) = ⌈ n
k+1⌉.

Proof. Suppose that A = {n
2 ,m,m− 1, . . . ,m− (k− 1)}. Then |A| = k+1 and

let l = ⌈ n
k+1⌉. Since every vertex of Cay(Zn, A) has an out-degree k+1, we also

have γt(Cay(Zn, A)) ≥ l. Let x = m+ k+2 and Xt = {x, x+(k+1), x+2(k+
1), . . . , x+ (l− 1)(k + 1)}. By partitioning the set of all vertices in Cay(Zn, A)
into l intervals as follows :

I1 = [1, k+1], I2 = [(k+1)+1, 2(k+1)], . . . , Il−1 = [(l−2)(k+1)+1, (l−1)(k+1)],
and Il = [(l − 1)(k + 1) + 1, n],

we can prove the remaining part of this lemma by applying the proof of the
previous lemma, similarly. We also have γt(Cay(Zn, A)) ≤ |Xt| = l. Thus
γt(Cay(Zn, A)) = l = ⌈ n

k+1⌉.

Now, we apply the above two lemmas to obtain the results for the total
domination number of Cayley digraphs of a left group Zn×Lm with an according
connection set.

Theorem 3.31. Let n ≥ 3 be an odd integer. Let c = n−1
2 and k be a fixed

number such that 1 ≤ k ≤ c. Let S = Zn×Lm be a left group and A a nonempty
subset of S. If p1(A) = {c, c− 1, c− 2, . . . , c− (k − 1)}, then γt(D) = m⌈n

k ⌉.
Proof. This theorem is a direct result from Lemma 2.3 and Lemma 3.29.

Theorem 3.32. Let n ≥ 3 be an even integer. Let c = ⌊n−1
2 ⌋ and k be a fixed

number such that 1 ≤ k ≤ c. Let S = Zn×Lm be a left group and A a nonempty
subset of S. If p1(A) = {n

2 , c, c− 1, . . . , c− (k − 1)}, then γt(D) = m⌈ n
k+1⌉.

Proof. This theorem follows from Lemma 2.3 and Lemma 3.30.

4 Conclusion

In this paper, we give the backgrounds of the research and some preliminaries
together with the notations in section 1 and section 2, respectively. In the third
section, some results of the domination number and total domination number of
Cayley digraphs of right groups and left groups with appropriate connection sets
are obtained. In addition, we have the conditions for the existence of the total
dominating sets of Cayley digraphs of left groups and right groups. Moreover,
the sharpness of bounds for domination parameters in Cayley digraphs of left
groups and right groups are also shown.
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