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Abstract
The stream water quality model of water quality assessment problems often involves numerical
methods to solve the equations. The governing equation of the uniform flow model is one-
dimensional advection-dispersion-reaction equations (ADRE). In this project, a better finite difference
scheme for solving ADRE is focused and the effect of non-uniform water flows in a stream is
considered. Two mathematical models are used to simulate pollution due to sewage effluent. The
first is a hydrodynamic model that provides the velocity field and elevation of the water flow. The
second is a advection-dispersion-reaction model that gives the pollutant concentration fields after
input the velocity data from the hydrodynamic model. For numerical techniques, we used the Crank-
Nicolson method for system of a hydrodynamic model and the explicit schemes to the dispersion
model. The revised Saulyev schemes are modified from two computation techniques of uniform flow
stream problems: forward time central space (FTCS) and modified Saulyev schemes for dispersion
model. A comparison of both schemes regarding stability aspect is provided so as to illustrate their

applicability to the real-world problem.
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Executive summary

Two mathematical models are used to simulate water quality in a non-uniform flow stream. The first
model is the hydrodynamic model that provides the velocity field and the elevation of water. The
second model is the advection-diffusion-reaction model that provides the pollutant concentration
field. Both models are formulated in one-dimensional equations. The traditional Crank-Nicolson
method is also used in the hydrodynamic model. At each step, the flow velocity fields calculated
from the first model are the input into the second model as the field data. A new fourth-order
scheme and a Saulyev scheme are simultaneously employed in the second model. This paper
proposes a simply remarkable alteration to the fourth-order method so as to make it more accurate
without any significant loss of computational efficiency. The results obtained indicate that the
proposed new couple fourth-order scheme with Saulyev method do improve the prediction accuracy

compared to that of their traditional methods.

Objective

The approximation of the pollutant concentrations from the FTCS technique that stability requirement
is one of the disadvantages of the technique. The real-world problems are requiring a small amount
of time interval in obtaining accurate solutions. We can see that the FTCS scheme is not good
agreement for real application. From many researches can be obtained that the Saulyev technique
has an advantage over compared to FTCS. It is unconditionally stable, easy, and economical to
implement. In this project, the topic is looking for an improvement method that simple finite
difference schemes become more inviting for general model use. The simple explicit schemes
include Forward-Time/Centered-Space (FTCS) scheme, the Traditional Saulyev scheme and the
Revised Saulyev scheme. These schemes are either first-order or second-order accurate (Li, 2007)
and (Pochai, 2011) and have the advantages of simplicity in coding and time effectiveness in

computing without losing too much accuracy and thus are preceding for several model applications.

Research methodology

1. To combined the hydrodynamic model and the convection-diffusion-reaction equation to
approximate the pollutant concentration in a stream.

2. To develop a numerical technique for the model of the stream of the two different external
inputs: the elevation of water and the pollutant concentration at the discharged point can be
obtained.

3. To use the Crank-Nicolson Method to find the numerical solution of the hydrodynamic model.

4. To modified the Saulyev technique that can be used in the dispersion model.

5. The collection of all numerical results for writing manuscript to submit in international

publication and complete research report.
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CHAPTER I

A Non-dimensional Form of Water Quality Model in a
Non-Uniform Flow Stream

In this study, two mathematical models are used to simulate water quality in a
non-uniform flow stream. The first is the hydrodynamic model that provides the
velocity field and elevation of water level. The second is the dispersion model
that provides the pollutant concentration field. Both models are formulated in
one-dimensional flows equations. The traditional Crank-Nicolson method is also
used in the hydrodynamic model. At each step, the flow velocity fields calculated
from the first model are input into the second model as the field data. A modified
Saulyev method is subsequently employed in the second model. This research
propose a simply remarkable alteration to the Saulyev method so as to make it more
accurate without any significant loss of computational efficiency. We proposed
modified Saulyev scheme to improve the prediction accuracy compared to that of

the traditional Saulyev method.

1 Introduction

In general, the amount of pollution levels in the a stream are can be measured via
in data collection at the real of field data site. It is somehow often rather difficult
complex, and the results deviation obtained tentatively deviate from one in the
measurement of each point of time/place to another and each time when the wa-
ter flow in the stream is not uniform. In water quality modelling in non-uniform
flow stream studies, the general used governing equation are the hydrodynamic
model and the dispersion model. The one-dimensional shallow water equation and
advection-dispersion-reaction equation are govern the first and the second model
respectively.

Numerous numerical techniques for solving such models are available. In
[18], the finite element method for solving a steady water pollution control to
achieve a minimum cost is presented. The numerical techniques for solving the uni-
form flow of stream water quality model, especially the one-dimensional advection-
dispersion-reaction equation are presented in [5], [12], [17], [6] and [23].

The most of non-uniform flow model require data concerned with velocity of



the current at any point and any time in the domain. The hydrodynamics model
provides the velocity field and tidal elevation of the water. In [25, 21], [19] and
[20], they used the hydrodynamics model and convection-dispersion equation to ap-
proximate the velocity of the water current in bay, uniform reservoir and stream,
respectively. Among these numerical techniques, the finite difference methods, in-
cluding both explicit and implicit schemes, are mostly used for one-dimensional
domain such as in longitudinal stream systems [2], [4].

There are two mathematical models used to simulate water quality in a
non-uniform water flow systems. The first is the hydrodynamic model that pro-
vides the velocity field and elevation of water. The second is the dispersion model
that gives the pollutant concentration field. A couple models is formulated in
one-dimensional equations. The traditional Crank-Nicolson method is used for the
hydrodynamic model. At each time step the calculated flow velocity fields of the
first model are input to the second model as field data [19], [20], [22].

The numerical techniques to solves the non-uniform flow of stream water
quality model, one-dimensional advection-dispersion-reaction equation have been
presented in [20] by using the fully implicit schemes: Crank-Nicolson method is
used to solve the hydrodynamic model and backward time central space (BTCS)
for dispersion model in respectively. In [22], the Crank-Nicolson method is also
used to solve the hydrodynamic model and the explicit Saulyev scheme is used to
solve the dispersion model.

Their research on finite difference techniques for the dispersion model have
concentrated on computation accuracy and numerical stability. There are many
complicate numerical techniques, such as QUICK scheme, Lax-Wendroff scheme,
Crandall scheme and etc. have been studied to increase performances. These
techniques have focused on advantages in terms of stability and higher order
accuracy|[12].

The simple finite difference schemes become more attractive for model use.
The simple explicit methods include the Forward Time-Central Space (FTCS)
scheme, the MacCormack scheme, and the Saulyev scheme, and the implicit schemes
include the Backward Time-Central Space (BTCS) scheme and Crank-Nicolson
scheme [4]. These scheme are either first-order or second order accurate and have
the advantages in programming and computing without losing much accuracy and

thus are used for many model applications [12].



In this research, we will proposes simple revisions to MacCormack scheme
that improve its accuracy for problem of water quality measurement in a non-
uniform water flow in a stream. In the following sections, the formulation of the
traditional MacCormack scheme is reviewed; the proposed revision of modified
MacCormack scheme is then described.

The results from hydrodynamic model are data of the water flow velocity for
advection-dispersion-reaction equation which provides the pollutant concentration
field. The term of friction forces due to the drag of sides of the stream is consid-
ered. The theoretical solution of the model at the end point of the domain that
guaranteed the accurate of the approximate solution is presented in [19], [20] and
22].

The stream has a simple one space dimension as shown in Fig.1. Averaging
the equation over the depth, discarding the term due to Coriolis force, it follows
that the one-dimensional shallow water and advection-dispersion-reaction equa-
tions are applicable. We use the Crank-Nicolson scheme, the traditional MacCor-
mack scheme and the Modified MacCormack scheme to approximate the velocity,
the elevation, and the pollutant concentration from the first model and second

model, respectively.

1 Model Formulation

1.1 The Hydrodynamic Model

In this section, we derive a simple hydrodynamic model for describing water current
and elevation by one-dimensional shallow water equation. We make the usual
assumption in the continuity and momentum balance, i.e., we assume that the
Coriolis, shearing stresses and surface wind are small [16], [25], [19] and [20], we

obtain the one-dimensional shallow water equations

oc 0 B

aJF%[(hJFQU] = 0, (1)
ou ¢
E—i_g% = 0, (2)

where z is longitudinal distance along the stream (m), ¢ is time (s), h(z) be the

depth measured from the mean water level to the stream bed (m), {(x,t) is the



Figure 1: The shallow water system.

elevation from the mean water level to the temporary water surface or the tidal
elevation (m/s), and u(x,t) is the velocity components (m/s), for all z € [0,].

Assume that h is a constant and ( < h. Then the equations (1)-(2) leads

to
oC ou .
ot + h% = 0, (3)
ou ¢
— —_— p— . 4
ot g = 0 (4)

We will consider the equation in dimensionless problem by letting U = u/+/gh, X =
x/l,Z = (/h and T = t\/gh/l. Substituting them into the equations(3)-(4) leads

to

0z oU
artox 0 (5)
ou 07
artox — ° ®)

In [19], [20] and [22], they introduce a damping term into Eqs.(5)-(6) to represent

frictional forces due to the drag of sides of the stream,

0z oU

8—T+8—X = 0, (7)
ou 07
or Tox = Y ®)

with the initial conditions at ¢ = 0 and 0 < X < 1 are specified: Z =0 and U = 0.
The boundary conditions for ¢ > 0 are specified: Z = e at X = 0 and g_)z( =0
at X = 1. The system of Eqgs.(7-8) is called the damped equation. We solve



10

the damped equation by using the finite difference method. In order to solve the

equations (7-8) in [0, 1] x [0, 7], for convenient using u, d for U and Z respectively,

Oou 0d
ot - v ©)
od Ou
ot - 19

with the initial conditions v = 0,d = 0 at ¢ = 0 and the boundary conditions

d(0,t) = f(t) and 2 =0 at z = 1.

1.2 Dispersion Model

In a stream water quality model, the governing equations are the dynamic one-
dimensional advection-dispersion-reaction equations (ADRE). A simplified repre-
sentation by averaging the equation over the depth is shown in [5], [12], [17], [20]
and [23] as

+u=— =D— — KC, (11)

where C'(x,t) is the concentration averaged in depth at the point = and at time ¢,
D is the diffusion coefficient, K is the mass decay rate, and u(z,t) is the velocity
component, for all z € [0, 1]. We will consider the model with following conditions.
The initial condition C'(z,0) = 0 at ¢ = 0 for all > 0. The boundary conditions
C(0,t) = Cp at x =0 and g—g = 0 at = 1 where Cj is a constant.
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CHAPTER II
Numerical Methods for the Hydrodynamic Model

The hydrodynamic model provides the velocity field and elevation of the
water. Then the calculated results of the model will be input into the dispersion
model which provides the pollutant concentration field. We will follow the numeri-
cal techniques of [19]. To find the water velocity and water elevation from equations
(9)-(10), we make the following change of variable, v = e'u and substituting them
into Eqs.(9)-(10), we have

v  _,0d
B +e Fr 0, (12)
od  _,0v

The equations (12)-(13) can be written in the matrix form
v 0 ¢ v 0

+ — .
d ), et 0 d ) 0

U, + AU,

—~

14)

That is

I
(@]

, (15)

where
0 e
A = , 16
[ et 0 ] (16)

U - (U)and<v):(8v/6t)7 (17)
d d ), ad/ot

with the initial condition d = v = 0 at t = 0. The left boundary condition for
x = 0,t > 0 are specified: d(0,t) = sint and % = —e' cost, and the right boundary
condition for x = 1,¢ > 0 are specified: % =0 and v(0,t) = 0.

We now discretize Eq.(15) by dividing the interval [0, 1] into M subintervals
such that M Az = 1 and the interval [0, 7] into N subintervals such that NAt = T.
We can then approximate d(z;,t,) by dF, value of the difference approximation of
d(x,t) at point z = iAx and t = nAt, where 0 < i < M and 0 < n < N, and
similarly defined for v and U}*. The grid point (z,,t,) are defined by z; = iAx
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forallt=0,1,2,...,M and t, = nAt for alln =0,1,2,..., N in which M and N
are positive integers. Using the Crank-Nicolson method [15] to Eq.(15), it can be

obtained following finite difference equation:

1 1
[ = PAAA, + Va)JUP = [+ 2AA(A, + Va)JUT, (18)
where

[ is the unit matrix of order 2 and A = At/Ax. Applying the initial and boundary
conditions given for Egs.(12)-(13), it can be obtained the general form

Gn+1Un+1 — EnUn + Fm7 (2())
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where
1 0 0 =241 0 0 |
qa5™ 1 =248t 0 0 0
0 Zai™ 1 0 0 —gar*
G o= | qa5Tt 0 0 1 —Zay™ 0 ,
0 0 0 faitt 1 aapt!
i 0 0 2ay™! 0 0 1
0 0 —2a} O
—2a3 1 a7 0 0 _—
Aon A on Ul
—2ap 1 0 0 2da] [
E" = | =2a5 0 0 1 a3 0 or=1 ],
0 0 —%a’f %a? M-t
I —702 0 1
—2a{" sin(t,11) — Fa7 sin(t,,)
—2ay T Aze 1 cos(tpr1) — FahAze cos(t,)
0
" = 0 ,

where a} = e’ al) = e ' and t,, = nAt for all n = 0,1,2,..., N. The Crank-

Nicolson scheme is unconditionally stable [15, 4].
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CHAPTER III

The Traditional MacCormack Scheme for the
Advection-Dispersion-Reaction Equation

Traditional MacCormack scheme

First of all, we will consider the forward time central space scheme. The scheme is
an explicit finite difference scheme with one-step method. The scheme is a forward
time central space (FTCS) by changing the central space evaluation at time n to
a forward space evaluation. This step is a forward time forward space (FTFS)
scheme. The FTFS scheme approximates the temporal and spacial derivatives and
the decay in Eq.(11) with the following discretization.

We can then approximate C(x;,t,) by CF', the value of the difference ap-
proximation of C'(z,t) at point z = iAx and t = nAt, where 0 < i < M and
0 <n < N. The grid point (x,, t,) are defined by z; = iAz foralli =0,1,2,..., M
and t, = nAt for alln =0,1,2,..., N in which M and N are positive integers.

1.2.1 Forward time central space explicit finite difference scheme

Taking the forward time central space technique [15] into Eq.(11), we get the

following discretization:

c = (21)
oCc  _ Ccrtl_cn
aC ~ Cszrl B C{il
or 20x (23)
2 cr,—=20"+C"
a_C ~ i+1 7 + i—1 ’ (24>
Ox? (Ax)?
w = U (25)

Substitute Egs.(32)-(36) into Eq.(11), we get
ctt—or .~ Cr,—CMy cr, —20r+C

L U =D — KC7" 26
oty p R ke e)
for1<i<Mand 0 <n<N—1. Let A = (gﬁ)tg and ! = ﬁ—;ﬁf“, Eq.(37)

becomes

1 1
Ctl = (57’? +AC™ + (1 =22 = KAH)C! + (A — 57;@)0;11. (27)
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For ¢« = 1, plug the known value of the left boundary C§ = Cy to Eq.(27) in the
right hand side, we obtain

1 1
Citt = (577 + NCo+ (1= 20 = KAOCT + (A = 597)C5. (28)

For i = M, substitute the approximate unknown value of the right boundary by

[12], we can let C;,, = 2C}; — C};_, and rearrange, we obtain
Cyit = (2N + (1 — 4\ — KAt — ) Chy. (29)

The forward time central space scheme is conditionally stable subject to constraints

in Eq.(37). The stability requirement for the scheme are [2, 12]

DAt 1
A = -

UlMAt
no— 1 1
gl A <L (31)

where A is the diffusion number (dimensionless) and " is the advection number
or Courant number (dimensionless). It can be obtained that the strictly stability

requirements are the main disadvantage of this scheme.

2 A Modified MacCormack scheme for the advection-

dispersion-reaction equation

2.1 The traditional MacCormack scheme

First of all, we consider the traditional MacCormack scheme. The scheme is an
explicit finite difference scheme with predictor-corrector two-step method. The
first step is a modification of forward time central space (FTCS) by changing the
central space evaluation at time n to a forward space evaluation. This step is
a forward time forward space (FTFS) scheme. The FTFS scheme approximates
the temporal and spacial derivatives and the decay in Eq.(11) with the following
discretization.

We can then approximate C(z;,t,) by C7, the value of the difference ap-
proximation of C(z,t) at point x = Az and t = nAt, where 0 < ¢ < M and
0 <n < N. The grid point (z,,t,) is defined by z; = iAx foralli =0,1,2,..., M
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and t, = nAt for all n = 0,1,2,..., N in which M and N are positive integers.
Taking the forward time forward space technique [15] and [12] into Eq.(11), we get

the following discretization:

C = (32)
oC CTH - C7r
oC , Cp,—Cr
Y 4
ox Ax (34)
2 cr, =20+ C!
8_0 ~ i+1 % + i—1 7 (35)
Ox? (Ax)?
u = (71” (36)

Note that [71-" are obtained by the Crank-Nicolson method with the hydrodynamic
model of Eqgs.(9)-(10) that are presented in [19], [20] and [22].
Substitute Eqgs.(32)-(36) into Eq.(11), we get
n+1 n n n n n n
o —or A; ¢ + ﬁf(icwz; < )= D(CHI _(ZC;);_ =
for 1 <i < M and 0 <n < N —1. Substitute the difference equation into Eq.(37),
and then define slope S;, as,

- KCP,(37)

5, — _ﬁin(Cﬁ_lA; Cz‘n) n D(C[‘H _(ZC;T)L;’ Oin—l) _KCr, (38)
Let A = % and 7"t = %ﬁf“, and then define 4" = Z—Z = Z’; and A = (Ag)g =
2. Eq.(38) takes a simplified form:
S = =30 (Clha = CF) + MGl = 267 + CLy) = KC, (39)
or
S = (A= 41C = @A =4 + K)CP + ACL,. (40)

For upper boundary, where ¢ = 1, plug the known value of the left boundary
Cy = Cp to Eq.(40) in the right hand side, we obtain

Si, = (A =47)C8 — (2A =47 + K)C} + ACy. (41)

For the lower boundary, where ¢ = M, substitute the approximate unknown value
of the right boundary by the forward difference approximation to %—g = 0, we can

let Cyy = Cy/_1 and rearrange, we obtain

Sy = —(A+ K)C?y_y + ACTy_,. (42)
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Take the Euler formula, we obtain the MacCormack predictor step formulation,
Crtt = O 4 S5, At. (43)

The second step is a modified backward time central space (BTCS) scheme by
changing the central space evaluation time n with a backward space evaluation. It
is essentially a backward time backward space (BTBS) scheme. The BTBS scheme
approximates the temporal and spacial derivatives and the decay in Eq.(11) with

the following discretization:

1
C = (e +ar, (14)

oC crtt —on

Y- VA S 2 4

ot At ’ (4)
oC cr+t — ol

- o~ v e 4
ox Az ’ (46)
820 ] l(cln-l—l _ QOzn + Oz‘n—l + C;L—:_ll _ QOZ'TH_I + Ozn——‘_ll) (47>
oz 2 (Ar)? (Ar)? '

Because the values at time level n+ 1 have calculated in predictor step, the second
step is also explicit. It follows that the slope base on their predictor points can be

calculated as:
Sip = ACEE = A+ 41+ KO + (A 4o, (48)

For upper boundary, where ¢« = 1, plug the known value of the left boundary
Citl = Cy to Eq.(48) in the right hand side. We obtain

S, = ACTH — 24 + 40 + K)OT 4 (A + 477, (49)

For the lower boundary, where ¢ = M, substitute the approximate unknown value
of the right boundary by the backward difference approximation to %—g = 0, we

can let 41 = C); and rearrange, then we obtain
Sar, = ACHY — 28+ 45 + K)O ™+ (A + 45 )0t (50)

From the both steps, the MacCormack scheme takes the following form.

At
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The MacCormack scheme is conditionally stable subject to constraints in Eq.(37).

The stability requirements for the scheme are [3]

DAt 1
UrAt
V¢ o= ZAx < 0.9, (53)

where A is the diffusion number (dimensionless) and ~* is the advection number

or Courant number (dimensionless).

2.2 The Modified MacCormack scheme

Since the derivative approximation during discretization is not centered, numerical
dispersion will be introduced. The dispersion coefficients used in the dispersion
model would take the value obtained by subtracting the numerical dispersion from
the real data of the stream. The amounts of the numerical dispersion introduced
by backward space denoted by Dn;, and forward time denoted by Dny schemes as
follow [4], [12],

Dnii = U7, (54)
Axr ~
Dny = —— (U2 (55)

There are temporal and spacial numerical dispersion in both predictor and correc-
tor steps since the scheme uses forward time forward space difference for prediction
and backward time backward space difference for correction. From Egs.(54)-(55),
the numerical dispersion for forward time forward space prediction step and back-
ward time backward space correction step are

Ax ~ At

n _ _=7"rm_ = An 2
Nprd; - 2 UZ 2 (Ul) ) (56>
Az ~ At ~
Dn,.; = ;Uin + 7(@”)2- (57)

The modified MacCormack scheme uses the following corrected dispersion, rather
than the real dispersion coefficients for calculation in both prediction and correction

steps,
Dl? = Dreal_an,.d?7 (58>

DQ? - Dreal_D ’ (59)

Nereg )
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where D is the dispersion coefficient used in the prediction step, and D, is the
dispersion coefficient used in the correction step.
The Modified MacCormack scheme is conditionally stable subject to the

constraint in Eq.(37). The stability requirements for the scheme

DAt 1
U At
= UZM < 0.9, (61)

where the maximum of numerical dispersion coefficients is D,,q, = max{D;}’, D} :
0<i<M,0<n<N}
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CHAPTER IV

Two-Level Explicit Methods for the
Advection-Dispersion-Reaction Equation

Two-Level Explicit Methods

We can then approximate C(z;, t,,) by CI", the value of the difference approximation
of C(x,t) at point x = 1Az and t = nAt, where 0 <i < M and 0 <n < N. The
grid point (x,,t,) are defined by z; = iAx for all = 0,1,2,..., M and t,, = nAt
forallm =0,1,2,..., N in which M and N are positive integers.

2.2.1 Forward time central space explicit finite difference scheme

Taking the approximations of the derivatives with a weight ¢ into Eq.(11), we get

the following discretization:

c = cr, (62)
oC crtt —on
- = 63
ot At ’ (63)
oc . Cr-cr, Cn, - O,
— ¥ p——— 4+ (1—¢p)—— 64
ox ¢ Az +(1-9) 2Ax (64)
2 cr,—=20r4+Cr
a_C ~ i+1 7 + 2—1, (65)
0x? (Az)?
uw = Ur (66)
Then the weighted explicit finite difference equation becomes
1+ 1—
O = (227 + N + (1= 20— KAE—A76)CF + (A= (15 D) (67
forall1 <¢< M —1 and for all 0 <n < N — 1, where
o= U (A—x)’ (68)
At
= Du. (70)
If we putting ¢ = 0 in Eq.(67), we can obtain
1 1
Crl = (50 + MOy + (1= 20 = kAYCT + (A = 597)Cl4y, (71)

2 2
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for 1 <i < Mand 0 <n<N—1. For? =1, we can plug the constant know
value of the left boundary condition that C' = Cy to Eq.(71) on the right hand

side, we get

1 1
Citt = (7 + N Co + (1= 20 = kADNCT + (A = 577)C5. (72)

For i = M, we will substituting the approximation unknown point on the right

boundary condition by [12], letting Cy;, = 2C};, — C};_, we can obtain that
Oyt = A0, 0% 4 (1 — 4\ — kAL +~4,)Chy. (73)

A von Neumann stability condition of Eq.(71) [] is

n

Yi

—_

(74)

()
9

where A is the diffusion number (dimensionless) and ~* is the advection number

IN A

<A (75)

N —

or Courant number (dimensionless). It can be obtained that the strictly stability
requirements are the main disadvantage of this scheme.

The finite difference formula Eq.(27) has been derived in [?] that the trun-
cation error for this method is O{(Az?), At}.

2.2.2 The Lax-Wenfroff method
If we putting ¢ =~} in Eq.(67), we can obtain
Ot = AR P + (1 - 20— (372 — ANCT
F5(A =7+ (I, (76)

for 1 <i< Mand 0<n<N—1. For =1, we can plug the constant know
value of the left boundary condition that Cf = Cj to Eq.(76) on the right hand

side, we get
1
CI = @A+ + (11))Co + (1= 20 = ()" = kAYCY
1
+5(2XA =1 + (1)AC. (77)

For i« = M, we will substituting the approximation unknown point on the right

boundary condition by [12], letting Cy;,, = 2C}, — C};_,, we can obtain that

Curt =4OV + (1 —4X — kAt — )Ty (78)
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A von Neumann stability condition of Eq.(71) [] is

n

Y

—_

(79)

IN A

()
9

where A is the diffusion number (dimensionless) and ! is the advection number

<A

(80)

N =

or Courant number (dimensionless). It can be obtained that the strictly stability
requirements are the main disadvantage of this scheme.

The finite difference formula Eq.(27) has been derived in [?] that the trun-
cation error for this method is O{(Axz?), At}.

2.2.3 Saulyev explicit finite difference scheme

The Saulyev scheme is unconditionally stable [6]. It is clear that the non-strictly
stability requirement of Saulyev scheme is the main of advantage and economical

to use. Taking Saulyev technique [6] into Eq.(11), it can be obtained the following

discretization:
c = (7, (81)
oC cntt_cn
i -V A 2 82
ot At ’ (82)
90 Cny O
or 2Ax ’ (83)
2 cr, —(Cr — Cn+1 Cm+1
Q ~ 1+1 7 7 + 1—1 ’ (84)
Ox? (Ax)?
u = 172" (85)

Substitute Eqgs.(97)-(101) into Eq.(11), we get
Ot = | g Ol — Ol ity = Cr = O O]

n - D — kO™
for 1 <i<Mand0<n<N-—1 Let A\ = 8% and 3/ = AL+l Fq.(102)

becomes

1 1 1
ntl _ (_)((ZA™ 1 = n — MO
Crtt = (T G+ VO + (1= A = KANCT + (A = 597)Cla)- - (87)

For i = 1, plug the known value of the left boundary Cjtt = C to Eq.(104) in
the right hand side, we obtain

11 1
CI = ()G + G+ (1= A= KANCT + (A= 591)CE). (88)
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For « = M, substitute the approximate unknown value of the right boundary by

[26], we can let C7,, = Cfy + Ot — O3, and rearrange, we obtain

n n n 1 n n
Ciit = ( YO + (1 — KAt — §7M)CM)- (89)

L+ 370
Using Taylor series expansions on the approximation, [?] has shown the truncation
error is O{(Az)? + (At)? + ()%} or 02,2, (1/1)%}.

From Eqs.(102-106), it can be obtained that the technique does not generate
the system of linear equations. It follows that the application of the technique is

economical computer implementation.

3 A new fouth-order scheme with a Saulyev method

for the advection-dispersion equation

Taking a new fourth-order technique [7] into Eq.(11), the discretization for each

terms are obtained as follows,

C = (90)
n+l _ om

T ke il e B

2273 - Pﬁ%l —(ic;?;j Ly, Q?cg;Q —(Zc;?;j cr, (03)

uw > U, (94)
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where
DAt
N = =
(Az)?’
At ~
o= EU"H’
o (12A4207)° =33 —2)
v 12 ’
n (12X +2(77)* + 39" — 2)
G,L — 9
12
n\2 -
R RS
pr _ (CODT 4007 - 1207 - 120(57)” + 84)
L 6\ ’
n (V) =4(37)* + 12X + 120 (7])* = 2))
Qi = :
6
Substitute Eqs.(90)-(94) into Eq.(11), we get
crtt—on . cr., —On cn —on cr. —On
3 7 n Fn 142 7 n i 1—2 o Hn i+1 i—1
A U T O A, sy v
cr, =20+ Cn* cr,=20"4C"
_ D Pn 1+1 7 i—1 n +2 7 1—2 95

for 2<i< M —2and 0 <n <N —1. The Eq.(95) can be written in an explicit

form of finite difference equation as follows,

1 1
crtlt = (5%7%;? +AQ7)C g + (=57 Hi' + AP")C

2
1 1 1
1+ 50 F = 530G = 2AP" = AQ7)CY + (507 H + ARG
1
(= +AQ)C (96)

for2<i<M-2and0<n<N-—1. Fort=1,M — 1 and M, the new fourth-
order finite difference equation Eq.(96) cannot be employed to calculate the value
C7 on the grid point next to left and right boundaries of the domain of solution.
The alternate appropriate finite difference method such as the Saulyev method will

be employed to approximate them as the following section.

3.0.4 The employment of a Saulyev method to the left and the right

boundary conditions

The Saulyev scheme is unconditionally stable [6] and [7]. It is clear that the

non-strictly stability requirement of Saulyev scheme is the main of advantage and
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economical to use. Taking Saulyev technique [6] into Eq.(11), it can be obtained

the following discretization:

c = o, (97)
oC crtl —on
9C Oy — O
or 2Ax ’ (99)
2 cr . —Cr — C«n+1 C«n-i—l
a_o ~ i+1 i i + 1717 (100)
O0x? (Ax)?

uw =~ U (101)

Substitute Eqgs.(97)-(101) into Eq.(11), we get
ot - N ﬁ@(cfﬂ - Ciy—Cr—Ci i+ O?:El)
At ’ 2Ax (Ax)? 7
forl1<i<Mand0<n<N —1.
For i = 1, plug the known value of the left boundary C§™' = ri*! to Eq.(102)

)= D (102)

in the right hand side, we obtain

Cy = (1—1——/\)((5% + )‘)TOH) + (1= NCT + (A - 571 )C3). (103)
For i = M — 1, we can obtain an explicit form of Eq.(102),
1 1 1
B = () (G + VO + (L= NChyy + (= 393 )CH). (104

For i = M, substitute the approximate unknown value of the right boundary by a
traditional central difference method [3] with the known derivative right boundary

condition,
Substituting Eq.(105) into Eq.(102), we can obtain
1 1

Chtly = () @AC, + (1= O + (A= 528080, (106)
From Egs.(103-106), it can be obtained that the technique does not generate their
fictitious points along the both side of the solution domain. It follows that the
new fourth-order finite difference equation Eq.(96) with the employed Saulyev
finite difference equations Eqs.(103-104, 106) can be used to calculate the value

C7' entire their grid points of the solution domain.
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4 Numerical Experiment

The uniform flow of an advection-diffusion is considered in a uniform stream of
constant cross-section and bottom slope. Flow velocity and diffusion coefficient
are taken to be U = 0.01 m/s and D = 0.002 m?/s. Assume that the length of
the considered stream is L = 100 m. Let the pollutant concentration level that

released at the left-end is
C(0,1) =1. (107)

There is no rate of change of pollutant on the right-end as follows

%(L,t) = 0. (108)

The theoretical solution of the problem is [9], [24]

1 —Ut, 1 v Ut
C(z,t) = Qerfc(x )+ §e%erfc(x\/—gﬁ

The accuracy of the proposed new fourth-order scheme with employed Saulyev

). (109)

method to the boundary and the theoretical methods are compared in Fig.2.

5 Application to a nonuniform flow stream water

quality assessment problem

Suppose that the measurement of pollutant concentration C' in a non-uniform
flow stream is considered. A stream is aligned with longitudinal distance, 1.0
(km.) total length and 1.0 (m.) depth. There is a plant which discharges waste
water into the stream and the pollutant concentration at the discharge point is
C(0,t) = Cy = 1 (mg/L) at = 0 for all ¢ > 0, there is no rate of change of
pollutant level % =0 at x = 1.0 for all £ > 0, and there is no initial pollutant
C(z,0) =0 (mg/L) at t = 0. The elevation of water at the discharge point can be
described as a function d(0,t) = f(¢) = sint (m.) for all £ > 0, and the elevation
does not change at x = 1.0 (km.) The physical parameters of the stream system
is a diffusion coefficient D = 0.1 (m?/s). In the analysis conducted in this study,
meshing the stream into 40 elements with Az = 0.05, and the time increment

is 0.4 (s) with At = 0.00125, characterizing a one-dimensional flow. Using the
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Crank-Nicolson method of [19], [20] and [22], it can be obtained the water velocity
u(x,t) in Table 1 and Fig 6. Next, the approximate water velocity can be plugged
new fourth-order scheme and employing the Saulyev method to the left boundary
near the discharge point and the right boundary in Eq.(96). The approximation
of pollutant concentrations C' of the proposed scheme is shown in Table 7?7 and
Fig.4.

Table 1: The velocity of water flow wu(z,t)
t x =0 z=0.1 z=0.2 z = 0.3 z=0.4 z=0.5 xz = 0.6 x =0.7 z = 0.8 z = 0.9 z = 1.0
10 0.5421 0.5505 0.5421 0.5202 0.4859 0.4362 0.3701 0.2901 0.1998 0.1029 0.0000
20 1.3284 1.2315 1.1228 1.0041 0.8766 0.7416 0.6001 0.4538 0.3042 0.1526 0.0000
30 0.3291 0.2628 0.2058 0.1578 0.1182 0.0861 0.0606 0.0405 0.0246 0.0116 0.0000
40 -1.1343 -1.0752 -0.9995 -0.9086 -0.8044 -0.6884 -0.5627 -0.4290 -0.2894 -0.1457 0.0000

Table 2: The pollutant concentration C(z,t) using the new fourth-order scheme
and employing Saulyev scheme, Ax = 0.05, At = 0.00125

t x=0 z =0.1 r =0.2 x = 0.3 x = 0.4 x = 0.5 x = 0.6 x =0.7 r = 0.8 x = 0.9 x = 1.0
10 1.00000 0.98707 0.96381 0.92269 0.85430 0.75311 0.62458 0.48989 0.38012 0.31931 0.30376
20 1.00000 0.99226 0.97058 0.92379 0.84269 0.72904 0.60095 0.48632 0.40726 0.36902 0.35910
30 1.00000 0.81678 0.67155 0.60392 0.58238 0.57723 0.57518 0.57294 0.57033 0.56750 0.56423
40 1.00000 0.73266 0.71148 0.71812 0.71721 0.71552 0.71391 0.71215 0.71013 0.70778 0.70470
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CHAPTER VI

Discussion and Conclusions

The approximation of the pollutant concentrations of the FTCS schemes are
shown in Tables ??. The real-world problems are require a small amount of time
interval in obtaining accurate solutions. Unfortunately, the analytical solutions of
hydrodynamic model could not found over entire domain. This implies that the
analytical solutions of dispersion model could not carry out at any point on the
domain as well [22].

In [22], we can obtain that the diffusion coefficients of pollutant matter can
be reduce the concentration in a non-uniform stream. If sewage effluent with a
low diffusion coefficient has discharged into a non-uniform flow stream, then the
water quality will be lower than a discharging of high diffusion coefficients of other
pollutant matters.

In this report, it can be combined the hydrodynamic model and the convection-
diffusion-reaction equation to approximate the pollutant concentration in a stream
when the current reflects water in the stream is not uniform. The technique de-
veloped in this research the response of the stream to the two different external
inputs: the elevation of water and the pollutant concentration at the discharged
point can be obtained. The FTCS scheme can be used in the dispersion model since
the scheme is very simple to implement. We obtain that the proposed technique
is applicable and economical to be used in a simple problem since the simplicity
of programming and the straight forwardness of the implementation. It is also
possible to find tentative better locations and the periods of time of the different
discharged points to a stream.

In this paper, the traditional Crank-Nicolson has bee used to solved a one-
dimensional hydrodynamic model with damped force due to the drag of side of a
stream. The one-dimensional advection-diffusion equation in a non-uniform flow
in the stream are solved by using the new fourth-order scheme and employing the

Saulyev method to their near left and right boundary conditions.
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Abstract

Two mathematical models are used to simulate water quality in a non-
uniform flow stream. The first model is the hydrodynamic model that pro-
vides the velocity field and the elevation of water. The second model is the
advection-diffusion-reaction model that provides the pollutant concentration
field. Both models are formulated in one-dimensional equations. The tradi-
tional Crank-Nicolson method is also used in the hydrodynamic model. At
each step, the flow velocity fields calculated from the first model are the in-
put into the second model as the field data. A new fourth-order scheme and
a Saulyev scheme are simultaneously employed in the second model. This
paper proposes a simply remarkable alteration to the fourth-order method
so as to make it more accurate without any significant loss of computa-
tional efficiency. The results obtained indicate that the proposed new couple
fourth-order scheme with Saulyev method do improve the prediction accuracy
compared to that of their traditional methods.
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1. Introduction

In general, the amount of pollution levels in the a stream can be measured
via data collection from a real of field data site. It is somehow rather difficult
and complex, and the results obtained tentatively deviate in the measure-
ment from one point in each time/place to another when the water flow in
the stream is not uniform. In water quality modelling for non-uniform flow
stream, the general governing equation used are the hydrodynamic model
and the dispersion model. The one-dimensional shallow water equation and
advection-dispersion-reaction equation are govern the first and the second
models respectively.

Numerous numerical techniques for solving such models are available. In
[18], the finite element method for solving a steady water pollution con-
trol to achieve a minimum cost is presented. The numerical techniques for
solving the uniform flow of stream water quality model, especially the one-
dimensional advection-dispersion-reaction equation are presented in [5], [12],
[17], [6] and [23].

The non-uniform flow model requires data concerned with the velocity
of the current at any point and any time in the domain. The hydrody-
namics model provides the velocity field and tidal elevation of the water. In
25, 21], [19] and [20], they used the hydrodynamics model and the advection-
dispersion equation to approximate the velocity of the water current in bay,
uniform reservoir and stream, respectively. Among these numerical tech-
niques, the finite difference methods, including both explicit and implicit
schemes, are mostly used for one-dimensional domain such as in longitudinal
stream systems [2], [4].

There are two mathematical models used to simulate water quality in
a non-uniform water flow systems. The first is the hydrodynamic model
that provides the velocity field and the elevation of water. The second is
the dispersion model that gives the pollutant concentration field. A cou-
ple of models are formulated in one-dimensional equations. The traditional
Crank-Nicolson method is used in the hydrodynamic model. At each step,
the calculated flow velocity fields of the first model are input into the second
model as the field data [19], [20], [22].

The numerical techniques to solving the non-uniform flow of stream wa-
ter quality model containing one-dimensional advection-dispersion-reaction
equation have been presented in [20] using the fully implicit scheme: Crank-
Nicolson method is used to solve the hydrodynamic model and backward
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time central space (BTCS) for dispersion model respectively. In [22], the
Crank-Nicolson method is also used to solve the hydrodynamic model while
the explicit Saulyev scheme is used to solve the dispersion model.

Their research on finite difference techniques for the dispersion model have
concentrated on computation accuracy and numerical stability. Many com-
plicate numerical techniques, such as the QUICK scheme, the Lax-Wendroff
scheme, the Crandall scheme, have been studied to increase performances.
These techniques have focused on advantages in terms of stability and higher
order accuracy[12].

The simple finite difference schemes become more attractive for model
use. The simple explicit methods include the Forward Time-Central Space
(FTCS) scheme, the MacCormack scheme, and the Saulyev scheme, and the
implicit schemes include the Backward Time-Central Space (BTCS) scheme
and the Crank-Nicolson scheme [4]. These scheme are either first-order or
second order accurate and have the advantages in programming and com-
puting without losing much accuracy and thus are used for many model
applications [12].

A third-order upwind scheme for the advectiondiffusion equation using a
simple spreadsheets simulation is proposed in [11]. In [13], a new flux split-
ting scheme is proposed. The scheme is robust and converges as fast as the
Roe Splitting. The Godunov Mixed Methods for AdvectionDispersion Equa-
tions is introduced in [14]. A time-splitting approach for advectiondispersion
equations is also considered. In addition, [8] proposes the time-split methods
for multidimensional advection-diffusion equations that advection is approx-
imated by a Godunov-type procedure, and diffusion is approximated by a
low-order mixed finite element method. In [1], the flux-limiting solution tech-
niques for simulation of reactiondiffusionconvection system is proposed. A
composite scheme to solve the scalar transport equation in a two-dimensional
space that accurately resolve sharp profiles in the flow is introduced. The
total variation diminishing implicit RungeKutta methods for dissipative ad-
vectiondiffusion problems in astrophysics is proposed in [10]. They derive
dissipative space discretizations and demonstrate that together with specially
adapted total-variation-diminishing (TVD) or strongly stable Runge-Kutta
time discretizations with adaptive step-size control this yields reliable and
efficient integrators for the underlying high-dimensional nonlinear evolution
equations.

In this research, we propose simple revisions to a new fourth-order scheme
that improve its accuracy for the problem of water quality measurement in a

3
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non-uniform water flow in a stream. In the following sections, the formula-
tion of a new fourth-order scheme is introduced. They proposed revision of
a new fourth-order scheme with the Saulyev methd are described.

The results from the hydrodynamic model are the data of the water flow
velocity for the advection-dispersion-reaction equation which provides the
pollutant concentration field. The term of friction forces, due to the drag of
sides of the stream, is considered. The theoretical solution of the model at
the end point of the domain that guarantees the accuracy of the approximate
solution is presented in [19], [20] and [22].

The stream has a simple one space dimension as shown in Fig.1. By
averaging the equation over the depth, discarding the term due to the Coriolis
force, it follows that the one-dimensional shallow water and the advection-
dispersion-reaction equations are applicable. We use the Crank-Nicolson
scheme, the traditional forward time central space scheme, and a couple
of new fourth-order scheme and the Saulyev method to approximate the
velocity, the elevation, and the pollutant concentration from the first and
the second models, respectively.

2. Model Formulation
2.1. The Hydrodynamic Model

In this section, we derive a simple hydrodynamic model for describing
water current and elevation by one-dimensional shallow water equation. We
make the usual assumption in the continuity and momentum balance, i.e., we
assume that the Coriolis, shearing stresses and the surface wind are small [16],
25], [19] and [20], we obtain the one-dimensional shallow water equations

o 0 -

§+%[(h+ou] = 0, (1)
ou o¢
o P9 = 0 @

where z is the longitudinal distance along the stream (m), ¢ is time (s), h(x)
is the depth measured from the mean water level to the stream bed (m),
((x,t) is the elevation from the mean water level to the temporary water
surface or the tidal elevation (m/s), and u(zx,t) is the velocity components
(m/s), for all x € [0,1].



Figure 1: The shallow water system.

Assume that h is a constant and { < h. Then the equations (1)-(2) lead

to
¢ ou .
5t + h% = 0, (3)
ou ¢
huti = = 0. 4
ot +gax 0 (4)

We will consider the equation in the dimensionless problem by letting U =
u/\/gh,X = z/l,Z = (/h and T = t\/gh/l. Substituting them into the
equations(3)-(4) lead to

0z oU
o tax — )
ou 07
8—T+8—X = 0. (6)

In [19], [20] and [22], they introduce a damping term into Eqgs.(5)-(6) to
represent the frictional forces due to the drag of sides of the stream,

0z  oU
or Tox ~ " @)
ou 07
ortox = 7Y ®)

with the initial conditionsatt = 0and 0 < X <lareZ =0and U = 0. The
boundary conditions for ¢t > 0 are specified: Z = e at X = 0 and g_)z{ =0

5
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at X = 1. The system of Eqs.(7-8) is called the damped equation. We solve
the damped equation by using the finite difference method. In order to solve
the equations (7-8) in [0, 1] x [0, 77, it is convenient to use u,d for U and Z
respectively,

ou 0d
a—f—% = —u, (9)
od Ou
§+% = 0, (10)

with the initial conditions u = 0,d = 0, at t = 0, and the boundary conditions
d(0,t) = f(t) and % =0atz =1

2.2. Dispersion Model

In a stream water quality model, the governing equations are the dynamic
one-dimensional advection-dispersion equations (ADE). A simplified repre-
sentation by averaging the equation over the depth is shown in [5], [12], [17],
[20] and [23] as

oC oC 0*C

where C(x,t) is the concentration averaged in depth at the point x and at
time ¢ (mg/L), D is the diffusion coefficient (m?/s), and u(z,t) is the veloc-
ity component (m/s), for all x € [0,L]. The initial condition and the left
boundary conditions are usually determined by observations. The potential
pollutant concentration as the initial condition C'(z,0) = Cy at t = 0 for
all x > 0. The released pollutant concentration on the left boundary con-
dition C(0,t) = r(t) at x = 0. The observed rate of change of pollutant
concentration on the right boundary is assumed to be a constant % = 95p at
x=1L.

3. Crank-Nicolson method for the hydrodynamic model

The hydrodynamic model provides the velocity field and elevation of the
water. Then the calculated results of the model will be the input into the
dispersion model which provides the pollutant concentration field. We will
follow the numerical techniques of [19]. To find the water velocity and water



elevation from equations (9)-(10), we make the following change to variables
v = e'u and substitute it into Eqs.(9)-(10). Therefore,

ov ,0d
od — _,0v

The equations (12)-(13) can be written in the matrix form
v 0 ¢ v 0
(o), L)) = (6) =

That is

where

A = [eotﬂ, (16)

() () () o

with the initial condition d = v = 0 at t = 0. The left boundary condition
for z = 0,t > 0 is specified: d(0,t) = f(t) and % = —et‘;—{, and the right
boundary condition for z = 1,t > 0 is specified: $¢ = 0 and v(0,t) = 0.

We now discretize Eq.(15) by dividing the interval [0, 1] into M subinter-
vals such that M Az = 1 and the interval [0, 7] into N subintervals such that
NAt = T. We can then approximate d(z;,t,) by dF, value of the difference
approximation of d(z,t) at point = iAx and ¢ = nAt, where 0 < i < M
and 0 < n < N, and similarly defined for v} and U'. The grid point
(@, tn) is defined by x; = iAz for all t = 0,1,2,..., M and ¢, = nAt for all
n=0,1,2,..., N in which M and N are positive integers. Using the Crank-
Nicolson method [15] to Eq.(15), the following finite difference equation can
be obtained:

I — i)\A(Ax + Vo )UM = [T + i)\A(Ax + V)IUY, (18)

where

d

7

Uzn - < UZ;-L > 7A27U’L'n = UZfH - Uin and V:BUzn = Uzn - Uﬁl, <19)



I is the unit matrix of order 2 and A = At/Az. Applying the initial and
boundary conditions given in Eqs.(12)-(13), it can be obtained the general

(20)

form
Gn—i—lUn—H — EnUn 4 ‘Fn7
where
B A o n+1
. 1 X 0 A0 X —4ay 0
Z(J/SJF 1 —ZCLEL+ 0 0
0  Zapt 1 0 0
Gt = | a3ttt 0 0 1 —2ay™!
0 0 . 0+1 2ait!
i 0 0 Jay 0
[ 1 0 0 —=2a7 0 0
—2ay 1 247 0 0 0
0 —2ap 1 0 0 Zaf
E" = | =344 0 0 1  Zay 0
0 0 0 —ZaF 1 Za7
I 0 0 —3a5 0 0 1
. _%a?+1é<tn+l) - %a?f(tn) J
—2ayt Axe_t”+1d—];(tn81) - %agAme_t"d—’;(tn)
= 0
0
0
130 where af = e" a} = e and t, = nAt for all n = 0,1,2,...,N. The

uo  Crank-Nicolson scheme is unconditionally stable [15, 4].



1w 4. A new fouth-order scheme with a Saulyev method for the advection-
142 dispersion equation

Taking a new fourth-order technique [7] into Eq.(11), the discretization
for each terms are obtained as follows,

c = cr (21)
oC ontt — on
_— = Lt 22
ot At ’ (22)
oC cr,—Cr cr—-Cr cr,—-Cr
7Y o~ Fn +2 7 n i 1—2 . Hn +1 1—1 2
ox Y 2Ax +G 2Ax ! 2Ax (23)
0*C cr, =20+ C! cr, =20+ C*
- o~ pn i+1 i i—1 n ~it2 i 1—2 24
0x? ¢ (Ax)? +6Q (Ax)? (24)
u = 07, (25)
where
DAt
A= —
(Az)?’
Vo= EUZ )
o (12242057)° =337 — 2)
7 - 12 )
n (12X +2(7f")* + 39} — 2)
Gi = )
12
n\2 -
gy = @O0
po (SO 4077 - 1207 — 120(57)° + 84)
7 - 6A )
n () =432 + 12X° + 120(vf)* = 2))
QF = .
6
Substitute Egs.(21)-(25) into Eq.(11), we get
ol —on or., —Cn or —Con o, —Cn
i 7 n Fn i+2 [ n i =2 H@ i+1 i—1
A Uy v v v ‘T onr )
Cry — 200 + CF Cr, — 207 + CF
— D Pn +1 7 1—1 n 1+2 7 1—2 26
( ) (A[I))Q +Qz (Al’)z )a ( )
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for2<i<M—2and 0 <n < N — 1. The Eq.(26) can be written in an
explicit form of finite difference equation as follows,

1 1
Gt = (WG +MQNCy + (=0 H + APCY
1 1 1
(L R E = 57 GE = 2AP" = AQICT + (07 HY + APT)CE
1
=5 F ANl (27)

2

for2 <i<M-2and0<n<N-—-1. Fori=1,M — 1 and M, the
new fourth-order finite difference equation Eq.(27) cannot be employed to
calculate the value C7' on the grid point next to left and right boundaries of
the domain of solution. The alternate appropriate finite difference method
such as the Saulyev method will be employed to approximate them as the
following section.

4.0.1. The employment of a Saulyev method to the left and the right boundary
conditions
The Saulyev scheme is unconditionally stable [6] and [7]. It is clear that
the non-strictly stability requirement of Saulyev scheme is the main of ad-
vantage and economical to use. Taking Saulyev technique [6] into Eq.(11), it
can be obtained the following discretization:

c = Cn (28)
oC crt—or
oc _ Cp, -
or 2Ax ’ (30)
rc  Cny—cr—crtty ot a1
0x? (Az)? ’ (31)
uw =~ U (32)

Substitute Egs.(28)-(32) into Eq.(11), we get

cr, —Cr—ortt 4 omt!

crt-ar Cr, — G i
e S ikl M-l (o) ), (33)

At 2Ax

forl1<i<Mand0<n<N-—1.
For i = 1, plug the known value of the left boundary Cj™' = ri*! to

+ 02 )= D

10



Eq.(33) in the right hand side, we obtain

O = () (G + ) + (L= N+ = 2a1)Cp). (39

14+
For i = M — 1, we can obtain an explicit form of Eq.(33),

1
1T+
For ¢ = M, substitute the approximate unknown value of the right boundary
by a traditional central difference method [3] with the known derivative right
boundary condition,

n+1 _(

1 1
M-1— )((57]74—1 + )‘)017/;112 + (1 - )\)0174—1 + ()\ - 57174—1)0174)'(35)

Chrs1 = Ch_1 + 2AxS,. (36)
Substituting Eq.(36) into Eq.(33), we can obtain
1 1
Cith = (1) @ACE, + (1= NOF + (A= Lp)8esy). (37

51 From Eqgs.(34-37), it can be obtained that the technique does not generate
12 their fictitious points along the both side of the solution domain. It fol-
155 lows that the new fourth-order finite difference equation Eq.(27) with the
152 employed Saulyev finite difference equations Egs.(34-35, 37) can be used to
155 calculate the value C7' entire their grid points of the solution domain.

15 5. Numerical Experiment

The uniform flow of an advection-diffusion is considered in a uniform
stream of constant cross-section and bottom slope. Flow velocity and diffu-
sion coefficient are taken to be U = 0.01 m/s and D = 0.002 m?/s. Assume
that the length of the considered stream is L = 100 m. Let the pollutant
concentration level that released at the left-end is

C(0,1) = 1. (38)
There is no rate of change of pollutant on the right-end as follows

oC

—(L,t) =0. 39

(L) (39)

The theoretical solution of the problem is [9], [24]
1 x—Ut 1 ve x4+ Ut

C(z,t) = —erfe( JiDi ) + —e D erfe( JiDi

) ; ) (10)

157 The accuracy of the proposed new fourth-order scheme with employed Saulyev
155 method to the boundary and the theoretical methods are compared in Fig.2.
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6. Application to a nonuniform flow stream water quality assess-
ment problem

Suppose that the measurement of pollutant concentration C' in a non-
uniform flow stream is considered. A stream is aligned with longitudinal
distance, 1.0 (km.) total length and 1.0 (m.) depth. There is a plant which
discharges waste water into the stream and the pollutant concentration at
the discharge point is C'(0,t) = Cp = 1 (mg/L) at = 0 for all ¢ > 0, there is
no rate of change of pollutant level % =0at z = 1.0 for all t > 0, and there
is no initial pollutant C'(z,0) = 0 (mg/L) at t = 0. The elevation of water at
the discharge point can be described as a function d(0,t) = f(t) = sint (m.)
for all t > 0, and the elevation does not change at x = 1.0 (km.) The physical
parameters of the stream system is a diffusion coefficient D = 0.1 (m?/s). In
the analysis conducted in this study, meshing the stream into 40 elements
with Az = 0.05, and the time increment is 0.4 (s) with At = 0.00125,
characterizing a one-dimensional flow. Using the Crank-Nicolson method of
[19], [20] and [22], it can be obtained the water velocity u(x,t) in Table 1
and Fig 3. Next, the approximate water velocity can be plugged new fourth-
order scheme and employing the Saulyev method to the left boundary near
the discharge point and the right boundary in Eq.(27). The approximation
of pollutant concentrations C' of the proposed scheme is shown in Table 77
and Fig.4.

Table 1: The velocity of water flow u(z,t)

t x =0 x =0.1 r=0.2 r = 0.3 z = 0.4 z =0.5 xz = 0.6 x = 0.7 x = 0.8 z = 0.9 z = 1.0
10 0.5421 0.5505 0.5421 0.5202 0.4859 0.4362 0.3701 0.2901 0.1998 0.1029 0.0000
20 1.3284 1.2315 1.1228 1.0041 0.8766 0.7416 0.6001 0.4538 0.3042 0.1526 0.0000
30 0.3291 0.2628 0.2058 0.1578 0.1182 0.0861 0.0606 0.0405 0.0246 0.0116 0.0000
40 -1.1343 -1.0752 -0.9995 -0.9086 -0.8044 -0.6884 -0.5627 -0.4290 -0.2894 -0.1457 0.0000

Table 2: The pollutant concentration C(z,t) using the new fourth-order scheme and em-
ploying Saulyev scheme, Az = 0.05, At = 0.00125

t x =0 x = 0.1 x = 0.2 x = 0.3 x = 0.4 x = 0.5 xz = 0.6 x = 0.7 x = 0.8 x = 0.9 x = 1.0
10 1.00000 0.98707 0.96381 0.92269 0.85430 0.75311 0.62458 0.48989 0.38012 0.31931 0.30376
20 1.00000 0.99226 0.97058 0.92379 0.84269 0.72904 0.60095 0.48632 0.40726 0.36902 0.35910
30 1.00000 0.81678 0.67155 0.60392 0.58238 0.57723 0.57518 0.57294 0.57033 0.56750 0.56423
40 1.00000 0.73266 0.71148 0.71812 0.71721 0.71552 0.71391 0.71215 0.71013 0.70778 0.70470
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7. Discussion and Conclusions

In this paper, the traditional Crank-Nicolson has bee used to solved a
one-dimensional hydrodynamic model with damped force due to the drag of
side of a stream. The one-dimensional advection-diffusion equation in a non-
uniform flow in the stream are solved by using the new fourth-order scheme
and employing the Saulyev method to their near left and right boundary
conditions.
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Figure 2: The comparison of exact solution and new fourth-order scheme
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Figure 4: The pollutant concentration C(x,t) (mg/L) using new fourth-order scheme and
employing Saulyev scheme
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