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Abstract  
 
Project Code: TRG5780046 
Project Title: Cosmological Models due to Generalized Three-Form Field 
Investigator: PitayuthWongjun,Naresuan University 
E-mail Address: pitbaa@gmail.com 
Project Period: 2 years 
 
 One of important observational evidences in cosmology indicatesthat the 
universe is expanding with acceleration. In order to describe these evidences, one can 
introduce an extra mysterious matter into the theory of gravitation namely “dark energy” 
or modify General Relativity at cosmological scale known as modified gravity theory. 
The aim of this research project is to construct the dark energy model due to a 
generalized three-form field. We found that it is possible to use the propose model to 
explain the late-time expansion of the universe.Moreover, the three-form can provide 
nonrelativistic matter content in the universe. For the fluid description of the three-
form,the fluid can provide nonadiabatic pressure perturbations and corresponds to a 
system with nonconservation of the particle flux. Dynamical analysis for this model and 
the model with dark matter coupling are very interesting to investigate and we leave 
these points for further work. Along with dark energy model, modified gravity model, 
especially massive gravity, is also one of the aims for this research project. By 
considering dRGT massive gravity coupling to the k-essence scalar field,we found that 
the universe has the standard evolution and the graviton mass can play the role of both 
nonrelativistic matter and cosmological constant with helping of k-essence scalar field 
leading to unification of dark matter and dark energy. Since the stability and 
observational constraint for this model has not been investigated yet,it is worthwhile to 
examine and we leave it for further work. 
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 หลกัฐานสําคญัอยา่งหนึ�งจากผลการสงัเกตุการณ์ทางจกัรวาลวทิยาบ่งบอกว่าเอกภพ
กําลงัขยายตวัดว้ยความเรง่เราสามารถอธบิายเหตุการณ์นี=ไดด้ว้ยการใส่สสารพเิศษเขา้มาใน
ทฤษฎคีวามโน้มถ่วงซึ�งโดยทั �วไปแลว้เราเรยีกสสารพเิศษนี=ว่าพลงังานมดื หรอื อกีแนวทางหนึ�ง
คอืการปรบัเปลี�ยนทฤษฎสีมัพทัภาพทั �วไปซึ�งโดยทั �วไปแลว้เราเรยีกทฤษฎเีหล่านี=ว่า ทฤษฎี
โมดฟิรายดก์ราวติ ี ดงันั =น จดุประสงคห์ลกัของโครงการวจิยันี=คอืการสรา้งแบบจาํลองพลงังาน
มดืจากสนามทรฟีอรม์ที�ทาํใหท้ั �วไป จากการศกึษาแบบจาํลองดงักล่าวนั =น เราพบว่า มคีวาม
เป็นไปไดท้ี�จะใชแ้บบจาํลองนี=อธบิายการขยายตวัดว้ยความเรง่ของเอกภพได ้ นอกจากนี=
สนามทรฟีอรม์ยงัสามารถใหค้่าที�เป็นสสารแบบไมส่มัพทัธภาพไดด้ว้ย สาํหรบัการบรรยายใน
เชงิของไหลจากสนามทรฟีอรม์นั =น เราพบว่า สนามทรฟีอรม์สามารถใหก้ารกระเพื�อมแบบไมอ่
เดยีแบตกิไดแ้ละยงัพบอกีว่า ของไหลนี=สอดคลอ้งกบัระบบที�ฟลกัซข์องอนุภาคของของไหลไม่
อนุรกัษ ์ ประเดน็ที�น่าสนใจต่อเนื�องจากโครงงานวจิยัในส่วนนี=คอืการวเิคราะเชงิพลศาสตรใ์น
แบบจาํลอง รวมไปถงึการศกึษาแบบจาํลองที�มกีารคู่ควบกบัสสารมดืซึ�งผูว้จิยัจะศกึษาในลาํดบั
ต่อไป ในทาํนองเดยีวกนักบัการศกึษาแบบจาํลองพลงังานมดื การศกึษาแบบจาํลองโมดฟิรายด์
กราวติซีึ�งเน้นที�ทฤษฎแีมสสพีกราวตินีั =น กเ็ป็นส่วนหนึ�งของโครงการวจิยัชิ=นนี= จากการ
พจิารณาทฤษฎแีมสสพีกราวติแีบบดอีารจ์ทีทีี�คู่ควบกบัสนามสเกลาเคเอสเซนเราพบว่า เอกภพ
จะมวีวิฒันาการในแบบมาตรฐานได ้ นอกจากนี=เรายงัพบว่ามวลของกราวติอนที�ไดร้บัการ
เกื=อหนุนจากสนามสเกลาเคเอสเซนนี=ยงัสามารถมบีทบาทเป็นไดท้ั =งสสารแบบไมส่มัพทัธภาพ
และค่าคงที�จกัรวาล ทั =งนี=จะนําไปสู่การการรวมเป็นหนึ�งเดยีวของทั =งสสารมดืและพลงังานมดืได ้
เนื�องดว้ยสเถยีรภาพและการหาขอ้จาํกดัจากผลสงัเกตุการณ์สําหรบัแบบจาํลองนี=ยงัไมไ่ด้
ทาํการศกึษา ดงันั =นการศกึษาในประเดน็ดงักล่าวนี= จงึเป็นเหตุที�คุม้ค่าที�จะคน้ควา้วจิยั ซึ�งผูว้จิยั
ไดล้ะไวส้าํหรบัการศกึษาในลาํดบัถดัไป 
 
คาํหลกั : พลงังงานมืด, สนามทรีฟอรม์, แมสสีพกราวิตี 
 
 
 



Executive Summary 
งานวจิยันี 
ได้ถกูแบง่ออกเป็นสองสว่นหลกัๆคือ แบบจําลองทางจกัรวาลวิทยาจากสนามทรีฟอร์มที%ทํา

ให้ทั%วไป และ แบบจําลองทางจกัรวาลวิทยาสาํหรับทฤษฎีแมสสพีกราวิตทีี%คูค่วบกบัสนามสเกลาร์เคเอสเซนซ์ 
โดยในสว่นแรกนั 
นอยูใ่นขั 
นตอนรอการตอบรับจากวารสารวิจยั ทั 
งนี 
 เอกสารต้นฉบบันั 
น สามารถดรูายละเอียด
เพิ%มเติมได้ในภาคผนวกที%หนึ%ง ในสว่นที%สองนั 
นบทความวจิยัได้ตีพิมพ์ที%วารสารระดบันานาๆชาตแิล้วซึ%ง
บทความนี 
ได้แนบมาในภาคผนวกที%สอง บทสรุปอยา่งยอ่ของทั 
งสองสว่นดงักลา่วได้เรียบเรียงพอสงัเขบดงันี 
 
 การทําวิจยัในสว่นแรกนั 
นเริ%มต้นด้วยการหาแอคชนั (action) ที%มีความทั%วไปของสนามทรีฟอร์มโดย
ปรับเปลี%ยนจากสนามทรีฟอร์มที%มีพจน์จลน์เป็นแบบคาโนนิคอลและพจน์ศกัย์ไปเป็นฟังก์ชนัใดๆของพจน์จลน์
และพจน์ศกัย์ จากแอคชนันี 
 เราสามารถหาสมการการเคลื%อนที% และ เทนเซอร์พลงังาน-โมเมนตมั (energy-
momentum tensor) ได้ซึ%งจากการวิเคราะห์ทั 
ง สมการการเคลื%อนที%และเทนเซอร์พลงังาน-โมเมนตมันี 
ผู้วิจยั
พบวา่ ลกัษณะของของไหลที%ได้นั 
นสามารถแบง่ออกเป็นสองสว่นหลกัๆคือ ของไหลที%มีพารามเิตอร์ของสมการ
สถานะ (equation of state parameter) คงที%และของไหลที%พารามิเตอร์ของสมการสถานะไมค่งที% โดยในกรณี
ของพารามิเตอร์ของสมการสถานะคงที%นั 
นเราสามารถให้พารามิเตอร์ของสมการสถานะ � = 0ได้โดยที%แอคชนั
ยงัสามารถหาคา่ได้ซึ%งตา่งจากในกรณีของสนามสเกลาที%แอคชนัจะมีคา่เป็นอนนัต์ถ้า� = 0 สาํหรับในกรณีที%
พารามเิตอร์ของสมการสถานะไมค่งที%นั 
น จากการเปรียบเทียบความเร็วเสยีงแบบอเดยีแบตคิกบัความเร็วเสยีง
ของการแพร่กระจายของการกระเพื%อม ผู้วิจยัพบวา่ มคีวามเป็นไปได้ที%สนามทรีฟอร์มจะให้คณุลกัษณะของการ
กระเพื%อมแบบไมอ่เดียแบติคได้ ซึ%ง การกระเพื%อมแบบนี 
ไมส่ามารถเกิดขึ 
นได้ในกรณีของของไหลแบบไมส่มัพทัธ
ภาพจากสนามสเกลาร์เคเอสเซนซ์นอกจากนี 
ผู้วจิยัได้ดาํเนินการวจิยัตอ่ด้วยการหาความสอดคล้องทางอณุหพล
ศาสตร์ของของไหลและพบวา่ ระบบของไหลที%วา่นี 
สอดคล้องกบัระบบที%จํานวนอนภุาคของระบบไมอ่นรัุกษ์ 
 สาํหรับงานวิจยัในสว่นที%สองนั 
น ผู้วิจยัได้ศกึษาแบบจําลองทางจกัรวาลวิทยาโดยที%ทฤษฎีความโน้ม
ถ่วงสอดคล้องกบัทฤษฎีที%กราวิตอนมีมวล หรือเรียกวา่ ทฤษฎีแมสสพีกราวิตี (Massive Gravity Theory)จาก
การศกึษาผู้วิจยัพบวา่ ทฤษฎีนี 
ยงัมีความบกพร่องอยูห่ลกัๆสองประการคือ1. การกําหนดเมทริคตวัช่วย (fiducial 
metric) ยงัไมส่อดคล้องกบัเมทริคกายภาพ (physical metric)2. คือ มวลของกราวติรอนยงัไมม่ีความทั%วไป
เพียงพอ จากข้อบกพร่องสองประการนี 
 ผู้วิจยัได้ปรับปรุงทฤษฎีนี 
โดยการกําหนดให้เมทริคตวัชว่ยมีรูปแบบ
เหมือนกนักบัเมทริคกายภาพนั%นคืออยูใ่นรูปแบบของแอฟแอลอาร์ดบัเบิลย ู (FLRW metric) นอกจากนี 
ผู้วิจยัยงั
กําหนดให้มวลของกราวิตอนขึ 
นกบัพจน์จนล์ของสนามสเกลาร์ จากการศกึษาดงักลา่ว ผู้วจิยัพบวา่ การ
กําหนดให้เมทริคตวัช่วยมีรูปแบบเหมือนกนักบัเมทริคกายภาพนั 
นทําให้มวลของกราวติอนสามารถประพฤติตวั
เป็นคา่คงที%จกัรวาลเพื%อทําให้เอกภพขยายตวัด้วยความเร่งในช่วงเวลาปัจจบุนัได้ นอกจากนี 
การกําหนดมวล
ของกราวิตอนขึ 
นกบัพจน์จนล์นั 
นยงัสามารถช่วยให้เราตคีวามมวลของกราวิตอนเป็นสสารมืดในชว่งเวลาที%สสาร
มืดเดน่ได้ด้วยทั 
งนี 
แบบจําลองนี 
จะนําไปสูก่ารรวมเป็นหนึ%งเดยีวของทั 
งสสารมดืและพลงังานมืดได้จากมวลของก
ราวิตอน ยิ%งไปกวา่นั 
น จากการวิเคราะห์เชิงพลวฒัน์ในแบบจําลองนี 
 ผู้วิจยัยงัพบวา่ ในชว่งของพารามเิตอร์ที%
เหมาะสม เอกภพสามารถววิฒัน์ไปสิ 
นสดุที%อตัราสว่นของพลงังานมืดตอ่สสารแบบไมส่มัพทัธภาพมีคา่
โดยประมาณเป็น 7 ตอ่ 3 ได้ ดงันั 
นจึงพอสรุปได้วา่แบบจําลองทางจกัรวาลวิทยานี 
สามารถแก้ปัญหาความ
บงัเอิญทางจกัรวาลวิทยาได้โดยที%ปัญหาเชิงทฤษฎีนี 
กลา่ววา่ ทําไมอตัราสว่นของพลงังานมืดตอ่สสารแบบไม่
สมัพทัธภาพจึงมีคา่พอๆกนั ณ ปัจจบุนัทั 
งๆที%การวิวฒัน์ของทั 
งสองนั 
นตา่งกนัอยา่งมโหฬาร 

 



เนืaอหางานวิจยั  
 

1. บทนํา  
ผลจากการสงัเกตุการณ์ทางจกัรวาลวทิยาบ่องบอกว่าเอกภพ ณ ปจัจบุนักาํลงัขยายตวัดว้ยความเร่ง [1, 

2] ทฤษฎสีมัพทัธภาพทั �วไปของไอน์สไตน์นั =นถอืไดว้่าเป็นทฤษฎคีวามโน้มถ่วงที�คาดว่าจะอธบิายการววิฒัน์
ของเอกภพเช่นนี=ได ้ อย่างไรกต็าม เราพบว่า การพจิารณาทฤษฎสีมัพทัธภาพทั �วไปที�มสีสารพลงังานที�เรา
รูจ้กัในปจัจบุนันั =น ไม่สามารถทาํใหเ้อกภพขยายตวัดว้ยความเร่งได ้ การที�จะทาํใหเ้อกภพขยายตวัดว้ย
ความเร่งบนพื=นฐานของทฤษฎสีมัพทัธภาพนี=สามารถทาํไดด้ว้ยการใส ่ สสารพลงังานพเิศษเขา้มาในทฤษฎ ี
ซึ�งโดยทั �วไปแลว้ เรยีกสสารพลงังานพเิศษนี=ว่า “พลงังานมดื” (dark energy) [3] แบบจาํลองพลงังานมดืที�ว่า
นี=ไดท้าํการศกึษาวจิยัการอย่างกวา้งขวางไม่ว่าจะเป็นการตคีวามให ้ สนามสเกลาร ์ สนามเวกเตอร ์ หรอื
สนามทรฟีอรม์ เป็นพลงังานมดื สว่นหนึ�งของโครงการวจิยันี=ไดมุ้่งเน้นที�จะศกึษาพลงังานมดืจากสนามทรี
ฟอรม์ที�ทาํใหท้ั �วไป สาํหรบัสว่นที�สองของโครงการวจิยันี=ไดมุ้่งเน้นที�จะอธบิายการขยายตวัดว้ยความเร่งของ
เอกภพโดยการปรบัเปลี�ยนทฤษฎสีมัพทัธภาพของไอน์สไตน์แทนการใสส่สารพลงังานพเิศษเขา้มาในทฤษฎ ี
ซึ�งโดยทั �วไปเรยีกแบบจาํลองลกัษณะนี=ว่า แบบจาํลองโมดฟิรายกราวติ ี (modified gravity) [4] ในทาํนอง
เดยีวกนักบัแบบจาํลองพลงังานมดื แบบจาํลองโมดฟิรายกราวตินีี=กไ็ดศ้กึษาวจิยักนัอย่างแพร่หลาย อาทเิช่น 
แบบจาํลองความโน้มถ่วงแบบ�(�)แบบจาํลองสเกลาเทนเซอร ์ แบบจาํลองเวกเตอรเ์ทนเซอร ์ แบบจาํลองคว
วามโน้นถ่วงในมติทิี�สงูกว่า หรอื แบบจาํลองแมสสพีกราวติ ี ซึ�งในสว่นนี=ผูว้จิยัไดส้นใจศกึษาคน้ควา้ใน
แบบจาํลองแมสสพีกราวติแีบบดอีารจ์ทีทีี�คู่ควบกบัสนามสเกลารแ์บบเคเอสเซนซ ์ (k-essence scalar field) 
ทั =งนี= ผูว้จิยัไดแ้ยกการพจิารณาโดยละเอยีดของทั =งสองสว่นดงัต่อไปนี= 

 
2. พลงังานมืดจากสนามทรีฟอรม์ทีFทาํให้ทั Fวไปและความหมายในเชิงของไหล 
แรงจงูใจในการสรา้งแบบจาํลองทางจกัรวาลวทิยาจากสนามทรฟีอรม์นั =นไม่ไดม้าจากการที�ตอ้งการจะ

อธบิายผลจากการสงัเกตุการณ์เท่านั =น แต่ยงัมาจากเหตุผลเชงิทฤษฎดีว้ย กล่าวคอื มคีวามเป็นไปไดท้ี�
สนามทรฟีอรม์จะสามารถเกดิขึ=นไดจ้ากทฤษฎพีื=นฐานอย่างเช่นทฤษฎสีตรงิหรอืทฤษฎคีวามโน้มถ่วงในมติทิี�
สงูกว่า ดว้ยเหตุนี= แบบจาํลองทางจกัรวาลวทิยาจากสนามทรฟีอรม์ไม่ว่าจะเป็นแบบจาํลองอนิเฟลชนัหรอื
แบบจาํลองพลงังานมดืนั =นไดท้าํการศกึษาวจิยักนัอย่างแพร่หลาย [5-11]แต่อย่างไรกต็าม แบบจาํลอง
เหล่านั =นยงัศกึษาเฉพาะสนามทรฟีอรม์แบบคาโนนิคอล (canonical) ดงันั =นโครงงานวจิยันี=จงึมุง่เน้นที�จะศกึษา
สนามทรฟีอรม์ที�ทาํใหท้ั �วไปมากขึ=น 

2.1 แบบจาํลองทีFนําเสนอและสมการพืaนหลงั 
สาํหรบัการศกึษาแบบจาํลองทางจกัรวาลวทิยาจากสนามสเกลาร ์ เราสามารถทาํใหท้ฤษฎมีคีวามทั �วไป

มากขึ=นได ้ โดยพจิารณาลากรางจ ์ (Lagrangian) เป็นฟงักช์นัใดๆ ที�ข ึ=นกบัทั =งพจน์จลน์และพจน์ศกัย ์ แทน
สนามสเกลารแ์บบคาโนนิคอล หรอืที�เรยีกโดยทั �วไปว่า สนามสเกลารแ์บบเคเอสเซนซ ์ (k-essence) [12-14] 
โดยเทยีบเคยีงกบัแบบจาํลองพลงังานมดืจากสนามสเกลารแ์บบเคเอสเซนซนี์= เราสามารถพจิารณา
แบบจาํลองพลงังานมดืจากสนามทรฟีอรม์ที�ทาํใหท้ั �วไปไดโ้ดยการพจิารณา แอคชนัที�มลีากรางจ ์ เป็นฟงักช์นั
ใดๆ ที�ข ึ=นกบัทั =งพจน์จลน์และพจน์ศกัย ์ แทนสนามทรฟีอรม์แบบคาโนนิคอลกล่าวคอื  

	 = 
 �−
����(�, �), 
โดยที� � = − �

�� ���������� คอืพจน์จลน์แบบคาโนนิคอล ����� = ∇[�����]และ � = ��������/12 คอื 
ปรมิาณสเกลารข์องสนามทรฟีอรม์ ����จากแอกชนันี= เราสามารถหาสมการการเคลื�อนที� และ เทนเซอร์
พลงังาน-โมเมนตมั (energy-momentum tensor) ไดด้งันี=ตามลาํดบั 



∇�#�,$�����% + �,'���� = 0, 
(�� = 16 �,$��*+,��*+, − 12 �,'�������� + �
�� 

โดยที�ดชันีล่างที�มสีญัลกัษณ์ “,”นั =นหมายถงึการทาํอนุพนัธเ์ทยีบกบัปรมิาณที�เขยีนตามสญัลกัษณ์นั =น 
กล่าวคอื �,- = ./

.-เมื�อตคีวามใหส้นามทรฟีอรม์นี=เป็นของไหลในอุดมคตเิราจะสามารถคาํนวนหาความ
หนาแน่นพลงังานและความดนัของของไหลนี=ไดโ้ดยที�รายละเอยีดการคาํนวนสามารถดไูดจ้ากภาคผนวก 1 
จากผลที�ไดนี้=เราสามารถเขยีนความสมัพนัธข์องฟงักช์นั � กบัพารามเิตอรข์องสมการสถานะ � ไดด้งันี= 

2��,' + (1 + �)2��,$ = (1 + �)� 
พารามเิตอรข์องสมการสถานะเป็นปรมิาณที�มคีวามสาํคญัอย่างยิ�งในการพจิารณาคุณสมบตัขิองของไหลซึ�งจะ
บ่งบอกถงึลกัษณะการววิฒัน์ของเอกภพไดก้ล่าวคอื ถา้ � = 0 ของไหลจะมพีฤตกิรรมเป็นแบบไม่สมัพทัธ
ภาพ หรอืเรยีกอกีชื�อหนึ�งว่า ฝุน่ (dust) ถา้ � = 1/3 ของไหลจะมพีฤตกิรรมเป็นแบบสมัพทัธภาพ หรอืเรยีก
อกีชื�อหนึ�งว่า รงัส ี (radiation) และถา้ตอ้งการใหเ้อกภพขยายตวัดว้ยความเร่งพารามเิตอรข์องสมการสถานะ
ตอ้งมคี่าเป็น � < −1/3 ดงันั =น เราสามารถวเิคราะหค์ุณสมบตัขิองแบบจาํลองนี=ไดจ้ากการคาํนวนหาความ
เป็นไดข้องพารามเิตอรข์องสมการสถานะนั =นเอง ในที�นี= เพื�อความสะดวกในการคาํนวน เราสามารถจาํกดัให�้
คงที�ไดซ้ึ�งผลเฉลยของสมการเชงิอนุพนัธย์่อยขา้งบนสามารถเขยีนไดเ้ป็น 

� = �2���� , � = −1 + 231 − 24 , 4 ≠ 12 
โดยที��2คอืค่าคงที�การอนิทเิกรต และ 3, 4 คอืค่าคงที�ใดๆ จากผลเฉลยนี= จะเหน็ไดว้่า เราสามารถเลอืกค่า
 3, 4ใดๆกไ็ดเ้พื�อทาํให ้� = 0 โดยที� � ยงัคงหาค่าได ้และนี�คอืขอ้ไดเ้ปรยีบของสนามทรฟีอรม์เมื�อเทยีบกบั
สนามสเกลาร ์กล่าวคอื สาํหรบัสนามสเกลารแ์บบเคเอสเซนซน์ั =น เมื�อให ้� = 0 แลว้ � จะหาค่าไม่ได ้โดยที� 
� = �6

789:;9: [15] (รายละเอยีดการคาํนวนสาํหรบัสนามสเกลารแ์บบเคเอสเซนสน์ั =นสามารถดไูดจ้ากภาคผนวก
1) นอกจากนี=จะเหน็ไดว้่า ถา้ 3 = 0 แลว้ � = −1นั �นคอืเอกภพจะขยายตวัดว้ยความเร่งได ้ อย่างไรกต็าม 
ในกรณีนี=แบบจาํลองจะไม่ต่างกนักบัแบบจาํลองพลงังานมดืจากค่าคงที�จกัรวาลซึ�งไดศ้กึษาอย่างแพร่หลาย
มากนานแลว้ เราจงึไม่สนใจในกรณีนี= 

สาํหรบัในกรณีที� �ไม่คงที�นั =น เราสามารถกาํหนดใหม้นัขึ=นกบัค่าของสนามทรฟีอรม์ได ้� = �(�)และ
เพื�อความสะดวก เราอาจจะพจิารณาในกรณีที�สามารถหาผลเฉลยของ �ไดโ้ดยงา่ยโดยให ้� = −1 + <�โดย
ที� < คอืค่าคงที�ใดๆ ซึ�งผลเฉลยสามารถเขยีนไดด้งันี=   

� = �2��=>7?;@; AB' 
จากผลเฉลยนี=รวมทั =งรปูแบบของพารามเิตอรข์องสมการสถานะนี= จะเหน็ไดว้่า มคีวามเป็นไดท้ี�จะตคีวามให้
สนามทรฟีอรม์เป็นพลงังานมดืเพื�อขบัดนัการขยายตวัดว้ยความเร่งของเอกภพโดยที�ใหค้่า < มคี่าน้อยและค่า
ของสนามทรฟีอรม์ � มกีารววิฒัน์จากมคี่ามากไปหาคา่น้อยๆ ยิ�งไปกว่านั =น จะเหน็ไดว้า่ เรามโีอกาสที�จะ
กาํหนดให ้�ววิฒัน์ไปโดยที�ให ้�เปลี�ยนค่าจาก � = 0 ไปเป็น � = −1 ซึ�งนี=จะนําไปสูก่ารรวมเป็นหนึ�งเดยีว
ของทั =งพลงังานมดืและสสารมดื ทั =งการศกึษาความเป็นไปไดนี้=สามารถทาํไดโ้ดยการวเิคราะหเ์ชงิพลศาสตร์
ของระบบสมการซึ�งการคาํนวนนี=ค่อนขา้งยาวและซบัซอ้น ผูว้จิยัจงึละไวส้าํหรบังานวจิยัอื�นในลาํดบัต่อไป 

2.2เพอเทอรเ์บชนัและเสียรภาพ 
การวเิคราะหส์เถยีรภาพของทฤษฎทีาํไดโ้ดยการทาํเพอเทอรเ์บชนัอนัดบัสองที�แอคชนั การคาํนวนนี=

ประกอบดว้ยสมการค่อนขา้งยาว รายละเลยีดของสมการที�คาํนวนจงึไม่นํามาแสดง ณ ที�นี=แต่ผูอ่้านสามารถดู
ไดจ้ากภาคผนวก 1 โดยสรุปแลว้ เราจะไดเ้งื�อนไขของการมเีสถยีรภาพมาจากการพจิารณาพจน์จลน์ของ
สนามเพอเทอรเ์บชนัซึ�งถา้พจน์นี=มเีครื�องหมายถูกตอ้งแสดงว่าทฤษฎจีะไม่มคีวามไม่เสถยีรแบบโกสท ์
(ghost) และ พจน์ที�ใหค้วามเรว็เสยีงของการกระจายCD (sound speed of propagation) ซึ�งโดยทั �วไปแลว้
คาํนวนไดจ้าก CDE ≥ 0 จากการคาํนวนเราไดว้่า สองเงื�อนไขนี=คอื 



�,' < 0, CDE = 1 + 2��,''�,' − 4���,$'E
�,'#�,$ + 2��,$$% ≥ 0 

จากสองเงื�อนไขนี= จะเหน็ไดว้่า ในกรณีของ � = 0ทฤษฎจีะมสีเถยีรภาพ และ ยงัสามารถตคีวามเป็นสสาร
แบบไม่สมัพทัธภาพถงึในระดบัเพอเทอรเ์บชนั อย่างไรกต็าม สาํหรบักรณี � = −1 + <� เราพบว่าทฤษฎจีะ
มสีเถยีรภาพภายใตเ้งื�อนไขดงัต่อไปนี=  �2<(24 − 1) > 0, CDE = 1 + <� ≥ 0 ซึ�งจะเหน็ไดว้่า ในกรณีที� <มี
ค่าน้อยๆและ �ววิฒัน์ไปโดยที� �  เปลี�ยนค่าจาก � = 0 ไปเป็น � = −1  นั =นทฤษฎยีงัคงมสีเถยีรภาพได ้
ซึ�งบอกเป็นนยัว่า แบบจาํลองสาํหรบัพลงังานมดืจากสนามทรฟีอรม์ที�ทาํใหท้ั �วไปนี=มสีเถยีรภาพ 

อกีหนึ�งปรมิาณที�สาํคญัเมื�อเปรยีบเทยีบผลกบัในกรณีของสนามสเกลารค์อืความเป็นไปไดท้ี�จะมกีาร
กระเพื�อมแบบไม่อเดยีแบตคิ (nonadiabatic perturbations) ซึ�งปรมิาณนี=สามารถคาํนวนไดจ้ากผลต่างของ
ความเรว็เสยีงแบบอเดยีแบตคิ CI (adiabatic sound speed) กบั ความเรว็เสยีงของการกระจาย CD โดยที�ถา้
ความเรว็เสยีงทั =งสองแบบนี=ไม่เท่ากนั การกระเพื�อมแบบไม่อเดยีแบตคิจะสามารถเกดิขึ=นได[้16] จากการ
คาํนวนความเรว็เสยีงแบบอเดยีแบตคิ เราจะได ้ 

CIE = CDE + 4����,$'�,'�J − 2����,$'
K1 + ��,''�,' − ��,'E − 2���,$'E

�,'#�,$ + 2��,$$%L 
นั �นแสดงใหเ้หน็วา่ การกระเพื�อมแบบไม่อเดยีแบตคินั =นสามารถเกดิขึ=นไดใ้นกรณีของสนามทรฟีอรม์ ซึ�ง
ต่างกนักบัในกรณีของสนามสเกลารซ์ึ�งการกระเพื�อมแบบไม่อเดยีแบตคิไม่สามารถเกดิขึ=นไดเ้นื�องจาก 
CIE = CDE และนี=คอือกีขอ้ไดเ้ปรยีบหนึ�งของสนามทรฟีอรม์เมื�อเทยีบกบัสนามสเกลาร ์ ทั =งนี=โดยทั �วไปแลว้ ของ
ไหลใดๆนั =นจะใหก้ารกระเพื�อมแบบไม่อเดยีแบตคิได ้

2.3การบรรยายเชิงอณุหพลศาสตร ์
สิ�งสาํคญัประการหนึ�งสาํหรบัการศกึษาแบบจาํลองทางจกัรวาลวทิยาคอืการวเิคราะหค์ุณสมบตัขิองของ

ไหลในแบบจาํลองนั =น ทั =งนี= ที�ระดบัสเกลของจกัรวาลวทิยานั =น องคป์ระกอบในเอกภพจะสามารถตคีวามเป็น
ของไหลในอุดมคตเิพื�อใหส้อดคลอ้งกบัหลกัการทางจกัรวาลวทิยา หรอื สอดคลอ้งกลบัผลการสงัเกตุกราณ์ 
ดงันั =นในหวัขอ้นี=จงึไดมุ้ง่เน้นเพื�อหาคุณสมบตัขิองของไหลในเชงิอุณหพลศาสตรใ์นแบบจาํลองที�สรา้งจาก
สนามทรฟีอรม์ที�ทาํใหท้ั �วไป การวเิคราะหค์ุณสมบตัขิองของไหลนั =นสามารถทาํไดโ้ดยคาํนวนหาปรมิานทาง
อุณหพลศาสตร ์ จากนั =นจงึเขยีนสมการการเคลื�อนที�ของสนามใหอ้ยู่ในรปูของปรมิาณเหล่านี= แลว้จงึ
เปรยีบเทยีบกบัสมการทางอุณพลศาสตร ์ 

สองปรมิาณสาํคญัทางอุณหพลศาสตรท์ี�สามารถคาํนวนไดจ้ากเทนเซอรพ์ลงังาน-โมเมนตมัของสนามทรี
ฟอรม์ที�ทาํใหท้ั �วไปกบัเทนเซอรพ์ลงังานโมเมนตมัของของไหลในอุดมคต ิคอื ความหนาแน่นพลงังาน M และ
ความดนั N ซึ�งสามารถเขยีนไดด้งันี= M = 2��,$ − �, N = � − 2��,$ − 2��,' = −M − 2��,'  อกีสอง
ปรมิาณสาํคญัที�สามารถคาํนวนได ้ คอื ความเรว็สี�มติ ิ (four-velocity) O�และความหนาแน่นจาํนวนอนุภาค 
(number density) P  จากการคาํนวนเราพบว่า  

O� = Q�*+,�*+,6�2� , P = �2��,' 
ทั =งนี=วธิกีารคาํนวนเพื�อใหไ้ดม้าซึ�งสองปรมิาณนี= นั =นสามารถดไูดจ้ากภาคผนวก 1 จากสองปรมิาณนี= เรา
สามารถหาเวกเตอรฟ์ลกัซอ์นุภาค (particle flux vector) R�ไดด้งันี= 

R� = �−
PO� =  �−
�,' Q�*+,�*+,6  
จะเหน็ไดว้่า จากสมการการเคลื�อนที�ของสนามทรฟีอรม์นั =น โดยทั �วไปแลว้ S�R� ≠ 0นั �นคอื ฟลกัซข์องความ
หนาแน่นอนุภาคจะไม่อนุรกัษ์นั �นเอง ซึ�งการไม่อนุรกัษ์นี=จะนําไปสูก่ารการไม่อนุรกัษ์ของความหนาแน่นเอน็
โทรปีของของไหลตามการไหลของมนั นอกจากนี=แลว้ การไม่อนุรกัษ์นี=ยงันําไปสูก่ารไม่อนุรกัษ์ของจาํนวน
อนุภาคของระบบในเชงิอุณหพลศาสตรด์ว้ย ทั =งนี= การไม่อนุรกัษ์เหล่านี=ไม่ไดห้มายความถงึว่าระบบของ
สนามทรฟีอรม์นั =นไม่อนุกรกัษ์เทนเซอรพ์ลงังาน-โมเมนตมัแต่อย่างใด ทฤษฎนีี=ยงัคงใหก้ารอนุรกัษ์ของเทน



เซอรพ์ลงังานโมเมนตมั  ∇�(�� = 0 การไม่อนุรกัษ์เหล่านี=เกดิขึ=นมาจากการที�แอคชนัไมม่สีมมาตรการเลอืน
ของสนามเหมอืนในกรณีของสเกลารเ์คเอสเซนซ ์ซึ�งนี=เป็นของแตกต่างอย่างหนึ�งระหว่าง สนามทรฟีอรม์ที�ทาํ
ใหท้ั �วไปกบัสนามสเกลารเ์คเอสเซนซ ์ ขอ้ไดเ้ปรยีบอย่างหนึ�งสาํหรบัสนามทรฟีอรม์นี=คอื เราสามารถใช้
สนามทรฟีอรม์นี=เป็นตวัแทนของสสารแบบไม่สมัพทัธภาพในเอกภพเพื�อคาํนวนและวเิคราะหแ์บบจาํลองที�
พลงังานมดืและสสารมดืมอีตัรกริยิาต่อกนั ซึ�งหวัขอ้นี=กาํลงัเป็นที�น่าสนใจในการศกึษาเพราะการมอีนัตรกริยิา
ต่อกนันี=จะสามารถนําไปสูก่ารแกป้ญัหาความบงัเอญิเชงิจกัรวาลวทิยาได ้
 

3. แบบจาํลองแมสสีพกราวิตีแบบดีอารจี์ทีทีFคู่ควบกบัสนามสเกลารแ์บบเค
เอสเซนซ ์

ดงัที�ไดก้ล่าวไปก่อนหน้านี= การศกึษาแบบจาํลองที�พลงังานมดืที�มอีนัตรกริยิากบัสสารมดืนั =นไดท้าํกนั
อย่างแพร่หลาย ทั =งนี=เป้าหมายหลกัอย่างหนึ�งคอืการหาความเป็นไปไดท้ี�จะแกป้ญัหาความบงัเอญิเชงิจกัรวาล
วทิยาที�กล่าวว่า “ทําไมอตัราสว่นของพลงังานมืดตอ่สสารแบบไมส่มัพทัธภาพจงึมีคา่พอๆกนั ณ ปัจจบุนั ทั 
งๆที%
การววิฒัน์ของทั 
งสองนั 
นตา่งกนัอยา่งมโหฬาร” การศกึษาแบบจาํลองที�พลงังานมดืมอีนัตรกริยิากบัสสารมดืนั =น
จาํเป็นจะตอ้งพจิารณาสสารมดืที�ซึ�งเป็นสสารแบบไม่สมัพทัธภาพในระดบัแอคชนั อย่างไรกต็าม ลากรางจ ์
ของสสารมดืนั =นยงัไม่เป็นที�รูจ้กักนัอย่างแพร่หลาย จากทฤษฎสีนาม ตวัแทนอย่างง่ายที�พอจะใชแ้ทนสสารมดื
คอื สนามสเกลารแ์บบเคเอสเซนซ ์ถงึแมว้่า สนามสเกลานี=ยงัมขีอ้บกพร่องอยู่บา้งกต็าม เช่น ลากรางจจ์ะหา
ค่าไม่ได ้ แต่ในการศกึษานี=กย็งัเป็นที�นิยมใชก้นัอยู่ ในหวัขอ้นี= ผูว้จิยัไดนํ้าเสนอแบบจาํลองโมดฟิรายกราวติี
แบบดอีารจ์ทีทีี�คูค่วบกบัสนามสเกลารแ์บบเคเอสเซนซ ์ ซึ�งสนามสเกลารนี์=อาจจะถูกตคีวามไปเป็นสสารแบบ
ไม่สมัพทัธภาพต่อไป 

3.1 แบบจาํลองแมสสีพกราวิตีแบบมวลแปรผนั 
ทฤษฎแีมสสพีกราวติเีป็นทฤษฎโีมดฟิรายกราวติอีย่างหนึ�งซึ�งใหพ้จน์มวลเพิ�มเขา้ไปในทฤษฎสีมัพทัธ

ภาพทั �วไปของไอน์สไตน์ การสรา้งทฤษฎแีมสสพีกราวตินีี=ไดนํ้าเสนอมาตั =งแต่ปี ค.ศ 1939 โดย เฟียรซ์และ
เพาล ี [17]ทฤษฎเีริ�มแรกนี=ประสบความสาํเรจ็โดยเพิ�มพจน์มวลในระดบัเชงิเสน้เขา้ไปในทฤษฎ ี แต่อย่างไรก็
ตาม ผลการทาํนายปรากฎการณ์ทางดาราศาสตรใ์หผ้ลไมถู่กตอ้งทฤษฎนีี=จงึไม่ไดร้บัความสนใจ[18, 19] จน
กระทั =งมคีวามพยายามที�จะเพิ�มมวลในระดบัที�ไม่เชงิเสน้เขา้ไปในทฤษฎ ี[20] ถงึแมว้่า การเพิ�มมวลไม่เชงิเสน้
นี= (หรอืเรยีกทั �วไปว่า ทฤษฎแีมสสพีกราวติแีบบไม่เชงิเสน้) จะทาํใหผ้ลการทาํนายตรงกบัผลการสงัเกตุการณ์ 
แต่โดยทั �วไปแลว้ทฤษฎจีะไม่มสีเถยีรภาพ[21] ในปี ค.ศ 2010 เดอราหม์ กาบาแดดเซ และ ทอลเลย ์ (de 
RhamGabadadze and Tolley) ไดเ้สนอทฤษฎแีมสสพีกราวติแีบบไม่เชงิเสน้ที�มเีสถยีรภาพขึ=นซึ�งทฤษฎนีี=ถูก
เรยีกภายหลงัตามบุคคลที�นําเสนอว่า แมสสพีกราวติแีบบดอีารจ์ที ี (dRGT massive gravity) [22, 23]
การศกึษาทฤษฎแีมสสพีกราวติใีนเชงิจกัรวาลวทิยาไดท้าํวจิยักนัอย่างแพร่หลาย ทั =งนี= เพื�อศกึษาความเป็นไป
ไดท้ี�จะอธบิายการขยายตวัดว้ยความเร่งของเอกภพ จากการศกึษาเหล่านี= อาจจะพอสรุปไดว้่า ถงึแมว้่า 
ทฤษฎนีี=จะนําไปใชอ้ธบิายการขยายตวัดว้ยความเร่งของเอกภพไดก้ต็าม แต่ ทฤษฎนีี=จะยงัคงไม่สมบรูณ์ [24] 
กล่าวคอื จาํนวนดกีรขีองความอสิระ(number of degree of freedom) ที�ไดย้งัไม่สอดคลอ้งในเชงิทฤษฎกีบั
ความหมายในเชงิฟิสกิสอ์นุภาคซึ�ง กราวติอนแบบมมีวล (massive graviton) จะตอ้งมจีาํนวนดกีรขีองความ
อสิระเท่ากบั 5 หนึ�งในการแกป้ญัหานี=คอื การทาํใหม้วลของกราวติอนนี=เปลี�ยนค่าได ้[25, 26] ซึ�งเรยีกทฤษฎี
นี=ว่า ทฤษฎแีมสสพีกราวติแีบบมวลแปรผนั (mass-varying massive gravity) แอคชนัของทฤษฎนีี=เขยีนได้
ดงันี=  

	 = 
 �−
��� TUVE2 �(
) + W(X)Y(
, �) + �(X)Z 



โดยที� �(X) = − �
E #∇�X%E − [(X)คอืลากราจข์องสนามสเกลารแ์บบคาโนนิคอล W(X)คอืฟงักช์นัที�สื�อถงึ

มวลของกราวติอน �(
)คอื สเกลารร์คิชี� ซึ�งเป็นสว่นของทฤษฎสีมัพทัธภาพทั �วไปของไอน์สไตน์ และ 
Y(
, �)คอื พจน์ที�มวลไม่เชงิเสน้ที�เพิ�มเขา้มาซึ�งเขยีนไดด้งันี= 

Y(
, �) = YE + \]Y] + \�Y� 
YE = 12 ([�]E − [�E]), Y] = 16 ([�]] − 3[�][�E] + [�]]) 
Y� = 124 ([�]� − 6[�]E[�E] + 3[�E]E + 8[�][�]] − 6[��]) 

โดยที� ��� = _�� − #�
`��%�
� ซึ�ง 
��คอืเมทรคิเชงิกายภาพ (physical metric) ��� คอืเมทรคิตวัชว่ย 

(fiducial metric) รากที�สองของเทนเซอรนิ์ยามไดด้งันี= #�
`��%�
�#�
`��%�

� = 
�����และ สญัลกัษณ์ [a]
หมายถงึ เทรช (trace) ของเทนเซอร ์a��ขอ้สงัเกตุสาํคญัอย่างหนึ�งในแอคชนันี=คอื ในพจน์มวลของกราวติอน
นั =นจะขึ=นกบัเมทรคิตวัชว่ยดว้ย ซึ�งเมทรคิตวัชว่ยนี=ประพฤตติวัเหมอืนกบัลากรางจม์ลัตพิลายเออร ์(Lagrange 
multiplier) ช่วยกาํจดัโกสทซ์ึ�งทาํใหท้ฤษฎไีมม่สีเถยีรภาพ นอกจากนี=แลว้ ��� ยงัประกอบไปดว้ย สตคัเคล
เบริก์สเกลาร ์ (struckelberg scalar) ซี�งช่วยใหท้ฤษฎกีลบัมามสีมมาตรภายใตก้ารแปลงพกิดัทั �วไป สิ�งสาํคญั
อกีประการหนึ�งสาํหรบั ���คอืเราสามารถเลอืกรปูแบบของมนัไดเ้พื�อใหง้่ายและเหมาะสมกบัการพจิารณาเมท
รคิกายภาพ การศกึษาแบบจาํลองพลงังานมดืจากทฤษฎโีดยที�เลอืกให ้ เมทรคิตวัช่วยนี=มรีปูแบบเป็น
มนิโควสก ี(Minkowski) พบว่า จาํนวนดกีรคีวามอสิระนั =นถูกตอ้งและเอกภพสามารถขยายตวัดว้ยความเร่งได ้
อย่างไรกต็าม เราพบว่า การที�เอกภพขยายตวัดว้ยความเร่งนั =นไม่ไดเ้กดิจากมวลของกราวติอน แต่เกดิจาก
การที�เราใสส่นามสเกลารเ์พิ�มเขา้ไปในทฤษฎ ี ซึ�งนี�เป็นขอ้เสยีของทฤษฎนีี= เนื�องจากแบบจาํลองนี=ไมไ่ด้
แตกต่างกบัแบบจาํลองพลงังานมดืของสนามสเกลารแ์บบคาโนนิคอลที�ศกึษามาก่อนหน้านี=แลว้ ใน
โครงงานวจิยันี=จงึมุ่งเน้นที�จะแกป้ญัหานี=พรอ้มๆกบัหาความเป็นไปไดท้ี�จะแกป้ญัหาความบงัเอญิเชงิจกัรวาล
วทิยาดว้ย ทั =งนี=ผูว้จิยัไดป้รบัเปลี�ยนทฤษฎนีี=สองประเดน็หลกัๆคอื 1. เลอืกเมทรคิตวัช่วยใหเ้หมาะสม 2. ทาํ
ใหฟ้งักช์นัมวลและสนามสเกลารม์คีวามทั �วไปมากขึ=นโดยการพจิารณา สนามสเกลารแ์บบเคเอสเซนซ ์ ซึ�งจะ
ถกในรายละเอยีดประเดน็นี=ในหวัขอ้ต่อไป 

3.2 แบบจาํลองแมสสีพกราวิตีแบบดีอารจี์ทีทีFคูค่วบกบัสนามสเกลารเ์คเอสเซนซ ์
ตามที�ไดก้ล่าวไปในหวัขอ้ก่อนหน้านี= โครงการวจิยันี=มุ่งเน้นที�จะปรบัเปลี�ยนแบบจาํลองแมสสพีกราวติี

แบบมวลแปรผนัใหม้คีวามทั �วไปมากขึ=น โดยประเดน็แรกที�จะทาํการปรบัเปลี�ยนคอื การเลอืกเมทรคิตวัชว่ย
ใหม้คีวามเหมาะสม เนื�องดว้ยงานวจิยัก่อนหน้านี=เลอืกใชเ้มทรคิตวัชว่ยในรปูแบบ มนิโควสก ี แต่เมทรคิ
กายภาพนั =นเป็นอยู่ในรปูแบบของ Friedmann-Lermate-Rebertson-Walker (FLRW) เนื�องจากเมทรคิตวั
ช่วยนั =นทาํหน้าที�เหมอืนกนัเมทรคิอา้งองิเมื�อเทยีบกบั เมทรคิกายภาพ ดงันั =น เมทรคิตวัช่วยนี=ควรจะมี
รปูแบบที�คลา้ย หรอื เหมอืนกบักนักบัเมทรคิกายภาพ ดงันั =นในงานวจิยันี=เราจะเลอืก ���ใหอ้ยู่ในรปูแบบ 
FLRW แบบแบนราบไดด้งันี= 

��� = �bc
 #−PE(d), \E(d), \E(d), \E(d)% 
โดยที� P คอืฟงักช์นัใดๆ และ \ คอื สเกลแฟคเตอรเ์สมอืน สาํหรบัเมทรคินี= ทั =งนี= รปูแบบเมทรคินี=ไดม้าโดย
การเลอืกเกจแบบยนิูทาร ี สาํหรบัเมทรคิกายภาพนั =นรปูแบบของมนัไดม้าจากเงื�อนไขของหลกัการทาง
จกัรวาลวทิยา ดงันี= 


�� = �bc
 #−eE(d), cE(d), cE(d), cE(d)% 
โดยที� e คอืฟงักช์นัใดๆ โดยทั �วไปเรยีกว่า ฟงักช์นัแลพ (Lape function) และ c คอื สเกลแฟคเตอร ์

สาํหรบัประเดน็ที�สองนั =น เราจะทาํใหส้นามสเกลารนี์=มคีวามทั �วไปมากขึ=นโดยการเปลี�ยน �(X)ใหม้ี
ความทั �วไปมากขึ=น �(X) → �(a, X)โดยที� a = − �

E #∇�X%E คอืพจน์จลน์ หรอือกีนยัหนึ�งคอื เปลี�ยนจาก 
สนามสเกลารแ์บบคาโนนิคอล ไปเป็นสนามสเกลารแ์บบเคเอสเซนซ ์ และปรบัเปลี�ยนมวลของกราวติอนใหม้ี
ความทั �วไปมากขึ=น W(X) → W(a, X) ดงันั =นแอกชนัสาํหรบัแบบจาํลองนี=สามารถเขยีนใหม่ไดเ้ป็น 



	 = 
 �−
��� TUVE2 �(
) + W(a, X)Y(
, �) + �(a, X)Z 
จากแอคชนันี= เราสามารถคาํนวนหาสมการการเคลื�อนที�ไดจ้ากทั =งการทาํแวรเิอชนั (variation) ของแอคชนั
เทยีบกบัทั =งเมทรคิกายภาพและเมทรคิตวัชว่ย อย่างไรกต็ามสมการที�ไดน้ั =นยาวและซบัซอ้นมาก จงึไม่ไดนํ้า
สมการทั =งหมดมาแสดง ณ ที�นี= แต่สามารถดไูดจ้าก ภาคผนวก 2 ในที�จะแสดงเฉพาะสมการสาํคญัที�ใช้
วเิคราะหพ์ลวฒัน์ของระบบ โดยสมการที�น่าสนใจสมการหนึ�งคอื  

MJ- + 3geM- = aJ
2a M- 

โดยที� g = IJ
I คอื พารามเิตอรฮ์บัเบลิ (Hubble parameter) และ M- = 2a�,- + 6aW,-(� − hi) เมื�อ i = j

k 

� = l2 + 43 \] + 13 \�m − (3 + 3\] + \�)an + (1 + 2\] + \�)anE − 13 (\] + \�)an] 
h = 13 (3 + 3\] + \�) − (1 + 2\] + \�)an + (\] + \�)anE − 13 \�an], an = \c 

จากสมการขา้งบนนั =น เราสามารถหาผลเฉลยของสมการไดด้งันี=  

M- = o √2ac]  

โดยที� oคอืค่าคงที�การอนิทเิกรต จากผลเฉลยนี= เราจะเหน็ไดว้า่ M- นี=มพีฤตกิรรมคลา้ยกบัสสารแบบไม่
สมัพทัธภาพ ในกรณีที� aคงที� จะไดว้่า M-นี=คอืสสารแบบไม่สมัพทัธภาพ เนื�องจาก M-ประกอบดว้ยทั =งสว่น
ที�มาจาก สนามสเกลาร ์� และมวลของกราวติอน Wดงันั =นเราสามารถพจิารณาเฉพาะสว่นที�ขึ=นกบัมวลของก
ราวติอนได ้ ซึ�งในกรณีนี=บ่งบอกเราไดว้่า ผลบางสว่นของมวลของกราวติอนสามารถววิฒัน์เหมอืนกบัสสาร
แบบไม่สมัพทัธภาพได ้ซึ�งสามารถตคีวามไปเป็นสสารมดืได ้ 
 นอกจากนี=แลว้ เรายงัสามารถพจิารณาผลทั =งหมดที�เกดิจากมวลของกราวติอนไดโ้ดยเขยีนความ
หนาแน่นพลงังานยงัผลและความดนัยงัผลไดด้งันี= 

Mq = −3W� + 6aW,-(� − hi) Nq = 3W� + W�,-n(an − i) 
จากการวเิคราะหส์มการอนุพนัธข์อง Mq ซึ�งรายละเอยีดอยู่ในภาคผนวก 2 จะไดว้่า การววิฒัน์ของความ
หนาแน่นพลงังานนี=ใหผ้ลเฉลยที�เอกภพสามารถขยายตวัดว้ยความเร่งได ้ ดงันั =น จากการวเิคราะหเ์บื=องตน้นี= 
จะเหน็ไดว้่า มวลของกราวติอนนั =นสามารถใหคุ้ณลกัษณะของทั =งพลงังานมดื และสสารมดืได ้ นี�จงึเป็นหนึ�ง
ขอ้ดสีาํคญัของแบบจาํลองนี= คอื เราสามารถอธบิาย สสาร พลงังาน ที�เราไม่รูจ้กัไดท้ั =งสองอย่างไดด้ว้ยเพยีง
มวลของกราวติอนเท่านั =น ในหวัขอ้ถดัไปพฤตกิรรมนี=จะถกูวเิคราะหโ์ดยละเอยีดโดยใชก้ารวเิคราะหแ์บบ
พลวฒัน์ ซึ�งการวเิคราะหแ์บบนี=จะทาํใหเ้ราสามารถเขา้ใจถงึความเป็นไปไดท้ี�จะแกป้ญัหาความบงัเอญิทาง
จกัรวาลวทิยาดว้ย 

3.2ระบบสมการพลวฒัน์ 
การวเิคราะหร์ะบบสมการพลวฒัน์หรอืเรยีกอกีอย่างหนึ�งว่า ระบบสมการออโตโนมตั ิ(autonomous equation 
system)จะทาํใหเ้รามองเหน็ภาพของการววิฒัน์ของเอกภพไดอ้ย่างชดัเจน หลกัการของระบบสมการนี=คอื 
การเปลี�ยนตวัแปรพลวฒัน์ใหม่โดยใหร้ะบบสมการนั =นเป็นระบบสมการอนุพนัธอ์นัดบัหนึ�ง จากสมการเหล่านี= 
เราจะสามารถคาํนวนจุดวกิฤตหรอืจุดตรงึ (fixed point) ของระบบได ้ซึ�งโดยทั �วไปแลว้ระบบจะววิฒัน์ผา่นจุด
ตรงึนี= ถา้จุดตรงึนั =นมเีสถยีรภาพ ระบบจะววิฒัน์เขา้หาจุดนั =นเสมอ ซึ�งหลกัการณ์นี=จะนําเราไปสูว่ถิทีางที�จะ
แกป้ญัหาความบงัเอญิทางจกัรวาลวทิยา กล่าวคอื ถา้จุดตรงึนั =นเป็นจุดที�เสถยีร และใหอ้ตัราสว่นของพลงังาน
มดืต่อสสารแบบไม่สมัพทัธภาพมคี่าโดยประมาณเป็น 7 ต่อ 3 ดงันั =นระบบจะววิฒัน์เขา้จุดนี=เสมอ นั �นคอื ไม่
ว่าพลงังานมดื กบั สสารแบบไมส่มัพทัธภาพ จะววิฒัน์ต่างกนัแค่ไหน มนัจะววิฒัน์มาจุดนี=เสมอ ซึ�งจะสามารถ
ตอบคาํถามของปญัหาความบงัเอญิได ้ จากที�ไดก้ล่าวไปขา้งตน้นั =น ลาํดบัแรก เราจะตอ้งเปลี�ยนตวัแปร
พลวฒัน์ใหเ้หมาะสม ซึ�งสามารถเขยีนไดด้งันี= 



� = − �WUVEgE , � = M-3UVEgE ,    r = − �3UVEgE , Ωt = Mt3UVEgE 
โดยที�Mt คอื ความหนาแน่นพลงังานของรงัส ี เราสามาถนิยามพารามเิตอรใ์หม่เพื�อความสะดวกในการเขยีน
สมการดงันี= 

< = − 2aW,-W , u = hi� ,        v = − �,-n(an − i)
3� , w = − 2a�,-� , Γ = aW,--W,-  

จากตวัแปรพลวฒัน์เหล่านี= สมการการเคลื�อนที�ทั =งหมดสามารถเขยีนใหอ้ยูใ่นรปูสมการออโตโนมตัไิดด้งันี= 

�′ = 3� l� + v� − vu + 43 Ωtm 
�′ = 3� l� + v� − 1 − v<u + 43 Ωtm 
Ω′t = 3Ωt l� + v� + 43 (Ωt − 1)m 

<′ = 6vu l<2 − (1 + Γ)m 
โดยที�มสีมการการจาํกดัอยู่สองสมการคอื � + � + r + Ωt = 1และ � = −<�(1 − u) − rขอ้สงัเกตุคอืตวั
แปรที�เป็นผลมาจากมวลของกราวติอนคอื �และ � ตวัแปร r คอืผลจากสนามสเกลารเ์คเอสเซนซ ์ ลาํดบั
ต่อไปคอืการคาํนวนหาจุดตรงึและเสถยีรภาพของจุดนั =น ซึ�งสามารถสรุปไดใ้นตารางดงัต่อไปนี=  

 
ทั =งนี=ในตารางไมไ่ดร้วมค่าของ Ωtเขา้มาดว้ย แต่อย่างไรกต็าม การวเิคราะหย์งัสามารถทาํไดโ้ดยทุกจุดที�
แสดงนี=เป็นจุดที� Ωt = 0และเราสามารถเพิ�มอกีจุดเขา้มาไดโ้ดยที�เป็นจดุ Ωt = 1 และตวัแปรอื�นมคี่าเป็นศนูย์
หมด ซึ�งจดุนี=เป็นจุดที�ไม่เสถยีรและสอดคลอ้งกบัเอกภพในยคุที�รงัสเีด่น จากนี= เราสามารถวเิคราะห์
ความสาํคญัของแต่ละจุดไดโ้ดยพจิารณาของขอ้มลูในตารางนี= สาํหรบัจุด (a) เป็นจุดที�พลงังานมดืเด่นซึ�งเหน็
ไดจ้าก �z{{ = −1 แต่อย่างไรกต็าม จุดนี=เป็นจุดที� �และ � เป็นศนูย ์ ดงันั =น พลงังานมดืที�เด่นนี=เป็นผล
เนื�องมาจากสนามสเกลารเ์คเอสเซนซ ์ สาํหรบัจุด (b) สามารถตคีวามเป็นจุดที�พลงังานมดืเด่นได ้ โดยให ้
u ∼ 1และ v ∼ −0 และจุดนี=จะเสถยีรกต่็อเมื�อ < > 1 สาํหรบัจุด (c)นี=สามารถตคีวามเป็นจุดที�สสารแบบไม่
สมัพทัธภาพเด่นไดโ้ดยที� D

Bt ∼ −0ซึ�งจดุนี= � ∼ 1 นั �นคอืสสารแบบไม่สมัพทัธภาพนี=เกดิจากมวลของกราวิ
ตอนนั �นเอง เนื�องจากจุดนี=เป็นจดุที�สอดคลอ้งกบัจุดในอดตี เราจงึจาํเป็นจะตอ้งใหจุ้ดนี= เป็นจุดที�ไม่สเถยีร ซึ�ง
เงื�อนไขที�จุดนนี=จะไม่สเถยีรคอื 0 < < < 1 สาํหรบัจุด (d) เป็นจุดที� r = 0 และเป็นจุดที�พลงังานมดืเด่นได้
ภายใตเ้งื�อนไข < ∼ 0จากจุด (c) และจุด (d)นี= เราสามารถเซตให ้ r = 0 ไดซ้ึ�งหมายความว่า เราไมจ่าํเป็น
จะตอ้งมสีนามสเกลารเ์คเอสเซนซ ์ เรากส็ามารถอธบิายการววิฒัน์ของเอกภพไดต้ามมาตรฐานจากผลการ
สงัเกตุการณ์ได ้ ซึ�งนี�สอดคลอ้งกบัที�เราวเิคราะหไ์วก่้อนหน้านี=ว่า มวลของกราวติอนสามารถประพฤตติวั
เป็นไดท้ั =งพลงังานมดื และ สสารมดื อย่างไรกต็าม สาํหรบัจุดนี=เราไม่สามารถแกป้ญัหาความบงัเอญิไดเ้พราะ
ที�จุดตรงึ (d) เป็นจุดที� � + � = 1 เมื�อพจิารณาจุด (e) จะเหน็ไดว้่าจุดนี=เป็นจุดพลงังานมดืเด่นที�มโีอกาสจะ
เป็นจุดที�แกป้ญัหาความบงัเอญิได ้ภายใตเ้งื�อนไข < ∼ 0 การวเิคราะหนี์=ยงัสามารถยนืยนัความถูกตอ้งไดโ้ดย
ใชก้ารคาํนวนเชงิตวัเลข ซึ�งรายละเอยีดนั =นสามารถดไูดจ้ากภาคผนวก 2 
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Abstract. A Lagrangian formulation of perfect fluid due to a non-canonical three-form field
is investigated. The thermodynamic quantities such as energy density, pressure and the
four-velocity are obtained and then analyzed by comparing with the k-essence scalar field.
The non-relativistic matter due to the generalized three-form field with the equation of state
parameter being zero is realized while it might not be possible for the k-essence scalar field.
We also found that non-adiabatic pressure perturbations can be possibly generated. The fluid
dynamics of the perfect fluid due to the three-form field corresponds to the system in which
the number of particles is not conserved. We argue that it is interesting to use this three-form
field to represent the dark matter for the interaction theory between dark matter and dark
energy.

Keywords: Three-Form Field, Perfect Fluid, Lagrangian Formulation

Page 1 of 15

European Physical Journal C Editorial Office

European Physical Journal C

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

mailto:pitbaa$@$gmail.com


For Peer Review

Contents

1 Introduction 1

2 Equations of motion and energy momentum tensor 2

3 Stability 5

4 Fluid dynamics due to three-from field 7
4.1 Standard version and k-essence field 7
4.2 Generalized three-form field 10

5 Summary 12

1 Introduction

A theory of cosmological perturbations is one of important issues in cosmology nowadays.
It provides us to understand how astronomical structures at large scales are generated and
evolve. Also, it can provide us the resulting signatures of the theoretical model to compare
with observational data. The theory of cosmological perturbations for a perfect fluid has
been developed and studied intensively at the level of equations of motion, for example, a
study of the perturbed Einstein field equations together with the equation of conservation
of energy momentum tensor [1, 2]. Beside the cosmological perturbations at the level of the
equations of motion, a study of the cosmological perturbations at the Lagrangian level has
been investigated. The advantage point of the study at Lagrangian level is that it is useful to
find the perturbed dynamical field as well as derive closed evolution equations. This can be
clearly seen by considering the cosmological perturbations in f(R,G) gravity theories where
there are two dynamical fields for scalar perturbations [3, 4]. For the study in Lagrangian
approach, one can straightforwardly identify which fields are dynamical or auxiliary and then
immediately obtain the closed evolution equations.

A Lagrangian formulation for a perfect fluid in general relativity has been constructed
and developed for a long time [5–7]. The Lagrangian of the fluid is simply written as its
pressure [6] or energy density [7]. The advantage point of this formulation is that it naturally
provides a consistent way to construct a covariant theory for dark energy and dark matter
coupling. The study of dark energy and dark matter coupling has been widely investigated
in order to describe a way out from the cosmic coincidence problem [8–12]. Moreover, the
observation also provide a hint for the existence of the coupling [13]. However, in order
to recover the standard thermodynamics equations, the Lagrangian must involve at least
five independent functions. Even though this formulation can provide a consistent way for
studying the perfect fluid in cosmology and is well known as a standard approach for the
perfect fluid at the Lagrangian level, there might be disadvantage for this approach since the
theory involves too many functions.

A simple Lagrangian approach for the perfect fluid has been investigated by using a
non-canonical scalar field [14], namely k-essence field [15–17]. It was found that the k-essence
scalar field can provide a description of the perfect fluid with constant equation of state
parameter. Moreover, it was found that the cosmological perturbations of this kind of the
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scalar field is equivalent to those in perfect fluid. However, it cannot be properly used to
describe a non-relativistic matter with the equation of state parameter being zero since the
Lagrangian is not finite. It was also found that the non-adiabatic pressure perturbations
cannot be generated [18] as well as a vector mode of the perturbations cannot be produced
[19].

Beside the cosmological models due to the scalar field, a three-form field can be success-
fully used to describe both inflationary models and dark energy models [20–30]. Even though
there is a duality between scalar field and three-form field, the cosmological models are sig-
nificantly differed in both background and perturbation levels. At the perturbation level, it is
obvious to see that the three-form field can generate intrinsic vector perturbations while it is
not possible for the scalar field. Therefore, it might be worthy to find an equivalence between
the three-form field with a perfect fluid. In the present work, by mimicking the k-essence
scalar field, we consider a generalized version of the three-form field and then find a possible
Lagrangian form to describe the perfect fluid at the background level. We found that a simple
power-law of the canonical kinetic term can provide the constant equation of state parameter
like in the case of k-essence. The advantage point of the three-form field compare with the
scalar field is that it can provide a consistent description of the non-relativistic matter field
where its equation of state parameter satisfies w = 0. The stability issue is also investigated
and found that the non-relativistic matter field due to the three-form field is free-from ghost
and Laplacian instabilities.

By using the equations of motion of the generalized three-form field, the thermodynamic
quantities are identified and found that the perfect fluid due to the three-from field corre-
sponds to fluid in which the number of particles is not conserved. By analyzing the speed of
propagation of scalar perturbations and the adiabatic sound speed, we found that the non-
adiabatic perturbations can be possibly generated. We argue that it is interesting to use this
three-form field to represent the dark matter for the interaction theory between dark matter
and dark energy.

This paper is organized as follows. In section 2, we propose a general form of the three-
form field and then find the equation of motion as well as the energy momentum tensor.
By working in FLRW metric, the energy density and the pressure as well as the equation of
state parameter are found. Some specific forms of the Lagrangian satisfying the equations
of motion are obtained and found that it can represent the non-relativistic matter. We also
investigate the stability issue by using the perturbed action at second order in section 3. We
found conditions to avoid ghost and Laplacian instabilities. In section 4, we investigate the
thermodynamic properties of the model. We begin this section with review of some important
idea of the Lagrangian formulation for the standard and k-essence scalar field and then find
the thermodynamic properties due to the three-form fluid. Finally, the results are summarized
and discussed in section 5.

2 Equations of motion and energy momentum tensor

Cosmological models due to a three-form field have been investigated not only in inflationary
models but also dark energy models [20–30]. Moreover, at the end of inflationary period,
a viable model due to the three-form field for the reheating period have been investigated
[31]. A consistent mechanism to generate large scale cosmological magnetic fields by using
the three-form field have been studied [32]. Recently, a generalized inflationary model by
considering two three-form fields was also investigated [29]. All investigations of cosmological
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models due to three-form are considered only in canonical form. Since the non-canonical
form of scalar field have been intensively investigated, it is interesting to investigate the
cosmological model with a non-canonical form of the three-form field. In this section, we will
consider a non-canonical form of the kinetic term of a three-form field, Aαβγ , as follows

S =

ˆ
d4x
√
−g
[
M2
Pl

2
R+ P (K, y)

]
, (2.1)

where the kinetic term and scalar quantity of the three-form field are expressed as

K = − 1

48
FαβγδF

αβγδ, (2.2)

y =
1

12
AαβγA

αβγ , (2.3)

Fµνρσ = ∇µAνρσ −∇σAµνρ +∇ρAσµν −∇νAρσµ . (2.4)

By varying the action with respect to the three-form field, the equations of motion of the
three-form field can be written as

Eαβγ = ∇µ
(
P,KF

µ
αβγ

)
+ P,yAαβγ = 0, (2.5)

where the notation with subscript P,x denotes P,x = ∂xP . Due to the totally anti-symmetric
property of the tensor Fµαβγ , one found that there exist constraint equations as follows

∇µ
(
P,yA

µαβ
)
= 0. (2.6)

These equations suggest us that the conserved quantity is expressed in terms of three-form
field. Note that for the k-essence scalar field, the conserved quantity is expressed in term
of one-form or vector quantity. We will discuss on this issue in detail in section 4 where we
investigate the fluid dynamics. The energy momentum tensor can be obtained by varying the
action of the three-form field with respect to the metric as

Tµν =
1

6
P,KFµρσαF

ρσα
ν − 1

2
P,yAµρσA

ρσ
ν + Pgµν . (2.7)

For consistency of the derived equations, one can check that the conservation of the energy
momentum tensor can be obtained up to the equation of motion as follows

∇µTµν =
1

6
FναβγE

αβγ = 0. (2.8)

In order to capture the thermodynamics quantities such as the energy density and pres-
sure due to the three-form field like the investigation in scalar field, let us consider a flat
Friedmann-Lemaître-Robertson-Walker (FLRW) manifold whose metric element can be writ-
ten as

ds2 = −dt2 + γijdx
idxj = −dt2 + a(t)2δijdx

idxj . (2.9)

By using this form of the metric and the constraint equation in Eq. (2.6), the components of
the three-form field, Aαβγ , can be written as

A0ij = 0 , Aijk = εijkX(t) =
√
γεijkX(t) = a3εijkX(t), (2.10)
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where εijk is the three-dimensional Levi-Civita symbol with ε123 = 1. By using this form of
the metric, the components of energy momentum tensor can be expressed as

T 0
0 = P − 2KP,K , (2.11)
T ij = (P − 2KP,K − 2yP,y)δ

i
j . (2.12)

By comparing these components of the energy momentum tensor of the three-form to one
from the perfect fluid, the energy density and pressure of the three-form can be expressed as

ρ = 2KP,K − P, (2.13)
p = P − 2KP,K − 2yP,y = −ρ− 2yP,y. (2.14)

Note that we have used y = X2/2 and K = (Ẋ + 3HX)2/2 where H = ȧ/a is the Hubble
parameter. From the energy density and the pressure above, the equation of state parameter
of the three-form can be written as

w =
p

ρ
= −1− 2yP,y

ρ
. (2.15)

The equation of motion of the three-form field in Eq. (2.5) can be written in flat FLRW
background as

(2KP,KK + P,K)K̇ + 2KP,yK ẏ − 2
√
K yP,y = 0. (2.16)

From this point, one can check validity of the derived equations by reducing the general form
of the action to the canonical one as setting P = K − V (y). As a result, we found that all
equations can be reduced to the canonical one investigated in [20–30]. Substituting ρ from
Eq. (2.13) into Eq. (2.15), one obtains

2yP,y + (1 + w)2KP,K = (1 + w)P. (2.17)

In order to find the form of P , one has to solve this equation. It is useful to solve this equation
by considering a simple assumption such as taking the equation of state parameter to be a
constant, w = const. By using separation of variable method, the solution can be written as

P = P0K
νyµ, (2.18)

where P0 is an integration constant and µ, ν are the exponent constants obeying the relation

ν =
1 + w − 2µ

2(1 + w)
, or w = −1 + 2µ

1− 2ν
, ν 6= 1

2
. (2.19)

This form of the solution is very useful since one can interpret the three-form field as a
non-relativistic matter or dark matter by setting the equation of state parameter as w = 0
while it cannot be properly used for k-essence scalar field case. We will show explicitly
why we cannot properly use k-essence scalar field for the non-relativistic matter in section
4. In order to study the covariant coupling form between dark matter and dark energy as
suggested from the observation [13], one can use the three-form as the dark matter with the
consistent covariant interaction forms. Moreover, it may be interpreted as dark radiation by
setting w = 1/3. Note that, in the case of ν = 1/2, it corresponds to the trivial solution
since the energy density of the field vanishes. It is important to note that the late-time
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acceleration of the unverse can also be achieved by setting w = −1. Even though this may
not be distinguished to the cosmological constant at the background level, the cosmological
perturbations due to this model of the three-form can be significantly deviated from the model
of the cosmological constant.

Since the form of the Lagrangian P is obtained by assuming a constant equation of state
parameter, the dark energy model from this three-form field cannot be proposed to solve the
coincidence problem. One may allow the equation of state to be varying in order to overcome
this issue. One of interesting solutions is assuming that the equation of state parameter
depends on the three-form field w = w(y). In order to solve Eq. (2.17) to obtain a suitable
form of P , one may choose the equation of state parameter such as w = −1 + λy, where λ is
a constant. As a result, the solution can be written as

P = P0K
νe

(1−2ν)
2

λy. (2.20)

Naively, it is not difficult to obtain the dynamical dark energy due to the generalized three-
form. One can set λ be effectively small and find the condition to provide an evolution of
y such that it evolves from a large value to a small value. However, since it is not in the
canonical form, the theory may be suffered from instabilities. In this work, the stability issue
will be investigated in the next section. The investigation of the dark energy model due to
the generalized three-form is left in further work.

3 Stability

In order to capture the stability conditions of the generalized three-form field, we may consider
the perturbations of the field. Since the field minimally couples to the gravity, one has to
take into account the metric perturbations. However, for simplicity but useful study, we will
investigate the stabilities of the model only in a high-momentum limit. This will capture
only some stability conditions. Nevertheless, this includes most of the necessary conditions
as found in the canonical three-form field [27]. We leave the full investigation in further work
where the cosmological perturbations are taken into account. For this purpose, the metric is
held fixed as the Minkowski metric and the three-form field can be written as

Aijk = εijk(X(t) + α(t, ~x)), (3.1)
A0ij = εijk(∂kβ(t, ~x) + βk(t, ~x)), (3.2)

where α and β are perturbed scalar fields and βk is a transverse vector obeying the relation
∂kβ

k = 0. This vector field will be responsible for the intrinsic vector perturbation of the
three-form field. For the linear perturbations, the scalar and vector modes are decoupled and
then they can be separately investigated. For the scalar modes, by expanding the action up
to second order in the field, the second order action can be written as

S(2) =

ˆ
d4x
(1
2

Q̇2

(P,K + 2KP,KK)
− 1

2
P,y(∂β)

2 +
1

2
P,yc

2
sα

2
)
, (3.3)

Q̇ = (P,K + 2KP,KK)α̇+ 2
√
K yP,KP,yα− (P,K + 2KP,KK)∂

2β, (3.4)

c2s = 1 +
2yP,yy
P,y

−
4KyP 2

,Ky

P,y (2KP,KK + P,K)
. (3.5)
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One can see that the field β is non-dynamical so that one can eliminate it by using its equation
of motion. By applying the Euler-Lagrange equation to the above action, the equation of
motion for the field β can be written as

(P,K + 2KP,KK)α̇+ 2
√
K yP,Kyα− (P,K + 2KP,KK)∂

2β − P,yβ = 0, (3.6)

From this equation of motion, we can replace the quantity Q̇ as Q̇ = P,yβ. Note that this
equation can be obtained by using the component (0, i, j) of the covariant equation in Eq.
(2.5). In order to find the solution for β, it is convenient to work in Fourier space so that the
above equation can be algebraically solved. As a result, by substituting the solution of β into
the action in Eq. (3.3), the second order action for the scalar perturbations can be rewritten
as

S(2) =

ˆ
dtd3k

(
F1α̇

2 + F2α̇α+ F3α
2
)
, (3.7)

where

F1 = −
P,y (2KP,KK + P,K)

2 (k2 (2KP,KK + P,K)− P,y)
, (3.8)

F2 = −
2
√
K yP,K yP,y

(k2 (2KP,KK + P,K)− P,y)
, (3.9)

F3 =
(2yP,yy + Py)

(
2k2KP,KK + k2P,K − P,y

)
− 4k2KyP 2

,K y

2 (k2 (2KP,KK + P,K)− P,y)
. (3.10)

As we have discussed above, we will consider the stability conditions at high-momentum limit.
Therefore, by taking the limit k2 →∞, the second order action becomes

S(2) =

ˆ
dtd3k k−2(−P,y)

(1
2
α̇2 − 1

2
k2c2sα

2 − 1

2
m2
Aα

2
)
. (3.11)

where

m2
A =

d

dt

( 2
√
K yP,Ky

(P,K + 2KP,KK)

)
−

4K y P 2
,Ky

(P,K + 2KP,KK)2
. (3.12)

Therefore, the condition to avoid ghost instabilities can be written as

P,y < 0. (3.13)

This condition can be reduced to the canonical case by taking P = K−V (y), which provides
the result as V,y > 0 consistently with the result in [27]. In order to avoid the Laplacian
instability, one requires c2s ≥ 0 leading to the condition

1 +
2yP,yy
P,y

−
4KyP 2

,Ky

P,y (2KP,KK + P,K)
≥ 0. (3.14)

To obtain a clear picture of this condition, one may specify the form of P . For the form
with constant equation of state parameter, P = P0K

νyµ, the sound speed square can be
expressed as c2s = w. Therefore, the three-form field can be interpreted as the non-relativistic
matter up to a perturbation level since c2s = 0 and w = 0. Moreover, it is obvious that the
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non-relativistic matter represented by the generalized three-form field is free from ghost and
Laplacian instabilities. Note that the dark energy model with w < −1/3 for this form of the
Lagrangian is suffered from Laplacian instabilities since the sound speed square is negative.

For another simple form of the Lagrangian with P = P0K
νe

1−2ν
2

λy, the sound speed
square and the equation of state parameter read c2s = 1 + λy and w = −1 + λy. From
these expressions, one can see that the phantom expansion of the universe will provide a
superluminality. The no-ghost condition can be expressed as P0λ(2ν − 1) > 0. At this point,
it is possible to obtain a viable model of dark energy due to the generalized three-form field.

Now we will consider the vector mode of the perturbations by following the same step
as in the scalar one. As a result, the second order action for the vector perturbations can be
written as

S(2) =

ˆ
d4x
(
− 1

2
P,yβiβ

i
)
. (3.15)

From this action, one can see that the vector mode does not propagate. A condition to avoid
the instabilities coincides with the condition obtained in scalar mode.

In order to find possibility to obtain non-adiabatic perturbations due to the three-form
field, one may find a difference between the speed of propagation of scalar perturbations, c2s,
and the adiabatic sound speed, c2a. If these two kinds of the sound speed are equal, there
are no non-adiabatic perturbations while it provides the possibility to generate non-adiabatic
perturbations if they are not equal [18]. The speed of propagation of scalar perturbations is
found in Eq. (3.5). For the adiabatic sound speed, one can derived as follows

c2a ≡
ṗ

ρ̇
= 1 + 2

yP,yyẏ + P,Ky(yK̇ + 2
√
Ky)

P,yẏ − 2
√
KyP,Ky

, (3.16)

= c2s +
4
√
KyP,Ky

P,yẏ − 2
√
KyP,Ky

(
1 +

yP,yy
P,y

+
yP 2

,y − 2KyP,Ky

P,y(P,K + 2KP,KK)

)
. (3.17)

From this equation, one can see that the sound speed of scalar perturbations and the adiabatic
sound speed are not generally equal. Therefore, it is possible to generate non-adiabatic
perturbations from the generalized three-form field. This is one of advantage points of the
generalized three-form field compare with the k-essence scalar field. Note that both kinds of
the sound speed will coincide when the Lagrangian does not depend on y, P = P (K). For
this case, the non-adiabatic perturbations cannot be generated.

4 Fluid dynamics due to three-from field

In order to compare the results with the standard description of the fluid dynamics for the
perfect fluid, let us briefly review an important concept of the standard version for the fluid
dynamics. Since the perfect fluid dynamics due to the non-canonical scalar filed or k-essence
field has been intensively investigated and interpreted as non-relativistic mater field, for ex-
ample, in the case of massive gravity theory [33, 34], we will also review some important
results of the k-essence scalar field before we discuss further on the three-form field.

4.1 Standard version and k-essence field

There are many approaches of the standard version for the perfect fluid Lagrangian. We will
use Brown formulation [7] since it is more useful and has been widely used for recent studies
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in dark energy and dark matter couplings [9–12]. The Lagrangian of the perfect fluid can be
written in terms of the energy density with Lagrange multipliers as

Sm =

ˆ
d4x

(
−
√
−g ρ+ jµ(ϕ,µ + sθ,µ + βAα

A
,µ)
)
, (4.1)

where ρ = ρ(n, s) is the energy density of the fluid, n is a particle number density, s is an
entropy density per particle and jµ are components of the particle number flux. The second
term which is contracted with jµ is the Lagrange multiplier term with the Lagrange multiplier
fields ϕ, θ and βA where αA are the Lagrangian coordinates of the fluid with index A running
as 1, 2, 3. jµ can be written in terms of the four-velocity uµ of the fluid as

jµ =
√
−g nuµ. (4.2)

The four-velocity satisfies the relation uµuµ = −1 where n = |j|/
√
−g and |j| =

√
−jµgµνjν .

The standard energy momentum tensor of the perfect fluid can be obtained by varying the
action with respect to the metric gµν as

Tµν = (ρ+ p)uµuν + p gµν , (4.3)

where p is the pressure of the fluid defined as

p ≡ n∂ρ
∂n
− ρ. (4.4)

By varying the action with respect to the Lagrange multiplier fields θ and ϕ, the first law of
Thermodynamics and the conservation of the particle number can be obtained respectively
[7] as

dp = ndµ− Tds, (4.5)
∂νj

ν = 0. (4.6)

where T is a temperature and µ is a chemical potential defined as

µ ≡ ρ+ p

n
. (4.7)

From these equations of motion together with the conservation of the energy momentum
tensor, ∇µTµν = 0, all main thermodynamics equations can be obtained. For example,
conservation of the entropy density can be obtained by using a projection of the conservation
equation of the energy momentum tensor along the fluid flow as follows

uν∇µTµν = − µ√
−g

∂νj
ν − uνT∂νs = 0. (4.8)

From these equations, in the viewpoint of field theory, all main thermodynamics equations
can be obtained if one can identify the main thermodynamics quantities in terms of the field
such as energy density, pressure, four-velocity and chemical potential which give the form of
energy momentum tensor as found in Eq. (4.3). We will show this procedure for instruction
in the case of scalar field.
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For the k-essence scalar field, we will follow [14] in which action of the k-essence field
can be written as

Sφ =

ˆ
d4x
√
−gP (Kφ), (4.9)

where Kφ = −∇µφ∇µφ/2 is the canonical kinetic term of the scalar field. The corresponding
equations of motion of the scalar field can be expressed as

∇µ
(
P ′∇µφ

)
= 0, (4.10)

where prime denotes the derivative with respect to Kφ. The energy momentum tensor of the
scalar field can be written as

Tµν = P ′∇µφ∇νφ+ gµνP. (4.11)

By comparing this energy momentum tensor with that in the perfect fluid in Eq. (4.3), the
energy density, pressure and the four-velocity can be identified as

ρφ = 2KφP
′ − P, (4.12)

pφ = P, (4.13)

uµ =
∇µφ√
2Kφ

(4.14)

Therefore, the particle number density can be obtained in order to satisfy the conservation
of the particle flux as nφ =

√
2KφP

′ while the chemical potential reads µφ =
√
2Kφ. There-

fore, one can check that the equation of motion in Eq. (4.10) satisfies the equation of the
conservation of the particle flux as follows

√
−g∇µ

(
P ′∇µφ

)
= ∂µ

(√
−gP ′∇µφ

)
= ∂µ

(√
−gnφuµ

)
= ∂µj

µ
φ = 0. (4.15)

As a result, all fluid dynamics equations can be derived by using the results in the standard
version. Note that the first law of thermodynamics is adopted for the scalar field while in the
case of the standard version, it is obtained from the equation of motion. It is important to
note that the conservation of the particle flux does not hold if we generalize the Lagrangian
of the scalar field as P = P (Kφ, φ) since the equations of motion in Eq. (4.10) becomes
∇µ
(
P ′∇µφ

)
= −∂P/∂φ. This is not so surprisingly since the simple scalar field, such as

quintessence field, is also equivalent to the system in which the particle flux is not conserved.
This can be explicitly seen by taking P = Kφ − V (φ).

By taking the equation of state parameter to be constant, the form of the Lagrangian
obeys a relation

P (1 + wφ) = 2wφKφP
′. (4.16)

From this equation, one can find the exact form of the Lagrangian as

P = P0K

1+wφ
2wφ

φ , where wφ 6= 0. (4.17)

It is obviously that one cannot properly use this form of the scalar field to describe the
non-relativistic matter since its equation of state parameter is zero, w = 0. This is one of
drawbacks for the k-essence scalar field. As we have shown before, this does not happen in
the case of generalized three-form field.
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4.2 Generalized three-form field

As we have mentioned, one can find the equivalence between the energy momentum tensor
of the three-form and the standard perfect fluid and then identify the fluid quantities such as
ρ, p and the four-velocity uµ in terms of the three-form field. By using these identifications,
one can find the consequent thermodynamics equations of the three-form field as done in the
scalar field case. The energy density and the pressure have been identified in Eq. (2.13)
and Eq. (2.14) respectively. Now, we will identify the four-velocity of the three-form field
by comparing the energy momentum tensor of the perfect fluid in Eq. (4.3) and the energy
momentum tensor of the three-form in Eq. (2.7). As a result, the relation of the four-velocity
and the three-form field can be written as

(ρ+ p)uµuν =
1

6
P,KFµρσαF

ρσα
ν − 1

2
P,yAµρσA

ρσ
ν + (2KP,K + 2yP,y)gµν . (4.18)

Since Fµνρσ is a totally symmetric rank-4 tensor in 4-dimensional spacetime, it can be written
in terms of a covariant tensor εµνρσ =

√
−gεµνρσ where εµνρσ is the Levi-Civita symbol in

four-dimensional spacetime. By using the components of the three-form field in Eq. (2.10),
the field strength tensor can be written as

Fµνρσ = (Ẋ + 3HX)εµνρσ =
√
2Kεµνρσ. (4.19)

By using this equation, the first term in the right hand side of Eq. (4.18) can be rewritten as

1

6
P,KFµρσαF

ρσα
ν = −2KP,Kgµν . (4.20)

Substituting this equation into Eq. (4.18), one obtains

(ρ+ p)uµuν = −1

2
P,yAµρσA

ρσ
ν + 2yP,ygµν ,

uµuν =
1

4y
AµρσA

ρσ
ν − gµν . (4.21)

One can check that the relation uµuµ = −1 valid from this relation. Since the tensor uµuν
is constructed from two three-form fields, it plays the role of symmetric rank-2 tensor Sµν
instead of outer product of two four-velocity. Therefore, it is not trivial to find the form
of the four-velocity of the three-form field. However, one may expect that the four-velocity
may relate to the three-form field by the relation of the vector and the three-form in four
dimensionality as uµ ∝ εµαβγAαβγ . As a result, the four-velocity of the fluid can be written
in terms of the three-form field as

uµ =
εµαβγAαβγ
3!
√
2y

, (4.22)

where the three-form field can be written in terms of the four-velocity as

Aαβγ =
√

2yεµαβγuµ. (4.23)

It is not trivial to find the conserved current density corresponding to three-form field. Ac-
tually, there are no conserved quantities obtained from invariance of the action under the
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shift of the field like the scalar field. However, one may find the conserved quantity from the
constraint equation in Eq. (2.6) as follows

jαβγ = nµαβγuµ =
√
2yP,yε

µαβγuµ = P,yA
αβγ . (4.24)

From this relation, the conserved quantity is now three-form field instead of vector field and
the number density now is four-form field instead of scalar field. This equivalence comes from
Hodge duality in four-dimensional spacetime. One may obtained the effective particle number
density as

n =

√
nµαβγnµαβγ

4!
=
√
2yP,y. (4.25)

Therefore, the usual particle flux for the three-form field can be written as

jµ =
√
−g nuµ =

√
−gP,y

εµαβγAαβγ
3!

. (4.26)

This quantity does not trivially vanish due to the equation of motion in Eq. (2.16). Since
∂µj

µ 6= 0 together with Eq. (4.8), it is inferred that the entropy along the fluid flow is not
conserved. The non-conservation of the particle flux for the three-form is due to the fact
that the action is not invariant under shift of the field. In the scalar field case, the action is
invariant under φ → φ + ξ where ξ is a constant. For general case of the scalar field with
Pφ = Pφ(Kφ, φ), this symmetry is also broken and then its dynamics will corresponds to the
non-conservation of the particle flux like in the three-form case. For the three-form, if we
restrict our attention to the case where P = P (K) which is invariant under shift of the field,
the particle number density, n ∝ ρ+ p ∝ P,y, will always vanish. Also, the equation of state
parameter is always equal to −1 which cannot be responsible for the non-relativistic matter.

We also observe that condition of non-conservation of the entropy density along the fluid
flow coincides with the condition of generation of non-adiabatic perturbations even though
these conditions come from different approach. The conservation of the entropy density is
derived from background equation while non-adiabatic perturbations are properties of the
fluid at perturbation level. This argument also hold in both scalar field and three-form field
cases. Therefore, this may shed light on the interplay between conserved quantities under
shift of the filed and non-adiabatic perturbations.

Since the thermodynamics description for the generalized three-form field corresponds
to the system in which the particle number is not conserved, it implies that the field may
interact with other fields and then cause the non-conservation. It is important to note that
the conservation of the energy momentum tensor of the three-form still valid, ∇µTµν = 0. The
non-conservation quantities mentioned above are the thermodynamically effective quantities.
Therefore, the interaction of the three-from field to the other fields is implied only in the
description of the thermodynamical sense. As we have mentioned, the useful point of this
three-form field is that it can represent the non-relativistic matter field with w = 0. Therefore,
one may interpret it as dark matter. Since the particle number density is not conserved, it is
worthwhile to investigate an interaction of this field to the dark energy. This may be useful
approach for studies of dark energy and dark matter coupling since one can find the covariant
interaction terms at the Lagrangian level and then the resulting closed evolution equations
are obtained. This issue is of interest and we leave this detailed investigations for further
work.
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5 Summary

A Lagrangian formulation of perfect fluid is a powerful tool to study dynamics of the universe,
especially interacting approach between dark energy and dark matter. A general description
in this formulation invokes many functions and then it is not easy to handle. A k-essence
scalar field can be used to describe the dynamics of the perfect fluid in cosmology. At the
background level, even though the k-essence scalar field can be use to describe the perfect
fluid with constant equation of state parameter, it cannot properly used for the non-relativistic
matter with wφ = 0. At the perturbation level, the k-essence scalar field cannot provide non-
adiabatic perturbations as well as intrinsic vector perturbations.

In the present paper, we propose an alternative way to alleviate these problems by using
a generalized three-form field. The investigation is begun with proposing a general form of
the action of the three-form field with a function depending on both the kinetic term and the
field, P = P (K, y), similarly to the k-essence scalar field. Equations of motion and energy
momentum tensor of the three-form field in covariant form have been calculated. By working
in FLRW background, the energy density and the pressure as well as the equation of state
parameter are found. For the constant equation of state parameter, an exact form of the
Lagrangian reads P = P0K

νyµ where w = −1 + 2µ
1−2ν and ν 6= 1/2. Therefore, one can set

w = 0 by choosing proper values of the parameters µ and ν and then use the generalized
three-form field to represent the non-relativistic matter. For non-constant equation of state
parameter, we also point out that it is possible to construct an alternative model of dark
energy. The stability analysis of the model is also performed. We found the conditions to
avoid ghost and Laplacian instabilities. For the fluid with w = 0, it is free from ghost and
Laplacian instabilities. For some specific model of dark energy, we argue that, to avoid the
superluminality, the equation of state parameter must be greater than −1. In other words,
the viable model of dark energy from the generalized three-form field cannot provide the
phantom phase of the universe. Note that the no-ghost condition we found in this paper can
be trusted only in the high momentum limit. We leave the full investigation for further work
where we investigate the cosmological perturbations and observational constraint.

Thermodynamics properties due to the generalized three-form field are also investigated.
It is found that this model corresponds to a system with non-conservation of the particle
flux. This leads to a non-conservation of the entropy density along the fluid flow. This is
not so surprisingly since many models of dark energy, for example quintessence model, also
correspond to the non-conservation of the particle flux. We also found some links between
non-conservation of the entropy density along the fluid flow which is a thermodynamically
effective quantity at the background level and the generation of non-adiabatic perturbations
which is a property of the model at perturbation level. This may shed light on the interplay
between conserved quantities under shift of the filed and non-adiabatic perturbations. We can
argue that this is an useful approach for a study of dark energy and dark matter coupling since
one can find the covariant interaction terms at the Lagrangian level and then the resulting
closed evolution equations are obtained. This issue is of interest and we leave this detailed
investigations for further work.
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Abstract For a large class of mass-varying massive-gravity
models, the graviton mass cannot provide the late-time cos-
mic expansion of the universe due to its vanishing at late time.
In this work, we propose a new class of mass-varying massive
gravity models, in which the graviton mass varies according
to a kinetic term of a k-essence field. By using a more general
form of the fiducial metric, we found a solution such that a
non-vanishing graviton mass can drive the accelerated expan-
sion of the universe at late time. We also perform dynamical
analyses of such a model and find that without introducing
the k-essence Lagrangian, the graviton mass can be respon-
sible for both dark contents of the universe, namely dark
energy, which drives the accelerated expansion of the uni-
verse, and non-relativistic matter, which plays the role of dark
matter. Moreover, by including the k-essence Lagrangian, we
find that it is possible to alleviate the so-called cosmic coin-
cidence problem.

1 Introduction

Massive gravity has its own series of developments as a mod-
ified gravity beyond general relativity. Back in 1939, Fierz
and Pauli investigated a first model of massive gravity [1].
The model was a linearized general relativity, where the fluc-
tuation of geometry propagates a spin-2 graviton, plus lin-
ear interactions, which, in particle physics language, corre-
sponds to giving a non-zero mass to the graviton; hence the
name “massive gravity”. This model was supposed to coin-
cide with general relativity in the massless limit but it faced
a theoretical crisis when discontinuities in such a limit were
found by van Dam et al. [2,3]. In particular, the discontinu-
ities were found as different predictions between Fierz–Pauli
massive gravity and general relativity. The problem remained
unsolved for several years, until Vainshtein proposed a way
out by introducing higher-order interactions into the Fierz–

a e-mail: l_tannukij@hotmail.com

Pauli massive gravity [4]. In other words, he claimed that
within a particular scale, coined the Vainshtein radius, any
predictions from the linear theory cannot be trusted unless
nonlinear contributions are taken into account. However,
adding such nonlinearities, claimed by Boulware and Deser,
not only fixes the discontinuity problem but also introduces
a theoretical inconsistency, namely a Boulware–Deser ghost
[5]. This ghost is an extra degree of freedom, apart from 5
degrees of freedom originally existing in the linear massive
gravity, whose kinetic term has the wrong sign. The ghost
problem had been a blockage for the massive-gravity the-
ory until recently, in 2010, de Rham, Gabadadze, and Tolley
found suitable nonlinear interactions which do not excite the
Boulware–Deser mode; this is dubbed dRGT massive grav-
ity [6,7]. Thus, massive gravity became again an active field
of study.

Although it was just a generalization back then, massive
gravity has its modern motivations. Introducing a non-zero
mass to a graviton shrinks the scale at which the gravity
works. In other words, the graviton mass weakens the grav-
itation at a large scale. As a result, it allows a cosmic accel-
eration and hence may be able to describe the mysterious
dark energy in its language. This motivates cosmologists
to study its cosmological implications. Moreover, since de
Rham, Gabadadze, and Tolley found a healthy nonlinear mas-
sive gravity model, the theory had again opened a door to
various researches on massive gravity; not only its cosmol-
ogy but also the study of astrophysical objects in the theory,
like black holes [8–13]. For cosmological models of massive
gravity, it has been found that the solutions in the models with
Minkowski fiducial metric do not admit the flat and closed
FLRW solutions for the physical metric [14,15]. In order
to obtain all kinds of FLRW solutions, one may consider a
general form of the fiducial metric [16–20].

It has been found, however, that there are some inconsis-
tencies when cosmology is taken into account. For exam-
ple, some degrees of freedom cease to exist when the
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Friedmann–Lemaître–Robertson–Walker (FLRW) ansatz is
assumed [19]. This leads to numerous studies beyond the
dRGT massive gravity [21–39]. One of those is to generalize
a constant graviton mass to be varied by other scalar field,
dubbed mass-varying massive gravity [24–27]. The theory is
proven to be free from a Boulware–Deser ghost. However,
cosmological implications of such a model indicates a uni-
verse with subdominant contributions from massive gravity.
In particular, the graviton mass is governed by the inverse of
a scale factor of the universe which will vanish at late time.
Consequently, such a model cannot give a proper explanation
of the cosmic expansion caused by the massive graviton.

In this work, we propose an alternative way to construct a
mass-varying massive gravity. The graviton mass is not only
determined by a scalar field, but also by the kinetic term of
the scalar field. Moreover, the scalar field is governed by a
k-essence Lagrangian [40–42]. Under the FLRW ansatz, we
found a solution whose the graviton mass do not necessarily
vanish at late time. Moreover, by assuming both the k-essence
and the graviton mass to behave as perfect fluids, we found
that the graviton mass can give rise to a “dust-like” matter
while combined with other contributions it is possible to have
an equation of state parameter close to −1, as suggested by
recent observations [43]. Such matter may be responsible
for a dark matter, another mysterious content known to exist
in addition to the ordinary matter. Since the graviton mass
can give rise to both of the dark contents, it is tempting to
consider as regards its evolution whether there exists an epoch
in which the two contents in the dark sector are comparable,
the so-called cosmic coincidence problem.

Our paper is organized as follows. In Sect. 2, the proposed
model is addressed along with its equations of motion in the
FLRW background. We also discuss some crucial properties
of the model in this section where we have shown the exis-
tence of the dust-like matter expected to be responsible for
the dark matter. With the help of appropriate assumptions, we
show in Sect. 3 the solution to this model which corresponds
to the dark energy and the non-vanishing characteristic of the
graviton mass existing in this model. After sketching some
perspectives, we begin the dynamical system analysis in Sect.
4 to find all possible fixed points and their stabilities, and the
extended analyses are covered in Sect. 5. We conclude our
work in the last section by the discussion of key ideas of
our work and of whether or not the coincidence problem is
alleviated.

2 The model and the background equations

We consider a mass-varying dRGT massive-gravity action
where the graviton mass is varied by the k-essence field.
Usually, one may consider the graviton mass as a function
which varies as the scalar field propagates [24–27]. However,

in this work, we will consider the graviton mass not only
as a function of the scalar field φ but also its kinetic term
X ≡ − 1

2g
μν∇μφ∇νφ. The action of such a model can be

expressed as

S =
∫

d4x
√−g

[
M2

p

2
R[g] + V (X, φ)(L2[g, f ]

+ α3L3[g, f ] + α4L4[g, f ]) + P(X, φ)

]
, (1)

where R is a Ricci scalar corresponding to a physical metric
gμν , V (X, φ) is a square of the graviton mass which depends
on the scalar field and its kinetic term,Li represents the inter-
actions of the i th order of the massive graviton, and P(X, φ)

is the Lagrangian of the k-essence field. In particular, those
interactions of the massive graviton are constructed from two
kinds of metrics and can be expressed as follows:

L2[g, f ] = 1

2

(
[K]2 − [K2]

)
, (2)

L3[g, f ] = 1

3!
(
[K]3 − 3[K][K2] + 2[K3]

)
, (3)

L4[g, f ] = 1

4! ([K]4 − 6[K]2[K2] + 3[K2]2 + 8[K][K3]
− 6[K4]), (4)

where the tensor Kμν is constructed from the physical metric
gμν and an another metric fμν as

Kμ
ν = δμ

ν −
(√

g−1 f

)μ

ν

, (5)

where the square roots of those tensors are defined so that√
g−1 f

μ

ρ

√
g−1 f

ρ

ν = (
g−1 f

)μ

ν
. In massive gravity, apart

from the physical metric, there exists another kind of the
metric tensor, fμν , usually named “fiducial metric”, which is
an object introduced to the theory so that one can construct
non-trivial interactions from the metric tensors as in Eqs. (2),
(3), and (4). Those complicated combinations in the interac-
tions, with arbitrary values of the parameters α3, α4, are to
ensure the absence of the Boulware–Deser (ghostly) degree
of freedom [6,7]. Moreover, thanks to the Stuckelberg tricks,
the general covariance, or the gauge symmetry, can be well
integrated into the massive gravity via

fμν = ∂μϕρ∂νϕ
σ f̃ρσ , (6)

provided that each of the fields ϕμ transforms as a scalar
under any coordinate transformation. As for the f̃ab, one can
choose it to be any kind of metric which shares the symme-
tries of the physical metric. For example, one can have a four-
dimensional Minkowski metric being the fiducial metric for
a cosmological solution [15], or even a higher-dimensional
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kind of metric whose reduced four-dimensional metric is
isotropic and homogeneous and is considered as the fiducial
metric in the cosmological solution [20].

In this work, we consider the cosmological implications
of the proposed model, where the isotropic and homoge-
neous universe is assumed whose spacetime is represented
quite well by the Friedmann–Lemaître–Robertson–Walker
(FLRW) metric as follows:

ds2 = −N (t)2dt2 + a(t)2
i j (x)dx
idx j , (7)

where N (t) is a lapse function, a(t) represents a scale factor,
which determines the scale of the spatial distance, and


i j (ϕ) = δi j + kδiaδ jbϕaϕb

1 − kδlmϕlϕm
, (8)

is the spatial maximally symmetric metric whose spatial cur-
vature is characterized by k ∈ {−1, 0,+1} corresponding to
the open, flat, and closed geometry, respectively. As claimed,
the FLRW ansatz is also used as the fiducial metric,

f̃μνdϕμdϕν = −n(ϕ0)2
(

dϕ0
)2 + α(ϕ0)2
i j (ϕ)dϕidϕ j ,

(9)

where n and α are a lapse function and a scale factor in the
fiducial sector. Plugging those in Eq. (1), the mini-superspace
action of the model reads

S =
∫

d4x

√
1

1 − kr2

[
M2

p

(
−3

aȧ2

N
+ 3kNa

)

+ 3Na3V
(
F − G

n

N

)
+ Na3P

]
, (10)

where

F ≡
(

2 + 4

3
α3 + 1

3
α4

)
− (3 + 3α3 + α4) X̄

+ (1 + 2α3 + α4) X̄
2 − (α3 + α4)

X̄3

3
, (11)

G ≡ 1

3
(3 + 3α3 + α4) − (1 + 2α3 + α4) X̄

+ (α3 + α4) X̄
2 − α4

X̄3

3
, (12)

and we have defined

X̄ ≡ α

a
, η ≡ n

N
. (13)

To determine the dynamics of the system, one can vary the
action in Eq. (10) with respect to dynamical variables which
are N , a, φ, and the Stuckelberg fields ϕμ. The corresponding

equations of motion, assuming the unitary gauge ϕμ = xμ

for simplicity, read

M2
p

(
3H2 + 3

k

a2

)
= −3V F + 6XV,X (F − Gη)

+ (
2X P,X − P

)
, (14)

M2
p

(
2Ḣ

N
+ 3H2 + k

a2

)
= −3V F + V F,X̄

(
X̄ − η

) − P,

(15)

V̇

V
= NH

(
1 − h X̄

) F,X̄

G
, (16)

Na3 (
3V,φ (F − Gη) + P,φ

)

= d

dt

[(
a3

√
2X

) (
3V,X (F − Gη) + P,X

)]
, (17)

3HN (−2X P,X − 6XV,X (F − Gη) + V F,X̄

(
X̄ − η

)
)

= d

dt

(−3V F + (
2X P,X + 6XV,X (F − Gη)

) − P
)
,

(18)

where the last equation is obtained from the conservation
on the energy-momentum tensor; ∇μT

μ
ν = 0 and we have

defined

h ≡ Hα

H
, Hα ≡ α̇

αn
. (19)

From the above equations, one can see that Eq. (14) is a
Friedmann equation with extra matter contents coming from
the graviton mass. As a partner to the Friedmann equation,
the so-called acceleration equation corresponds to Eq. (15).
Since we have the Bianchi identity relating the equations of
motion, these five equations of motion are not entirely inde-
pendent. Note that this set of equations recovers the original
self-accelerating cosmology when the square of a graviton
massV is constant by which the usual condition F,X̄ (1 − hη)

is obtained readily from Eq. (16) [15]. However, as V is
no longer constant, the equations of motion look even more
complex than those in general relativity. To simplify the fol-
lowing calculations, we choose P such that the k-essence
field behaves as a perfect fluid. The appropriate form of P ,
which satisfies such a behavior, is

P(X, φ) = P0X
1+w
2w = P0X

γ /2, (20)

where γ ≡ 2X P,X/P ≡ 1+w
2w

, P0 is a constant, and w is
an equation of state parameter corresponding to the perfect
fluid represented by the k-essence field [44]. Moreover, we
let the graviton mass function mimic the perfect-fluid form
as

V = V0X
λ/2, (21)
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whose λ characterizes the power of the kinetic term as γ

does for P , i.e. λ ≡ 2XV,X/V and V0 is a constant. Note
that under these assumptions, both P and V vary according
to the kinetic term of φ but not the φ itself. Usually, in the
quintessence model the continuity equation for the scalar
field is obtained from the equation of motion of φ [45,46].
Taking that into account, we consider the equation of motion
of φ in Eq. (17); then under the perfect-fluid assumptions for
P and V in Eqs. (20) and (21) we have

d

dt

((
a3

√
2X

) (
6XV,X (F − Gη) + 2X P,X

)) = 0. (22)

After simple manipulations, the above equation gives the
continuity equation for the k-essence field as

d

dt
ρX + 3HNρX = Ẋ

2X
ρX , (23)

where we have defined

ρX ≡ (
2X P,X + 6XV,X (F − Gη)

)
. (24)

Equation (23) determines the dynamics of the matter of
energy density ρX which resides in the Friedmann equation
in Eq. (14). Interestingly, this looks exactly like a continuity
equation of a “dust-like” matter with the interaction with the
other matter sector determined by the flow rate of the form
Ẋ

2X ρX . One can also integrate Eq. (22) to find an expression
for ρX in terms of the scale factor as

ρX =
√

2XC

a3 , (25)

where C is an integration constant. In the case of a constant
X , this ensures one of the properties that this matter shares
with the dust; the energy density is inversely proportional
to a3 as the dust is. According to such characteristics, it is
reasonable to interpret ρX as a dark matter. By doing so, this
kind of dark matter possesses some interesting features. First
of all, ρX is a dust-like matter which can arise naturally from
the massive-gravity sector indicating that dark matter may
be just an artifact of the varying graviton mass caused by the
kinetic term of the k-essence field. Moreover, this claim is
still valid even in the case of P = 0. Since a graviton mass
can represent dark energy in a generic class of the dRGT
massive gravity, this suggests a unification of the dark sec-
tor, namely dark energy and dark matter, by such a varying
graviton mass. Second, by having this kind of matter in the
theory, we may expect this model of mass-varying massive
gravity to solve the cosmic coincidence problem, where the
universe is known to be composed mainly of comparable
amounts of dark energy and dark matter. Thanks to the uni-
fication suggested above, it may be possible to provide an

explanation on the coincidence problem by the existence of
the graviton mass alone, while the cosmic acceleration also
counts.

Since the equations of motion are coupled in a very cum-
bersome way, to get a picture of the whole of this system we
need to perform a dynamical analysis, which is the main sub-
ject in the very last section. However, we can still get some
rough descriptions, as a guideline to the dynamical analy-
sis, by introducing some simple assumptions to the system,
which is done in the next section.

3 Dark energy solution for the self-accelerating universe

It is widely known that our universe is expanding with an
acceleration for which dark energy is responsible. There is
recent observational evidence indicating that the observed
effective equation of state parameter of the dark energy is
close to −1 [43]. In this section, we shall adopt this char-
acteristic by treating all the contributions from the graviton
mass to have such a property. We define

ρg ≡ −3V F + 6XV,X (F − Gη) , (26)

pg ≡ 3V F − V F,X̄

(
X̄ − η

)
. (27)

From the above definition, the corresponding equation of
state parameter is defined as

wg ≡ pg
ρg

. (28)

By treating ρg as an energy density of dark energy, we set
wg = −1 and then we have the following condition:

6XV,X (F − Gη) = V F,X̄

(
X̄ − η

)
. (29)

To simplify the calculation, we use the perfect-fluid form of
V in Eq. (21). Consequently, Eq. (29) becomes

3λ (F − Gη) = F,X̄

(
X̄ − η

)
, (30)

λ = F,X̄

(
X̄ − η

)
3 (F − Gη)

. (31)

Equation (31) is a requirement for the exponent λ to have
a solution with the equation of state equal to −1. To get a
picture of this characteristic, let us assume

X̄ = constant, (32)

η = constant, (33)

then h = 1

η
. (34)
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Under these assumptions, the exponent λ in Eq. (31) is just
a constant. To investigate this further, we consider Eq. (16)
under the previous assumptions,

V̇

V
= NH

(
1 − h X̄

) F,X̄

G
,

λẊ

2X
= NH

(
1 − X̄

η

)
F,X̄

G
,

= − (
X̄ − η

) F,X̄

Gη

ȧ

a
. (35)

From the condition of λ in Eq. (31),

Ẋ

X
= −6 (F − Gη)

Gη

ȧ

a
. (36)

Since X̄ , η, and hence F and G, are constant, this equation
can be integrated easily,

∫
dX

X
= −6 (F − Gη)

Gη

∫
da

a
,

X = C0a
− 6(F−Gη)

Gη (37)

where C0 is an integration constant. Now we have

V = V0X
−

(
1− X̄

η

)
ηF

,X̄
6(F−Gη) = V0C0a

(
1− X̄

η

) F
,X̄
G . (38)

Furthermore, Eq. (37) possibly determines a relation between
the scale factor and the rate of change of the scalar field, since

X = φ̇2

2N 2 = C0a
− 6(F−Gη)

Gη . (39)

The expression of V in Eq. (38) shows the evolution of the
(square of the) graviton mass as a evolves. In the previous
model of mass-varying massive gravity [24–27], in which the
Minkowski fiducial metric is used, the varying graviton mass
shrinks as the scale factor grows. In this model, however, the
exponent in Eq. (38) determines whether the graviton mass
will shrink or not as the scale factor grows, or whether it
will remain constant in the case that the exponent vanishes.
Note that this crucial difference is caused by the different
form of the fiducial metric, which is the FLRW metric in
this case, to be compared with the Minkowski one in the
previous models. This result indicates the sensitivity of the
fiducial metric existing in the generic dRGT massive gravity
where different fiducial metrics set different stages for the
system and provide different solutions [16–20].

One more crucial point of this analysis is that the contri-
butions from the graviton mass can have the same equation
of state parameter as dark energy, while one of those con-
tributions possesses the characteristic of dust, namely the

term 6XV,X (F − Gη). From Eq. (23), such a term belongs
to the dark matter ρX . This may be a way out for the cos-
mic coincidence problem, since we may infer that varying
graviton mass is responsible for a dark matter via the term
like 6XV,X (F − Gη), as we have claimed in the previous
section, while it can still drive the accelerating expansion. To
verify this idea, and to seek a finer description of this model,
we will perform a dynamical analysis, which can be found
in the next section.

4 Dynamical system

In this section, we will consider the dynamics of the universe
to be governed by this new class of mass-varying massive
gravity models using the method of the autonomous system.
Due to the complexity of the graviton mass, we will begin this
section with a simple analysis by considering the flat FLRW
where k = 0 and assuming that X̄ , η are constant over time,
thus h = 1/η. From this assumption, the evolution of X is
simply determined by Eq. (16) such that

X ′ = Ẋ

HN X
= 2

λ

F,X̄

G

(
1 − h X̄

) = − 6s

λ r
, (40)

λ ≡ 2XV,X

V
, (41)

where the prime denotes the derivative with respect to ln a.
The parameters r and s are constant and defined as

r ≡ Gη

F
, s ≡ F,X̄ (X̄ − η)

3F
. (42)

In order to obtain a suitable autonomous system, let us define
dimensionless variables as follows:

x = − FV

M2
pH

2 , (43)

z = − P

3M2
pH

2 , (44)

y = 2X P,X + 6XV,X F(1 − r)

3M2
pH

2 = ρX

3M2
pH

2 , (45)

γ ≡ 2X P,X

P
. (46)

By using these variables, the equations of motion can be
written in the form of autonomous equations as

x ′ = 3x
(
y + sx − s

r

)
, (47)

y′ = 3y
(
y + sx − 1 − s

λr

)
, (48)

λ′ = 6s

r

(
λ

2
− (1 + �)

)
, (49)
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Table 1 Summary of the
properties of the fixed points Name x y z weff Existence Stability

(a) 0 0 1 −1 γ = 0 0 ≤ s
r ≤ 1

(b) 1
r 0 1 − 1

r −1 + s
r γ = λ λ

1−λ
≤ s

r < 0

(c) 0 1 + s
λ r − s

λ r
s

λ r γ = 1 + λ r
s

λ
1−λ

< s
r < −1

(d) 1
1+λ(r−1)

λ(r−1)
1+λ(r−1)

0 1
λ−1 λ = s

s−r 0 < λ < 1

(e) 1+(λ−1)z0
1+λ(r−1)

− λ(1−r(z0+1))
1+λ(r−1)

z0
1

λ−1 λ = γ = s
s−r 0 < λ < 1

1 = x + y + z, (50)

y = −λx(1 − r) − zγ, (51)

where � ≡ XV,XX/V,X . Since we have five variables with
two constraints, it is sufficient to consider only three equa-
tions. Note that the constraint in Eq. (50) is derived from
Eq. (14), while the constraint in Eq. (51) is obtained from
the definition of y in Eq. (45). The equation of λ in Eq. (49)
is not directly dependent on the other variables. Therefore,
in principle, we can solve it separately. For simplicity, we
can consider λ as a parameter and then consider only the
autonomous equations with two variables, x and y. We will
extend our analysis to a more general case with λ being the
variable in the next section. The effective equation of state
parameter can be written in terms of the dimensionless vari-
ables as

weff = P + 3V F − V F,X̄ (X̄ − η)

3M2
pH

2 = −z − x + xs

= −1 + y + xs. (52)

From these autonomous equations, the corresponding fixed
points can be found by evaluating x ′ = 0 and y′ = 0 in
Eqs. (47) and (48), respectively. The properties of all the
fixed points are summarized in Table 1, while the analyses
are separately discussed for each of the fixed points below.

4.1 Fixed point (a)

From Eqs. (47) and (48), it is obvious that the system has a
fixed point (x, y) = (0, 0). By using the constraint equations,
one obtains z = 1 and γ = 0. This means that the function
P is constant and then this point corresponds to general rel-
ativity with a cosmological constant where the universe is
dominated by the cosmological constant. To ensure such a
claim, one can compute the corresponding effective equation
of state parameter, which yields weff = −1. This is exactly
the equation of state parameter of the cosmological constant
which drives the accelerating de Sitter expansion.

The stability of the fixed point can be found by analyzing
the eigenvalues of the linearly perturbed autonomous equa-
tions. By performing the linear perturbations, the eigenval-
ues can be written as (μ1, μ2) = (−3s/r,−3 − 3s/r). The

stability requires both of the eigenvalues to be negative, or
otherwise the fixed point is said to be unstable or to be a sad-
dle fixed point. In this case, the signs of those eigenvalues

are determined by the value of the term s
r = (

X̄ − η
) F,X̄

Gη
,

which means 0 ≤ s
r ≤ 1 for the stable fixed point. Note that

in the case of vanishing eigenvalues, like s = 0, one has to
consider the perturbations up to second order or use a numer-
ical investigation in order to determine the stability. In this
analysis, we ensure the stability in this case by the numerical
method and we have found that it is stable.

Even though this fixed point can provide a period of late-
time expansion, it is not much of interest due to the dis-
appearance of the graviton mass. This resulting property is
one of the drawbacks in the previous model of mass-varying
massive gravity [24–27].

4.2 Fixed point (b)

One of possible fixed points may be in the form (x, y) =
(x0, 0) by which the universe is governed mainly by massive
gravity alone. From Eq. (47), one can find x0 as follows:

x0 = 1

r
. (53)

According to Eq. (45), there are two possible solutions for
this kind of fixed point. One is r = 1 in which x0 = 1, z0 = 0,
and another one is λ = γ in which x0 = 1

r , z0 = 1 − 1
r . The

effective equation of state parameter can be written as

weff = −1 + F,X̄ (X̄ − η)

3Gη
= −1 + s

r
. (54)

Interestingly, weff = −1 as F,X̄ = 0 or (X̄ − η) = 0. This
characteristic is a usual cosmological solution of the orig-
inal massive gravity. In particular, this condition indicates
that the graviton mass ceases to vary, according to Eq. (16).
Moreover, since in this case z = 1 − 1

r , the pressure of the
k-essence field is non-zero for r > 1, which means the k-
essence field is supposed to be a form of matter with non-zero
pressure (not dust).

In order to find the stability condition for this fixed
point, one can find the eigenvalues of the linearly perturbed
autonomous equations, which can be written as
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(μ1, μ2) =
(

3
s

r
,−3 + 3

(λ − 1)s

λ r

)
. (55)

Again, both of the eigenvalues contain the term s/r , and then
the fixed point will be stable if λ

1−λ
≤ s

r < 0. Note that, for
this fixed point, it is possible to provide weff < −1 to satisfy
the observation, which indicates that the mean value of the
equation of state parameter is slightly less than −1 [43].

4.3 Fixed point (c)

One can obtain a fixed point such that (x, y) = (0, y0). From
Eq. (47), one can find y0 as follows:

y0 = 1 + s

λ r
. (56)

By using the constraint equation in Eq. (50), one obtains
z0 = − s

λ r . From the constraint equation in Eq. (51), we
have

γ = − y

z
= −1 + 1

z
= 1 + 1

wm
, (57)

where wm is the equation of state parameter of the fluid con-
tributed from P(X) = P0X (1+wm )/2wm . The effective equa-
tion of state parameter can be written as

weff = −z = s

λ r
. (58)

Again, there exist two significant branches of the solution
such that this fixed point is a matter-dominated point. If z =
0, this corresponds to weff = 0, which leads to the universe
being in a matter-dominated period.

The eigenvalues of the autonomous system can be written
as

(μ1, μ2) =
(

3 + 3
s

λ r
, 3 − 3

s(λ − 1)

λ r

)
. (59)

If one requires this point to represent the matter-dominated
epoch, one must set the parameters so that this point is unsta-
ble. This means the universe should evolve through this point
to end up in other stable points since we know the matter-
dominated epoch should exist in the universe’s timeline but
not nowadays. One can see that, for small negative value
of s/r , the universe can evolve in the standard history at
which fixed point (c) corresponds to a matter-dominated
period with weff ∼ 0, and fixed point (b) corresponds to
the late-time expansion of the universe due to the contribu-
tion from the graviton mass. However, it is not possible to
alleviate the coincidence problem, since the contribution of
non-relativistic matter vanishes at late time.

4.4 Fixed point (d)

According to Eqs. (47) and (48), one may consider the fixed
point corresponding to the non-zero x and y. This point can

be obtained by evaluating both (non-zero) x and y from Eqs.
(50), (51), and (47), while a constraint on the parameters by
which the non-zero (x, y) exist can be obtained from Eqs.
(47) and (48). After simple manipulation, we have

x = 1

1 + λ (r − 1)
, y = λ (r − 1)

1 + λ (r − 1)
, and z = 0,

(60)

where γ is arbitrary and λ is fixed to be λ = s
s−r . The effec-

tive equation of state parameter can be written as

weff = 1

λ − 1
. (61)

To determine the stability of this point, we find the eigen-
values of the system of equations. Interestingly, this point
renders the two autonomous equations degenerate. This can
be seen by computing the linear perturbed equations for both
x and y evaluated at this fixed point. The eigenvalues of this
autonomous system are expressed as

(μ1, μ2) =
(

0,
3λ

λ − 1

)
. (62)

The vanishing eigenvalue here is nothing but an artifact of the
degeneracy due to this fixed point. In particular, it is possible
to redefine the variables such that the problem is reduced
into a one-dimensional system. With such a redefinition, the
stability of this fixed point is due to the non-zero eigenvalue
in Eq. (62), which can be negative when 0 < λ < 1. If
this condition is taken into account, requiring the fixed point
(c) to represent the matter-dominated era will restrict the
combination s

r to vanish.
This fixed point seems to provide a possible way to allevi-

ate the coincidence problem due to the non-zero y. However,
it cannot be used since, at the late-time expansion, weff must
approach −1 and then lead to the fact that (x, y) → (1, 0).
Nevertheless, it still provides an interesting result. For the
case of s = 0 and 0 < λ 
 1, this fixed point is stable,
while the fixed point (b) is unstable and then we can use this
fixed point as the one for the late-time expansion of the uni-
verse. For this condition the fixed point (c) is still used for the
matter-dominated period with z = 0. Therefore, this means
that it is possible to obtain z = 0 for the whole history of
the universe. This leads to the fact that, without providing
an extra non-relativistic matter field such as dark matter, the
contribution from the graviton mass can play the role of both
dark matter and dark energy. This is one of the crucial prop-
erties of this model, since it can unify the two main unknown
contents of the universe, dark matter and dark energy, by
using only a graviton mass.
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4.5 Fixed point (e)

Similarly to the derivation in fixed point (d), one can solve
an algebraic equation by imposing γ = λ and requiring non-
zero x and y. As the result, the fixed point can be expressed
as

x = 1 + (λ − 1)z0

1 + λ(r − 1)
, y = −λ(1 − r(z0 + 1))

1 + λ(r − 1)
, z = z0,

(63)

where γ = λ = s
s−r and z0 is arbitrary. The effective equa-

tion of state parameter is the same as the one in the fixed
point (d), which can be written as

weff = 1

λ − 1
. (64)

Moreover, the eigenvalues for the stability analysis are still
the same asfor the fixed point (d) and then the stability condi-
tion for this fixed point can be expressed as 0 < λ < 1. Even
though this fixed point shares most properties with fixed point
(d), it cannot provide the unification of the two dark compo-
nents, since z must have a non-zero value.

From the above analyses, we experienced the incompati-
bility between matter domination and the present dark energy
domination. One may see that for a large λ, the fixed point (c)
can represent the matter-dominated epoch, while the small
value of λ is needed in the fixed point (d) or (e) to solve
the coincidence problem. It is natural to generalize the the-
ory further by allowing λ to change appropriately in time.
This idea will be adopted and carefully analyzed in the next
section.

5 Extended analyses

As we have mentioned, even though the model can be used to
unify the dark contents of the universe, it still cannot be used
to solve the coincidence problem. According to our analy-
sis, this is due to the fact that λ is set to be a constant. In
this section, we will show the possibility to solve the coin-
cidence problem when λ is set as a dynamical variable. For
completeness, we will add radiation into our consideration
and then use numerical method to show that the radiation
does not affect the unification in the dark sector. Note that
the equation of motion for the radiation is obtained by using
the conservation of its energy-momentum tensor or the con-
tinuity equation. By including the radiation and taking λ as a
dynamical variable, the autonomous equations can be written
as

x ′ = 3x

(
y + sx − s

r
+ 4

3

r

)
, (65)

y′ = 3y

(
y + sx − 1 − s

λr
+ 4

3

r

)
, (66)


′
r = 3
r

(
y + sx + 4

3
(
r − 1)

)
, (67)

λ′ = 6s

r

(
λ

2
− (1 + �)

)
, (68)

1 = x + y + z + 
r , (69)

y = −λx(1 − r) − zγ, (70)


r ≡ ρr

3M2
pH

2 , (71)

where ρr is the energy density of the radiation. The effective
equation of state parameter can be written as

weff = −1 + y + xs + 4

3

r . (72)

From Eq. (67), we can see that all fixed points we found
in the previous section still exist with 
r = 0. Also, there
exists the unstable fixed point such that 
r = 1, while x and
z (hence y) vanish. From Eq. (68), one can see that λ does
not couple to the others and the fixed point takes place at
λ = 2(� + 1). For simplicity, one can set � as a constant.
In order to confirm the claim in the previous section that
there exists a standard evolution without introducing a k-
essence Lagrangian or in the case of z = 0, we use numerical
methods to evaluate the equations above by setting s = 0.
The evolutions of x , y, and 
r are illustrated in the left panel
of Fig. 1, and the evolution of the effective equation of state
parameter is shown in the right panel of Fig. 1. We can see that
there exists non-relativistic matter, inferred as dark matter
represented by the variable y, while the variable x represents
the dark energy that drives the late-time expansion of the
universe. Both x and y are contributed from the graviton
mass.

Now, let us consider the possibility to solve the coinci-
dence problem. Let us use the fixed point (e) to be one cor-
responding to the late-time expansion of the universe. For
this fixed point, the parameters s, r , and � are obtained by
giving the initial conditions for the dynamical variables. In
order to obtain the dynamics of all variables, we have to put
the initial conditions slightly away from the fixed point. It
is sufficient to put λ slightly above the fixed point, since we
need λ to grow as time goes backward to ensure that it will
have a high enough value for the matter-dominated period.
In order to obtain weff ∼ −1 at the present time, we have to
set the value of the variable λ at the fixed point as λ f → 0.

As a result, s
r = λ f

λ f −1 → 0. In order to obtain a proper
matter-dominated period, one has to put the initial value of λ

far away from the fixed point. This situation makes the fixed
point (b) stable and then the system evolves to the point (b)
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Fig. 1 The left panel shows the evolution of x , y, and 
r . The dotted-
red line represents the evolution of x , the dashed-blue line represents
the evolution of x , and the solid-green line represents the evolution of

r . For the right panel, the evolution of weff is represented

eventually. Therefore, in order to have the fixed point (e) at
late time, one has to set weff below −1 at the fixed point,
so that the point (e) becomes a stable point. According to
this setting, we show the evolution of the dynamical vari-
ables reaching the fixed point (e) to alleviate the coincidence
problem in Fig. 2. Note that we set λ f = 0.4, leading to
weff = −1.67 and λ0 = 1.0.

In order to overcome the incompatibility among the fixed
points, one may extend the analysis by allowing s, � or r to
be dynamical variables. This will make the dynamical system
more complicated. We found another possibility to overcome
this incompatibility by imposing the constraint λ = γ for the
entire evolution. As a result, we have only three independent
equations for six variables and three constraints. The dynam-
ical variable λ can be written in terms of other variables
as
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0.0
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Fig. 2 The left panel shows the evolution of x , y, x + z, and 
r .
The dotted-red line represents the evolution of x , the dashed-blue line
represent the evolution of x , the solid-black line represents the evolution
of x + z and the solid-green line represents the evolution of 
r . For the
right panel, the evolution of weff is represented. We set the parameters
such that λ f = 0.4 and λ0 = 1.0 where λ f is the value at the fixed
point and λ0 is one at the present time

λ = y

rx + y + 
r − 1
. (73)

As a result, by setting the initial condition at the radiation
dominated period, the evolution of the dynamical variables
and the effective equation of state are shown in Fig. 3. From
this figure, one can see that the evolution of the universe
reaches the fixed point (e) at late time while the matter and
radiation period are also properly presented. For the plot in
this figure, we set λ f = 0.02, and then the consequent results
are � = −0.99 and weff ∼ −1.02. Note that the behavior of
the resulting plot in Fig. 3 is sensitive to the initial value of
x at the radiation dominated period where we set it choosing
xi ∼ 10−16.
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Fig. 3 The left panel shows the evolution of x , y, x + z, and 
r .
The dotted-red line represents the evolution of x , the dashed-blue line
represent the evolution of x , the solid-black line represents the evolution
of x + z, and the solid-green line represents the evolution of 
r . For
the right panel, the evolution of weff is presented

6 Conclusion

We have constructed a new class of mass-varying massive
gravity models, in which not only the k-essence field but also
its kinetic term determines the variation of the graviton mass.
We have shown in Sect. 2 that there is a possibility for the
graviton mass to live at late time compared with the previous
model whose the graviton mass only depends on the scalar
field and shrinks as the universe grows [24–27]. After simple
manipulations and under particular assumptions, we found
that a “dust-like” matter which behaves like a non-relativistic
dust can naturally result from the graviton mass and it is a
possible candidate for dark matter. This can be seen more
clearly in the case P = 0 in which the dark matter comes
solely from the varying graviton mass. Having such matter
in the system, this model of massive gravity can describe

the cosmic accelerating expansion with the equation of state
parameter close to −1, while the universe is not entirely dom-
inated by the dark energy part contributed also by the graviton
mass. This property signals a possibility of having the uni-
verse composed of comparable amounts between dark energy
and dark matter, known as the cosmic coincidence problem.
To obtain a finer description on this, the usual method of the
dynamical analysis is performed by taking the dark matter
candidate into account and the results are carefully investi-
gated as regards the issue of the coincidence problem. For the
first simple case, the exponent of the kinetic term in the gravi-
ton mass λ is kept constant. We found the fixed points which
correspond to various epochs in the history of the universe
such as the matter-dominated period and massive-gravity-
dominated periods. However, to have those fixed points with
the appropriate stabilities in the evolution of the universe, the
results suggest a system with λ as additional variable. The
more general case, where λ is allowed to vary, is investigated
where the radiation is included. While the result covers all the
fixed points in the constant λ case, this allows the evolution in
which there exists a matter-dominated period as well as a late-
time expansion epoch. There are several crucial points in this
investigation. First, we obtain the universe in which the gravi-
ton mass serves as both dark energy and dark matter, while it
can still drive the cosmic acceleration. Second, to solve the
coincidence problem, we obtain a universe with the effective
equation of state parameter significantly below −1 unless
both λ and γ are set equal with one another for the entire evo-
lution of the universe. Since the analyses are under particular
assumptions, this model still has room for study in more com-
plicated ways. For example, one can exclude the assumptions
proposed in this work for a more complex system or one can
consider this model in a different aspect, like its astrophysical
implications. Not only as regards the applications, but also
studying the theoretical consistency, whether there exists a
ghost instability or not, is a worthy challenge which we leave
for future work. Apart from the constraints mentioned, one
may think of constraining the model with various observa-
tions. This idea is also interesting, since the observations may
judge the fate of this model by tightening it with constraints.

Acknowledgments P.W. is supported by Thailand Research Fund
(TRF) through Grant TRG5780046. L.T. is supported by the Faculty
of Science, Mahidol University through Sritrang-Thong Ph.D. schol-
arship. Moreover, the authors would like to thank String Theory and
Supergravity Group, Department of Physics, Faculty of Science, Chu-
lalongkorn University for hospitality during this work was in progress.

OpenAccess This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecomm
ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit
to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.
Funded by SCOAP3.

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


Eur. Phys. J. C (2016) 76 :17 Page 11 of 11 17

References

1. M. Fierz, W. Pauli, Proc. R. Soc. Lond. A 173, 211 (1939)
2. H. van Dam, M.J.G. Veltman, Nucl. Phys. B 22, 397 (1970)
3. V.I. Zakharov, JETP Lett. 12, 312 (1970). [Pisma Zh. Eksp. Teor.

Fiz. 12, 447 (1970)]
4. A.I. Vainshtein, Phys. Lett. B 39, 393 (1972)
5. D.G. Boulware, S. Deser, Phys. Rev. D 6, 3368 (1972)
6. C. de Rham, G. Gabadadze, Phys. Rev. D 82, 044020 (2010).

arXiv:1007.0443 [hep-th]
7. C. de Rham, G. Gabadadze, A.J. Tolley, Phys. Rev. Lett. 106,

231101 (2011). arXiv:1011.1232 [hep-th]
8. M.S. Volkov, Class. Quant. Grav. 30, 184009 (2013).

arXiv:1304.0238 [hep-th]
9. G. Tasinato, K. Koyama, G. Niz, Class. Quant. Grav. 30, 184002

(2013). arXiv:1304.0601 [hep-th]
10. E. Babichev, R. Brito, Class. Quant. Grav. 32, 154001 (2015).

arXiv:1503.07529 [gr-qc]
11. S.G. Ghosh, L. Tannukij, P. Wongjun, arXiv:1506.07119 [gr-qc]
12. A.J. Tolley, D.J. Wu, S.Y. Zhou, arXiv:1510.05208 [hep-th]
13. E. Ayon-Beato, D. Higuita-Borja, J.A. Mendez-Zavaleta,

arXiv:1511.01108 [hep-th]
14. G. D’Amico, C. de Rham, S. Dubovsky, G. Gabadadze, D.

Pirtskhalava, A.J. Tolley, Phys. Rev. D 84, 124046 (2011).
arXiv:1108.5231 [hep-th]

15. A.E. Gumrukcuoglu, C. Lin, S. Mukohyama, JCAP 1111, 030
(2011). arXiv:1109.3845 [hep-th]

16. M. Fasiello, A.J. Tolley, JCAP 1211, 035 (2012). arXiv:1206.3852
[hep-th]

17. D. Langlois, A. Naruko, Class. Quant. Grav. 29, 202001 (2012).
arXiv:1206.6810 [hep-th]

18. D. Langlois, A. Naruko, Class. Quant. Grav. 30, 205012 (2013).
arXiv:1305.6346 [hep-th]

19. A.E. Gumrukcuoglu, C. Lin, S. Mukohyama, JCAP 1203, 006
(2012). arXiv:1111.4107 [hep-th]

20. T. Chullaphan, L. Tannukij, P. Wongjun, JHEP 1506, 038 (2015).
arXiv:1502.08018 [gr-qc]

21. A. De Felice, A.E. Gumrukcuoglu, S. Mukohyama, Phys. Rev. Lett.
109, 171101 (2012). arXiv:1206.2080 [hep-th]

22. A.E. Gumrukcuoglu, C. Lin, S. Mukohyama, Phys. Lett. B 717,
295 (2012). arXiv:1206.2723 [hep-th]

23. A. De Felice, A.E. Gumrukcuoglu, C. Lin, S. Mukohyama, JCAP
1305, 0351 (2013). arXiv:1303.4154 [hep-th]

24. Q.-G. Huang, Y.-S. Piao, S.-Y. Zhou, Phys. Rev. D 86, 124014
(2012). arXiv:1206.5678 [hep-th]

25. D.J. Wu, Y.S. Piao, Y.F. Cai, Phys. Lett. B 721, 7 (2013).
arXiv:1301.4326 [hep-th]

26. G. Leon, J. Saavedra, E.N. Saridakis, Class. Quant. Grav. 30,
135001 (2013). arXiv:1301.7419 [astro-ph.CO]

27. Q.G. Huang, K.C. Zhang, S.Y. Zhou, JCAP 1308, 050 (2013).
arXiv:1306.4740 [hep-th]

28. G. D’Amico, G. Gabadadze, L. Hui, D. Pirtskhalava, Phys. Rev. D
87, 064037 (2013). arXiv:1206.4253 [hep-th]

29. A.E. Gumrukcuoglu, K. Hinterbichler, C. Lin, S. Mukohyama, M.
Trodden, Phys. Rev. D 88, 024023 (2013). arXiv:1304.0449 [hep-
th]

30. G. D’ Amico, G. Gabadadze, L. Hui, D. Pirtskhalava, Class. Quant.
Grav. 30, 184005 (2013) arXiv:1304.0723 [hep-th]

31. A. De Felice, S. Mukohyama, Phys. Lett. B 728C (2013).
arXiv:1306.5502 [hep-th]

32. A. De Felice, A.E. Gumrukcuoglu, S. Mukohyama, Phys. Rev. D
88, 124006 (2013). arXiv:1309.3162 [hep-th]

33. L. Heisenberg, JCAP 1504(04), 010 (2015). arXiv:1501.07796
[hep-th]

34. T. Kahniashvili, A. Kar, G. Lavrelashvili, N. Agarwal, L. Heisen-
berg, A. Kosowsky, Phys. Rev. D 91(4), 041301 (2015).
arXiv:1412.4300 [astro-ph.CO]

35. A.E. Gumrukcuoglu, L. Heisenberg, S. Mukohyama, JCAP 1502,
022 (2015). arXiv:1409.7260 [hep-th]

36. A.R. Solomon, J. Enander, Y. Akrami, T. S. Koivisto, F. Könnig,
E. Mörtsell, JCAP 1504(04), 027 (2015). arXiv:1409.8300 [astro-
ph.CO]

37. K. Hinterbichler, J. Stokes, M. Trodden, Phys. Lett. B725, 1 (2013).
arXiv:1301.4993 [astro-ph.CO]

38. G. Gabadadze, K. Hinterbichler, J. Khoury, D. Pirtskhalava, M.
Trodden, Phys. Rev. D 86, 124004 (2012). arXiv:1208.5773 [hep-
th]

39. M. Andrews, K. Hinterbichler, J. Stokes, M. Trodden, Class. Quant.
Grav. 30, 184006 (2013). arXiv:1306.5743 [hep-th]

40. C. Armendariz-Picon, V.F. Mukhanov, P.J. Steinhardt, Phys. Rev.
Lett. 85, 4438 (2000). arXiv:astro-ph/0004134

41. C. Armendariz-Picon, V.F. Mukhanov, P.J. Steinhardt, Phys. Rev.
D 63, 103510 (2001). arXiv:astro-ph/0006373

42. T. Chiba, T. Okabe, M. Yamaguchi, Phys. Rev. D 62, 023511
(2000). arXiv:astro-ph/9912463

43. P.A.R. Ade et al., Planck Collaboration, Astron. Astrophys. 571,
A16 (2014). arXiv:1303.5076 [astro-ph.CO]

44. L. Boubekeur, P. Creminelli, J. Norena, F. Vernizzi, JCAP 0808,
028 (2008). arXiv:0806.1016 [astro-ph]

45. B. Ratra, P.J.E. Peebles, Phys. Rev. D 37, 3406 (1988)
46. C. Wetterich, Nucl. Phys. B 302, 668 (1988)

123

http://arxiv.org/abs/1007.0443
http://arxiv.org/abs/1011.1232
http://arxiv.org/abs/1304.0238
http://arxiv.org/abs/1304.0601
http://arxiv.org/abs/1503.07529
http://arxiv.org/abs/1506.07119
http://arxiv.org/abs/1510.05208
http://arxiv.org/abs/1511.01108
http://arxiv.org/abs/1108.5231
http://arxiv.org/abs/1109.3845
http://arxiv.org/abs/1206.3852
http://arxiv.org/abs/1206.6810
http://arxiv.org/abs/1305.6346
http://arxiv.org/abs/1111.4107
http://arxiv.org/abs/1502.08018
http://arxiv.org/abs/1206.2080
http://arxiv.org/abs/1206.2723
http://arxiv.org/abs/1303.4154
http://arxiv.org/abs/1206.5678
http://arxiv.org/abs/1301.4326
http://arxiv.org/abs/1301.7419
http://arxiv.org/abs/1306.4740
http://arxiv.org/abs/1206.4253
http://arxiv.org/abs/1304.0449
http://arxiv.org/abs/1304.0723
http://arxiv.org/abs/1306.5502
http://arxiv.org/abs/1309.3162
http://arxiv.org/abs/1501.07796
http://arxiv.org/abs/1412.4300
http://arxiv.org/abs/1409.7260
http://arxiv.org/abs/1409.8300
http://arxiv.org/abs/1301.4993
http://arxiv.org/abs/1208.5773
http://arxiv.org/abs/1306.5743
http://arxiv.org/abs/astro-ph/0004134
http://arxiv.org/abs/astro-ph/0006373
http://arxiv.org/abs/astro-ph/9912463
http://arxiv.org/abs/1303.5076
http://arxiv.org/abs/0806.1016


Output จากโครงการวิจยัทีFได้รบัทุนจาก สกว. 
1. ผลงานตพีมิพใ์นวารสารวชิาการนานาชาต ิ(ระบุชื�อผูแ้ต่ง ชื�อเรื�อง ชื�อวารสาร ปี 

เล่มที� เลขที� และหน้า)หรอืผลงานตามที�คาดไวใ้นสญัญาโครงการ 
- LunchakornTannukij and PitayuthWongjun, Mass-Varying Massive 

Gravity with k-essence, Eur. Phys. J. C76 (2016) no.1, 17. 
- PitayuthWongjun, A Perfect Fluid in Lagrangian Formulation due to 

Generalized Three-Form Field, arXiv:1602.00682. 
2. การนําผลงานวจิยัไปใชป้ระโยชน์ 

- เชงิวชิาการ: งานวจิยันี=เป็นส่วนหนึ�งในวทิยานิพนธร์ะดบัปรญิญาเอกของนาย
ลญัจกร ตนันุกจิ ซึ�งงานวจิยัชิ=นนี=ถอืไดว้่าเป็นส่วนหนึ�งที�ทาํใหน้ายลญัจกรจบ
การศกึษาและเป็นนกัวจิยัใหมท่ี�มคีุณภาพ 

3. ส่วนหนึ�งของงานวจิยัจากโครงการวจิยันี= ไดถู้กนําไปนําเสนอผลงานแบบโปสเตอร์
ที�งานประชุม Siam Physics Congress 2016 ในหวัขอ้ Generalized Three-Form 
Field and its Thermodynamic Description atLagrangian Level วนัที� 8-10 
มถุินายน 2016 อุบลราชธานี 

 



For Peer Review

 

 

 

Draft Manuscript for Review 
 

 

 

A Perfect Fluid in Lagrangian Formulation due to 

Generalized Three-Form Field 
 

 

Journal: European Physical Journal C 

Manuscript ID Draft 

Manuscript Type: Regular Article 

Date Submitted by the Author: n/a 

Complete List of Authors: Wongjun, Pitayuth; The Institute for Fundamental Study,  

  

Note: The following files were submitted by the author for peer review, but cannot be converted to 
PDF.  You must view these files (e.g. movies) online. 

TF-perfect-fluidepjc.tex 

 

 

European Physical Journal C Editorial Office

European Physical Journal C



For Peer Review

Prepared for submission to JCAP

A Perfect Fluid in Lagrangian
Formulation due to Generalized
Three-Form Field

Pitayuth Wongjuna,b

aThe Institute for Fundamental Study, Naresuan University, Phitsanulok 65000, Thailand
bThailand Center of Excellence in Physics, Ministry of Education, Bangkok 10400, Thailand

E-mail: pitbaa@gmail.com

Abstract. A Lagrangian formulation of perfect fluid due to a non-canonical three-form field
is investigated. The thermodynamic quantities such as energy density, pressure and the
four-velocity are obtained and then analyzed by comparing with the k-essence scalar field.
The non-relativistic matter due to the generalized three-form field with the equation of state
parameter being zero is realized while it might not be possible for the k-essence scalar field.
We also found that non-adiabatic pressure perturbations can be possibly generated. The fluid
dynamics of the perfect fluid due to the three-form field corresponds to the system in which
the number of particles is not conserved. We argue that it is interesting to use this three-form
field to represent the dark matter for the interaction theory between dark matter and dark
energy.
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1 Introduction

A theory of cosmological perturbations is one of important issues in cosmology nowadays.
It provides us to understand how astronomical structures at large scales are generated and
evolve. Also, it can provide us the resulting signatures of the theoretical model to compare
with observational data. The theory of cosmological perturbations for a perfect fluid has
been developed and studied intensively at the level of equations of motion, for example, a
study of the perturbed Einstein field equations together with the equation of conservation
of energy momentum tensor [1, 2]. Beside the cosmological perturbations at the level of the
equations of motion, a study of the cosmological perturbations at the Lagrangian level has
been investigated. The advantage point of the study at Lagrangian level is that it is useful to
find the perturbed dynamical field as well as derive closed evolution equations. This can be
clearly seen by considering the cosmological perturbations in f(R,G) gravity theories where
there are two dynamical fields for scalar perturbations [3, 4]. For the study in Lagrangian
approach, one can straightforwardly identify which fields are dynamical or auxiliary and then
immediately obtain the closed evolution equations.

A Lagrangian formulation for a perfect fluid in general relativity has been constructed
and developed for a long time [5–7]. The Lagrangian of the fluid is simply written as its
pressure [6] or energy density [7]. The advantage point of this formulation is that it naturally
provides a consistent way to construct a covariant theory for dark energy and dark matter
coupling. The study of dark energy and dark matter coupling has been widely investigated
in order to describe a way out from the cosmic coincidence problem [8–12]. Moreover, the
observation also provide a hint for the existence of the coupling [13]. However, in order
to recover the standard thermodynamics equations, the Lagrangian must involve at least
five independent functions. Even though this formulation can provide a consistent way for
studying the perfect fluid in cosmology and is well known as a standard approach for the
perfect fluid at the Lagrangian level, there might be disadvantage for this approach since the
theory involves too many functions.

A simple Lagrangian approach for the perfect fluid has been investigated by using a
non-canonical scalar field [14], namely k-essence field [15–17]. It was found that the k-essence
scalar field can provide a description of the perfect fluid with constant equation of state
parameter. Moreover, it was found that the cosmological perturbations of this kind of the
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scalar field is equivalent to those in perfect fluid. However, it cannot be properly used to
describe a non-relativistic matter with the equation of state parameter being zero since the
Lagrangian is not finite. It was also found that the non-adiabatic pressure perturbations
cannot be generated [18] as well as a vector mode of the perturbations cannot be produced
[19].

Beside the cosmological models due to the scalar field, a three-form field can be success-
fully used to describe both inflationary models and dark energy models [20–30]. Even though
there is a duality between scalar field and three-form field, the cosmological models are sig-
nificantly differed in both background and perturbation levels. At the perturbation level, it is
obvious to see that the three-form field can generate intrinsic vector perturbations while it is
not possible for the scalar field. Therefore, it might be worthy to find an equivalence between
the three-form field with a perfect fluid. In the present work, by mimicking the k-essence
scalar field, we consider a generalized version of the three-form field and then find a possible
Lagrangian form to describe the perfect fluid at the background level. We found that a simple
power-law of the canonical kinetic term can provide the constant equation of state parameter
like in the case of k-essence. The advantage point of the three-form field compare with the
scalar field is that it can provide a consistent description of the non-relativistic matter field
where its equation of state parameter satisfies w = 0. The stability issue is also investigated
and found that the non-relativistic matter field due to the three-form field is free-from ghost
and Laplacian instabilities.

By using the equations of motion of the generalized three-form field, the thermodynamic
quantities are identified and found that the perfect fluid due to the three-from field corre-
sponds to fluid in which the number of particles is not conserved. By analyzing the speed of
propagation of scalar perturbations and the adiabatic sound speed, we found that the non-
adiabatic perturbations can be possibly generated. We argue that it is interesting to use this
three-form field to represent the dark matter for the interaction theory between dark matter
and dark energy.

This paper is organized as follows. In section 2, we propose a general form of the three-
form field and then find the equation of motion as well as the energy momentum tensor.
By working in FLRW metric, the energy density and the pressure as well as the equation of
state parameter are found. Some specific forms of the Lagrangian satisfying the equations
of motion are obtained and found that it can represent the non-relativistic matter. We also
investigate the stability issue by using the perturbed action at second order in section 3. We
found conditions to avoid ghost and Laplacian instabilities. In section 4, we investigate the
thermodynamic properties of the model. We begin this section with review of some important
idea of the Lagrangian formulation for the standard and k-essence scalar field and then find
the thermodynamic properties due to the three-form fluid. Finally, the results are summarized
and discussed in section 5.

2 Equations of motion and energy momentum tensor

Cosmological models due to a three-form field have been investigated not only in inflationary
models but also dark energy models [20–30]. Moreover, at the end of inflationary period,
a viable model due to the three-form field for the reheating period have been investigated
[31]. A consistent mechanism to generate large scale cosmological magnetic fields by using
the three-form field have been studied [32]. Recently, a generalized inflationary model by
considering two three-form fields was also investigated [29]. All investigations of cosmological
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models due to three-form are considered only in canonical form. Since the non-canonical
form of scalar field have been intensively investigated, it is interesting to investigate the
cosmological model with a non-canonical form of the three-form field. In this section, we will
consider a non-canonical form of the kinetic term of a three-form field, Aαβγ , as follows

S =

ˆ
d4x
√
−g
[
M2
Pl

2
R+ P (K, y)

]
, (2.1)

where the kinetic term and scalar quantity of the three-form field are expressed as

K = − 1

48
FαβγδF

αβγδ, (2.2)

y =
1

12
AαβγA

αβγ , (2.3)

Fµνρσ = ∇µAνρσ −∇σAµνρ +∇ρAσµν −∇νAρσµ . (2.4)

By varying the action with respect to the three-form field, the equations of motion of the
three-form field can be written as

Eαβγ = ∇µ
(
P,KF

µ
αβγ

)
+ P,yAαβγ = 0, (2.5)

where the notation with subscript P,x denotes P,x = ∂xP . Due to the totally anti-symmetric
property of the tensor Fµαβγ , one found that there exist constraint equations as follows

∇µ
(
P,yA

µαβ
)
= 0. (2.6)

These equations suggest us that the conserved quantity is expressed in terms of three-form
field. Note that for the k-essence scalar field, the conserved quantity is expressed in term
of one-form or vector quantity. We will discuss on this issue in detail in section 4 where we
investigate the fluid dynamics. The energy momentum tensor can be obtained by varying the
action of the three-form field with respect to the metric as

Tµν =
1

6
P,KFµρσαF

ρσα
ν − 1

2
P,yAµρσA

ρσ
ν + Pgµν . (2.7)

For consistency of the derived equations, one can check that the conservation of the energy
momentum tensor can be obtained up to the equation of motion as follows

∇µTµν =
1

6
FναβγE

αβγ = 0. (2.8)

In order to capture the thermodynamics quantities such as the energy density and pres-
sure due to the three-form field like the investigation in scalar field, let us consider a flat
Friedmann-Lemaître-Robertson-Walker (FLRW) manifold whose metric element can be writ-
ten as

ds2 = −dt2 + γijdx
idxj = −dt2 + a(t)2δijdx

idxj . (2.9)

By using this form of the metric and the constraint equation in Eq. (2.6), the components of
the three-form field, Aαβγ , can be written as

A0ij = 0 , Aijk = εijkX(t) =
√
γεijkX(t) = a3εijkX(t), (2.10)
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where εijk is the three-dimensional Levi-Civita symbol with ε123 = 1. By using this form of
the metric, the components of energy momentum tensor can be expressed as

T 0
0 = P − 2KP,K , (2.11)
T ij = (P − 2KP,K − 2yP,y)δ

i
j . (2.12)

By comparing these components of the energy momentum tensor of the three-form to one
from the perfect fluid, the energy density and pressure of the three-form can be expressed as

ρ = 2KP,K − P, (2.13)
p = P − 2KP,K − 2yP,y = −ρ− 2yP,y. (2.14)

Note that we have used y = X2/2 and K = (Ẋ + 3HX)2/2 where H = ȧ/a is the Hubble
parameter. From the energy density and the pressure above, the equation of state parameter
of the three-form can be written as

w =
p

ρ
= −1− 2yP,y

ρ
. (2.15)

The equation of motion of the three-form field in Eq. (2.5) can be written in flat FLRW
background as

(2KP,KK + P,K)K̇ + 2KP,yK ẏ − 2
√
K yP,y = 0. (2.16)

From this point, one can check validity of the derived equations by reducing the general form
of the action to the canonical one as setting P = K − V (y). As a result, we found that all
equations can be reduced to the canonical one investigated in [20–30]. Substituting ρ from
Eq. (2.13) into Eq. (2.15), one obtains

2yP,y + (1 + w)2KP,K = (1 + w)P. (2.17)

In order to find the form of P , one has to solve this equation. It is useful to solve this equation
by considering a simple assumption such as taking the equation of state parameter to be a
constant, w = const. By using separation of variable method, the solution can be written as

P = P0K
νyµ, (2.18)

where P0 is an integration constant and µ, ν are the exponent constants obeying the relation

ν =
1 + w − 2µ

2(1 + w)
, or w = −1 + 2µ

1− 2ν
, ν 6= 1

2
. (2.19)

This form of the solution is very useful since one can interpret the three-form field as a
non-relativistic matter or dark matter by setting the equation of state parameter as w = 0
while it cannot be properly used for k-essence scalar field case. We will show explicitly
why we cannot properly use k-essence scalar field for the non-relativistic matter in section
4. In order to study the covariant coupling form between dark matter and dark energy as
suggested from the observation [13], one can use the three-form as the dark matter with the
consistent covariant interaction forms. Moreover, it may be interpreted as dark radiation by
setting w = 1/3. Note that, in the case of ν = 1/2, it corresponds to the trivial solution
since the energy density of the field vanishes. It is important to note that the late-time
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acceleration of the unverse can also be achieved by setting w = −1. Even though this may
not be distinguished to the cosmological constant at the background level, the cosmological
perturbations due to this model of the three-form can be significantly deviated from the model
of the cosmological constant.

Since the form of the Lagrangian P is obtained by assuming a constant equation of state
parameter, the dark energy model from this three-form field cannot be proposed to solve the
coincidence problem. One may allow the equation of state to be varying in order to overcome
this issue. One of interesting solutions is assuming that the equation of state parameter
depends on the three-form field w = w(y). In order to solve Eq. (2.17) to obtain a suitable
form of P , one may choose the equation of state parameter such as w = −1 + λy, where λ is
a constant. As a result, the solution can be written as

P = P0K
νe

(1−2ν)
2

λy. (2.20)

Naively, it is not difficult to obtain the dynamical dark energy due to the generalized three-
form. One can set λ be effectively small and find the condition to provide an evolution of
y such that it evolves from a large value to a small value. However, since it is not in the
canonical form, the theory may be suffered from instabilities. In this work, the stability issue
will be investigated in the next section. The investigation of the dark energy model due to
the generalized three-form is left in further work.

3 Stability

In order to capture the stability conditions of the generalized three-form field, we may consider
the perturbations of the field. Since the field minimally couples to the gravity, one has to
take into account the metric perturbations. However, for simplicity but useful study, we will
investigate the stabilities of the model only in a high-momentum limit. This will capture
only some stability conditions. Nevertheless, this includes most of the necessary conditions
as found in the canonical three-form field [27]. We leave the full investigation in further work
where the cosmological perturbations are taken into account. For this purpose, the metric is
held fixed as the Minkowski metric and the three-form field can be written as

Aijk = εijk(X(t) + α(t, ~x)), (3.1)
A0ij = εijk(∂kβ(t, ~x) + βk(t, ~x)), (3.2)

where α and β are perturbed scalar fields and βk is a transverse vector obeying the relation
∂kβ

k = 0. This vector field will be responsible for the intrinsic vector perturbation of the
three-form field. For the linear perturbations, the scalar and vector modes are decoupled and
then they can be separately investigated. For the scalar modes, by expanding the action up
to second order in the field, the second order action can be written as

S(2) =

ˆ
d4x
(1
2

Q̇2

(P,K + 2KP,KK)
− 1

2
P,y(∂β)

2 +
1

2
P,yc

2
sα

2
)
, (3.3)

Q̇ = (P,K + 2KP,KK)α̇+ 2
√
K yP,KP,yα− (P,K + 2KP,KK)∂

2β, (3.4)

c2s = 1 +
2yP,yy
P,y

−
4KyP 2

,Ky

P,y (2KP,KK + P,K)
. (3.5)
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One can see that the field β is non-dynamical so that one can eliminate it by using its equation
of motion. By applying the Euler-Lagrange equation to the above action, the equation of
motion for the field β can be written as

(P,K + 2KP,KK)α̇+ 2
√
K yP,Kyα− (P,K + 2KP,KK)∂

2β − P,yβ = 0, (3.6)

From this equation of motion, we can replace the quantity Q̇ as Q̇ = P,yβ. Note that this
equation can be obtained by using the component (0, i, j) of the covariant equation in Eq.
(2.5). In order to find the solution for β, it is convenient to work in Fourier space so that the
above equation can be algebraically solved. As a result, by substituting the solution of β into
the action in Eq. (3.3), the second order action for the scalar perturbations can be rewritten
as

S(2) =

ˆ
dtd3k

(
F1α̇

2 + F2α̇α+ F3α
2
)
, (3.7)

where

F1 = −
P,y (2KP,KK + P,K)

2 (k2 (2KP,KK + P,K)− P,y)
, (3.8)

F2 = −
2
√
K yP,K yP,y

(k2 (2KP,KK + P,K)− P,y)
, (3.9)

F3 =
(2yP,yy + Py)

(
2k2KP,KK + k2P,K − P,y

)
− 4k2KyP 2

,K y

2 (k2 (2KP,KK + P,K)− P,y)
. (3.10)

As we have discussed above, we will consider the stability conditions at high-momentum limit.
Therefore, by taking the limit k2 →∞, the second order action becomes

S(2) =

ˆ
dtd3k k−2(−P,y)

(1
2
α̇2 − 1

2
k2c2sα

2 − 1

2
m2
Aα

2
)
. (3.11)

where

m2
A =

d

dt

( 2
√
K yP,Ky

(P,K + 2KP,KK)

)
−

4K y P 2
,Ky

(P,K + 2KP,KK)2
. (3.12)

Therefore, the condition to avoid ghost instabilities can be written as

P,y < 0. (3.13)

This condition can be reduced to the canonical case by taking P = K−V (y), which provides
the result as V,y > 0 consistently with the result in [27]. In order to avoid the Laplacian
instability, one requires c2s ≥ 0 leading to the condition

1 +
2yP,yy
P,y

−
4KyP 2

,Ky

P,y (2KP,KK + P,K)
≥ 0. (3.14)

To obtain a clear picture of this condition, one may specify the form of P . For the form
with constant equation of state parameter, P = P0K

νyµ, the sound speed square can be
expressed as c2s = w. Therefore, the three-form field can be interpreted as the non-relativistic
matter up to a perturbation level since c2s = 0 and w = 0. Moreover, it is obvious that the
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non-relativistic matter represented by the generalized three-form field is free from ghost and
Laplacian instabilities. Note that the dark energy model with w < −1/3 for this form of the
Lagrangian is suffered from Laplacian instabilities since the sound speed square is negative.

For another simple form of the Lagrangian with P = P0K
νe

1−2ν
2

λy, the sound speed
square and the equation of state parameter read c2s = 1 + λy and w = −1 + λy. From
these expressions, one can see that the phantom expansion of the universe will provide a
superluminality. The no-ghost condition can be expressed as P0λ(2ν − 1) > 0. At this point,
it is possible to obtain a viable model of dark energy due to the generalized three-form field.

Now we will consider the vector mode of the perturbations by following the same step
as in the scalar one. As a result, the second order action for the vector perturbations can be
written as

S(2) =

ˆ
d4x
(
− 1

2
P,yβiβ

i
)
. (3.15)

From this action, one can see that the vector mode does not propagate. A condition to avoid
the instabilities coincides with the condition obtained in scalar mode.

In order to find possibility to obtain non-adiabatic perturbations due to the three-form
field, one may find a difference between the speed of propagation of scalar perturbations, c2s,
and the adiabatic sound speed, c2a. If these two kinds of the sound speed are equal, there
are no non-adiabatic perturbations while it provides the possibility to generate non-adiabatic
perturbations if they are not equal [18]. The speed of propagation of scalar perturbations is
found in Eq. (3.5). For the adiabatic sound speed, one can derived as follows

c2a ≡
ṗ

ρ̇
= 1 + 2

yP,yyẏ + P,Ky(yK̇ + 2
√
Ky)

P,yẏ − 2
√
KyP,Ky

, (3.16)

= c2s +
4
√
KyP,Ky

P,yẏ − 2
√
KyP,Ky

(
1 +

yP,yy
P,y

+
yP 2

,y − 2KyP,Ky

P,y(P,K + 2KP,KK)

)
. (3.17)

From this equation, one can see that the sound speed of scalar perturbations and the adiabatic
sound speed are not generally equal. Therefore, it is possible to generate non-adiabatic
perturbations from the generalized three-form field. This is one of advantage points of the
generalized three-form field compare with the k-essence scalar field. Note that both kinds of
the sound speed will coincide when the Lagrangian does not depend on y, P = P (K). For
this case, the non-adiabatic perturbations cannot be generated.

4 Fluid dynamics due to three-from field

In order to compare the results with the standard description of the fluid dynamics for the
perfect fluid, let us briefly review an important concept of the standard version for the fluid
dynamics. Since the perfect fluid dynamics due to the non-canonical scalar filed or k-essence
field has been intensively investigated and interpreted as non-relativistic mater field, for ex-
ample, in the case of massive gravity theory [33, 34], we will also review some important
results of the k-essence scalar field before we discuss further on the three-form field.

4.1 Standard version and k-essence field

There are many approaches of the standard version for the perfect fluid Lagrangian. We will
use Brown formulation [7] since it is more useful and has been widely used for recent studies
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in dark energy and dark matter couplings [9–12]. The Lagrangian of the perfect fluid can be
written in terms of the energy density with Lagrange multipliers as

Sm =

ˆ
d4x

(
−
√
−g ρ+ jµ(ϕ,µ + sθ,µ + βAα

A
,µ)
)
, (4.1)

where ρ = ρ(n, s) is the energy density of the fluid, n is a particle number density, s is an
entropy density per particle and jµ are components of the particle number flux. The second
term which is contracted with jµ is the Lagrange multiplier term with the Lagrange multiplier
fields ϕ, θ and βA where αA are the Lagrangian coordinates of the fluid with index A running
as 1, 2, 3. jµ can be written in terms of the four-velocity uµ of the fluid as

jµ =
√
−g nuµ. (4.2)

The four-velocity satisfies the relation uµuµ = −1 where n = |j|/
√
−g and |j| =

√
−jµgµνjν .

The standard energy momentum tensor of the perfect fluid can be obtained by varying the
action with respect to the metric gµν as

Tµν = (ρ+ p)uµuν + p gµν , (4.3)

where p is the pressure of the fluid defined as

p ≡ n∂ρ
∂n
− ρ. (4.4)

By varying the action with respect to the Lagrange multiplier fields θ and ϕ, the first law of
Thermodynamics and the conservation of the particle number can be obtained respectively
[7] as

dp = ndµ− Tds, (4.5)
∂νj

ν = 0. (4.6)

where T is a temperature and µ is a chemical potential defined as

µ ≡ ρ+ p

n
. (4.7)

From these equations of motion together with the conservation of the energy momentum
tensor, ∇µTµν = 0, all main thermodynamics equations can be obtained. For example,
conservation of the entropy density can be obtained by using a projection of the conservation
equation of the energy momentum tensor along the fluid flow as follows

uν∇µTµν = − µ√
−g

∂νj
ν − uνT∂νs = 0. (4.8)

From these equations, in the viewpoint of field theory, all main thermodynamics equations
can be obtained if one can identify the main thermodynamics quantities in terms of the field
such as energy density, pressure, four-velocity and chemical potential which give the form of
energy momentum tensor as found in Eq. (4.3). We will show this procedure for instruction
in the case of scalar field.
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For the k-essence scalar field, we will follow [14] in which action of the k-essence field
can be written as

Sφ =

ˆ
d4x
√
−gP (Kφ), (4.9)

where Kφ = −∇µφ∇µφ/2 is the canonical kinetic term of the scalar field. The corresponding
equations of motion of the scalar field can be expressed as

∇µ
(
P ′∇µφ

)
= 0, (4.10)

where prime denotes the derivative with respect to Kφ. The energy momentum tensor of the
scalar field can be written as

Tµν = P ′∇µφ∇νφ+ gµνP. (4.11)

By comparing this energy momentum tensor with that in the perfect fluid in Eq. (4.3), the
energy density, pressure and the four-velocity can be identified as

ρφ = 2KφP
′ − P, (4.12)

pφ = P, (4.13)

uµ =
∇µφ√
2Kφ

(4.14)

Therefore, the particle number density can be obtained in order to satisfy the conservation
of the particle flux as nφ =

√
2KφP

′ while the chemical potential reads µφ =
√
2Kφ. There-

fore, one can check that the equation of motion in Eq. (4.10) satisfies the equation of the
conservation of the particle flux as follows

√
−g∇µ

(
P ′∇µφ

)
= ∂µ

(√
−gP ′∇µφ

)
= ∂µ

(√
−gnφuµ

)
= ∂µj

µ
φ = 0. (4.15)

As a result, all fluid dynamics equations can be derived by using the results in the standard
version. Note that the first law of thermodynamics is adopted for the scalar field while in the
case of the standard version, it is obtained from the equation of motion. It is important to
note that the conservation of the particle flux does not hold if we generalize the Lagrangian
of the scalar field as P = P (Kφ, φ) since the equations of motion in Eq. (4.10) becomes
∇µ
(
P ′∇µφ

)
= −∂P/∂φ. This is not so surprisingly since the simple scalar field, such as

quintessence field, is also equivalent to the system in which the particle flux is not conserved.
This can be explicitly seen by taking P = Kφ − V (φ).

By taking the equation of state parameter to be constant, the form of the Lagrangian
obeys a relation

P (1 + wφ) = 2wφKφP
′. (4.16)

From this equation, one can find the exact form of the Lagrangian as

P = P0K

1+wφ
2wφ

φ , where wφ 6= 0. (4.17)

It is obviously that one cannot properly use this form of the scalar field to describe the
non-relativistic matter since its equation of state parameter is zero, w = 0. This is one of
drawbacks for the k-essence scalar field. As we have shown before, this does not happen in
the case of generalized three-form field.
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4.2 Generalized three-form field

As we have mentioned, one can find the equivalence between the energy momentum tensor
of the three-form and the standard perfect fluid and then identify the fluid quantities such as
ρ, p and the four-velocity uµ in terms of the three-form field. By using these identifications,
one can find the consequent thermodynamics equations of the three-form field as done in the
scalar field case. The energy density and the pressure have been identified in Eq. (2.13)
and Eq. (2.14) respectively. Now, we will identify the four-velocity of the three-form field
by comparing the energy momentum tensor of the perfect fluid in Eq. (4.3) and the energy
momentum tensor of the three-form in Eq. (2.7). As a result, the relation of the four-velocity
and the three-form field can be written as

(ρ+ p)uµuν =
1

6
P,KFµρσαF

ρσα
ν − 1

2
P,yAµρσA

ρσ
ν + (2KP,K + 2yP,y)gµν . (4.18)

Since Fµνρσ is a totally symmetric rank-4 tensor in 4-dimensional spacetime, it can be written
in terms of a covariant tensor εµνρσ =

√
−gεµνρσ where εµνρσ is the Levi-Civita symbol in

four-dimensional spacetime. By using the components of the three-form field in Eq. (2.10),
the field strength tensor can be written as

Fµνρσ = (Ẋ + 3HX)εµνρσ =
√
2Kεµνρσ. (4.19)

By using this equation, the first term in the right hand side of Eq. (4.18) can be rewritten as

1

6
P,KFµρσαF

ρσα
ν = −2KP,Kgµν . (4.20)

Substituting this equation into Eq. (4.18), one obtains

(ρ+ p)uµuν = −1

2
P,yAµρσA

ρσ
ν + 2yP,ygµν ,

uµuν =
1

4y
AµρσA

ρσ
ν − gµν . (4.21)

One can check that the relation uµuµ = −1 valid from this relation. Since the tensor uµuν
is constructed from two three-form fields, it plays the role of symmetric rank-2 tensor Sµν
instead of outer product of two four-velocity. Therefore, it is not trivial to find the form
of the four-velocity of the three-form field. However, one may expect that the four-velocity
may relate to the three-form field by the relation of the vector and the three-form in four
dimensionality as uµ ∝ εµαβγAαβγ . As a result, the four-velocity of the fluid can be written
in terms of the three-form field as

uµ =
εµαβγAαβγ
3!
√
2y

, (4.22)

where the three-form field can be written in terms of the four-velocity as

Aαβγ =
√

2yεµαβγuµ. (4.23)

It is not trivial to find the conserved current density corresponding to three-form field. Ac-
tually, there are no conserved quantities obtained from invariance of the action under the
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shift of the field like the scalar field. However, one may find the conserved quantity from the
constraint equation in Eq. (2.6) as follows

jαβγ = nµαβγuµ =
√
2yP,yε

µαβγuµ = P,yA
αβγ . (4.24)

From this relation, the conserved quantity is now three-form field instead of vector field and
the number density now is four-form field instead of scalar field. This equivalence comes from
Hodge duality in four-dimensional spacetime. One may obtained the effective particle number
density as

n =

√
nµαβγnµαβγ

4!
=
√
2yP,y. (4.25)

Therefore, the usual particle flux for the three-form field can be written as

jµ =
√
−g nuµ =

√
−gP,y

εµαβγAαβγ
3!

. (4.26)

This quantity does not trivially vanish due to the equation of motion in Eq. (2.16). Since
∂µj

µ 6= 0 together with Eq. (4.8), it is inferred that the entropy along the fluid flow is not
conserved. The non-conservation of the particle flux for the three-form is due to the fact
that the action is not invariant under shift of the field. In the scalar field case, the action is
invariant under φ → φ + ξ where ξ is a constant. For general case of the scalar field with
Pφ = Pφ(Kφ, φ), this symmetry is also broken and then its dynamics will corresponds to the
non-conservation of the particle flux like in the three-form case. For the three-form, if we
restrict our attention to the case where P = P (K) which is invariant under shift of the field,
the particle number density, n ∝ ρ+ p ∝ P,y, will always vanish. Also, the equation of state
parameter is always equal to −1 which cannot be responsible for the non-relativistic matter.

We also observe that condition of non-conservation of the entropy density along the fluid
flow coincides with the condition of generation of non-adiabatic perturbations even though
these conditions come from different approach. The conservation of the entropy density is
derived from background equation while non-adiabatic perturbations are properties of the
fluid at perturbation level. This argument also hold in both scalar field and three-form field
cases. Therefore, this may shed light on the interplay between conserved quantities under
shift of the filed and non-adiabatic perturbations.

Since the thermodynamics description for the generalized three-form field corresponds
to the system in which the particle number is not conserved, it implies that the field may
interact with other fields and then cause the non-conservation. It is important to note that
the conservation of the energy momentum tensor of the three-form still valid, ∇µTµν = 0. The
non-conservation quantities mentioned above are the thermodynamically effective quantities.
Therefore, the interaction of the three-from field to the other fields is implied only in the
description of the thermodynamical sense. As we have mentioned, the useful point of this
three-form field is that it can represent the non-relativistic matter field with w = 0. Therefore,
one may interpret it as dark matter. Since the particle number density is not conserved, it is
worthwhile to investigate an interaction of this field to the dark energy. This may be useful
approach for studies of dark energy and dark matter coupling since one can find the covariant
interaction terms at the Lagrangian level and then the resulting closed evolution equations
are obtained. This issue is of interest and we leave this detailed investigations for further
work.
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5 Summary

A Lagrangian formulation of perfect fluid is a powerful tool to study dynamics of the universe,
especially interacting approach between dark energy and dark matter. A general description
in this formulation invokes many functions and then it is not easy to handle. A k-essence
scalar field can be used to describe the dynamics of the perfect fluid in cosmology. At the
background level, even though the k-essence scalar field can be use to describe the perfect
fluid with constant equation of state parameter, it cannot properly used for the non-relativistic
matter with wφ = 0. At the perturbation level, the k-essence scalar field cannot provide non-
adiabatic perturbations as well as intrinsic vector perturbations.

In the present paper, we propose an alternative way to alleviate these problems by using
a generalized three-form field. The investigation is begun with proposing a general form of
the action of the three-form field with a function depending on both the kinetic term and the
field, P = P (K, y), similarly to the k-essence scalar field. Equations of motion and energy
momentum tensor of the three-form field in covariant form have been calculated. By working
in FLRW background, the energy density and the pressure as well as the equation of state
parameter are found. For the constant equation of state parameter, an exact form of the
Lagrangian reads P = P0K

νyµ where w = −1 + 2µ
1−2ν and ν 6= 1/2. Therefore, one can set

w = 0 by choosing proper values of the parameters µ and ν and then use the generalized
three-form field to represent the non-relativistic matter. For non-constant equation of state
parameter, we also point out that it is possible to construct an alternative model of dark
energy. The stability analysis of the model is also performed. We found the conditions to
avoid ghost and Laplacian instabilities. For the fluid with w = 0, it is free from ghost and
Laplacian instabilities. For some specific model of dark energy, we argue that, to avoid the
superluminality, the equation of state parameter must be greater than −1. In other words,
the viable model of dark energy from the generalized three-form field cannot provide the
phantom phase of the universe. Note that the no-ghost condition we found in this paper can
be trusted only in the high momentum limit. We leave the full investigation for further work
where we investigate the cosmological perturbations and observational constraint.

Thermodynamics properties due to the generalized three-form field are also investigated.
It is found that this model corresponds to a system with non-conservation of the particle
flux. This leads to a non-conservation of the entropy density along the fluid flow. This is
not so surprisingly since many models of dark energy, for example quintessence model, also
correspond to the non-conservation of the particle flux. We also found some links between
non-conservation of the entropy density along the fluid flow which is a thermodynamically
effective quantity at the background level and the generation of non-adiabatic perturbations
which is a property of the model at perturbation level. This may shed light on the interplay
between conserved quantities under shift of the filed and non-adiabatic perturbations. We can
argue that this is an useful approach for a study of dark energy and dark matter coupling since
one can find the covariant interaction terms at the Lagrangian level and then the resulting
closed evolution equations are obtained. This issue is of interest and we leave this detailed
investigations for further work.
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Abstract For a large class of mass-varying massive-gravity
models, the graviton mass cannot provide the late-time cos-
mic expansion of the universe due to its vanishing at late time.
In this work, we propose a new class of mass-varying massive
gravity models, in which the graviton mass varies according
to a kinetic term of a k-essence field. By using a more general
form of the fiducial metric, we found a solution such that a
non-vanishing graviton mass can drive the accelerated expan-
sion of the universe at late time. We also perform dynamical
analyses of such a model and find that without introducing
the k-essence Lagrangian, the graviton mass can be respon-
sible for both dark contents of the universe, namely dark
energy, which drives the accelerated expansion of the uni-
verse, and non-relativistic matter, which plays the role of dark
matter. Moreover, by including the k-essence Lagrangian, we
find that it is possible to alleviate the so-called cosmic coin-
cidence problem.

1 Introduction

Massive gravity has its own series of developments as a mod-
ified gravity beyond general relativity. Back in 1939, Fierz
and Pauli investigated a first model of massive gravity [1].
The model was a linearized general relativity, where the fluc-
tuation of geometry propagates a spin-2 graviton, plus lin-
ear interactions, which, in particle physics language, corre-
sponds to giving a non-zero mass to the graviton; hence the
name “massive gravity”. This model was supposed to coin-
cide with general relativity in the massless limit but it faced
a theoretical crisis when discontinuities in such a limit were
found by van Dam et al. [2,3]. In particular, the discontinu-
ities were found as different predictions between Fierz–Pauli
massive gravity and general relativity. The problem remained
unsolved for several years, until Vainshtein proposed a way
out by introducing higher-order interactions into the Fierz–

a e-mail: l_tannukij@hotmail.com

Pauli massive gravity [4]. In other words, he claimed that
within a particular scale, coined the Vainshtein radius, any
predictions from the linear theory cannot be trusted unless
nonlinear contributions are taken into account. However,
adding such nonlinearities, claimed by Boulware and Deser,
not only fixes the discontinuity problem but also introduces
a theoretical inconsistency, namely a Boulware–Deser ghost
[5]. This ghost is an extra degree of freedom, apart from 5
degrees of freedom originally existing in the linear massive
gravity, whose kinetic term has the wrong sign. The ghost
problem had been a blockage for the massive-gravity the-
ory until recently, in 2010, de Rham, Gabadadze, and Tolley
found suitable nonlinear interactions which do not excite the
Boulware–Deser mode; this is dubbed dRGT massive grav-
ity [6,7]. Thus, massive gravity became again an active field
of study.

Although it was just a generalization back then, massive
gravity has its modern motivations. Introducing a non-zero
mass to a graviton shrinks the scale at which the gravity
works. In other words, the graviton mass weakens the grav-
itation at a large scale. As a result, it allows a cosmic accel-
eration and hence may be able to describe the mysterious
dark energy in its language. This motivates cosmologists
to study its cosmological implications. Moreover, since de
Rham, Gabadadze, and Tolley found a healthy nonlinear mas-
sive gravity model, the theory had again opened a door to
various researches on massive gravity; not only its cosmol-
ogy but also the study of astrophysical objects in the theory,
like black holes [8–13]. For cosmological models of massive
gravity, it has been found that the solutions in the models with
Minkowski fiducial metric do not admit the flat and closed
FLRW solutions for the physical metric [14,15]. In order
to obtain all kinds of FLRW solutions, one may consider a
general form of the fiducial metric [16–20].

It has been found, however, that there are some inconsis-
tencies when cosmology is taken into account. For exam-
ple, some degrees of freedom cease to exist when the
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Friedmann–Lemaître–Robertson–Walker (FLRW) ansatz is
assumed [19]. This leads to numerous studies beyond the
dRGT massive gravity [21–39]. One of those is to generalize
a constant graviton mass to be varied by other scalar field,
dubbed mass-varying massive gravity [24–27]. The theory is
proven to be free from a Boulware–Deser ghost. However,
cosmological implications of such a model indicates a uni-
verse with subdominant contributions from massive gravity.
In particular, the graviton mass is governed by the inverse of
a scale factor of the universe which will vanish at late time.
Consequently, such a model cannot give a proper explanation
of the cosmic expansion caused by the massive graviton.

In this work, we propose an alternative way to construct a
mass-varying massive gravity. The graviton mass is not only
determined by a scalar field, but also by the kinetic term of
the scalar field. Moreover, the scalar field is governed by a
k-essence Lagrangian [40–42]. Under the FLRW ansatz, we
found a solution whose the graviton mass do not necessarily
vanish at late time. Moreover, by assuming both the k-essence
and the graviton mass to behave as perfect fluids, we found
that the graviton mass can give rise to a “dust-like” matter
while combined with other contributions it is possible to have
an equation of state parameter close to −1, as suggested by
recent observations [43]. Such matter may be responsible
for a dark matter, another mysterious content known to exist
in addition to the ordinary matter. Since the graviton mass
can give rise to both of the dark contents, it is tempting to
consider as regards its evolution whether there exists an epoch
in which the two contents in the dark sector are comparable,
the so-called cosmic coincidence problem.

Our paper is organized as follows. In Sect. 2, the proposed
model is addressed along with its equations of motion in the
FLRW background. We also discuss some crucial properties
of the model in this section where we have shown the exis-
tence of the dust-like matter expected to be responsible for
the dark matter. With the help of appropriate assumptions, we
show in Sect. 3 the solution to this model which corresponds
to the dark energy and the non-vanishing characteristic of the
graviton mass existing in this model. After sketching some
perspectives, we begin the dynamical system analysis in Sect.
4 to find all possible fixed points and their stabilities, and the
extended analyses are covered in Sect. 5. We conclude our
work in the last section by the discussion of key ideas of
our work and of whether or not the coincidence problem is
alleviated.

2 The model and the background equations

We consider a mass-varying dRGT massive-gravity action
where the graviton mass is varied by the k-essence field.
Usually, one may consider the graviton mass as a function
which varies as the scalar field propagates [24–27]. However,

in this work, we will consider the graviton mass not only
as a function of the scalar field φ but also its kinetic term
X ≡ − 1

2g
μν∇μφ∇νφ. The action of such a model can be

expressed as

S =
∫

d4x
√−g

[
M2

p

2
R[g] + V (X, φ)(L2[g, f ]

+ α3L3[g, f ] + α4L4[g, f ]) + P(X, φ)

]
, (1)

where R is a Ricci scalar corresponding to a physical metric
gμν , V (X, φ) is a square of the graviton mass which depends
on the scalar field and its kinetic term,Li represents the inter-
actions of the i th order of the massive graviton, and P(X, φ)

is the Lagrangian of the k-essence field. In particular, those
interactions of the massive graviton are constructed from two
kinds of metrics and can be expressed as follows:

L2[g, f ] = 1

2

(
[K]2 − [K2]

)
, (2)

L3[g, f ] = 1

3!
(
[K]3 − 3[K][K2] + 2[K3]

)
, (3)

L4[g, f ] = 1

4! ([K]4 − 6[K]2[K2] + 3[K2]2 + 8[K][K3]
− 6[K4]), (4)

where the tensor Kμν is constructed from the physical metric
gμν and an another metric fμν as

Kμ
ν = δμ

ν −
(√

g−1 f

)μ

ν

, (5)

where the square roots of those tensors are defined so that√
g−1 f

μ

ρ

√
g−1 f

ρ

ν = (
g−1 f

)μ

ν
. In massive gravity, apart

from the physical metric, there exists another kind of the
metric tensor, fμν , usually named “fiducial metric”, which is
an object introduced to the theory so that one can construct
non-trivial interactions from the metric tensors as in Eqs. (2),
(3), and (4). Those complicated combinations in the interac-
tions, with arbitrary values of the parameters α3, α4, are to
ensure the absence of the Boulware–Deser (ghostly) degree
of freedom [6,7]. Moreover, thanks to the Stuckelberg tricks,
the general covariance, or the gauge symmetry, can be well
integrated into the massive gravity via

fμν = ∂μϕρ∂νϕ
σ f̃ρσ , (6)

provided that each of the fields ϕμ transforms as a scalar
under any coordinate transformation. As for the f̃ab, one can
choose it to be any kind of metric which shares the symme-
tries of the physical metric. For example, one can have a four-
dimensional Minkowski metric being the fiducial metric for
a cosmological solution [15], or even a higher-dimensional
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kind of metric whose reduced four-dimensional metric is
isotropic and homogeneous and is considered as the fiducial
metric in the cosmological solution [20].

In this work, we consider the cosmological implications
of the proposed model, where the isotropic and homoge-
neous universe is assumed whose spacetime is represented
quite well by the Friedmann–Lemaître–Robertson–Walker
(FLRW) metric as follows:

ds2 = −N (t)2dt2 + a(t)2
i j (x)dx
idx j , (7)

where N (t) is a lapse function, a(t) represents a scale factor,
which determines the scale of the spatial distance, and


i j (ϕ) = δi j + kδiaδ jbϕaϕb

1 − kδlmϕlϕm
, (8)

is the spatial maximally symmetric metric whose spatial cur-
vature is characterized by k ∈ {−1, 0,+1} corresponding to
the open, flat, and closed geometry, respectively. As claimed,
the FLRW ansatz is also used as the fiducial metric,

f̃μνdϕμdϕν = −n(ϕ0)2
(

dϕ0
)2 + α(ϕ0)2
i j (ϕ)dϕidϕ j ,

(9)

where n and α are a lapse function and a scale factor in the
fiducial sector. Plugging those in Eq. (1), the mini-superspace
action of the model reads

S =
∫

d4x

√
1

1 − kr2

[
M2

p

(
−3

aȧ2

N
+ 3kNa

)

+ 3Na3V
(
F − G

n

N

)
+ Na3P

]
, (10)

where

F ≡
(

2 + 4

3
α3 + 1

3
α4

)
− (3 + 3α3 + α4) X̄

+ (1 + 2α3 + α4) X̄
2 − (α3 + α4)

X̄3

3
, (11)

G ≡ 1

3
(3 + 3α3 + α4) − (1 + 2α3 + α4) X̄

+ (α3 + α4) X̄
2 − α4

X̄3

3
, (12)

and we have defined

X̄ ≡ α

a
, η ≡ n

N
. (13)

To determine the dynamics of the system, one can vary the
action in Eq. (10) with respect to dynamical variables which
are N , a, φ, and the Stuckelberg fields ϕμ. The corresponding

equations of motion, assuming the unitary gauge ϕμ = xμ

for simplicity, read

M2
p

(
3H2 + 3

k

a2

)
= −3V F + 6XV,X (F − Gη)

+ (
2X P,X − P

)
, (14)

M2
p

(
2Ḣ

N
+ 3H2 + k

a2

)
= −3V F + V F,X̄

(
X̄ − η

) − P,

(15)

V̇

V
= NH

(
1 − h X̄

) F,X̄

G
, (16)

Na3 (
3V,φ (F − Gη) + P,φ

)

= d

dt

[(
a3

√
2X

) (
3V,X (F − Gη) + P,X

)]
, (17)

3HN (−2X P,X − 6XV,X (F − Gη) + V F,X̄

(
X̄ − η

)
)

= d

dt

(−3V F + (
2X P,X + 6XV,X (F − Gη)

) − P
)
,

(18)

where the last equation is obtained from the conservation
on the energy-momentum tensor; ∇μT

μ
ν = 0 and we have

defined

h ≡ Hα

H
, Hα ≡ α̇

αn
. (19)

From the above equations, one can see that Eq. (14) is a
Friedmann equation with extra matter contents coming from
the graviton mass. As a partner to the Friedmann equation,
the so-called acceleration equation corresponds to Eq. (15).
Since we have the Bianchi identity relating the equations of
motion, these five equations of motion are not entirely inde-
pendent. Note that this set of equations recovers the original
self-accelerating cosmology when the square of a graviton
massV is constant by which the usual condition F,X̄ (1 − hη)

is obtained readily from Eq. (16) [15]. However, as V is
no longer constant, the equations of motion look even more
complex than those in general relativity. To simplify the fol-
lowing calculations, we choose P such that the k-essence
field behaves as a perfect fluid. The appropriate form of P ,
which satisfies such a behavior, is

P(X, φ) = P0X
1+w
2w = P0X

γ /2, (20)

where γ ≡ 2X P,X/P ≡ 1+w
2w

, P0 is a constant, and w is
an equation of state parameter corresponding to the perfect
fluid represented by the k-essence field [44]. Moreover, we
let the graviton mass function mimic the perfect-fluid form
as

V = V0X
λ/2, (21)
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whose λ characterizes the power of the kinetic term as γ

does for P , i.e. λ ≡ 2XV,X/V and V0 is a constant. Note
that under these assumptions, both P and V vary according
to the kinetic term of φ but not the φ itself. Usually, in the
quintessence model the continuity equation for the scalar
field is obtained from the equation of motion of φ [45,46].
Taking that into account, we consider the equation of motion
of φ in Eq. (17); then under the perfect-fluid assumptions for
P and V in Eqs. (20) and (21) we have

d

dt

((
a3

√
2X

) (
6XV,X (F − Gη) + 2X P,X

)) = 0. (22)

After simple manipulations, the above equation gives the
continuity equation for the k-essence field as

d

dt
ρX + 3HNρX = Ẋ

2X
ρX , (23)

where we have defined

ρX ≡ (
2X P,X + 6XV,X (F − Gη)

)
. (24)

Equation (23) determines the dynamics of the matter of
energy density ρX which resides in the Friedmann equation
in Eq. (14). Interestingly, this looks exactly like a continuity
equation of a “dust-like” matter with the interaction with the
other matter sector determined by the flow rate of the form
Ẋ

2X ρX . One can also integrate Eq. (22) to find an expression
for ρX in terms of the scale factor as

ρX =
√

2XC

a3 , (25)

where C is an integration constant. In the case of a constant
X , this ensures one of the properties that this matter shares
with the dust; the energy density is inversely proportional
to a3 as the dust is. According to such characteristics, it is
reasonable to interpret ρX as a dark matter. By doing so, this
kind of dark matter possesses some interesting features. First
of all, ρX is a dust-like matter which can arise naturally from
the massive-gravity sector indicating that dark matter may
be just an artifact of the varying graviton mass caused by the
kinetic term of the k-essence field. Moreover, this claim is
still valid even in the case of P = 0. Since a graviton mass
can represent dark energy in a generic class of the dRGT
massive gravity, this suggests a unification of the dark sec-
tor, namely dark energy and dark matter, by such a varying
graviton mass. Second, by having this kind of matter in the
theory, we may expect this model of mass-varying massive
gravity to solve the cosmic coincidence problem, where the
universe is known to be composed mainly of comparable
amounts of dark energy and dark matter. Thanks to the uni-
fication suggested above, it may be possible to provide an

explanation on the coincidence problem by the existence of
the graviton mass alone, while the cosmic acceleration also
counts.

Since the equations of motion are coupled in a very cum-
bersome way, to get a picture of the whole of this system we
need to perform a dynamical analysis, which is the main sub-
ject in the very last section. However, we can still get some
rough descriptions, as a guideline to the dynamical analy-
sis, by introducing some simple assumptions to the system,
which is done in the next section.

3 Dark energy solution for the self-accelerating universe

It is widely known that our universe is expanding with an
acceleration for which dark energy is responsible. There is
recent observational evidence indicating that the observed
effective equation of state parameter of the dark energy is
close to −1 [43]. In this section, we shall adopt this char-
acteristic by treating all the contributions from the graviton
mass to have such a property. We define

ρg ≡ −3V F + 6XV,X (F − Gη) , (26)

pg ≡ 3V F − V F,X̄

(
X̄ − η

)
. (27)

From the above definition, the corresponding equation of
state parameter is defined as

wg ≡ pg
ρg

. (28)

By treating ρg as an energy density of dark energy, we set
wg = −1 and then we have the following condition:

6XV,X (F − Gη) = V F,X̄

(
X̄ − η

)
. (29)

To simplify the calculation, we use the perfect-fluid form of
V in Eq. (21). Consequently, Eq. (29) becomes

3λ (F − Gη) = F,X̄

(
X̄ − η

)
, (30)

λ = F,X̄

(
X̄ − η

)
3 (F − Gη)

. (31)

Equation (31) is a requirement for the exponent λ to have
a solution with the equation of state equal to −1. To get a
picture of this characteristic, let us assume

X̄ = constant, (32)

η = constant, (33)

then h = 1

η
. (34)
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Under these assumptions, the exponent λ in Eq. (31) is just
a constant. To investigate this further, we consider Eq. (16)
under the previous assumptions,

V̇

V
= NH

(
1 − h X̄

) F,X̄

G
,

λẊ

2X
= NH

(
1 − X̄

η

)
F,X̄

G
,

= − (
X̄ − η

) F,X̄

Gη

ȧ

a
. (35)

From the condition of λ in Eq. (31),

Ẋ

X
= −6 (F − Gη)

Gη

ȧ

a
. (36)

Since X̄ , η, and hence F and G, are constant, this equation
can be integrated easily,

∫
dX

X
= −6 (F − Gη)

Gη

∫
da

a
,

X = C0a
− 6(F−Gη)

Gη (37)

where C0 is an integration constant. Now we have

V = V0X
−

(
1− X̄

η

)
ηF

,X̄
6(F−Gη) = V0C0a

(
1− X̄

η

) F
,X̄
G . (38)

Furthermore, Eq. (37) possibly determines a relation between
the scale factor and the rate of change of the scalar field, since

X = φ̇2

2N 2 = C0a
− 6(F−Gη)

Gη . (39)

The expression of V in Eq. (38) shows the evolution of the
(square of the) graviton mass as a evolves. In the previous
model of mass-varying massive gravity [24–27], in which the
Minkowski fiducial metric is used, the varying graviton mass
shrinks as the scale factor grows. In this model, however, the
exponent in Eq. (38) determines whether the graviton mass
will shrink or not as the scale factor grows, or whether it
will remain constant in the case that the exponent vanishes.
Note that this crucial difference is caused by the different
form of the fiducial metric, which is the FLRW metric in
this case, to be compared with the Minkowski one in the
previous models. This result indicates the sensitivity of the
fiducial metric existing in the generic dRGT massive gravity
where different fiducial metrics set different stages for the
system and provide different solutions [16–20].

One more crucial point of this analysis is that the contri-
butions from the graviton mass can have the same equation
of state parameter as dark energy, while one of those con-
tributions possesses the characteristic of dust, namely the

term 6XV,X (F − Gη). From Eq. (23), such a term belongs
to the dark matter ρX . This may be a way out for the cos-
mic coincidence problem, since we may infer that varying
graviton mass is responsible for a dark matter via the term
like 6XV,X (F − Gη), as we have claimed in the previous
section, while it can still drive the accelerating expansion. To
verify this idea, and to seek a finer description of this model,
we will perform a dynamical analysis, which can be found
in the next section.

4 Dynamical system

In this section, we will consider the dynamics of the universe
to be governed by this new class of mass-varying massive
gravity models using the method of the autonomous system.
Due to the complexity of the graviton mass, we will begin this
section with a simple analysis by considering the flat FLRW
where k = 0 and assuming that X̄ , η are constant over time,
thus h = 1/η. From this assumption, the evolution of X is
simply determined by Eq. (16) such that

X ′ = Ẋ

HN X
= 2

λ

F,X̄

G

(
1 − h X̄

) = − 6s

λ r
, (40)

λ ≡ 2XV,X

V
, (41)

where the prime denotes the derivative with respect to ln a.
The parameters r and s are constant and defined as

r ≡ Gη

F
, s ≡ F,X̄ (X̄ − η)

3F
. (42)

In order to obtain a suitable autonomous system, let us define
dimensionless variables as follows:

x = − FV

M2
pH

2 , (43)

z = − P

3M2
pH

2 , (44)

y = 2X P,X + 6XV,X F(1 − r)

3M2
pH

2 = ρX

3M2
pH

2 , (45)

γ ≡ 2X P,X

P
. (46)

By using these variables, the equations of motion can be
written in the form of autonomous equations as

x ′ = 3x
(
y + sx − s

r

)
, (47)

y′ = 3y
(
y + sx − 1 − s

λr

)
, (48)

λ′ = 6s

r

(
λ

2
− (1 + �)

)
, (49)
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Table 1 Summary of the
properties of the fixed points Name x y z weff Existence Stability

(a) 0 0 1 −1 γ = 0 0 ≤ s
r ≤ 1

(b) 1
r 0 1 − 1

r −1 + s
r γ = λ λ

1−λ
≤ s

r < 0

(c) 0 1 + s
λ r − s

λ r
s

λ r γ = 1 + λ r
s

λ
1−λ

< s
r < −1

(d) 1
1+λ(r−1)

λ(r−1)
1+λ(r−1)

0 1
λ−1 λ = s

s−r 0 < λ < 1

(e) 1+(λ−1)z0
1+λ(r−1)

− λ(1−r(z0+1))
1+λ(r−1)

z0
1

λ−1 λ = γ = s
s−r 0 < λ < 1

1 = x + y + z, (50)

y = −λx(1 − r) − zγ, (51)

where � ≡ XV,XX/V,X . Since we have five variables with
two constraints, it is sufficient to consider only three equa-
tions. Note that the constraint in Eq. (50) is derived from
Eq. (14), while the constraint in Eq. (51) is obtained from
the definition of y in Eq. (45). The equation of λ in Eq. (49)
is not directly dependent on the other variables. Therefore,
in principle, we can solve it separately. For simplicity, we
can consider λ as a parameter and then consider only the
autonomous equations with two variables, x and y. We will
extend our analysis to a more general case with λ being the
variable in the next section. The effective equation of state
parameter can be written in terms of the dimensionless vari-
ables as

weff = P + 3V F − V F,X̄ (X̄ − η)

3M2
pH

2 = −z − x + xs

= −1 + y + xs. (52)

From these autonomous equations, the corresponding fixed
points can be found by evaluating x ′ = 0 and y′ = 0 in
Eqs. (47) and (48), respectively. The properties of all the
fixed points are summarized in Table 1, while the analyses
are separately discussed for each of the fixed points below.

4.1 Fixed point (a)

From Eqs. (47) and (48), it is obvious that the system has a
fixed point (x, y) = (0, 0). By using the constraint equations,
one obtains z = 1 and γ = 0. This means that the function
P is constant and then this point corresponds to general rel-
ativity with a cosmological constant where the universe is
dominated by the cosmological constant. To ensure such a
claim, one can compute the corresponding effective equation
of state parameter, which yields weff = −1. This is exactly
the equation of state parameter of the cosmological constant
which drives the accelerating de Sitter expansion.

The stability of the fixed point can be found by analyzing
the eigenvalues of the linearly perturbed autonomous equa-
tions. By performing the linear perturbations, the eigenval-
ues can be written as (μ1, μ2) = (−3s/r,−3 − 3s/r). The

stability requires both of the eigenvalues to be negative, or
otherwise the fixed point is said to be unstable or to be a sad-
dle fixed point. In this case, the signs of those eigenvalues

are determined by the value of the term s
r = (

X̄ − η
) F,X̄

Gη
,

which means 0 ≤ s
r ≤ 1 for the stable fixed point. Note that

in the case of vanishing eigenvalues, like s = 0, one has to
consider the perturbations up to second order or use a numer-
ical investigation in order to determine the stability. In this
analysis, we ensure the stability in this case by the numerical
method and we have found that it is stable.

Even though this fixed point can provide a period of late-
time expansion, it is not much of interest due to the dis-
appearance of the graviton mass. This resulting property is
one of the drawbacks in the previous model of mass-varying
massive gravity [24–27].

4.2 Fixed point (b)

One of possible fixed points may be in the form (x, y) =
(x0, 0) by which the universe is governed mainly by massive
gravity alone. From Eq. (47), one can find x0 as follows:

x0 = 1

r
. (53)

According to Eq. (45), there are two possible solutions for
this kind of fixed point. One is r = 1 in which x0 = 1, z0 = 0,
and another one is λ = γ in which x0 = 1

r , z0 = 1 − 1
r . The

effective equation of state parameter can be written as

weff = −1 + F,X̄ (X̄ − η)

3Gη
= −1 + s

r
. (54)

Interestingly, weff = −1 as F,X̄ = 0 or (X̄ − η) = 0. This
characteristic is a usual cosmological solution of the orig-
inal massive gravity. In particular, this condition indicates
that the graviton mass ceases to vary, according to Eq. (16).
Moreover, since in this case z = 1 − 1

r , the pressure of the
k-essence field is non-zero for r > 1, which means the k-
essence field is supposed to be a form of matter with non-zero
pressure (not dust).

In order to find the stability condition for this fixed
point, one can find the eigenvalues of the linearly perturbed
autonomous equations, which can be written as
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(μ1, μ2) =
(

3
s

r
,−3 + 3

(λ − 1)s

λ r

)
. (55)

Again, both of the eigenvalues contain the term s/r , and then
the fixed point will be stable if λ

1−λ
≤ s

r < 0. Note that, for
this fixed point, it is possible to provide weff < −1 to satisfy
the observation, which indicates that the mean value of the
equation of state parameter is slightly less than −1 [43].

4.3 Fixed point (c)

One can obtain a fixed point such that (x, y) = (0, y0). From
Eq. (47), one can find y0 as follows:

y0 = 1 + s

λ r
. (56)

By using the constraint equation in Eq. (50), one obtains
z0 = − s

λ r . From the constraint equation in Eq. (51), we
have

γ = − y

z
= −1 + 1

z
= 1 + 1

wm
, (57)

where wm is the equation of state parameter of the fluid con-
tributed from P(X) = P0X (1+wm )/2wm . The effective equa-
tion of state parameter can be written as

weff = −z = s

λ r
. (58)

Again, there exist two significant branches of the solution
such that this fixed point is a matter-dominated point. If z =
0, this corresponds to weff = 0, which leads to the universe
being in a matter-dominated period.

The eigenvalues of the autonomous system can be written
as

(μ1, μ2) =
(

3 + 3
s

λ r
, 3 − 3

s(λ − 1)

λ r

)
. (59)

If one requires this point to represent the matter-dominated
epoch, one must set the parameters so that this point is unsta-
ble. This means the universe should evolve through this point
to end up in other stable points since we know the matter-
dominated epoch should exist in the universe’s timeline but
not nowadays. One can see that, for small negative value
of s/r , the universe can evolve in the standard history at
which fixed point (c) corresponds to a matter-dominated
period with weff ∼ 0, and fixed point (b) corresponds to
the late-time expansion of the universe due to the contribu-
tion from the graviton mass. However, it is not possible to
alleviate the coincidence problem, since the contribution of
non-relativistic matter vanishes at late time.

4.4 Fixed point (d)

According to Eqs. (47) and (48), one may consider the fixed
point corresponding to the non-zero x and y. This point can

be obtained by evaluating both (non-zero) x and y from Eqs.
(50), (51), and (47), while a constraint on the parameters by
which the non-zero (x, y) exist can be obtained from Eqs.
(47) and (48). After simple manipulation, we have

x = 1

1 + λ (r − 1)
, y = λ (r − 1)

1 + λ (r − 1)
, and z = 0,

(60)

where γ is arbitrary and λ is fixed to be λ = s
s−r . The effec-

tive equation of state parameter can be written as

weff = 1

λ − 1
. (61)

To determine the stability of this point, we find the eigen-
values of the system of equations. Interestingly, this point
renders the two autonomous equations degenerate. This can
be seen by computing the linear perturbed equations for both
x and y evaluated at this fixed point. The eigenvalues of this
autonomous system are expressed as

(μ1, μ2) =
(

0,
3λ

λ − 1

)
. (62)

The vanishing eigenvalue here is nothing but an artifact of the
degeneracy due to this fixed point. In particular, it is possible
to redefine the variables such that the problem is reduced
into a one-dimensional system. With such a redefinition, the
stability of this fixed point is due to the non-zero eigenvalue
in Eq. (62), which can be negative when 0 < λ < 1. If
this condition is taken into account, requiring the fixed point
(c) to represent the matter-dominated era will restrict the
combination s

r to vanish.
This fixed point seems to provide a possible way to allevi-

ate the coincidence problem due to the non-zero y. However,
it cannot be used since, at the late-time expansion, weff must
approach −1 and then lead to the fact that (x, y) → (1, 0).
Nevertheless, it still provides an interesting result. For the
case of s = 0 and 0 < λ 
 1, this fixed point is stable,
while the fixed point (b) is unstable and then we can use this
fixed point as the one for the late-time expansion of the uni-
verse. For this condition the fixed point (c) is still used for the
matter-dominated period with z = 0. Therefore, this means
that it is possible to obtain z = 0 for the whole history of
the universe. This leads to the fact that, without providing
an extra non-relativistic matter field such as dark matter, the
contribution from the graviton mass can play the role of both
dark matter and dark energy. This is one of the crucial prop-
erties of this model, since it can unify the two main unknown
contents of the universe, dark matter and dark energy, by
using only a graviton mass.
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4.5 Fixed point (e)

Similarly to the derivation in fixed point (d), one can solve
an algebraic equation by imposing γ = λ and requiring non-
zero x and y. As the result, the fixed point can be expressed
as

x = 1 + (λ − 1)z0

1 + λ(r − 1)
, y = −λ(1 − r(z0 + 1))

1 + λ(r − 1)
, z = z0,

(63)

where γ = λ = s
s−r and z0 is arbitrary. The effective equa-

tion of state parameter is the same as the one in the fixed
point (d), which can be written as

weff = 1

λ − 1
. (64)

Moreover, the eigenvalues for the stability analysis are still
the same asfor the fixed point (d) and then the stability condi-
tion for this fixed point can be expressed as 0 < λ < 1. Even
though this fixed point shares most properties with fixed point
(d), it cannot provide the unification of the two dark compo-
nents, since z must have a non-zero value.

From the above analyses, we experienced the incompati-
bility between matter domination and the present dark energy
domination. One may see that for a large λ, the fixed point (c)
can represent the matter-dominated epoch, while the small
value of λ is needed in the fixed point (d) or (e) to solve
the coincidence problem. It is natural to generalize the the-
ory further by allowing λ to change appropriately in time.
This idea will be adopted and carefully analyzed in the next
section.

5 Extended analyses

As we have mentioned, even though the model can be used to
unify the dark contents of the universe, it still cannot be used
to solve the coincidence problem. According to our analy-
sis, this is due to the fact that λ is set to be a constant. In
this section, we will show the possibility to solve the coin-
cidence problem when λ is set as a dynamical variable. For
completeness, we will add radiation into our consideration
and then use numerical method to show that the radiation
does not affect the unification in the dark sector. Note that
the equation of motion for the radiation is obtained by using
the conservation of its energy-momentum tensor or the con-
tinuity equation. By including the radiation and taking λ as a
dynamical variable, the autonomous equations can be written
as

x ′ = 3x

(
y + sx − s

r
+ 4

3

r

)
, (65)

y′ = 3y

(
y + sx − 1 − s

λr
+ 4

3

r

)
, (66)


′
r = 3
r

(
y + sx + 4

3
(
r − 1)

)
, (67)

λ′ = 6s

r

(
λ

2
− (1 + �)

)
, (68)

1 = x + y + z + 
r , (69)

y = −λx(1 − r) − zγ, (70)


r ≡ ρr

3M2
pH

2 , (71)

where ρr is the energy density of the radiation. The effective
equation of state parameter can be written as

weff = −1 + y + xs + 4

3

r . (72)

From Eq. (67), we can see that all fixed points we found
in the previous section still exist with 
r = 0. Also, there
exists the unstable fixed point such that 
r = 1, while x and
z (hence y) vanish. From Eq. (68), one can see that λ does
not couple to the others and the fixed point takes place at
λ = 2(� + 1). For simplicity, one can set � as a constant.
In order to confirm the claim in the previous section that
there exists a standard evolution without introducing a k-
essence Lagrangian or in the case of z = 0, we use numerical
methods to evaluate the equations above by setting s = 0.
The evolutions of x , y, and 
r are illustrated in the left panel
of Fig. 1, and the evolution of the effective equation of state
parameter is shown in the right panel of Fig. 1. We can see that
there exists non-relativistic matter, inferred as dark matter
represented by the variable y, while the variable x represents
the dark energy that drives the late-time expansion of the
universe. Both x and y are contributed from the graviton
mass.

Now, let us consider the possibility to solve the coinci-
dence problem. Let us use the fixed point (e) to be one cor-
responding to the late-time expansion of the universe. For
this fixed point, the parameters s, r , and � are obtained by
giving the initial conditions for the dynamical variables. In
order to obtain the dynamics of all variables, we have to put
the initial conditions slightly away from the fixed point. It
is sufficient to put λ slightly above the fixed point, since we
need λ to grow as time goes backward to ensure that it will
have a high enough value for the matter-dominated period.
In order to obtain weff ∼ −1 at the present time, we have to
set the value of the variable λ at the fixed point as λ f → 0.

As a result, s
r = λ f

λ f −1 → 0. In order to obtain a proper
matter-dominated period, one has to put the initial value of λ

far away from the fixed point. This situation makes the fixed
point (b) stable and then the system evolves to the point (b)
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Fig. 1 The left panel shows the evolution of x , y, and 
r . The dotted-
red line represents the evolution of x , the dashed-blue line represents
the evolution of x , and the solid-green line represents the evolution of

r . For the right panel, the evolution of weff is represented

eventually. Therefore, in order to have the fixed point (e) at
late time, one has to set weff below −1 at the fixed point,
so that the point (e) becomes a stable point. According to
this setting, we show the evolution of the dynamical vari-
ables reaching the fixed point (e) to alleviate the coincidence
problem in Fig. 2. Note that we set λ f = 0.4, leading to
weff = −1.67 and λ0 = 1.0.

In order to overcome the incompatibility among the fixed
points, one may extend the analysis by allowing s, � or r to
be dynamical variables. This will make the dynamical system
more complicated. We found another possibility to overcome
this incompatibility by imposing the constraint λ = γ for the
entire evolution. As a result, we have only three independent
equations for six variables and three constraints. The dynam-
ical variable λ can be written in terms of other variables
as

6 4 2 0 2
0.0
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0.4

0.6

0.8

1.0

log a

6 4 2 0 2
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0.5

0.0
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Fig. 2 The left panel shows the evolution of x , y, x + z, and 
r .
The dotted-red line represents the evolution of x , the dashed-blue line
represent the evolution of x , the solid-black line represents the evolution
of x + z and the solid-green line represents the evolution of 
r . For the
right panel, the evolution of weff is represented. We set the parameters
such that λ f = 0.4 and λ0 = 1.0 where λ f is the value at the fixed
point and λ0 is one at the present time

λ = y

rx + y + 
r − 1
. (73)

As a result, by setting the initial condition at the radiation
dominated period, the evolution of the dynamical variables
and the effective equation of state are shown in Fig. 3. From
this figure, one can see that the evolution of the universe
reaches the fixed point (e) at late time while the matter and
radiation period are also properly presented. For the plot in
this figure, we set λ f = 0.02, and then the consequent results
are � = −0.99 and weff ∼ −1.02. Note that the behavior of
the resulting plot in Fig. 3 is sensitive to the initial value of
x at the radiation dominated period where we set it choosing
xi ∼ 10−16.
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Fig. 3 The left panel shows the evolution of x , y, x + z, and 
r .
The dotted-red line represents the evolution of x , the dashed-blue line
represent the evolution of x , the solid-black line represents the evolution
of x + z, and the solid-green line represents the evolution of 
r . For
the right panel, the evolution of weff is presented

6 Conclusion

We have constructed a new class of mass-varying massive
gravity models, in which not only the k-essence field but also
its kinetic term determines the variation of the graviton mass.
We have shown in Sect. 2 that there is a possibility for the
graviton mass to live at late time compared with the previous
model whose the graviton mass only depends on the scalar
field and shrinks as the universe grows [24–27]. After simple
manipulations and under particular assumptions, we found
that a “dust-like” matter which behaves like a non-relativistic
dust can naturally result from the graviton mass and it is a
possible candidate for dark matter. This can be seen more
clearly in the case P = 0 in which the dark matter comes
solely from the varying graviton mass. Having such matter
in the system, this model of massive gravity can describe

the cosmic accelerating expansion with the equation of state
parameter close to −1, while the universe is not entirely dom-
inated by the dark energy part contributed also by the graviton
mass. This property signals a possibility of having the uni-
verse composed of comparable amounts between dark energy
and dark matter, known as the cosmic coincidence problem.
To obtain a finer description on this, the usual method of the
dynamical analysis is performed by taking the dark matter
candidate into account and the results are carefully investi-
gated as regards the issue of the coincidence problem. For the
first simple case, the exponent of the kinetic term in the gravi-
ton mass λ is kept constant. We found the fixed points which
correspond to various epochs in the history of the universe
such as the matter-dominated period and massive-gravity-
dominated periods. However, to have those fixed points with
the appropriate stabilities in the evolution of the universe, the
results suggest a system with λ as additional variable. The
more general case, where λ is allowed to vary, is investigated
where the radiation is included. While the result covers all the
fixed points in the constant λ case, this allows the evolution in
which there exists a matter-dominated period as well as a late-
time expansion epoch. There are several crucial points in this
investigation. First, we obtain the universe in which the gravi-
ton mass serves as both dark energy and dark matter, while it
can still drive the cosmic acceleration. Second, to solve the
coincidence problem, we obtain a universe with the effective
equation of state parameter significantly below −1 unless
both λ and γ are set equal with one another for the entire evo-
lution of the universe. Since the analyses are under particular
assumptions, this model still has room for study in more com-
plicated ways. For example, one can exclude the assumptions
proposed in this work for a more complex system or one can
consider this model in a different aspect, like its astrophysical
implications. Not only as regards the applications, but also
studying the theoretical consistency, whether there exists a
ghost instability or not, is a worthy challenge which we leave
for future work. Apart from the constraints mentioned, one
may think of constraining the model with various observa-
tions. This idea is also interesting, since the observations may
judge the fate of this model by tightening it with constraints.
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