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Abstract

Project Code : TRG5880036
Project Title : The induction of radial orbit instability (ROI) by macroscopic and microscopic initial
density fluctuations
Investigator : Tirawut Worrakitpoonpon
Rajamangala University of Technology Suvarnabhumi
E-mail Address : cosmo1key@yahoo.com

Project Period : 2 years

Galaxies exist in various shapes, each of which has been speculated to emerge from
different process. While the observation is actually limited to their present kinematics, the numerical
simulations allow us to explore wider topics in astrophysics of galaxy formation and evolution. In
this study we present the results of numerical N-body simulations addressing to the shape
evolution of elliptical and spiral structures, along with the theoretical prediction and explanation.
Our results demonstrate that we are able to produce ellipsoidal and spiral structures and are also
able to explain them at a certain degree. For ellipsoidal configuration the underlying process is
clearly the Radial orbit instability (ROI), which is not only sensitive to the degree of velocity
dispersion but also the particle number. About spiral structure we are able to capture the
dependence of spiral arms while we vary the physical parameters of initial conditions. Some
discussion for further improvements of initial conditions in order to reconcile better with

observations are also provided.

Keywords : Galaxy formation; Galaxy evolution; N-body simulations; Gravitation.
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ABSTRACT

Simulations of purely self-gravitating N-body systems are often used in astrophysics and
cosmology to study the collisionless limit of such systems. Their results for macroscopic
quantities should then converge well for sufficiently large N. Using a study of the evolution
from a simple space of spherical initial conditions — including a region characterized by so-
called ‘radial orbit instability’ —we illustrate that the values of N at which such convergence is
obtained can vary enormously. In the family of initial conditions we study, good convergence
can be obtained up to a few dynamical times with N ~ 103 — just large enough to suppress two
body relaxation — for certain initial conditions, while in other cases such convergence is not
attained at this time even in our largest simulations with N ~ 10°. The qualitative difference
is due to the stability properties of fluctuations introduced by the N-body discretisation, of
which the initial amplitude depends on N. We discuss briefly why the crucial role which such
fluctuations can potentially play in the evolution of the N body system could, in particular,
constitute a serious problem in cosmological simulations of dark matter.

Key words: methods: numerical —galaxies: elliptical and lenticular, cD — galaxies: formation.

1 INTRODUCTION

A purely Newtonian self-gravitating system of a large (but finite)
number N of identical particles is a fundamental idealized model
in astrophysics and cosmology. Usually the aim of numerical sim-
ulations of such systems is to reproduce the collisionless limit. In
this limit the system’s evolution is described by the collisionless
Boltzmann equation for the smooth phase space density. The lat-
ter corresponds to taking N — co at fixed time with the phase
space mass density converging to a continuous function. The N
bodies of the simulation are then not physical entities (e.g dark
matter particles or stars) but numerical ‘macro-particles’. Any de-
pendence on their number (or other properties) is an artefact of the
use of the N body method employed, or a ‘discreteness effect’.!

* E-mail: joyce@lpnhe.in2p3.fr

1 We note, however, that there have recently been studies of the direct solu-
tion of the collisions Boltzmann equation starting from cosmological type
initial conditions (Yoshikawa, Yoshida & Umemura 2013) and also certain
spherically symmetric initial conditions (Colombi et al. 2015; Sousbie &
Colombi 2016).

To obtain a precise result for the collisionless limit, the particle
configuration must sample faithfully the continunm phase space
density. By construction this condition is respected at the initial
time, up to quantifiable finite N sampling fluctuations. It is difficult,
however, to determine a priori how well it is respected during the
system’s evolution: given the highly complex non-linear dynam-
ics; differences between the evolution of the finite N sampling; and
that of the continuum limit may be very non-trivial. In practice this
issue is addressed by studying, numerically, the dependence of re-
sults on N, to establish as far as possible whether the relevant results
do indeed converge to N independent values. The question of how
many particles are in practice needed to simulate accurately the
collisionless limit (up to some specified time) can only be answered
in the context of a given problem and indeed different estimates
can be found in the literature in different contexts (e.g. Diemand
etal. 2004; Roy & Perez 2004; El-Zant 2006; Joyce & Marcos 2007;
Sellwood 2015). For example if finite N effects are dominated by
two body collisions, such effects are negligible provided one limits
the evolution to a time-scale short compared to the characteristic
time for such effects, of order ~(N/log N) 7 4y, Where 7 4y, 18 a char-
acteristic time of the collisionless (mean field) dynamics (see e.g.
Binney & Tremaine 1994).

©2017 The Authors
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In this paper we address this issue through the study of the evo-
lution of a simple class of initial conditions — initially spherical
density profiles — using N body simulations. The study of this spe-
cific case allows us to illustrate clearly how fluctuations introduced
by the finite N discretisation intrinsic to N body simulations may,
in the presence of instabilities in its non-linear evolution, play a
crucial role in the macroscopic dynamics of the system on time-
scales which are very much shorter than those typical of collisional
effects. Furthermore the N dependence of physical quantities can be
extremely weak and difficult to detect in a numerical convergence
study unless one knows precisely where to look for them as we do
in our simple chosen system.

Itis perhaps useful for the reader that we recall the generic phases
of the evolution of isolated systems of a large number N of self-
gravitating particles, and place our study in this broader context.
The evolution of such a system is believed to be characterized by
two distinct time-scales: the dynamical time t4,, which charac-
terizes the mean-field or collisionless dynamics described by the
collisionless Boltzmann (or Vlasov—Poisson) equation, and a much
longer collisional time-scale characterizing the dynamics beyond
this mean-field limit. The ratio of the latter to the former time-scale
diverges with N, andin the case that the collisional dynamics is dom-
inated by two body collisions the relative scaling is predicted to be
given, as mentioned above, by the ratio N/log N (for an unsmoothed
gravitational potential). Thus, starting from a generic initial condi-
tion, such a system undergoes an evolution in (at least) two distinct
phases: (1) collisionless evolution which is observed to lead it on
time-scales of order 74y, to a virial equilibrium whichis a stationary
state of the collisionless Boltzmann equation. This is the process
of ‘collisionless’ (or ‘mean-field’) relaxation, involving in general
phase mixing and so-called ‘violent’ relaxation; (2) on much longer
time-scales, of order N 7 4, such a state evolves continuously while
remaining at virial equilibrium, in principle towards states of ever
increasing entropy. This second phase of ‘collisional relaxation’
is more challenging to study numerically (because of the need to
simulate accurately the collisional processes), and is the subject of
many studies (see e.g. Theis & Spurzem 1999; Gabrielli, Joyce &
Marcos 2010; Sellwood 2015 and references therein).

In this work we aim to study only the first phase, of collision-
less evolution. In our numerical simulations this corresponds to
using a sufficiently large number of particles N so that the time-
scale of collisional relaxation is very long compared to those we
consider. The dependence on N of the evolution we discuss has
therefore nothing to do with collisional effects, but arises from the
dependence of the collisionless evolution on the particle number
N arising from how the initial conditions are sampled. We focus
on the case that the collisionless relaxation may itself occur in two
distinct phases: initial relaxation to a virial equilibrium which is a
stationary, but unstable, state of the collisionless Boltzmann equa-
tion; and a second phase in which the system relaxes to a stable
stationary state. Such two stage dynamics can occur in particular in
the case of so-called ‘radial orbit instability’, an instability of sta-
tionary states of the collisional Boltzmann equation with spherical
symmetry and purely radial orbits originally discussed by Antonov
(1973); Henon (1973) (for a review and a more complete set of refer-
ences see e.g. Maréchal & Perez 2011). As shown first numerically
in Merritt & Aguilar (1985), and subsequently by many other stud-
ies, such an evolution occurs when the N-body system starts from
certain initial conditions which are cold (i.e. are strongly sub-virial)
and very close to spherical symmetry. We choose to study this par-
ticular kind of case here because it turns out that the presence of the

Downloaded from https://academic.oup.com/mnras/article-abstract/473/2/2348/4209979
by UPMC user
on 17 December 2017

instability in the dynamics is associated with a subtle N-dependence
of the evolution.

The paper is organized as follows. We first present the details
of the numerical simulations and initial conditions in Section 2.
In the following section we present the essential results of our
convergence study. We conclude with a discussion of these results,
which we also compare with some previous ones in the literature, in
particular with the study of Boily & Athanassoula (2006), which has
drawn attention previously to the non-trivial evolution with particle
number in numerical experiments similar to the ones we consider. In
our conclusions we discuss in particular the possible implications
of our results for the non-linear regime of cosmological N-body
simulations of structure formation in the universe.

2 NUMERICAL SIMULATIONS

2.1 Initial conditions

The initial conditions of which we study the evolution are N particle
configurations with (i) positions sampled randomly, in two different
ways detailed below, to follow an average radial density decay p(r)
o =t away from a centre (where r is the radial distance from the
latter), and (ii) velocities sampled randomly (and independently
for each particle) from a distribution which is uniform and non-
zero inside a sphere in velocity space (and thus isotropic). The
radius of this sphere can be characterized conveniently by the initial
virial ratio, which we define as by = —2K,/ Wy, where K is the
initial kinetic energy and W, the initial potential energy of the
configuration.

‘We choose this particular spatial profile as itis a simple one which
is known to give rise to qualitative evolution which depends strongly
on by. More specifically it is known to manifest strong breaking of
spherical symmetry for sufficiently low initial virial ratios (see e.g.
Merritt & Aguilar 1985; Aguilar & Merritt 1990; Barnes, Lanzel &
Williams 2009; Sylos Labini, Benhaiem & Joyce 2015).

Because it is the dependence on N of results we focus on in this
paper, and in particular how such a dependence can arise via the
finite N fluctuations to the average space and velocity distributions,
it is of potential importance to know how precisely the finite N
configurations are generated. We have considered the following
ways of generating the particle realisations:

(i) N particles are distributed randomly with uniform density
inside a sphere, and the radii of the particles are then rescaled to
give the desired radial density decay. The fluctnations in any volume
are thus Poissonian in their dependence on the particle number.

(ii) A sphere containing N particles is extracted from a distribu-
tion of particles initially located on a regular (simple cubic) lattice,
the sphere being centred on the centre of a lattice cell. The radial
positions of the particles are then ‘stretched’ to give the desired
radial density decay. In this case both the radial and angular fluctu-
ations are very suppressed compared to those of the configurations
obtained by the first method.

As a consequence of the different spatial sampling, the velocity
fluctuations are also slightly different in the two cases.

In all cases the limit N — co of the algorithm converges to the
continuum phase space density, and the amplitude of the fluctuations
around this density is a monotonically decreasing function of N. As
we will discuss in our conclusions, an extrapolation N — ¢o of these
initial conditions obtained as some finite N could be performed in
different manners leading, in certain cases, to different results.

MNRAS 473, 2348-2354 (2018)
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2.2 Quantities studied

In our complete study we have monitored the evolution, starting
from many realisations of the above class of initial conditions,
of numerous macroscopic quantities: kinetic and potential energy,
bound mass, angular momentum of bound and ejected mass, pa-
rameters characterizing the shape of the structure, density profiles
in spherical shells, velocity distributions etc. We report here results
for only one chosen macroscopic parameter. The study of this pa-
rameter suffices to explain our central finding about the dependence
on N of the evolution of macroscopic quantities. This quantity is the
shape parameter characterizing the deformation from sphericity of
the structure, and defined as
Aq(2)

tx(£) ) 1, eY)
where A; > A, > Aj are the eigenvalues of the inertia tensor of
the X per cent most bound particles (i.e. of the first X per cent of
the bound particles when they are ranked by increasing energy). We
will consider X = 80, which typically characterizes well the final
global shape of most of the mass.

2.3 Numerical simulations

‘We have used the N-body code GapceT2 (Springel 2005). All results
presented here are for simulations in which energy is conserved
to within one fenth of a per cent up to the longest times evolved
to. In order to achieve such precision, even for the very violent
collapses which result from the colder initial conditions, we have
employed an accuracy of time integration significantly greater than
that typically used for this code in simulations of this kind.? Further
the parameters controlling the accuracy of the force calculation
have been set so that the force is in practice calculated by direct N?
summation. For the simulations reported here, the force softening
parameter has been taken to be ¢ = (0.056)RN~'/3, where R is
the initial radius of the sphere, i.e. we use a softening which is
fixed in proportion to the mean interparticle separation. We have
performed extensive tests (see also Benhaiem & Sylos Labini 2015;
Sylos Labini et al. 2015 for more details) of the effect of varying
the force smoothing parameter in a wide range. In particular we
have verified for several cases that we obtain fully consistent results
taking € /R = 1072, In general we obtain very stable results provided
that it is significantly smaller than the minimal size reached by the
whole structure during collapse. We note that the smoothing given
above is also consistent with a value always below the maximal one
recommended by Boily & Athanassoula (2006) in their study of the
convergence of simulations of this kind.

3 RESULTS

As unit of time we take the characteristic time for the mean-field
(collisionless) evolution,

3m
2 Gp,’

2

Tdyn =

2 The time-stepping parameter 7 has been set to n = 0.005, compared to
7 = 0.025 as typically used.
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Figure 1. Each panel shows igq for a given &g as a function of N. In each
case its value, averaged over an ensemble of realisations of Poissonian
initial conditions (see footnote in text for details of number of realizations),
is plotted at three different times, well after the virialization of the system
(at t~22).

where pg is the initial mean mass density of the sphere (and G
the Newton’s constant). The systems we consider starting from the
above classes of initial conditions are in all cases well virialized (i.e.
with only very small fluctuations of the viral ratio) by ¢ =~ 2, and
we tun them typically up to a time roughly an order of magnitude
longer.

Results for evolution from these initial conditions for various by
and N have been reported in various previous studies (e.g. Merritt &
Aguilar 1985; Aguilar & Merritt 1990; Barnes et al. 2009). We have
checked that our results, when comparable, appear to be very con-
sistent, quantitatively and qualitatively, with previously published
ones. In particular, as we will see below, we observe, for by < 0.1
a virialized state which strongly breaks spherical symmetry.?

3.1 N dependence of ‘final’ quantities

‘We have studied the evolution for many values of &; in the range
between 0 and 0.3. Shown in Fig. 1 are results for the measured ¢z
at three times as a function of N three chosen values of the initial
viral ratio by (by = 0.05, by = 0.1 and by = 0.15) and for Poissonian
initial conditions. Each point is the average value calculated over M
of realisations of the given initial condition.* The error bars indicate
the estimated error on the mean.

As noted the system contracts to its minimal size at { =~ 1
and then re-expands and is already well virialized by ¢ ~ 2.
The results for the different times indicated (starting from £~ 7) and

3 One minor difference is that most authors have employed a Gaussian
distribution for the initial velocities, rather the uniform one we use. This
is not expected to, and indeed does not appear to, make any significant
difference in the context of this study.

4 The number M of realisations are as follows: M = 70 for N= 10, M =40
forN=2x 10>, M=30forN=4 x 10% and N = 8 x 10>, M = 6 for
N=16x 10", M=4forN =32 x 10>, M=2 for N= 6.4 x 10* and
M=1forN=128 x 10°.
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plotted in Fig. 1 thus monitor the stability of the measured shape
parameter ¢go at ‘long times’. A very strong stability of the result
is in fact observed in all but the simulations at the lowest N — with
up to a couple of thousand particles — in the case by = 0.05. Such
an evolution at lower particle number — towards a more spherically
symmetric structure — is, as has been studied in detail by Theis &
Spurzem (1999) for similar initial conditions — due to two body
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collisionality. Beyond N = 4000 such effects do not appear to play
any role in the evolution on the time-scales we simulate and the
values of ¢z obtained at a given N are very stable in time.

Let us consider now the dependence on N of these ‘final’ ¢g.
Depending on the value of by, the plots show very different qualita-
tive behaviours: for by = 0.05 (upper panel) an apparently asymp-
totic value of g0 A~ 1 is reached at N =~ 10%; for by = 0.15
(lower panel) i is always much smaller and appears to de-
crease monotonically to zero as N increases to its largest value.
We will see below that the value of ¢, even in the cases where
it is very small, is always measurably larger than the initial value
of ¢3p, 1.€. the measured asymmetry, albeit small, is above the level
of the intrinsic noise introduced by sampling the density field with
a finite N. For the intermediate case, by = 0.1 (middle panel),
we see a very different behaviour, which is, very roughly, an in-
terpolation, in a narrow range of N just above N = 10%, between
the other two cases: up to N = 16000 the final ¢35 grows up to
an average value of 0 ~2 0.4, while at N = 32 000 it is about an
order of magnitude smaller. In summary, in the first and last case
the behaviours as a function of N are apparently a simple mono-
tonic convergence towards an asymptotic value which is already
very well approximated for a few thousand particles. In the inter-
mediate case such a convergence towards the asymptotic value is
observed only when there is roughly an order of magnitude more
particles.

‘What lies behind these very different behaviours, both quan-
titative and qualitative, are the physical differences between the
non-linear dynamics in the different cases: for by = 0.05 the sys-
tem strongly breaks spherical symmetry, while at by = 0.15 this is
not the case. As discussed in the literature (see references above),
this symmetry breaking is in principle due to so-called ‘radial or-
bit instability’: stationary spherically symmetric solutions of the
collisionless Boltzmann equation are unstable when the velocity
dispersion is purely, or strongly, radial as originally shown by
Polyachenko (1981). Such an instability exists for some range of
the parameter (or parameters) characterizing the anisotropy of the
velocity distribution, and is expected to correspond to an existence
of the instability starting out of equilibrium at values of &y up to
some critical value. The simplest interpretation of the behaviour in
the case by = 0.1 is then that this value is just above the critical
value, but sufficiently close to it that the larger intrinsic fluctuations
about spherical symmetry present at smaller N can allow the system
to access the instability. This behaviour can be considered to be
an example of the sensitivity to finite size effects characteristic of
critical phenomena.

The naive interpretation of these results is thus the following,
Convergence (to within some chosen precision) to the continuum
resultis obtainedin all cases witha sufficiently large N. This number
may, however, be very significantly larger if the initial condition is
close to a ‘critical’ point where the final state obtained changes
qualitatively. Unless one is very close to such a point, on the other
hand, it appears that the only finite N effect in a simulation one
needs to worry about in this system is two body collisionality.
‘We will see now that these conclusions are not valid when we study
the temporal evolution carefully.
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Figure 2. Each panel shows, for a given fixed value of by, the temporal
evolution of i as a function of time averaged over an ensemble of reali-
sations with the indicated values of N. (The number of realisations in each
case is the same as in the previous figure).

3.2 N dependence of temporal evolution

The above analysis relies on the study of the convergence of the
macroscopic properties at relatively long times, well after the sys-
temhas ‘settled down’ to virial equilibrinm. If we are only interested
in the state of the system at asymptotically long times this is suf-
ficient. However if, as for example in the context of cosmological
simulations, the temporal evolution of macroscopic quantities needs
to be resolved, convergence tests must be applied to these. Shown
in Fig. 2 is the evolution of ¢5; as a function of time, starting from
realisations of our Poissonian initial conditions with the indicated
values of by, for a range of different values of N. If we limit our-
selves to examining the curves for £ > 7, our conclusions about
convergence are those obtained above from Fig. 1: for a sufficiently
large N there appears to be clear convergence of the curves. How-
ever, considering now also times ¢ < 7 for the cases by = 0.05 and
by = 0.075 (i.e. in which the final state breaks radial symmetry), the
convergence is much poorer or even apparently not attained at all:
in particular the time at which the instability in ¢z develops in the
case by = 0.075 visibly depends on the number of particles, with
the time at which ¢go attains its maximum shifted by almost two
dynamical times between the largest two simulations. In the case
by = 0.05 the difference in this time is much smaller, but the details
of the evolution around the maximum appears to be quite differ-
ent. In either case it is clear that even at N = 128 000 one cannot
conclude that the temporal macroscopic evolution has converged.
The shift of the time at which the instability in o develops is
explained simply making the hypothesis that the effective seeds for
its development are the finite N fluctuations in the initial conditions
which break the spherical symmetry: as N increases their amplitude
is decreased, and thus their development retarded. This can be fur-
ther tested by comparing evolution at given N from our two different
sets of initial conditions, Poissonian and lattice-like. Given that, at
fixed N, the amplitude of the density fluctuations around perfect
spherical symmetry are suppressed in the lattice initial conditions
compared to those in the Poissonian initial conditions, the seeds for
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Figure 3. Each panel shows, for a given value of b, the mean temporal
evolution of 150, and its estimated error, in five realisations with N = 10°
particles of Poissonian (filled lines) and lattice (dashed line) initial condi-

tions.
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Figure 4. Evolution at early times (0.5 < £ < 1.5) of i3 in the five realisa-
tions of Poissonian (filled lines) and lattice (dashed line) initial conditions
from which the averages in the previous figure are calculated.

the instability are smaller. Thus, if our interpretation of the previous
results is correct, we would anticipate that there should be a de-
lay in the development of the instability at a given level. Shown in
Fig. 3 are plots of the evolution of 30 averaged over five realisations
of the two cases, for two values of b, in the range where there is
symmetry breaking, and also for the case &y = 0.1. In the first two
cases, including the one corresponding to the upper panel in Fig. 2
in which the N dependence of the temporal evolution was not so
evident in this figure, we indeed see a clear delay in the onset of
the instability for the lattice initial conditions. This is confirmed by
Fig. 4 which shows the evolution at early times, in the time window
[0.5, 1.5], for the individual realisations in each case. The lower
panel in both figures show that, for the case by = 0.1 where the

Figure 5. Temporalevolution of ig0 in different realisations with N = 16 000
of initial conditions with &y = 0.1.

final symmetry is very small, there is also a measurable relative
delay of the development of the asymmetry which depends on the
initial amplitude. As the evolution continues (see Fig. 3), however,
the difference between the realisations appears to be more or less
wiped out, in contrast, in particular to the case by = 0.025, in which
the memory of the very subtle difference in the initial conditions
appears clearly to persist up to the longest time simulated.

The data we have shown up to now is averaged over a number of
realisations of each initial condition. For most cases the dispersion
between the single realisations is small once N is greater than a
few thousand. We have observed, however, that this is not always
true: in cases where the evolution is very sensitive to the value of N,
e.g. for by = 0.1 around the transition observed between N = 10*
and N = 10°, there is also a very large dispersion between the
different realisations. This is illustrated in Fig. 5 which shows the
evolution in different realisations of the &y = 0.1 Poissonian initial
condition with N = 16 000 particles. Remarkably we find that the
macroscopic evolution can be completely different from realiza-
tion to realization, i.e. the system manifests an apparent chaotic-
ity of its macroscopic behaviour. We note that behaviour of this
kind (“macroscopic stochasticity’) has been observed previously in
N-body systems modelling galaxies by Sellwood & Debattista
(2009). This kind of behaviour is incompatible with any even ap-
proximate convergence at this value of N, but it does not exclude
convergence at significantly larger values of N. Indeed the apparent
convergence at larger N for this initial &, observed in Fig. 1 is as-
sociated with a very small dispersion in the results from realization
to realization at larger N. As we have discussed in our case this
highly fluctuating behaviour occurs in the region which appears
to be stable for spherically symmetric equilibria, but very close to
the unstable region. It is however also possible that it could be a
marginally unstable region, for which a recent analysis of a long-
range toy model (Barré, Métivier & Yamaguchi 2016) has shown
that there can be a strong sensitivity of the evolution, and the final
state, to the initial conditions (Barré et al. 2016). In either case what
we observe is presumably the result of the competition between two
different modes of instability around stationary solutions which are
s0 close to one another that their finite N samplings at the given N
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can overlap, while at larger N this will not be the case and a single
mode of instability will dominate.

4 DISCUSSION AND CONCLUSIONS

The main motivation for this study is to understand better
whether the results obtained with large N-body simulations of self-
gravitating systems represent faithfully the evolution, up to some
time, of a given collisionless system. Let us consider now carefully
what our study allows us to conclude in this respect.

In a suite of N-body simulations at different N of a simple class
of initial conditions we have shown that the macroscopic evolution
manifests two very different N dependences. On the one hand, in
our simulations at smaller N we have been able to observe that
there is an N dependence coming from two-body collisional effects.
This is quite straightforward to identify in a numerical study as
a clearly N dependent drift of appropriately chosen macroscopic
quantities, as observed previously in similar systems (e.g. Theis &
Spurzem 1999). On the other hand there is a distinct N dependence
associated with the presence of instabilities in the collisionless dy-
namics. This arises because the initial seeds for the instability them-
selves depend on N. This dependence on Nis in practice much more
difficult to find, as it manifests itself only in a very weak dependence
of the time of triggering of the instability, and nof, at sufficiently
large N, in the properties of the state to which the instability drives
the system. Indeed despite the fact that these initial conditions have
been studied fairly extensively in the literature, and that it might
seem evident to expect that there may be such a dependence on N,
this subtle dependence of the evolution on N has apparently gone
unnoticed, other than in a study by Boily & Athanassoula (2006).
These authors remarked, for cold initial conditions characterized
by a power-law profile of density p(r) o< #—>/2, a very slow con-
vergence with N of parameters characterizing the shape of the final
triaxial system obtained (similar to our ¢gg). Specifically they con-
cluded from a detailed study analogous to ours in Section 3.1, that
‘N =10’ or larger is required for convergence of axial aspect ratios’
in numerical experiments of this type. In light of our analysis it is
clear that this conclusion can be expected to depend strongly on the
initial condition. Further it does not apply to the temporal evolution
of the system. Indeed the latter should in fact be expected not to
converge at all as N is extrapolated, and indeed it is not evident
even that final axis ratios should be expected to converge umnless
the instability leading to breaking of symmetry occurs well after
virialization. In the case analysed by Boily & Athanassoula (2006)
this appears not to be the case, and in general for very cold initial
conditions to reach such an asymptotic regime in a numerical study
would appear to be a considerable challenge.

‘We emphasize again that the first type of N dependence is in-
dicative of collisional effects, and therefore of effects which are
absent in the collisionless limit which it is the goal to simulate.
The second type of N dependence, on the other hand, is due to an
instability which exists in the collisionless limit. Thus the N depen-
dence observed in the convergence study we have performed does
not mean that the N-body system does not approximate well the
behaviour of a collisionless self-gravitating system. It just means
that it does not follow the collisionless evolution of the exactly
spherically symmetric initial condition to which the N — co limit
considered converges. Instead when the instability develops, the N-
body system is following evolution from an initial condition with a
finite perturbation away from the exact spherical symmetry of the
model initial condition. To test numerically whether this evolution
isindeed collisionless one would need to perform a different large N
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extrapolation of an N-body initial condition at some given N = Ny,
in which N is varied keeping the fluctuations away from spherical
symmetry at Ny fixed, i.e. one would need to resample at larger and
larger N the density field of the N = Nj simulation. The suite of N-
body simulations should then converge well at any finite time. The
difficulty with such a convergence study is that such a resampling
always introduces new fluctuations at smaller scales. One does not
know a priori whether these fluctuations may play some significant
role in the dynamics. We plan to study this issue further in future
work.

Our study thus illustrates that, in performing a convergence study
of an N-body self-gravitating system to test whether it can be con-
sidered to represent that of a collisionless system, there may be N
dependences which may be very much slower than those of two-
body effects in particular, and consequently much more difficult to
identify in a numerical study. Indeed a genericinstability sourced by
fluctnations, with amplitude of order LN if sampling is Poissonian,
will lead to a dependence of the time it develops at, which will grow
in proportion to log N for an exponential instability (assuming that
numerical integration is sufficiently accurate that numerical errors
do not seed the instability). In the simple case we have chosen to
study we have been able to find such an N dependence because it
is associated with a known instability, the role of which is easy to
detect as it leads to a change in the symmetry of the structure. In
the genetic case where one does not know a priori that there are
instabilities — and does not have evident tools for recognizing that
they may be present and playing a central role in the dynamics —
one could thus easily miss completely in a numerical convergence
study that the results are in fact N dependent.

Although we have not analysed the specific case of cosmolog-
ical simulations, we believe our results are very relevant to them.
In this respect the important point to note is that initial fluctua-
tions of cosmological simulations, although known theoretically at
all scales, are necessatily sampled in N-body simulations only at
scales above the initial grid spacing (see e.g. Bertschinger 1998).
‘When an initially overdense region undergoes non-linear evolution
the collapsing region is qualitatively similar to that of the finite
system we have studied. The resulting collapsing structures typi-
cally contain a very modest number of particles. Indeed for typical
cold dark matter initial conditions, such structure formation is hi-
erarchical, proceeding through the collapse of successively larger
structures starting from ones containing only a handful of parti-
cles. The fluctnations associated with the finite number of particles
sampling any structure, which have no direct relation to those of
the continnum model’s initial conditions, can then potentially play a
crucial partin the non-linear evolution of the structure. Indeed, inre-
spect of the particular example we have studied, we note that several
works in the literature (Huss, Jain & Steinmetz 1999; MacMillan,
Widrow & Henriksen 2006) find that the radial orbit instability ap-
parently plays a crucial role in the evolution of cosmological haloes,
and even claim that it is this instability which explains the apparent
‘universality’ of the profiles of cosmological haloes. While existing
convergence studies (see e.g. Power et al. 2003) of such collapses
appear to show that these profiles are in fact N independent, we
note that they involve the comparison of the ‘final’ state of the
haloes rather than the detailed comparison of their temporal evo-
lution. As we have seen here it is the latter which shows up the
subtle N dependences which would otherwise have escaped us. If
radial orbit instability indeed plays a central role in the evolution
of simulated cosmological haloes, it is important to verify that the
amplitude of the fluctuations driving the instability are not deter-
mined by the finite number of particles used to sample the initial
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conditions. More generally, in the strongly non-linear regime we
should be very cautious in concluding that results truly represent
the relevant continnum limit on the basis of convergence studies cov-
eting a very modest range of particle number. These issues could
be addressed further in a controlled manner by using initial condi-
tions more closely representative of those of collapsing regions in
N-body cosmological simulations, and, for example, by studying
the effect of additional external forces mimicking the tidal forces
inevitably present in such a setting. Finally we note that our results
provide also a strong motivation for the use of different methods to
study collisionless systems, and in particular direct integration of
the collisionless Boltzmann equation as attempted by some recent
studies (Yoshikawa et al. 2013; Colombi et al. 2015; Sousbie &
Colombi 2016).
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On the formation of spiral structure from collapse of
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ABSTRACT

We present a systematic study of spiral structure formation resulting from gravita-
tional collapse of N-body systems with rigid rotation without velocity dispersion.
Initial configurations comprise of disks of various surface ellipticity and thickness,
which could be clasified into three different families: thin-circular, thin-elliptical and
thick-elliptical disks. The rotational velocity is also varied in each of disk family. Our
main scopes include the kinematics during the formation and evolution stages as well
as the physical properties of the emerging spiral arms in different families. In this
study the pitch angle deduced from logarithmic spiral function is employed as princi-
pal tool to evaluate the winding degree of simulated structures. We find that while the
spiral structures could be produced commonly for all classes of disks, careful inspec-
tion of pitch angle variation along with visual appearance reveal that the arms in each
family are indeed different and of dynamically distinguishable origins. We speculate
that the cause of that diversity is strongly associated with the arrangement of initial

configurations.

Key words: gravitation; galaxies: formation; galaxies: spiral; method: numerical.

1 INTRODUCTION

Recent surveys of galaxies revealed that more than half of
them possessed spiral arms. Thus one may speculate that
there might exist some common mechanisms that generate
those fasinating structures. The fact that they co-exist with
elliptical or disk component in some, but not all, galaxies
may give rise to an assumption that they could be some
form of unstable disturbance. In attempt to understand their
origin, many theoretical milestones have been established in
past decades. Early work by Lin & Shu (1964) proposed that
the spiral structure was the result from quasi-static spiral
wave that propagated throughout the disk, i.e. the density
wave theory. This hypothesis has attacted much of atten-
tions and it was implemented in many subsequent studies in
various aspects such as Vandervoort (1970) or Mark (1974)
and his papers in the serie.

Shortly after the Lin-Shu theory, the stability analysis
of differentially rotational equilibria by Goldreich & Lynden-
Bell (1965); Julian & Toomre (1966) suggested that the spi-
ral appearance was indeed the outcome of the shearing of
density perturbation, and also underlined the necessity of
differential rotation to generate the spiral structure. Thus
the latter scenario consequently ruled out the possibility for

* E-mail: worraki@gmail.com

@© 2017 RAS

spiral arm to be static wave, which suited better with ob-
servation. Lateron a refined work for spiral arms being a
propagation of wave carrying the angular momentum in pro-
cess through the shearing background has been proposed by
Lynden-Bell & Kalnajs (1972). An alternate paradigm has
conjectured that the spiral structure could emerge from close
fly-by of two spinning galaxies by mean of gravitational tidal
pulling (Toomre & Toomre 1972).

Despite the fruitful theoretical works, the observation of
real galaxy evolution is quite limited because of their incred-
ibly long time scale. Therefore the study of their evolution
relies heavily on numerical simulations. The Goldreich—
Lynden-Bell hypothesis has been examined by Miller et al.
(1970) and Carlberg & Freedman (1985) using isolated disks
composed of dissipative gas and star particles. The results
revealed the spiral arms from accumulation of cold gas par-
ticles under disk gravity. More realistic like composite disk-
halo system for testing that hypothesis has been also re-
ported by Bottema (2003). Purely self-gravitating systems
of stars were also chosen to study the formation of spiral
arms and various initial systems were constructed. For ex-
amples, disks embedded in halo potential were employed
and investigated by some researches (Fujii et al. 2011; Baba
et al. 2013) as well as the isolated disks with or without ini-
tial non-axisymmetric perturbation (Sellwood & Kahn 1991;
Sellwood 2012). Recently, the study led by Benhaiem et al.
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(2017) demonstrated that spiral structures could be pro-
duced by simple systems like the rotating sphere in collapse.

Unlike isolated systems, the study of encountering ob-
jects following the tidal hypothesis allows us to explore wider
adjustable parameter space, in addition from individual in-
trinsic properties of each object, such as orbit parameters or
even the object type. This leads to more accessible shapes
of spiral structures as reported in past literatures (using
various simulation method), e.g. Elmegreen et al. (1991);
Dobbs et al. (2010); Semczuk et al. (2017), where some of
which were visually comparable to real galaxies. Not only
the formation of spiral arms, the collision of galaxies have
also been employed to resolve the origin of various irregular
shapes. Informative summary on simulation results is given
by Barnes & Hernquist (1992).

In this work we study the formation of spiral pattern
from collapse of out-of-equilibrium disk initially in rigid ro-
tation. Principal questions are addressed on the kinematics
that generates the spiral patterns and how their forms de-
pend on initial paremeters. The article is organized as fol-
low. First in section 2 we discuss on the equation of motion
of system considered. Then in section 3 we introduce the
classes of initial condition, simulation parameters and con-
trols, as well as the necessary physical parameter of spiral
arm. In the following section we present numerical results
and some remarks on them. Finally in section 5 we provide
the conclusion and discussion.

2 EQUATIONS OF MOTION FOR
COLLAPSING DISK IN ROTATION

Consider a collapsing disk in rotation with constant initial
collective angular velocity wp and surface density Yqo; we
place ourself in rotating frame in coherence with wo. Then
the equation of motion for a test particle starting at radius
7o in rotating polar coordinate reads

d*r <d9

2
ds
=T E) =w§r+2wora—vr¢(r). (1)

where the first and second terms on the right-hand side
stand for the fictive centigural and radial Coriolis forces,
respectively. The third term involves gravitational potential
of uniform disk where semi-analytic expression has been an-
alyzed by Ciftja & Hysi (2011) which could be written as

() = %E(—> @

™ Ta

where ¢ is the potential at center and r; is the disk radial
size. The mathematical form of E(m) is given by

/2
E(m) = / df\/1 —msin®@ (3)
0

for m < 1. We could conveniently re-scale the radius in (1)
with dimensionless one R = r/ro as

d°R (dﬂ

dez T\t

2
de
T > =wiR+ 2woR£VR¢(R; o) (4)

where the factor with ro is merged into ¢. Similarly the
tangential equation of motion in term of R reads

d*e dR dé dR
R+l @~ & ©)
where the right-hand side corresponds to the tangential
Coriolis force.

With wp introduced to the system the evolutions of R
and € do not depend only on time ¢ but ro is also involved in
determining the evolutionary track of each particle. In other
words, the memory of initial radial position for each particle
is retained along the dynamics. These are the key features
that we capture and will inspect how necessary they could
be to produce the spiral structure in N-body simulations.
Note that this fact is also partly true even when wy = 0
for R to depend on both ¢ and ro but for this case # does
not vary from the initial value. The fully scale-free collapse
could be acquired from cold sphere of uniform density of
which the relevant N-body simulations have been analyzed
by Joyce et al. (2009). Those results suggested that the scale-
free behavior is retained upto the finite-N' fluctuation.

3 PREPARATIONS OF SIMULATIONS AND
PARAMETERS

3.1 Initial condition and choice of unit

The initial condition is the disk of finite thickness z; and
and constant density po. The surface of disk is character-
ized by the ellipticity ep = 1 — % where R, and R; are the
semi-major and -minor axis lengths, respectively. The phys-
ical scale is chosen so that Fj is fixed to 1. All simulations
are with NV = 128,000 and particles are thrown randomly in
a confining shape at a given dimension. The initial motion
of particles is that they are purely rotational with constant
angular speed wo, regardless of position, so that it satisfies
any given virial ratio by. The rotational direction is such
that its angular momentum vector is aligned positively in
z-direction. Although the equations of motions analyzed in
Sec. 2 are also applicable provided that the velocity disper-
sion is non-vanishing, we may avoid the complication that
may arise from velocity sampling in granular configuration
by putting both radial and velocity dispersions to zero, fo-
cussing only on the role of initial position. Thus the initial
condition may be regarded as the rigidly rotating disk with
constant, density. The cases we have simulated are summa-
rized in Tab. 1 with their corresponding code names, which
could roughly divided into three sub-groups: CR=Circular,
TN=Thin and TK=Thick. Some segment of codename, e.g.
TN, E01 or B03, may be employed to represent sub-groups
of those initial conditions that we will address to.

As our disk dynamics relies on the gravitational col-
lapse, the time scale representing the temporal evolution
could be appropriately chosen to be

tayn = 4/ ﬁ (6)

where G is the Newton’s gravitational constant.

3.2 Simulation setup and control

The dynamics of particles is integrated using GADGET-2
(Springel 2005). The softening length for the code is fixed
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