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Abstract

In this project, we propose and analyze a conservative local discontinuous Galerkin
method for the viscous Burgers-Poisson system, resulting from Whitham equation. The
proposed method preserves two invariants and hence, yields accurate solutions even for
long time. A priori error estimates, which are of order O(hk+1), when polynomials of
degree k >1 are used for approximating solutions are established. Finally, numerical

experiments are conducted to confirm our theoretical results.
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Introduction to the research problem and its significance:

We consider a class of nonlocal dispersive wave equations of the form

ou+0,f(u)+0,[G*u]=0. (1)

The subscript t (or X, respectively) denotes the differentiation with respect to time

G(X)=G(-X) gnq =u?/2

variable 1 (or X). G s the symmetric kernel satisfying
is the advection flux.

This class includes two shallow water models introduced by Whitham [15].
One is with

1/2
G(x)=i R(tankhkj e™dk,

and a simplified model is that one with

1
G(x)=—=e™.
() =7

The simple model is also called the Burgers-Poisson (BP) equation since it may be

written as
ou+o,fu)-0,4=0,
Sp-g=u.

In [10], a local DG method for the BP equation is developed. The proposed scheme
preserves both mas and energy. But the approach does not apply directly to the original
Whitham equation, which governs a shallow water wave model.

In the context of water waves, one of the best known local models is probably the
Korteweg-de-Vries (KdV) equation,

O,u+ud,u+aou=0.

This equation possesses soliton solutions' coherent structures that interact
nonlinearly among themselves; then they reemerge, retaining their identity and showing
particle-like scattering behavior.

In shallow water wave theory, the nonlinear shallow water equations which neglect
dispersion altogether lead to the finite time wave breaking. On the other hand the third
order derivative term in the KdV equation will prevent this ever happening in its
solutions. In reality, some water waves appear to break, if the wave height is above
certain threshold. Therefore, in [15] Whitham raised an intriguing question: what kind of
mathematical equation can describe waves with breaking? He suggested equation (1)

with the above two kernels; many competing models have since been suggested to



capture one aspect or another of the classical water-wave problem, see e.g., [1-2], [4-6],
[8-9], [11-12].

One common feature of these models is the associated global invariants, infinitely
many or finitely many. Equation (1) for symmetric kernel G can be shown to have the

following two invariants:

[u(0,x)dx = Ju(t, x)dx = E, (1),

[u?(0,x)dx = [u? (¢, x)dx = E, (). @)

It is desirable to design stable and high order accurate numerical schemes which
preserve the two invariants for solving this class. It is believed that numerical methods
preserving more invariants are advantageous: besides the high accuracy of numerical
solutions, an invariant preserving scheme can preserve good stability properties after
long-time numerical integration. Much more effort has been devoted in this topic for
different integrable PDEs recently [3], [7], [13-14], [13].

In this project, we derived a system
2

ut+(u——¢)x—euxxzo, xe[0,L]=1, t>0,
2 (3)

¢xx - ¢ =u.
from the general form (1) with additional viscous term. Then, the local discontinuous
Galerkin method is developed to numerically solve the system. The scheme is expected

to have invariant-preserving property and also have optimal order of convergence.
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Objectives :

1. To develop a numerical scheme for the family of equations derived from the
Whitham equation. This includes Burgers-Poisson equation and viscous Burgers-
Poisson equation.

2. To prove that the proposed scheme is of high order of accuracy and
preserves some invariants, namely mass and energy.

3. To verify the performance of the proposed schemes using computer

simulation on various examples.



Methodology :

1. Do the literature review on the Whitham equation (1) and related models. This
is to see which model is yet to be approximated numerically.

2. Derive a system of viscous Burgers-Poisson equations from the Whitham
model (1) to use this as a model of interest.

3. Design a numerical scheme for approximating the system of viscous Burgers-
Poisson equations using the discontinuous Galerkin framework.

4. Obtain analytical properties of the proposed scheme. This includes the
stability property and the priori error estimation.

5. Run numerical simulations to verify our analytic findings.

6. Write mathematical articles and submit them to international journals.
Result :

In order to derive a numerical method, we first rewrite the viscous Burgers-

Poisson equations by means of two auxiliary variables W = \/Zux and p=¢, as:
U +(§)x = p—ew, =0,
w—+Jeu, =0,
pP-¢,=0,

p,—¢=u.
The LDG method is to seek (U, , p,,d,,W,) € (th)4 such that for (v, z,1,q) € (th)4

Lj (TN dx—J‘Ij (%)vX dx+%|all _L,. P,V dX+\/gJ‘|jWth dx — /e, v |2, =0,
Lj W, z dx+.|‘Ij Jeu,z, dx—et,z], =0,

I.,. X% dX+Lj¢hV/x dx— g |y =0,

=, Poa, dx= [ (4 +up)a dx+ Braly, =0,

Lj(uh—u) ., vdx=0.

—~

Here, the choice of numerical fluxes uﬁ,&h, P,,U,,W, are given, respectively, by
- 1
2 2 4o \2
u =§((u§) +UpUy +(Uy)%),

A

¢, =04, +(1-0)¢,,
Py =@1-0)p, +0p,,
u, =6u, +(1-6)u,,



W, = (1-0)w, + 6w,
where 6 €[0,1/2]. Denote the set of k -degree polynomial on an interval | by B[I].
The solution space th is defined by

Vi ={v,:v, eR[I,],j=12,...,N}
where the spatial domain in (3) is divided into 1, 1,,..., I . The one-side limits are

denoted as U* := limU (t, x+¢) , and the jump at the boundary is denoted as

e—>0"

[U]=U'-U;.

With the proposed scheme, we run the following numerical results:

1. Accuracy test: we run the simulation on the domain [0,27] at t =1 using

At =0.0001, 49:0,1, and € :i_
2 10
- 9=1/2,e=1/10
k| N
|lu—up|| | order | ||u—uplloc | order | |lw—ws| | order
0 5| 3.6079e-01 4.1791e-01 5.7311e-02
15 | 1.2005e-01 | 1.0017 | 1.3769e-01 | 1.0106 | 1.4206e-02 | 1.2696
45 | 4.0026e-02 | 0.9998 | 4.5541e-02 | 1.0071 | 4.5310e-03 | 1.0402
135 | 1.3342e-02 | 1.0000 | 1.5120e-02 | 1.0036 | 1.5036e-03 | 1.0041
2 5| 1.5333e-02 2.6582e-02 7.5385e-03
15 | 4.1908e-04 | 3.2766 | 5.9120e-04 | 3.4642 | 1.3368e-04 | 3.6704
45 1 1.5231e-05 | 3.0172 | 2.1322¢-05 | 3.0242 | 4.8172¢-06 | 3.0250
135 | 5.6298¢e-07 | 3.0018 | 7.8770e-07 | 3.0023 | 1.7803e-07 | 3.0020
3 5| 3.7800e-03 5.8459e-03 1.7401e-03
15 | 1.4584e-04 | 2.9628 | 2.4965¢-04 | 2.8704 | 7.5612e-05 | 2.8546
45 | 5.4232¢-06 | 2.9963 | 9.3695¢-06 | 2.9880 | 2.8253e-06 | 2.9920
135 | 2.0094e-07 | 2.9996 | 3.4788e-07 | 2.9977 | 1.0472e-07 | 2.9993
4 5| 7.6576e-05 1.3690e-04 5.0985e-05
15 | 2.3275e-07 | 5.2758 | 3.7040e-07 | 5.3817 | 7.4292¢-08 | 5.9450
45 1 9.4001e-10 | 5.0171 | 1.4902¢-09 | 5.0206 | 2.9729¢-10 | 5.0255
135 | 3.9985e-12 | 4.9699 | 6.8782¢-12 | 4.8956 | 1.3249¢-12 | 4.9274




k| N

6=0,c=1/10

llu — |

order

e — un| o

order

[0 — wa|

order

1] 5
10
20
40
30

2.0388e-01
4.9798e-02
1.1284e-02
2.7039e-03
6.6506e-04

2.0335
2.1418
2.0611
2.0170

2.7734e-01
8.2017e-02
1.9282¢-02
4.4963e-03
1.0674e-03

1.7577
2.0886
2.1005
2.0747

2.2951e-01
8.3916e-02
2.2834e-02
5.7866e-03
1.4518e-03

1.4516
1.8777
1.9804
1.9948

21 5
10
20
40
30

1.6241e-02
2.0839e-03
2.6629e-04
3.3466e-05
4.15884e-06

2.9623
2.9682
2.9922
2.9982

2.5013e-02
3.9864e-03
5.1223e-04
6.2396e-05
7.7201e-06

2.6495
2.9602
3.0373
3.0147

1.6845e-02
2.4213e-03
3.2222e-04
4.1259e-05
5.2006e-06

2.7984
2.9097
2.9653
2.9380

5
10
20
40
80

1.3740e-03
8.2364e-05
5.1575e-06
3.2328e-07
2.0224e-08

4.0602
3.9973
3.9958
3.9986

3.2936e-03
2.1133e-04
1.2728e-05
7.3910e-07
4.3919e-08

3.9643
4.0534
4.1061
4.0728

2.0556e-03
1.5526e-04
1.0401e-05
6.6583e-07
4.1911e-08

3.7268
3.9000
3.9654
3.9808

5
10
20
40
30

8.0351e-05
2.5626e-06
8.0488e-08
2.5183e-09
7.8731e-11

4.9706
4.9927
4.9982
4.9994

1.7147e-04
5.9801e-06
1.8076e-07
5.5438e-09
1.7246e-10

4.8417
5.0480
5.0270
5.0066

9.7122e-05
3.1020e-06
9.7244e-08
3.0471e-09
9.5402e-11

4.9685
4.9955
4.9961
4.9973

2. Energy-preserving test

: we run the same example on a longer period of time to test

the Energy-preserving property of the proposed scheme against the scheme with the

Lax-Friedrich flux

-~ 1

u? =E((uh‘)2+(u,f)2—a(u; ~Uy)), 0 =2max

ueluy ,up ] |

uj

Using k=2, N =80, and At =0.001, we plot the decaying of energy

[u(-,t) [& [U(-,0) [ from the initial time to the time t =100 using 8 =1/2.
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Summary and discussion :

With our proposed scheme, we showed that
Theorem 1 (Energy stability.)

“u, (t,x)dx = [ u, (0, x)d
jo u, (t, x) x_J-O u, (0, x)dx, and

0,(0) P12, T, ) Pz + @0-20)3. [ (T +P.T), 0 d7 =(0,0) )
Theorem 2 (Error estimation.)

m_u - SC(T)G—UZ hk+l
" @(O'T'LZ(')) where U is the exact solution.
The numerical results also agree with our theoretical results. In terms of convergence,

the numerical errors have K +1-order of convergence when the polynomial of degree k
is used. As for energy-preserving property, the numerical solution obtained from our

proposed scheme can maintain the energy better than the numerical solution obtained
from another method.



Future work :

In this project, we developed a local discontinuous Galerkin method for the
viscous Burgers-Poisson equations, which is the modification of the inviscous Burgers-
Poisson equations (BP). The BP system is the simplified model derived from the
Whitham equation:

ou+ud,u+0,[G*u]=0,
which still needs a lot of study. One can study the numerical solution of this equation,
which has energy-preserving property like BP system.

One can also study another numerical approach to approximate the solution of
the Burgers-Poisson equations. Besides local discontinuous Galerkin method, there are
some other approaches to explore, such as Finite Volume method, Finite Element

method, Direct Discontinuous Galerkin method, Alternating Evolution method, etc.

Keywords : Burgers-Poisson system, local discontinuous Galerkin method, A priori

error estimates
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A PRIORI ERROR ANALYSIS OF THE LOCAL DISCONTINUOUS
GALERKIN METHOD FOR THE VISCOUS BURGERS-POISSON
SYSTEM

NATTAPOL PLOYMAKLAM, PRATIK M. KUMBHAR, AND AMIYA K. PANI

Abstract. In this paper, we propose and analyze the local discontinuous Galerkin method for the
viscous Burgers-Poisson system. The proposed method preserves two invariants and hence, yields
solutions even for long time. A priori error estimates, which are of order O(h**1), when poly-
nomials of degree k > 1 are used for approximating solutions are established. Finally, numerical
experiments are conducted to confirm our theoretical results.

Key words. Burgers-Poisson system, local discontinuous Galerkin method, A prior: error esti-
mates.

1. Introduction

We consider the following coupled system of viscous Burgers and Poisson equa-
tions: find a pair of solutions (u, ¢) such that
2

(1) ut—i—(%—qb)x—eumzo, x€l0,L]=1, t>0,
(2) ¢11 - ¢ = U,
with € > 0 and periodic boundary conditions:

u(t, L) = u(t,0), u,(t,L) = uy(t,0) and

(3) o(t, L) = é(t,0), ¢dz(t, L) = ¢.(t,0), for t > 0.
and initial condition:
(4) (0, z) = up(z), zel.

This problem is one dimensional version of the Navier-Stokes-Poisson system, which
often models the transport of charged particles under the influence of the self-
consistent electro-static potential as a force arising in the study of collision of dusty
plasma, see [7], [9]. This system admits conservation of momentum and L? a priori
bound. Global existence of weak solutions to the Navier-Stokes-Poisson system
with large initial data has been proved by Donatelli [6] using Galerkin method and
P.L.Lions theory, [13]. Without much difficulty, this theory can be extended to
include the global existence of a unique solution for the Burgers-Poisson system
(1)-(4).

In recent years, Discontinuous Galerkin (DG) methods are becoming popular
due to their flexibility in local mesh adaptivity, element wise conservative property
and in taking care of nonuniform degrees of approximation of the solution whose
smoothness may exhibit a wide variation over the computational domain. These
methods are using completely discontinuous piecewise-polynomials for the numer-
ical solution and the test functions. These schemes are first proposed for solving
first order PDEs such as nonlinear conservation laws, [14], [1], [2], [3], [4]. The

Received by the editors on December 19, 2016, accepted on Feburary 22, 2017.
2000 Mathematics Subject Classification. 35R35, 49J40, 60G40.
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local discontinuous Galerkin (LDG) method is an extension of DG methods for
solving higher order PDEs. It was first designed for convection-diffusion equations
in [5], and has been extended to other higher order wave equations, including the
KdV equation, [19], [16], [11], [17], see, also the recent review paper by [18] on the
LDG methods for higher order PDEs. The idea of the LDG method is to rewrite
higher order equations into a first order system, and then apply DG schemes on
the system with appropriate choices of numerical fluxes. Related to our problem,
a LDG method was proposed in [12] for the inviscous Burgers-Poisson equation.
This scheme preserves the mass and energy of the smooth solution and was proven
to be optimal convergence for k even.

In this article, LDG method is applied to the viscous Burgers-Poisson system
(1)-(4). Then, it is observed that the semidiscrete system preserves two invariants
and as a result we prove a priori bounds in L>(L?) for the discrete solutions. It is,
further, shown that rate of convergence is of order k+1 for approximate solution uy,
when polynomial of order k is used to approximate u. The generalized numerical
fluxes, which depend on a parameter 6 € [0,1/2] are used in the proposed scheme.
For § = 1/2, it is noted that the order of convergence is optimal as in [12] for even
degree polynomial degrees. When 6 € [0,1/2), optimal error estimates are derived,
but with constants in the error analysis explicitely depend on 1/1/€, where € is a
viscosity parameter.

We use standard notation for norms and seminorms in Sobolev spaces. Say for
example, for any integer m > 0, we denote by H™(I), the Hilbert Sobolev space
with norm || - ||, and seminorm | - |,,,. We also use the spaces LP(0,T; H™(I)), 1 <
p < oo as the spaces of functions v such that fOT lv(s)||® m(py ds < 00. Denote by
C a positive generic constant, which does not depend on the mesh parameters, but
may vary from context to context in the text.

2. Conservation Properties and A Priori Bounds

This section deals with some conservation properties and a priori bounds for the
viscous Burgers-Poisson system (1)-(4).

Theorem 2.1. Let (u, ®) be a pair of solutions of the coupled system (1)-(4). Then
the following comservation property holds:

(5) /OL u(z, t)dx = /OL ug(x) du.

Further, u satisfies

L L
(6) /0 |u(:c,t)|2d:c§/0 luo(x)|? de.

Proof. Integrating equation (1) with respect to space variable x yields

L L 2 L L
/ utdx—l—/(—)xdx—/ qudx—e/ Ugy dz = 0,
0 0o 2 0 0

which can we rewritten using periodic boundary conditions as
d (L
dt Jo
Integrating above equation with respect to time ¢ yields the equation of conservation
of momentum, that is,

(7) /OL u(t,z) de = /OL u(0,2) de = /OL uo(z) dz.

u(t,z) de = 0.
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For (6), multiply equation (2) with term ¢, and then integrate it with respect to x

from 0 to L. Then use of periodic boundary condition yields fOL up, = 0. We then
multiply (1) with the term w and then integrate it with respect to = to obtain

L L 2 L L
/ UL d:ch/ (—=)au d:cf/ o) d:Efe/ Uzt dr = 0,
0 o 2 0 0

which can again be rewritten using integration of parts as

L [ ) de = [ a
2dt0u,mx—eoux T.

On integrating with respect to time leads to

(8) /OLu2(t,x) dﬂ?+2€/0t /OL(UIV dx dt/OLug(x) dz.

Since the second term on the left hand side of (8) is non-negative, hence, it com-
pletes the estimate (6). O

Remark 2.1. In stead of periodic boundary conditions, if we use homogeneous
Dirichlet boundary conditions, then the conservation of momentum property (5)
is not valid, where as the property (6) holds. In case of homogeneous Neumann
boundary condition, the conservation property (5) remains valid.

3. LDG Method

In this section, a local discontinuous Galekin method is proposed for approx-
imating solutions of the Burgers-Poisson equation (1)-(2) subject to initial data
ug(x), posed on I = [0, L] with periodic boundary conditions in spatial direction.
The resulting semidiscrete scheme also admits conservation of momentum.

To describe the method, the interval I is partitioned into N sub-interval with
the partition 0 = x1/2,%3/2, ..., Tn41/2 = L. Let I; = [x;_1/2,7;41/2] with mesh
size hj = wjy1/2 — xj_12 for j = 1,2,...N and the center of cell be denoted by
i = 5(Tj12 + Tj1/2).

Let V,f be defined as the space of piece-wise polynomials of degree up to k in
each cell I;, that is,

th ={vn 1 onl; € Pk(Ij)aj =1,2,..N}.

Since functions belonging to V/* are allowed to have discontinuities across the cell
h

interfaces, then for v, € V}¥, v, may have two different values on cell interface and

denote (vh)j_+1/2 and (Uh);rl/z’ respectively, by the limit values of v, at x;q/9

from the left and right. Now, set the jump and average across the cell interface as

[vn] == v — v, and {v,} == 2 ;ﬂ“ , respectively. For piece-wise function v with

v|r; € H™(I;), set the discrete H™-norm as

N 1/2 . Nodmy o, \1/2
[|v]|m = (Z Hv||H,,L(Ij)) and the seminorm as |v|,, := (Z de—mHLg(Ij)) .
j=1

j=1
For elements in Vh’“, we have the following inverse property and trace inequality:

(i) Inverse Property. For vy, € th,

9) lonllze < Ch7Y2 Jlonll - and [lonsl < C h7 o).
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(ii) Trace Inequality. For any v, € V/F,
(10) lonllr, < CR7Y2 op]l,

where

N ) o\ \1/2
lenlvn = (D2 (100500l + 1) 0?) )
j=1

For LDG method, first rewrite (1)-(2) by introducing two auxiliary variables

w = \/eu, and p = ¢, as :
2

(11) w+ (5)e —p— Vews =0,
(12) w — v/euy = 0,

(13) p— ¢z =0,

(14) Pz — ¢ =u.

4
Now, the LDG method is to seek (uy,, pp, ¢n, wn) € (th) such that for (v, z,v¢,q) €

()’

(15)
u? uv
/ (up) v dxf/ (L)v, dﬂc+L|azj*/ prv dﬂc+\/€/ Wwpvg dr—v/ewpv]or, =0,
I L 2 2 1 1
(16) / wpz dx —|—/ Veupz, dr — \/Eﬂhz|81j =0,
I; I
(17) / prtp dx + / Onts dz — dnt|ar, = 0,
I I;
(18) —/ Prge do — / (¢ + un)q dz + prglor, =0,
I I;
(19) / (up, — u)|t=ov dz = 0.
I;
Here, the choice of numerical fluxes u/\%, (ZA)h, Ph, Up, Wy, are given, respectively, by
-~ 1
(20) ah = () + ufuy + ()?),
(21) o = 067 + (1 —0)¢;,
(22) pn = (1= 0)py; + 6py,,
(23) an = Ou;l + (1 - 0)u;,,
(24) = (1 — 0w, + 0w, ,
where 6 € [0,1/2]. Note that the numerical fluxes at the endpoints of I are de-
fined using Uf/Q = U]§+1/2 and U]J\;H/Q = U1+/2, where U represents each one of

U, Phy Qb OT Wh.
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With notation:

(25) a’j(whaX) = /] 1/)th dx — 1[)hX|61ja 1/)th € Pk(Ij)a

take summation over j from j =1 to j = N to arrive for (v,v,q,z) € (V;F)*

u2 N 5 N
Uy v
(26) ((un)e,v Z/ _hvzc d$+z%|azj—(phw)-i-\ﬁzaj(whw):(),

N
(27) (wh,Z)+\/EZ(lj(uh,Z) = 07
N
(28) (P ) + D s (9n, ) =0,
(29) 7207 Ph,q (725}1 +Uh) Q) 0;
(30) ((un — u)[e=0,v) = 0.

Below, we discuss some properties of the bilinear form a;(-, ).
e For x € P*(I;),

. 1 .
(31) a;(x,x) = / X Xz dz — X Xl|o1, = §x2lazj — X xlar,
I

J

and hence, for y € V¥, it follows that

N
)= Zaj(x,x) =

1, R
( X lor; *XX|an)

Mz

1

<.
Il

N-1 ]
. 2
= X X —5IX )
g( [X] 2[ ]j+1/2
1 N-1
(32) = —(5- Z X1/
J=
e For z;,,x € P*(I;), there holds
aj(zn,x) = —/ Zhae X AT + zh Xlor, — Zn Xla1,
I;
(33) = —a;(X;2n) + 2n X lor; — 20 X lor; — X 2n o1, -

3.1. Discrete conservation properties. This subsection focuses on the proper-
ties of the numerical solution uy,, namely; conservation of momentum and L? bound
of the scheme.

Theorem 3.1. For the LDG scheme (26)-(30) with numerical fluzes (20)-(24) and
6 € [0,1/2], the following relations hold for all t > 0

L L
(34) /Ouh(t,:c)d:n:/o up (0, x)dz,
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(35)
t N t
lun(8)]2 + 2 / ()| dr + (1—20) S / (0] + [pr]2) 172 dr = lun(0)]1%.
j=1

Proof. In order to prove the conservation of momentum equation, that is, (34),
choose v = 1in (26) and ¢ = 1 in (28). Then, add the resulting equations to arrive

at p
= dz =0
dt/luhx ’

and then, an integration with respect to time ¢ yields the conservation of momen-
tum, that is, (5).

Now to prove (35), choose v = up, 1) = —¢p and ¢ = —py, in equations (26),(28)
and (29), respectively. Then, add the resulting equations to obtain

(36) 2dﬁHUh 1%+ \/_Z aj(wh, un)
Jj=1
N3 N N N
= Eh|alj -3 h2 lor, + > a;(¢n, dn) — Y _ a;(pn, pn)-
=1 =1 =1 =1

Using the property (32) of aj(- ),
N—

,_.

) w
2 dt”uh O + \/_;aﬂ W, Un) = %L - ])]+1/2
(37) N—-1 ) ¢2 N—1 p2
+ ) (Snlon] - [jh])jﬂ/z — > (bnlpa) — [?h])jJrl/Q-
=0 )

In order to estimate the second term on the left hand side of (37), we substitute
z = wp, in (16) to obtain

(38) / widz + /€ aj(up,wy) = 0.

I
An application of property (33) for the second term on the left hand side of (38)
provides

/ wiy dz — Ve aj(wp,un) — Vetnwylar, — Vewn(un)|or, + Ve upwnlar, = 0.

I

On summation over j establishes

N
\/EZ a;(wh, un)

j=1
N N N
(39) =|wn (®)]I* = \/Ezﬂhwhbfj - \/Ez?f)huhsz + \/Ezuhwhb[j-
j=1 j=1 j=1

Using the numerical fluxes (23)-(24), we obtain

N N-1
\/EZ aj(wn, up) =[lwa()]|* + Ve Z ((ﬁ’h[uh] + anfwn])jr1/2 — [thh]j+1/2)
j=1 §=0

(40) =[lwn(®)].
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To estimate the terms on right hand side of equation (37), a use of the numerical
flux (20) yields

—

u2 u3 .
1) ]~ (] = () + e + ) =) — ()~ (7))
=0.

A substitution of estimates (40) and (41) in (37) shows

5 < lun(®)IP + w3 (O]
N—1 #2 N-1 2

= > (@nlon] — 5D se12 = D (Bulpn] = D1/
Jj=0 j=0
N—-1 —1

- Z (61— {on})[on] J+1/2 ~ Z prn = {pa})[prlj41/2
j=0 j=0
N-1

(6— —)(((qsh) +(¢5)7 =20, 05 + ()7 + (,)* — 203, D)) j1/2-

§=0
Hence,
1 d N-1
(42) 5 g lun@* + lwn@)]* + Z L 0)([on)? + pnl? )j+1/2 = 0.
§=0

On integrating with respect to ¢, it now follows that

t N-1 t
[[un(®)]|* + 2/0 wn > dr+ ) (1 29)/0 ([6n)? + [Pn]*)j 41 2d7 = [lun(0)]|*.
j=0

This completes the rest of the proof. O

As a consequence, the following a priori bound is derived for the discrete solution
up, and wy, for 0 <6 < 1/2

(43) lun ()] + 2/0 [lwn (7| dr < [lun(0)]*

3.2. Existence, Uniqueness of discrete solutions. In this subsection, we dis-
cuss the existence and uniqueness results for the discrete viscous Burgers-Poisson
system (17)-(18). Note that the addition of diffusion term does not change the weak
formulation of p — v, = 0 and ¢, — ¢ = u, which are used to prove the following
lemmas (see, [12] ). Since proof of the following lemma follows similarly to the
proof of Lemmas 3.1, we just state it without proof.

Lemma 3.2. For the discrete scheme (26)-(30) with the numerical fluzes (20)-(24),
the following estimate holds for any 6 € [0,1]

(44) pr O+ [en @l < [lun@®)l], > 0.
Below, we sketch of the proof of wellposedness of the discrete problem (26)-(30).

Lemma 3.3. There exists a unique solution {up, wy, n,pr} € (V;F)* of the discrete
problem (26)-(80) with numerical fluzes (20)-(24) for t € (0,T].
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Since V}¥ is finite dimensional, the discrete problem (26)-(30) yields a system of
non linear ODEs coupled with linear algebraic equations which is known as a DAE
system. Moreover, it is of index one as it is easy to check that each of {wp,, ¢n,pr}
can be written explicitely as a function of up,. On substitution in (26), we, therefore,
obtain a system of nonlinear ODEs. An application of Picard’s theorem ensures the
existence of a local solution uy, say, in (0,t3). Since uy, is bounded in L°°(L?)-norm,
using continuation argument, one proves existence of a unique solution uy for all
t > 0. Again use uy, to establish the existence of unique solution {wp,, ¢n,pr} for
t>0.

Now, we discuss some a priori error estimates of the viscous Burgers-Poisson
system.

4. A Priori Error Analysis

In this section, we deal with a priori error estimates for the solutions of the
viscous Burgers-Poisson system using LDG method.

For our subsequent use, we recall the definition of the global projection and some
of its properties from [12].

4.1. Global projection. Let w|;, € H*(I;) with s > k+ 1. Define the projection
Qo as :

(45) / (Qow)vdr = / wodz, YvePFlj=1,2 ..N,
I; I;

(46) Qewj+1/2 :C:Jj+1/2, 7=12 .. N,

where

=0t +(1-0)v .
Note that for j = N, we use the periodic extension to define (ng)EH/Q. This
projection Qg satisfying (45)-(46) is uniquely defined for either 6 # % orf = % with
k even and N odd. For a proof, we refer to Lemma 4.1 of [12]. We now observe
that a use of (45)-(46) yields
(47) a;(Qow —w,v) =0 Yu € P*H(I).

Below, we recall some properties of the projection Qgw, whose proof can be
obtained from Lemmas 4.2-4.3 of [12].

Approximation properties of the global projection. The following approx-
imation properties hold for the global projection Qy.

e For w|1j S H’H‘l(Ij) for j = 1,2,..., N, there exists a positive constant
C = C(k,0), independent of w such that for k > 0
(48) 1Qow — wl| < C R* ! |wlita,

where h is the maximum size of subintervals I; and £ is the degree of the
polynomial.
e For k > 1, there holds
N

o = Qullr, =( 3 (Iw = Qo)1) + 1@ — Qo) ot 2)1) )

j=1

1/2

(49) <C R**Y2 iy
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4.2. Optimal error estimates. This subsection focuses on optimal a priori es-
timates for the LDG scheme (15)-(18).
With the help of the global projections (45)- (46), define

N = Qod — on, Np = Q1-6D — Ph, N = Qot — Up, e = Q1—gw — W,
Cp = Qo — ¢, CGp=Q1-0p—p, Cu = Qou — u, Cw = Qr_pw —w

and

il = Qod — on, i = Q1_op — Pn, fu = Qou— i, e = Q1_gw — 1y,
Co=Quo—0, G =Quop—p, Co=Qou—u,  Cuw=Qigw—w.
Then,

¢*¢h::n¢7<¢a pfph::npfé-pa

50
( ) U —Up = Ny — Qus W — Wp = N — G,
and

_A:A_A7 p_ﬁ:A_Aa
(51) ¢ —dn =1y €:¢ h="p CPA

u*ﬁh:ﬁu7<u; wfwh:ﬁwfgﬁ-

Since the scheme with fluxes (20)-(24) is consistent, (26)-(29) also hold for solutions
(u, p,w, ¢). Hence, taking the difference, we obtain for (v, z,1, q) € (V;¥)* and using
the notations (50)-(51) and (47), we arrive at

N N u2 u2
(o) + VE S asmn) = [ (Gl do+ S [ (G =P, da

o~

(52) = (5 ) vlor, + (m.0) = (G,
N
(53) (hev2) 4 VE 3005(1002) = (G )
N
(54) (7710) Tﬁ) + Z aj(n¢a Tﬁ) = (Cpa ¢),
N
(55) > a5, a) + (15,4) = (G, @) = (= G, 0)

In the following Lemma, we estimate 7,,74. Although, the proof is similar in
spirit to the proof of the Lemma 4.1 of [12], but for completeness we present a brief
proof of it.

Lemma 4.1. Let (u,w,p,d) and (upn,wn,pn, @n), respectively, be the solution of
the problem (11)-(14) and the discrete system (15)-(18) with the choice of fluzes
(20)-(24). Assume 6 € [0,1] for which Qo and Q1—_g are uniquely defined. Then,
the following estimate holds for all t > 0

(56) ] + Inell < 2(||Q1—9p —pll + Qoo — &l + || u— Uh||>-
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Proof. On substitution of ¢ = 7, and ¢ = 1y in (54) - (55), respectively, to arrive
at

(57) () +Zaj s p) = (Cps 1),
and

N
(58) Z (s 18) + 167 = (Cosms) — ((u —un),ng).

Using property (33), we arrive at

M=

N
> (a] T Tlp) +ag(np,n¢)) =

j=1

(%ﬂplafj —p Nolor; — N ﬂplafj)
1

Pl

= ( — [enp] + Mp 0] + 1 [np])jJrl/Q

O .
' Il
o

(59) =
Adding equations (57) - (58), apply property (59) to obtain

(60) 175 11% + In6|1* = (G 1p) + (o m0) — ((w = un), ).

A use of the Cauchy-Schwarz inequality in (60) yields

ol + lmpl> < UGl lmpll + (ol + 1w = wnll) gl

< (UGl + ¢l + 11w = wnll) (gl + lmal)).

Apply (a +b)? < 2(a® + b?) to complete the rest of the proof. O

Below in Lemma 4.2, we provide an estimate of 7, and 7,. Since its proof is
similar to the proof of the Theorem 4.5 in [12], we shall only indicate only the
changes.

Lemma 4.2. Under the assumption of Lemma 4.1, u € L>(0,T; H**?), ¢ €

L2(0,T; H**2) and for § = 1/2 with k even and N odd, there erists a positive
constant C' independent of h such that for all t € (0,T]

1Ml Loe(0,7522) + 17wl £2(0,7522)

<C WY (Iull oo rymesay + el oo rspessy + 10l s )-

Proof. Choose v =1, in (52) and obtain
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Q.|&

=l (8)]? +xfza] T )

Jj=1

N-1
1
—(G)erm) + z/ 0 ) ) do ot 3 3 (0 ) ] o
7=0

+ (npvnu) - (vanu)

N =

2

1
~(G)erma) Z / W ) det 3 3 (0~ o

N—

H
<.
Il
o

+ {uh}2 - uh nu]J+1/2 + (npvnu) ((pa nu)'

Jj=0

N | =

An application of the identity % — % =ala—0b) — % shows

d N
Ennu(t)HQ + \/EZ a; (1w, )

j=1

N N
(e + 3 [ utw—u)n)e do =53 [ (0= un)? )

N~

N-1 L N1

+ > ulu— {un D2 — 3 > (= {un})* [l i1y
=0 =0
L V-1

+ 5 Z {uh - 77u]g+1/2 + (77;0; nu) (vanu)'

Jj=

On substitution of v — {up} = {u — ur} = {Nu} — {Cu}, in above equation, we
obtain

Hnu H2 + \/_Zaj Tws Tu)

()t +Z/ ) dzf—Z/ Ha)ads

(61) N N
+ 3 ulfma} — GD sz — 5 3 (0} = (6Pl
+ % Z {uh}Q - uh nu]]+1/2 + (s M) — (Cps M)

Jj=

For the second term on the left hand side of (61), we first substitute z = n,, in (53)
to establish

N
(62) [l (O] + Ve Zaj(nu,nw) = (Cw: 7).
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Adding (62) to (61), a use of the property (33) yields

;(ZH%()H2+||77w(t)||2 = ((Cu)ts M) + Moy M) = (Gpy ) + (Cuwrs M)

(63) + T+ T+ T3+ T4+ T5,

where,

N N-1
= Z/J unu (1) + Z u{nu} [Muljt1)2,
j=1"% j=0

N N-1
— Z/ uCu(u)edr = > u{Cu}nuljr1/2,
j=1"1 j=0
N N-1
T3 = 7% Z/ nu(nu) dx — % Z{nu nu]]+1/27
j=1 Jj=0
N
T4-Z/"7u§u"7u1 ;Z/Cunu

I

1
+ Z{Hu}{@ 77u j+1/2 — ) Z{Cu nu j+1/2s
7=0
N-—1 P
{un}? = ui) [l js1/2,
0

T5 —

N | =
S,
I

Using projection properties (48)-(49) with the inverse property (9) and trace in-
equality (10), bounds of 71, ..,7s, [; Mpnu dz, [; G do and [;(Cu)enu dx are es-
timated as in the proof of the Theorem 4.6 in [12]. A use of Young’s inequality
shows

d . .
Sl + a2 < C (52 4 [+ h72 )

(64)

IN

C (42 2 4+ 1 |

Observe that,
1u(0) = Cu(0) + (uo — un(0)),

where u,(0) is prepared by using standard L? projection of the given data and
hence

(65) 17 0)1 < [1Cu(O)II* + [[ (w0 — un(0))[|* < CA*F2.
On integrating (64) with respect to time ¢ and on using (65), we find that

()] + / (32 ds

t
<|lmu (0)]1* + C/O (W52 4 (D1 + 27 (P)[*) dr

Setting

(66) 1 ) I = I\nu(t)||2+/0 170 ()

LANRII 1
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and a function ® as

_ p2k+2 ' A2+ p=3 AL dr
60 o0 =2 [ ()OI + 1o n) @11 dr
we rewrite (66) as

(68) (0, nw) A)II* < CR(t).

Without loss of generality assume that |||(9y,7.)(#)||| > 0, otherwise, we may have
to add an arbitrarily small quantity say 6 and proceed as in a similar way as describe
below and then pass the limit as § — 0. Then, note that 0 < ®(0) < & with ®
differentiable. On differentiating ®(¢) with respect to time ¢, we obtain

(1) = (s 1) O+ 272 (s 7)1
< C o)+ C* h3(d(1))?

C. (tI)(t) 3 (tI)(t))Q) where C, = C max{1,C}.

IN

Moreover, ® > 0 and hence, ® is strictly monotonically increasing function
which is also positive. An integrating with respect to time ¢ yields

t d/(s) t
(69) /0 (I)(s)(l N h—3(<1>(s))) ds < /O C, ds < C,T.

Now, we evaluate the integral on the left hand side of (69) exactly and hence, after
taking exponential on both sides and using ®(0) = R2(+1) | we obtain

) (AP oy
R20+D) (1 + h3(D(2))) — ¢

On simplifying
<I>(t)(1 _ h2k—1(eC*T _ 1)> < T p20et1).

For sufficiently small A > 0, the term (1 — h2R=1(CHT 1)) can be made greater

than equal to 1/2. Therefore, ®(t) < C' h?**2. On substitution in (68) completes
the rest of the proof. O

Using Lemma 4.2, approximation properties (48) and triangle inequality, we
obtain below one of the main theorems of this section which is valid under the
condition that 6§ = 1/2.

Theorem 4.3. Let u € L>(0,T; H**2(I)) N H'(0,T; H**(I)), and

¢ € L2(0,T; H**2(I)), k > 1, be the smooth solution to (1), for 0 <t < T. Then
for 8 = 1/2, k even and N odd, the numerical solutions pair {up,wy}, obtained
from the scheme (15)-(19) and the numerical fluzes (20)-(24) satisfies

(70) = unll Lo,z () + lw — whll 20,7021y = O(WFTH),

where C' is a positive depending on T and the data given, but is independent of the
mazximum mesh size h.

As a consequence of Lemma 4.2 and using Lemma 4.1, we have the following
corollary.

Corollary 4.4. For § = 1/2 and for k even with N odd, the following estimates
hold:

lp — Pl Lo o,m;02(1)) + 1¢ = énll Lo 0,1;02(1)) = O(R**1).
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Proof. Note that using Theorem 4.3 and Lemma 4.1, one observes that

Il =pull < 1Gpll+ lInpll
< 311Gl + 21l + 2l — ual
< C thrl.
Similarly, it is easy to show ||¢ — ¢p|| < ChF+L. O

However, several numerical experiments in the next Section indicate that for
6 € [0,1/2) optimal error estimates in Theorem 4.3 and Corollary 4.4 are valid for
both even and odd degree polynomials. To substantiate our claim, we provide some
results below.

Theorem 4.5. Let u € L>(0,T; H*2(1)) N HY(0,T; H*1(I)), and

¢ € L2(0,T; H*2(I)) with k > 1, be the smooth solution to (1), for 0 <t < T.
Then for 6 € [0,1/2), the numerical solutions pair {up,wp}, obtained from the
scheme (15)-(19) and the numerical fluzes (20)-(24) satisfies

(71) llu = un| L= 0,75221)) + W — whll 20, 7s02(r)) < C(T) €12 WY,

where C' is a positive depending on T, and the data given, but is independent of
the mazimum mesh size h. In addition if ¢ € L>(0,T; H**2(I)) k > 1, then, the
following estimates holds:

1P = prll Lo r:n2(ry) + |16 — Snll Lo rinzcry < C(T) €1/ RFFL

For simplicity of exposition, we shall prove the Theorem 4.5, when # = 0 and for
other values of § € (0, 1/2), the proof goes in a similar lines, provided the following
Conjecture 4.6 is valid.

Conjecture 4.6. Let the pair {n,,n} € ViF x V¥ satisfy (53). Then, there is a
positive constant C, independent h and e, such that

N

(Z (Hnu,mH%%Ij) + |h71/2[7’“]j+1/2|2) )1/2

j=1

IN

C e (null + 1Gull)

(72)

IN

C V2l + 1Y),

Note that the proof of the above Conjecture is given, when # = 1 which corre-
sponds to our case with 8 = 0.

For the proof of theorem 4.5, when 8 = 0, we shall not repeat the arguments
stated in the theorem of Lemma 4.2, but briefly indicate below the major differences
in the arguments.

Proof of the Theorem 4.5. Since u — uy, := 1, — (,, and estimate of (,, is known,
therefore, it is enough to estimate of 7,. Returning to (63) in the proof of Lemma
4.2 with 8 = 0, there is hardly any change in the proof of estimates of 7, 73 and 75
and hence,

(73) 71l + 73] + 75| < C(R2EHD 12+ B2 a1,
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For the estimate of 72, since {¢,} # 0 when 6 = 0, we need to estimate the extra
boundary term using the Cauchy-Schwarz inequality, (49) and Conjecture 4.6 as

N N
= u{Gu} [uljse] CY 02 (160 g2l + 16 /2D (R 2 Il 1 2))

<
J=1 j=1
1/2 Y —1/2 2\ /2
< CR2GlIe, (D2 Indi40))?)
j=1
< Yl (B + nall)
(74) < Ce 2R (W ).

Using rest of the estimates for 7o from Theorem 4.5 of [12], we altogether obtain
using the Young’s inequality (ab < %aQ + 2—15b2, for a,b >0 and § > 0)

IN

Il < C (R0 €2 RO (RFH )

(75) < OE) (RO 4 gl + A7) 4 2 2

For the estimation of 74, only term involving boundary terms needs to be evaluated
as the other terms have exactly same estimates as in the proof of Theorem 4.5 of
[12]. Therefore, to estimate the boundary term, a use approximation property (49)
with the Cauchy-Schwarz inequality, Lemma 4.6 and the Young’s inequality yields

& ((tmd - 306d) d bd) |

= Jj+1/2
N
< C - + + 1 .
< g (mal + 14 1) I el e
N
< CpFt1/2 - +| 4 kL2 o
< jz_jl(|nu|+|nu|+ ). bl
N
: ot Z h1/2(|n;| * |771J[| i thrl/2)3'4r1/2 hil/Q[ﬂu]me
j=1
k+1/2 11/2 N 1 5 1/2
< O R e, (DR il )
j=1
< MR | (44 )

_ )
(76) < C <h2(k+1) 4ol p2ktl ||77u||2) + §||77w||2~

Following the estimates of the rest of the terms in 74 in the proof of Theorem 4.5
of [12], we arrive with (76) at

- )
(77) raf < € (R0 4 R iy 2) + 2 .



LANRII 1

LDG METHOD FOR THE BURGERS-POISSON SYSTEM 799

On substitution of estimates (73), (75) and (84) in (63), we use § = 1/2 to find as
in the proof of Lemma 4.2 a counter part of inequality (64) as

IN

d _ _ _
Sl + ol < C((€7 4+ DR 4 (1 R 2 4+ b2 )

(78)

IN

C((e + DRED 4 (1 R g2 4 52 ).

The rest of the proof of Lemma 4.2 follows with modification of ® as
(79)

B(0) = (L [ (1 B ) O B0 ) ()

Note that the result holds for fixed € > 0. Proceed similarly as in the proof of the
Lemma 4.2, we arrive at for small h

Ot) < (1+ 6*1)60*(1+e’1h%+1)T R2(k+1)

Therefore,
~ 1
(80) (s m) DI < CRE) < CC (1+e ) PFH <O - [
This concludes the rest of the proof. O

Remark 4.1. Note that the estimates in Theorem 4.5 are optimal for fixed € and are
not valid uniformly with respect to € as € — 0 as against the results of the Theorem
4.3. This is mainly due to the use of Lemma 4.6 for taking care of the nonlinearity
specially in the estimates of (74) and (76). But a more careful observation of the
estimate in (74) reveals with out using Lemma 4.6 and applying trace inequality
(10) and the global projection property like (49) that

N N
=32 wdG bl < O3 (G ivasal + It lisagel) IOnds o
j=1 =t
< ClCullry Nnullr,
- < R

Hence, the estimate of 79 term in Theorem 4.5 now becomes

(82) 2l < C (B2 + ).
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More over, for the estimate (76) in the term 74 of the proof of the Theorem 4.5, we
now apply(10) and the global projection property like (49) to obtain

é (0 - 3c) (G ind) |

N

< cg (| + 11 +1CH) 6 ol Do
N

< Chk+1/2 Z (|771:| + |771J{| + hk+1/2) | [nu]j+1/2
J=1 j+1/2
N

= ot ; (|77;| i+ hk+1/2>j+1/2 [Muljt1/2

< On i,

< ORI

) < 0 (RO 4R ).

Following the estimates of the rest of the terms in 74 in the proof of Theorem 4.5
of [12], we arrive with (83) at

(84) ral < € (B2 273 |-

Similar to the proof of the Theorem 4.5, substitute the estimates to arrive at

d _
(85) Zlmal2+ lmal? < (R 4+ h7 ).

The rest of the analysis follows as in the proof of Theorem 4.3 to derive sub-optimal
estimate

(86) llw = un| L= o.1:L2(1)) + [0 = whll L2072 (1)) = O(R"),
which does not depend explicitly on e~ /2,
5. Numerical results

In this section, we perform the numerical simulations on general viscous BP
system

u2

(87) u + ( 5

(b);c_eu;c;c:f(xvt)a IE[O,L]ZI, t>0

(88) ¢9393 - (b =u,

with the same boundary and initial conditions as (1)-(2). Our proposed scheme
reduces the problem (87)-(88) into the system of ODEs

d
(89) 5= L(@.1),
where @ = d(t) is the coefficient vector of up. To further approximate the solution

of the system (89), we use the third order TVD RK scheme 8]
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TABLE 1
e 0=0,e=1/10
lu —up| | order | ||u— wup|loo | order | ||w— wpy| | order
1| 512.0388e-01 2.7734e-01 2.2951e-01

10 | 4.9798e-02 | 2.0335 | 8.2017e-02 | 1.7577 | 8.3916e-02 | 1.4516
20 | 1.1284e-02 | 2.1418 | 1.9282e-02 | 2.0886 | 2.2834e-02 | 1.8777
40 | 2.7039e-03 | 2.0611 | 4.4963e-03 | 2.1005 | 5.7866e-03 | 1.9804
80 | 6.6806e-04 | 2.0170 | 1.0674e-03 | 2.0747 | 1.4518e-03 | 1.9948
2| 5] 1.6241e-02 2.5013e-02 1.6845e-02
10 | 2.0839¢-03 | 2.9623 | 3.9864e-03 | 2.6495 | 2.4213e-03 | 2.7984
20 | 2.6629e-04 | 2.9682 | 5.1223e-04 | 2.9602 | 3.2222e-04 | 2.9097
40 | 3.3466e-05 | 2.9922 | 6.2396e-05 | 3.0373 | 4.1259e-05 | 2.9653
80 | 4.1884e-06 | 2.9982 | 7.7201e-06 | 3.0147 | 5.2006e-06 | 2.9880
3| 5| 1.3740e-03 3.2986e-03 2.0556e-03
10 | 8.2364e-05 | 4.0602 | 2.1133e-04 | 3.9643 | 1.5526e-04 | 3.7268
20 | 5.1575e-06 | 3.9973 | 1.2728e-05 | 4.0534 | 1.0401e-05 | 3.9000
40 | 3.2328e-07 | 3.9958 | 7.3910e-07 | 4.1061 | 6.6583e-07 | 3.9654
80 | 2.0224e-08 | 3.9986 | 4.3919e-08 | 4.0728 | 4.1911e-08 | 3.9898
41 518.0351e-05 1.7147e-04 9.7122e-05
10 | 2.5626e-06 | 4.9706 | 5.9801e-06 | 4.8417 | 3.1020e-06 | 4.9685
20 | 8.0488e-08 | 4.9927 | 1.8076e-07 | 5.0480 | 9.7244e-08 | 4.9955
40 | 2.5183e-09 | 4.9982 | 5.5438e-09 | 5.0270 | 3.0471e-09 | 4.9961
80 | 7.8731e-11 | 4.9994 | 1.7246e-10 | 5.0066 | 9.5402e-11 | 4.9973

@ = a(t) + AtL(a(t),t)
iy = §*(t) + 1a + lAtﬁ(* t+ At)
as 4(1 40,1 1 ai,

i 1, 2, 2 . At

Below, we discuss two examples: one with periodic boundary conditions and
other one with Dirichlet boundary conditions.

5.1. Example 1. We test the proposed scheme on the non-homogeneous problem
(87)-(88) with f(z,t) = —3cos(z — t) + esin(z — t) + cos(z — t)sin(z — t) and
u(z,0) = sin(x). The exact solution of this problem is given by

u(z,t) = sin(z — t)
oz, t) = f% sin(z — t).

5.1.1. Accuracy test. We run the simulation on the domain [0, 27] at ¢ = 1 using
At = 0.0001. The value of ¢ is fixed at 1/10. For § = 1/2, we use ¢ = 1/10. For
6 =0, we use e = 1/10,1/100, 1/1000, 1/10000.

The results in the first four tables show that we can achieve (k + 1)-order of
accuracy if § = 0, which confirms our theoretic findings given in Theorem 4.5.
However, as € becomes smaller and smaller, we start to lose the superconvergence
for k odd. Finally, when e = 0, it is observed in [12] that the (k+1)-order of accuracy
can be achieved only for k£ even. This result is consistent with the inviscous Burgers-
Poisson equation [12]. The results in tables 5 corresponds to the case § = 1/4.
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TABLE 2

9 =0,e=1/100

[

order

[l — unlo

order

[[w — wa

order

10
20
40
80

3.2328e-01
1.2984e-01
3.1738e-02
5.3134e-03
8.9217e-04

1.3161
2.0324
2.5785
2.5742

3.6130e-01
1.7635e-01
3.9362e-02
8.5844e-03
1.6385e-03

1.0348
2.1635
2.1970
2.3893

1.5506e-01
1.2534e-01
5.9163e-02
1.7721e-02
4.5447e-03

0.3070
1.0831
1.7393
1.9632

10
20
40
80

1.9219e-02
1.7010e-03
2.2288e-04
3.0563e-05
4.0637e-06

3.4981
2.9321
2.8664
2.9109

4.0640e-02
2.5775e-03
4.7986e-04
7.1167e-05
8.6607e-06

3.9789
2.4253
2.7534
3.0387

9.4163e-03
1.8927e-03
4.0077e-04
7.8836e-05
1.3215e-05

2.3147
2.2396
2.3458
2.5766

10
20
40
80

2.7282e-03
1.6787e-04
7.1141e-06
3.4985e-07
2.0310e-08

4.0225
4.5606
4.3459
4.1065

3.9711e-03
3.8538e-04
1.9341e-05
1.0059e-06
5.6500e-08

3.3652
4.3166
4.2651
4.1541

2.7922e-03
3.3356e-04
2.7439e-05
1.8187e-06
1.2020e-07

3.0654
3.6036
3.9153
3.9194

10
20
40
80

9.2490e-05
2.3969¢-06
7.7214e-08
2.4919e-09
7.8521e-11

5.2701
4.9562
4.9536
4.9880

2.2458e-04
5.8055e-06
2.1897e-07
6.5668e-09
1.8774e-10

5.2737
4.7286
5.0594
5.1284

1.0465e-04
4.5874e-06
2.0415e-07
8.0486e-09
2.7818e-10

4.5117
4.4900
4.6647
4.8547

TABLE 3

§=0,e=1/1000

[lu — un]

order

[l — unlo

order

[[w — wa

order

10
20
40
80

3.5181e-01
1.8182e-01
8.2851e-02
2.7697e-02
5.3698e-03

0.9523
1.1339
1.5808
2.3668

3.9157e-01
2.4786e-01
1.3673e-01
3.6894e-02
6.1613e-03

0.6597
0.8582
1.8898
2.5821

5.4044e-02
5.6150e-02
5.0705e-02
3.3757e-02
1.2970e-02

-0.0551
0.1471
0.5870
1.3800

10
20
40
80

1.9584e-02
1.5649¢-03
1.8270e-04
2.3350e-05
3.0681e-06

3.6455
3.0985
2.9680
2.9280

4.2807e-02
2.2156e-03
3.1696e-04
4.8526e-05
7.6729e-06

4.2720
2.8054
2.7075
2.6609

3.1992e-03
6.5149e-04
1.5950e-04
3.7702e-05
8.9789e-06

2.2959
2.0302
2.0808
2.0701

10
20
40
80

3.9413e-03
4.4060e-04
3.3511e-05
1.5009e-06
5.4373e-08

3.1611
3.7167
4.4808
4.7868

4.3871e-03
9.5367e-04
6.2666e-05
2.8277e-06
1.2395e-07

2.2017
3.9277
4.4700
4.5117

1.2223e-03
3.2856e-04
4.9405e-05
4.9075e-06
3.4383e-07

1.8954
2.7334
3.3316
3.8352

10
20
40
80

1.0052e-04
2.0176e-06
5.9925¢-08
1.9704e-09
6.7755e-11

5.6386
5.0733
4.9266
4.8620

2.3377e-04
3.8261e-06
1.3550e-07
5.9395e-09
2.3095e-10

5.9331
4.8195
4.5118
4.6847

4.8462e-05
1.8901e-06
1.1244e-07
6.2640e-09
3.4924e-10

4.6803
4.0713
4.1659
4.1648
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TABLE 4

6 =0,e=1/10000

[lu — ]

order

[l — unlo

order

[[w — wa

order

10
20
40
80

3.5496e-01
1.8890e-01
9.6043e-02
4.6361e-02
1.9337e-02

0.9100
0.9759
1.0508
1.2616

3.9478e-01
2.5724e-01
1.6220e-01
7.9448e-02
2.8940e-02

0.6179
0.6653
1.0297
1.4569

1.7261e-02
1.8452e-02
1.8572e-02
1.7825e-02
1.4841e-02

-0.0962
-0.0093
0.0592
0.2643

10
20
40
80

1.9647e-02
1.5621e-03
1.7878e-04
2.1894e-05
2.7510e-06

3.6527
3.1272
3.0295
2.9925

4.2946e-02
2.1982e-03
2.7232e-04
3.3385e-05
5.1780e-06

4.2881
3.0129
3.0280
2.6887

1.0233e-03
2.1129e-04
5.2349e-05
1.2601e-05
3.1059e-06

2.2760
2.0130
2.0546
2.0205

10
20
40
80

4.1383e-03
5.5488e-04
6.4602e-05
6.1030e-06
3.6911e-07

2.8988
3.1025
3.4040
4.0474

4.6185e-03
1.4944e-03
1.7191e-04
1.5968e-05
6.7325e-07

1.6279
3.1198
3.4284
4.5679

4.0243e-04
1.3873e-04
3.1246e-05
6.1922¢-06
7.7617e-07

1.5365
2.1506
2.3351
2.9960

10
20
40
80

1.0255e-04
2.0505e-06
5.6146e-08
1.7335e-09
5.4746e-11

5.6442
5.1907
5.0175
4.9848

2.25b4e-04
3.8575e-06
1.0990e-07
4.1854e-09
1.5017e-10

5.8696
5.1334
4.7146
4.8007

1.6424e-05
6.4710e-07
3.8065e-08
2.1697e-09
1.3589¢-10

4.6657
4.0874
4.1329
3.9970

TABLE 5

0=1/4,¢

= 1/10

[lu — ]

order

[l — unlo

order

[[w — wa

order

10
20
40
80

2.6814e-01
8.9032e-02
2.1332e-02
4.8176e-03
1.1492e-03

1.5906
2.0613
2.1467
2.0677

3.2185e-01
1.1929e-01
3.3916e-02
7.8323e-03
1.7592e-03

1.4320
1.8144
2.1145
2.1545

1.8409e-01
1.1095e-01
4.0375e-02
1.1209e-02
2.8724e-03

0.7306
1.4583
1.8488
1.9643

10
20
40
80

1.6221e-02
1.6509e-03
2.0201e-04
2.5167e-05
3.1434e-06

3.2965
3.0308
3.0048
3.0011

3.2720e-02
3.1440e-03
3.7388e-04
4.6143e-05
5.7479e-06

3.3795
3.0720
3.0184
3.0050

1.2031e-02
1.4365e-03
1.7460e-04
2.1722e-05
2.7147e-06

3.0662
3.0404
3.0068
3.0003

10
20
40
80

1.9972e-03
1.3250e-04
8.4209e-06
5.2986e-07
3.3155e-08

3.9139
3.9759
3.9903
3.9983

4.6369e-03
3.3880e-04
2.1092e-05
1.2048e-06
6.9668e-08

3.7747
4.0057
4.1298
4.1122

2.3566e-03
2.4305e-04
1.9115e-05
1.2965e-06
8.2972e-08

3.2774
3.6685
3.8820
3.9659

10
20
40
80

7.7137e-05
2.0459e-06
6.2286e-08
1.9349¢-09
6.0385e-11

5.2366
5.0377
5.0086
5.0019

1.9411e-04
4.5215e-06
1.3263e-07
4.1126e-09
1.2811e-10

5.4239
5.0913
5.0112
5.0046

8.1797e-05
1.8708e-06
5.2795e-08
1.6093e-09
5.0008e-11

5.4503
5.1472
5.0358
5.0082

803
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TABLE 6

k| N

9 =1/2,e=1/10

[l — up]]

order

[l — uploo

order

[[w — wal

order

0 )
15
45

135

3.6079e-01
1.2005e-01
4.0026e-02
1.3342e-02

1.0017
0.9998
1.0000

4.1791e-01
1.3769e-01
4.5541e-02
1.5120e-02

1.0106
1.0071
1.0036

5.7311e-02
1.4206e-02
4.5310e-03
1.5036e-03

1.2696
1.0402
1.0041

2 )
15
45

135

1.5333e-02
4.1908e-04
1.5231e-05
5.6298e-07

3.2766
3.0172
3.0018

2.6582e-02
5.9120e-04
2.1322e-05
7.8770e-07

3.4642
3.0242
3.0023

7.5385e-03
1.3368e-04
4.8172e-06
1.7803e-07

3.6704
3.0250
3.0020

3 )
15
45

135

3.7800e-03
1.4584e-04
5.4232e-06
2.0094e-07

2.9628
2.9963
2.9996

5.8459e-03
2.4965e-04
9.3695e-06
3.4788e-07

2.8704
2.9880
2.9977

1.7401e-03
7.5612e-05
2.8253e-06
1.0472e-07

2.8546
2.9920
2.9993

4 )
15
45

135

7.6576e-05
2.3275e-07
9.4001e-10
3.9985e-12

5.2758
5.0171
4.9699

1.3690e-04
3.7040e-07
1.4902¢-09
6.8782e-12

5.3817
5.0206
4.8956

5.0985e-05
7.4292e-08
2.9729e-10
1.3249e-12

5.9450
5.0255
4.9274

Moreover in table 6, convergence rates for 6 = 1/2 are considered and it is shown

that optimal rates of convergence are achieved only for k even as predicted by the
Theorem 4.3.

5.1.2. Energy-preserving test. We run the same example on a longer period
of time to test the Energy-preserving property of the proposed scheme against the
the scheme (26)-(30) with the Lax-Friedrich flux

1

W=z

(90) :

((up)? + (uwf)? —o(uf —uf)), 0 =2 max

|ul.
' uE[u;,um

Using k = 2, N = 80, and At = 0.001, we plot the decaying of energy ||u(-,t)|| —
[lw(-,0)| from the initial time to the time ¢ = 100 using # = 1/4 and # = 1/2 in
Figures 1 and 2, respectively.

LDG with 6 = 1/4
| — — — Lax—Friedrich

-25F

3t N
~

-35
0

FIGURE 1. The loss of energy from ¢t = 0 to t = 100.
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LDG with 6 = 1/2

— — — Lax-Friedrich

FIGURE 2. The loss of energy from ¢t = 0 to t = 100.

TABLE 7

f=0,e=1/10

[l — ]

order

[ — uploo

order

[w — wal

order

80
160
320
640

1.2231e-01
4.9729e-02
1.3170e-02
3.8009e-03
1.0471e-03

1.2984
1.9168
1.7929
1.8600

1.6244e-01
1.0810e-01
3.3023e-02
1.1698e-02
3.4005e-03

0.5875
1.7108
1.4972
1.7825

2.6912e-01
2.0980e-01
7.3256e-02
1.9559e-02
4.9544e-03

0.3592
1.5180
1.9052
1.9810

80
160
320
640

5.6573e-02
6.2863e-03
8.5312e-04
1.1718e-04
1.5550e-05

3.1698
2.8814
2.8641
2.9137

8.4813e-02
1.3734e-02
2.1423e-03
3.5382e-04
5.0821e-05

2.6265
2.6806
2.5981
2.7995

2.1547e-01
2.6513e-02
3.7012e-03
4.9873e-04
6.3964e-05

3.0227
2.8406
2.8917
2.9629

3| 40

80
160
320
640

6.0195e-03
6.7208e-04
4.8549e-05
3.2886e-06
2.1486e-07

3.1630
3.7911
3.8839
3.9360

1.7721e-02
1.9713e-03
1.9500e-04
1.4183e-05
9.9745e-07

3.1683
3.3376
3.7813
3.8297

1.8538e-02
2.6617e-03
2.2289e-04
1.4688e-05
9.3265e-07

2.8001
3.5779
3.9236
3.9772

41 40

80
160
320
640

2.1454e-03
7.8971e-05
2.6014e-06
8.7346e-08
2.8526e-09

4.7638
4.9240
4.8964
4.9364

4.2698e-03
2.4591e-04
1.0234e-05
3.8211e-07
1.2742e-08

4.1180
4.5867
4.7432
4.9063

8.0431e-03
4.0057e-04
1.1966e-05
3.8816e-07
1.2258e-08

4.3276
5.0651
4.9461
4.9848

805

5.2. Example 2. We test the proposed scheme on the non-homogeneous problem

with Dirichlet boundary conditions. The exact solutions are given by

u(z,t) = —sech(t — x) — sech®(t — x) + sech(t — z) tanh?(t — z)
¢(x,t) = sech(z —t).

Here, zero boundary conditions are used in place of (1).
We run the simulation on the domain [—20,20] at ¢ = 0.1 using A¢ = 0.00001.
The values of € and 6 are fixed at 1/10 and 0 as shown in the table below. It is

observed that the order of convergence is k + 1.

LANRII 1
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6. Conclusion

In this article, the LDG method is applied to the viscous Burgers-Poisson sys-
tem and optimal convergence rates are proved only for even polynomial degrees k
in Theorem 4.3, when 6 = 1/2. It is further observed that the bounds in the error
analysis are valid uniformly with respect to e. Subsequently in Theorem 4.5, opti-
mal error estimates are shown for both even and odd polynomial degrees, but the
constants in the error estimates depend on e ~1/2 for 6 € [0,1/2). With appropriate
changes in our error analysis, it is possible to prove similar convergence rate for the
problem (1) -(2) with either Dirichlet or Neumann boundary conditions.
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